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GLOBAL GENERALIZED BIANCHI IDENTITIES FOR
INVARIANT VARIATIONAL PROBLEMS ON
GAUGE-NATURAL BUNDLES

MARCELLA PALESE AND EKKEHART WINTERROTH

ABSTRACT. We derive both local and global generalized Bianchi identities for
classical Lagrangian field theories on gauge-natural bundles. We show that
globally defined generalized Bianchi identities can be found without the a pri-
ort introduction of a connection. The proof is based on a global decomposition
of the variational Lie derivative of the generalized Euler-Lagrange morphism
and the representation of the corresponding generalized Jacobi morphism on
gauge-natural bundles. In particular, we show that within a gauge-natural
invariant Lagrangian variational principle, the gauge-natural lift of infinites-
imal principal automorphism is not intrinsically arbitrary. As a consequence
the existence of canonical global superpotentials for gauge-natural Noether
conserved currents is proved without resorting to additional structures.

1. INTRODUCTION

Local generalized Bianchi identities for geometric field theories were introduced
[3, 5, 6, 19, 35] to get (after an integration by parts procedure) a consistent equation
between local divergences within the first variation formula. It was also stressed
that in the general theory of relativity these identities coincide with the contracted
Bianchi identities for the curvature tensor of the pseudo-Riemannian metric. We
recall that in the classical Lagrangian formulation of field theories the descrip-
tion of symmetries amounts to define suitable (vector) densities which generate
the conserved currents; in all relevant physical theories this densities are found to
be the divergence of skew-symmetric (tensor) densities, which are called superpo-
tentials for the conserved currents. It is also well known that the importance of
superpotentials relies on the fact that they can be integrated to provide conserved
quantities associated with the conserved currents via the Stokes Theorem (see e.g.
[11] and references quoted therein).
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Subsequently, many attempts to “covariantize” such a derivation of Bianchi
identities and superpotentials have been made (see e.g. [4, 7, 9, 11, 12, 25, 26] and
the wide literature quoted therein) by resorting to background metrics or (fibered)
connections used to perform covariant integration by parts to get covariant (vari-
ations of) currents and superpotentials. In particular, in [10] such a covariant
derivation was implicitly assumed to hold true for any choice of gauge-natural
prolongations of principal connections equal to prolongations of principal connec-
tions with respect to a linear symmetric connection on the basis manifold in the
sense of [27, 28, 33].

In the present paper, we derive both local and global generalized Bianchi iden-
tities for classical field theories by resorting to the gauge-natural invariance of the
Lagrangian and via the application of the Noether Theorems [39]. In particular we
show that invariant generalized Bianchi identities can be found without the a pri-
ort introduction of a connection. The proof is based on a global decomposition of
the variational Lie derivative of the generalized Euler-Lagrange morphism involv-
ing the definition — and its representation — of a new morphism, the generalized
gauge-natural Jacobi morphisms. It is in fact known that the second variation of
a Lagrangian can be formulated in terms of Lie derivative of the corresponding
Euler-Lagrange morphism [13, 14, 17, 20, 40]. As a consequence the existence of
canonical, i.e. completely determined by the variational problem and its invariance
properties, global superpotentials for gauge-natural Noether conserved currents is
proved without resorting to additional structures.

Our general framework is the calculus of variations on finite order jet of fibered
bundles. Fibered bundles will be assumed to be gauge-natural bundles (i.e. jet
prolongations of fibered bundles associated to some gauge-natural prolongation of
a principal bundle P [8, 22, 23, 27, 28, 32]) and variations of sections are (vertical)
vector fields given by Lie derivatives of sections with respect to gauge-natural lifts
of infinitesimal principal automorphisms (see e.g. [8, 24, 32]).

In this general geometric framework we shall in particular consider finite order
variational sequences on gauge-natural bundles. The variational sequence on finite
order jet prolongations of fibered manifolds was introduced by Krupka as the quo-
tient of the de Rham sequence of differential forms (defined on the prolongation of
the fibered manifold) with respect to a natural exact contact subsequence, chosen
in such a way that the generalized Euler-Lagrange and Helmholtz-Sonin mappings
can be recognized as some of its quotient mappings [36, 37]. The representation
of the quotient sheaves of the variational sequence as sheaves of sections of ten-
sor bundles given in [46] and previous results on variational Lie derivatives and
Noether Theorems [10, 15] will be used. Furthermore, we relate the generalized
Bianchi morphism to the second variation of the Lagrangian. A very fundamental
abstract result due to Kolaf concerning global decomposition formulae of vertical
morphisms, involved with the integration by parts procedure [21, 29, 30], will be a
key tool. In order to apply this results, we stress linearity properties of the Lie de-
rivative operator acting on sections of the gauge-natural bundle, which in turn rely
on properties of the gauge-natural lift of infinitesimal principal automorphisms.
The gauge-natural lift enables one to define the generalized gauge-natural Jacobi
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morphism (i.e. a generalized Jacobi morphism where the variation vector fields
— instead of general deformations — are Lie derivatives of sections of the gauge-
natural bundle with respect to gauge-natural lifts of infinitesimal automorphisms
of the underlying principal bundle), the kernel of which plays a very fundamental
role.

The paper is structured as follows. In Section 2 we state the geometric frame-
work by defining the variational sequence on gauge natural-bundles and by rep-
resenting the Lie derivative of fibered morphisms on its quotient sheaves; Section
3 is dedicated to the definition and the representation of the generalized gauge-
natural Jacobi morphism associated with a generalized gauge-natural Lagrangian.
We stress some linearity properties of this morphism as a consequence of the prop-
erties of the gauge-natural lift of infinitesimal right-invariant automorphisms of
the underlying structure bundle. In Section 4, by resorting to the Second Noether
Theorem, we relate the generalized Bianchi identities with the kernel of the gauge-
natural Jacobi morphism. We prove that the generalized Bianchi identities hold
true globally if and only if the vertical part of jet prolongations of gauge-natural
lifts of infinitesimal principal bundle automorphisms is in the kernel of the second
variation, i.e. of the generalized gauge-natural Jacobi morphism.

Here, manifolds and maps between manifolds are C°°. All morphisms of fibered
manifolds (and hence bundles) will be morphisms over the identity of the base
manifold, unless otherwise specified.

