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COMMENTATIONBS MATHEMATIOAE UNIVERSITATIS CAROLINAE 

19,4 (1978) 

REMAЖ ON SURFACES IN I
4 SATISFÏING CEHГAIN HELATIONS 

ШTWEEN COVAЖÁNT ШHIVATIVES OF THE MEAN AND QAUSS 

CUHVATUHES 

Karel SVOBODA, Brno 

Abstract; We show under which conditions surfaces with 
constant mean or Gauss curvature are, globally, a part 
of a 2-dimensional sphere in E • 

Key words: Surface, mean and Gauss curvatures, sphere, 

AMS: 53C45 

This contribution gives several results concerning 

the global characterization of the 2-dimensional sphere 

4 
among surfaces in 1 , under the supposition that at least 

one of the curvatures H and K is constant. 

Let M be a surface in E* and dM its boundary. Let 

4U A be an open covering of M such that in each domain 

U^ , there is a field of orthonormal frames «f M|v
lf
v
2
,v<|,v

4
} 

with vlfv2€ T(M), v^,v.c N(M) where T(M), N(M) denote the 

tangent and ncrmal bundle of M, respectively. Then 

(1) dM = o 1 ^ + 4>2T2» 

d v l = ^ l v 2 + 4 > l v 3 + ^1T4» 

dv2 = - ^ + « | v 3 + « * V 

dVj « - 6 ) ^ -Cd|v2
 + 6>3V4» 

dv4 = - 6 ) ^ -o>|v2 . 4 ) ^ J 
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(2) do) 1 =4JkA4)J, €cyf = ^ i A a i t < 4 > | +a>\ = 0 

( i , j , k a 1,2,3,4), 

to3 = a 4 = 0. 

Differentiating the last equation of (2) and applying the 

Cartan's lemma, we get the existence of real-valued func

tions a,sb.,c.(i - 1,2) on each U^ such that 

(3) €*>| = a l 4 > 1 + ^^l^2* ^2 = b l 4 ) 1 + cl^ 2» 

*>\ = a 2 o
X + t-2a>

2
f &>| = bgca1 + c2a>

2. 

As always, denote 

(4) H = (&1 + c-,)
2 + (a2 + c 2 )

2
f 

2 2 
K = alcl " bl + a2G2 " ̂ 2 

the mean and Gauss curvature of M, respectively. 

Let F be a real function on M. According to ClJ, p. 16, 

we define its covariant derivatives P.j ,F. . = F.. (i,j = 

= 1,2) with respect to the given field of orthonormal fra

mes over tl©c ky 

(5) dP = f ^ 1 + P 2^
2, 

«1 - V»l = 'll*1 + F12*>2> &2 + Fl^f = ^ l ^ 1 + 

+ P22o>
2. 

The proof of the following theorem is based on the ma

ximum principle of this form; 

Let M be a surface in 1 and dM its boundary. Let P be 

.a real-valued function on M and F- ,F. . (o,j = 1,2) its cova-
1 Xj 

riant derivatives. Let F ? 0 on M, P = 0 on <9M, # satisfy in 

U^ the equation 
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a l lF l l + 2 a 12 F 12 + a22F22 + a l F l + a 2 F 2 + \ f = & 

if 1 

where a 4$ 0, a?0 and the quadratic form a. .x xy is posi

tive definite. Then F = 0 on M. 

Now, we are going to prove this 

Theorem 1. Let M be a surface in 1 and 8M its boun

dary. Let H- .,K. • (ifit = If2) be covariant derivatives of 
xj ij j ::' ' "::rrr'' :::::": ":iii"i:ii:j""'jimo',™: — * 

H, K, respectively. Let 

(i) d M consist of umbilical points; 

(ii) E11 + H 2 2 - 4(K11 4 K22) 2 0 on M. 

Then M is a part of a 2-dimensional sphere in B . 

Proof. Consider the function 
(6) f = H - 4K = (ax - cx)

2 + (a2 - c 2 )
2 + 4bf + 4b| 

which is non-negative on M and equals to zero at the umbi

lical points (a^ s c, , «o = c2* **1 = °> b 2 = O of U» From 

(5) and (6) we have immediately 

(7) fij = Hij " «ij <-.a--,-> 

and hence 

f n + f22 = H 1 1 + H22-4(K11 + K 2 2 ) . 

Using (ii) and applying the maximum principle we obtain f = 

= 0 on M. 

