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Abstract. A Nevanlinna function is a function which is analytic in the open
upper half plane and has a non-negative imaginary part there. In this paper
we study a fractional linear transformation for a Nevanlinna function n with
a suitable asymptotic expansion at co, that is an analogue of the Schur trans-
formation for contractive analytic functions in the unit disc. Applying the
transformation p times we find a Nevanlinna function n, which is a fractional
linear transformation of the given function n. The main results concern the ef-
fect of this transformation to the realizations of n and n,, by which we mean
their representations through resolvents of self-adjoint operators in Hilbert
space. Our tools are block operator matrix representations, u—resolvent ma-
trices, and reproducing kernel Hilbert spaces.
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1. Introduction

In the papers [4] and [5] the Schur transformation for generalized Nevanlinna func-
tions with a reference point z; in the open upper half plane was considered. An
analogous transformation for Nevanlinna functions (for the definition of a Nevan-
linna function see Section[2) and for the reference point oo is defined in [T, Lemma
3.3.6], see [3]. This transformation or a simple modification of it we call here the
Schur transformation for Nevanlinna functions, and it is the starting point for the
present paper. To give more details, we consider a Nevanlinna function n which
has for some integer p > 1 an asymptotic expansion of order 2p 4+ 1 at oo, for
example

_ S0 S S2p 1 .
n(z) = L T 2T 2ot T O (z2p+1) , 2=1y, y — oo (1.1)
The Schur transform 7 of n is the function
~ S0 S1
= — — —; 1.2
() o=~ =2 (12)

the relation between n and 7 can also be written as
S0

z—s—l—i—ﬁ(z)'
50

n(z) = —

The transformed function n =: n; is again a Nevanlinna function, but in general
with an asymptotic expansion of the form (II) of lower order 2p — 1, and if p > 1
the Schur transformation can be again applied to n; etc. As a result we obtain a
finite sequence of Nevanlinna functions ny =7, ne = n1,...,n, = Np_1; this is the
sequence of functions that appears in the asymptotic expansion of n by continued
fractions, see [II, Section 3.3.6].

The transformation ([2]) is closely related to the finite Hamburger moment
problem. We recall that the Nevanlinna function n with an asymptotic expansion
(1) admits an integral representation

n(z):/oo dot)

oo t— 2

where o is a bounded non-decreasing function on R. The coefficients s; in (L)
are the moments of the function o:

o0
5j :/ thdo(t), j=0,1,...,2p. (1.3)
— 00

The moment problem we have in mind is the problem to determine all Nevanlinna
functions n with an expansion (1)) and given coefficients s;, j = 0,1,...,p, see
[, Theorem 3.2.1].

An essential feature in our studies are operator representations or so-called
realizations of Nevanlinna functions, see [13], [10], and [9]. In fact, if the Nevanlinna



function n admits an asymptotic expansion (1)) its operator representation takes
the simple form

n(z) = (A—2)"'u,u), z#2z% (1.4)
with some Hilbert space H with inner product (-,-), v € H, and a self-adjoint
operator A in H. We study the corresponding operator representation of the Schur
transform 72, and also of the functions no,...,n,. For example, the function n
admits an operator representation of the form ([L4]) with a Hilbert space 7—7, an
operator ,Z, and an element 7 which are the orthogonal complement of the element
u in H, the compression of A to ﬁ, and a multiple of the projection of Au onto
7'A(, respectively. After applying the Schur transformation p times, the resulting
function n, admits an operator representation of the form () with the space

H; =HOH, H,:=span{u,Au,..., AP u},

the operator that is the compression of A to this space, and an element which is
a multiple of the projection of APu onto Hj,.

Since n,, is obtained by subsequent application of fractional linear transfor-
mations of the form (L2]), there is a fractional linear relation between the function
n and the transformed function n,. We derive an explicit form for the defining
2 x 2 matrix function V of this relation in three ways: By calculating the resolvent
of the operator A in its 2 x 2 block matrix operator form corresponding to the
decomposition H = H,, @ H,,, by means of the description of all generalized resol-
vents of a certain symmetric restriction of A with defect one in the space Hpt1,
and via reproducing kernel methods using the non-negative Nevanlinna kernel

n(z) — n(w)*

z — w*

Ly(z,w) = , z,weC\R, z#£w".

For the Nevanlinna function n with an asymptotic expansion (), polyno-
mials e; and d;, j = 1,2,...,p, of first and second kind can be defined by the
well-known formulas, see [I, Chapter I]. Recall that e; is a polynomial of degree
j, and that d; is a polynomial of degree j — 1. We show that the polynomials €;
of first kind of the transformed function n coincide, up to constant factor, with
the polynomials d;11(z) of second kind for the given function n, whereas the poly-
nomials c@ of second kind for n are linear combinations of ej11 and d;y;. As a
consequence, the polynomials of second kind for n are orthogonal with respect to
the measure generated by the non-decreasing function ¢ in the representation of
the form (LA4) of the Nevanlinna function 7; in this statement n can be replaced
by the function —1/n. As in the classical moment problem, the 2 x 2 matrix func-
tion V', which determines the fractional linear relation between n and n,, can be
represented by the polynomials of first and second kind.

A short synopsis is as follows. The Schur transformation is defined in the
next section. We start with weaker forms of the asymptotic expansion (), for
example

1
n(z)——s—o———l—o(;), z =1y, y — +oo,
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and consider also a weaker form of the Schur transformation. In Section [l we men-
tion three concrete forms of the operator representation of n. The basic result of
this section is Theorem [3.I]which describes the operator model for the transformed
function. Higher order approximations and the corresponding polynomials of first
and second kind are introduced in Section[d In the operator model an asymptotic
expansion ([I)) can be characterized by the fact that v € domAP. The main result
of this section is the relation between the polynomials of first and second kind
of n and n which was mentioned above. The reduction via a p-dimensional sub-
space, that corresponds to p subsequent applications of the Schur transformation,
is given in Section Bl by means of a block operator matrix representation of A. In
Section [@] the corresponding transformation matrix V' is expressed in terms of the
polynomials of first and second kind. Although the final formulas are well known
(see for example [I]) this approach seems to be new.

In Section [7 applying the theory of u-resolvent matrices, we derive a rep-
resentation of a transformation matrix in an explicit form by means of the given
moments; it corresponds to Potapov’s formula for the solution matrix of the Nevan-
linna - Pick problem, compare also [2]. Finally, in Section B we explain the con-
nection between n and n, through some basic results from the theory of resolvent
invariant reproducing kernel spaces, and give another proof for the representation
of the transformation matrix by orthogonal polynomials.

2. The Schur transformation

1. A Nevanlinna function is a complex function n which is defined and analytic in
the upper half plane C* and has the property

2€Ct = TIm n(z) >0.
We always suppose that n is extended to the lower half plane C~ by the relation
n(z) =n(z")", zeC7, (2.1)

and to those points of the real axis into which it can be continued analytically.
The set of all Nevanlinna functions is denoted by Ny. Recall that n € Ny if and
only if n is analytic in C\ R and the kernel

Ly(z,w) = M, z,w € C\R, z #w",

z—w*
is positive definite.
Let n € Ny and consider the following properties of n:



(30) n(z) = -2~ % 4o <Zi2) ,

where here and in the following, the limit relations are understood to hold for
z — 400 along the imaginary axis. The assumption (21 implies that so and s;
are real numbers. Evidently, (39) = (20) = (1o). The function n satisfies the
assumption (1g) if and only if it belongs to the class (Ry) of [12], which means
that it admits an integral representation

+oo
n(z) = / ti . do(t), ze€C\R, (2.2)

— 0o
where o is a bounded non-decreasing function on R. Then
—+o0
/ da(t) = 50,
— 00

hence sy > 0, and if sp = 0 then n(z) = 0. With the representation ([Z2]) of n the
assumption

/Oo it] do(t) < oo (2.3)

implies that (3¢) is satisfied. Indeed, (23] implies that
S1 = / tdO’(f)
exists and with z = 1y
5 so s\ [0 12 B 2 £yt B
z (n(z)—i— ?-i-;) —[m t_zda(t) —/700 R tdo(t) =o(1).

