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A COMPARISON THEOREM IN THE THEORY
OF THE SECOND-ORDER LINEAR
DIFFERENTIAL TRANSFORMATIONS

V. Seda
Received June 20, 1968

In the paper a comparison theorem for the solutions of some nonlinear
differential equations which have the fundamental meaning for the
transformation theory of linear differential equations of the second
order is proved. In some special cases this theorem will be sharpened.
In deriving the results the transformation theory as it is mentioned in
the book [2] will be used. To emphasize the inclusion of the Jacobi’s
differential equation into the theory of linear differential equations, we
shall consider it in the form y” + ¢(¢) y = 0. The sign {, ¢} will have the
usual meaning. The signs j, J will denote open intervals.

The comparison theorem will be proved step by step. As the first one
will serve the

Lemma 1. Let ty€ §, %0, x5 # 0, x, be arbitrary numbers. Let q;(t) € Co(3j),
¢t = 1,2 and q:(t) < qu(t) for t €j. Let z4(t), ¢ = 1,2, be the solution of the
differential equation

1) {=,t} = q(®),
satisfying the initial conditions
xi(to) = X, x;(to) = .27(,), x:(to) = x;

and let j; be its interval of definition. Then j, C j, and if ; > 0 (x5 < 0)
then

(2) 2i(t) £ x,(t) (x3(8) = =3(8)), tejs
and
z1(t) = xa(t) (z1(t) £ 22(1)) for t € 52, t <ty

zi(t) £ x,(2) (z1(t) = 5(t)) for te€ja, t=t.

If for ti €2, 81 < to and by € j2, L2 > by, respectively z,(t;) = x,(t;) and
x1(t2) = x5(t2), respectively, then xi(t) = x2(f), q1(t) = q2(f) n {1, to)
and {ly, t,), respectively.

Proof. Because with «(t) is also —z(t) a solution of (1) it is sufficient
to prove the lemma only for z, > 0. Let, therefore, z, > 0 and let
ui(t), v¢(t) be a fundamental system of solutions of the equation
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(3) : 3/” + Qi(t) Yy = O’ 1= 152,

such that xz;(t) = u(t)/vi(t). We can assume that u(t), uz(f) as well as
v1(£), va(t) satisfy the same initial conditions at #,. The inequality (2) is
equivalent to the inequality v2(¢) < v%(t), t € j,. Consider the function
v1(t). It can be written in the form

4
@) )=o) + f K, ) [g:0) — ] m@) dr,  tej,

where K(t, t) as the function of ¢ (r being fixed) is the solution of (3)
0K(r,7) 1

ot
Since v,(t) % 0 in j, = (az, b2), K(t,7) < 0 for a, <t < v < £, while
K(it,7) 2 0forty < 7 <t < b (K(t,7) =0 only for ¢t = 1). If v,(t) > 0
in jz, then v;(t) > O in the neighborhood of ¢,. Then from (4) it follows
that »1(t) = v.(f) first in that neighborhood and then in the whole
interval j,. Similarly we get the inequality vi(t) < va(t), t € 52, if v2(f) < O
in j;. In both cases v(t) < v%(t), t € j.. Thus the inclusion j, < j; is also
proved.

If x5(t1) = (8 for ¢, < fo, 1 € j2, then step by step we get z(f) =
= (1), v3(t) = v3(t) and on basis of (4) ¢1(t) = g2(t) in 1, to)-

Lemma 2. Let ty€ §, oo, ag # 0, oty be arbitrary numbers. Let q;(t) € Co(j),
t = 1,2, and q1(t) £ qa(¢) for t €j. Let o(t), © = 1,2, be the solution of the
differential equation

(8) ' {a, 1} + &2 = qu(t)
satisfying the initial conditions

for i = 2 which satisfies the initial conditions K(z, 1) = 0,

(6) ailto) = a0,  &ilto) = ag,  &i(to) = otg.
Then, if ay > 0 (g < 0),

ay(t) = oat) () = a(t)) fortej, t <t
oc,(t) é az(t) (ozl(t) = (Zz(t)) fOTtEj, t =t

If ay(t)) = ax(ty) and ai(tz) = aa(ty), respectively, for ty€j, t1 < to and
t2 €4, 12 > o, respectively, then o(t) = oa(t), q1(t) = qa(t) tn {t1, to) and
to, t2), respectively.