The following results are direct consequences of the 

Theorem 1; 

Corollary. Let M be a surface in I , du its boundary« 

Let 

(i) BU consist of umbilical points; 

and let be satisfied one of these conditions: 
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( i i ) H = const , and K-^ + K22i-0 on M| 

( i i i ) K = const , and, U^ + H22> 0 on M; 

(iv) H = const , K = const on M. 
4 

Then M is a part of a 2-dimensional sphere in I • 

Next, we are going to prove a generalization of the 

preceding Theorem 1. 

Theorem. 2, Let M be a surface in I and dM its boun

dary . Let S be a positive definite symmetric quadratic ten

sor field on M with components S, . (i,j = 1,2). Let 

(i) <9 M consist of umbilical points; 

(ii) S l l H n + 2S12H12 + S 2 2 H 2 2 - 4(S11K11 + 2S 1 2 K l 2 + 

+ S22J^22)>rO on M. 

4 
Then Mis a part of a 2-dimenaional sphere in 1 . 

Proof, Because of (7), we have 

Sllfll + 2S12f12 + S22f22 = S11H11 + 2S12H12 + S22H22 " 

- ^S11K11 + 2S12K12 + S22K22) 

and the assertion follows immediately by means of the maxi

mum principle• 

Remark* In what follows, we shall show that the result 

of the theorem 2 contains the most general condition express

ed by means of the covariant derivatives of the functions H, 

K, which enables to prove, using the maximum principle, that 
4 

the given surface is a part of a sphere in E » 

According to C3]f we have 

(8) f n = 2(ax - c ^ ^ - O^ * 2(a2 - c2)(A2 - C2) + 

+ 8(b1B1 + b2B2) + 2(<*,1 - T ^ ) 2 + 2(QC2 -T2)Z + 
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+ 8C/lf + ( J 2 ) - Гk + 4(&г Ь2 - Ъjв^J k -

- 2 Г (a-L - c ^ c ^ + Ca2 - c 2 ) c 2 - 4Cb| + ъ | ) 3 K, 

f 12 = 2 ( a l " C 1 ) ( B 1 ~ D l * + 2 ( a 2 *" c 2 ) ( ] % " Ђ2* + 

+ вíb^C-L + b2C2) + 2(^г - n ) C ßг - в^) + 2C«ř2 - y 2 )* 

# ( /*2 " ty + 8 l ŕ * l У І +ßг*'2) + 4 t ( a l + C 1 ) Ъ 1 + 

+ ( a 2 + c 2 ) b 2 3 E, 

f22 = гCa^ - c^îíC^ - I^) + 2Ca2 - c2)(C2 - ï^) + 

+ ÍЬ-D-L + Ь^ù2) + 2(ßг - ďг)
Z + 2(ß2 - oCj)2 + 

+ 8 C r | + r | ) - Гk + ^Cb̂ Cg - c ^ J J k + 

+ 2 [ (a^ - c i ) A i + ( a 2 " c 2 ) a 2 + 4 ( Ъ 1 + to2)J K* 

H l l = 2 ( a l + c l ) ( å l + C l ' + 2 ( a 2 + C2 ) ( A2 + C2* + 

+ гícc-j, + n ) 2 + 2 C ^ 2
 + Tг>г + Гía^ + c-^íbg -

- (a2 + c^ìb^l k + 2 Г (a-L + c i ) c i + Ca2 + c 2 ) t^Ж 

H 1 2 = гía-L + C^^CB-L + Ђг) + 2(a 2 + c 2 ) ( B 2 + Ђ^) + 

+ 2(06^ + У i ) í / ł i + o Г i ) + 2 ( « 2

 + У 2 ) ( Ѓ 5 2 + ° 2 } » 

E22 = 2 ( a l + c i ) ( c i + % ) + 2 ( a 2 + C 2 ) ( C 2 + B 2* + 

+ 2( ^ + <fг)
2 + 2Cf32 + o^2)

2 - [Ca2 + C l ) b 2 -

- (a 2 + C 2)Ь-L1 k + 2 CCa-L + c^&^ + Ca2 + c 2 ) a 2 J K| 

^ l l = ( c l á l " 2 Ъ i B i + a i C i ) + ( c 2 á 2 " 2 Ь 2 B 2 + a2C2* + 

+ Kы^tf^ - f ł 2 ) + 2C«î2Г2 -/3 | ) + | Câ bg - b^a^k + 

+ t (a^c-L - 2b2) + ( a 2 c 2 - 2 b | ) J K, 

K12 = ( c l B l " 2 Ъ 1 C 1 + aA' + ( c 2 B 2 " 2 b 2 C 2 + a2D2* + 

+ ( ^ г ď г - / З І П ) + íoc2ď2 "ftг Г2} " 
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- r(m1 + c1)b1 * Ca2 +
 c2^b2•* k» 