The assumptions (1p), (20), and (3¢) are all different. To see that (19) = (20)
we show that if n € N has the representation (2.2) with suppo C [0, 00) and

/OOO do(t) < oo, /OOO tdo(t) = oo,

then (2¢) does not hold: Let ¢ > 0 be given arbitrarily (large) and choose K > 0
K

such that / tdo(t) > c. If y is chosen large enough then for 0 < ¢ < K we have
0

2
Yy >},
2 4+y2 =2
and hence
oo 2
y“t c
do(t) > =
Lmt2+y2 =73
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which implies that (2y) does not hold. Thus, for example, the function
-1 [ 1 dt
==z Jo t—zat+1)Vi

n(z) =

satisfies (1p) but not (2g).
Let n be the Nevanlinna function, defined in the upper half plane by
— 50

n(z) = ————,

&= e

where sg is a positive real number, v is a complex number with Im~y > 0, and f
is a Nevanlinna function such that f(z) = o(1). It has the properties

z€CT,

lim  2? (n(z) + S?O) = S0, lim 22 (n(z) + S?O) =7"s0,

Z=1iy, y—00 Z=1y, y——00

and hence n satisfies (29) but, since the two limits are different (and non-real), it
does not satisfy (3).
Instead of the assumption (3p) also the assumption

n(z)=-2_2 40 <;> (2.4)

seems reasonable. However, according to [I3] Bemerkung 1.11], (24) implies the
existence of a real number so such that

n(z)__s_o—ﬂ—5—2+o<i); (2.5)

this relation will be considered in Section Ml as assumption (11). The implication
(Z4) = ([Z3) can also be seen from the integral representation (2.2) of n: ([24)

implies
23 /Oo L liem+2) —on
t—z =z 22 ’

— 00

and hence with z = iy

2t (t +1i
_/WE$E%QMW+Wm—WU,y~m.

Taking the imaginary part we see that

0 2
. t
51 = llmyﬂoo / t2y—i——y2 dO'(t)

and taking the real part we see that there exist real numbers C' and yq such that
oo 1242
Yyt
5 do(t) <C, y=yo.
Lwﬁ+ﬁ
This implies that
o0
S2 ::/ t*do(t) < oo,

— 0o



hence

/Oo It do(t) < oo

— 0o

51 _/O;tdo-(t).

Now (23] easily follows from the integral representations of n and the expressions
for the real numbers sg, s1, and so: With z = iy we have

3 so  s1 s\ [ 3 B ot Hitdy B

2. Now we define the basic transformations considered this paper.

and

Definition 2.1. If n € Ny satisfies the assumption (1) or (2¢), the Schur type
transform n of n is the function
—50

niz)=——=-—z

(6= 5=

if n € Ny satisfies the assumption (3g) the Schur transform 1 of n is the function
~ —S0

niz)=——-—-2+—. 2.7

()= s -t 2 (27)

The difference between the formulas (2.6) and 27) is just in the additive

real constant s;/so: under the stronger assumption (3¢) this constant assures that

the transform tends to zero if z tends to +oo along the imaginary axis, see (ZI0)

below.

The relations (Z6]) and (Z7) can also be written as a first step of a continued
fraction expansion

(2.6)

So S0
n(z)z—m, or n(z)z—m.
Theorem 2.2. The following equivalences hold:
n € Ny and satisfies (19) <= n € Ny, n(z) = o(z), (2.8
n € Ny and satisfies (29) <= n € Ny, n(z) = 0(1), (2.9)
n € Ny and satisfies (39) <= 7 € Ny, 7ni(z) = o(1). (2.10)

Proof. We have
o 51 So+2n(2)
A straightforward calculation yields

Im7(z) = Im7i(z) = |;2;2 (SOII?H:L(ZZ) - In(z)lz’) ,

and the estimate

n(=)]? = } [T

2

t—z

S/ML@/:‘)M@_MSO

o |t—2z]? Imz
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implies n, n € Ny. The asymptotic properties of 1 follow in case (Z8]) from the

relation N
M) 1),

in case (Z9)) from the relation

ﬁ(z)__swzn(z)_zo(%),

and for n(z) in case (ZI0) in a similar way or from [I, Lemma 3.3.6].
Conversely, starting from 71(z) as in (2Z.8]), the relation

n(2)
z (n(z) + S;O) = SOH#_Z)

implies that from n(z) = o(z) it follows that n satisfies (1p). The corresponding
proofs for (29) and 2I0) are similar. O

3. Self-adjoint operator representations

A function n € Ny admits a self-adjoint operator representation or realization with
a self-adjoint relation A in some Hilbert space H of the form

n(z) =n(z0)* + (z — 25) (I + (z — 20)(A — 2) ") v,0) (3.1)

with zo an arbitrary non-real number zy and an element v € H, see [13], [10], and
[9]. If v is chosen to be a generating element for A, which means that

H =span {v,(A—z)"'v|z € C\R}
and which is always possible, then the operator representation ([8:2) is called min-
1mal and then it is unique up to unitary equivalence. We have the following equiv-
alences, see [15]:

A is an operator <= n(z) =o(z),

vedomd << lim,_.yImn(iy) < oo;

for n € Ny the latter limit always exists: it is either a non-negative number or co.
If the Nevanlinna function n satisfies the assumption (1) (or any of the

assumptions (2¢), (30)) the representation ([B]) can be simplified to

n(z) = (A —2)"'u,u), z € C\R, (3.2)

where A is a self-adjoint operator in some Hilbert space H, u € H, (u,u) = so. If
u is chosen to be a generating element for A, or equivalently,

H =span {(A—z2)"'u|z € C\R}



which is always possible, then the operator representation ([8.2)) is also called min-
imal and then it is unique up to unitary equivalence. The representation ([B.2))
follows from (BI]) and the above mentioned equivalences by taking v = ¢(A — zp)v
with some unimodular complex number c.

Here are three examples for a more concrete choice of the triplet H, A, u in
B2) for the given function n € Ny with integral representation (22]).

(1) ‘H = L?*(o), A is the operator of multiplication with the independent variable,
and u(t) =1,t € R.
(2) H is the completion of the linear span of the functions r,, z € C\ R:

1
2(t) = , t Rv
ra(t) =, €
with inner product defined by
n(z) —n(¢)”

z,( €C\R, z # (7,

(TZvTC) =

z—C
A is the operator of multiplication by ¢, and u(t) =1, ¢t € R.
(3) H is the reproducing kernel Hilbert space £(n) with reproducing kernel

n(z) — n(w)*

Ly(z,w) = z,w € C\ R, z # w",

z—w*

A is the self-adjoint operator whose resolvent (A — 2)~! is the difference-
quotient operator R,:

f - f(2)
(-2 '
and take u = n; this function belongs to the space L£(n), since n satisfies

the condition (1p). Recall that the reproducing property of the kernel L, is
reflected in the inner product of the space L(n):

<f7Ln(7Z>£(n):f(2)7 fEE(?’L), ZE(C\R
That [B2]) holds follows from

(R2n)(C) = Ln((,27)
and the reproducing property of the kernel L,,:

(R-1)(C) = f e Ln),

(A= 2)" u,w) gy = (Ranyn) £y
=(n, Ln(+,2")) z(ny = n(z")" = n(2).

