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Commentationes Mathematicae Universitatis Carolinae
8,4 (1967)

ON REALIZATION AND BOUNDABILITY OF CONCRETE CATEGORIES IN
WHICH THE MORPHISMS ARE CHOICED BY LOCAL CONDITIONS

A. PULTR, V. TRNKOVA, Praha

The present paper is a contribution to the question of
full embeddability of concrete categories into categories of
algebras (boundability) asked by J;R. Isbell in [1]. In [2]
and [3] a methal of embedding of categories described by
functors is elaborated. Using that method, we prove that al-
80 categories the objeect of which are topological spaces and
morphisms selected among continuous mappings by means of lo-
cal conditions given by some functor, are again boundable.
E,g., let us ask whether the category of topological spaces
with locally one-to-one continuous mappings is boundable. We
obtain a positive answer using local selection by means of
binary relations "to be distinct". Similarly we obtain the
boundability of, e.é., the following categories:
topological spaces with local homeomorphisms,
topological spaces with quasi=local homeomorphisms (here is
different "localisation" than in previous examples),
topological spaces with open local homeomorphisms,
metric spaces with locally Lipschitzian mappings (here we
must, of course, show first how the global Lipschitz condi-
tion can be realized by means of a functor),

etc.

- 651 -



We use the notation from [3] and [4], Without partiocu-
lar mentioning we use the assumption of non-existence of mea-
surable cardinals (or, the weaker assumption (M) from [3]).
The reader acquainted with the quoted papers will see easi=
ly in which statements we need this assumption and in which
not. For brevity, we use the expression F-structure on X
for any subset of F(X) where F is a set functor (i.e.,

a functor from the category of sets into itself); if r, o
resp. are F=structures on X,Y resp., we say that a mapp~
ing f£: X — Y is r s-compactible if F(£)(r) ¢ e 4n the
covariant case, F(f)(s) c r in the contravariant one.

The paper is divided into three parts. The first one
contains definitions and some theorems. The main results are
proved in the second part. Finally, the third part deals

with applications of these results to concrete cases.

I.

Definitjon 1: Let F be a covariant set functor, r,s
P-structures on topological spaces X,Y resp. We say that a
mapping f£: X — Y 1is locally r s-compactible, if:
for every x € X there is an open U 2 X with
F(e) ([F(3,) (H(U))]I A r) c & (where §, 1is the em-
bedding of U into X .

If F 1s contravariant, we say that f 4is locally
r s-compactible, if '
for every x € X there is anopen U 3 X with
F(Jy) (F(ed(e)) c F(§, )(r) .

Remaprk: The definition is motivated as follows: in
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covariant (contravariant) case we request that for every

x € X there be an open (J containing x such that
FIU = (U, (Fz, 1" (n)) — (Vi h)

($1U: (U, F G RD—=CY, »)

is compactible.

Definitiopn 2. If r is an F-structure on X we de-
fine & P~ F structure r* on X as followa:

acr¥ifandonlyif a N r=p0 .

Lemmg 1. Let F be a contravariant set functor. If
r, 8 are F-structures on X,Y respectively, then r:‘x-a»
— Y is »r s-compactible if and only if it is r* s¥ -
compactible.

Proof: Let F(£f)(s) c r, a € r*. Then evidently
P F(t)(a)e (F(£)) "(a)e »* . Conversely let

PPE()a*)c »o* § e ». Let F(#I(§) ¢ 1 >
then (F(+)(§))e ~* and, consequently,

P R(#)(F(8ICEN=LFEII"(F())e »*; however fe
e (F(#)™ (F(#)(§))n A , which 1s a contradiction.

