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CALCULATIONS IN NEW SEQUENCE SPACES

BRUNO DE MALAFOSSE

ABSTRACT. In this paper we define new sequence spaces using the concepts of
strong summability and boundedness of index p > 0 of r-th order difference
sequences. We establish sufficient conditions for these spaces to reduce to
certain spaces of null and bounded sequences.

1. INTRODUCTION AND PRELIMINARY RESULTS.

This paper is organized as follows. First we recall some well known results on
matrix transformations. In Section 2 we deal with the identity E (A) = E where
E is either of the sets s, s
sets

, O So. In Section 3 we recall some results on the

[A1L (V) Ag ()] ={X €5 : A1 (A) (|A2 (1) X]) € sa}
where A; (A) and As (u) are of the form C (&), or CT (&), or A(£), or AT (€)
and we give sufficient conditions to get [A; (), Aa (1)] in the form s,. The main
results are stated in Theorem 9, Theorem 12 and Theorem 13 of Section 4. Among
other things we give sufficient conditions to reduce the sets

[AT (), AP ()] = (X €51 AT (A) (|42 (1) XI”) € sa)}

for Ay = C(N\), or C* (N), or A(XN), or AT (N), and A2 = A(p), or AT (u), or
C (u), or CT (p) to spaces of the form s;.

Now give definitions and notations used in the following. For a given infinite
matrix A = (@pm)n,m>1 the operators A,, are defined for any integer n > 1, by

(1) A (X) =D tpmam

where X = (z,,)n>1, the series intervening on the right hand being convergent. So
we are led to the study of the infinite linear system

(2) A (X)=b, n=12,...
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where B = (b,,)n>1 18 a one-column matriz and X the unknown, see [2-4]. Equation
(2) can be written in the form AX = B, where AX = (A4, (X)),,~;- In this paper
we shall also consider A as an operator from a sequence space into another sequence
space.

A Banach space E of complex sequences with the norm || || is a BK space if
each projection P, X = z,, for all X € FE is continuous. A BK space E is said
to have AK, (see [12-14]), if for every B = (b,),~, € E, then B = 3" *_ bi,em,
(with e, = (0,...,1,...), 1 being in the n—th position), i.e.

H i bmemHE—>0 (n — ) .

m=N-+1

We will write s for the set of all complex sequences, [, ¢, ¢g for the sets of
bounded, convergent and null sequences, respectively. We will denote by cs and
l1 the sets of convergent and absolutely convergent series respectively.

In all that follows we shall use the set

U+:{(un)n21 €s tu,>0foraln}.

From Wilansky’s notations [14], we define for any sequence a = (), »; € U™
and for any set of sequences F, the set

(é)il *E={(tn)n>1 €5 : (Z—Z)n € E}.

We use the notation

se if E=c¢p,
- ©
(—) * B =qsq it E=c,
Sa if F=ly.

We have for instance

1\-1 o
(3) (5) co =80 = {(Tn)nz1 €5 1+ Tn =0 (o) (n—00) }.
Each of the spaces (1/a)”" % E, where E € {co, ¢, 1o}, is a BK space normed by
|xn|
4 X|| =su (—) ,
0 1], = sup (2

and s, has AK, see [9].

Now let o = ()51, B = (Bn),>; € UT. We denote by Sq g the set of infinite
matrices A = (@nm)n,m>1 such that sup,>; (3 [@nm|am/Bn) < 00, see [9].
The set Sa,5 is a Banach space with the norm

> o
A = su ( Anm, _m) .
4., =530 (3 faaml 3
Let E and F be any subsets of s. When A maps E into F' we shall write A € (E, F'),
see [2]. So for every X € E, AX € F, (AX € F will mean that for each n > 1

the series defined by y, = Z;’:zl Apm T is convergent and (yn),~; € F). It was
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shown in [9] that A € (sq,sp) if and only if A € S, 3. So we can write that
(Sas 5,3) = Sa,p-

When s, = sg we obtain the Banach algebra with identity So.3 = Sa, (see
2-0]) normed by [|A]ls, = | Alls, ..

