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Abstract

One essence in capturing the history of primordial fluctuations that arise
during inflation and eventually lead to formation of large scale structures
in the universe, relies on quantizing general relativity coupled to a scalar
field. This is a system that respects diffeomorphism invariance, the free-
dom of choosing the coordinate system to work with without changing the
physics. Hence the way to handle its quantization requires an understand-
ing of how to quantize diffeomorphisms. Deciding on suitable coordinate
choices and making sure that this gauge fixing, which is unavoidable in any
calculation, does not effect the end result, is tricky. In this thesis we make
full use of the effects of diffeomorphism invariance of the theory on the
primordial fluctuations to pursue two different approaches that focus on
treating perturbations after gauge fixing. On one hand we work towards
developing our understanding of how to handle quantization in terms of
Dirac quantization and Becchi, Rouet, Stora, Tyutin (BRST) quantiza-
tion. On another, we focus on how to generalize the allowed interactions
and understand the scales they bring in the era of preheating that fol-
lows inflation, with effective field theory (EFT) methods on cosmological

backgrounds.
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Chapter 1

Review of Cosmological Perturbation

Theory

1.1 Introduction: what we know so far and what we
would like to learn next about the universe

Within our current understanding, the universe we live in has been through a phase
of accelerated expansion, after which it was reheated into radiation domination, then
followed by matter taking over, and is again experiencing an epoch of accelerated
expansion. We refer to the first era of expansion as the era of inflation and the current
one as dark energy. Everything around us has formed throughout this cosmic history;
from elements via Big Bang Nucleosynthesis (BBN) during radiation domination, to
galaxies during matter domination. A lot of our understanding about these eras
have been put together in the framework of general relativity equipped with matter
sources. Yet we are aware that we need to develop our understanding of gravity
beyond general relativity to address small scales where quantum effects are important.
Such improvements will especially be important for understanding the initial stages

of inflation where the universe passes from quantum mechanical to classical scales.



Moreover it is also an open question if the current dark energy dominated expansion
implies that there is something more to gravity at scales larger than the solar system
size.

Through general relativity we have learned that curved spacetime is described by
a rank two tensor. Hence, there is always a tensor degree of freedom, a graviton or
a gravitational wave, that propagates in curved spacetime. Depending on what type
of matter is required for a specific setting of curvature, there can also be scalar and
vectorial degrees of freedom. For example, a cosmological constant gives the back-
ground for an era of accelerated expansion. A pure cosmological constant is among
the vacuum solutions of Einstein Equations and only gives rise to tensor degrees of
freedom. However, if there is some time or spatial dependence involved then there
will be some matter source responsible for the expansion which can give rise to scalar
degrees of freedom. The inflaton is one such matter source. Of course, there are
also additional bosons and fermions. In essence, the questions we ask boil down to
questions on the type of degrees of freedom, such as the ones we just mentioned, and
the kind of interactions they can have.

Understanding how things fall into place, resembles a bit of a hike during night-
time. As we think on and question how things around us work, we focus on what
catches our attention at the moment, like shining a torch straight onto the piece of
ground we will take the next step to. Because we do not know the valley ahead of us
we do not know which route to follow in looking for answers to our questions. And
usually, gaining an understanding of one question gives rise to further questions. Lit-
tle by little we develop general concepts that can act as guiding marks for us along a
trail. In studying how a cosmological spacetime evolves and its possible interactions,
our main guide and equipment is diffeomorphism invariance, the freedom to choose
a coordinate system for calculations without effecting the physical results. The as-
sumptions of spatial homogeneity and isotropy at the level of the background also

helps.



Around 1948, the theory behind the origin of chemical elements was developed [1].
It was understood that once an overheated, highly pressurized neutral nuclear fluid
is present, a neutron gas, the neutrons involved will decay into protons and electrons
as the universe expands and cools. Starting from deuterium, which is present about
3 minutes later, light elements can form as strong interactions become important at
0.1 MeV. This is BBN. Hydrogen, Helium and Lithium can form in this way. But to
accommodate heavier elements such as Carbon, the universe has to first form stars
to be factories for these, and neutron stars for even heavier metals. Long before this,
neutrinos decouple from the rest of the matter sources present at 1 MeV ( at about
1s), and even before 100 GeV ( 107'%s in the early universe) the Electroweak Phase
Transition takes place in which the elementary Z and W= bosons gain mass from the
spontaneous breaking of Electroweak symmetry.