K22 « CclC]L - 2 b A • a A ) * Cc2C2 - 2b2B2 • a ^ ) * 

+ 2((31cT1 -yj) + 2C(I 2^ 2 -yf) + Jc^Cg - c^b^k + 

+ [(a-^ - 2b|) + Ca2c2 - 2b|)3 Iq 

where 

k = (mx - Cl)b2 - Ca2 - c2)blt 

the functions oC^t^M °̂ i A^,...,!^ Ci = 1,2) being deter

mined by the prolongation procedure of the system C3)» For 

being possible to use the maximum principle,we must be ab

le to determine the functions S* .» x. ., j. • in such a way 
XJ XJ ij 

that the equation 

(9) S n f n + 2S12f12 + S22f22 = x n H n + 2x12H12 + x ^ H ^ 

+ 2ty11K11 + 2y12K12 + y22K22) + * 

would not contain A^t».*,I^- Inserting C8) into C9)f we 

obtain the system of equations 

( a i + c i ) x n + c i y n = ( a i - c i ) s n ' 

( a l + c l ) x 1 2 ~ V l l + C iyi2 = 2 b l S l l + ( a l " C l ) S12' 

( a l + C l ) x l l + ( a l + c l ) x 2 2 + Vll - 4Vl2 + ciy22 = 

= - (ax - C l ) S n + 8 b l S l 2 + (ax - C l ) S 2 2 , 

( a l + C l ) x 12 + a l y 12 " V 2 2 = - ( « ! - c i>S 1 2 + 2 V 2 2 ' 
( a l + c l ) x 2 2 + a l y 2 2 = " ( a l " C 1 ) S 2 2 ' 

( a 2 + c 2 ) x n + c 2 y n - ( a 2 - c . ) ^ , 

(a 2 + c 2
) x 1 2 " b 2 y l l + C2y12 = 2 b 2 S l l + ( a 2 " C2 ) S12» 

(a 2 + c 2 ) X l l + (a 2 + c 2 ) x 2 2 + a 2 y n - 4b 2 y 1 2 + c 2 y 2 2 

= - ( a 2 - c 2 ) S l : L + Ob2S1 2 + ( a 2 - c 2 ) S 2 2 , 
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( a 2 + C 2 ) x 1 2 + a 2 y 1 2 ~ b2^22 = " ( a 2 ~ C 2 ) S 1 2 + 2 b2S22» 

( a 2 + c 2 ) x 2 2 + &2y2 2 = - ( a 2 - c 2 ) S 2 2 . 

Hence 

(y i :L + 2S 1 ] L ) : (y 1 2 + 2 S 1 2 ) : ( y 2 2 + 2S 2 2 ) = 1:0:1 

so t h a t 

y l l = - 2 S 1 1 + % ' y 12 = - 2 S 12* ^22 = " 2 S 2 2 + X 

and 

( a l + c l ) x l l = ( a l + C 1 5 S 1 1 " C1X * ( a 2 + c 2 ) x l l = 

= ( a 2 + c 2 ) S n - c2X 9 

(al + Cl)x12 = (al + C1)S12 + hlX > (a2 + c2)x12 * 

= (a2 + C2)S12 + *2X* 

(al + Cl)x22 = (al + C1)S22 " a l ^ • (a2 + c2)x22 = 

= (a2 + ^ 2)S 2 2 - m^X , 

the function X satisfying the conditions 
^hcX~* c 2 a 5 ) ^ * ̂  * 

f(alb2 ~ bl a2 ) ~ (blc2 " c i b 2 ^ = 0. 

Prom the last two equations it follows that these two cases 

are possible: 

1. A-4- 0. Then a-^ - c ^ * 0, ( a ^ - k-a2) -

- (blc2 " C l V = ° 
which means that M c r , see 12J. This case is not considered 

in this contribution, 

2. X = 0. In this case 

xll = Sll» x12 = S12» x22 = S22> 

yll = ~2S11» y12 = ~2S12' y22 = "2S22 

- 625 



and, according to (8)f $ « 0. This yields our assortion* 
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