2. VARIATIONAL SEQUENCES ON GAUGE-NATURAL BUNDLES

2.1. Jets of fibered manifolds. In this subsection we recall some basic facts
about jet spaces. We introduce jet spaces of a fibered manifold and the sheaves
of forms on the s-th order jet space. Moreover, we recall the notion of horizontal
and vertical differential [32, 38, 42].

Our framework is a fibered manifold 7 : Y — X, with dim X =nand dimY =
n—+m.

For s > g > 0 integers we are concerned with the s-jet space J;Y of s-jet
prolongations of (local) sections of ; in particular, we set JoY =Y. We recall
the natural fiberings 77 : J;Y — J,Y, s > ¢, 7* : J;Y — X, and, among these,
the affine fiberings 7{_;. We denote with V'Y the vector subbundle of the tangent
bundle TY of vectors on Y which are vertical with respect to the fibering .

Charts on Y adapted to 7 are denoted by (z7,y%). Greek indices o, i, ...
run from 1 to n and they label basis coordinates, while Latin indices 7, j,... run
from 1 to m and label fibre coordinates, unless otherwise specified. We denote by
(0,,0;) and (d°, d") the local basis of vector fields and 1-forms on Y induced by an
adapted chart, respectively. We denote multi-indices of dimension n by boldface
Greek letters such as o = (a1, ..., ap), with 0 < oy, p=1,...,n; by an abuse of
notation, we denote with o the multi-index such that a, =0, if p # 0, o), = 1, if
uw=o. We also set |a]:=a; + -+ a, and al:=a1!...a;,!. The charts induced on
JsY are denoted by (z7,y%), with 0 < |a| < s; in particular, we set y§ = y*. The
local vector fields and forms of J;Y induced by the above coordinates are denoted
by (82) and (d.)), respectively.
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In the theory of variational sequences a fundamental role is played by the contact
maps on jet spaces (see [36, 37, 38, 46]). Namely, for s > 1, we consider the natural
complementary fibered morphisms over JY — Js_1Y

D:JY xTX —-TJ;_1Y, VLY x TJs Y - VJ, 1Y,
X Jso1Y

with coordinate expressions, for 0 < |a| < s — 1, given by
D =d'®@Dy=d ®(0x +,,,08) .9 =9,00% = (d, —yl,,d*) @0 .

The morphisms above induce the following natural splitting (and its dual):

(1) JY x T*J,_1Y = (JgY X T"X) oCr Y],
Jsfly J571Y
where C}_;[Y]:=im 9% and 9% : J,Y x V*J,1Y = J,Y x T*J,_1Y. We
Jsfly J371Y
have the isomorphism Cf_;[Y] ~ J,Y x V*J,_1Y. The role of the splitting
Js_1Y

above will be fundamental in the present paper.

If f: J,Y — Risa function, then we set D, f :=D, f, Dotof :=DsDeq f, where
D, is the standard formal derivative. Given a vector field 2 : J,)Y — T J,Y, the
splitting (1) yields Zo 7t = Eg + Ey where, if £ = 270, + EL,0%, then we have
En =E2'Dy and By = (B, — vk, ,E7)0>. We shall call E and Ey the horizontal
and the vertical part of =, respectively.

The splitting (1) induces also a decomposition of the exterior differential on
Y, (75_y)*od = dg + dy, where dg and dy are defined to be the horizontal
and vertical differential. The action of dg and dy on functions and 1-forms on
JsY uniquely characterizes dy and dy (see, e.g., [42, 46] for more details). A
projectable vector field on'Y is defined to be a pair (2,¢), where 2: Y — TY and
& : X — TX are vector fields and = is a fibered morphism over €. If there is no
danger of confusion, we will denote simply by = a projectable vector field (Z, €).
A projectable vector field (Z,¢), with coordinate expression = = £°0, + £'0;,
& = £°0,, can be conveniently prolonged to a projectable vector field (j5Z,£),
whose coordinate expression turns out to be

jsE - fgao- + agl Z 18'7' ﬁf y-y-i,-’u) 70
Bty=a
where 3 # 0 and 0 < |a| < s (see e.g. [36, 38, 42, 46]); in particular, we have
the following expressions (jsZ)g = £7 Dy, (jsZ)v = Da(Zv)' 0%, with (Zy)! =
£ — 41 &7, for the horizontal and the vertical part of jsZ, respectively. From now
on, by an abuse of notation, we will write simply js=Zg and j;=y. In particular,
JEv i JeaY % LY = JenY < VY.

We are interested in the case in which physical fields are assumed to be sections
of a fibered bundle and the variations of sections are generated by suitable vector
fields. More precisely, fibered bundles will be assumed to be gauge-natural bundles
and variations of sections are (vertical) vector fields given by Lie derivatives of sec-
tions with respect to gauge-natural lifts of infinitesimal principal automorphisms.
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Such geometric structures have been widely recognized to suitably describe so-
called gauge-natural field theories, i.e. physical theories in which right-invariant
infinitesimal automorphisms of the structure bundle P uniquely define the trans-
formation laws of the fields themselves (see e.g. [8, 32]). In the following, we shall
develop a suitable geometrical setting which enables us to define and investigate
the fundamental concept of conserved quantity in gauge-natural Lagrangian field
theories.

2.2. Gauge-natural prolongations. First we shall recall some basic definitions
and properties concerning gauge-natural prolongations of (structure) principal
bundles (for an extensive exposition see e.g. [32] and references therein; in the
interesting paper [23] fundamental reduction theorems for general linear connec-
tions on vector bundles are provided in the gauge-natural framework).

Let P — X be a principal bundle with structure group G. Let r < k be
integers and W p .= JTP;éLk(X), where Ly (X)) is the bundle of k-frames in

X [8, 22, 32], Wb G:=J,.G ®GLy(n) the semidirect product with respect to the
action of GLk(n) on J,G given by the jet composition and GLg(n) is the group
of k-frames in R™. Here we denote by J,.G the space of (r, n)-velocities on G.

Elements of W (%) P are given by (j%~,79t), with v : X — P a local section,
t:R™ — X locally invertible at zero, with ¢(0) = @, € X. Elements of W G
are (j2g, jla), where g : R" — G, a : R® — R" locally invertible at zero, with
a(0) = 0.

