Archivum Mathematicum

Jiri Karasek
Induced algebras

Archivum Mathematicum, Vol. 6 (1970), No. 2, 79--87

Persistent URL: http://dml.cz/dmlcz/104713

Terms of use:

© Masaryk University, 1970

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides
access to digitized documents strictly for personal use. Each copy of any part of this
document must contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech
Digital Mathematics Library http://project.dml.cz


http://dml.cz/dmlcz/104713
http://project.dml.cz

79

INDUCED ALGEBRAS
Jikf KARASEK, BRNO

(Received March 28, 1969)

The paper concerns algebras induced in a certain natural way by
generalized algebras, i.e. by sets with a system of multivalued operations.
Connections between congruence relations, homomorphisms and closed
subsets of generalized algebras and those of algebras induced by them
are studied. Further, a special case of generalized algebras in investigated,
namely generalized algebras with one unary operation and algebras
induced by them. At the end of the paper the sum and the product of
generalized algebras are introduced and it is shown that the algebra
induced by the sum of generalized algebras is isomorphic to the product
of the respective induced algebras.

1. GENERALIZED ALGEBRAS

1.1. Definition. Let 4 be a non-void set, K a set. A mapping (a,),.x
of the set K into the set 4 is called a sequence of type K in A or shortly
a K-sequence tn A. The family of all K-sequences in 4 is denoted by AX.
A mapping f of the family AKX of all K-sequences in 4 into the family 24
of all subsets of the set A is called a generalized operation of type K on A
(a K-operation on A).

1.2. Remark. We shall use the denotation f(a,|x € K)instead of f((@,).cx)
for the value of a generalized operation f of type K on 4 at a K-sequence
(aK)KEK '

1.3. Definition. Let A be a non-void set, I a set, (K,),.s & system of
sets, (f)k @ system of generalized operations on A4 such that the
generalized operation f, is of type K, for each (€ I. Then the ordered
pair (4, (fi).r) is called a generalized algebra of type (K,),r1.

1.4. Definition. Let (4, (f.)..r) be a generalized algebra, ¥4 an
equivalence relation on A. ¥ is called a congruence relation on (A, (f.)ir)
if and only if for each + €I and for arbitrary K,-sequences (@)yeK,»
(b,)xek, in A with the property a,9b, for all x € K, there exists to each
zef(a,lx e K,) such y € f,(b,|» € K,) that 28y holds.

1.5. Definition. Let (4, (f.)i1), (B, (9.).c1) be generalized algebras
of the same type. Let ¢ be a mapping of 4 into B fulfilling the condition
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olfila,lx € K,)] = g.(p(a,)|x € K,)

for all 1€l and for all K,-sequences (a,),.x, in 4. Then ¢ is called
a homomorphism of (A, (fi)1) tnto (B, (9.)i1)-

1.6. Definition. Let (4, (f,).1) be a generalized algebra, B = A a set.
We say B is a closed set in (4, (f,).1) if and only if fi(a.|x e K,) = B
holds for each ¢ € I and for each K,-sequence (a,),.x, in B.

2.INDUCED ALGEBRAS

2.1. Definition. Let (4, (f.)..1) be a generalized algebra. Define for
each (eI an (ordinary) operation F, of type K, on the set 24 of all
subsets of 4 in the following way:

F (A, xeK,) ={alacfi(a,lxcK,), a,eA, for all xeK,}, where
(4,)4ek, 18 a K,-sequence in 24. The algebra (24, (F,),.1) is called induced
by the generalized algebra (4, (f.)i1)-

2.2, Theorem. Let A be a non-void set. An algebra (24, (F,),.1) 1s induced
by a generalized algebra if and only if for arbitrary 1€ 1 the following
smplication holds:

If A,= U B,forallxe K, ,then F (A, |x€K,)={a|acF (B, |xcK,),

Byelx
B,e ¥, for all xe K,}.

Proof. 1. Let the algebra (24, (¥,),.r) be induced by a generalized

algebra (4, (f.)ier). Let ¢el, A, = |J B, for all »e K,. Then
BreUx

F(A.|xeK,) ={a|acfla,|xcK) a,cA,for all x eK}=

={al|acfla,]|xeK,), a,eB, W, forall xcK,} ={alacF,(B,lxe

€eK,), B,e U, for all xe K,}.