Proof. Similarly as in the preceding case the lemma will be proved
only for ay > 0. Let u;(t), v(t), ¢ = 1,2, form a fundamental system of
the solutions of the equation (3) with the property that tg as(t) =
= wu4(¢)/vs(t) for such all ¢t € j where v;(f) 7= 0. Let u,(t), uz(t), as well as
v1(t), va(t), satisfy the same initial conditions at #. If v,(t) % O for
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t € (a2, b;) whereby € (az, b,) and if ws(a;) = va(b;) =0 (provided
az, b € j), then the lemma 2 in (a;, 6) follows from the lemma 1. Let us
assume now that (a3, b;) is the maximal open interval in which the lemma
2 is true and let b3 < b, where j = (@, b). Then it must be o;(b;) =
= ot3(b3) = 3. These cases can arise.

If ay(t) = aa(t) for ¢y < ¢ < b3, then also ¢;(f) = ¢z(t) in {, b3) and
we can extend the validity of the lemma 2 to a larger interval than
(a3, b3) is. In the case that o,(t) = a,(t) for ty < t £ {, < bs we should
take the point £, as the initial point &,. If suffices, therefore, to consider
the case a;(t) < aa(t) for ty < t < b3. Here two possibilities can arise.

If a3 — oo = 7, then there exist the points #;, &, fo < £, < t < by

(whereby two equalities hold simultaneously) such that oy(f;) = acz(tz) =
= a3 — ;. Then the function y;( ) =sin [a4(t) + T — ds]/Vd (¢) is
a solution of the equation (3) for ¢ = 1,2, with the property y:(f;) =
=y:1(b3) =0, Yalts) = ya2(bs) = 0, ws(t) # O, i, <t < bs. In the case
tz < f, this leads to the contradiction with the Sturm’s comparison

theorem ([1], p. 259) and in the case t, = i, from that theorem we get
the equality ¢1(f) = ¢.(f) in {fo, 65> what is in contradiction with the
assumption o;(f) < ay(t) for ¢y < ¢ < bs.

If a3 —ap < 7, then for sufficiently small ¢ > 0 we consider the

linear independent solutions %;(f) = sin [at(t) — a3 + g-—— € J/V o;(t),

Ti(t) = cos [a,(t) —os + —’2‘—- s]/l/m of the equation (3) (i = 1,2).
One solution of the equation tg «; (t) = uy(t)/ "4(¢) i8 a@s(t) = ots(t) — o3 +
+———s, whereby———2- < alt) < —2~ to £ t £ bs. Therefore 74(f) % 0
in <t°, b3) and, by what was already proved, Lemma 2 is true in an open
interval which contains (fy, b3)>. Hence a;(¢) = a,(¢) in {lo, b3, what is
in contradiction with o;(f) < ax(t) for to < t< b3. Therefore b3 = b
must be.

Similarly it can be shown that a3 = a.
By using Lemma 2 the main theorem of the paper will be proved which
reads as follows.

Theorem 1. Let ty€j, Xoe J, X, # 0, X; be arbitrary numbers. Let

%:(t) € Co(4), Qu(T) € Co(J), ¢ = 1,2 and let qu(t) < ga(t) for t€j, @AT) <
S QuT) for T € J. Let Xy(t), © = 1,2, be the solution of the equation

(7) {X, 8} + Qu(X) X2 = gy(t)
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satisfying the initial conditions
Xi(t) = Xo,  Xjlto) = X;,  Xjlto) = X,

and let j; be its interval of definition. Then j, C j,. Further, if Xo' > 0
(Xo < 0) then

(8) - Xy(t) = Xa(t) (Xa(t) = Xo(t)) for tejs, t=t
Xi(t) £ Xa(t) (X1(t) = Xo(t)) for tejz, t=t.

If Xy(t) = Xa(t) and Xi(t) = Xa(t;), respectively, for ti € ja, 8 < to
and 1 €ja, &, > to, respectively, then X,(¢) = X,(t), q:i(t) = q(t) in
{ty, toy and in {to, ty), respectively, as well as Qi(T) = Qx(T) in X1(<t1, to))
and X (<o, £2)), respectively.

Proof. By [2], p. 193, X;(?), ¢+ = 1,2, is the solution of the equation
9) A(X) = au(t),
where 44(T) is the solution of the equation
(10) {4, T} + 42 = Qu(T),
which satisfies the initial conditions
(11) Aiy(Xo) =0, Ai(Xo) =1, Ay Xo) =0

and oy(?) is the solution of the equation (5) determined by the initial
conditions
(12) ai(te) =0,  ait)) = Xo',  ai(te) = Xu".

