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ABSTRACT. In the paper new comparison theorems for half-linear differ-
ence equation

A(RkSP(Azk)) + C’k@(zk+1) =0

are derived. The main tool is variational technique developed for half-linear
difference equations in Rehdk [5].
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1. INTRODUCTION

The well-known result from the calculus of variations states, that there is an
equivalence between disconjugacy of second order ordinary differential equation

(r(t)y") +c(t)y =0

on the interval (a,b) and nonnegativity of quadratic functional

[ (om0 - o)

defined on the class of functions n € VVO1 (a,b). This classical result has been
later extended in various directions. The generalizations include n—dimensional
problem with general boundary conditions [1], singular functional [2], p-degree
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functionals [3,4] and also discrete p-degree functionals [5]. The relationship between
the functional and the corresponding equation is frequently used in the comparison
and oscillation theory of differential equations, see. e.g. [6].

In this paper we will study the second order half-linear difference equation

(E) Liz] = A(RkQS(Azk)) + Cpd(2p41) = 0

for k € [0,n] and the corresponding discrete scalar p-degree functional

) J(2) = Alol” + 37 (Rel Aarl? = Crlana 7).

k=0

The relationship between Eq. (E) and (J) will be used further in the proof of
comparison theorems, which compare Eq. (E) with another half-linear discrete
differential equation

() U] = A(re®(Agr) ) + exBlyes1) =0,

Remark that, unless stated explicitly, under the interval [m,n| we actually
mean the discrete set {m,m + 1,...n}. Similarly under the term function we
actually mean the sequence.

The following lemma presents our main tool — Picone-type identity for half-
linear difference equations. It is a simplified version of the Picone identity published
for Eq. (E) in Rehdk [5].

Lemma 1 ([5]). If L[zx] = 0 for k € [0,n] and 2z, # 0 for k € [0,n+ 1], then for
k€ 10,n]

D(Azy) Rz,

(P) A{—|xk|ka @(Zk) } = Ck|xk+1|p — Rk|A£Ck|p + Zor1 Gk(a:,z),
where
Zk+1 Zk+1€25(A2k) Zk+1€25(AZk)
_ Az P — P P
Gk($7z) 2k | $k| des(zk+1) |$k+1| =+ P @(Zk) | k|

holds. The function Gy(-,-) satisfies
(1) Gr(z,2) 20

Azk
Zk

with equality if and only if Axy = .

, d.e. if and only if Tpy1 = 4, Z’“t

z

Lemma 2. If xp1 = 2 Z’;:l for k €[0,n], then x = 222, for k € [0,n + 1].

Proof. By induction.
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2. MAIN RESULTS

In connection with Eq. (E) we will study also the first order Riccati-type difference
equation

Ry,
" A+ ot 01~ G+ Twy) =

where ¢71(-) denotes the inverse function to the function &(-).

The relationship between functional (J) and Egs. (E), (R) has been studied
in [5]. Here it is proved the equivalence between disconjugacy of (E), existence of
solution of (R) and positive definiteness of (J) on the class of functions satisfying
o = 0= Tn41-

The difference between these results and the results from this paper lies in
another type of boundary conditions for the function x. The fact that we use
another types of boundary conditions causes that we obtain information about
solution of Eq. (E) given by another initial condition, than in [5].

First let us recall the definition of generalized zero, which is known to be the
convenient substitution for zeros of the continuous function.

Definition 1. An interval (m,m + 1] is said to contain a generalized zero of a
solution z; of Eq. (E) if 2., # 0 and Ry, zmzm+t1 < 0.

The following theorem establishes the relationship between the half-linear
equation, Riccati equation and the p—degree functional. Results of this type are
sometimes referred as Reid’s Roundabout—type theorem.

Theorem 1. The following statements are equivalent:

(i) The solution z of Eq. (E) given by R()@(AZ—Z‘O) = A satisfies Rizpzp41 > 0
for k € [0,n].
(i) Equation (R) has a solution on [0,n] such that wo = A and Ry + wy, > 0 on
[0, n].
(i1i) Functional (J) is positive definite on the class of functions defined on [0,n+ 1]
satisfying xn41 = 0.

Proof. 7 (i)<=(ii)” If zj is the solution of (E) satisfying Ryzxzx41 > 0 for k €
[0,n], then the function wy, = Ri® Az—i’“ is well-defined on [0,n + 1] and satisfies

(R) and Ry, + wy > 0 on [0,7n], which follows from [5].
Conversely, if wy, is a solution of Eq. (R) satisfying Ry + wg > 0, then zx41 =

2L (1 +o 1 (ﬂ)) defines solution of Eq. (E) satisfying Ryzx2r4+1 > 0 for k € [0, n).

Tk

In addition, ROSP(AZz()) = A is equivalent to wy = A.

7(i)=(iii)” Let = be defined on [0,n + 1] and x,,+1 = 0. Summation of Picone
identity (P) for k € [0,n] gives
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i A R
J(a:)=A|xo|P+z[A(|xk|PRk¢( j))+Mak< >]z
k=0

Zk+1
Az, A
A|£E0|p + |$n+1| Rn+1€p(—z +1) |£E0|pR0€Z5( ZO) =0
Zn+1 20

and the functional is positive semidefinite.

The equality holds throughout only if Gi(x,z) = 0 for k € [0,n]. From here it
follows @j41 = @ 2 for k € [0,n], or equivalently x;, = zp 52 for k= [0,n +1].
In view of the fact z, 11 = 0 # 2,41, it holds 2o = 0 and = = 0. Hence J(z) =0
only if x = 0 and the functional is positive definite.