In 1929, Hubble’s observations of luminosity and distance measurements of super-
nova [2], showed that we live in an expanding universe. Moreover by 1933, through
observations of galactic rotation curves, it was deduced that there is non-matter that
interacts only gravitationally, which plays an important role in the structure of galaxy
clusters [3]. This type of matter was given the name dark matter to account for its
insensitivity towards electromagnetic interactions. In the early 1970’s, the type of
initial spectrum needed for density perturbations to undergo gravitational collapse
into protogalaxies in an expanding universe and form the seeds of larger scale struc-
tures was worked out [4, 5|. These density perturbations, of unknown origin at the
time, were later realized to have arised during inflation, the early era of accelerated
expansion [6].

By the early 1980’s, the universe was observed to be spatially flat and physicists be-
lieved it to have initiated from an adiabatically expanding radiation-dominated state,
which would have led to causally disconnected regions. The density perturbations
that set the initial conditions for galaxy formation rely on an otherwise homogeneous

and flat background. In a universe with such a history, this raises the question of



how regions too far apart to be in causal contact, to have communicated with each
other even by light since the beginning of the universe, can be in equilibrium? It was
proposed that this state of radiation domination should start at some temperature
below the Planck Mass, 10'¥GeV, and hence at times later then t = 0, leaving room
for quantum gravity effects.

If there existed a non-adiabatic state with huge entropy before the adiabatic ra-
diation domination, then these problems could be solved. Hence the presence of an
early era of accelerated expansion, referred to as inflation, was proposed to have
taken place before the start of radiation domination [7], such that all the regions of
the universe were initially in causal contact. In addition, such an era could also solve
the monopole problems predicted as a consequence of Grand Unified theories. The
original idea of inflation, refined shortly after in [8, 9|, has been enriched in a lot of
ways. We now believe that at least a single scalar field with negligible, but not exactly
vanishing, time dependence gave rise to such an era of accelerated expansion while it
slowly rolled down its potential. As the universe expanded exponentially, inflation-
ary perturbations, froze mode by mode as their physical wavelengths \ o< ef’* became
larger than the slowly changing horizon size R = H~!. The inflationary perturbations
are both scalar (temperature fluctuations) and tensor (gravitational waves) degrees
of freedom. These perturbations exited the horizon carrying inflationary information
with them. The change in the rate of expansion as the universe evolved was such
that the modes that became superhorizon during inflation started reentering into the
Hubble radius just before photons decoupled from electrons and nucleons and formed
a cosmic background eventually at the microwave range today with a black body
spectrum of 2.3K. This background radiation referred to as the Cosmic Microwave
Background (CMB) carries the inflationary information untouched up to the time it
was formed. It was acknowledged as an observational phenomena by [10], yet was
spotted unexpectedly as an isotropic and homogeneous background noise during an-

tenna measurements for purposes of radio astronomy in 1965 [11]. Since its discovery,



various experiments have been taking measurements of the CMB regularly such as
COBE, WMAP and PLANCK. The inflationary information can be extracted from
these CMB observations, depending on how well we understand the later processes
that have an effect on CMB photons.

The passage out of inflation towards radiation domination is the era of reheating,
which is where the energy stored in the field that drove inflation gets transferred to
other fields that eventually make up the rest of the matter content of the universe.
Within the picture we presented, the nature of couplings by which the inflaton trans-
fers its energy to other fields, such as dark matter and standard model particles,
around the time of reheating is still not fully understood. As the inflationary modes
that contribute to the CMB are outside the horizon at this time, the CMB does not
carry information about this stage. At the end of inflation, it is likely that the field
that drove inflation underwent an oscillatory phase giving rise to a matter dominated
era at first order. This is called the era of preheating, during which the conditions are
agreeable to obtain resonant growth in perturbations of other fields that had negligi-
ble presence during inflation. Note that it is not crucial that preheating takes place
at all. One major opponent against preheating is the possibility for the inflaton to
have perturbatively decayed into other species. At first sight, perturbative decays can
only allow for the presence of species lighter than the inflaton itself and hence, lead
to radiation domination right away. The main obstacle is that the efficiency for such
production may require a long time. The initial proposal for the era of preheating
is based on the observation that perturbative decays alone are not efficient enough
without a preceding stage of preheating [12]. In addition, preheating may result in
production of gravitational waves sourced by the preheating products: compact ob-
jects such as the primordial black holes, similar to ones we will mention in section 1.7,
and others [13]. Recently it has also been confirmed that many couplings expected
during preheating do not allow the inflaton to decay completely before the end of

inflation [14].



