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WEAK DISCRETE MAXIMUM PRINCIPLES

MOHAMMAD MUJALLI AL-MAHAMEED

ABSTRACT. We introduce weak discrete maximum principles for matrix equa-
tions associated with some elliptic problems. We also give an example on
discrete maximum principles.

1. INTRODUCTION

The maximum principles play a basic role in the theory and applications of a
wide class of real linear second order elliptic partial differential equations.

In this paper we consider the weak discrete maximum principle for matrix equa-
tions associated with some elliptic problems and give an example to illustrate the
usefulness of the discrete maximum principles.

Let © be a bounded domain in R™ with boundary 2. The second order elliptic

partial differential operator L at @ = (z1, z2,...,z,) takes the form
- 0% u - du
Llu(z)] = igz:l aij(@m + Zai(x) oz, * a(z)u(z),

where u(x) is a twice continuously differentiable function defined in §, a;;(z), a;(z),
(1,7 =1,2,...,n), a(x) are continuous functions in Q = QUIN, a(z) > 0, a;; = a;s,
(i, =1,2,...n), and there exist a positive constant g such that

n n
Y a@)gE = py & in 0

i,j=1 i=1
for all n-tuples (&1,&2,...,&,) of real numbers.
n
Let % =5 vi% denote the outward directional derivative on df2 in the direc-
i=1 ‘

tion v such that v -n > 0, where n is the unit outward normal on 9.

The strong and weak maximum principles are given in the following Theorems
[7].

Theorem 1.1 (Strong maximum principle). Suppose that u(x) satisfies Lju] < 0
in Q. If u atlains a nonnegative mazimum M at an interior point of 2, then u
attains its mazximum in €.
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Theorem 1.2 (Weak maximum principle). Suppose that u(x) satisfies Liu] <0 in
Q, then max u(z) < max{0, max u(z)}.

z€Q reON
Theorem 1.3. Let u(x) satisfy L{u] < 0 in Q. Suppose that u attains a nonnegative
mazimum M at a boundary point P. If P lies on the boundary of a ball in 2, then
g—z >0 at P, unless u= M in Q.

Remark 1.1. The condition that P lies on the boundary of a ball in 2 in Theorem
1.3 is called the interior sphere property at P of 0f). If this property is not satisfied,
the conclusion of Theorem 1.3 will in general not be valid.

Let us first present some matrix notations.
Given a matrix A = (a;5), 1,7 = 1,2,...,n, we say that A is reducible if there
exist a permutation matrix B such that

BABt — |:A11 A12:|

0 Ay

where B? denotes the transpose of B, A;; is an r x r submatrix, and A is an
(n —r) x (n—r) submatrix with r € {1,2,...,n —1}.

If no such permutation matrix exists, then A is irreducible. We say that A is
diagonally dominant if

|aii|22|aij| 1=1,2,...,n.
j=1
J#1
Furthermore, A is irreducibly diagonally dominant if it is irreducible, diagonally
dominant, and

|@igio | > Z |aioj|
j=1
J#io
holds for some iy € {1,2,...,n}.
Consider the discrete approximation to the boundary value problem
(1.1) L(u(z)) = f(z) inQ,
(1.2) B(u(z)) = g(x) on IN.

Here 3 is the boundary operator, for example

Blu(@)) = ar(x) o + az(a) .
By P,i=1,2,...,n(or P;,i=n+1,...,n+ m) we denote the nodal points
which belong to € (or d€2). The finite difference method or the finite element
method with mesh h size leads to the following equations which approximate (1.1),
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n+m

(1.3) Za”wj—l— Z ai;w; = fi, 1=1,2,...,n,
j=n+1

n+m

(1.4) Za”wj—k Z aj;w; = gi , i=n+1,...,n+m.
Jj=n+1

Here (w1, w2, ..., Wntm)s (f1s 2,5 fn)s (Gnt1s9nt2,-- -, gntm), are approximate
values of (u(Py), w(Ps), .-, t(Pusm))s (F(P), F(P)s-- s [(P))s (9(Pas1)s u(Pas2),
o 9(Pagm)), respectlvely.

The matrices (a;;), ¢ = 1,2,...,n, j = 1,2,...,n 4+ m, and (asj), ¢ = n +
1,....,n+m,j=1,2,...,n+m, are the approximations to the operators L and 3,
respectively.

Now define sets as follows:

D, ={1,2,...,n},
m={jj=n+1,...,n+m,a; #0}, i=1,2,...,n.

Gm: UFi,ma
i=1
Hyp,={n+1n+2,....,n+m\Gn,

A strong discrete maximum principle for (1.3), (1.4) is given in the following
Theorem [6].