Let X; > 0 (X, < 0). By Lemma 2, a,(t) < ou(t) < 0 (0 < oy(t) <
< a(t)) for t € j2, t < tp and there exists the solution X,; = X,(¢) of the
equation 4,(X) = e,(t). From the continuity and the increase of 4,(7")
also the existence of the solution X, of the equation A,(X) = ay(t)
follows, whereby X,, < X,(X2 £ X). Again on basis of Lemma 2
A1(X71) £ oult) (A1(X21) = aa(t)) and since A;(7T") is also continuous
and increasing, there exists the solution X,; = X;(t) of the equation
Ay(X) = oy(t), whereby X < X11(X11 £ Xz). From this if follows
that X,(t) 2 X,(t) (X.1(t) £ X,(t)).

If tej,, t > tp, from Lemma 2 it follows that 0 < oy(f) £ a(f)
(0 > ay(t) = «2(t)) and all preceding assertions in the parenthesis
interchange their place with those outside the parenthesis. Hence
X,(t) = X,(t) (X4(f) = Xo(t)) and at the same time we have proved
42 € j1. If there exists t; €J2, &1 < o such that X;(f) = Xz(t), then in
the preceding considerations only the sign of equality holds at the point
t =t and therefore the equalities a;(¢;) = a(t;) and 41[ X 1(t1)] = 42[ X, (t1)]
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must hold. From this, using Lemma 2, we get the last part of the assertion
of the theorem. A similar result is true when X,(t;) = X,(¢;) for some
ty Ejz, t, > to.

In what follows we shall find a sufficient condition that certain
inequality also hold between the first derivatives of the solutions X;(¢)
already mentioned in Theorem 1. It will be based on the following

Lemma 3. Let the open intervals k;, Ki, ¢ =1, 2, satisfy the relations
k< ki, Ki< K,. Let tye k», Xo€ Ky, Xy # 0, X be arbitrary numbers.
Let the functions By(T) € C3(K3), bi(t) € Ci(ks), ¢ = 1, 2, have the following
properties:

1. By(Xo) = bi(to) = bo, B;j(Xo) X = bj(to) = by # 0,

B;(X,) X2 + Bj(Xo) Xy = bj(to) = bg.
2. If by > 0 (by < 0),then 0 < bi(t) < by(t) (0 > by(t) = by(t)) fort € k.
3. If Bi(Xo) > 0 (B}(Xo) < 0), then 0 < BYT) < By(T)

(0 > BYT) = B(T)) for T e K;.

4. Either a) By(X,) .Bg(T) = 0, TeK, TZ<X,
By(X,) . BAT) = 0, Tek, TzX,
28 true or
b) Kl = KZ’ and BII(X()) B;(T) g 0, Te Kl, T é X()

B(Xo) BY(T) £ 0, TekK, TzX,

1s valid.
Then for the solution X;(t), ¢ = 1,2 of the equation
(13) Bi(X) = by(t)

it holds: If j; is the interval of definition of X;(t), then j, < ji. Moreover,
if Xo > 0(X, < 0), then 0 < X (t) = X,(t) (0 > Xi(t) = X,(¢t)) for t € ja.

Proof. With respect to the fact that (13) is equivalent to the equation
—By(X) = —b;(t), it suffices to consider the case Bi(X,) > 0.

Let X, > 0 (X, < 0). Then by > 0 (by < 0) and from the properties 2
and 3 of the functions b;(t), B;(T) the inequalities b,(f) < b4(t) < bo
(bz(t) = bl(t) > bo) forte kz,t < to and bo < bl(t) < bz(t) (bz(t) =< bl(t) <
< bo) for t e k,, t > to follow. At the same time B(T') £ B,(T) < b, for
TeK,, T < Xoand By(T) = By(T) > byforT € K;, T > X,. In similar
manner as in the proof of Theorem 1, from these inequalities the relation
Jj2 < j1, and the inequalities (8) follow. Further from (13) the equality
© X)) =0;(t)/B;[X:(t)], teji, ¢ = 1,2, follows, from where, using the
inequalities 2, 3 and 4a, as well as the inequalities (8), we get
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0 < X{(t) < by(t)/Bi[Xa(1)] £ by(t)/ Byl Xu(1)] = X3(t)
(X3() = b1(0)[B;[X(1)] < b3(1)/Bo[Xu(6)] = Xi(t) < 0)

for t € j;.
If instead of inequalities 4a) the property 4b) of the function By(T) is
considered, then for ¢ € j,

0 < Xi(t) £ by(t)/Bi[Xu(t)] < by(1)/Bi[Xa(t)] = X3(F)
(X3(t) = b1(8)/B3[X,(t)] < b1(8)/Bi[X2(t)] = Xi(t) < 0)

hold.