The unitary equivalence of the representations in (1) and (2) follows easily
from the relation

Y do(t) ;
(Tz,Tg)—LOO —(t—z)(t—g‘*)’ ,¢ € C\R,
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and the fact that the functions r,, z # 2*, form a total set in L?(o). The unitary
equivalence between the two representations of n in (2) and (3) is given by the
mapping U:

U(rz) = Ln(+,2");

in particular, we have Uu = n where u is the function u(¢t) = 1, t € R. The space
L?(o) (or the equivalent space in (2)) we denote also by H(n). We mention that the
definition of the spaces in (2) and (3) can also be used for generalized Nevanlinna
functions, whereas in this case the space L?(c) need not be defined. In Sections
M - [ we will prove theorems using the representation of n in (1), in Section [§ we
reprove some of these results using the representation in the reproducing kernel
Hilbert space £(n).

Since, according to Theorem 2] the functions 7 and n in Definition 2]
belong to the class Ny and are o(z) for z = iy, y — oo, they admit again an
operator representation of the form (B), for example,

A(z) = Alz0)" + (2 — 27) ((A — 20)(A - 2)7'7, @) (3.3)

with a self-adjoint operator A in some Hilbert space 7—7, zp an arbitrary non-real
number, and an element v € H. Clearly, as the difference between the functions n
and 7 is just an additive real constant, the operator representation for 7 can be
chosen the same, that is, in [B3]) 7 can be replaced by 7.

Theorem 3.1. Let n € Ny satisfying the condition (1) and with operator repre-
sentation B2) be given, and let

. —S s

n(z) = —2 — 24 24

n(z) 50

be the Schur transform of n from ZX). Then in the operator representation ([B.3))
of n we can choose H = {u}*, A in H as the compression of A to H : A= PA|z,
where P is the orthogonal projection in H onto H, and the element U as
[l

((A = z0)tu,u)
If n also satisfies the condition (1¢) [, then

P(A — z) tu.

6:

A(z) = ((2_ 214, a)) =

Remark 3.2. The resolvent of A is given by

(A—2)""-u)

(A-z)'=(A-2)""- (A—2) Tu,u)

(A - Z)ilua

IThis is the case when n satisfies condition (11) defined in Section H} see Lemma EZI1



11
and
[[ul| (A = 20) "' — ((A = 20) ™", u) 7

]
(A = 20)~tu, )
Note that ((A — z0) 'u,u) = n(z) # 0, otherwise n(z) = 0.

5}\:

Proof of Theorem Bl (1) Suppose that n satisfies (19). Then we have ||u| = \/so

and
I [l

i) ()

u, u). It remains to show that the expression

n(z) —n(zo)* = + 2, (3.4)

where we have put 7(2) := ((A—2)7!

on the right hand side of (4] equals

o~

(=25) (A= 20)(A = 2)7)8,9) = (=) B+ (z=55) (z=20) (A= 2)7'8,9) .
This is a straightforward calculation, we only indicate some formulas:

~

(c—z)A—zt5 = Ul (T(ZO)(A_Z)lu_(A_ZO)lu),

[r(z0)| \ (2)
~2 u2H(A—ZO)71UH2_
o = a2t

and

~

(2 = 20)(= = 20) (A= 2)7'9,9)
= |lu|]? (% N Gt [ z@luﬁ) .

20)* r(z) [7(20)[?
(2) Now assume that 7 satisfies (1g). Then v € dom A C dom A and the equality
u

oll y o,
TN L P

o~

shows that also v € dom A. If we take & = —(A — 20)v, then (see after (3:2)) 7 has
the asserted representation. It remains to show that & = PAu/||ul|. We have

5}\:

- S 1 [[ul
u=—(4 zo)v—HuH(A 20)u Y

Taking the inner product of both sides with w and using (u,u) = 0, we see that
lull _ ((A = z0)u,u)

() Tl
and hence
1 ((A— z0)u,u) 1 ( (Au, u) ) J PN
t=—(A—z))u——~—"‘*u=— | Au — u | = — PAu.
a4~ 20) Tl Tl ) = Tal
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4. Higher order asymptotics. Orthogonal polynomials

1. For n € Ny and some integer p > 1 we introduce the assumptions

- S0 S1 S2p 1

(1) n(z) = T, 2 T 22p+1 +o (ZQerl)’
p— SO Sl o — 82p 1

@m0 =2 G- 20 (),
- S0 S1 S2p+1 1

(3p) n(z) = T, 2 T 22pt2 +o (22p+2)'

Again, (3;,) = (2,) = (1,), and by [I3| Satz 1.10] for the operator represen-
tation the assumption (1,) is equivalent to v € dom AP. That is, for the above
representation with the space H(n) the functions

te(t) :=t* k=0,1,...,p,

belong to H(n) and the first p of these elements, to, t1,...,t,—1, belong to dom A.
Moreover, the formal relation

2p j 2p+1
Al A=P
—1 -1
(A—Z) :—E F—I—W(A—Z)

§=0
implies easily
n(z) = ((A-2)""u,u)
D . 2p i
(AT u,u) (A", A7~Pu) 1 .
= - T > 2i+1 T ot (A(A = 2) " APu, APu) .
=0 j=p+1

It follows that

(AT, u) if j=0,1,...,p,
s; = _
! (A"u, A7 Pu) if j=p+1,p+2,...,2p.

Therefore the above assumptions are equivalent to the following relations for the
operator A and the generating element u, u € dom AP:

(1,) <= u e domAP,
(2)) < u e domAP, 2(A(A — 2)"1APu, APu) = O(1), (4.1)
(3p) < u e dom AP, 2(A(A — 2) L APu, APu) + o = o(1) with a € R;

in fact, in the last equivalence we have o = 59,1 1.
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Now we consider a function n € Ny with the property (1,) for some p > 1.
For 0 < k < p, by Si we denote the (k+ 1) x (k4 1) Hankel matrix

S0 S1 PPN Sk
ST S2 et Skl
Ski=1 . . . ; (4.2)
Sk Sk+1 52k
it is the Gram matrix associated with the k + 1 functions tg,t1,...,t;, and we

introduce the Gram determinants

S0 S1 PPN Sk
S1 S9 e Sk+1

Dk} = detsk; = . . . 5 kZO,].,...p. (4-3)
Sk Sk+1  ccc S2k

Further, for £ =1,...,p, Hi denotes the k—dimensional subspace
Hy, := span {to,t1,..., tx_1}

of H(n). Evidently, the subspace Hy, is non-degenerated if and only if Dy_1 # 0.

In the rest of this section we suppose that D,_; # 0, that is, the subspace
'H,, is non-degenerated. If D, = 0, then the function n with the given asymptotics
(Jp) is uniquely determined and rational of Mac Millan degree p, in fact, see [II
pp. 22,23]

)

where the polynomials e, of degree p and d, of degree p — 1 are defined below. To
exclude this (simple) case we often suppose that even D,, # 0; clearly, this implies
D,_1 #0.