We also have A € (84, 8q) if and only if A € S,. If ||[I — A|ls, < 1, we shall
say that A € T'. Since S, is a Banach algebra with identity, it can easily be
seen that the condition A € T, implies that A is bijective from s, into itself and
A7 € (34, 8a)-

If o = (r")p>1, we will write Iy, S, s, s: and sﬁc) instead of T'y, Sa, Sa, s

and s\ respectively (see [2-9]). When 7 = 1, we obtain s; = I, 5, = ¢o and

sgc) = ¢, and putting e = (1,1,...) we have S; = S.. It is well known, see [1] that

(s1,81) = (co,51) = (¢, 81) = 51

For any subset F of s, we put

(5) AE)={Y €s:Y =AX for some X € E} .
If F'is a subset of s, then
(6) F(A)=Fy1={Xecs:Y=AX € F}.

denotes the matriz domain of A in X.

2. PROPERTIES OF SOME SETS OF SEQUENCES.

In this section we recall [5] some properties of the sets s, (A) for A = A, or AT,
or ¥, or T, and we give characterizations of the sets w?, (\), wi? (\), w.? (A) and
we P (N).

Let U be the set of all sequences (uy),~; € s with u, # 0 for all n. We
define C'(A) = (cnm), m>1 for A = (An),5 € U, by ¢um = 1/\, for m < n and
¢nm = 0 for m > n. We put CT (A\) = C'(A\)". It can be shown that the matrix
A(A) = (m)pm>1 With

nm
An it m=n,
C{nm: _)\n—l if m=n-—1 and n227
0 otherwise,

is the inverse of C' (), see [9]. Similarly we put AT (A) = A(M\)". If X = e we
get the well known operator of first-difference represented by A(e) = A and it is
usually written ¥ = C (e). Note that A = ¥~ and ¥ belong to any given space
Sk with R > 1. Writing D) = ()‘n‘snm)n,mzl’ (where 6y, = 0 for n # m and
dnn = 1 otherwise), we have AT (\) = DyAT. So for any given a € U™, we see
that if (ap—1/an) | A/An—1] = O (1) (n — o0), then AT (\) € (s(ﬁ),sa). Since
per AT ()\) # 0, we are led to define the set

si (AT (V) =sa (AT (V) N S(a) = {Xx = (Tn)p>1 € S(a) AT (AN X €sa}.

IA] IA]
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It can easily be seen that

(7) SZ a) (AT (e) =

T

L @) =g (At ) .

(1
2.1. Properties of the sequence C («) @. We shall use the following sets
—~ 1 /&
Cr = {ae Ut —(Zak) —0(1) (n—>oo)},

o
m k=1

and

1“+:{an+: m(o‘"+1)<1}.

Qp
Note that o € Tt if and only if 1/a € T. We shall see in Proposition 1 that if

o€ 6'\1, then «,, tends to infinity. On the other hand we see that A € T', implies
a €T, and o € I if and only if there is an integer ¢ > 1 such that

Oy —
n 1)<1.
o

We obtain the following results in which we put [C (a) @], = ( > ak)/an.

vq (@) = sup (
n>g+1

Proposition 1 ([7]). Let « € UT. Then
i) an—1/a, — 0 if and only if [C (o) o], — 1.
ii) a) a € C implies (an—1/an), 1 € ¢,
b) [C (a) ], — 1 implies ap—1/0tn — 1 —1/L.
i) If a € 6'\1 there are K > 0 and v > 1 such that
an > K" forall n.

iv) The condition o € T implies « € 6'\1 and there exists a real b > 0 such that

1
——i—bx for n>q+1 and x=r4(a)e€]0,1].

Cla)al, < —

v) The condition o € Tt implies o € CF.

fz{a€U+: lim (Otn—1) <1}.

n— oo (o779

Put now

We then have the next result, see [10].

Proposition 2. C=Tcrlc 6'\1
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Proof. The inclusion C' C T' comes from Proposition 1 ii) b); and the inclusion
I' ¢ C was shown in [10]. The inclusion I' C T is obvious and I' C C comes from
Proposition 1 iv). O

Remark 1. Note that as a direct consequence of Proposition 1, we have 6'; ﬂCfr =
rnrt = ¢.

Remark 2. The condition a € C; does not imply a € T', see [7].

2.2. Some new properties of the operators A and A'. We can assert the
following result, in which we put a* = (a,41), 5, and s,* (AT) = s, (AT) Ns.;
note that from (7), we have

st (AT (e)) =5 (A1) =54 (AT) Nsa .