With respect to the meaning of the equation (9) where it suffices that
Ai(T) and ay(t), ¢ = 1,2, satisfy the initial condition

ai(to) = Ai(Xo), ai(to) = A;(Xo) Xy, i(to) = A7(Xo) Xz + A3(Xo) X
([2], p. 194) it will be suitable to consider the solution A4;(7T') of the
equation (9) and the solution a;(t) of the equation (5), respectively, as the
function B;(T') and b;(t), ¢ = 1,2, respectively, in Lemma 3.

The solution o4(t) of the equation (5) satisfying the initial conditions (6)
can be also determined in the following manner.

Let for ¢ = 1,2 uy(t), v;(t) be the fundamental system-of the solutions
of the equation (3) given by the conditions

(14) wlt) =0 wifte) = (sgn o) Vg |

(1) vilte) = 1)1 g | vito) = — (sgm o) a5/ (2)/ | a5 P).
Then the function

(16) rt) = [l ¥ 70,  tej,

is the solution of the differential equation

17) " 4 qit)r =1r-3 ([21, p- 32)

which satisfies the initial conditions
18)  nte) =1fTagl,  rilto) = — (sgm op) /(2T ogP)-
Therefore the function oo + (sgn o) ft dz/ri(r) is the solution of the
differential equation (5) ([2], p. 35) whitéh satisfies the conditions (6) and
hence on basis of the Uniqueness theorem ([2], p. 193) we get the relation
(19) ou(t) = oo + (sgn org) j dr/ri(v), tej.

o

Using this we shall prove

Lemma 4. Let all assumptions of Lemma 2 be satisfied and let oy(t),
t =12, have the same meaning as in that lemma. Let (a;, b)) < j be the
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maximal interval containing to such that the solution v,(t) of the differential
equation (3) for i = 2 determined by the conditions (15) is positive in
(@2, b2). Then, if oog > 0, (xg < 0) then the inequalities

(20) 0 < ay(t) = o(t) (0 > y(t) 2 aslt)), t € (a2, b),
hold.

Proof. With regard to the equality (19) the inequality (20) is equivalent
to the inequality r3(t) = 73(t), t € (a2, b2), where r4(t), ¢ = 1,2, is given by
the relation (16) and w(t), v;(t) mean the solutions of the differential
equation (3) satisfying (14) and (15), respectively. In the proof of Lemma 1
the inequality v3(t) = v3(¢), t € (a2, b2), was proved. If the notations from
that proof are used, we can write

t
(21) uy(t) = uz(t) + ! K(t, 7) [q2(7) — qu(¥)] wa(v) dv, tej.

If a5 > 0, then u(f) < 0 and u,(t) > O, respectively, fortp —e < t < &y
and for &, < t < ty + &, respectively, where ¢ > 0 is a small number.
Then from (21) it follows that u;(t) < u,(¢) £ 0 fort € (az, to) and uy(f) =
= uy(t) = 0 for t € {to, b;). Hence u?(t) = ui(t) for t € (a2, b2). The same
inequality will be got if «, < 0.

If ¢5(t) £ 0 in j and &y = O, then the solution v,(t) of the equation (3)
for © = 2 determined by the conditions (15) has no zero in j, as it follows
from the identity (va(t) v3(t)) = — qa(t) v3(t) + v,3(¢), ¢ € j. Hence then
(@2, bz) =j. At the same time the solution r,(¢) of the equation (17)
for + = 2 satisfying the initial conditions (18) is convex and thus, on
basis of (19), for a,(f) the inequalities

oy(to) oz ()2 O, tej, t
a5 (to) o5(t) < 0, tej, ¢

are true. A similar result also holds for the solution A4,(7") of the dif-
ferential equation (10) for 2 =1 if Aj(X,) =0 and Q(T) = 0, T e J.

Hence, if Qx(7) < Qi(T) = 0, T e J, qi(t) £ q2(t) < 0, t €7, as well as
X, = 0, then the solution 4;(7') of the equation (10) which is determined
by the initial conditions (11) and the solution a4(t) of the equation (5)
given by the initial conditions (12), respectively, satisfies, on basis of the
last consideration, and Lemma 4, all assumptions of Lemma 3. From that
the following sharpening of Theorem 1 in a special case follows.