We begin with a review of the formalism we will build on, with non expert audience
interested in cosmological perturbation theory in mind. Cosmological perturbations,
how they are defined, effected by gauge choices, and how their time evolution can
be captured are developed in sections 1.2-1.8. Within Chapter 1 itself, everything
is defined in terms of gauge invariant variables. The formal development on how to
handle gauge fixing, discussed in Chapter 2, has been published in its entirety in [15].

Section 1.6 starts describing the observables of perturbation theory. We mainly
focus on the two-point function, referred to as the power spectrum, consider the
growth of density perturbations and structure formation in the early universe, and
focus on primordial black hole constraints for this era and how they constrain models
that give rise to alternative histories in section 1.7. The main results from this section
have been published as constraints on possible dark matter scenarios [16].

Lastly, we move on to study cosmological perturbations in all generality of inter-
actions with the effective field theory (EFT) formalism in Chapter 3. The standard
literature on low energy degrees that arise from spontaneously symmetry breaking
are reviewed in section 1.8. Preheating within this framework is considered starting
from 3 with a focus on two different approaches. The first approach is the formalism
that handles the physics of the perturbations without addressing the physics of the
background. The second approach is discussed in Chapter 4 in the pursuit of cap-
turing the evolution of the full field. The initial work from these last chapters first
appeared in [17] and the main results published in [18§].

Sections 3.4.4 on Hidden Preheating, 3.5 on adiabatic modes through preheating
and 4.2 towards a Hamiltonian formulation of the EFT of backgrounds appear for
the first time as part of this dissertation.

All in all, we hope that the reader will find that there has been reserved just as
much room as needed for the old lore to be self contained, and the original research
to be inspirational. Let us begin by quoting: “ What seems to be most fascinating

1s the fact that one unique flat spectrum of metric perturbation with one arbitrary



constant leads to the calculation of the ‘content’ of the Universe (its entropy, primeaval
chemical composition, photon-baryon ratio etc) and to the calculation of the ‘structure’

of the Universe (the mass and density of clusters, the degree of uniformity on greater

scale).” Zeldovich 1972

1.2 Diffeomorphisms and Gauge Transformations

Here, we study the evolution of linear perturbations around a given background field.
That is, we consider fields ¢(t, Z) = ¢o(t) + 6¢(t, Z) and g, (¢, T) = g (t) + huw(t, 7),
where in the case of cosmology the evolution of the background fields ¢y and g, are
determined by Freedman-Lemaitre-Robertson-Walker (FLRW) evolution. This is a
homogeneous, isotropic, and dynamic background, where for one temporal and three

spatial dimensions the line element is

dr?
1—Ekr?

ds® = —dt* + a*(t) ( + r2d£22> = gudatda”. (1.1)

It is homogeneous because none of the metric components depend on position, yet
due to its time dependence, via the factor a(t), it is dynamic. With time, the spatial
sections of this metric are scaled by the factor a(t), hence it is referred to as the
scalar factor. The rate of expansion H(t) = %, which is an observable quantity, is
referred to as the Hubble parameter, after Hubble who first measured it through
distance measurements of Cepheid variables. The Hubble rate is a time dependent
quantity, whose time dependence changes throughout the cosmic evolution, in relation
to properties of the matter type that contributes the most to the overall energy density
in the universe. The quantity k denotes the overall curvature of spatial sections, it can
be [—1,0,+1], depending on the sign of the curvature scalar of the spatial sections,
it denotes negatively curved, flat and positively curved spatial sections respectively.

We will always consider spatially flat geometries and hence set £ = 0, dQQ™ denotes

the n—sphere. This metric is isotropic because all of the spatial sections are rescaled



by the same factor, in other words there is not a preference among them.

While the background evolution gives the overall characteristics of the era under
question, it is the quantities related to the expectation values of the perturbations
that can be connected with observations.

A diffeomorphism is a spacetime coordinate transformation of the form

ot — 2t =t + () (1.2)

with a small parameter £&. Under this transformation the fields will transform accord-

ing to their rank. The functional form of scalars will remain invariant,

and the metric tensor will transform as

ox® OxP
ozx'* Ox'v’

Iu(*') = gas(z) (1.4)

where the transformation (1.4) demonstrates how a rank 2 object transforms under
a general diffeomorphism (1.2).