Theorem 1.4. Assume thata;; >0, a5 <0,i#7,i=1,2,...,n,7=1,2,...,n+
m.
n+m

> ai; >0, i=1,2,...,n,

and that A = (aij), 4,j,= 1,2,...,n, is irreducibly diagonally dominant. Let
(w1, W, ..., Wnitm) Satisfy

n+m
Zaijwjgo, i:1,2,...,n.
If there exist some r € {1,2,...,n} such that

max wj =w, 20,
j=12,...,n4+m

then

Wy = Wy, jeDnUGma
wjéwra ]EHm
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2. THE WEAK DISCRETE MAXIMUM PRINCIPLE
In this section we introduce the weak discrete maximum principle for (1.3), (1.4).

Theorem 2.1 (Weak discrete maximum principle [1]). Assume that a; > 0, a;; <
0,1#7,1=1,2,...,n,j=1,2,...,n+m.

n+m

day>0,  i=12,...,n,
j=1

and that A = (a;;), i,j = 1,2,...,n, is irreducibly diagonally dominant. Let
(w1, W, ..., Wniym) Satisfy

n+m

Zaijwjgo, i=1,2,...,n.
j=1

Then,

max w; < max {O, max } .
1<i<n+m n+1<j<n+m

Theorem 2.2. Assume thata;; > 0,a:; <0,i#j,i=1,2,...,n,j=1,2,...,n+
m7
n+m

ag=0,  i=12...,n+m,

j=1
and that A = (ai;), 4,5 = 1,2,...,n is irreducibly diagonally dominant. Let
(w1, way ..., Wyiym) satisfy

n+m

Zaijwjgo, i:1,2,...,n.
j=1
If there exist some r(n+ 1 <r <n-+m) and at least one q (1 < q <n) such that

maX{O, max wj} =w, >0,

1<j<n+m
n+m
Zarjzoa j#rv J=L2,...,n+m, arqgo’
Jj=1
then
n+m
Z QrjW;5 > 0
j=1
unless

wj = Wy, j€ D, UG,
w; # Wy, j€eH,.
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Proof. Assume that
n+m

Z arjwj § 0.
Jj=1

Then we have

n+m n+m
0> g QrjWj = QrpWy + E QrjW;
Jj=1 j=1
J#T
n+m n+m
> =D an|we+ Y agu;
j=1 j=1
J#T J#T
n+m
== § arj(wy — wy)
Jj=1
J#T
n+m
= —arq(wr —wy) — g arj(wy, —w;) >0.
j=1
i
Jj#q

From the fact a,q < 0, it follows that

wg =w, + max w; >0.
1<j<n+m

Since 1 < ¢ < n, an application of Theorem 1.4 leads to

(2.1) Wj = Wq = Wy j€ D, UG,.

On the other hand, it is clear that

(2.2) w; < wyg = Wy, j€Hy,.

Hence, (2.1), (2.2) contradicts the hypotheses in Theorem 2.2. Thus, we have

n+m

Z arjwj § 0.
j=1
This completes the proof. ([

3. EXAMPLE

In this section we give an example to illustrate the discrete maximum principles.
Consider the domain Q C R? with boundary 9, P;, P, denote the interior points
of 2 and P3 — —Py5 denote the boundary points shown in Figure 1 with a uniform
mesh (h =1,n=2,m = 10).

—Au+u=-5 in Q,
u=—-9 on Of).
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3 4 5 6 3 4 5 6
. 1 2 g 7 1 2 3
9 10 11 12 9 10 11 12
(b) (©

Fig. 1: Uniform mesh of the domain (h =1,n = 2,m = 10):
(a) domain direction (b) finite difference (c) finite element.

The finite difference method with mesh points in Figure 1 (b) leads to
5 -1 ... 0 -1 00 -1 00 -1 00
-1 5 .. 0 0 -10 O0-10 0 -10

__8_
-8

In this case D, = {1,2}, G = {4,5,7,8,10,11}, H,, = {3,6,9,12}. Since

Jmax wy = wip = wa = —8, the assumptions of Theorem 1.4 do not hold, but
<<

those of Theorem 2.1 hold.
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4. CONCLUDING REMARKS

If A= (ay),i,j=12,...,n,is a matrix satisfying all conditions of Theorem
1.4, then A= > 0.

In view of applications to numerical analysis, the discrete maximum principle is
useful in the resulting matrix equations, which approximate elliptic boundary value
problems by employing the finite difference method or the finite element method.
The weak discrete maximum principle is the discrete counterpart of Theorem 1.2
and well established in [2]. Moreover, this is applied not only to linear boundary
value problems, but also to nonlinear boundary value problem [4], [5].

In the discrete matrix equations associated with the elliptic boundary value
problems, it is desirable to reduce the number of the boundary points belonging
to H,, as much as possible, in order to obtain good numerical solutions from the
viewpoint of the maximum principle [2].
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