As a basis in H,, we choose a system of elements e, € H(n) = L*(0), k =
0,1,...,p — 1, which is obtained from the system tg,t,...,t, by the Gram-
Schmidt orthonormalization procedure. This so-called system of orthogonal poly-
nomials of the first kind, associated with the function n is defined by the following
properties, 5,k =0,1,...,p— 1:

1. eo(2) = 1/v/50,
2. er(z) is a real polynomial of degree k with positive leading coefficient,
3. (ej,ek) = Ojk-

Then, see [T, (1.4)],

S0 S1 Sk
1 S1 S Sk+1
ep(2) = ——s , k=1,2,...,p—1, (4.4)
/Di—1Dy,
Sk—1 Sk S2k—1

—_
N
W
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and by this formula with k = p also a polynomial e, can be defined. Evidently,
e, € H5, and
P P s

span{to,t1,...,t;} =span{eg, e1, ..., ex}, k=0,1,...,p.

The orthogonal polynomials e;, j = 0,1,...,p, satisfy the difference equa-
tions

bi—1€x-1(2) + arer(2) + brert1(z) = zex(z), k=0,1,...,p—1, (4.5)

with real numbers ay, kK =0,1,...,p — 1, b_1 = 0, and positive numbers by, k =
1,...,p—1, and the ‘initial condition’ eq(z) = 1/4/s¢. Explicit formulas for ay, by
can be given, see [I]; we note that

— 3
ap = 2L, py = V325075 (4.6)
50 50

The relation (L) implies that with respect to the basis eg,e1,...,e,—1 of
the space H,, the compression A, of the operator A to H, is given by the Jacobi
matrix

an bo 0 te 0 0
bo aq bl s 0 0
Ap= | 1] (4.7)
0 0 0 tee ap—2 bp_2
0 0 0 T bp_g Gp—1

and that
Aep_l = bp_gep_g +ap—1€p—1 + bp_lep.
The latter relation means for the orthogonal polynomials
bp—2€p—2(2) + ap-1€p-1(2) + bp—1€p(2) = z€p-1(2),

therefore, the eigenvalues of A, are the zeros of the polynomial e,. For later use
we write the last p — 1 difference equations ([@3]) explicitly in the form

boeo + airer + biea = zel
bie1 + ases + boes = zeg
boes + ases + bsey = zes (48)
bp—2ep—2 + ap—1€p—1 + bp—lep = Z€p—_1;
this system of homogeneous equations for eg, e1, ..., e, determines the orthogonal

polynomials uniquely if we add the initial conditions

1 —
eo(z) = — S

v YT

the second condition is just the first equation in ([A3]).

(4.9)
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The polynomials of the second kind, associated with the function n € Ny, are
the functions di, k = 0,1,...,p, defined as follows:

Hence dy(z) = 0 and dy, is a polynomial of degree k — 1, k > 1. The definition of
dr, and the relation (LI) imply that

be—1dp—1(2) + ardi(2) + brdps1(2) = 2zdp(2), k=1,...,p—1 (4.11)

Therefore the polynomials ey and dj, satisfy for k =1,2,...,p— 1 the same differ-
ence equations but with different initial conditions:

do(2) =0, dy(z) = Y0 (4.12)

bo
For later use we write the difference equations ([@IT) in the form
ardy + brds = zdy
bidy + azdz + bads = zds
bady + azds + bady = zd3 (4.13)
bp_gdp_g + ap_ldp_l + bp_ldp = de—l-
For any two solutions ug,...,u, and vp,...,v, of the difference equations
X)) with b_1 = 0:
zuk(z) = bp—1ug—1(2) + arur(2) + bpugs1(2),
k=0,1,....p—1,
Cue(€) = br—10-1(C) + arvi(C) + brvr41(C),
the Christoffel-Darboux formulas hold:
p—1

kg;l(z = Qui(z)oe(€) = bp—1(up(2)vp-1(C) — up-1(2)v,(¢)) (4.14)
—bim—1 (Um (2)Vm-1(C) = Um—1(2)vm());

in particular,

1
by 1

dp(2)ep-1(2) — ep(2)dp-1(2) = (4.15)

2. In this subsection we assume that n € Ny satisfies the assumption (1,) for
some p > 1, and we consider its Schur transform n from (2.7). For the following
lemma see [8] Lemma 2.1], we sketch the proof.

Lemma 4.1. Suppose that n satisfies (1,) for somep >1:

S0 S1 S2p 1
n(z)z————2 ____ o1t O\ Zopr1 )
z z z2rt z2rt
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with for j =0,1,...,2p—2

S1 50 0 0 0
. 2 S1 S 0 0
G Vo )
0
Sj+1 S5 Sj—1 S1 SO
Sj+2  Sj+1 Sj A S2 851

Proof. Write

-1
~ S1 59 Sgp 1 S1
— 1+ 2L .. i _ 2
nlz) =z ( + S0% * 8022 Tt 8022P to (zQp)> S S0

If we set

g(z) = ;)—12+ szz 4ot Sji’;p +o(z—ip>,
then
q(2)*
1+4q(2)

e o)

=1-q(e) 4 — g2+

and

>
N
\

S1 1
= () + 2040 1

- (_ S2 .., S 1 S1 _ 1
a ( i (5022 Tt 5022P to (zQ:D)) + S0 q(z)) 1+4(2)
O R S2p 1 51 b

a ( S0% Sgz2p—1 +o (z2P1> + S0 q(z)) 1+4+q(z)’

which is of the needed form. Formula (ZI0]) for the coefficients s; can be obtained
by equating powers of z from both sides of the equality

n(2) (z Ay ﬁ(z)) = —s0.

S0

Now we can formulate the main result of this subsection.

Theorem 4.2. Let n € Ny satisfy condition (1,) for some p > 2. If e and
di, k = 0,1,...,p, denote the polynomials of first and second kind associated
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with the function n, and €, and Jk, k = 0,1,...,p — 1, denote the polynomi-
als of first and second kind associated with the Schur transform n of n, then for
k=0,1,...,p—1 the following relations hold:

en(z) = \/LS_OdkH(z), (4.17)

Ek(z) = —V/Soek+1(2) + \/Ls—o (Z - z—;) dy1(2)

= by (ekﬂ(z) —ext1() , 81) _ \/LS_O (ekﬂ(zi : .6k+1(-)

y©— ap

(4.18)

Remark 4.3. (i) Here we write € and d for the polynomials of first and second kind
associated with the Schur transform n of n, but the reader is reminded that these
functions are not the Schur transforms of the polynomials e and d.

(ii) If &, and dj, stand for the polynomials of first and second kind associated with
the Nevanlinna function —1/n, then for k =0,1,...,p—1

D) = (), ol = () + = (2= 2 dun (o)
50 50
The first equality readily follows from the fact that the spectral functions of n and
—1/n only differ by a factor so. The second equality can be obtained by tracing
the proof below; the only difference lies in (£19): with evident notation, it should
be replaced by
S0S2 — S%

3
50

S0 =

Proof of Theorem 2. For the function 7, again with evident notation, we have

2
—~ S0S2 — S

and, as a consequence of Theorem [31]

:q:o bo /9 s 0 0 a1 bl o ... 0 0
bo 61 bl ce 0 0 bl a9 b2 s 0 0
Apr=1 0 1 : S = :
0 0 0 - Gp3 /b\p_3 0 0 0 -+ ap—o byo
0 0 0 - by3z dpo 0 0 0 - bp—2 ap—1
(4.20)
For the €;, 7 =0,...,p— 1, we find
—~ 1 S0 1 1
)= "= = — d z
o(2) 50 \/sos2—s?  bo  \/so 1(2)
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and €1, €, ...,¢,_1 follow from the equations (see (L5))):
a1eg + biey = zeg
biep + azer + baea = zep
boey + ases + bses = zeg
bp_zep_g +ap_1€p—2+ bp_lep_l = zep_o.