By convention we consider the perturbations to be described always around the
same background, ¢'(z') = ¢o(t) + 6¢'(z') and g,,(2') = g (x) + hy,,(z') [19],[20].
This is called the passive transformation, because the background is fixed and hence
passive under the transformation. For the scalar field at the background level, a

passive transformation implies

dp(x') = ¢o(2)). (1.5)

Our main concern is in the effect of the diffeomorphisms (1.2) on the perturbations.



We can turn (1.3) around to obtain this change

¢'(2') = ¢(z) =0 (1.6)
Oo(x") + 6¢'(2')— (do() + 0¢(x)) =0 (1.7)

Making use of (1.5) and noting that ' = = + &, the change in the scalar perturbation

is

bo(x +&) + 06/ (2") — do(w) — d¢(x) =0 (1.8)
0¢'(2") — 0¢(z) = —[¢o(x + &) — do(2)] (1.9)
Adp = — [do(x + &) — ¢o()] . (1.10)

Under a passive transformation, the change in the metric perturbations is defined to
be [20]
Al (1) = gl (@) = g (). (1.11)

Since ¢ is a small parameter we can Taylor expand and consider the coordinate

dependence of the fields as

¢o(') = do(x + &) = ¢o(z) + Daol”, (1.12)
/ / / g;,w o
@) = G (%) + - € (1.13)

Using this in (1.11) we can rewrite the first term as

09,

Ay () = gl (a') — o, (1.14)

Now by (1.4) the first term gives

oxf 92> g,

Ah;u/(x) = gﬁ,\(ﬂf) al,/u a.ﬁL’/V o &’L’O‘

£ (1.15)



Remember that 2'* = z* +n*, which we can make use of in the form of z# = z/* — n#

to compute the derivatives. As such, at first order in &* we have

Ahuu(x) = - [g,u)\aug)\ =+ gﬂl/auéﬁ + a)\g;wé)\} (116>

And by plugging (1.12) in (1.8) we find that to first order in £” the scalar perturbations

transform according to

A6Y(x) = —€ Dy, (1.17)

The right-hand side of these expressions are minus the Lie derivative [21]

k l
EgTalmakbl,_,bl — gcchal...akblmbl _ ZTal...c...akblmblvcgai + ZTal...akblmcmblvbjé‘c
i=1 j=1
(1.18)
such that the change in the perturbations of the tensor 7%, ; under a diffeo-

morphism with the parameter £ are
A(;Tal'“akblmbl = —ﬁgTal"'akblmbl. (119)

The transformations (1.16) and (1.17), are gauge transformations. The diffeomor-
phism parameter £ can be chosen so as to set some of the cosmological perturbations
to zero for convenience. This amounts to picking a set of coordinates where some of
the perturbations have been eliminated. Since the physical observables should not be
effected by the choice of coordinates, setting some of the cosmological perturbations
to zero, is analogous to electromagnetic gauge choices, where some of the components
of the electromagnetic potential are set to zero without changing the electric and
magnetic fields.

We will end this section with some examples. The choice of a constant shift

&(x) = a" (1.20)
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for the diffeomorphism parameter gives translations, whose generator are the momen-

tum tensor P, = i0,. Rotations correspond to
gt =a"w, (1.21)

where w,,, is antisymmetric in its indices, and the corresponding generator is the
angular momentum tensor J,, =i (2,0, — x,,0,). These first two make up the Lorentz
group, which is the Poincare group and translations. In addition, one can also consider

scaling of the spatial coordinates at each point in spacetime
&= &= (1.22)

This is called a dilatation and is generated by D = ixz#0,. Then, there is also the

special conformal transformation with the parameter
¢ =27’ — b’ (1.23)

and the generator K, = i (2x, (z9,) — 2%0,). Together, these diffeomorphisms com-
pose the Conformal Group. Just as quantum field theory is based on invariance under
the Lorentz group, one can also formulate field theories based on invariance under
the Conformal group. The later are known as Conformal Field Theories (CFT). The
diffeomorphisms (1.20)-(1.23) are also the late-time isometries of de Sitter spacetime
(dS), which is one of the maximally symmetric (meaning it has the maximum amount
of possible killing vectors) solutions to Einstein Equations with a positive cosmologi-
cal constant, G, + Ag,, = 0, with positively curved spatial sections who expand in
time. Based on its late time symmetries, which are the symmetries of the Conformal
group, it has been proposed that at its late time boundary, gravitational physics of de
Sitter are equivalent to a conformal field theory [22]. This is the basis of the so-called
dS/CFT duality.

