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OSCILLATION THEOREMS FOR NEUTRAL DIFFERENTIAL
EQUATIONS WITH THE QUASI — DERIVATIVES

M. RUZICKOVA, E. SPANIKOVA

ABSTRACT. The authors study the n-th order nonlinear neutral differential equa-
tions with the quasi — derivatives Lyp[z(t) 4+ (—1)"P(t)z(g(¢))] +6Q(¢) f (=(h(t))) = O,
where n > 2, r € {1,2}, and § = 1. There are given sufficient conditions for
solutions to be either oscillatory or they converge to zero.

1. INTRODUCTION
We consider the neutral differential equation
(Er) Ln[z(t)+ (=1)"P(t) z(g(1)) ] + 6 Q) f(2(h(t))) =0,
where n>2  re{l,2}, §==l1,
Loz(t) = x(t), Lpx(t) = ax(t)[Li—12@®)], k =1,2,...n, a,=1,
a; € C[tg,>),(0,00)], i=1,2,...,n—1, t3>0,
P,Q,h,g€ C[[ty,>),[0,00)], P,Q %0 on any half line[t, c0),
g(t) — oo and h(t) — o0 as t — oo, fEC[R,R], f(x)>0 for z#0.

Every solution z(t) of (E,) considered here is nontrivial and defined on a half
line [Ty, 00) Ty > tg.

A solution of (F,) is called oscillatory if it has arbitrarily large zeros; otherwise,
it is called nonoscillatory.

We will use the following notation: ~(¢) = sup{s > to, ¢(s) <t}, ¢(t) =
gt) , gr(t) = g(ge-1(t)) , k=2,3,..., g_1(t) = g71(t) , where ¢g~1(t) is inverse
function to g(t) , g-x(t) = g-1(g—x-1)(t)) , k=2,3,...

For any functions a; € C[[tg, >0),(0,00)],7=1,2,...,n, we define

t
H

s

1
Ih=1 Li(s,t;a;,... = — 1 traz_1, ... d tg <t <s.
0 ; Z(Sa ;A aal) . al(u) % l(ua s ai—1, aal) u, 0SS S
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For each solution z(t) of (E,) we define

Sometimes we will require the following conditions to be satisfied:

< 1
1 —dt = =1,2,...,n—1;
( ) al(t) OO’ Z ) ) ’n b)
There exist constants 7> 0 and b > 0 such that
(2) g(t) <t—7, and g(¢) isincreasing on [tg, >0);
(2a) g(t) <t, and ¢'(t) > bon [tg,0);
(3) h(t) < t;

(4) g(h(t)) = h(g(t));

) flutv) < fu)+ fv), ifuv>0,
flut+v) > flu)+ f(v), if u,v <O0;

(6) flku) <k f(u), ifk>0 and wu>0,

flku) > kf(u), ifk>0 and u<0;

(7)  f(u) 1is bounded away from zero if w« is bounded away from zero,

oQ

(8) Q(s)ds = o,
and there exists positive constant M such that

(9) P((0)Q(1) < MQ(g(1))-

The following two lemmas will be needed in the proofs of our results.
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Lemma 1. ([4, Lemma 1]) Let the condition (1) be satisfied and let z be either
a positive or a negative function on the interval [t;, o), t; > to, such that L, z

exists on [ty,00), Lpz(t) >0 or Lyz(t) <0 for t >1, and is not identically
zero on any interval of the form [t2,00), t2 > t,. Then there exists an integer |,
0<!{<n,with n+! even for z(t)L, 2(1) >0 or n+! odd for z(t)L,z(t) <0,

such that for every t > t,

I>1 dmplies z(t)L;z(t) >0, (i=0,1,...01—1)

and
[<n—1 implies (=1)*2()Liz(t)>0, (i=01+1,...,n—1).
Further, for every ¢ =20,1,....n—1, tlim L; z(t) exists in the extended real

line R*= RU{—00,c0} whereby

for 1<n-—1, tlim |Liz(t)| = ¢ >0 is finite,

for 1<n-2, tlim Lizt)y= 0 (i=1+1..,n-1),
for 1> 2 tlim |Liz(t)] = oo (i=0,1,..,01—2).

Lemma 2. ([5, Lemma3]) Let x, P, g : [to,00) — R, 2(t) = z(t)— P(t) z(g(t)),
t > 1, = v(ty). Suppose condition (2) holds and there exists a positive number p;
such that 0 < P(t) < p1. Assume that z(t) > 0 fort >ty , litm infz(t) = 0 and

that tlim z(t) = L € R exists. Then L = 0.

2. MAIN RESULTS

In recent years there has been a growing interest in oscillation theory of func-
tional differential equations of neutral type of the first and higher order; see, for
example, the papers [1—5] and the references cited therein.

The purpose of this paper is to establish oscillation theorems for solutions of
(Er). The results from the papers [1] and [5] we extend for neutral differential
equations with quasi-derivatives.

