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Commentationes Mathematicae Universitatis Carolinae

11, 4 (1970)

PROJECTIVELY GENERATED TOPOLOGIES ON TENSOR PRODUCTS
Stanislav TOMASEK, Liberec

The purpose of this article is to introduce the induc-
tive tensor topology in the class of all topological vector
spaces (abbreviated TVS’s) and to investigate its properties,
especially, in connection with the projective tensor topolo-
gy (cf.[11])). As to the methodology of this rgsearch, the
present paper is a continuation of [10] and (11].

Let us note in advance and quite shortly, some general
remarks concerning the subject of the following treatise. The
taeking of the tensor product under the inductive topology re-
presents a bifunctor in the category € of all TVS's (or
in ihe category of all topological abelian groups). Further,
if E and F are, e.g., in €, then E. ® F topologized
in such a manner is an object in % - which, together with
the bimorphism (x, 4 )— x ® 4 , realizes the tensor pro-
duct defined axiomatically in (6],p.134,in the category ‘¢ .

The theory of the usual projective tensor topology pos-
sesses, in the class of all locally convex spaces, two diffe-
rent aspects - namely the metric and the projective ones. In
what follows, we shall extend, as it was partially done also
in (11], to the class of all TVS's, a part of the theory of
topological tensor producti which is based on the projective

properties of the topolorsy in question.
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The metric properties of topological tensor products will

be explored later in a separate paper.

1. Tensor products of abelian groups

In this section, we shall topologize the tensor product
E ® F of two abelian groups in a prescribed way as to ma-
ke continuous certain families of Z -linear mappings (with
respect to the module Z of all integers) on E ® F .

' Suppose that E and P . are two fixed topological abeli-
an groups. Denote by Q the category of all topological abe-
lian groups and by 3(5) , G e G the collection of all
Z -bilinear separately continuous mappings from E x F in-
to G. Let 7 Dbe the union of all systems F(G),Ge §.
If 4 is a Z -bilinear mapping of & x F , then we often
write { for its associated Z -linear extension to E® F .

Any such transformation 4 , « 1'3‘ (G) determines a
topology on E ® F , the so-called inverse image with respect
to & of the topology on G , compatible with its group
structure.. The least upper bound T (%) of all group topolo-
gies determined by the family (& N ’}) is the projecti-
vely generated topology by the family 2 and it will be
termed the inductive tensor group topology on E ® P .

Theorem 1. If E and F are two abelian topological
groups, then T (%) is the unique group topology on E® F
with the following properties:
1° The mapping Pilx,g) — x ® from E x F
into (B @F, T(¥) is separately continuous.
2° Forany Ge G and for each « € F(G) the L-

linear extension & i. ontinuous on E® F under the
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topology T(Y) .

Proof. First, we prove the separate continuity of o .

Let W be an arbitrary neighborhood of the zero element
in E® F under the topology T(%) . There are some
Cp, € G, wy, €Y(G, ), 14&i €m , such that for

suitable neighborhoods Wy, in G, (1€ i € m)
e

it holds
1

mn
‘Q“A‘l‘& cw%) sW .
For a fixed 4 in F  we take the neighborhoods Y, in E

2
so that a, (V. ,4)SW, (1€4i £ m). Hence, for
-

any X in Vv =.,A V

=1 %4
proves the continuity of X — x ® 4 . Similarly, one

we obtain x ® 4 € W . This

proves the continuity of Ny — x @y . The property 2°
follows immediately from the definition of T (%) . The u-
niqueness of such a topology is clear.

Remark 1. (a) Let E; |, F; (v =4,2) be topolo-
gical groups, w,; (i =1,2) Z -linear continuous
meppings from E, into F; (4 = 41,2) . Then the ten-
sor mapping «, ® 4, from E, ® F1 inte Ez ® F,
is continuous under the inductive tensor topologies.

(b) If E; (144 € m) and F are topological
groups, then the spaces (£§1 E;Y"® F and&ﬁ’(z_: ®F)
are topologically isomorphic under the inductive tensor topo-
logies,

The next task is to describe the atructure of neighbor-
hoods of the inductive tensor topology. First, let us consi-
der a somewhat modificated situation of Theorem 1.

