
Chapman University
Chapman University Digital Commons
Mathematics, Physics, and Computer Science
Faculty Articles and Research

Science and Technology Faculty Articles and
Research

6-29-2017

Multi-type Display Calculus for Semi-De Morgan
Logic
Giuseppe Greco
Delft University of Technology

Fei Liang
Delft University of Technology

M. Andrew Moshier
Chapman University, moshier@chapman.edu

Alessandra Palmigiano
Delft University of Technology

Follow this and additional works at: https://digitalcommons.chapman.edu/scs_articles

Part of the Algebra Commons

This Conference Proceeding is brought to you for free and open access by the Science and Technology Faculty Articles and Research at Chapman
University Digital Commons. It has been accepted for inclusion in Mathematics, Physics, and Computer Science Faculty Articles and Research by an
authorized administrator of Chapman University Digital Commons. For more information, please contact laughtin@chapman.edu.

Recommended Citation
Greco G., Liang F., Moshier M.A., Palmigiano A. (2017) Multi-type Display Calculus for Semi De Morgan Logic. In: Kennedy J., de
Queiroz R. (eds) Logic, Language, Information, and Computation. WoLLIC 2017. Lecture Notes in Computer Science, vol 10388. Springer,
Berlin, Heidelberg. doi: 10.1007/978-3-662-55386-2_14

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Chapman University Digital Commons

https://core.ac.uk/display/215778234?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
https://digitalcommons.chapman.edu?utm_source=digitalcommons.chapman.edu%2Fscs_articles%2F585&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.chapman.edu/scs_articles?utm_source=digitalcommons.chapman.edu%2Fscs_articles%2F585&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.chapman.edu/scs_articles?utm_source=digitalcommons.chapman.edu%2Fscs_articles%2F585&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.chapman.edu/science_articles?utm_source=digitalcommons.chapman.edu%2Fscs_articles%2F585&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.chapman.edu/science_articles?utm_source=digitalcommons.chapman.edu%2Fscs_articles%2F585&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.chapman.edu/scs_articles?utm_source=digitalcommons.chapman.edu%2Fscs_articles%2F585&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/175?utm_source=digitalcommons.chapman.edu%2Fscs_articles%2F585&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:laughtin@chapman.edu


Multi-type Display Calculus for Semi-De Morgan Logic

Comments
This is a pre-copy-editing, author-produced PDF of a conference paper accepted for publication in Lecture
Notes in Computer Science, volume 10388, in 2017. The final publication is available at Springer via DOI:
10.1007/978-3-662-55386-2_14

Copyright
Springer

This conference proceeding is available at Chapman University Digital Commons: https://digitalcommons.chapman.edu/
scs_articles/585

https://doi.org/10.1007/978-3-662-55386-2_14
https://doi.org/10.1007/978-3-662-55386-2_14
https://digitalcommons.chapman.edu/scs_articles/585?utm_source=digitalcommons.chapman.edu%2Fscs_articles%2F585&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.chapman.edu/scs_articles/585?utm_source=digitalcommons.chapman.edu%2Fscs_articles%2F585&utm_medium=PDF&utm_campaign=PDFCoverPages


Multi-type display caculus for Semi-De Morgan
Logic

Fei Liang

joint work with Giuseppe Greco, Andrew Moshier and Alessandra
Palmigiano ∗

Preliminaries A = (A,∩,∪,∗ ,1,0) is a De Morgan algebra (DM-algebra) if: (D1)
(L,∩,∪,1,0) is a bounded distributive lattice; (D2) 0∗ = 1,1∗ = 0; (D3) (a∪ b)∗ =

a∗∩b∗ for all a,b ∈ A; (D4) (a∩b)∗ = a∗∪b∗ for all a,b ∈ A; (D5) a = a∗∗ for every
a ∈ A. It was originally introduced by Bialynicki-Birula and Rasiowa [1].
A = (A,∧,∨,′ ,>,⊥) is a Semi-De Morgan algebra (SM-algebra) if: (S1) (A,∧,

∨,1,0) is a bounded distributive lattice; (S2) ⊥′ = >,>′ = ⊥; (S3) (a∨b)′ = a′∧b′

for all a,b ∈ A; (S4) (a∧b)′′ = a′′∧b′′ for all a,b ∈ A; (S5) a′ = a′′′ for every a ∈ A.
It was first introduced by H.P. Sankappanavar [15] as a common abstraction of De
Morgan algebras and distributive pseudocomplemented lattices.

Problems D.Hobby [12] gave a topological duality based on Priestley spaces for
semi-De Morgan algebras. Some subvarieties of semi-De Morgan algebras are also
studied in the literature [14]. From a proof theoretical perspective, M. Ma and F.
Liang [13] proposed a G3-style sequent calculus for semi-De Morgan algebras. In
this talk, we will present a proper display calculi for semi-De Morgan logic. A
formula is analytic iff it can be transformed into a structural rule which preserves
cut-elimination in display calculi [3][9]. (S4) and (S5) are not analytic, that is to
say, we cannot transform them into display structural rules which preserve cut-
elimination.

Solutions We introduce a heterogeneous representation for semi-De Morgan alge-
bra, in which all axioms are analytic. We proceed as follows:

For any SM-algebra A := (A,∧,∨,′ ,>,⊥), denoting by L the distributive lattice
reduct of A, there exists a De Morgan algebra D = (A′′,∩,∪, ∗,1,0), where A′′ =

{a′′ | a ∈ A} such that there is a homomorphism h from L onto D, and a one-to-one
map f from D to L such that f is meet preserving and also preserves the bounded
elements, moreover, h◦ f = IdD.

An heterogeneous SDM-algebra [2] is a structure (L,D, f ,h) such that L is a
distributive lattice, D is a De Morgan algebra, f : D→ L and h : L→ D such that ,
∗This research is supported by the NWO Vidi grant 016.138.314, the NWO Aspasia grant

015.008.054, and a Delft Technology Fellowship awarded to the second author in 2013.
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h is a homomorphism from L onto D, h( f (α)) = α for every α ∈ D, and moreover,
f is a one-to-one map, and it is meet preserving and also preserves the bounded
elements. Then, we can define ¬ : L → L by ¬a := f ((h(a))∗) for every a ∈ L.
Finally, we can show (L,¬) is a semi-De Morgan algebra. Then (S4) and (S5) will
be:
(S4’) f ((h( f ((h(a∧b))∗)))∗) = f ((h( f ((h(a))∗)))∗)∧ f ((h( f ((h(b))∗)))∗)
(S5’) f ((h(a))∗)) = f ((h( f ((h( f ((h(a∧b))∗)))∗)))∗).
Now, both of them are analytic.

Since h, f ,∗ are normal operators, all of them can preserve canonicity see [7]. It
suffices to show (Lδ,Aδ, f π,hπ) is a perfect heterogeneous SDM-algebra and ¬δ :=
f π◦∗ π◦hπ is the canonical extension of ¬. By general results of the theory of multi-
type calculi [10, 11, 5, 8, 4, 6], these ingredients suffice to generate a conservative
proper display calculus for semi-De Morgan algebras.
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