Theorem 3 ([8]). Let « € UT. Then

i) a) sq(A) =sa if and only if o € Ch ;
b) s, (A) = if and only if a € C’l,
c) s ) (A) s if and only if o € T.
i) a)aeC ifand only if sar (AT) = s, and A% is surjective from s, into
Sat;
b) a € Cf if and only if si, (AY) = s, and AT is bijective from s, into
Se-

¢) a € Cf implies s," (AT) = s,, and At is bijective from s,, into s,,.
iil) o« € Cf if and only if 5o (XF) = 54 and s, (X1) = s, implies s, (X1) = s

As a direct consequence of the preceding result we get

Corollary 4. Let R > 0 be any real. The following assertions are equivalent
(i) R>1,
(i) s (8) = s,

Em) 7 (A) =sg,

iv) sg (AT) = sg.

2.3. The spaces w? (\) and w}? ()\) for given real p > 0. Here we shall define
sets generalizing the well known sets

wl, (\) ={X €5 : C(N)(X]") €},
wy (A) ={X €s : CN) (X)) € co} ,

see [13, 14]. It was shown each of the sets wf = wf ((n),,), and w2, = w?, ((n),)
is a p—normed FK space for 0 < p < 1, (that is a complete linear metric space for
which each projection P, is continuous). The set w} has the property AK and every

[e.e]
sequence X = (1,,),~,; € wP has a unique representation X = le'+ Y (z, — )€,
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where [ € C is such that X — le’ € w}), (see [13]). Now, let a, A € UT. We put
wi, (N) ={X €s: C\)(X[") € sa} ,
wi? (N ={X e€s: CT(N)(IX[") €sa},
w () ={X es: COIXP) €.},
Wit () = {X es: 0T (XP) e s;} .
We deduce from the previous section the following.

Theorem 5 ([5]). Let a, A€ U and p > 0 real. Then

i) a) The condition a € Cf is equivalent to wi? (\) = s

)

- (@n7
b) if a € Cf, then w, ™ (\) =5 .
(aX)P
ii) a) The condition aX € Cy is equivalent to wh (X\) =5 | ;
(aX)P

b) if a\ € Ch, then w.P () =s

1
(aX) P

3. NEW SETS OF SEQUENCES OF THE FORM [41, Asg].

In this section we recall some results given in [8]. We are led to use the sets
[A1 (), Az ()] ={X €5 : A1 (A) (|42 (p) X]) € sa}

where A1 (M) and As (u1) are of the form C (£), or CF (£), or A (£), or AT (€) and
we give sufficient conditions to get [Aq (A), A2 (1)] in the form s,.
Let A\, u € UT. For simplification, we shall write throughout this section

[A1, Ao] = [AL (M), Az ()] = {X €5 0 AL (A) (JA2 (1) X]) € sa}

for any matrices
AL () e{AN), AT (), C(N),CT (N}
and

A2 (/1‘) € {A(M)aA+ (M)ac(ﬂ)ac+ (M)} .

So we have for instance
CAl={X €s5: CO) (AW X)) €50} = (wa W)ag - et ..

In all that follows, the conditions £ € ', or 1/n € T" for any given sequences & and
7, can be replaced by the conditions £ € 6'\1 and n € Cf.
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3.1. The sets [C,A], [C,A*], [C,C], [CF, A, [C*, A*], [C+,C] and [C*,CH].

For the convenience of a reader we shall write the following identities.

[C.AT] =X i(;mkxk—ﬂk%“mﬂ) =, 0 (1) (n—>00)}7

{
{ :
[Ct A] = {X : i ()\ik |ppxr — uk—lxk—1|) = a,0 (1) (n— o00) },
k=n
[CJr,Aﬂ = {X : i (}\ik |z —ukxk+1|) =a,0(1) (n— o0) },
k=n
00 k
1= S Bl oo 0]
k=n i=1
[C+’C+}:{X:i(i‘ %)zanO(l) (n—>oo)}.
k=n i=k 7t

Note that for @« = e and A = p, [C, A] is the well known set of sequences that are
strongly bounded, denoted c, (M), see [12, 14]. We get the following result where
we put &~ = (ap—1), with the convention o, =1 for n < 1.