Since these equation coincide with ([@I3]) we obtain
gj:Cdj+1, j:(),l,...,p—l.

The constant ¢ can be determined from the initial condition €y = c¢dy, which gives
¢ =1/./s0. Therefore

o) =
ej(z)—\/%

and ([LI7) is proved.
For the polynomials of second kind d; we obtain in a similar way

dj+1(2), jZO,l,...,p—l,

=

do(2) =0, dy(z)= X2,
bo
61&\1 +31C/l\2 = ZEl
bidy + 62612 + bads = zdy
bady + asds + bsdy = zd3
Ep—BEp—3 + ap*QC/l\pr +Ep72£[p71 = Z&\p72

(one equation less than in (£I3)). These equations can be written as

asdy + bydy = zdy

qu\l + a3d2 + bgc/l\g = Z(ig

bsdz + asdz + bady = zds (4.21)
bp72c/l\p73 + ap,13p72 + bpflgl:nfl = Zgl\p72-

The last p — 3 equations of this system coincide with the last p — 3 equations of
([@R) and [EI3). Therefore a solution vector (d;)2" of the last p — 3 equations of
(@21) can be obtained as a linear combination of the solution vectors (e;)5 and
(d;)% of the last p — 3 equations in (L) and ([@I3):

~

dj:76j+1+5dj+15 ]:1,2,,p—1
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Now =, 6 have to be found such that these relations hold also for 7 = 0 with
c/l\o(z) =0, and for j = 1 with c?l(z) = \%—S_O. Since c/l\o(z) = 0 it follows that
0

z—ag 1 \/So N s 1 /S0
0= +6dy(2) = S A S AL
1B = S T T T Ve

which is satisfied for

_ V5o

The relation d1 = ,\— implies

d(z) = e( (———) daz >>
50
B ( z—ay) el—boeo z—ao(z—al)dl)
= +
S0 bl
z zZ—ag 1 1 NED
N B T R et ™S
by S0 b1
_ _ V5 _h
bl \/— i)\o i)\o '
hence )
==L /5.
bo
According to ([@20) we find ¢ = /5. This proves the first equality in (I8). The
remaining equalities follow from ([@I0) and the second equality in ([3]). O

3. In this subsection we give a second proof of Theorem [£2] using asymptotic
expansions, see [I, (1.34b)]: Assume that n € Ny satisfies (1,) for some p > 2,
that is,

S0 S1 S2p 1
n(z) = T, T 2T T Sapn +o (Z2p+1> )
then
dp(2) o S1 Sop—1 1
B S R L i RN ¢ Y i 4.22
ep(2) z 22 z2p + z2ptl ( )

According to [Il, the second to last formula on p. 22] the function —d,/e, is a
Nevanlinna function and by [13, Bemerkung 1.11] there is a real number ¢, such
that —d, /e, has the asymptotic expansion

dp(Z) S0 S1 Sop—1 t2p 1
Tep(z)  z 22 T gt To\ i ) (4.23)
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By Lemma 1]

N S Sop_ 1
i) = -2 B0 ().

z 22 Z2p—1 Z2p—1
and hence by ([{22))

e S m I ( | ) S 21

ep—1(2) z 22 22p—2 22—l

By Lemma (] the Schur transform of the function —d,/e, in (Z23)) has the
asymptotic expansion

arn
<__p>(z) 1O S )
€p dp(z) 50 dp(z)
50 51 S2p—3 ?2;072 1
e 23 Lo +o0 <22p_1> , (4.25)
_ S _ B S2p-3 1
- 2 22 2210—2 + 0 <Z2P_1) ’

where only the number fgp,g depends on ty;, according to formula (£.16]). Here the
polynomial r, defined via the second equality sign, is given by

) =)~ (- 2 ) )
50
and its degree is < p. Comparing (£24) with [@23]), we find that

r(2) dpa(2) _ o L
dp(z)  ep-1(2) Zt )
The degree of the product dp, €,—1 equals 2p — 2 and hence
r(x) _ dpa(2)

dy(2) B ep-1(2)’
which readily implies that for some number k # 0

ey 1(2) = kdy(2), dy_1(z) =k (Soep(z) - (z - Z-é) dp(z)> . (4.26)

We claim k = 1/,/50. With the proof of the claim the proof of the theorem is
complete.

To prove the claim we note that the leading coefficient of the polynomial ey

is equal to y/Dy_1/Dy, and that, by (@3],
Dy 1 [Dra
Dyt bV Dy
Do 1 11 1
1 bp—1 biboy/so

Hence

S
3
i

—_
—

!

D, bp_l'”a
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and, similarly, because of ([@20) and (@19,

Dpo 1 111 11
Dpo1 bpo  boVs0  bp1 bibo
From (£26) we obtain
1 [Dps lim dp(2) — 50 lim ep(2) _ Dp—1
k ﬁpfl 200 zPp—1 z—oo zZP Dp ’
that is,
1 11 11 11
kb1 biby

Therefore, k = 1/,/so and the claim holds.

5. Reduction via a p-dimensional subspace
Let again n € N with the property (1,) be given. We decompose the space H(n)

with H, = span {to, t1,...,t,_1} as follows:
H(n) =H, ® H;. (5.1)
Then, evidently, e, € 'H;. The corresponding matrix representation of the operator
Ais
Ay B
A= 2
(% 5) (5.2

with Ap given by the Jacobi matrix A from (@),

B=by1(-,ep-1)ep, B= bp—1(-,€p)ep—1.
The operator Ay is bounded and self-adjoint in H,, and D is self-adjoint (possibly
unbounded) in H,,. In the following theorem we express the function n by means

of the entries of the matrix in ([2.2]). We set
apo(2) = ((Ao — 2) 'u,u),  ain(2) = (Ao — 2) 'ep_1,€p-1),
a(z) == (Ao — 2) Mu,ep1) = ((Ag — 2) " tep_1, 1) (5.3)
and
(). |ao0(2) a(2)
7(z) := o) an(x)|

The last equality in (B3] follows from a(z*)* = a(z), in fact, by Cramer’s rule,
a(z) = v/s0/(ap — 2z) if p =1 and a(z) = (=1)P"1/s0bo...by_2/det (Ag — 2) if

p=>2.
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Theorem 5.1. Suppose that the function n € Ny satisfies for some p > 1 one of
the assumptions (j,),j = 1,2,3, and that D,y # 0, see (£3). Then

n(z) = JEmelz) — anlz) (5.4)
a1 (z)ny(z) — 1
where ny(z) = ((D — 2) " up, up) with u, := by_1e,. The function n, belongs to
No and satisfies the assumption (jo). Moreover, for k > 1 we have
u € dom APTF <= v, € dom D¥, (5.5)

and n satisfies the assumption (jp+x) if and only if n, satisfies the assumption
(Jk)-
Remark 5.2. If the operator representation B2) of nis n(z) = ((A—z) ', u) with

the space H = H(n), then, according to Theorem [B] the operator representation
of ny =7 is given by

, PH/1AU
Hy=Ho{u}, Ai=PyAly, w= T
the operator representation of ny = ny by
My =H O {u, Au}, Ay = Py Al Pry A%
2 = U, AU, 2 = I/ HL s U2 = 7
P [l flwall

and, via induction, the operator representation of n, = n,_1 by
PHIPApu
~ Tllfeall - Tep—a
Note that ||u|| = /5o and, by Theorem B.1l ||u;| = bj—1,j=1,...,p.
Proof of Theorem Bl With the matrix (B.2]), the equation (A — z)x = u becomes
(Ao — 2)x1 + bp_1(x2,€p)ep—1 = u, (5.6)
bp—1(z1,ep-1)ep + (D—2)za = 0,