Let » = (x,sm &€ N) and @ = (qp,, m € N) be

two, otherwise arbitrary, sequences of elements of E and
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F (N is the set of all positive integers). ror any two
sequences (U, ; m e N) and (V, ; m e N) of neighborhoods
in E  and F, respectively, we set
00
(1) DU, (L N= O (Uey +x 0V +...
et U Py +x, ®V,) .
If W, and V, are variables, then the family of all such
subsets determines a base of a filter in E ® F. If u),

and V2, m € N are neighborhoods in E and F , respec-

mm
tively, with W,+ U, € W, , V., + V. £V, , then

Acu)), (Vin+ Q2 «wu,), (VoD € WW,)), (v, .
Hence, the family of all Q((U,), (V,)) . defines on
E®F a group topology (depending on » and © ); it
will be denoted by T(®», ) .

Theorem 2.The topology T (», «) is the unique group
topology on E ® F with the properties:
1° The mappings X — X ® 4, Y —> X, ® 3 are
continuous for each m ¢ N .
2° If 4 is a 2Z -bilinear separately continuous mapping
with respect to a4 =4 end x =x, , meN, of E x F in-
to a topological group @ , then & is continuous on E® F
under T (¥, w)

Proof. The property 1° and the uniqueness is clear. We
prove the property 2°. Let w4 be a Z -bilinear separately
continuous mapping with respect tox =X, , 4 =4, , m& N ,
of E xF into @ . If W is a neighborhood in G , then
we take a sequence (\% 5; v € N) of neighborhoods in G with
W+Wesw, .., V + W, EWp 500 it

maa maa
wlly , g YEW,, wlx,, V) €W, then evidently

19 +1 2
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ﬁCﬂ((u“.‘), (,)Nle w ,
hence i is continuous on £ ® P  under the topology
T», ) .

The topology T (»,«) is projectively generated, ac-
cording to Theorem 2, by a xz;ore extensive family of Z -bi-
linear mappings than % , whence T(»,w) 2 T (%) . One
might, therefore, expect that it will yield a certain approxi-
mation for the inductive topology. Indeed, it holds:

Theorem 3. The inductive tensor topology T (%) is the
greatest lower bound of all group topologies T (», w) , whe-
re » and @ run over the collection of all sequences in E
and F.

Proof. Denote by T' the greatest lower bound of the
system (T (», «); », « ). It suffices to prove that
T € T(%). Let x, and 4, be arbitrary points of E
and F , Taking 3, and @, such that x, e 2, , %, € «, ,
we see that the canonical mappings X —» &e%, Y —rx,®
are continuous if we consider E ® F under the topology
T(-n,, 4, ) , hence the stated mappings are continuous also
from E and F
Theorem 1 we may now derive that T (%) 2 T’ ,

?

respectively, intc (E @ F, T’). From

Thus, the topology T (%) is the least upper bound
of the topologies generated by single meppings « € ¥ angd,
at the same time, the greatest lower bound of the topologies
Ty, &), » and @ variables. If we intend now to
describe the structure of neighborhoods of the inductive ten-
sor topology, then the first stated property may afford scar-

cely a convenient approach for principal reasons to the imme-
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diate solution of the presented problem. This is why we ha-
ve introduced the topologies T (», f) by means of which
we shall now construct the base of neighborhoods of T(¥) .

For any sequence w = (4, ;m e N) in F and for

any sequence Y= (x, : m e N) in E we take neighborhoods

u; and V‘j ,v € N the choice is otherwise arbitrery,
of the zero element in E and F . Denote

@) @ =0 (useyte eV, + ..
e P U O D @V,

where » and @« run over the collection of all sequences
in E and F . What we are going to do is, roughly speak-
ing, to enlarge the subsets of the form (2) in such a way
in order to obtain subsets in E ® F satisfying the addi-
tive axiom of some group topology.