Theorem 6. Let o, A€ UT. Then
i) if aX €T, then [C,A] = S(ad)-
ii) The conditions aX, aX/p € T' imply together [C, AT] = 5(a
iii) If a), alp € T, then [C,C] = 5(axu)-
iv) If 1/a, aX €T, then [CT,A] = S(a2)-
v) If 1/a, aA/p € T, then [CT,AT] = S(ad)
vi) If 1/, adp € T, then [CF,CT = s(ap)-
vii) If 1/a, 1/aX € T, then [CF,CF] = s(arp)-

T

)

Remark 3. If we define

[A1, Az]y = {X €5+ AL (V) (|42 (1) X|) € 5.},

we get the same results as in Theorem 6, replacing s¢ by SZ in each case 1), ii), iii)
and iv).
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3.2. The sets [A,A], [A,AT], [A,C], [A,CT], [AT,A], [AT,C], and [AT,AT].
From the definitions of the operators A (§), AT (£), C'(§) and C* (§), we imme-
diatly get the following

[A7 A] = {X : _An—l |,Un—1xn—1 - /-Ln—an—2| + An |,Unxn — Un—1Tn—-1
=a,0(1)(n — oo)} ,
[Aa A+] = {X DAt (T = Tng1)] = Anct -1 (Tn_1 — 4]
=a,0(1) (n — oo)}

—1

e ()]

k=1

S

()

k=1

m¢n:{X;_M4

:%mnmﬁ@}

xl
1L - n 1‘ Z
[A+a A] = {X D An (|/14nxn - anlxn71| - |//fn+1xn+1 - Nnan
=a,0(1)(n — oo)} ,

[A+7 A+] = {X DAt (T = Tpg1)| = A [ng1 (Tng1 — Tog2)]
=a,0(1)(n — oo)} ,

Aot ={x

= @,0(1) (n = )}

An

n
> ai
Pn 153

We can state the following result

[a*,c] = {x :

Theorem 7. Let o, A\ € UT. Then
i) if a, a/ A €T, then [A, A]:s( uy-
ii) Assume a € T'. Then [A,AT] = S(a) if a/Auel;
iii) if o, ap/X €T, then [A,C] = S(ak) and [A,CT] = 5(a

iv) The condition a/ X € T' implies

X:

) Zf)\/CkEP

=

[A*,A} :s( on_1 ) —5(,(%) )

HnAp—1

v) If af/A, =t (@/A)” = (an-1/ (nAn-1)),, €T, then
T AT =5 - =8/ a
) T

Ap—2bn—1/n
vi) If a/A, p(a/N)" = (tnan—1/An-1), €T, then [AT,C] = Su(2)"

Remark 4. Note that in Theorem 7, we have [A1, As] = s4 (A142) = (s4
for A1 € {A(A), A% (A),C(A),C* (M)} and Az € {A (), A* (1), C (1), CF ()}
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For instance we have

[A,C]:{X : ( o 1)2@—}-—1‘”—05”0(1) (n—>oo)}

for a, F €T

4. THE SETS [A] (A) , AP ()]

In this section we give a generalization of the results obtained in the previous
sections. We will write the sets [A1 (\), A2 (1)] for A1 = A™(X), or A" ()), or
C™(A\) or C*7(\) and Ay = AW (1), or A*P (i), or CP (i), or C*TP (p) in the
form se.

First we need to study the following sets.

4.1. The sets w’? (\), wi™ (), w,”? (\) and w_t"? (\). In the following we
will consider the operator C” (X) for r € N, Wthh is defined by C"(A\) X =
C () (C™™'(N) X) for all X € s. So we obtain

Npr—1 1 ne 1 ni

T X = % [mi_l [A;l n’rgﬂ N mz::l <An1 ;x)ﬂ for all X € .

We define C*7 (\) X in the same way.