Theorem 2. Let toej, Xoed, X, # 0 be arbitrary numbers. Let
qi(t) € Co(j), Qi(T)eOo(J), t =12, and ¢:(f) £ q2(t) £ 0 for tej,
QAT) 2 Qi(T) £ 0 for TedJ. Let Xy(t), 1 = 1,2, be the solution of the
differential equation (7) satisfying the initial conditions

Xi(to) = Xo, Xi(t) = X, Xi(to) =0

to
to

IV 1IA
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and jy be its interval of definition. Then for X, > 0 (X, < 0), the inequalities
0 < X(t) £ X(t) (0 > X,(t) = X}(t)) for t € j, hold.
A further sharpening of Theorem 1 is based on the following

Lemma 5. Let ty € j = (a, b), og be arbitrary numbers. Let q;(t) € Co(j), 1 =
= 1,2, have these properties:

1. 0 < 2 = qu(t) £ qaft) for all t€j.

2. The closed interval {to — n/(2l/42(to)),
to + 7/(2)/g2(t0)) > = <@z, b2 < j-

3. q2(t) = qa(to) for all t € {az, b2), qa(t) is nonincreasing in (a, az) and
nondecreasing in {b,, b).

Let oy(t), 1 = 1,2, be the solution of the differential equation (5) satisfying
the initial conditions

(22) ailfo) = a0,  ai(t) =c¢,  a(t) =0.
Then, for ¢ > 0 (¢ < 0) the inequalities

0 < aj(t) S ay(?) (0 > aj(t) = ay(t)) for tej
hold. )

Proof. It is sufficient to prove the lemma only for ¢ > 0. Hence,
let ¢ > 0. From Lemma 4 the validity of Lemma 5 follows in (az, b,).
The solution of the differential equation (5) for ¢ = 1 satisfying the
initial conditions (22) is o1(t) = o + c(t — o). Therefore

(23) ¢ = ay?), t € (az, by).

Since g¢(f) is nonincreasing in (a, b,> and nondecreasing in {a,, b), on
basis of a theorem in [2], p. 115, the fundamental central dispersion g(¢)
of the differential equation (3) for ¢ = 2 satisfies the inequalities ¢'(t) 2 1
for t € (a,az) and ¢'(t) < 1 for ¢ € <a,, b). Using the last inequalities in the
equality ay[@(f)] = oy(t)/¢’(t), which follows from the Abelian functional
equation ([2], p. 118), we get that the inequality (23) will be also satisfied
in further intervals to the left and to the right from (a., b,) in which the
nontrivial solution v,(f) of the differential equation (3) for ¢ = 2 satisfying
the condition vy(t) = 0 is different from 0. By the continuity of v,(t) (23)
also holds at the zeros of that function.
Similarly will be proved

Lemma 6. Let to€j = (a, b), o be arbitrary numbers. Let q;(t) € Co(j),
t = 1,2, have these properties:
l.auf) Sc2=¢q{) >0 foral tej.
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2. The closed win_terval (to—n/(zl/M):
to + 71/} q(to) > = <@, b1> < J.

3. qi(t) = quto) > O for all t € {ay, b1), qi(t) is nondecreasing in (a, a1y
and nonincreasing in (b, b).

Let oy(t), © = 1,2, be the solution of the differential equation (5) satisfying
the initial conditions (22). Then, for ¢ > 0 (¢ < 0) the inequalities

0 < o(t) = apt) (0> oqt) 2 ay(t) fortey
hold.

Proof. The assertion of the lemma will be proved only in <a, b;).
Further the proof continues similarly as that of the preceding lemma.
Let ¢ > 0. The inequality (20) in {a,, b,) is equivalent to the inequality
r3(¢) = r3(¢) in that interval, where r4(f), ¢ = 1,2, is given by the relation
(16) and w;(t), v;(f) are the solutions of the equation (3) satisfying the
initial conditions (14) and (15), respectively, for a; = ¢, a; = 0. A simple
calculation shows that 73(f) = 1/c + (c2 — c3)/(c%c) sin2 ¢,(t — &) = 1ljc =
= 7r3(t), t €4, where ¢? = ¢i(to).