Lepgpe 2: Let F be a contravariant set functor. Let
£: X — Y be a mapping, r,s Fe-structures on X,Y res-
peotively, U c X ., Then

FlGy ) (F(£)(A)) cFlgy Xnr) (%)
if and only if

P F(#)(LP F(4, ) (P FUMI A ) c »*, (k%)

Proof: Let (X ) do not hold. Then there exists
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ae P F(4)(LP F(4,) (P F(U))]1 n ~*) such that
a nA+F . Let PTF(ENL)= CFe£)) o)

Lre LPFG (P F(UNNEY teee, LAn =g am
Ar=(F(F,N"(c) where ¢ c F(U) . Then cn

NF(g)n)Y=0 . £ fea ns then

F(£)(§)e &, F(G,)(F(f)(E€)) e ¢ . Then

F(ju)(F(‘F)(§)) ¢ F(a'g)(/t) ) i.e. (*) does not
hold.
Let (%) do not hold. Then there exists o2 € A such that

§=F(3,)(F(£)(oe)) ¢ F(4,)(2) . Consequently

(FGi, " (§)nn =@ , te. (FGGN"(g)e »*
One-point set ( §) 1is an element of P~ F(U) ad
therefore a € [P F(4,)(P F(U))] A n* , Using

(%) there 418 P~ F(#) (@) € A* | i.e.

(FEN " (aYnsh =0 .But e (F(EN"@rn » .

Definition 3, Let F be a covariant (contravariant)
set functor, r,s F-structures on topological spaces X,Y
respectively. WeAeey that a mapping f£: X — Y is quasilo~-
cally r s-compactible if:

for every non-void open U c X there is a non-void open

V ¢ U such that

FCEILF(Gg)(F(VNIAR)IC A

(F(F,) (F(ImN e Flg,)(n))
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Thearem l. Let F be a contravariant set functor. Let
£f: X — Y be a mapping, r,s F-structures on topologi-
cal spaces X,Y respectively., f 1is locally (quasi-local=-
ly) r s-compactible if and only if it is locally (quasilo-
cally) r* s* -compactible.

Proof: This is an easy consequence of Lemms 2.

Definition 4. Let X,Y be topological spaces. A map-
ping f£: X — Y 1is termed semi-open if f£(A) has a non-
void interior whenever A  has a non-void interior.

Remark: Every mapping f such that for every open nm-
void U  there is a non-void V c© U  with £(V) o~

pen, is, of course, semi-open.

Definition 5. The category T (Fyers f 1 Gypers Gn)
is defined as follows: The objects are systems ( X, T »
Hqseoey) My Mgy veey Mo ) where 7 1s a topology on
X, r; F; -structures and ré G; -structures, the morph-

lems from (X, ¥, Myreer ) My s gy e, Ry ) into

(Y, 6, bgyeeey /-’o»,’b;,-u, A, ) are the continuous map=
pings from (X, %) 4into (¥, &) which are r s -
compactible for i = l,..., n and locally r£ aé =compactib-
le for 1 =1l,eee, m

The category Tg (Fyyeesy Fu 1 Gyyeney Gyl Hyyoooy Hpy )

is defined as follows: The objects are systems (X, 7,
Ryrerey HomyRyyeeey Hom iy eesy 2ty ) Where ¥ 1s a topolo-
gyon X, r; F; -structures, r; G, -structures and r;'
H, -structures on X . The morphisms from (X, %, /,;,...

/ ’ ” ”
R Bygeniy My Mgy een s gy ) into (Y, 6, 4,

4 4
ves s Py Pygeey fom s Ay gess y Ay ) are the continuous
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semi-open mappings frem ( X,? ) into (V,0) which

are r. s, -compactible for i =1,..., n, locally r,: eé -
oo

compactible for i = 1,..., m and quasilocally r7 s

compactible for 1 =1, .¢., Do

II.

Defipition 6. Let F be a covariant set functor,
an Festructure on a topological space X . Define a P~ P-
structure ¥ and © on X as follows:
a € T if and only if for every x € X there exists
anopen U 3 X with & nm ALF(Z,)(FUNI =g
a € T 1if and only if for every non-void open LU/  the-
re exists a non-void open V c U with w N 2 N
ALF(g )Y (FLUNY =g .

Lemma 3: A continuous mapping f£: X — Y 1is local=-
ly r s-compactible if and only if it is T s-compactible.