Lemma 8. Let o, A € U and r > 1 be an integer. (i) If a\' € Cy fori =
1,2,...,r, then
Sa (C"(A)) = saar and s, (CT (X)) = s.pr -
(ii) If aX' € Cf fori=0,1,...,r — 1, then
$a (CT"(N)) = Sarr  and S (Ct" (X)) = Sor -
Proof. (i) First the condition aX € 6’\1 implies that A is bijective from sy to
itself. So

Sa (C'(N) =A(N) sq = ADxsq = ASax = San -

Now let j with 1 < j < r — 1 and assume s, (Cj ()\)) = 5, for all € 6'\1 with
i=1,2,...,5. Then

5o (C7TH(N) ={X €s: CT(N)(C(N)X) € sa}
={Xes:CAN)Xes.(C"(N)} .
Since sq (C7 (X)) = sqx we then have
sa (C7H (V) = s (C7 (V) (C (V) = sax (C(A) = A (A) 50 -
Now the condition aM*! € 6'\1 implies A (A) Sqxi = AD)sqani = Asgyi+1 and

Sa (CITE (X)) = sqai+r for a’ € C; with i = 1,2,...,7 + 1. This concludes the
proof of (i). Similarly we get s;, (C” (\)) = 5.\, if @\ € Crfori=1,2,...r
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(ii) By Theorem 3 iii), the condition « € 5} implies
5a(CT(N) ={X €s: D)X € 5}
= {X €5 : D)X € sa (E+)}
:{XES : Dl/AXESQ}zsaA.
So a 6/\6-11 implies so (C* (X)) = Sax. Assume now s, (CT7 (X)) = s,0 for
a\ € Cf fori=0,1,...,5— 1 for given j > 1 integer. Then
s (CTUTI(N)) ={X es: C(N)(CT(N)X) €sa}
={Xes: CT(N)Xesa(CT(N)}.
Since sq (C17 (X)) = 5425 we then have s, (CHUTD (V) = s,y (CF (V). Now if
aN € 6’1? then
S (C+(j+1) ()\)) = S(aai)x = Sanitl -

Thus if o\’ € 61: fori=0,1,...,7, then s, (C*UH) (A)) = Saai+1. Similarly we

can show s, (C*" (\)) = s.,,~. This concludes the proof. O
For r € N and p > 0 real, put now

(8) we? (A) ={X €5 : C"(\) (IX]") € sa},

(9) w PN ={X €51 C"N) (XI") € 5.}

(10) wi™ (N ={X s : CT"(N)(IXI") € sa}

(11) w P () ={X €5 : O (V) (X)) €5, ).

Theorem 9. Let o, A\ € UT. Then
(i) if aX' € Cy fori=1,2,...,7, then

o

wg’p (/\) = Saan)/e and war,p (/\) = S(Q)\r)l/p ;

(ii) if aXt € O fori=0,1,...,7 — 1, then

w;r,p (A) = S(aar)t/p and U}anp (A) = S(oz)\T)l/p ’
Proof. (i) First
WP () ={X €5 ¢ [ X[ €50 (C"(V)} ;

and if aXi € Cp for i = 1,2,...,7, then sq (C™ (N)) = sqar. Since |X|P € sqrr if
and only if

l—om) e,
(an A7) ?

we conclude

WP (A) = S(gamyi/n -



CALCULATIONS IN NEW SEQUENCE SPACES 11

Similarly we get w,? (\) = S:ay)l/P'
(ii) We see that
wi (N ={Xes: |X["es,(CT"(N)}.

From Lemma 8, if e\’ € O for i = 0,1,...,7 — 1, then s, (C7" (\)) = 542 and
|XP € 5, (CT7(N)) if and only if | X| € S(aaryi/p- Similarly we get wo, TP (N) =

o

S (aar)i/r" This concludes the proof.

To express the next corollary we require a lemma.

Lemma 10. Let g > 0 be any real and oo € UT a nondecreasing sequence. Then
(i) a € C’l zmplzes ol € 01 forq=>1,
(il) o € C’l implies a € C’l for0<qg<1.

Proof. Let ¢ > 1. Since « is nondecreasing we immediatly see that for any given
integer

Zal qu 1 _1) = Z (ozﬁfloq — af) >0 forall n,
=1

<
—

and
(12) L(yoa)z L (3w
=1

Since a € C; implies (>r i) /an = O(1) (n — <), we obtain (i) using the

NE

=1

inequality (12). Now, writing v = a4 € C: and applying (i), we get a = /9 € Cy
for 0 < ¢ < 1. This permits us to conclude for (ii). O

Corollary 11. Let A € UT. Assume )\ € 6'\1 and Ay, is a non decreasing sequence.
Then wlP (A) = Syr/p.