Remark 1. The bundle WF P is a principal bundle over X with structure
group W™ G. The right action of W"* G on the fibers of W% P is defined
by the composition of jets (see, e.g., [22, 32]).

Definition 1. The principal bundle W (" p (resp. the Lie group W(T’k)G) is
said to be the gauge-natural prolongation of order (r,k) of P (resp. of G).

Remark 2. Let (®, ¢) be a principal automorphism of P [32]. It can be prolonged
in a natural way to a principal automorphism of W(T’k)P7 defined by:

WEB (@, ¢) : (jF7.00) = (P (@007l i@ o).

The induced automorphism W(T’k)(¢>,¢) is an equivariant automorphism of
W R P with respect to the action of the structure group Wk G, We shall
simply denote it by the same symbol ®, if there is no danger of confusion.

Definition 2. We define the vector bundle over X of right-invariant infinitesimal
automorphisms of P by setting A =TP/G.

We also define the wvector bundle over X of right invariant infinitesimal auto-
morphisms of W% P by setting AR :=TW "R p/wrh G (r < k).

Remark 3. We have the following projections AF) — ACK) < ko < K/,
with r > 1/, s > &',
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2.3. Gauge-natural bundles and lifts. Let F' be any manifold and ( : Wk G x

F — F be a left action of W™® @G on F. There is a naturally defined right ac-
tion of WG on W P x F so that we can associate in a standard way to
W R P the bundle, on the given basis X, YC::W(T’k)P x¢ F.

Definition 3. We say (Y ¢, X, 7¢; F, G) to be the gauge-natural bundle of order
(r, k) associated to the principal bundle W ("*) P by means of the left action ¢ of
the group W (™" G on the manifold F [8, 32].

Remark 4. A principal automorphism ® of W R P induces an automorphism
of the gauge-natural bundle by:

(2) O Y — Y (77, 0), fle = (@G tt), fle
where f € F and [-,]¢ is the equivalence class induced by the action .

Denote by 7x and A% the sheaf of vector fields on X and the sheaf of right
invariant vector fields on W(T’]C)P7 respectively. A functorial mapping & is defined
which lifts any right-invariant local automorphism (@, ¢) of the principal bundle
Wk P into a unique local automorphism (D¢, @) of the associated bundle Y.
Its infinitesimal version associates to any Z € A(*) projectable over ¢ € Tx, a
unique projectable vector field é::@(é) on Y¢ in the following way:

(3) &:Y, ;{A(“’“) —TY¢ : (y,E) — E(y),

where, for any y € Y, one sets: Z(y) = L[(®¢4)(y))t=0, and ®¢; denotes the
(local) flow corresponding to the gauge-natural lift of ®,.
This mapping fulfils the following properties:

(1) @& is linear over idy;
(2) we have Tme 0 & = idrx o7("%)  where 7("*) is the natural projection
Y x AmR - TX;
X

(3) for any pair (A, Z) of vector fields in A%, we have
S([A,Z]) = [6(A), 8(2)];
(4) we have the coordinate expression of &
(4) & = d" 20, +dy©(Z0;) + d3©(2,70),

with 0 < [v| < k, 1 < |[A] < r and Z¥, ZP* € C>(Y ) are suitable
functions which depend on the bundle, precisely on the fibers (see [32]).

Definition 4. The map ® is called the gauge-natural lifting functor. The pro-
jectable vector field (Z,€) = &((5,€)) is called the gauge-natural lift of (=,€) to
the bundle Y.



INVARIANT VARIATIONAL PROBLEMS ON GAUGE-NATURAL BUNDLES 295

2.4. Lie derivative of sections of gauge-natural bundles. Let v be a (local)
section of Y¢, E € A" and = its gauge-natural lift. Following [32] we define a
(local) section £z7: X — VY, by setting: £2y=Tyo& —Zo7.

Definition 5. The (local) section £z is called the generalized Lie derivative of
~ along the vector field =.

Remark 5. This section is a vertical prolongation of 7, i.e. it satisfies the property:
vy, o £=y = 7, where vy is the projection vy . : VY — Y. Its coordinate
expression is given by (£z7)" = £70,7" — =i ().
Remark 6. The Lie derivative operator acting on sections of gauge-natural bun-
dles satisfies the following properties:
(1) for any vector field 2 € A(*) the mapping v + £z7 is a first-order
quasilinear differential operator;
(2) for any local section v of Y ¢, the mapping = + £z is a linear differential
operator;
(3) by using the canonical isomorphism VJ,Y ¢ ~ J,VY ¢, we have £z[j,7] =
Js|£=7], for any (local) section v of Y'¢ and for any (local) vector field
Ze AR,
We can regard £z : J1Y ¢ — VY as a morphism over the basis X.
In this case it is meaningful to consider the (standard) jet prolongation
of £z, denoted by js£z : Jo41Y ¢ — VJs Y. Furthermore, we have
jsEV('Y) = _£j557'
(4) we can consider £ as a bundle morphism:

5 £ T (Ve x AR 1Y VJIY.:.
(5) +1( ¢% ) = Js41 cJ:;,C ¢

2.5. Variational sequences. For the sake of simplifying notation, sometimes,
we will omit the subscript ¢, so that all our considerations shall refer to Y as a
gauge-natural bundle as defined above.

We shall be here concerned with some distinguished sheaves of forms on jet
spaces [36, 37, 42, 46]. Due to the topological triviality of the fibre of J,Y — Y,
we will consider sheaves on J;Y with respect to the topology generated by open
sets of the kind (7)™ (U), with U C Y openin Y.

i. For s > 0, we consider the standard sheaves A? of p-forms on J,Y .

ii. For 0 < g < s, we consider the sheaves H?S’q) and H? of horizontal forms,
i.e. of local fibered morphisms (following the well known correspondence between
forms and fibered morphisms over the basis manifold, see e.g. [32]) over 7 and 7°

of the type a: JJY — KT*JqY and #: J;Y — }{T*X7 respectively.

iii. For 0 < ¢ < s, we consider the subsheaf Cg’s o C Hf’s 9 of contact forms,

i.e. of sections a € H?S o) With values into K(C; [Y]). We have the distinguished
subsheaf CP C CfSH 5 of local fibered morphisms a € CfSH 5 such that o =
Xﬁﬁﬂ o &, where & is a section of the fibration Js11Y X XV*JSY — Js11Y

s

which projects down onto J,Y.
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Remark 7. Notice that according to [36, 37, 46], the fibered splitting (1) yields

the sheaf splitting HY s+1 5 = Cpsfl 5 NH? 1, which restricts to the inclusion

AP C Py, crm ts/\H oi1s Where 'H”’S“ = h(AP) for 0 < p < n and the surjective
map h is defined to be the restriction to A? of the projection of the above splitting
onto the non-trivial summand with the highest value of ¢.