First, take neighborhoods u;‘; , _V‘,”
E,F foreny ¢ = 4,2,... and for each ,>» and such

in the spaces

that
~ L PN » 4 »
Wy v Wy E Wy, VvV, €Y,
We now form the subsets (m = 4,2,...)
(3)

(W, ® " + u.:‘,’ oa;;'+ ug, ® o4 + u.‘;,o 4,;"’4-
...+u':,o4;:+ u,,':', oa‘f: + xf - \gf + x:’o \(‘:” + ...
et WOV X BV, )

for any two aequenceefe-(ty.f; ieN), = IA;:’; < e N)
inF and Ye(xl; 46 N) , P =(x}; i e N) inE.
The union of all subsets given by formula (3) which are con-

structed to all couples of sequences (@, «’) and (», »’),
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will be denoted by Q; . Define & = @ v $, . Rearranging
the systems of sequences{gi,{»}, (@, «?3 andic», »’)},
we repeat the same procedure with Q,' (with respect to the
new indices) and we obtain the subset Qa .

Suppose that §, € & € ... & P have been determi-
ned; let the defining subsets for @, be of the form

P o » » . .

W, ®9, , x, ® Vo » where @ and » stand for indices
corresponding to the family &, . We now select neighborhoods

[od »

vy Meaa ? v%,b-m with

“ - ~ » » »
u';.bn’ u’«t.nua E LY V;,.", M V*.hﬂ € Vin -
Define, for any couple (@, '), (», »’) of indices, the sub-
[ » ~’ »?
sets of the form (3), where U, , V and W, V,, are re-

placed by u:““ , V;:“M and by ug:}.w , 1{:;*4 . The uni-
on of all such subsets with respect to the couples - (m, ’),
(»,»’) determines now %htq -
Putting Qg ., = Py U Sh4q » ¥e obtain an increasing sequen-
ce ($, ;m «N) and, finally, we define

(4) 3o =5, B,
Hence, we construct to any subset §, of the form (2) the set
®,, (the last one may be called the additive envelope of @,
in spite of a certain indeterminity consisting in the liberty
of choices of ui."'“ and ‘V:}‘ ). The system of all such & .
forms a base of neighborhoods of a group topology in E® F .
To prove this statement, it suffices to determine a subset ¥y~
of the form (4) satisfying, moreover, the inclusion ¥, +
+¥, S ¥, for any . . Nemely, we may define the subset ¥,
by

L PO T e “_ » »
'g‘.-“g’)d SRy @+ X @V 4, + W O, + X OV, )
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and proceed 1in the same way as before (i.e., ‘!“ depends

on the neighborhoods U% V? ). Evidently,

Aeq ? i, M1
Y = U ¥, satisfies the requested relation.

w

Theorem 4. The inductive tensor topology T (%) on
Eo®F coincides with the group topology which has the
subsets of the form (4) as a base of neighborhoods.

Proof. It suffices to prove that the group topology T
defined above satisfies the properties 1° and 2° of Theorem
1. But 1° is clear and the proof of 2° may be carried out
as in Theorem 2.

Remark 2. (a) Suppose that (i = 1, 2) in Remark
1 (a), are both open. Then A, ® w, is an open mapping
from 34 ® P1 onto 2.2 ® F, under the inductive tensor
topologies. The proof follows from the construction of the
neighborhoods &,, -

(b) Let B and F be two topological groups, M a
subgroup in E , N a subgroup in F , Then the quotient
group E® F/T (M,N) 1is topologically isomorphic with
(E/M)® (F/N), where T (M, N) stands for the subgroup
in E® P generated by all X ® 44, x €M or g e N,

Remark 3. Suppose that {C%(K), 89‘! is a chain com-
plex, C% (X ) a topological abelian group, 9": CQ'CK) —>
—y Ci_,' (X) a continuous boundary homomorphism. The ca-
tegory of all such chains complexes X will be denoted by
89, . A pair of mappings (¢, w ) is termed to form a di-
‘rect couple if the sequence

0— XZs X x"— 0

is exact, ¢ and ¥ are open homomorphisms and g, (C, (X))
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possess topological complements in C, (X’), m & N , vhere
K , X’ and X” are chain complexes.

Any such couple defines,in the same way as in [2] (see
pp.126-127), a continuous boundary homomorphism 8* :
st Hy (X”) — H,,_,(X) . Similarly as in Theorem 4.9 of
{21 (cf.p.130), we obtain that the system(Hq_.(K),*F. s Ou)
is a homology theory on the 4 -category 8§  of chain com-
plexes with couples (with direct couples) into the category
G . Let @ G be the functor on @G- with direct coup-
les defined by
®G K—K® G (with W or with T(Y%) -topology; cf.
f111),
QG:¢—> £ @ 46 , Wwhere 4° is the identical mapping of
G . Then @ G 1is (compare with Theorem 11.2 of [2)3,p.
15C) a covariant M -functor on &G .Hence, ® @ defines a
homology theory with the coefficient group G on &G (with
the homology theory on 8G- ).