Proof. Since a = e, it follows from Lemma 10 and Theorem 9, that A € 6'\1
implies ' € C for all i > 1 integer and WP () = $y,/»- O

4.2. The sets y (A" (\)) with x = s, or s,, and s, (AT" (\)).
Here we have A" (\) X = A (A" ' (M) X) forr > 1and A'(\) X = AN X =
(AnZn — Ap—1Zp—1),>; With zg = 0. We obtain a similar definition for A*" (X).
There is no explicit expression of the sequences A” (A) X or AT" ().

In the following we will use the convention z,, = 1 for n < 0. So we get for
instance

X' = (zp-2), = (1,1, z1,22,...) ,

and X’ € s, if and only if x,_o/a, = O(1) (n — 00).
Theorem 12. Let o, A € U™ and let r > 1 be an integer. Then

(i) if /N € 6'\1 fori=0,1,...,r—1, then

sa (A7) =5(5) and s (AT(N) = s(

AT "
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(i) if o/ A, (n—1/ An=1An))s - s (@n—rs1/ Pn—rst1, -5 An)), € 6'\1, then
o (AT =gy

by

I:\roof. (i) First so (A (M) = Di/xXsa = sq/ for a € C;. Now suppose a/\i €
Cy fori=0,1,...,7 — 1 for given integer j > 1. Then s, (Aj ()\)) = Sq/ni
Sa (AT (N) ={X€s: AN (AN X) € sa}
={Xes: AN XEsq(A(N)} =500 (AN).
If a/N € C; then Sa/xi (A (X)) = sq/xi+1 and we have shown
Sa (AT () = 5( s

VRt
=S

for Aﬁea i=0,1,...,75.

)
Similarly we obtain s,, (A" (X)) E ) This concludes the proof of (i).

(11) First we have s, (A"" (/\)) = S(an_1/An1), if Oé/)\ S 6\1 SO (11) holds for
r = 1. Let j be an integer with 1 < j <r — 1 and assume

Sa +i =s i
BTN = (),

’\nfj'-"\nfl

w P

for a/A, (@n—1/ An-1An))y s+ s (@n—ji1/ Anji1 ---An)), € Cr. Then
Sa (AWH) ()\)) ={Xes: AT\ (AT (V) X) € 50}
={Xes: AT\ X es, (AT (N)}
= S(an—/Ongrn1), (AT (V) -

Now the condition

Oty i 1 —~
13 (#_) C
(13) VRTINS WD WY Mt
implies

S(#) (A*(A))=S<m)n=s( Caggen )

EP O VY
n—7J n n >‘n—(j+1)"‘>‘n—1

Since condition (13) is equivalent to

( Ay (j4+1)+1 ) c 6'\1
An,(j+1)+1...)\n n

we have shown that «a/A, (an_l/(/\n_lx\n))n, A (anf(j+1)+1/()‘nf(j+1)+1 .
)\n))n € C1 implies

Sa (A+(j+1) (A)=s

( “n—(j+1) ) )
An—(+1) - An—1/n
This completes the proof. O

Remark 5. We immediatly see that a € 6'\1 successively implies
50 (A7) = 54, 8; (A") = s; . Sa (A“‘T) = S(an_,), and 8; (A“‘T) = sza%r) )
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4.3. The sets [Afl’ (\) ,Agp) (,u)] for A1 = A()\), or AT ()), or C (N\), or CT())

and Ay = A (pu), or AT (u), or C (i), or C* (u). In this subsection we consider
sets that generalize those given in Subsection 3.1.
We will put

[AT (), AP ()] = {X €5+ A7) (|42 (1) XIP) € 50},

for Ay = C'(N\), or CT(N), or A(N), or AT (N), and As = A(p), or At (u), or
C (p), or C* (p).