11



Cosmology is built on the basic assumption of homogeneity and isotropy of spatial
sections. It is not required for the universe to be static, which allows for the metric
to be time dependent. Radiation domination, matter domination and accelerated
expansion are all solutions of the Einstein equations with matter, that satisfy these
assumptions. From observations we are aware that among these our universe has
passed through accelerated expansion in the past (inflation), followed by radiation and
matter domination, and is currently undergoing accelerated expansion again (dark
energy). Due to homogeneity, all of these eras are invariant under translations in
space. Due to isotropy they are all invariant under spatial rotations. The de Sitter
solution, which gives eternal expansion of the spatial sections at constant rate, sets
the background for the primordial and current eras of expansion. The symmetry
group of de Sitter is SO(4,1). Even though the metrics that describe radiation and
matter domination do not possess all of these symmetries, in [23] it is argued that
conformal symmetries have an important role for perturbations in any cosmological
era that is dominated by a single scalar field.

Another maximally symmetric solution is the Anti de Sitter spacetime (AdS)
which has negative curvature on its spatial sections, also possess conformal symme-
tries. We have not observed any signs of this geometry dominating at any point
within the history of our universe. It arises as the near horizon geometry of black

holes.

1.3 Cosmological Perturbations

On the whole, we are interested in the components of a rank two tensor, G, which
is symmetric, and obeys the Bianchi identity
vtG,, = 0. (1.24)
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In four dimensions, a symmetric rank two tensor has ten independent entries. The
Bianchi identity, which implies four differential equations, will remove four of them.
Remember that we also have diffeomorphism invariance, which parametrized by &
lets us pick four parameters in four dimensions. Thus by picking the coordinates
accordingly we can remove four more degrees of freedom leaving us with two physical
degrees of freedom that will propagate.

What is the nature of these two physical degrees of freedom. A given tensor can
be split into two parts, a part composed of its trace and a trace-free part. Notice that

in the absence of matter, T, = 0, via the Einstein equations

G = —5 T, 1.25
= T (1.25)

where mf,l = JT—CG, the Einstein tensor is traceless,
Tr(Guw)=G",=T",=0. (1.26)

The two components of this symmetric, traceless, rank two tensor in four dimensions
that satisfies the Bianchi Identity make up two tensor degrees of freedom that prop-
agate in three dimensions. These are the so called gravitational waves, who are the
vacuum solutions of General Relativity.

In the presence of matter, 7}, # 0, the trace becomes important and suggests that
there are more modes that propagate depending on the nature of the matter source
under consideration. Our main interest in this thesis will be scalar fields as matter
sources throughout. In the case of a single scalar field, there is one more component
added to the system.

This additional degree of freedom can only come from the eight components which
can be set to zero. The Bianchi Identity, which is inherently related to the Jacobi
Identity, comes a property of the Einstein Tensor, which we don’t want to violate

with the matter content. This leads us to think a little bit more on diffeomorphism
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invariance and time evolution. The hamiltonian of a given system is the generator of
time evolution for that system. As we will see below, the hamiltonian of general rela-
tivity is just a sum constraints and constraints generate coordinate transformations.
Hence time evolution in general relativity is just a map from one coordinate system
to another which can be thought of as ordering spatial surfaces with respect to a
parameter understood as time. It is not physical because the Hamiltonian vanishes
once the constraints are satisfied. In the physical world we mainly observe quantities
related to perturbations, and we build our intuition of physicality, such as our notion
of time evolution, based on these observations. While at the level of the Lagrangian
we always demand time diffeomorphism invariance, fields that do not respect this
symmetry at the background level may be present. It is these type of fields on which
our understanding of cosmic evolution is based. Given a time dependent background
scalar ¢g(t), there will be a scalar mode 0¢(Z,t) that keeps track of the difference in
the time coordinate, or in the rate of expansion depending on how the time coordi-
nate is defined, between two points in space. This fact has first been pointed out in
[6], with inflation in mind'. In fact, such a scalar mode is the one observed through
temperature fluctuations in the CMB, captured most successfully by inflation. This
observation allows for one to focus on the perturbations from the start, by picking
the time coordinate to be aligned with the background, such that surfaces of constant
time are also surfaces where the value of the scalar field, that sets the nonzero energy
momentum density is constant [25]. This is a noncovariant construction of the theory
for perturbations based on the remaining spatial diffeomorphism invariance. Under
time diffeomorphisms the scalar mode transforms nonlinearly as to make any terms
that arise due to the transformation of the background cancel out. This is apparent
in equation (1.17), on a time dependent background the scalar perturbation trans-
forms only under a time diffeomorphims, and it is a non-linear transformation. This

is complementary to constructing a theory for the full fields, which can determine the