Combining Lemma 5 and Lemma 6, on basis of Lemma 3, we get some
sharpenigs of Theorem 1. From them only the following will be mentioned
as

Theorem 3. Let to€j = (a, b), Xo€J = (A, B) be arbitrary numbers.
Let q4(t) € Co(J), Qi(T) € Co(J), © = 1,2, have the following properties:

1. The functions q:(t), q2(t) have the properties 1.—3. from Lemma 5.

2. QT2 C2=Q(T) >0 forall Teld.

3. The closed interval (X, — 7/(2}/@:(Xo)),
Xo + /(2 Qu(X0)> = (A2, B < J.

4. Q(T) = Qx(Xo) > 0 forall T e<lAd,, By, Q(T) is nondecreas-
ing in (4, Az) and nonincreasing in {(B,, B).

Let Xy(t), i = 1,2, be the solution of the differential equation (7) satisfying
the initial conditions

Xi(to) = X(), X;(to) == C/C, XZ(to) = 0

and let j; be its interval of definition. Then for ¢/C > 0 (c/C < 0) the
tnequalities 0 < X((t) < Xy(8) (0 > X(8) = X,(t)) for t € j, hold.
Further the following theorem is true.

Theorem 4. Let all assumptions of Theorem 1 be satisfied and let the
solution X;(t) and the interval j;, ¢ = 1,2, have the same meaning as in that
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theorem. Let, further, @i(T1) 2 Q:(T) Forall T, £ T, £ X,,as well,as Jor
all Xo < T1 < Tz Let @T) < O for qp g J. Then for Xg > 0(X,<0)
the following inequalities are true:

(24) 0 < X;(t) = X5t) (0> X;(g) > X5t) for tej,

(25) X0/ X:(t) 2 Xo0/Xyp)  teja, tZHo
XOIXit) £ X301 Xy teja, t2h
and

(X1 = X50),  tejr, tSto

Proof. If we denote X;(t)/(2X;(t)) = z(t), t€ji, + = 1,2, then z(t)
satisfies the differential equation 2’ — ¢;(¢) + 2% + fi(f), where fi(t) =
¢

= —@Qi[Xi(t)] X2 exp (4 lf zi(t) d7).

Assume, first, that q¢i(t) < ¢x(t), tej. Then z(lo) = za(to) and
21(to) < 23(to), hence there exists a neighbourhood of the point # in
which 2z,(t) > 2,(t) for ¢ < tp and z(t) < z,(¢) for ¢ > to. Let (g, t) be
the maximal open interval in which these inequalities are valid and let
tp < b,, where j, = (az, b;). Then it must be z,(f») = 22(ty). At the same
time on basis of Theorem 1 and of properties of the function @;(7T'),
fi(t) < fa(t) forlt, < t<<to, as well as for f, <t < tp. Further there
exists a constant M > O such that |z;(¢)| < M for te (to, tp). Hence fort e
€E(to—e,tp+ &), ze(—M—1, M +1), ¢ >0 being sufficiently
small, ¢1(¢) + 22 + fi(¢) < q2(f) + 22 + fa(t) is true and at the same time
both functions satisfy a Lipschitz condition in the variable z there. By
the Corollary to Comparison theorem ([1], p. 23) from the equality
z1(ty) = z2(ty) the equality 2z,(f) = 2,(¢) in {fo, tp) follows. By a simple
transformation we get that the mentioned corollary (with the opposite
inequality) is also valid to the left from ¢, and hence, if {; > a, then
2)(t) = z3(t) for t € (ta, o). In both cases we have come to a contradiction.
Therefore the inequalities (25) are valid in j,. From them after integra-
tion we get the inequalities (24) and (26), step by step.

If ¢,(¢) < qat), let us consider the solution Xj,(t), n =1,2,3, ..., of
the differential equation

{X,t} + QuX) X2 = qy(t) — 1/n

satisfying the same initial conditions as X,(t). Then the inequalities (24),
(25) and (26) are valid where instead of X,(¢) will stand X;,(f). From
these inequalities, as well as from Theorem 1, it follows, that the values
of the functions Xi(t), X1a(t), X7,(t), as well as those of the functions
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X,(t), X;(t), X(¢) for ¢ from the compact subinterval of the interval j,
lie in a compact set of the space of the variables (¢, X, X', X") which
does not contain X’ 7 0. Further the Uniqueness theorem holds for the
solutions of the equation (7) ([2], p. 193). From that, using the Theorem
on continuous dependence of solution on the parameter, [3], p. 58, we get
the uniform convergence Xin(t) to Xi(t), Xia(f) to Xj(t) and Xia(t)
to X(t) on each compact subinterval of the interval j,. Thus the inequa-
lities (24), (25) and (26) are proved also in this case.
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