The induced sheaf splitting above plays here a fundamental role. We stress again
that, for any jet order s, it is induced by the natural contact structure on the affine
bundle 7¢*1. Since a variational problem (described by the corresponding action
integral) is insensitive to the addition of any piece containing contact factors,
such an affine structure has been pointed out in [36] to be fundamental for the
description of the geometric structure of the Calculus of Variations on finite order
jets of fibered manifolds. This property reflects on the intrinsic structure of all
objects defined and represented in the variational sequence of a given order which
we are just going to introduce. In particular this holds true for the generalized
Jacobi morphism we will define and represent in Section 3.

We shortly recall now the theory of variational sequences on finite order jet
spaces, as it was developed by D. Krupka in [36].

By an abuse of notation, let us denote by dker h the sheaf generated by the
presheaf dker i in the standard way. We set ©%F := ker h + dker h.

In [36] it was proved that the following sequence is an exact resolution of the
constant sheaf Ry over Y:

& d

51 1 AI/@I AI+1 “ 0

0 — Ry — AY 5 A/e1 1\2/@2

Definition 6. The above sequence, where the highest integer I depends on the
dimension of the fibers of J;Y — X (see, in particular, [36]), is said to be the s-th
order wvariational sequence associated with the fibered manifold Y — X.

For practical purposes, specifically to deal with morphisms which have a well
known interpretation within the Calculus of Variations, we shall limit ourselves to
consider the truncated variational sequence:

& & Sn &

0— Ry — V0 2y 24 S i (VI Ent2 g
where, following [46], the sheaves VP:=CP="AH™" | /h(dker h) with 0 < p < n+2
are suitable representations of the corresponding quotient sheaves in the variational
sequence by means of sheaves of sections of vector bundles. We notice that in
the following, to avoid confusion, sometimes (when the interpretation could be
dubious) we shall denote with a subscript the relevant fibered bundle on which the
variational sequence is defined; e.g. in the case above, we would write (V?)y

Let o € C} A H™! si1 C VS+1 Then there is a unique pair of sheaf morphisms
([29, 34, 46))

Vn+1

(6) Eq € Clgs0) N H™ Fo €Clyy g A HOE L
such that (szil)*oz = E, — F,, and F, is locally of the form F, = dgps, with

Pa € C(123—1,s—1) AH" o
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Definition 7. Let v € A7, The morphism Ej,(,, € VI't! is called the generalized
Euler-Lagrange morphism associated with v and the operator &, is called the gen-
eralized Euler-Lagrange operator. Furthermore py,(,) is a generalized momentum
associated with Ej,(,).

Let n € CI A C(lg,o) ANH™hC V;ff, then there is a unique morphism

K’? € 0(123,5) ® C(12s,0) A Hn’gerl

such that, for all 2 : Y — VY, E; =), = Cl(j2sE® K,), where C] stands for
tensor contraction on the first factor and | denotes inner product (see [34, 46]).
Furthermore, there is a unique pair of sheaf morphisms

(7) H, € C(128,s) /\C(lzs,o) AH o1, Gy e 0(225,5) AH™ G

such that (szil)*n = H, — G, and H, = 5 A(K,), where A stands for anti-
symmetrisation. Moreover, G, is locally of the type G, = duq,, where g, €
C(223—1,s—1) A" 1o, hence [n] = [H,] [34, 46].

Definition 8. Let v € A;H‘l. The morphism Hpq, = H[gnﬂ(v)], where square
brackets denote equivalence class, is called the generalized Helmholtz morphism and
the operator &,1 is called the generalized Helmholtz operator. Furthermore gnq4y =
(€41 ()] 18 & generalized momentum associated with the Helmholtz morphism.

Remark 8. A section A € V! is just a Lagrangian of order (s+ 1) of the standard
literature. Furthermore, &,()\) € V7?1 coincides with the standard higher order
Euler-Lagrange morphism associated with A.

Remark 9. It is well known that it is always possible to find global morphisms
Ph(~) and qngd- satisfying decomposition formulae above; however, this possibility
depends in general on the choice of a linear symmetric connection on the basis
manifold (see [1, 2, 31]). In the present paper, we shall avoid to perform such a
choice a priori, with the explicit intention of performing an invariant derivation of
generalized Bianchi identities, which does not relay on an invariant decomposition
involving (local) divergences; that is in fact possible when resorting to the repre-
sentation of the Second Noether Theorem in the variational sequence, as shown
by Theorem 3 below. Indeed, contact forms and horizontal differentials of contact
forms of higher degree are factored out in the quotient sheaves of the variational
sequence. It is also clear that this will give, at least, prescriptions on the meaning-
ful (within a fully gauge-natural invariant variational problem) possible choices of
connections to be used to derive covariantly generalized Bianchi identities in the
classical way.

2.6. Variational Lie derivative. In this subsection, following essentially [15],
we give a representation in the variational sequence of the standard Lie derivative
operator acting on fibered morphisms. We consider a projectable vector field (Z, £)
on Y and take into account the Lie derivative operator L; = with respect to the

jet prolongation js;= of =. In fact, as well known, such a prolonged vector field
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preserves the fiberings 77, 7°; hence it preserves the splitting (1). Thus we have
Ljz:V! =V o] = L=(lo]) = [Lj.zq].

Definition 9. Let (Z,€) be a projectable vector field. We call the map L; =
defined above the variational Lie derivative.

Variational Lie derivatives allow us to calculate infinitesimal symmetries of
forms in the variational sequence. In particular, we are interested in symmetries
of generalized Lagrangians and Euler-Lagrange morphisms which will enable us to
represent in this framework Noether Theorems as well as known results stated in
the framework of geometric bundles (see e.g. the fundamental papers by Trautman
[43, 44, 45]).