H;:H@{%AUJ"' 7Ap71u}7 AP:PH;AlH;7 Up

. . T . s
where z is written as © = (21 #2) according to the decomposition (EI). The
second equation implies
1

xo = —bp_1(x1,ep—1)(D — 2)""ep.
We insert this into (58] and apply (Ag — 2)~! to get
z1=(Ag—2) Tu+ b (@1,6p-1) (D —2) ep.ep) (Ao — 2) Tep1. (5.7
Now take the inner product with e,_; and solve the obtained equation for (x1, €,—_1):
(@1, ep1) = o =) T, )
1, —-1) — .
! 11— b;2971 (D —2)"tep, ep) (Ao — 2) " tep—1,€p-1)
Observing that n(z) = ((A —2)"tu,u) = (z1,u), the relation (1) yields ([E4).
To prove (B.5]), denote by P’ the orthogonal projection onto H;, in (B.1)). If k =1,
then v € dom AP*! is equivalent to v := APy € dom A. Since D is the only
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entry in the matrix of (5.2) which is possibly unbounded (B and B are even one—
dimensional), v € A is equivalent to the fact that the non-zero component P’v,
which is a multiple of e,, belongs to dom D. If k = 2 we observe that

1¥::<A%+§B AJ?+§D>

2 5.8
BAy+ DB BB+ D? (5:8)

Since e, € dom D the operators DB and BD and hence all the entries in the
matrix representation of A? except possibly D? are bounded. Now v € dom AP*2
is equivalent to v = APu € dom A2, and hence, by (5.8), P'v € dom D?. The claim
for arbitrary k follows by induction.

The last claim of the theorem for j = 1 follows immediately from (53] and
the first equivalence in ([@1]). For j = 2,3 we also use the equivalences in ([1]). A
simple calculation yields

A== (g 720) 59

with
Ri(2) = 31(2)_1, Riz(z) = =bp—1 (D —2)"" -, ep) S1(2) 'ep1,
Ryz(2) = (D —2)" " +b2 1 (S1(2) "ep1,ep-1) ((D — 2)71 ep) (D —2)" ey,

where S1(z) := Ag— 2z — bf) L (D =2)"tepep) (-, ep—1)ep—1, the first Schur com-

plement. It is easy to see that for f, g € H, we have
Jim_ iy (Si(y) " 9) = =(f,9)-
Now we observe the relation
A(A— )t — <A0R11(z) + BRys(2*)*  AoRia(z) + ERQQ(Z))
BR11(2) + DR12(2*)*  BRi12(2) + DRaa(2)
and the fact that for z = iy, y — oo, for example zAgR11(2) = 2A4pS1(2) has a
limit,
zAoRi2(2) = —zby,_1((D—2)"" ep)AoSl( ) lepo1 = 0(1)
2DRys(2) = zD(D—z)"'+ zb 1(S1(2)ep,ep) ((D— ep)D(D—2)""e,
= 2D(D -2t +0o(1),
etc. These relations imply for example with v = APty
2 (A(A—=z)""v,v) =2 (D(D — z)"'P'v, P'v) + O(1).
Since P'v € span{ep, €pi1,-- -, €ptkts €ps Epil,- - -5 E€prk—1 € dom D and hence
z(D(D —z)"'a’,2’) = O(1) for 2’ € span{ey, epi1,...,eprn}

and since P'v has a non-zero component in the direction of e, the claim follows

from (@I)). O
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6. Representation of the transformation matrix by orthogonal
polynomials

The 2 x 2 matrix function which generates the fractional linear transformation
(E4) we denote in the following by V:

1 [z —aoo(z)
Viz) = a(z) (all(z) -1 ) (6.1)

In this section we express V' by the polynomials of first and second kind. To
this end, the elements of H,, are considered as column vectors with respect to the
basis eg, e1,...,ep—1.

First we solve the equation (Ag — z)x = ep—1 in H,. With the Jacobi matrix
A from (7)) this equation becomes

Aoz — 2z = ep_1,

or
&1 0
Ao — : I
(Ao — 2) - 0
p 1

According to the definition of the orthogonal polynomials of first kind, the solution
of the system with the 1 in the last component of the vector on the right hand side
replaced by —b,_1€p(2) is the vector with components ey(2), e1(z),...,ep—1(2). It
follows that

ej-1(2) ,
= T\ :1725"'7 )
5] bp—lep(z) J p
and hence
An— ) le )= )= ep-1(2)
(( 0 Z) eP 17617 1) (‘T7€P 1) bpflep(2)7
A o —1 B — — _ 60(2)
((Ag = 2)""ep1,€0) (z,€0) RN EE
that is,
ep—1(2) 1
a11(z) = ———7, a(z) = ———-——. 6.2
n(z) bp—1€p(2) (=) bp—1€p(2) (6.2)
Next we solve the equation (Ag — 2)x = u = \/Sp €p. As above, in matrix form it
becomes

(Ao—2)| . | =
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According to the definition of the polynomials of the second kind and because of
bo di(z) = /50 we have

0 /50 /50 0
di(2) 0 0 0
(Ao — 2) = = — bp—1dp(2)
dp—2(2) 0 0 0
dp_l(z) —bp_ldp(z) 0 1

It follows that

& NG 0 eo(2)

el T R
& 0 dp—1(2) ep-1(2)
and hence
dp(z)

ago(z) = ((Ag — 2) ", u) = o) (6.3)

Inserting the expressions from ([6.2]) and ([E3) into (&4 and observing the relation
(£I5) we find that V' can be written as

v - () ),

and hence we obtain the following theorem.

Theorem 6.1. If, for some integer p > 1, the Nevanlinna function n satisfies one
of the assumptions (jp), j € {1,2,3}, and D, # 0 then the following relation holds:

dy-1(5)np(2) + by 1 (2)
ep—1(2)np(2) + bp—1€p(2)’
where ny(2) = (D — 2) up, up), up = by_1€p.

Remark 6.2. (i) Using (@I2)) and [@6]) we obtain from (G4]) with p = 1:
50

5
z— 2L 4 ny(z)
50

n(z) = ((A—z)"'u,u) = — (6.4)

n(z) =—

and hence, because n1(z) = o(1), ny is the Schur transform of n: n; = n. For p > 2
we obtain from (64) and (4] with p replaced by p — 1 and with the help of (@3]

and ([@I3) that
b2
p—2

z=ap1+np(2)’

b272 ap,1b272 1
npfl(z) = — pz — zzp + o0 (2—2)

np-1(z) = —

hence
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and ny, = np_1.

(ii) From (64), @IT), @IS), and @20), we obtain

Since, according to Theorem [1.2] di and €, are the polynomials of first and second
kind associated with 7 , this formula implies that the function n, is the p — 1-st
Schur transform of n.

The 2 x 2 matrix polynomial V', which generates the fractional linear trans-
formation (G.4]), has the property

det V(2) = bp—1 (dp(2)ep-1(2) — €p(2)dp-1(2)) = 1.

0 1
7= (4

V' is J-unitary on the real line, that is,

With

V(z)JV(2)"=J zeR.