First we will deal with the sets [A] (X) ,Agp) ()], for Ay (A) € {C(N),CT (N}
and As (u) € {A (1), AT (1), C (p),CF (u)}. We get the following

Theorem 13. Let a, A\, p€ UT.
(a) We assume a)® € C1 fori=1,2,....7. Then
(i) if (aA")P € Cy, then

[C" ), AP (1) ] = arryw

(ii) if (aX")? Ju € Oy, then

[C"(A), AP ()] = 8((an72::1)””) ;

(iii) if (aX")P € Cy, then

[CT (), CP (1) ] = s(0pry1/mg -

(b) We assume a\ Ealifm“i: 0,1,...,7—1. Then
(iv) if (a)\r)l/p € C1, then

[C-H (A) ,A(p) (,u)] = Saan)l/p

(v) if ()P /€ Oy, then

[C+r (/\)7A+(p) (H)} - S((anflx;,l)”p) )

Fn—1
(vi) if (aA™)/? € Cy, then

(O (1), €0 ()] = 50y
(vii) if (aAT)/P € 61:, then

[C+r (/\) , C+(P) (‘u)} = S(axr)i/pp -
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Proof. We will write [A;, As] instead of [A; (A), A2 ()] for short. So we will
write [C7, A®] instead of [C7 (X\),A® (u)] for instance. (i) If aA’ € C; for
i=1,2,...,r, then

[CT7A(p)] ={Xes: AWXew? () = S(a)\"")l/p}
= S(aary/r (A (1)) -
Since (a)\r)l/p € 6'\1 vze\conclude [Cm, AP = S(arry/r /e
(ii) Assume aX' € C; for i =1,2,...,r. Then
[CT, AT = {X €5 : AT (1) X € WP (N) = S(qrryiin }

)

Then (oz)\f’)l/p /p € C implies S(aar)i/p (AT () = s((

)
= S(a)\'r)l/P ( ( )
. 1)\2 1) /p/,“'n—l)n. Thls
shows (ii).

(iii) The condition aA® € Cy for i = 1,2,...,r implies

(€T, 0] ={X €5 : C(n) X €wi? (\) = s(0pmy1/n }
= S(aanyi/e (C(1) 5
and the condition (a)\r)l/pu € 6’\1 implies [C’T, C(p)] = S(aar)1/p e
(iv) Assume a)! € 6’1: for i = 0,1,...,r =1 and (aAT)l/p € C;. Reasoning

as above we easily see that if a\’ € Cf for i = 0,1,...,r — 1, then w}™ (\) =
S(aaryt/v and

[C”,A(”)} ={Xes: A(pXecw?(\) = s(a)\r)up}
= S(aary/e (A (1)) -

Now since (a)\r)l/p € C; we conclude S(aaryi/e (A (1) = S(garyi/wy,- Thus we
have shown [C”, A(p)} = S(aAr) /P /e
(v) Here we have

[CHr At ={X es: AT (n) X ewl™"(\) = S(arr)/o }
= S(aar)l/p (A+ (M)) )
since a\’ Ealifor 1=0,1,...,7— 1. Now we have
Sty (AT 00) =8 (0 xe )7 )

since (aX")"/? /i € C1. We conclude

+r A+(P)] —
[C ’A p] - 8((an 1] 1)1/17/#71_1)”

The statements (vi) and (vii) can be shown similarly. O
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Remark 6. We deduce from the preceding theorem and Lemma 8 that the identity
[Cr, A(p)} = S(x/u)r/P holds in the next cases:

(i) r >pand A € Cy;
(ii) 1 <7 < p and AP e O]

It remains to deal with the sets [Af () ,Agp) ()], for A1 (A) € {A (M), AT ()}
and As (1) € {A(p), AT (1), C (), CF ()}
Theorem 14. Let o, \, uc U™.
(a) We assume a/\' € Ch fori=0,1,....,7r—1. Then

(i) of (oz/)\r)l/p € Cy, then

(A7 (), AP (u) ] =
(i1) if (a)\_r)l/p p~1 e Cy, then
(A7 (3, A0 ()] = s

(iii) if (o/A")P p € Cy, then
[AT (/\),C(;D) (,u)] :S( )1/10; ;

(iv) if (/AP € CF, then
(A" (\),CTP (u)] = s

(b) We assume (an—j/ (An—j, .-, n)), € Cy for j=0,1,...,7r—1. Then
) if B
([ an—r/ ()\n—m ceey An—l)]l/p)n S Cl ’

then
A+T A ,A(p) = o 1/p ;
A7) (1)} S((ﬁ) ),
(vi) if
([ an—r/ An—r,.--, )‘n)]l/pﬂ:zl)n €Ch,
then
(A (), AT ()] = s(( N S ;
(vii) of
([ an—r/ (/\n—m ceey )\n)]l/p,un)n S Cl B
then
ATT () (p) — Um
AT O] =0, (o)
(viii) of

(lan=r/ s+ A-a)]V7), € CF
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then
(AT (\),CT® ()] = 5(

(i) ),
"\ X An 1 n

Proof. (i) We have
A" AP ={X €5 : |A() X|P €54 (A" (N) }.