Proof: We must prove that for a continuous £ <the fol-
lowing statements are equivalent:
I. VX € X 3 U 3 X open with

F(OI(LF(3I(FUNInrde A

II. P-F(#I(A)e &

Let I. hold. Let a € 8 . We must prove P"F(¢¥) @ ) =
= (F(E)Y'(a) e £ . Let x € X ; then there exists
Uy ® X  open such that F(#)(LF (g, )(F(U;))Inndc o,

Since a € & there exists V 3 f (X) open with

EF(Q'V)(F(V))JH /bf\0¢=ﬂ . Put U= U",‘.F-'fcv),
Then U @ X . is open and it is sufficient to prove
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(1) (FCEN " (@)n LF (G (FCUNIan=H.
Sinee g, = Fu, ¢ Fy,y, ‘there 18 F(F,)(F(U) C

¢ F(dy,) (F(Guu WFU) & F(3, ) CF(U,)) , consequent=
1r FOHEFGE, )FIUNI A R)e FENLFG, )(F (U D 1nR)E 4.

If (1) does not hold then there existes 7 € F(U) with

§= F(#,)(n) enn(Fe) @), 1.

F(#)(§lea, F(F)(f) € » . Thereis foj, = #,°F
for a convenient g , consequently F(f)e F(z )=F (3, o F1g).

Then F(£)(f )= F(#)(F,)(n D= F(3, X F@ 1€ FG, HFCV)) -
Consequently, F(£)(§)e [F(Z, ) (F(VNlnr n a which
is a contradiction.

Let II. hold. Choose x € X . Since F(Y)N H & A
there is (F(¥+ ) '"(F(Y)N n) e x© . Consequent~
ly there exists U 2 X  open with [(F(£))(F(Y) AN

ArALFGICFWNI=Z, 12 feLFGFWUNN
A M then f#(FC"'))"’(F'CY}\/o) , l.e.

F(EXE) € FIXIN 5 d.e. F(LI(E) E A

Leama 4. A continuous semi-open mapping f£: X — Y is
quasilocally r s-compactible if and only if it is ¥ % -com-
pactible.

Proof: We must prove that the following statements are
equivalent:

I. For every non-void open U c X there exists a non-
votd open V & U with FCAILF (G, )(FCVIIAk)C A.
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II. P F(#)(R)c &
~
8

Let I. hold, Let a € . We must prove P"F (f)(a)=

e (FUPW '(a)e X Let U be open non-void in X .
There exists non-void open (U, c¢ U  with

FC#)(EFCjuq YWFU,N]Innr)ch, £ is semi-open,
therefore there exists non-void open W c f (U,) -

Since a € & » there exists non-void open W, ¢ W with
LF(Q'%)CF'(W,,))JAa,nx‘a-ﬂ. £ is continuous,
V= Un §F-1Cw,) is non-void open, V c U .
Now it is sufficient to prove:

(1) LCFEN @)l nLF(z, ) (F(Vlnr =0

Since g:v = ;ZU" ° j'y,u,, there is F'(g'y)(F(V” =
= F(g’u" NFGyu XF(V)))e F(;',,1)(F'(U., )) , consequently,

() FUNLFG,FYNDIAr)E A

Let (1) do not hold. There exists § & [ F(5, )(F(V)Ink
such that F(#)(§ )€ a . Then, using (2), there is
F(#)(§)e a n », since £(V)c W,  there 1s
4’.% ° G=f e gz, for convenient g . Put § =
eF(jv)(')z).Then F(#)(E)e F(F)(F(Z,)(n)) =

= F(;'M')(F(g)) € F(3,,7(F(W;)) - which is a contradic-
tion,

Let II. hold. Choose U  non-void open in X ; F(¥)Nh €
€ % , oonsequently (FENT(F(YIYNA) € X, Then
there exists non-void open V < U  with
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LCFCEN™ (FOYIN A nlFG, UF(YN1 = & .

It §elF(ZH)(FV)IIN 4~ then § ¢

¢FENT(F(Y)N 5 ) consequently F(+)(§) ¢ F(Y)IN\
Nh,te. F(£I(E)E A,
As an easy consequence of Lemmas 1,3 and 4 we obtain

the following two theorems:
Theoren 2. T(F,- |Gy, G, ) S (P s B, PG00, PG,,)

where G; = G, for covarient G; , Gj = PGy
otherwise,
Theorenp 3. ‘l;(E,,...,F'nIG-”..., GulHyeoiy Ho ) 3