Therefore V(z)™! exists for all 2 € C and we can form the polynomial matrix
function

with

A straightforward calculation leads to the relation

_ W @hp(2) + 28 (2)
0t” (2)hp(2) + ¢ (2)

)

n(z) = ((A-2)""u,u)

where
dp—1(0)np(2) + bp—1d,(0)
ep—1(0)np(2) + bp—1€,(0) .

hp(z) = -
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With relation (£I4]), the following formulas can be obtained, compare [T}, 1.2.4]:

p—1
p(z) = 23 di(z) di(0),
k=0
p—1
() = 142> di(2)e(0),
k=0
a"(2) = 1-2) en(2)dr(0),
k=0

p—1
i) = =2 enl(z)ex(0).
k=0

7. Transformation by means of a u—resolvent matrix

Given again a function n € N with one of the properties (j,), 7 = 1,2, 3. Besides
the decomposition (G.I]) we consider the decomposition

H(n) = Hpp1 ®@H”, Hp+1 = span{H,, e,} = span{eg,e1,...,ep},

and in the space Hp41 the restriction

A
S:Amﬁz(g)

This restriction is a non-densely defined symmetric operator in H,; with defect
index (1, 1), and, evidently, the given function n = ((A —2)"lu, u) is one of the
u-resolvents of this operator S. Hence n can be represented as a fractional linear
transformation of some function g € Ny by means of the u-resolvent matrix W =
(wkl)i,le of S:

2) = wi1(2)g(z) + wia(2) (7.1)
wa1(2)g(2) + waz(2)
Such a u-resolvent matrix W can easily be calculated. To this end we fix
a self-adjoint extension of S in H,41, which means that we fix some v € R in
the right lower corner of the matrix representation of S with respect to the basis

€0s €1, ..,ep of Hyi1. Denote this matrix or self-adjoint extension of S in Hp 4

by Ao :
Ay B
%”:(; v)

According to [I4] this u-resolvent matrix W is given by the formula

) = 1 (Rzuvu) (RZu,u)Q(z)—(u,cp(z*))(go(z),u)
w6 =y (M Q) ). a2
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where RY = (Ao, —2) ', () is a defect function of S corresponding to the self-
adjoint extension Ay ., and @ is the corresponding Q—function. An easy calculation
yields
b?_a(z)?

(R2u.0) = ((Aag = 2) ) = (o)~ 22

where
Alz)=z—~v+ bfklall(z).
Since S = Ag ,|#, and hence, in terms of linear relations,
S* = {{{E, A077I + )\ep} | HANSS Hp+1, A€ C},

it is easy to check that for ¢(z) with {¢(2), z¢(2)} € S* we can choose

— -1, _ 1 —bp—1(Ao — 2) " lep-1
(p(z) - (AO;V - Z) 1ep = A(z) ( 0 1 ) )

and then the Q—function, which is the solution (up to a real additive constant) of
the equation

LEZDP _ (o, 40
becomes
-1
Q) = 55
Inserting these expressions into W from (Z2) we find
, a(z)? aopo(2)
apo (Z) — bp—l > — >
W(z)= 7pr1(ng) a6 ﬁ ) (7.3)
: ()

Observe that W (z) is J-unitary on the real line. Next we establish the connection
between the matrix functions V from (GI) and W from (Z2)), in fact we find a
simple expression for V~'W. We have

-1 aoo(2)
v L o ) |
=) a(z) <—a11(z) apo(z)ar1(z) — 0(2)2

Multiplying this matrix from the right by W (z) from (T3] we obtain

—by1 0
V()" 'W(e)=—[ 27 1. (7.4)

bp—1 bp—1

Theorem 7.1. If the function n € N has one of the properties (j,), j € {1,2,3},
then the matriz functions V- from (@I) and W from (L2) are connected by the
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relation ([TA4). Therefore for the Nevanlinna functions n, in (@A) and g in ()
the following relation holds:
b2,
SERRLNTE)

If 1/g(z) = o(1), then formula (TH]) implies that n, admits the asymptotic

expansion
b? b2 1
p—1 p—1
[ LSS AL S — _|_ o)
np(z) - 22 <22)

and —1/g is its Schur transform: —1/¢g = 7,,. Hence the number ~, which defines
the self-adjoint extension of S, corresponds to the number a,,.

Remark 7.2. If instead of a self-adjoint operator extension Ag  of S we choose the
(multi-valued) self-adjoint relation extension of S:

Ap,oo =S +span{0,e,} = Ay +span {0, e},

then we obtain
Rgo = (AO,oo — Z)il = (AO — Z)ilp,

where P is the orthogonal projection in H,1 onto H,,

o(z) = <_bp—1(A0 1— Z)_lep—l> , Qz)=z+ biilau(?«‘),

so that
e p— 1 (GOO(Z) ago(z +b5_1a11(2)) — b§1a(2)2> 7
p—1a(z) \ 1 2+ b2 ja11(2)
0 —bys
V() W (z) = 1 z )

bp—1  bp_1

and instead of ([CH) we have
b2
— __p-1

Thus if g(2) = o(1), then n, has the asymptotic expansion

b2_ 1
ny(z) = —p?l +o0 <z_2>

and g is the Schur transform of n,: g = n,.

A more explicit form of the resolvent matrix W from (ZZ) can be obtained
following [14] and [2]. To this end we decompose the space Hpq1 as

Hpi1 =ran(S — z) +spanu, z¢€C, a(z) #0,
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(+ stands for direct sum) and denote for y € H,41 by P(2)y the coeflicient of u
in the corresponding decomposition of y:

y=(S—-2)z+ (P)y)u (7.6)

with some 2 € dom S = H,,. Further, define Q(2) y = ((S — 2) " *(y — (P(2)y)u), u).
Then, according to [I4], the resolvent matrix can be chosen to be

WO(z) _12+z< _QP(ZZ)) )(Q(O)* —PO))J, J= (_01 é) (7.7)

We derive an explicit expression for W9(z) := W (z)W(0)~}, following [2]. To
this end, for the vectors and operators we use matrix representations with respect

to the basis to( = u), t1,...,t,. Recall that S, is the Gram matrix associated with
this basis. We denote by & the (p + 1) x (p + 1)-matrix

0 v i i 0

1 0 v o 0

&=10 1 0

o --- 0 1 0
and by e the first column in the (p + 1) x (p + 1) identity matrix. Then S and u

correspond to & |cr g0y and e. First we apply the operator (I — 26%)71 to (7.0)
and observe the relation

(I —26%)"H& —2)x=0, xeCP+{0}.
It follows that

e (I —26%) "ty = (P(2)y) e*(I — 26%) tu = P(2)y. (7.8)
Further, observing that e*S, = (so s1 - sp) we obtain
Q)y = ((S—2)""(y— (P(z)y)u),u)
=e'S5, ((6 —2) ly—(6-2)""te (e*([ — zG*)‘ly))

= (so s1 -+ s) ((6B=2)""I—26%)— (6 —2)"lee”) (I —26%) 'y
= (so s1 -+ s) G (I —26%)"y
= (0 so s1 -+ spo1)(I— 26*) "1y,

where for the second last equality sign we have used that
(6 —2)"HI - 26%) — (6 — 2) tee* = &*.
Together with (Z8) we find

(F2) = (5 5w o o )u—en,
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and () becomes

0 -1
0/ _ 0 s0 -+ Spo1 eyl | %0 0 0 1
W(z)—12+Z<_1 0 ... o JU=267)"5, Do -1 0 )"
sp,l()

8. Reproducing kernel spaces: reduction via resolvent invariant
subspaces

In this section we start from the operator representation of the Nevanlinna function
n in the corresponding reproducing kernel space £(n) with kernel

n(z) — n(w)*

Ly(z,w) = , 2,(eC\R,

z — w*

see Section 2 (3). The operator A is introduced via its resolvent (A — z)~! which
is the difference-quotient operator R, defined by

f(Q) —f(2)
(—z '
If n satisfies one of the assumptions (j,), then, by [Bl Lemma 5.1}, the functions
fo(Q) =n(Q), f1(Q) = Cn(Q) + 50, -, fp(¢) = CPn(Q) + ¢ 5o+ -+ 5p1
all belong to £(n) and
<fkafj>£(n) = Sj+k, ja k:()vla"'vp' (82)

In particular, u :=n € £(n), and by the reproducing property of the kernel L,, we
have

(R-f)(C) = feLn). (8.1)

n(z) = ((A - Z)_luvu)ﬁ(n)'

By U; we denote the class of all 2 x 2 matrix polynomials © which are J-
unitary on R and for which the kernel

J — 0(2)J0(w)*

*

Ko(z,w) = P
is non-negative. The reproducing kernel Hilbert space with this kernel will be
denoted by H(O); its elements are 2-vector functions. The matrix polynomials V'
and W considered in the previous sections belong to U : this follows from the
Christoffel-Darboux formulas (@.I4]) for V' and from (Z4]) for W. Note that if ©
belongs to Uy, then det ©(z) = ¢, where is ¢ is a unimodular complex number,
because the determinant det ©(z) is a non-vanishing polynomial in z.

