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(Received October 1, 1979)

I. INTRODUCTION

The purpose of this paper is to introduce the notion of the elevation of a graph and
investigate some of its basic properties.

Two rather different problems gave rise to this invariant. First, it is the practical
use of matrices in computers. Let M be a binary square matrix. Transform M by
replacing rows and columns (the i-th row is replaced by the j-th one if and only
if the i-th column is replaced by the j-th one) to obtain a matrix with entries “near”
to the diagonal as much as possible. “Near” is often useful to understand as the mi-
nimal sum of distances of nonzero entries from the diagonal. Unfortunately, the
determining of the exact value for this minimal sum is a very difficult problem in
general.

A directed graph G with n vertices corresponds in a natural way to M of type n x n.
The question is: how can one label the vertices of G by numbers 1, 2, ..., n to mini-
malize the sum of the absolute values of differences of the adjacent labels? We call
this minimal sum the elevation of G (the exact definition see in Section 2).

The other reason to study the elevation of G is its relation to the crossing number
of a certain infinite class of graphs. This relation was studied in [2].

II. DEFINITIONS AND EXAMPLES

All our considerations can be carried out for directed graphs, but we confine
them only to undirected graphs without loops and multiple edges. For undefined
concepts see [1].

Definition. Let G be a graph with a vertex set
V(G) = {vy, 03, ..., 0.}
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To cvery one-to-one labeling f: V(G) — {1, 2, ..., n}, a number

&,G)= ¥ Glf(”i) - f(”f)l

(vi,vj)e

can be assigned.

We shall call the number
&(G) = min &,(G)
I
the elevation of the graph G, and the number
&(G) = max &,(G)
i

the coelevation of G.

. 1 ! 2
Fig. 1
g Kz,

Figure 1 shows a complete graph K, with four vertices. Clearly, for every labeling f
of its vertices & (K,) is the same. Therefore

8(K,) = E(K,) = 10.

One can see that the complete graphs and their complements are the only cases
for which & = &.

For our further purposes it is useful to establish

Proposition 1. Let K, be a complete graph with n vertices. Then

8(K,) = (" : 1) .

Proof. As we pointed before, every labeling of K, is the minimal one. Let us have
the labeling f(v;) = i.

Then we compute:

SK) = 6(K) = Tl =il = £ - J)Z< — k)= ”2" “,};"2 = ("§1>-

i>j

Hence the result.
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From Figures 2 and 3, the following observation is immediate:
6(Cy) + E(K, UK,) =10 = &(C,) + 6(K, U K,).

This fact is explained by

4 1 3 3 1 2

3 1 2 2
112 1 3 4
e C4 Clr

o 1 1 2 1 2 3
18.
Kzu K2 Kzu Kz

Proposition 2. Let G and G be an n-vertex graph and its complement, respectively.
Then
&(G) + &(C) = &(K,) .

Proof. Let f be a labeling of G for which

é(G) =( > |f(Ui) —f(v,-)| .

vi,0;)eG

Then
84(G) + €,G) =(v,~,vz')EG |f(v) = f(v)| +

+ ) Glf (o) = /() = X /() = f(0))] = 6(K,).

(vi,vj)e vi,vj)eKn
Since Y. |f(v;) — f(vj)| is the minimum, Y lf(w) = f (vj),lis the maximum
(vi,v;)eG (vi,0)eG

and the proposition follows.

Corollary. The determining of the elevation and the coelevation of a graph are
equivalent problems.
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The corollary enables us to restrict our considerations to the case of the elevation.
For the graph in Figure 3a, the identity
é(K, u K,) = 6(K,) + 6(K,) holds.

Hence the elevation of K, U K, is equal to the sum of the elevations of its com-
ponents.
Prove the following

Proposition 3. Let G be a graph and G = G, U G,.

Then
8(G) = 6(Gy) + £(Gy).

Proof. Let V(G,) = {vy, v3, ..., 0} and V(G,) = {04415 Vgt 25 -+ U}
1° First we prove .
&(G) £ 6(G,) + 6(G,).
Let f, and f, be minimal labelings of G, and G,, respectively. Put
1) = fi(v), if vfe Gy,
folv) + k, if v,eG,.

Then clearly
6(G) = 6,(G) = 8(G,) + £(G,).

2° Now it is sufficient to prove
6(G) = 6(G,) + 6(G,).

Suppose f to be a minimal labeling of G.
Put
M, = {f(v});v;e Gy} and M, = {f(v,); v;€G,}.
Consider M and M, in the form of sequences
f(vi’l) < f(vi’z) < ... <f(v,-’k)
and
f(vi,k+1) < f(vi,k+2) <..< f(vi,n)
Define a function g : ¥(G) - {1, 2, ..., n} in the following manner:
g(vi,j) =J.
Obviously, for any edge (v; ,» Vi)
|f(ui,p) - f(vi,q)l = lp - ql = lg(vi,p) - g(vi,q)l .

Evidently we have

£,(6) 2 6,6) 2 5G) + 6(G).
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Hence the result.

Proposition 3 implies that we can confine ourselves without loss of generality to
the connected graphs.

III. ENUMERATION FOR SOME CLASSES OF GRAPHS

First we prove some general facts. By a factor we mean a subgraph of G with the
same vertex set as G.