2. Let the algebra (24, (F,)..r) have the property mentioned in the
theorem.Put fi(a, | x € K.) = F.({a,} | x € K,) forallte I, (a,),.x, € A"
Then the algebra (24, (F,),s) is induced by the generalized algebra
(4, (f.)ier). We have namely 4, = | {a,}, where U, is the family

{ay}eA
of all one-element subsets of 4, for each xz; K,.Hence F,(4,| 2z K,) =
={a|aeF,({a,}|xcK,) {a}cU, forallxecK,} ={a|acf(a,|xcK,),
a, € A, for all x € K,} for arbitrary ¢ € I, (4,),ck, € (24)X..

2.3. Remark. In [2] it is stated incorrectly that an algebra (24, (F,)..r)
is induced by a generalized algebra if the following condition is fulfilled:

A, < B, for all x € K, implies F,(4, | x€ K,) € F,(B, | » € K,) for each
vel, (Ax)xsx,’ (Bx)ueK, € (24)X..
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This condition is merely necessary for (24, (F,).r) to be induced
by a generalized algebra, which follows immediately from 2.2, but it is
not sufficient. It is possible to show it by the following example:

4 ={a,b,c}, i. e. 24 = {0, {a}, {b}, {c}, {a, b}, {a, c}, {b, ¢}, 4}.

Define a unique unary operation F on 24 in the following way:
F©) =0, F({a}) = {a}, F{b}) = {b}, F({c}) ={c}, F(B)= A4

B = {a, b}, {a, ¢}, {b, ¢}, A.

The algebra (24, F) clearly fulfils the condition mentioned in the remark,
but it is induced by no generalized algebra (4, f).

2.4. Definition. Let 4 be a non-void set, 4 an equivalence relation
on 4. Define an equivalence relation @ on 24 in the following way:

B@EC if and only if there exists to each b € B such ¢ € C and to each
¢’ € C such b’ € B that bdc, b'dc’.

The equivalence relation @ is called induced by the equivalence
relation 9. .

2.5. Theorem. Let (A, (f.)ir) be a generalized algebra, (24, (F.).r)
the algebra induced by it. Then the following statements are equivalent:

(A) An equivalence relation @ on 24 is induced by a congruence relation
on (4, (fier).

(B) An equivalence relation @ on 24 is a congruence relation on
(24, (F.)c1) fulfilling the condition: BOC if and only if there exists to each
b € B such c e C that {b} &{c} holds.

Proof. 1. Let (A) hold. Let & be the respective congruence relation
on (4, (fihet). Let cel, (4,),ek,, (By)yek, € (24)K, let 4,6B, hold for
all x € K,. Then there exists to each a, € 4, such b, € B, that a, b,
holds for each » € K,. Let ape F,(4, | xe K,) ={a|acf(a,]|x € K,),
a,e A, for all xe K,}. Consequently there exist a, e A, such that
ao € fi(a, | » € K,). By the preceding, there exist b, € B, such that a,9b,
holds for eack xe K,. From this it follows that there exists
boef(b,|xecK,)<{b|bef (b, |x€K,), b,eB, for all xekK,}=
= F,(B, | » € K,) such that apdbg holds. Therefore @ is a congruence
relation on (24, (F,),.r). By 2.4, we have BOC if and only if there exists
to each b € B such ¢ € C and to each ¢’ € C such b’ € B that bdc, b'dc’.
But since @ is an equivalence relation, consequently a symmetric
relation, it is possible to omit the second condition. Therefore BOC

if and only if there exists to each b € B such ¢ € C that bdc, i.e. if and
only if there exists to each b € B such ¢ € C that {}@{c}.

2. Let (B) hold. Put adb if and only if {a}O@{b}. Let BOC. Then
there exists to each b e B such c € C that {b}&{c}, i.e. bdc. Since O is an

for
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equivalence relation, consequently a symmetric relation, there exists
also to each ¢’ € C such b’ € B that {b'}0@{c'}, i.e. b’dc’. Hence O is in-
duced by #. It remains to show that ¢ is a congruence relation on
(4, (fi)e)- Let 1€ I, (@,),ck, > (b,)yek, € AKs, let a,9b, hold for all x € K,.
By the definition of ¥, we have {a,}0{b,} for all xe K,. Hence
F.({a,} | xe€ K,) OF,({b,} | x € K,), consequently there exists to each
acf,(a,|»eK,)suchbef,(b,|xecK,) that adb.

2.6. Corollary. Let (A, (fi)ir be a generalized algebra, (24, (F,)1
the algebra induced by it. Let & be an equivalence relation on A, @ the
equivalence relation on 24 induced by &. Then the following statements
are equivalent:

(A) 9 is a congruence relation on (A, (f.)ir)-

(B) O is a congruence relation on (24, (F,)1)-

Proof. 1. Let (A) hold. Then also (B) holds by 2.5.