Remark 10. Let s < ¢. Then the inclusions AL C Al and ©F C ©F yield the
injective sheaf morphisms (see [36]) x? : (A2/OF) — (AP/OF) : [a] — [(x2)"a],
hence the inclusions x¢ : V¥ — VP for s < g.

The inclusions x4 of the variational sequence of order s in the variational se-
quence of order ¢ give rise to new representations of £; = on V. In particular,
the following two results hold true [15].

Theorem 1. Let [a] = h(a) € VI'. Then we have locally
KoLz (h(@) = Ev |En(h(@)) + di (j2sEv [Pay na) + EJR(@)) -
Proof. We have
koL z(M(@) = h(Lj,.,zh(@))

=dy (js+1Zu]M(@)) + h(js+2Zv |dvh(a))
=dg(&]h(a)) + h(j2s 115V ] (Eay nia) + Fayha))) -

Since Fyy, n(a) = dHPdy h(a) locally, then

k2oL z(h(a)) = Ev]En(h(@) + du (j25Ev [Payn(a) + E1h(@)).

Theorem 2. Let a € A1, Then we have globally
“?SJrloﬁjsE[a] = gn(jerlEVJh(a)) + Cl1 (jsEV@Khda) :
Proof. We have

k2t oL zl0] = [En(fss1Zv (@) + jsr1Ev | dvh(a)]
= En(fst12v ) h(@)) 4+ C1 (jsZv @ Kpaa) -
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3. VARIATIONS AND GENERALIZED JACOBI MORPHISMS

To proceed further, we now need to recall some previous results concerning the
representation of generalized Jacobi morphisms in variational sequences and their
relation with the second variation of a generalized Lagrangian ([13, 14, 17, 40], see
also the fundamental paper [20]). In [14] the relation between the classical varia-
tions and Lie derivatives of a Lagrangian with respect to (vertical) variation vector
fields was worked out and the variational vertical derivative was introduced as an
operator acting on sections of sheaves of variational sequences, by showing that
this operator is in fact a natural transformation, being a functor on the category
of variational sequences. We shall here introduce formal variations of a morphism
as multiparameter deformations showing that this is equivalent to take iterated
variational Lie derivatives with respect to (vertical) variation vector fields. Our
aim is to relate, on the basis of relations provided by Corollary 1 and Proposition
1 below, the second variation of the Lagrangian A to the Lie derivative of the
associated Euler-Lagrange morphism and to the generalized Bianchi morphism,
defined by Eq. (21) in Subsection 4.1 below.

We recall (see [13, 14, 17]) a Lemma which relates the i-th variation with the
iterated Lie derivative of the morphism itself. Furthermore, following [29], we
recall the relation between the variation of the morphism and the vertical exterior
differential.

Definition 10. Let o : J,Y — RT*JSY. Let wfk, with 1 < k < i, be the flows
generated by an i-tuple (Z1, ..., E;) of (vertical, although actually it is enough that
they are projectable) vector fields on Y and let T'; be the i-th formal variation
generated by the Zg’s (to which we shall refer as variation vector fields) and
defined, for each y € Y, by I';(t1,...,4)(y) = ¥f o...o9} (y). We define the
i-th formal variation of the morphism « to be
az‘
B BT s timol
The following two Lemmas state the relation between the i-th formal variation
of a morphism and its iterated Lie derivative [13, 14, 17, 20].

(8) 5i0¢:: O[Ojsrl'(tl,.. ,ti)(y))

Lemma 1. Let o : J.Y — AT*J.Y and L;
acting on differential fibered morphism.

Let T'; be the i-th formal variation generated by variation vector fields Zx, 1 <
k<ionY. Then we have

(9) 51& = Lj351 . .Ljsgia.

be the Lie derivative operator

sZk

Lemma 2. Let = be a variation vector field on' Y and X € A?. Then we have
I\ = JsZ]dv A [29].

Remark 11. Owing to the linearity properties of dy A, we can think of the opera-
tor § as a linear morphism with respect to the vector bundle structure J,VY — X,

so that we can write da: J;Y — J,V*Y A AT*X. This property can be obviously
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iterated for each integer 7, so that one can analogously define an ¢-linear morphism
8. In particular, we have §2a : J,Y x J,VY — JV*YRJ,V*Y A 7\T*X.
X

For notational convenience and by an abuse of notation, in the sequel we shall
denote with the same symbol an object defined on the vertical prolongation VY as
well as the corresponding one defined on the iterated vertical prolongation V(VY),
whenever there is no danger of confusion.

Corollary 1. Let A € (A?)y. Let 21, Eg be two variation vector fields on' Y
generating the formal variation I'y. Then we have

(10) 02X = j2sZ2 ] En(0N) + dia (j25Z2 | Paysn)

(11) = 0(j2s21]En(N) + dr (J25Z1]Pdy 2))

(12) = JasZ2)En((J25211En(N) + du (J2s+152]Pay (216, (V)
(13) + 0(J2sZ1]Pdvr)) -

Proof. We apply Lemma 2 and decomposition provided by Theorem 1. Further-
more, dgd = ddy, which follows directly from the analogous naturality property
of the Lie derivative operator. (Il

Remark 12. From the relations above we also infer, of course, that
32522)En (2521 1En(N)) + dri (j2s+1E2Pay =1 20 (1)) = 0(j2sE1]En(N)) = 62X,

J2sZ2En((42s21)En(N)) + dE (6 (2521 Pay 2)) = J2sZ2En(ON) .

3.1. Variational vertical derivatives and generalized Jacobi morphisms.
In this section we restrict our attention to morphisms which are (identified with)
sections of sheaves in the variational sequence. We shall recall some results of ours
[13, 14] by defining the i-th variational vertical derivative of morphisms.

Let o € (VI')y. We have

5i[05]5:[5i(1] = [Lgi e Lgloz] = Lgi ce [,51[04] .
Definition 11. We call the operator 6° the i-th variational vertical derivative.