= SCP-’ P+’ F"-""i E';? P'G",.,., P-G»»'» ’ P-HH"'; P-Hﬂ ) , Where
G: and H; are defined as in the previous theorem.
Remark: Here and in the following, the topology is al-
ways represented by the set of all open subsets.
Corollary: If Fj,e., F, Gyyeeey Gpy Hyseeoy Hp
are constructive functors (see [4]), then there exists an
integer k and a set A jsuch that

T (Fapeee By | Gppeees G )2 SCCPYRL Y, )

To CFyerny By 1 Gyyeey G, | Hyyeooy Ho )3 S((PT%, V)
Consequently the categaries T (F,.., F, | Gyy.vey Gy )

and T (Fpp, By 1Goyisy G | Hyyeooy Hp ) are in such
& case boundable, :

- §59 -



_ 11X,

Theorem 4. The following categories #,;...; Rs
are bouhdable: objects are always topological spaces, the
morphisms are
in #, : locally one-to-one continuous mappings,
in &, : open local homeomorphisms,
in &, : local homeomorphisms,
in ﬁq : quasiopen continuous mappings (i.e. contimious

which are open with the exception of a nowhere
dense set),

in a€; ¢ quasilocal homeomorphisms (i.e. continuous map-
pings which are localkhomeouorphium with the
exception of a nowhere dense set).
Remark: The reader sees certainly other variations.

Proof: It suffices to represent quoted categories as
full subcategories of the categories from Theorems 2 and 3.
96’1 = T(-16) (endow the object by the Q-structu-
re {(x,%)Ix=+4y413)
£, =3 T(P*{ Q@) (the P*=structures are repeated to-

pology, Q-structures as above)

cﬁ;:# T(-18,Q@ ° P*) (the Q=structure as above; if (X, 2 )
is a topological space, define a Q o P*=structu~
re r on X as follows:

(A,(aN e nc=>a ¢ A)

o;‘:":; 'f; (=1=1 P*) (the P* —structures are repeated to-
pologies)

£ 3 Ty (-1- IQ@,@ o PT ) analogically as with &, .
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Lemma 5. Let (X, ® ) be a metric epace. Define a
R ¢ G =structure ( R is the set of real numbers) [6' as
follows:

g € p = Ik eR with g (x,y) & (X,Y)

Let (X,;D),(X’, gO' ) be metric spaces. A mapping f:
: X = X' 4s Lipschitzian if and only if it is © ©’ -com-
pactible.

Proof: I, Let £ : (X, @) — (X', ©7) beiaip—
schitzian, Then ©'(#(X); () & K:@ (X, 14) for
every x,y € X .Let ¢ € ©  ; then for every u, v €

€ X 18 gp(u,rv) & &+ 6(u,v ) for con-

venient k, . Consequently [ (( R o G)($))( )X, y)=
=Lge (4 #)(xy)=gHx),fly)s A 6(FCX), Y £

2 K+ &y @ (o)
le. P e Q) GIED
II, Let #:(X,p)— (X, ©") be © @’ -compactible.
Since 6 e & there is 6 o (+ x $) € © .
Theorem 5. The categories of metric spaces with Lip-
schitzian and locally Lipschitzien mappings are boundable.
Proof: First of them is by lemma 5 realizable in
S¢ Pe @ ) . The second one, considering of course the in-
duced topologies, iy realizable in T (— 1R ¢ @) . It is
only necessary to verify that the localization from Defini-
tion 1 (for F contravariant) really corresponds to the u-
sual localization of the Lipschitz condition. If (X, ) is
@ metric space, (U, ©, ) its subspace, then ;5: = B o
oQ(ju)(sb').For, if ¥ € © then ‘i'aféu”?)‘
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=go (g, *3,)6p, 510 Y€ ©, define @ (X,Y)=
sy (X,4) for x, 3y € U, P(x,1) = 0  otherwise;
then qesa and Pg'o'(é’u)(‘f’=1r' A mapping
Fi(X, @)= (X} ") s, by Definition 1, locally

§ @’ =contractible if and only if for every x € X the-
re exists U 3 X  open with ((P»@(3,)e(Re QNG

CRe8GIPE) =@, | le. g (f g, = 3,60,
whenever < € O '. But it holds if and only if £  is
Lipschitzian,
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