2. Let (B) hold. By 2.4, we have B @ C if and only if there exists to
each b e Bsuchce € and to each ¢’ € C such b’ € B that bd¢, b 9 ¢,
i.e. {b} O{c}, {b'} O {c'}. Considering that @ is a congruence relation on
(24, (F.)ic1), consequently it is a symmetric relation and the second
condition can be omitted. Hence B @ C if and only if there exists to
each be B such ce C that {b} O {c}. Consequently @ is a congruence
relation on (24, (F,),) fulfilling the condition in 2.5. By 2.5, 4 is a
congruence relation on (A4, (f.).1)-

2.7. Definition. Let 4, B be non-void sets, ¢ a mapping of 4 into B.
Define a mapping @ of 24 into 2B in the following way: @(C) = ¢[C]
for each C < A. The mapping @ is called tnduced by the mapping ¢.

2.8. Theorem. Let (A4, (f.)i1)s (B, (g:)11) be gemeralized algebras of
the same type, (24, (F.)wr), (2B, (Qi)w1) the algebras induced by them.
Then the following statements are equivalent:

(A) A mapping @ of 24 into 2B is induced by a homomorphism of
(A’ (fl)lel) tnto (B> (gt)bel)'

(B) ‘A mapping @ of 24 into 2B is a homomorphism of (24, (F\)..1)
into (2B, (G,)ic1) fulfilling the conditions:

a) card P({a}) = 1 forallaec 4;

b) x € ®(0) if and only if there exists ¢ € C such that D({c}) = {x} holds.

Proof 1. Let (A) hold. Let ¢ be the respective homomorphism
of (4, (fhet) into (B, (gher). Let tel, (4,),.k, € (24)%. Then
DFA, | % € K)) = glF(4, | x € K)] = ¢l{o | a € fila, | x  K)).
a,e A forallxe K,}] ={p() |acfila, | xcK.)a,cd,forallxcK,} =
={b|beglgla,) | xeKi) a4, forallxe K} =G (g[d,] | xeK,)=
= G (P(4,) | z€ K,), so that @ is a homomorphism of (24, (F,).,
into (2B, (G\).c1). Further, card ®({a}) = card ¢l{a}] = 1 for each a € A)
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Lastly, we have z € @(C) = ¢[C] if and only if there exists ¢ € ¢ such
that ¢@(c) = z, i.e. D({c}) = {z}.

2. Let (B) hold. Put ¢(a) = b if and only if @({a}) = {b}. By a), it
is assigned to each a€ A a unique be B in this way, ie. ¢ is a
mapping of 4 into B. By b), we have @(C) = {z | x € 4, there exists
ceC, O({c}) ={x}} ={xr |z € 4, there exists ceC, ¢(c) = 2} = ¢[C],
so that @ is induced by @. It remains to show that ¢ is a homomor-
phism of (4, (fi).1) into (B, (g.)ir). Let cel, (a,),k, € AX.. Then
plfia, | = € K))] = ¢[F({a,} | x € K))] = D(Fi({a}|xeK,) =
= G(P(a)) | xe K = gilgla,) | xe K.).

2.9. Corollary. Let (A, (fi)ie1), (B, (9.)ic1) be generalized algebras of
the same type, (24, (F.)i1), (28, (Gi)icx) the algebras induced by them.
Let ¢ be a mapping of A into B, @ the mapping of 24 into 2B induced by ¢.
Then the following statements are equivalent:

(A) @ is a homomorphism of (4, (f.)ier) tnto (B, (¢i).er)-

(B) D is a homomorphism of (24, (F,)..1) into (2B, (G,).1)-

Proof 1. Let (A) hold. Then (B) holds by 2.8.

2. Let (B) hold. By 2.7, we have @(C) = ¢[C]. From this it follows
that the conditions a) and b) in the statement (B) of 2.8 are fulfilled,
so that ¢ is a homomorphism by 2.8, for @ is a homomorphism.

2.10. Theorem. Let (A, (f.)i1) be a generalized algebra, (24, (F.)i.1)
the algebra induced by it. Let B = A. Then the following statements are
equivalent:

(A) B 1s a closed subset in (A, (fi)ier)-

(B) 2B is a closed subset in (24, (F,)1).