In [14] the variational vertical derivative was introduced as an operator acting
on sections of sheaves of variational sequences, by showing that this operator is
in fact a natural transformation, being a functor on the category of variational
sequences as it can be summarized by the following commutative diagram.

e (VM Vrtly — M g (vity — T

5| 5} 5}

d n n n n 5n
T Dy vy — Dy sry — e £ (Vv svy) — 0
) 8y 8y
du n ' gn gﬂ+1 5n+2

- — (Vg )Y;éV(VY) S (V;LJrl)Y;V(VY) — n+1((V;L+1)Y;<(V(VY)) — 0

L
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As a straightforward consequence we have the following characterization of the
second variation of a generalized Lagrangian in the variational sequence.
Proposition 1. Let A € (VI')y and let = be a variation vector field; then we have
(14) 02X\ = [En(j25E] hON) + Cf (j2sE® Knasn)] -

Proof. Since 6A € (V*)vy, by Remark 11 we have that §A € (V"*1)y and then

hdSX € En1 (VP )y C (VF2)y; thus the assertion follows by a straightforward

application of Theorem 2. Notice that here Cf (josZ2®@ Kpasy) : JasY X JosVY —
X

V'Y AAT*X. 0
Remark 13. Let [ > 0 and let F be any vector bundle over X. Let o : Ji(Y x F)
X

— })\T*X be a linear morphism with respect to the fibering J;Y x JJF — JiY
b'e

and let Dy be the horizontal differential on Y x F. We can uniquely write «a as
X

G=a: )Y —C/[F] A (AT*X).
Then Dyo = Dya (this property was pointed out in [16]).

Lemma 3. Let Z be a variation vector field. Let x(\,Z):=C1 (josZ®@ Kpasx) =
E;.=inasx) and let Dy be the horizontal differential on' Y x VY. We can see

b's
X\, Z) as an extended morphism x(A\, Z) : Jos(Y % VY) — Jo, VY X VY)®
VY A (/\T*X) satisfying Dx (X, E) = 0.

Proof. The morphism x(\,Z) : Jos(Y % VY) — V*Y A (AT*X) is a linear
morphism with respect to the projection JQS(Y o VY) — JosY (see Remark 11),
then we can apply the Remark above, so that X()\ ) JosY — S VF(VY)®
V*Y A (/\T* )= Jos VY @I, VY QVFY A (/\T*X) and again by linearity we
get X(L ) : Jas(¥Y X VY) = VY @VY A (AT*X). O
The following Lemma is an application of an abstract result, due to Horak

and Kolar [21, 29, 30], concerning a global decomposition formula for vertical
morphisms.

Lemma 4. Let = be a variation vector field.
Let X(\,E) as in the above Lemma. Then we have (m3511)*x(\,E) = E.os) +
Fy(\z), where

(15) Evaz t Jas(Y X VY) = GY]@CG[Y] A AT*X
and locally, Fy(\ =) = DyM, =), with

n—1
Mx()\,E) : J4S_1(Y ;(( VY) — Cgsil[Y](@Caﬂ[Y] AN NTX.
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Proof. Following e.g. [29, 30, 46], the global morphisms E, () =) and F\(, =) can
be evaluated by means of a backwards procedure. (Il

Definition 12. We call the morphism J (), Z):=E, (=) the generalized Jacobi
morphism associated with the Lagrangian A.

Example 1. Let us write explicitly the coordinate expression of J(A,E). By
functoriality of 0, we have h(doA) = h(ddX). Let now locally A = Lw, where L
is a function of J;Y and w a volume form on X, then d\ = 9%*(L)d:, A w and
dd\ = 0% (95 L)d}, @di, A w, thus finally h(dd\) = h(doX) = 0;(95L)d], @d" A w.
As a consequence we have, with 0 < |u|, |a, |o] < 2s + 1:

s—|p

VO E) = Do (05(081) = 3 (~1) ke

lee|=0

= X0 0000 Aw;

(u+a)

ol D aa(aﬂL))a;’@ﬁg;@w Aw

and by the Lemma above, we get (up to divergences):
(16) TN E) = (—1)1*Dg x2%,07 @9 @9 Aw.

3.2. Generalized gauge-natural Jacobi morphisms. We intend now to spec-
ify the just mentioned results and definitions concerning the Jacobi morphism by
considering as variation vector fields the vertical parts of prolongations of gauge-
natural lifts of infinitesimal principal automorphisms to the gauge-natural bundle
Y .. Owing to linearity properties of the Lie derivative of sections and taking into
account the fact that, as we already recalled, j,=y = —£;
following important results.

j.2» We can state the

Recall (see [32], Proposition 15.5) that the jet prolongation of order s of Y is
a gauge-natural bundle itself associated to some principal prolongation of order
(r + s,k + s) of the underling principal bundle P. Let = € A% and é::@(é)
the corresponding gauge-natural lift to Y. Let jsé be the s-jet prolongation of =
which is a vector field on J,Y ¢. It turns out then that it is a gauge natural lift of
= too, L.e. jsB(Z) = 6(jsZ). Let us consider j,Zy, i.e. the vertical part according
to the splitting (1). We shall denote by jsZy the induced section of the vector
bundle A("+5%+5)  The set of all sections of this kind defines a vector subbundle of
Jo A%) which we shall denote, by a slight abuse of notation (since we are speaking
about vertical parts with respect to the splitting (1)), by V.J, AR,

Lemma 5. Let x (A, @(E)V)::Cll(jgsé@)KhdszSEVA) = ijjhdﬁjg mo A . Let Dy
be the horizontal differential on Y ¢ ; VATR) - Then we have:

(maet 1) XN BE)) = Eyne@)y) T Fxons@)y) -
where

A7) Expe@y Y 3 VAT = GIATPac AP A (AT X),
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and locally, F\(x ¢(z),) = DM 6E),), with

n—1
My @) JasY ¢ 3 VIisAT) = G5 L [ATD] @G AT A (A T X)

Proof. Notice that, since x(\, 8(Z)y) = E .=, nic

j2s+18v
of the linearity properties of x(A, =) and of linearity properties of the Lie deriv-
ative operator £ (see Subsections 2.3 and 2.4) we have x(\, &(2)v) : JosY¢ X

b'e

) as a consequence

Voo AR - C2 [V ¢ x VATR] @ Ci[ATR] A (AT*X) and Dyx(A, &(2)y) = 0.
b'e

Thus the decomposition Lemma 4 can be applied. (Il

Definition 13. Let = € AR, B

We call the morphism J(A, &(Z)v) = E,( ez),) the gauge-natural general-

ized Jacobi morphism associated with the Lagrangian A and the gauge-natural

lift 6(;)\/

(1]

We have the following:

Proposition 2. The morphism J (X, &(Z)v ) is a linear morphism with respect to
the projection Ju Y ¢ X V Iy AR JusYe.
X

We are now able to provide an important specialization of Theorem 2.
Proposition 3. Let [L Al € (Vitl)y. Then we have

M)+ TNSE)).

