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COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE
203 (1979)

SIMULTANEOUS INTEGRABILITY OF TWO J-RELATED ALMOST
TANGENT STRUCTURES
V. KUBAT

Abstract: Let M be a differentiable manifold provided
with two almost tangent structures £, g, such that 1. Ker f=
=Inf Kerg=Ing, 2, fg = gf = 0, 3. £ and g induce a
complex structure J on Ker f. We shal1 associate with the
couple £, g in a natural manner a G-structure on M and give
neces and sufficient conditioms for its integrability.
An example of the above mentioned structure will be given.

words: Iie group, G-structure, distribution, local
coordinates, Nijenhuis tensor.

AMS: 53C10

0. All differentiable structures considered in this pa-
per are supposed to be of class C*.

Let M be a differentiable manifold of dimension 2n en-
dowed with the couple f, g of almost tangent structures, i.e.
tensor fields of type (1,1) such that £ = o, 82, O. Iset us
suppose

(1) Ker £ =Imf, Ker g = In g, (ii) fg = gf = O.

It is easy to see that (i) amd (ii) imply Ker £ = Ker g. We
shall denote Ker £ = D, Then D is a differentialie distridbu-
tion on M, dim D = n,

For arbitrary ucM, let us define sn isomarphism J;:
D, —> D, by means of the commutative diagram
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(1) 'J.‘u/D‘1 ) Ja

B "
where T, = T, (M) is the tangent space at u, ?’“ end g, are
the isomorphisms induced by tu and g, respectively.

Let us suppose that

(iii) (Ju)za - 14 for every ue M, i.e. that J, is a complex
structure on D,. It is the well known fact that n = dim D must

be even. We shall write n = 2p,

1. We shall call adapted basis at ueM every basis
xl""'x2p'!1""'Y2p of T, with respect to which f has the
matrix expression I and g has the matrix expression H

0 0 O, 0, (¢ I
SO PRI R
In 0n Hn 0n - Ip Op

where 0n and In is the zero and unit matrix of type nx n and

8imilarly for O, and Ip.

P
In such a way there is
£ X, =1, Y, =0,

g xi = 'Yi+p’ gxi+p = Yi) gya =0,

(2) .
J !i = -¥i+p’ ai*p = Yi’
a=1...,2p, i =1,...,p

in terms of the adapted basis xl,...,xzp,Yl,...,sz.
It can be easily proved that the set & of all matrices

A€ GL(2n,R) such that

(3) AT=FTa, af=82a
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is a lie subgroup of GL(2n,R). An easy computation shows
that

x| 0
) G -{(—B‘* d;)
) F4

(-‘Zﬁ) is regular,ccis of type px P}.

lemma 1, The set B, of all adapted bases of T, (M),
ueM, is a G-structure.

Proof: In a neighbourhood of an arbitrarily chosen
point of M we can choose a local basis !1""’!2]) of the di-
stribution D with respect to which the matrix expression of
J is H . Then it is possible to find vector fields X500
...,12p linearly independent over D such that rx. = !., as=
= 1,...,2p. Apparently xl,...,xzp,rl,...,xzp is a local sec~
tion of Bg . Other details of the proof are left to the re-
ader, Q.E.D,

When speaking about simultaneous integrability of £ and
g, we shall always mean the integrability of thie & -struc-

ture.

2. We shall start this paragraph with the following de-
finition,

Given two tensor fields h, x of type (1,1) satisfying
hk = kh, we can define a tensor field {h,k% of type (1,2) by

the formula
(5) $h,k3} (X,Y) = [nX,xY) + helX,¥] = n[X,x¥) - x[hx,¥],

where X, Y are vector fields, [ ,] is the Iie bracket.
This definition was given by N jenhuis and {h,k} is called
the Nijenhuis torsion of h, k.
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The M jenhuis torsiom temsor :ln. vigol; used in the the-
ory of G-structures. We shall recall here two well known re-
sults on the integrability of an almost complex structure
and the integrability of an almost tangent structure.

Theorem A. An almost complex structure J on a diffe-
rertiable manifold M is integrable if and only if {J,J} = O.
For the proof see [1], Chapt&r IX, p. 124,

Theorem B. An almost tangent structure f on a diffe-
rentiable manifold M is integrable if and only if {f,f3 = O
and Ker £ is involutive. (We don’t suppose here Ker £ = Im f,)

For the proof see [21,

It is not difficult to see that the conditions {f,f} = 0,
{f,g} = 0, ig,8% = O are necessary for f and g to be simulta-
neously integrable.

Lemma 2. If {f,f} = 0, {f,g} = O, then {g,g} = O.

Proof: It is easy to see that {f,f] = O implies that the
distribution Im £ is involutive. We have Ker £ = Im £, 80
that due to Theorem B there locally exist coordinates (x,y),

x = (‘1’"‘”‘2;:)' ys= (71'""’29) such that

K-)
(6) f-a—x:'%.f%;'o,atl,u.,2p-

We shall call such local coordinates f-adapted.