The following theorem was proved in [4, Theorem 8.1], even in an indefinite
setting.
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Theorem 8.1. Let n € N and suppose that there exists a matriz polynomial

a b
O = (C d) e U
such that the mapping

u—>(1 —n)u

is an isometry from H(O) into L(n). Define the function i by

Then the following statements hold.

(i) n is Nevanlinna function.
(ii) The mapping g — f:

is an isometry from L(n) into L(n).

(iii) We have

and the mapping

W:L(n)> f— (;) € <7ZES))>,

where f,u, and g are connected by the relation

is a unitary mapping from L(n) onto H(O) & L(n).
(iv) The mapping W R, W* is of the form

= (i) 7)) (60) - (20),
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with

Ra(z) =g (RA)() (0 1) E.
1 *
_—k(z)Ln( 2 (0 1) E.,

Rao(z) =R, — S (mn)() .

where R, is the difference-quotient operator, E, is the operator of evaluation
at the point z on any reproducing kernel space, and

det ©(2)
a(z) —n(z)e(z)

We mention that formula ([83]) corresponds to the relation (5.9) above.

A space of functions is called resolvent-invariant if it is invariant under the
difference-quotient operator R, as defined in (81]). In the following lemma, with
a resolvent-invariant non-degenerate invariant subspace of a certain inner product
space a 2 X 2 matrix function is associated.

k(z) = c(2)n(2) + d(z) =

Lemma 8.2. Let M be a finite dimensional resolvent—invariant space of 2—vector
polynomials endowed with an inner product (-, -) such that

(R=f,9) = (f, Rwg) = (z = w")(R-f, Rug) = g(w)" [ (2), (8.4)

and let that My be a resolvent—invariant non-degenerate subspace of M. Then
there exists a ©1 € Uy such that

(i) My =H(©1),

(i) M = H(O1) © ON where N = ©7 ' M7 is a resolvent—invariant space of
2-vector polynomials, for which the relation [84) holds if equipped with the
inner product

O7'f.01'g)n = (f.9), f.ge Mit.
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Relation (B4) is often called de Branges identity, see [1] and, for further
references, [II]. That A consists of 2-vector polynomials is due to fact that
07'(2) = —JO1(2*)*J is a matrix polynomial. The other claims of the lemma
follow from [6, Theorem 3.1].

Now we formulate and prove Theorem[6.1] again in the context of reproducing
kernel spaces.

Theorem 8.3. If, for some integer p > 1, the Nevanlinna function n satisfies one
of the assumptions (j,), j € {1,2,3}, and D, # 0 then the following relation holds:

n(z) = _dp—l(z)ﬁp(z) + bp—ldp(z).

ep—1(2)7tp(2) + bp—1€p(2)

where ny, is a Nevanlinna function such that n, € L(7p), and
p(2) = (ReTip, p) £y - (8.6)

Comparing ([6.4) and (83]) we find that n,(z) = n,(z), the p-th element in
the sequence obtained by applying the Schur transformation p times starting with
n.

(8.5)

Proof of Theorem B3l Let M be the linear space spanned by the p + 1 2-vector
functions

00 = () 80 = ()@= (T LT e

and equipped with the inner product which makes the map u — (1 —n) u an
isometry from M into £(n), see ([82). Note that if n has the integral representation
[22), the elements of M are of the form

(ingigee),

where f is a polynomial of degree < p. Indeed, it suffices to show this for the basis
elements of M: If f(¢) = ¢/, then
Cj I ) ) . .
Ref(t) = T Ut 4 T

and hence, on account of (L3)),

/Oo (Ref)(t)do(t) = so¢? " 4+ 51772+ + 5p2( + 5p_1.

— 00

It follows that M is also spanned by the polynomial vectors

—d, -
(ej), ]_0,17"'7p,

where e; and d; are the polynomials of first and second kind associated with n,

see (44 and (ZI0).
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Let M,, be the space spanned by the first p of the 2-vector functions in (8).
Since Sp—1 from ([@2)) is a positive matrix, the space M, is non-degenerate and

M = M, & span <_dp> .
€p
As both M and M, are resolvent-invariant spaces, by Lemma we have that
for some ©1 € Uy, which is normalized by ©1(0) = I (and hence det ©(z) = 1),
M, =H(©1), M=H(O1)dON.

Here N is a one-dimensional resolvent-invariant space, which, when equipped
with the induced inner product, satisfies the de Branges identity and therefore

is spanned by a constant J-neutral vector (a B)T such that

o0 (3) =t (515

For A € R denote by C) the constant J—unitary matrix
Ao «
(—OA*—FA[} 6)7 047&07

67 0 -
< A3 B) a=0.
Then there exists a A such that

0(z) = 01(2)Cy = (“(z> —bpldp(z)> 7

o(z)  bp-1p(2)

where a and ¢ are polynomials such that degc < dege, = p. The inclusion

Cy =

Ry <Z> € H(O) =H(01) =M,

implies that dega < p — 1. From det ©(z) = 1 it follows that = a and y = ¢ are
polynomial solutions of the equation

(2)ep(2) + y(:)o(2) =

Since all polynomial solutions of this equation are given by

x(z) = a(z) — s(2)dp(2), y(z) =c(z) + s(2)ep(2)
with some polynomial s, the solutions z = a and y = ¢ have minimal degrees and
because of that they are unique. Observing ([@I5]), we find

a(z) = —dp-1(2),  ¢(2) = ep-1(2).

0= (1) Iy

ep-1(2) bp-1€p(2)
and Cy = ©(0) is the coefficient matrix of the fractional linear transformation

©35).

Hence
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Define the function 7, by (83]). Then, according to Theorem[R1] it is a Nevan-
linna function. We show that 72, € L(1,). The function f,(¢) = (1 —n(¢)) £,(¢)
belongs to £(n) and, according to Theorem [B] (iii), it can be written as

(1 =n(Q) £ =1 —n(Q) up(¢) + (a(Q) = n(Q)e())gn (<)

with u, € M,, g, € L(7p), and the two summands on the righthand side are
orthogonal. This orthogonality and the isometry of the mapping (1 —n) imply
that (0 #)f, —u, € M, and hence there is a non-zero complex number v such

that
— _dp(o
vow=a ()
Therefore
(a(¢) = n(O)e€))gp(€) = =7 (dp(C) + ep(¢)n(C))
and
_ ep(Q)n(Q) +dp(¢) _ s
TR GETT
Hence 7, € L(n,). Equality (86) follows from item (3) in Section Bl O
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