2. Inductive tensor topologies and vector spaces

In further discussion, we consider vector spaces uver
the same and usual field of scalars.

Let E and P be two fixed TVS 's. The class of all
TVS’s will be denoted by %, For any G € ‘¢ we mean by
¢ (G) the family of all separately continuous bilinear map-
pings of Ex F into G4 ¥ stands for the union of all
systems ¥ (G ), G @ € . The vector topology T(¥) on
E® P generated by the family ¥ will be termed the

inductive tensor topology on E @ F
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Theorem 5. The topology T (¥) is the unique vector
topology on E® F with the properties:
1° The canonical bilinear mapping ¢ :ExF —+ E e F
is separately continuous.
2°  For any separately continuous bilinear mapping « of
Ex P intoa TVS G , its linear extension & is con-
tinuous on (E®@ F, T(¥)) .

The proof is analogous to that of Theorem 1.

If €’ is the class of all locally convex spaces, then
¥’ means the union of all systems $(G), G e €’ . It is
immediate that the projectively generated topology T (¥’)
by the system &’ is locally convex and that T(¥’) & T(¢)
on E®&F .

The topology T (C&?) will be called the inductive tensor
,e_-topology on E@ P .

Theorem 6. (a) The inductive tensor £ -topology T (&?)
is the uniquely determined locally convex topology on E® F
satisfyi;'xg the property 1° of Theorem 5 and:

2°° For any G e 2’ and for each w € ¥°(G) the
linear extension 4 is continuous on(E®@ F , T(¥’)) .

(b) The topolog& T(Y’) is the finest locally con-
vex topology ¢+ on E@ F with t € T(Y¥) .

(¢) If E and F are locally convex, then T (¥?)
coincides with the usual inductive tensor topology (in the
sense of A. Grothendieck; c¢f.[3)) on E® F .

(@) Let CE, t,) and (F, t,) Dbe two TVS's . Denote
by t; and t; the finest locally convex topologies on E
and T, respectively, satisfying t) & t, and ¥, £ ¢,
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If E'-(E,tf‘), F'=(F, 't’n_)
and E @ F are topologically isomorphic under the induc-

, then the spaces E’® F’
tive £ -topologies.

The proof is clear.

Remark 4. The tensor pr;ducts (E®@F, T(¥)) and
(E ®F , T(Y¥)) have the same topological dual, but, in
general, they need not be topologically isomorphic. It is ea-
sy to verify that, e.g., on the metrizable space of all mea-
surable functions on a measure space (X, S, w) (cf.[5], §
42), the topology T (¥’) is actually strictly coarser
than T(¥) .

Theorem 7. (a) For any TVS’s £ and F the topology
T(YS) is the greatest lower bound of the group topologies
T(», @) determined by the neighborhoods of the form (1).

(b) The topology T (%) is defined as the vector topo-
logyon E® F, E and F 1TVS's, haviné the subsets of
the form (4) as a base of neighborhoods.

(c) The convex envelopes of all &, (see formula (2))
form the base of neighborhoods of the inductive tensor £ -
topology T(¥?) .

Proof. The subset &, (see formula (2)) is evidently
absorbent and balanced whenever all u; , V;; are balan-
ced neighborhoods. The additive axiom is clear. This implies
(¢). The statement (b) follows from Theorem 4, because &,,
is absorbent and balanced whenever all IL:; , V:,‘L are of
this kind. The statement (a) is clear. ‘

Remark 5. If £ and F are two TVS's , then the sequen
ces o and » ‘ in (2),Section 1, may be selected from algeb-

raic bases of the vector spaces £ and F . In fact, any
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subset of the form (4) is absorbent in E ® F  in this case.
Tneorem 8. If E and ¥ have countable algebraic bases
(%, 3; m e N) and (g, ; m « N), then the subsets
(5) nAw ), (LN= 0 (Loy+x eV + ...
et W @y, + @ V),
u’m« neighborhoods in E and V,',L neighborhoods in F ,
determine the inductive tensor topology T (&) .