Proof.1. Let (A)hold. Let 1€/, (4,) ek, € (2B)K.. Then F, (4, | x€ K,) =
={alacfila,|xecK,), a,ed, forall xecK,} < {a|acfla]|xeK,),
a, e B for all xe K,} = B, for B is a closed subset in (4, (fi).r). Thus
we have F,(4, | x € K,) € 28, so that 2B is a closed subset in (24, (F,).r).
2. Let (B) hold. Let ¢e, (a,),.k, € BE. Then ({a}),.k, € (2B)K:, so
that F.({a,} | % € K,) € 2B. Hence f.(a, | x€ K,) = F\({a,} | x€ K,) = B
and B is a closed subset in (4, (f.)i1)-

2.11. Remark. The theorems analogous to 2.9 and 2.10 are stated
in [2]. But the author assumes that f,(a, | x € K,) # & holds for arbitrary
(€I and for arbitrary (a,)..x, € AK..

2.12. Remark. The construction of the algebra induced by a generalized
algebra has an analogy in automata theory, namely when constructing
the deterministic automaton generating the same language as a given
nondeterministic automaton. If we do not regard to initial and final
states, the given nondeterministic automaton can be considered as
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a generalized algebra (S, (fy)ac4), Where S is the set of states, 4 the
alphabet. Each operation fg is unary and defined by the relation fa(s) =
= f(s, @), where f(s, a) is the function of transitions of the automaton.
Then the respective deterministic automaton can be constructed by
means of the induced algebra (25, (Fg)aca) and its function of transitions
is given by the relation F(T, a) = Fo(T) for each T = 8. (See [3].)

ALGEBRAS INDUCED BY SETS WITH A BINARY RELATION

3.1. Definition. Let 4 ke a non-void set with a binary relation R.
Define a unary generalized operation f on 4 in the following way:

fla) ={b|be A, (a,b) e R} for each a € 4.

The unary algebra (24, F) induced by the unary generalized algebra
(4, f) is called induced by the set A with the relation R, the unary opera-
tion F is called induced by the relation R.

3.2. Theorem. Let A be a non-void set with a binary relation R. Then
the relation R is reflexive if and only if the induced operation F fulfils
the condition B < F(B) for each B = A.

Proof. 1. Let R be reflexive, te B < A. Then z € f(z) < {a | a € f(b),
b e B} = F(B), so that B = F(B) holds foreach B = 4.

2. Let B< F(B) holds for each B< 4. Let zeA. Then
{z} = F({x}) = f(x), so that x € f(x) and R is reflexive.

3.3. Theorem. Let A be a non-void set with a binary relation R. Then
the relation R is symmetric if and only if the induced operation F fulfils
the condition: B F(C) # () implies C n F(B) # () for arbitrary B,C < A.

Proof 1. Let R be symmetric, B, C = 4, xe€ B n F(C). Then
x € B, x € F(C), thus there exists y € C such that z € f(y). Hence y € f(z) =
c {a|aef(b),be B} = F(B),sothatye C n F(B).

2.Let B n F(C) # 0 implies C n F(B) # @ for arbitrary B, C < A.
Let z € (y). Then {z} n F({y}) = {z} 0 fly) # ¢. Hence {y} n F({z}) =
{y} n f(x) # @, s0 that y € f(z) and R is symmetric.

3.4. Theorem. Let A be a non-void set with a binary relation R. Then
the relation R is transitive if and only if the induced operation F fulfils
the condition FX(B) = F(F(B)) < F(B) for each B c A.

Proof 1. Let R be transitive, B < A, ze€ FXB) = {a|aef(b).
b € F(B)}. Then there exists y € F(B) such that z €f(). Further there
exists z € B such that yef(z). Hence z € f(z) < {a|acf(b), be B} =
— F(B), so that F2(B) c F(B).
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2. Let F%B) < F(B) for each B < 4, xef(y), ye€ f(z). Then
ze F({y}) = {a|acfd), be F{z})} = FA{z}) = F({z}) = f(z) and R is

transitive.

3.5. Theorem. Let A be a non-void set with a binary relation R. Then
the induced operation F has the following properties:

1. F@@) = 0.

2. If B,C < A, then F(BUy C) = F(B) U F(C).

Proof 1. Obvious. 2. By 2.2, we have F(BU C) = {a|a e F(X),
X =B, C}=FB)u F(O).

3.6. Theorem. Let A be a non-void set with a binary relation R. Then
the induced operation F fulfils the condition F2(B) = F(B) for each B < A
if and only if the relation R is transitive and =, y € A, xRy tmply the
existence of z€ A such that zRy, xRz.

Proof 1. Let F2(B) = F(B) hold for each B < 4. By 34, R is
transitive. Let y € f(z) = F({x}). Theny € F2({x}) = {a | a € f(b),b € F ({x})},
thus there exists z € f(z) such that y € f(2).