Jet1Zv

’{ii—iloﬁjsé[ﬁ )‘] = gn(jsEVJh(ﬁ

Js+18v Jer1Zv

Proof. By Theorem 2 and the Lemma above we have:
méiﬁloﬁjsg[ﬁjsﬂgv Al = gn(jsEVJh(‘CjS_HEV)‘)) + [Cll (j28é®Khd£_7QSév>\)]
=En(sEv (L) 2, N) + TN EE)y). 0

Remark 14. Theorem 1 in Subsection 2.6 provides an invariant decomposition,
where both pieces are globally defined. However, the second one is only locally
a divergence, unless some further geometric structures such as linear symmetric
connections on the basis manifold or suitable gauge-natural principal (or prolon-
gations with respect to linear symmetric connections of principal) connections are
introduced [29, 30, 46]. Proposition 3 above, instead, provides an invariant decom-
position into two pieces which are globally defined and no one of them, seen as a
section of (V*1)y, is a (local) divergence. As we shall see, this fact has very im-
portant consequences concerning conserved quantities in gauge-natural Lagrangian
field theories.

A simple comparison of Remark 12, Proposition 1 and the Proposition above
gives us the following.
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Corollary 2. Let 65\ be the variation of X\ with respect to vertical parts of gauge-
natural lifts of infinitesimal principal automorphisms. We have:

(18) B(E)]E(B(E)v]En(N) = A = E(B(E)v |h(doN)) .
The reader should notice that, seen as a section of (VI')y vy, the equivalence

class [£,(jsZv |h(d)))] vanishes being a local divergence of higher degree contact
forms. This result can also be compared with [17].

4. NOETHER THEOREMS AND CONSERVED CURRENTS FOR GAUGE-NATURAL
INVARIANT LAGRANGIANS

In the following we assume that the field equations are generated by means
of a variational principle from a Lagrangian which is gauge-natural invariant, i.e.
invariant with respect to any gauge-natural lift of infinitesimal right invariant
vector fields. We consider now a projectable vector field (é,f) on Y and take
into account the Lie derivative with respect to its prolongation jsé.

Definition 14. Let (Z,€) be a projectable vector field on Y. Let A € V7 be a
generalized Lagrangian. We say = to be a symmetry of X if £j5+1§ A=0.

We say A to be a gauge-natural invariant Lagrangian if the gauge-natural lift
(é,f) of any vector field Z € A™F) is a symmetry for A, i.e. if L. ,z2A=0.1In
this case the projectable vector field == ®(Z) is called a gauge-natural symmetry
of \.

Remark 15. Due to &,L; 2 = L, =€y, a symmetry of a Lagrangian \ is also a
symmetry of its Euler-Lagrange morphism E) (but the converse is not true, see
e.g. [44]).

Symmetries of a Lagrangian A are calculated by means of Noether Theorems,
which takes a particularly interesting form in the case of gauge-natural Lagrangians.

Proposition 4. Let A € V! be a gauge-natural Lagrangian and (é,f) a gauge-
natural symmetry of \. Then we have

(19) 0=—L=|En(A) +du(—jsLz|payr+E]A).

Suppose that the section o fulfills the condition (jas+10)*(—£5|En (X)) = 0. Then,
the (n — 1)-form

(20) € = —JsLz]paya +EJA,
fulfills the equation d((j2s0)*(€)) = 0.

Remark 16. If ¢ is a critical section for &, (\), i.e. (jas+10)*En(A) = 0, the above
equation admits a physical interpretation as a so-called weak conservation law for
the density associated with e.

Definition 15. Let A\ € V" be a gauge-natural Lagrangian and = € A% Then
n—1
the sheaf morphism ¢ : Jo, Y ¢ X VJag AR — CHATR] A (A T*X) is said to be
D¢

a gauge-natural weakly conserved current.
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Remark 17. In general, this conserved current is not uniquely defined. In fact, it
depends on the choice of pg,, », which is not unique (see [46] and references quoted
therein). Moreover, we could add to the conserved current any form pu € Vi *
which is variationally closed, i.e. such that &,—_1(#) = 0 holds. The form pu is
locally of the type pu = dg~y, where v € V;;__Ql.

Corollary 3. Let € : JosY ¢ x VJps ATF) — CHLATR] A (nKIT*X) be a conserved
b's
current. As an immediate consequence of Remark 18 we can regard € as the equiv-
n—1
alent morphism € = € : JosY ¢ x VJos AR — 3 JATP]@CH AT A (A T X).
b's

Remark 18. Let n € V™! and let = be a symmetry of . Then, as a special
case of Theorem 2, we have 0 = &,(Zv|n) + [C1 (j23+1EV®Khdn)]- Suppose that
Khan = 0; then we have &,(2y |n) = 0. This implies that Zy |7 is variationally
trivial, i.e. it is locally of the type 2y |n = dgu, where u € V'

Suppose that the section o : X — Y fulfils (jos+10)*(Ev |n) = 0. Then we
have d((j2s0)*1) = 0 so that, as in the case of symmetries of Lagrangians, p is a
conserved current along o.

As in the case of Lagrangians, a conserved current for an Euler-Lagrange type
morphism is not uniquely defined. In fact, we could add to Zy |7 any variation-
ally trivial Lagrangian, obtaining different conserved currents. Moreover, such
conserved currents are defined up to variationally trivial (n — 1)-forms.

4.1. The Bianchi morphism. In gauge-natural Lagrangian theories it is a well
known procedure to perform suitable integrations by parts to decompose the con-
served current € into the sum of a conserved current vanishing along solutions of
the Euler-Lagrange equations, the so-called reduced current, and the formal diver-
gence of a skew-symmetric (tensor) density called a superpotential (which is defined
modulo a divergence). Within such a procedure, the generalized Bianchi identities
play a very fundamental role: they are in fact necessary and (locally) sufficient
conditions for the conserved current € to be not only closed but also the diver-
gence of a skew-symmetric (tensor) density along solutions of the Euler-Lagrange
equations.