The proof is elementary.

Corollary. Suppose that E  and F are two locally con-
vex spaces with countable algebraic bases. Then the inducti-
ve topology T (¥) coincides with the inductive £ -topolo-
gy T(¥?)

Remark 6. We could also consider the tensor product
E®F under one-sided topologies for any pair of TVS's.

For symmetrical reasons we shall illustrate this idea only
for the one-sided topology generated by the space E . Suppo-
se further, without loss of generality and for aimplifica-
tion, that (a4, 3 m € N) is a countable algebraic basis of

P . Define a topology T(E) by a base of neighborhoods

LR
N = QD (W@y, +...+ U, ®1,) .
The following properties are now immediate:

(a) T(E) is a vector topology on E® F .
(b) TCERB) is separated whenever E is separated.

(¢) If ®* 4is a subspace of E , then E'® F is a to-
‘pological vector subspace of E® F

(d) The topology T (E) may be characterized by ena-

logous properties as in Theorem 5.
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3. Further properties of tensor topologies

The W -topology T (M) (cf.[11l]) on B ® F (deno-

ted also by E®, F ), projectively generated by the system
B  of all continuous bilinear mappings from E x F into
G
ted also by B ® F ). It is not hard to show examples

, G e €, is, in general, coarser than T(¥) (deno-

when T (Y¥) is strictly finer than T (3B) . Take, e.g.,
a locally convex non-normable space E " F means the to-
pological dual of E . Since the separately centinuous bili-
near function (w,x) — {4« ,x? is not continuous on
E x F , we may conclude (similarly as in [3]) that the
tensor topologies in question are different on E @ F, On
the other hand, if £ and F are both metrizable, E M -
barrelled, then any separately continuous bilinear mapping
into an arbitrary TVS is continuous on E x F (ecf.(12]1).
This implies:

Theorem 9. Let E and F be two metrizable TVS's, E

M -barrelled. Then T(AB) and T(¥) coincide on
EerF.

Consider now two spectra (E, ; m e N) and(F, ., meN)
of TVS’s with continuous injections 4, and g, , respective-
ly. Denote E = fim imd E, and F= &im imd F, . Then
it holds:

Theorem 10. Under the stated oonditions the inductive

limit Wm M(I,ne' F.) is topologically isomorph-
ic with E @ F . If, in addition, all E, and F, are
F -spaces, then fm .imdCE, ®, F,) is topologi-

cally isomorphic with E &g F .
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Proof. Denote by I the identical mapping from
Lm «md CE, & F, ) onto E, ®; F . Since the restrics
ction of I to each E @& F, (equal to £, ® 3, ) is
continuous, we derive from the definition of the inductive
limit topology the continuity of I .

Cn the other hand, it suffices to prove the separate
continuity of the bilinear mapping (x, 4 ) — x ® 4
from E x F  into ftim imd (E, ®g F, ) . Take therefore
some 4 € F, for a certain m we obtain 4 « F,_ .The
restriction «, of the linear mapping w: x — x ® 4
to each Eg , 4 2m  is evidently continuous. But the sa-
me statement is true for the restriction of & to 5,,_ ’

A £ x « m . This implies the continuity of 4 on E .
Similarly, one proves the continuity of s gy — X ® 4 .

Remark 7. From the precedent theorem we can derive an
example when the statement of Remark 1 (b) (for TVS's) need
not be true for infinite topological products. Consider now
the spaces over the field of real numbers and take for any
4 e N the real line R, = R . Denoting by E the topo-
iogical product _;‘HN R, and by T the topological direct

sum i‘ZN’R& , we obtain, as in [ 3], from Theorem 10, since
~n
i%nk‘i = tim imd (Z R;) that

> H - . o <

EO,P- M”M(EO‘,.'Z‘,R_‘)s mﬂmt&'ﬂ(zox‘u ‘tg‘u E‘- s
where B; is topologically isomorphic with B for each
ieN . Cn the other hand, it holda‘.fl'q (R; ®F) =
-1"'\'}' where F. is topologically isomorphic with F for
{wg "4 ? i
any 1 e« N .