Evidently é% geeey is a local basis of D and inte-

2.

5¥2p

gral manifolds of D are of the form (x,,¥), xoekzp.
Let us now write

2
86%;.3’:5% . We have {pr}(sg: »523;) ‘[aa: o?gﬁ;]'
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Ci
= __f; 2 . 0, and so the matrix function y3'= y’b y 8,
2y, e .

b=1,...,2p, does not depend on y.
We shall introduce local coordinates (x°,y°) by the for-
mnulas

Ya = @ Xy
where @ = ’J'-l.

Then
) b [ ) 9

7 ga—i:“(.(x)?b(ﬂa-’-;'gﬁ .
The equalities (7) together with Ker g = Im g are equivalent
with {g,g} = O. Q.E.D.

We are going to make further eonaigierations and construc-
tions under the assumption that

(iv) {£,£3 = 0, if,g} = 0.

Let us consider the factor bundle T/D. We shall define

for every uc M an endomorphism J, of (T/I))‘l by means of the

following diagram

¥
*/n) 2 n,
" &,
(8) 7 l Ju
21
T/, < L D,

(compare with the diagram (1)).
An explicit formuk for J,, can be given in the form:

(9) J,Z =V if and only if £,V = g 2,
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where V, 2¢ T, V, Z are the elements of ("'/D), determined
by V and Z.

It can be easily seen that (5“)2 = - id, ue M, so
we have got a complex structure on the factor-bundle T/I).

We shall say that a vector field X on M is an infinite-
simal automorphism of D (abbreviated IA) if the local l-pa=-
rameter group of local transformations ¢, generated by X
leaves D invariant. In terms of the Lie derivative it means

that Ix!e D whenever the vector field Ye D.

Lemma 3. A vector field X is an IA of D if and only if
the expression of X in f-adapted local coordinates (x,y) is

= A%(x)=2- + B® K
X =A (!)u. + B (x,y)-;s;-.- .

Proof: Iet us write X = Aa(x,y)szi—- + B‘(x,y):-,-?— . For
a a

any vector field Y = C‘(x,y)b%— it has to be [X,Y]eD.
a

An easy computation shows that this is equivalent with

24% _ o =1
'37; ’ ﬂ,b ,.-.,Zp. ) Q.E.D.

Remark. As a matter of fact, in Lemma 3 there is suffi-

cient to use only D-adapted local coordinates, i.e. such ones

that % secey -58’—21) is a local basis of D. But our aim is to
study the simitaneous integrability of f and g, which inclu-
des the integrability of f. That’s why we shall in the follow-
ing text alweays use f-adapted local coordinates.

Lemma 4, If X is an IA of D, then.a.ny vector field X,
satisfying JX = X; is also an IA of D,

Proof: Iet Y be a vector field, Ye D. We shall show that
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Ly, T¢ D, i.e. that t(x.xlt) = 0. Let Y’ be a vector field such

that gY°’ = Y. We have gX = 24 ir,t} = 0, i£,8% = O. There-
fore

Ly Y) = £0X),7) = 2Ix),8Y = [ £X;,8Y 1~ glfX,,Y ]~

-if,g} (xlyr') = [gX,gY] - g[gx,Y']'
= {g,ut (X,Y°) + glX,gY']= g[X,g¥’l e D.
Q.E.D.

We shall say that a section X of /D has o property (IA)
if there exists an infinitesimal automorphism X of D such that
X = X. Given two sections X,% of /D with a -property (Ia),
it is possible to define the Lie bracket of X,Y as follows:
{%,%1 = [X,Y], where X, Y are IA of D such that X=X, %=
= ¥, It can be easily verified that the definition does not de-
pend on the choice of X and Y.

Now we shall construct an analogue of the Nijenhuis tor-
sion of the tensor J on the factor-bundle 1/D. Let u el be an
arbitrary point and let 7, %' be two elements of (T/D)uo' Let
us choose vectors V, W e T, (M) such that '170 =V, W= W,
There exist two vector fields V, W defined on a neighbourhood
of u, and satiéfying

(@) V(uy) =V, W(u)) =W,

(b) V, W are IA of D.

We shall define

13,7V (U, W) = [Ev,ai]u - Lv,wl, -3, [W,ij‘,o -
[+] [+}

(10)

S
<!

"}
- L ’ji]ﬂ .

\lo o
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We have to show that the definition (10) is correct,
i.e. that the right side of the formula depends only on the

values of 7' and W'.
Let us use f-adapted local coordinates (x,y) in a neigh-
bourhood of v, and write

Vixy) = ¥R 5=+ vA(x,y) 5?: ,

¥(x,y) = w?(x) 5% + w2 (x,y) 5?: ’
g Sax: = rg':(x) 3—?: , 88 usual a,b = 1,...,2p.

(In the following text we shall no more emphasize that simi-
lar formulas represent a system of formulas, a.b.c.d.e run-

ning from 1 to 2p.)
Por the further computation we may use the representation

'-v‘(x),sg:, 'i-va(x)sg—.-.