1For a recent review see [24], where this is discussed in section 2.3.
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background dynamics, and introducing perturbations later. In this latter approach
one needs to consider the full diffeomorphism invariance from the beginning. The
theories build, in the covariant approach, starting from the full fields will match the
noncovariant Lagrangian at the level of perturbations.

In Chapter 2 we will start from a covariant formalism and work to understand
how diffeomorphism invariance is accounted for in the expectation value calculations
of operators. In Chapter 3, we will consider the noncovariant approach to focus on
perturbations during preheating, yet, we will also comment on how this matches with
Lagrangians built in the covariant formalism when one works out their form at the
level of perturbations.

Now that we know the nature of our degrees of freedom, let us describe how to
include them. The metric can be decomposed in terms of its scalar, vector and tensor

degrees of freedom in the following way

goo = Goo — E, (1.27)
gio = Gij + a(t) [azF + Gz] , (1.28)
with conditions

where repeated indices are implied to be summed over. Of course, anything that is
different from the FLRW form, that is the variables without a bar, are considered
to be perturbations. The traceless and transverse tensor D;; makes up the two ten-

sor degrees of freedom. In comparison to our notation with g, = gu + hy., here

nz
hi; = a®(t) [6;;A + 0;0;B + 9;,C; + 8;C; + D;;]. Which one of the scalar components

[E, A, B] describes the scalar mode is gauge dependent.
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There are two gauge invariant scalar quantities ¢ and R,

A op
(=5 —HZ, (1.31)
R:§+H(5u (1.32)

in this general parametrization [20]. Here du is the velocity perturbation. These two
quantities approach each other on super horizon scales. As discussed in [26], there

are always two adiabatic modes at all times. The scalar solutions are [27]

RQBO ! AT
dpr = ——— [ a(t')dt’ where R = constant (1.33)
Cl(t) to
and .
dpg = —C’ﬂ where C' = constant, R = 0. (1.34)

a(t)

The theorem demonstrates that on superhorizon scales these modes are physical, i.e.
they cannot be set to zero by a gauge choice. These perturbations are called adiabatic
because they lie along the inflationary direction, they are curvature perturbations as
opposed to perturbations of a secondary matter field and the number of particles
they present are fixed. Effectively it is these type of solutions that make up the scalar
degree of freedom that is present in the system when there is a time dependent scalar
field.

With the general parametrization of the metric above, the energy conservation

equation at linear order in perturbations is

. . 0 0) 20 .
06T  + 8;6T" + 3HST ) — HOT"; — % (--“hm- + h) —0 (1.35)
a a
where
8T, = g [T — hyeT)] (1.36)
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and repeated indices are summed over. Through (1.31) between ¢ and A, and
p=-3H(p+p), (1.37)

which is the energy conservation at the background level, we can rewrite the energy

conservation equation as an equation for change in ¢

p+p

Mﬁ+@¢:aﬂﬁm—HM%+3H%m——3—$B. (1.38)

Note that 67%; = 36p which turns this equation into

: 90T pop — pop
=_—+- 92 408 FF 1.39
¢ 3(p+p)  3(p+p)>? (1.39)

The first term will vanish for superhorizon modes and the second term has been
argued to decay away leading to C = 0 in agreement with adiabaticity [26]. In terms

of the equation of state, defined as w = % [28]

(1+w)=0 (1.40)

This suggests that ¢ = 0 and the scalar mode is adiabatic in the presence of cosmolog-

ical evolution with w # —1. This guarantees the constancy of ( during the radiation

1

Wy = 3 and matter domination w,, = 0 that is present in between the two accelerated
expansion eras of inflation and dark energy domination with w, = —1. Within the
post-inflationary era, the equation of state can pass through w, = —1. In fact when

the energy density is dominated by a single scalar field, if at times when there is no
slow roll condition; the background values of this field, ¢, minimizes its potential,
the potential can be Taylor expanded and the leading term will be V(¢g) ~ migbg.
With such an approximation for the potential, the background field ¢y will exhibit an
oscillatory behavior as we will see in section 3.2. In such cases (1.40) is not applicable.