One observes that T (¥) is the finest vector topo-
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logy on E @ F for which (x,q) — x ® ¢ . is se-
parately continuous. Similarly, T(B) is the maximal
vector topology on E ® P under which the canonical bi-
linear mapping (x,4) —% X ® 4 is continous. These
properties suggest also the possibility of extending the
theory »f completions of tensor products to a particular
case when the spaces in question are non-metrizable. Deno-
te, therefore, by =, CE) (vy »z:" CE) ) the finest
vector (the fineat locally convex) topology on a vector
space E . Putting E, = (E,z, (CE)) ,‘E:, =(E, 2 (E)) ,
we may now formulate in these terms:

Theorem 11. Let E and F be two vector spaces.

(a) For the topology T(¥) of E, ® F,, it holds

T(d)=~,(E®F) .

(b) The space E,, ® F). under the topology T (¢?)
is topologically isomorphic with E ® F under
%, (E®F) .

(c) If, in particular, £ and F possess countable
algebraic bases, then the space E,.  ® F, under T(¥)
is topologically isomorphic with E?%, @ FJ2, under T(¥”.

(a) The space E,, © E, under T (<) is comple-
te. Similarly, E), ® F;, under T(¥’) is complete.

Proof. For any 4 € F the inverse image of the to-
pology %, (E® F) defined by 4! x — x ® ¢ is
a vector topology on E coarser than %, , CE) for
which & is continuous. Hence . is continuous on B .
For symmetrical reasons 4 —¥ x ® 4 is continuous
on F,, for any x ¢« E . Thus T(¥) = 2, (E®F) .

Similarly, one proves (b)-
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If E and F are, moreover, with countable algeb-
raic bases, then E ® F possess also a countable algeb-
raic basis, hence -::V (E®F) = =z, CE® F). Fron
(a) and (b) we may now derive (c).

The finest vector topology of & vector space @ coin-
cides with the direct sum topology of a system of finite-
dimensicnal F -spaces, hence G,, is complete (cf.L14]1).
This implies (d) by taking G = E ® F ., The same argu-
ments may be used in proving the second statement of (d).

Since the topology T (¥) (and consequently, T(¥?) )
is identical under the conditions of Theorem 11 (c) with
the finest vector topology %,, (E ® F ), one is tempted
to ask whether in this case also the locally convex projec-
tive topology T (7?) (in the sense of A. Grothendieck)
does not coincide with 'z:u, (E ® F). If it were so,
then we coqld obtain, in view of the above stated equality,

that EW ® |

. is complete under T(R) =2, (E® F)

(hence under T (R?) = ‘:',’.‘,(E ® F) ). To prove our con-
Jjecture, it suffices to establish that, under the condi-
tions of Theorem 11 (c), any separately continuous biline-
ar mapping of Efw_ x I'“’, into a locally convex space G
is continuous.

Suppose therefore that &« 1is a separately continuous
mapping from X},  x F.. into a locally convex space G.
If 4, e ¥, 441 £m | then for any neighborhood W in
G  there is a neighborhood V in E such that
alx,g:Ye W forall x eV, 1£i £€m . This
implies for a finite convex combination ZA, =1, A, 2 0,

the inclusion (%, ZA; ¢;) = EA; e (x, .Y € U
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for all x € Y . But, taking for 4 linearly independent
points of Bn-¢§1 R; (the notation is the same as in
Remark 7) we mey observe that « is hypoequicontinuous in
the sense of A. Grothendieck, i.e., with respect to the fa-
mily of all bounded subsets in E and F. But E}, and
F), are DF-spaces. From the well-known theorem of A.
Grothendieck (cf.f4]) we conclude that « is continuous on
E x F . Thus we proved:

Theorem 12. Let E  and F be two vector spaces with
countable algebraic bases. Then on E,, @ F , it holds

T(R) = T(A) =) (E®F) =2, (E®F) .
Especially, the space E,, ® F,, under T(3B) (under
TC(R’) , respectively) is complete.

An open question concerning the topologies T (¥)
and T (B) is the separatedness of B ® F ., Our hypothe-
sis is that E ® F under T (B) (hence under T(¥) )
is separated whenever E and F are separated. In any
case, if there are separated locally convex .topologies co~
arser then the original on E and ¥ , then T(®) is
separated on E ® F ., Such situation occurs, e.g., for
the sprces ™, 0 < pn & 1 .