Theorem 1. Let the conditions (1), (2) hold. Assume that there exist positive
numbers p; and p such that P(t) satisfies 1 <p < P(t) < p1 < oo. If

oQ

(10) Q(8)n-1(s,t;an—1,...,a1) ds = oo,

then

i) every bounded solution x(t) of (F1) is oscillatory when (—1)"6 = —1;
i) every bounded solution x(t) of (Ey) is either oscillatory or tlim z(t)=0

when (—1)"é6 = 1.
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Proof. Let x(t) be a nonoscillatory bounded solution of (E;). We may assume
that z(¢) is eventually positive. Let z(t) = #(t) — P(¢) #(g(?)). Tt is easy to see
that z(¢) is bounded. We first claim that z(t) is eventually negative; otherwise,

w(t) z P(t) x(g(t)) = px(g(t)),

so by induction we would have

w(t) = p"a(gm(1)),

or
2(g-m(t) > P a(1),
for every positive integer m. But this last inequality implies that #(t) — oo as
t — oo, which contradicts to our assumption that z(¢) is bounded.
Now, from (Fy)
8L 2() = —Q(1) F(a(h(1))) < 0,
Since z(t) 8L, 2(t) > 0 and z(¢) is bounded, it follows from Lemma 1 that there
exist a ty > 1 and a number [ € {0, 1} with (—=1)"*'§ = 1, such that for all t > ¢,

(11) (D) Liz(t) <0, i=014+1,.,n—1.

Now, we integrate (E1) from t to r (r>1t>12) and see that

r

(12) —0Lp_1 2(1) + Q(s) f(x(h(s)))ds < 0.

t

Integrating (12) after dividing by a,_1(¢) from ¢ to r and interchanging the order
of integration, we get

r 5

8Lp_az(t) + Q(s) f(x(h(s))) L duds < 0.

t ¢ an-1(u)

= lim z(t), we have
t—o0

Repeting this method (n — 2) times, and denoting by z(o0)

oQ

(13)  (=D)"6[z(t) — z(c0)]+  Q(8) Ln_1(s,t;an1, ..., a1) f(z(h(s))) ds < 0.

t

In view of (10) and the fact that z(¢) is bounded, one can conclude from (13) that
litm inf f(x(¢)) =0 or

(14) liminfx(t) = 0.

t—o0

Let (=1)"6 = 1, i.e. { = 0. We shall now proceed to show that tlim z(t)=0.In

view of (11) and Lemma 1, z(¢) approaches to a finite limit L. as t tends to infinity.
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Then by Lemma 2, L=0. Since z(¢) < 0 and z(t) — 0 as t — oo, for any £ > 0
there exists a T such that

z(t) > —e, forall t>T.

So,
2(t) > —e +pr(g(t))
pr(t) <e+a(g-1(t))
pla(t) <e+pe+a(g-a(t))
(15) phe(t) <edpe+-4p" et w(gom(t)).

Because x(t) is bounded, there exists a constant A such that z(¢) < A. From
(15) we obtain

(16) O ——

Because p~™ goes to zero as m tends to infinity, and ¢ is arbitrary, from (16) we
have z(t) — 0 as t — oo as desired.
Suppose that (—1)"é = —1. Because z(¢) is bounded and { = 1, tlim z(t) exists.
— 00

In view of (14), it follows from Lemma 2 that z(¢t) — 0, as ¢ — oo. But this
contradicts to the fact that z(¢) is negative and decreasing, and hence proves that
x(t) is oscillatory. The case when z(t) is eventually negative is similar. The proof
of Theorem 1 1s complete. a

The following examples are ilustrative.

Example 1. Consider the neutral differential equation
(17) (e e M x(t) = 2+ e et —1)))) — (24e' ™" +12e —6) 2(3t) = 0

for ¢ > 1. All conditions of Theorem 1 are satisfied, § = —1, n = 3 and hence
every bounded solution z(t) of (17) is either oscillatory or tlim z(t) = 0. One

such solution is z(t) = e~ *.

Example 2. Consider the neutral differential equation

(18) (e_t(e_t(x(t) —9 l‘(t _9 7.‘.))/)/)/ n (2 e<™

for t > 2m. All conditions of Theorem 1 are satisfied, § = 1, n = 3 and hence every
bounded solution z(t) of (18) is oscillatory. One such solution is z(¢) = e™* sint.
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Theorem 2. Suppose § = 1 and conditions (1), (2a), (3)—(9) hold. Then

i) if n is even, every solution of (E3) is oscillatory;
i) if n is odd, any solution z(t) of (E2) is either oscillatory or satisfies
z(t) — 0 ast — 0.

Proof. Suppose that (F2) has an eventually positive solution z(¢), say z(¢) > 0,
z(g(t)) > 0, z(h(t)) > 0 and z(g(h(?))) > 0 for t > t1, for some t; > ty. It then
follows from (5), (6) and (4) that

FE(@®)) = f(2(h(1) + P(h(1) 2(9(h(1))) < f(z(h(1))) + P(h(1)) f(x(h(4(1))))-

(19) L 2(t) + Q(t) f(2(h(1))) < Q1) P(h(1)) f(x(h(g(1)))).