I = vyl s W=y % .

It is easy to compute that

A e R S X
e e 2 -"f:"‘?é’:’
(V,#1s= (v.g—;-:--w' g;: ):;,
ABTH1 - Aph L Lewt .3_;37373-.«',»%%;:.,:)%.

b Ow® 9yl % a5
- (v‘g.ﬁ-x;1:0v'qa-;-:-w.vb,6—§ 4, 9

and eimilarly
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IV,3, 0 = (- ‘%""" "o—'h vre - "a':%‘-a'e 33'

Therefore ?51
2
9,91 (7,1 = [¥*(ag) g BugIv® (gt blu,
c
- w2,y 2 vy, 2¥e wi(a, »2Tb i@ -
a Qrbl ’oxl u,

- v*(u, wO(u )75,&) '3*‘3('10)],0x s,

which depends only on U, % .
The independence on the choice of V,, W, is also apparent from

the above computation.
Now we are ready to formulate the main theorem of this
paper.
Theorem. f and g are simultaneously integrable if and
only if
i£,#} = 0, if,g} = 0, 1J,3% = O.
Proof: Let (x,y) be f-adapted local coordinates. Let us

b 2 .
write = 9 (x) . We are looking for f-adapted local
&5x, 3"‘3 " 5Yy
coordinates (x°,y ) defined in the same domain satisfying

0 I
P P
s e 2)

(11) 3. T %
’ g "Ty: = 0,
Local coordinates (x,y) and (x’,y°) have to be related by the
formulas
x, = P (x)

, oF,
Yo * -——-; v + 9‘(1).
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It is

onm
b _2 2
T oE, w Ve
% o
i ol
where § is a certain function. It is easy to see that (11) is
satisfied if and only if

oF,
b ¢
B
CER b

ar
: b
12) g .(x)ﬁ% =

In other words, we are looking for the solution of the system
of partial differential equatioms (12). This system arises in
the study of integrability of an almost complex structure.
From Theorem A it follows that the system (12) has a solution
if and only if

b 275 » 275  97h

a [ b
a3) 74 %, ~ e oy | %, b 3%, Ya=0.
Let us now compute the value {J,J# on (5;2 ,5?—). It
a 9%

is
W1 Gl = i, 7858 ] - i, 7020 -

a
=5 9 o » 3% b %%, &
- Il¥a3x; "axc]' (7a ﬁx: T Ye 'ox:) a"i?"d -
97 a T . %%a.a 5
- BT 3t DR b ong " O

—

Because of the linear independence of the elements -,5317 goee

ceey "ajx; , the conditions (13) are satisfied and the theorem
p 4 L4
is proved, as the local coordinates (x°,y ) defined by formu-

las

x, = F (x),
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4 oF
y T&
a = % ’b ’
where the functions rl(x),...,rzp(x) solve (12), are r-adap-

ted and satisfy (11).
Q.E.D.

4. We shall present here an example of the above descri-
bed structure.

Let M be a differential manifold of dimension 2p provi-
ded with an almost complex structure } . We shall denote T(M)
the tangent bundle and 5t the usual projection T(M)—> M. If
T (u) >
—> Tu(Tar(u)('))' Now let us define two endomorphisms f, &,:
Ty (T(M))—> T, (T(M)) by the formulas

ue T(M), then there exists a canonical isomorphism i:

fa=ieT, & =i tu T

Apparently £2 = 0, g2 = 0, Ker £, = Ker g, = In £, = Im g_.
Let us denote Ker £, = D, and T, (T(M)) = T .

Let us consider the diagram (8). The isomorphism J in
this case satisfies:
(14) JZ = V<> g2 = £V
where 2, Ve v’u, Z, V are the corresponding classes from
gJu/Du. The right side of (14) means i(}(w* 2)) = i(xm ),
i.e. (o, 2) = m V. Therefore

JZ = V= % (o, 2) = MV,
When we define ,: Ju/D,—> T, (M) by the formla ¥ X =X,

X e T, (the definition is correct), we have the following com-
mutative diagram
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Im, —I (T,

(15) 3’ 7 isom.

¢
Tan) ) ———> T (u)®

Ir (xl,...,xzp) are local coordinates in a domain Uc M
and (x,y) are canonically induced local coordinates in =~ luc
c T(M), then there is

2

) 2
P o = 4 =0
%Xg|u 55':;';’ %a|u ’

biy) 2 O .
g %‘u = ’xa(x) 3’b|u ) 8 'ay‘hl 0’

a,b=1,,..,2p, u em‘"lll, u = (x,y), where 7:(:) are defined

b o)
.= (x) . Now it is very easy toweri
i ;%lwu Ta 5% | u Y eesy i
that {£,f} = 0,{f,g} = O.
It can be also easily verified that

16) (7,33 (V,2) = 13,31 (#V,52), V,Ze ( S/m),.
This formula shows us that f, g are simultaneously integrable
if am only if the almost complex structure } on M is inte-

grable.
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