We shall now note an example which may serve as a pro-
totype for the decision of the separatedness of E @ F
in certain cases.

Example. Suppose that E is separated and that & =
= F(X) is a space of bounded scalar-valued functions on

X with the topology of uniform convergence on a system

T = 4{B} of subsets in X , UDP = X , Denote furt-
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her, by ?; (X) a vector space of vector-valued func-

’
tions on X with values in E , bounded on each ® ¢ 7
and such that a-fe & (X) for all ¢ € (X)) ,
a & E . The topology of fé (X) is that of uniform
convergence on 2' , The bilinear mapping «: (a, ) —>
—a-f of Ex & into % (X) is evidently continu-
ous, hence it defines a linear continuous mapping & of
Eeoe # under T(B) into 7‘ (X) . Further, one may
verify that A  is one-to-one (by Lemma 1.1 of [9]). Sin-
ce ?; (X ) is separated, the space E ® & under T(B)

is also separated.

4. The problem of topologies .

As it was established in [11], the space B(E,F; G)
of all continuous bilinear mappings from E = F into &
is algebraically isomorphic with the space L(E® F 4 G )
of all continuous linear mappings from E ® F into @ .
It is natural to ask under what conditions this algebraic
isomorphism is a topological one (B (E, T3 6) is ta-
ken with the topology of bi-bounded convergence;
L(E®F, G) is under. the strong topology).

IfE and F -are locally convex, then any bounded
set in E ©, F is also bounded under the projective lo-
cally convex topology. Consequently, the stated correspon-
dence will be a topological isomorphism ( G locally con-
vex) whenever it is a topological isomorphism for the lo-
cally convex projective topology. Such situation occurs,

e.8., it E and F are DF-apaces.
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Recall that a TVS is said to be locally bounded if it
contains a bounded neighborhood of the origin (cf.l71). In
[1] it was established that the topology of such a space
is generated by a quasi-norm x — I x satisfying, es-
pecially, the Bourgin’s multiplier property fx +yl €
£ BCxl + Mg ll), for a certain mpultiplier B = 1 ,

Theorem 13. Let £, F and G be locally bounded
spaces. Then RA(E, F; 6) is topologically isomorphic
with L(E@F, G) .

Proof. If A and B are bounded in E and F, then
also A®P is bounded in E ® ¥ , hence the canonical
isomorphism of £(E®F, @) onto B(E,F; G) is
continuous.

Cenversely, let C be a bounded subset in E ® ¥ and
let W be a bounded neighborhood of the origin in G , It
will be supposed that W is defined by means of a quasi-~
norm as the subset of all x in G with izh & 4 .,

The bounded neighborhoods in E  and F are denoted
by U, and V, , respectively. Since ( is bounded in
E ® F, thereis A > 0 such that

acea=0 2 w.e v,
where uﬂ-#.ub, V, = %;"V‘ , m e N (cf.[11]).
Further, we take a number m. such that for the multiplier
3 of the quasi-norm =x —> ll x I it holds 3 & 2™,
Put now

W= W+ %;O'MH -zi;'W+...+-§-§!;;_—;.w .

Since W*  is bounded in G , we obtainW# ¢ «.W for

a fixed oc = 41 . Consider now the set
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- x 4
* % "
wite Y& pri A A
Evidently, «w () & wW** whenever the bilinear map-
ping « satisfies w (U,, V,) &€ W . By an elemen-
tary and immediate calculation one verifies that if
z, e WX 1&+i €4, M arbitrary, then
14 1 1s (_4_+ 1 1 )
I'i}';'&‘*-...-rzmz“ o aw W +... + m .
Hence, if z @ W"™  then 2 = x + 4, xe W* ,

< _1
e Z Falwm ' W* for some % e N, consequently

Izl€BUxh+Nnpll) € 23 , ice., W™ € 23-W .

Thus we have proved: To any # € B (E, F; ¢)
with w W, , V,) € -2—%7; w the corresponding li-
near extension 4 satisfies &Z(C) & W . This proper-
ty ensures the continuity of the canonical mapping from

D(E,Fy 6) into L(ESF, 6) .