7 (ili)==(i)” Suppose, by contradiction, that the functional is positive definite

and for the solution z of Eq. (E) given (uniquely up to the constant multiple) by
the condition Roﬁﬁ(AZ—Z‘O) = A there exists N € [0,n] such that

Rizgzip+1 >0 for0< k< N

Ryzyzn+1 <0.

Denote

- 2k kE[O,N]
"Tl0 keN+1Ln+1).

Since zg # 0, clearly « #Z 0. Suppose N > 1. From the definition of the function x
it follows L[zi] = 0 for k € [0, N — 2]. Summation by parts gives

J(2) = Alo|” + 3[Rl Az — ck|mk+1|p]
k=0

= A|£E0|p [kak¢7 A:vk Z:EkJrlL :Ek

= — Zxk+1L[$k] = —anyLlxy_1]

= —n [A(RN71¢(A$N71)) + CNAQS(ZN)]
— 2N {RN_lq’)(AzN_l) — Rn®(Azy) + A(RN—lq)(AZN—l))}
= znvRNP(Azn) + 2vRNP(2N),

since Axy = —zn and Axy_1 = Azy_1. Hence J(z) = RN|zN|p[Q5(%) + 1]

Now zy41 # 0. Really, if zy4+1 = 0 would hold, then J(z) = 0, a contradiction.
Hence

Ryznzn41 ZN41 4 ZN+1 ZN4+1

J(z) = “NENENG |ZN|P[ FLp(ENEL ) 4 *]

N1 Z ZN ZN

In view of the fact Ryznyzn41 < 0 and with respect to inequality a®(a—1)4+a > 0

we obtain J(x) < 0, a contradiction. This contradiction ends the proof.
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Corollary 1 (Leighton type comparison theorem). Let y; be solution of Eq.
(e), such that y,+1 = 0 # yo. Denote a = TOQ(AyO) Let A be such that

n

V(y) == (A —a)lyol? + Z {(Rk — )| Ay P — (Cp — ck)|yk+1|p} <.
k=0

Then the solution of Eq. (E) given by ROGP(AZO) = A has a generalized zero on
[0,n+ 1], i.e., there exists i € [0,n] such that R 2izie1 < 0 holds.

Proof. Define the functional j(z) = alzol? + Y. j_o rk|Azk|P — ck|2rgr1]P. Using
summation by parts we obtain j(y) = 0 and hence J(y) = J(y) —j(y) = V(y) <0.
Since y # 0, the statement follows from Theorem 1.

An immediate consequence is the following

Corollary 2. Let yj, be solution of Eq. (e), such that yn+1 = 0 # yo. Denote
a = roé(%). Let A < a, R <71 on [0,n] and ¢, < Cy on [0,n — 1]. Then the
solution of Eq. (E) given by ROQS(AEO) = A has a generalized zero on [0,n + 1],
i.e., there exists i € [0,n] such that R;z;z;11 < 0 holds.

Corollary 3. Let yi be solution of Eq. (e), such that y,+1 = 0 # yo. Denote
a= TOGP(AJZO). Let A be such that

n

V() = (A=)l { (2 ) riaap e+ 2
k=0

Ck+1)|yk+1|p}< 0.
+

Then the solutzon of Eq. (E) given by ROGP(AZO) A has a generalized zero on
[0,n + 1], i.e., there exists i € [0,n] such that R zizit1 < 0 holds.

Proof. Let y; be solution of (e) on [0, n] satisfying yn4+1 = 0 # yo. Then

Llyx] = A(Rx®P(Ayi)) + Cu®(yrr1) = A(f—:m@(ﬂyk)) + CkP(yrt1)

R R
= A(_k)'f'k@(Ayk) IRas A(Tké(Ayk)) + CrP(Yr+1)
Tk Tk+1

Ryt Ck}«

@ = A () + B [ -

Since the integration by parts shows that

Z A( )rké AYp)Yr+1 = {Rk@(Ayk)ka} n+(1) — z": Ryt A(er(Ayk)ka)
k—

= r
n 0 k+1

= Rnt1Yn2P(Ayni1) — Royr1P(Ayo)

. Z f:: [ (mqﬁ(Ayk))ka + Aykﬂrkﬂqﬁmyk“)}
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= Rui1Ynt2P(Ayny1) — Roy1P(Ayo)

—~[ R
k+1
=== Ck|yk+1|p+Rk+1|Ayk+1|p]
o~ k1

= Ryt 1Yn+2P(AyYn+1) — Royi @(Ayo)

n
r R
- E - r:+1ck|yk+1|p—|—Rk|Ayk|p} — Ryy1|Ayny1|P + Ro| Ayo P
k=0 +1

= Rut1Yn19(Ayns1) — RoyoP(Ayo)

"7 R
k1
> | Rl Aygl? — —= Ck|yk+1|p}
o - Tk+1

the following relation holds

> ykr1Llyk] = Ruy1®(Ayni1)ynt1 — Ro®(Ayo)yo — Y [Rklﬂyﬂp - Ck|yk+1|1’} :
k=0 k=0

Then in view of (2) and y,+1 = 0, clearly

Ayo

Tw) = lyol” |4~ Ry (=

)] = S s Lld = V()

and the statement follows from Theorem 1.

3. OPEN PROBLEMS

In the oscillation theory of discrete differential equations the concept of generalized
zeros is used. This is caused by the fact that the sequence Ry is allowed to attain
also negative values. However in the boundary conditions of the functional (J)
"exact” zeros are used. It could be interesting to remove this disharmonicity and
to find out, whether the concept of generalized zeros in boundary conditions would
produce some fruitful extension of discrete variational technique.
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