2. Let R be transitive and let y € f(xr) imply the existence of ze 4
such that zef(x), yef(z). By 3.4, we have F%B) < F(B) for all
Bc A Let B A, ue F(B) ={a|acf(b), beB}. We have u e f(w)
for some we B. Hence, it follows that there exists v € 4 such that
u € f(v), v € f(w). Consequently, ue{a|acf(b), beflw)} < {a|acfb),
be F(B)} = F?(B) and F%(B) = F(B) holds.

3.7. Remark. In the remaining part of this paragraph topological
concepts will be used in the sense of [1].

3.8. Theorem. Let A be a non-void set with a binary relation R. Then
the induced operation F is a closure if and only if the relation R is reflexive.

Proof. It follows from 3.2 and 3.5.

3.9. Theorem. Let A be a non-void set with a binary relation R. Then
the induced operation F is a topological closure if and only if the relation R
is a quasiordering.

Proof. It follows from 3.4 and 3.8.

3.10. Theorem. Let A be a non-void set with a binary relation R. Then
the induced operation F is a feebly semi-separating closure if and only if
the relation R is reflexive and antisymmetric.

Proof. Regarding 3.8 it suffices to show that z € F({y}), y € F({z})
imply « = y if and only if R is antisymmetric. But the foregoing implica-
tion holds if and only if z € f(¥), ¥ € f(x) imply z = y, i.e. if and only if R
is antisymmetric.
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3.11. Theorem. Let A be a non-vord set with a binary relation R.
Then the tnduced operation F is a semi-separating closure if and only
if A is an antichain with respect to the relation R.

Proof. 1. Let F be a semi-separating closure, x € A. Then F({z}) =
= f(x) = {x}, so that xRy implies = y and A is an antichain with
respect to R.

2. Let A be an antichain with respect to R. Then F is a feebly
semi-separating closure by 3.10. Besides, we have F({z}) = f(x) =
= {x} for each x € 4, so that F'is even a semi-separating closure.

3.12. Remark. The induced operation ¥ is obviously a semi-separating
closure if and only if it is a discrete closure. So if it is a semi-separating
closure then it is also a separating, regular and normal closure.

4. SUM AND PRODUCT OF GENERALIZED ALGEBRAS

4.1. Definition, Let (4, (f.)ier), (B, (9.).cr) be generalized algebras
of the same type and such that 4 n B = 0. For arbitrary ¢ € I define
a generalized operation (fU g), on 4 U B in the following way:

0 if there exist », %' € K, such
that a, € 4, a,’ € B;

fila, | x€ K,) if a,e 4 for all xe K,;

ga, | xe K,) if a,€ B for all xe€ K,.

The generalized algebra (4 U B, ((fU g).).z) is called the sum of the
generalized algebras (4, (f.)w1), (Bs (0)wer)-

(fU 9 (a, | xeK) =

4.2. Definition. Let (4, (f.)icr), (B, (9.)r) be generalized algebras
of the same type. For arbitrary (el define a generalized operation
(f* g). on A X B in the following way:

(f X ) ((ay, b,) | x € K,) = (fulax | % € K.), gu(b, | % € K,)).

The generalized algebra (A X B, ((f X 9))ier) is called the product of
the generalized algebras , () LeI)’ (B, (ge)eer)-

4.3. Theorem. Let ( f¢)¢el B, (9.)i1) be generalized algebras of the
same type and suoh that A n B (. Let (24, (F Yeel)s (2B, (Gi)ie)
(24UB, ((F U G),):x) be the algebras induced by (A, (fi)wt), (B, ()il
(AU B, ((fU 9).)ic1). Then the algebras (24UB, ((F U G))ier), (24 X 2B,
((F X G).)i1) are isomorphic.

Proof. Both algebras are obviously of the same type. Define a bijective
mapping ¢ of 24 X 2B onto 24UB in the following way:
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@(C, D) = C U D for arbitrary C < 4, D < B.

The mapping ¢ is a homomorphism of (24 X 2B, ((F X G),),.r) onto (24UB,
(F U @)ier)- In fact, let €1, (4,),ck, € (24K, (B,)yek, € (2B)X.. Then
P((F X @), (4, B) | xe K)) = g(Fi(4, | € K,), Gu(B, | x€K,) =
= F/(4,|xeK,)U G(B,|xe€ K,) ={alacfla|xeckK)a,cA,
for all x € K,} U {a|a € g,(a,| % € K,), a,€ B, for all xe K,} =
={alae(fU gh(a,|»x € K,), a, € A, U B, for all x € K,} =
=@FuU G,V B, |xeK,)=(FU @), (p(4,, B,) | € K,). Since ¢
is a bijective homomorphism, it is an isomorphism.
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