By carrying through the same type of arguments used
in proving Theorem 13 and taking into account, for essen-
tial simplification of the procedure, that W*%* g 2.W
whenever W is locally convex, one may prove the follo~
wing statement:

Theorem 14, Let E and P be two locally bounded
spaces, @ 1locally convex. Then B(E,F 4 @) is topolo-
gically isomorphic with # (E @ Fy @) .

Remark 8. Consider now locally convex spaces and
denote by E e, F the tensor product E @ F under
the projective tensor topology in the sense of A. Grothen-

iieck. The identical mapping of $ (B ® F; @) onto
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&L CE , Fi,6) is evidently continuous. The space

$(E ®,F; @) being isomorphic with B (E, Fj G),

is also topologically isomorphic with & (E @, F; &)

in the class of DF-spaces and in other special cases (e.g.,

it holds for L'(w) ® E , E an F -space; cf.[3].
Hence, the following question is of some interest: Un-

der what conditions £ (E ®, Fy @) and L(E®;F,G)

are topologically isomorphic?

5. Embedding theorems and concluding remarks

In conclusion, we note certain embedding theorems of
tensor products into spaces of linear mappings and bilinear
functions.

First, consider two TVS's & and F . Under B* and
F* we shall understand the strong topological duals of E
and F . If x is fixed in E, 4 in F | then

My (£,9) — £, x>e.<g, %>
is a continuous bilinear function on E* x F* , hence
an element of MBC(E* , F* ) , it will be assumed
B(E™ , F*) to be under the bi-bounded topology. Cne
verifies immediately

Theorem 15. Suppose £ and F to be locally bounded
VS 's.

(a) The bilinear mapping (x, g4 ) — A, ng induces
a oontinuous linear mapping 44 of (E @ F, T(M)) into
BIE*,F*) .

In particular, if CE, E*) and (F, F*) are dual

pairs, then & is, moreover, an algebraic isomorphism.
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(b) The spaces E*, F*  are locally bounded and
BCE*, F*) is topologically isomorphic with
(E*X @, F*)* .,

Remark 9. If we eliminate the hypothesis that E and
F are locally bounded, then, similarly as in Theorem 15,
we could embed E @ F into the space Y (E* TF*)
of all separately continuous bilinear forms on E* x F* .
Ir SL(E* , F*) is under the bi-equicontinuous topo-
logy (cf.(31), then it is not hard to observe that the map-
ping (x, n‘.) — ,q,u’”_ is separately continuous, hen-
ce that its linear extension is also continuous on E ® F
under the topology T (¢¥) .

Each x @ 4 € E®F induces also a continuous

linear mapping from E* into F by formula

, Cx, €% .
RIS ’ *

Similarly, to any ¢ ® 4 € E¥*® F there corresponds

YV

a continuous linear mapping «:4"”: X — x,f> -
from E into F .
In these terms it is easy to establish:
Theorem 16. If E and F are locally bounded, then:
(a) the mapping (x,4) —¥ v, . induces a linear
continuous mapping ++ from E ®, F into £ (E* ,F);
(b) the mapping (¢, ) —> W,y induces a linear
continuous mapping w from E* @, F into L (E;F);
(c) if (E, E*) is, moreover, a dual pair, then
‘and awr are ohe-to-one.
Remark 10. Assuming E* &, F to be separated, we
may form the completion E* 6“, F. 1If £(E,F) is now

complete ( E and F being locally bounded and separated),
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then there exists a continuous linear transformation of the

nuclear type ar from E* éw F into &£ (E; F). Note

that & (E; F) is complete in this discussed case when-

ever F is complete (cf.{131).

Remark 11. There are still other possibilities to to-

pologize the tensor product E ® F , we could determine

(as in locally convex spaces) topologies on E @ F
between T (R) and T(Y) .

lying
Such a topology may be de-
fined, e.g., as that projectively generated by the system
of all hypo-equicontinuous bilinear mappings on E x F .
Remark 12. If E and F are both locally bounded,

then it is easy to prove that E @ F under T(RB), or

under T(¥), is M -bornological. The author does not
know whether or not the taking of such tensor products pre-

serves the class of M -barrelled, or of M -bornological
spaces.
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