Now the condition a/\* € Oy for i = 0,1...,7 — 1, implies s, (A" (X)) = 5a/x-
Thus we have

[ATvA(p)} = S(a/aryi/e (A (1)) -

Finally since

we conclude

[AT,AP)] =5

()75
m
(ii) Since a/ A" € O fori = 0,1,...,7—1, then s, (AT(/\)) = 8q/r, and
[AT,AH”)] ={Xes: |A+(M)X|p € Sa/ar |
= {X €S A+ (M)X c S(a/AT)l/p}
= S(a/ar)M/r (AT () -
The condition (oz)\_r)l/p p e 6'\1, implies
+ —
Saparyre (AT (W) = ((ana/Xp ) "0ity)
T AT®)] =
We conclude [A A ] S((an—l/%fl)l/p#;il)n'

(iii) Since a/A! € Cy for i = 0,1,...,r — 1, then sq (A" (X)) = sq/ar and
[AT,C(?’)} = S ((a/ar)7) (C(u)). Then the condition (a/AT)l/pu € C; implies
5((a/ar)1/?) (C(n) = S((a/Ar)V/7p) and [A",CWP)] = S((a/Ar) /7 )"

(iv) The condition a/A? € C fori=0,1,...,r—1, implies s, (A" (X)) = sa/ar-
Then [A7,CTP)] = S(a/aryt/» (CT (1)), and since (a/A")YP € Cf we conclude
[AT’ CJF(P)] = S((a/AT)l/plt)~

(v) We have

AT AP ={X es: [A(u) X[ €sa(AT"(N)} .
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Since (an—j/ (An—j..-An)), € Cy for j = 0,1,...,r — 1, then so (A" ())) =
S(O‘n—r/(An—r---An—l))n and [A+T’ A(P)] = S([an,r,«/()\n,,,«...)\n,l)]1/”)n (A (M))ﬂ and sin-
ce ([ an—r) (An—p... )\n,l)]l/p)n € 6'\1, then
+r (p)] —
I:A ’A P } - S([anf'r/()\nf'r n— 1)] /p )n :
(vi) Here we have
AT AT = (X e s |AT (0) X|" € 50 (AT (V) } .
Since /A, (an—1/ Pn_1xn)),, s+ s (@n—rs1/ An_ri1---An)),, € C1, then
Sa (AT (N)) = S((an—r/CuerAn-), 5

and
[AJrT’AJr(P)} = S([an—'r'/()\'nf'r' o 1)]1/p) (A+ (N)) .
Finally the condition ([ an—r/(An—r ... )\n_l)]l/pu;l)n € 6'\1 implies

+ _
St/ O v 1) (BT D) =810y 7 ).
and [A+r7 A+(ZD)] = 8([0%77»1/(anr71~~~>\n72)]1/pu,7i1)n'
(vii) Now
(AT CP] =X €5 : |C(u) XIP € 504 (AT (V) }
T F(an—r/OnrAn VP (C (W)
for (an—j/ An—j..-An)), € @ £(1r j = 0,1,...,r — 1. Then the condition
(,un[ozn_r/(/\n_r . /\n_l)]l/p)n € C implies
S(lan—r/n o An NN (C(n) = [A+T7C(P)] = 8o r /A ros A SO

(viii) The condition a/X, (n—1/ (An=1An)), s+ -5 (n—rs1/ An—rs1--- M), €
6’\1 implies
Sac (AT (N) = S /ru e dun)),
S0

(AT, CH ] = {X €5 : |CH()XIP € S(an_r/(nroAni))n |
= {X € s C+(/L)X S s([an—r/(An—r---)\n—l)]l/p)n} .
Finally

[Atr,ct)] = S(lanr/ e Au)]MP) (C*(w) = S (nlon—r /e An-)]H7)

since ([ an—r/(Aner .. /\n_l)]l/p)n € 61: This concludes the proof. O
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