Theorem 1. Let G be a graph and G, i = 1,2, ..., k, its disjoint factors the union
of which covers G. If there exists a labeling f with the property:

6(G)=2¢6(G), i=12..,k,
then
£,(G) = £(G).
Proof. Compute:

k k
6,G) = Z‘l‘ff(Gi) =__ZI£(Gi) < 4(G).
Since &6(G) = &,(G), the proof follows.
This simple theorem has interesting consequences.
Corollary 1. Let P, be a path of length n — 1. Then
& (P,,) =n-—-1.

Proof. Decompose P, into n — 1 factors containing exactly one edge each. The
proof follows immediately from Theorem 1.

Denote by K, , a complete bipartite graph. The graph K, , is called a star and
denoted by S,.

Proposition 4.

&(S,) = —;—(g + 1) , if nis even,

2
€(S,,)=(ni_l) , ifnisodd.

“

Proof. Let f be a labeling of S,. Compute the differences | f() = f(v 1)‘ for every
edge (v;, v;) of S,
Any natural number can occur at most twice. Summing up the sequences

11,220 " ana f11,20. =t n=-1 ntl
272 2 2 2
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we obtain
n/n .
E4(S,) = ) (5 + 1) , if niseven,

n+1

OE (

Since f was an arbitrary labeling we have the same ineuqalites for &(S,).
On the other hand, take any labeling f of S, with the property f(v.) = [n/2] + 1
for the central vertex v, of S,. Obviously

£,(S,) = g(g + 1), if n is even ,

2
) , ifnisodd.

2
&4(S,) = ("“ZL 1) , ifnis odd.

Hence the result.
As another consequence of Theorem 1 we have

Corollary 2. Let G = K; + (G, U G, U ... U G), k = 2, be an n-vertex graph,
let there exist p such that 1 < p £ k and

Lven =[3]

5(G) = 6(K,,_,) + z 8(G).

Then

Proof. Let K; ,-; U G; U G, U ... U G, be a decomposition of G into disjoint
factors. Using Theorem 1 and Proposition 4 we obtain the required result. The

condition
sve) =|5]

guarantees a minimal labeling on K ,_;.

Proposition 5. Let C, be a cycle with n = 3 vertices. Then
é(C,) =2(n—1).
Proof. Let f be any labeling of C,. Without loss of generality we can assume

flo) =1, flv)=n.

Both vertices v, and v, are connected by a two disjoint paths p; and p,. Clearly

Ep)zn—1, &fp)zn—1.
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Hence
rff(C,,) > 2(n - 1) .

Since f was an arbitrary labeling we have
&(C,) = 2(n —1).

Using a cyclic labeling ¢ of C, we have
&(C,)=2(n—-1).

Hence the result.
The elevation of P, x P, is obtained by using a skilful decomposition of this

graph.
Proposition 6. Let P, be a path of length n — 1 (n 2 2). Then
&(P, x Py) =5n—4.
Proof. Let f be any labeling of P, x P, pictured in Figure 4. Decompose this
graph into a hamiltonian cycle C,,
{01, U2y Vgs ey Vgy U2y gy s U3, Uy)
and n — 2 disjoint edges. From Proposition 5 we have

EH(Cr) Z dn — 2.

Hence &,(P, x P;) = 6,(Cy,) + n —2 2= 5n — 4.
Since f was an arbitrary labeling we have

&(P, x P,) = 5n — 4.

V1 \(. e V&va Vn.-1
Fig. 4 \/ -
2 V" \én-z Y?"-

In Figure 4 take a labeling f(v;) = i. Then by easy computation we obtain
&P, x P;)=5n—4.

Hence the result.
While this special case is solved, the general case P, x P,, is still open.

Conjecture. Let m < n be natural numbers. Then
6P, x P,) =n(m* + m — 1) — m*.
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In the conclusion we shall give two general results which are useful for possible
further investigation of the elevation.

Theorem 2. Let G be a graph and Vi, V, two disjoint subsets of its vertex set
such that for every vertex v; € V, there exist exactly p vertices of V, adjacent to it
and every vertex of V, is adjacent to the same number of vertices of V;. Then for
every labeling f with the properties:

(l) f(vi) éf(vj)a v; € Vh Uje V2’

(i) the sets fV; and fV, are intervals in N = {1,2, ...},
(%) E([VivVal) = (64A[Vi]) + 6,([V2])) = K holds,
where [H] denotes the subgraph of G induced by H, and K is a constant independent
of f.

Proof. Let f be a labeling of G with the properties (i) and (ii). Put

m = max {f(v;); v;e Vy}, M =min{f(v)); v,€V}.
The left hand side of (*) can be expressed as a sum

S= 3 |f(u,.) —f(vj)] , where v, eV, v,eV,.

(vi,0j)eG
Compute:

S= Y [f(v,»)—m—i—m—M+M——f(uj)] =

(vi,vj)eG

=pY |m—fw)+M—-m)|V|p+ pvglzlf(vj) - M| =K,

vieVy
where K is a constant independent of f, since (ii) holds. Hence the result.

Theorem 2 suggests a method of finding a minimal labeling (elevation) by repeated
use of permutations of labels.

Theorem 3. Let G be a graph and d; the degree of a vertex v; € G. Then
£(6)2 1Y 5(54).
vi

Proof. The closed neighborhood N[v;] of the vertex v; is a star S,,. Since every
edge is contained in two of such stars, summing over all stars and dividing by two
we obtain the required result.

This lower bound is exact. It is attained for paths.

Remark. In [2] the elevation of K, , is determined and it is used for a conjecture
about the crossing number of K, , x C,.
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