In the following we shall perform such an integration by part of the conserved
current by resorting to Kolai’s invariant decomposition formula of vertical mor-
phisms we already used to define the Jacobi morphism. We will also make an
extensive use of Remark 13.

Remark 19. Let A be a gauge-natural Lagrangian. By the linearity of £ we have
W\ B(E)y) = £2]Eu(N) : JosY ¢ — C5,[ATP

)= J®Co
We have Dyw(), &(Z)y) = 0. We can regard w(\, &(Z
phism w(A\, B(Z)y) : JosY¢ o V Jas AR — 3 [AR)]

CATR A (AT X).

) as the extended mor-

v
®C3, [ATP]RCEATR] A

(/\T*X). Thus we can state the following.
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Lemma 6. Let w(\, &(Z)y) be as in the above Remark. Then we have globally
(me i) e\ BE)y) = BN BE)) + Fupe@)ny) -

where

(21) ﬁ()\, ®(E)V) = Ew()\,(’i(é)v) :

(22) 1 JuY ¢ x VI AR S 3 AR @CHATR]@CEATP] A (AT* X))
X

and locally, Fw()\,(’i(é)v) = DHMw()\,Qi(E)V)7 with
(23) Mope@) * Jas1¥ ¢ X VJis1 AP —

(24) — G5, JAT P83, L JATPISCATH] A (N T X)
In particular, we get the following local decomposition of w(\, &(Z)y):
(25) wABE)y) =B\ 6E)v) + Dré\, 6(2)y),

Proof. We take into account that Dyw()\, &(Z)y) is obviously vanishing, then
the result is a straightforward consequence of Lemma 4. O

Definition 16. We call the global morphism 3(A, ®(E)V)5=EW(A,®(E)V) the gen-
eralized Bianchi morphism associated with the Lagrangian A.

Remark 20. For any (Z,¢) € AR as a consequence of the gauge-natural invari-
ance of the Lagrangian, the morphism G(XA, &(E)y) = &, (w(A, B(E)v)) is locally
identically vanishing. We stress that these are just local generalized Bianchi identi-

ties. In particular, we have w(\, &(Z)y) = Dyé(\, &(Z)y) locally [3, 5, 6, 19, 35)].
Definition 17. The form é(\, &(Z)y) is called a local reduced current.

4.2. Global generalized Bianchi identities. We are now able to state our
main result providing necessary and sufficient conditions on the gauge-natural lift
of infinitesimal right-invariant automorphisms of the principal bundle P in order
to get globally defined generalized Bianchi identities. Let &:=Ker ;) ¢(z),) be the
kernel of the generalized gauge-natural morphism 7 (\, &(Z)y ). As a consequence
of the considerations above, we have the following important result.

Theorem 3. The generalized Bianchi morphism is globally vanishing if and only
if 05X =T (N, B(E)v) =0, i.e. if and only if 8(Z)y € K.

Proof. By Corollary 2 we get
SE)v]BNG(E)v) =der =T\ G(E)v).

Now, if &(Z)y € R then 3(\, &(Z)y) = 0, which are global generalized Bianchi
identities. Vice versa, if ®(Z)y is such that S(\, &(Z)y) = 0, then J(\, &(Z)y)
=0 and &(Z)y € R. Notice that &(Z)y |3(\, B(Z)y) is nothing but the Hessian
morphism associated with A (see [17]). O
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Remark 21. We recall that given a vector field jsé  JsY e = TJ Y., the
splitting (1 ) ylelds jsZo it = jsEnH +jsfv where, if j,2 = éV&Y + ég@f‘, then
we have j,Zg = ~7D and js:v = Da( ' yl "7)8"“ Analogous considerations
hold true of course albo for the unique corresponding invariant vector field G52
on WK P In particular, the condition j,Zy € & implies, of course, that the
components =, and =7 are not independent, but they are related in such a way
that j,Zy must be a solution of generalized gauge-natural Jacobi equations for
the Lagrangian A (see coordinate expression (16)). The geometric interpretation
of this condition will be the subject of a separate paper [41]. Our results are quite
evidently related to the theory of G-reductive Lie derivatives developed in [18]. It
is in fact our opinion that the Kosmann lift (the kind of gauge-natural lift used to
correctly define the Lie derivative of spinors, in [18] interpreted as a special kind
of reductive lift) can be recognized as a kind of gauge-natural Jacobi vector field.
Even more, we believe that the kernel of the generalized gauge-natural Jacobi
morphism induces a canonical reductive pair on W (%) P. We also remark that,
for each = € A(F) such that Zy € &, we have L; z,w( K) = 0. Here it is enough
to stress that, within a gauge-natural invariant Lagrangian variational principle
the gauge-natural lift of infinitesimal principal automorphism s not intrinsically
arbitrary. It would be also interesting to compare such results with reduction
theorems stated in [23].

In the following we shall refer to canonical globally defined objects (such as
currents or corresponding superpotentials) by their explicit dependence on K.

Corollary 4. Let A € VI be a gauge-natural Lagrangian and jsév € R a gauge-
natural symmetry of . Being B(A\, 8) = 0, we have, globally, w(A, 8) = Dge(\, R),
then the following holds:

(26) Dr(e(\, 8) — &\, 8) = 0.

Eq. (26) is referred as a gauge-natural ‘strong’ conservation law for the global
density e(\, R) — (), R).

We can now state the following fundamental result about the existence and glob-
ality of gauge-natural superpotentials in the framework of variational sequences.

Theorem 4. Let A € V! be a gauge-natural Lagrangian and (jsé,f) a gauge-
natural symmetry of A. Then there exists a global sheaf morphism v(\, R) €
(Vi 1)Y<Xﬁ such that

X

Duv(\ R) =e(\ R) — (N R).
Definition 18. We define the sheaf morphism (), R) to be a canonical gauge-

natural superpotential associated with A.

Acknowledgments. The authors wish to thank Prof. I. Kolaf for many interest-
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