Since z(t) > 0, Ly, z(t) < 0 for t > t1, it follows from Lemma 1 that there exist a
ts > t1 and an integer [, 0 <! <n with n+4+! odd such that for every ¢t > ¢

Liz(t) >0 for i=0,1,..,0—1,

20 )
(20) (=)"*Liz(t) >0 for i=11+1,...,n—1.

And hence L, z(t) > 0 and

lim L,_; z(t) is finite.

t—o0

From (F3) we have

Ly 2(g(1)) ' (1) + Qg(1)) f(x(R(g(1)))) ¢' (1) = 0,

and itegrating shows that

oQ

Q(g(s)) f(z(h(g(s)))) ¢’ (s)ds < oo.

t2

This, together with (2a) and (9), implies that

oQ

Q(s) P(h(s)) f(2(h(g(s)))) ds < 0.

t2

An integration of (19) shows that

Q(s) f(=(h(s))) ds < 0,

t2
which, in view of (7) and (8), implies that

liminfz(¢) = 0.

t—o0
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Therefore z(t) — 0 as ¢ — oo since z(t) is positive and monotonic. Clearly,
Z'(t) < 0, and from (20) we have [ =0 and n is odd. Because P(t) > 0 ,we
get (1) < z(t) — 0 as t — oo . This completes the proof of the Theorem 2 in the
case x(t) > 0. The proof when () < 0 is similar and will be omitted. O

The following example is illustrative.
Example 3. Consider the neutral differential equation
/

1 ! 1+2e 1
t ;[x(t)—l—?x(t— Y +— I+

1
to w(t=2)=0, t>2

All conditions of Theorem 2 are satisfied and any solution of this equation is either

oscillatory or tlim z(t) = 0. One such solution is z(t) = e™*.
— 00

Theorem 3. Suppose § = —1, conditions (1), (2a), (3)—(9) hold and P(t) is
bounded. Then

i) if n is even, any bounded solution z(t) of (FE3) is either oscillatory or
satisfies #(t) — 0 as t — oo;
i) if n is odd, every bounded solution of (Fs) is oscillatory.

Proof. Let z(t) be a bounded and eventually positive solution of (E2), say #(t) >
0, z(g(t)) > 0, z(h(t)) > 0, x(g(h(t))) > 0 for t > t;. Also, note that z(t) is
positive and bounded since P(?) is bounded. Since Ly z(t) > 0 for ¢ > 1, it
follows from Lemma 1 that there exist a ty > 1 and an integer [, [ € {0,1} with
n+ 1 even such that for every t > ¢,

(21) (-D)"*Liz(t) >0  fori=1,2,...,n—1.
Conditions (5), (6), (4) and (9) yield

(22) L 2() + M Q(g(1)) f(x(h(g(1)))) = Q1) f(z(h(1)))-

As in the proof of Theorem 2, it follows from (Z2) that

oQ

Q(g(s)) f(z(h(g(s)))) ¢’ (s)ds < oo.

t2

Hence by (2a) and an integration of (22) we see that

Q(s) f(z(h(s))) ds < 0.

t2
Conditions (7) and (8) then imply

liminfz(¢) = 0,

t—o0
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and in view of the monotonicity of z we get z(¢) — 0 as t — oo . From (21) we
get { =0 and n is even. Then z(¢) < z(t) — 0 as t — oo.

If () is eventually negative, the proof can be done in a similar way. The proof
of Theorem 3 is complete. |

Example 4. Consider the neutral differential equation

/

(x(t)—|—3x(t—1))/ —6_4(1—|—36) L

+t2

2(t—4)=0, t>4.

o~ | =
o~ | =

All conditions of Theorem 3 are satisfied and any solution of this equation is either
oscillatory or tlim z(t) = 0. One such solution is z(t) = e™*.
— 00

REFERENCES

[1] Graef, J. R., Spikes, P. W., On the oscillation of an nth-order nonlinear neutral delay
differential equation, J. Comp. Appl. Math. 41 (1992), 35-40.

[2] Jaros, J., Kusano, T., Oscillation properties of first order mnonlinear functional differential
equations of neutral type, DUff. and Int. Equat. (1991), 425-436.

[3] Marusiak, P., Oscillatory properties of functional differential systems of neutral type, Czech.
Math. J. 43 (1993), 649-662.

[4] Seda, V., Nonoscillatory solutions of differential equations with deviating argument, Czech.
Math. J. 36 (111) (1986)7 93-107.

[5] Zafer, A., Dahiya, R. S., Oscillation of bounded solutions of meutral differential equations,
Appl. Math. Lett. 2 (1993), 43-46.

M. ROzZioKkovA AND E. SPANIKOVA

DEPARTMENT OF MATHEMATICS

UNIVERSITY OF TRANSPORT AND COMMUNICATIONS
J.M.HURBANA 15

010 26 ZI1LINA, SLOVAKIA



		webmaster@dml.cz
	2012-05-10T11:08:19+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