Such eras can indeed arise at the end of inflation, referred to as preheating, or lead
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to nonthermal cosmologies. In this thesis we will talk about these unconventional
epochs and we will return to this point on the constancy of ¢ and the ability of the
scalar mode to carry on inflationary information without any effects coming from the
post inflationary eras in section 3.5.

Two common gauge choices in literature are the Newtonian Gauge, also referred
to as the Longitudinal gauge, where F' = B = 0; and the Synchronous gauge where

E=F=0.

1.3.1 ADM Formalism and Constraints

Previously we introduced scalar, vector, and tensor degrees of freedom based on how
one can split a rank two tensor into smaller ranked objects. Of course, this is not the
only way. Let us consider how one may parametrize the metric to bring out time evo-
lution. This is the ADM formulation [29], which also brings out the constraint nature
of diffeomorphisms. Here we will introduce the metric in this formalism following the
discussion of [30].

The Einstein equations give solutions for the geometry of four dimensional space-
time for given fields that generate an energy density. They inherently take into
account coordinate changes. One can consider the four dimensional spacetime as
three dimensional hyper-surfaces and one parameter, A (¢, z,y, z), where the differ-
ent 3 geometries are ordered along AV, such that the dynamical change from one
geometry to the next lies along increasing values of AY. As such, this single param-
eter, \N(t,z, 1, 2) captures the lapse of time and is named the Lapse function. This
stacking up of three geometries along the Lapse function constructs the four dimen-
sional spacetime. In other words the spacetime is sliced into a one parameter family
of spacelike hyper-surfases. In this construction of spacetime, one can set up initial
value problems by specifying the value of fields and three geometry and their rate of
change in time at a certain point in time. In a sense, each three hyper-surface is a

coordinate transformed version of another. Time evolution implies a certain ordering
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of these hyper-surfaces one after the other along the Lapse function.

To set up the four dimensional spacetime metric out of this one parameter family
of slices, one needs to figure out the proper distance on a three dimensional base
hypersurface and the proper time in between two consecutive hypersurphases. The
lapse of proper time between the two consecutive three dimensional hypersurfaces is
given by dr = A (t,z,y, 2, )dt. The base hypersurface is described by the 3 metric

)

v exts Of @ point on the

hi;. The eventual position on the consecutive hypersurface
base hypersurface z} .. involves a shift A'(¢, x,y, z) with respect to its original position
det,,, = dxi . — N(t,x,y,2)dt. The contribution of the proper distance in the base
i

J i _
basedxbase where d‘rbase -

hyper surface to the spacetime metric is thus di* = hy;d
dz’ ., + N'dt [30]. Dropping the subscripts, we arrive at the 4 dimensional spacetime

metric as

ds® = —dr* + dI* (1.41)

ds® = — (AV)? dt*+hy; (do' + Ndt) (da? + Ndt) . (1.42)

Here the spatial indices regarding the 3 hyper surface are raised and lowered by

the 3 metric, for example N* = h" N;. The inverse metric elements are

1 - A\ AN
00 . 0: _ 0 __ ij __ 11J
g - ()\N)Q’ g _g - ()\N)Q, g h ()\N)Q’ (143)
and the volume element is
V—gda'drtda?dz® = ANV hdtdas' de?da®. (1.44)

For example in the case of flat spatial hypersurfaces h;; = a*(t)d;; and /—g = \Va?.

This 4 dimensional spacetime posses the unit timelike normal vector

n = n,drt = —\Vdt. (1.45)
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Now that we have constructed the metric, it is time to talk about curvature.
What we have done so far is that we considered the 4 dimensional spacetime as 3
dimensional hyper surfaces embedded in it. The hyper surfaces will have intrinsic
curvature, as measured by the Ricci scalar of h;;. We will denote this 3 dimensional
intrinsic curvature by R®). Looking at the hyper-surface within the four dimensional
spacetime, it will also have an extrinsic curvature depending on how these surfaces
are imbedded. This is measured by the extrinsic curvature tensor K. It measures the
deformation of a figure lying on the hyper-surface when each point of the figure on
the hyper-surface is carried forward by a unit of proper time into the four dimensional
outer surface. This motion is along the direction normal to the hyper surface. The
change in a vector n normal to the hyper-surface under this displacement will be
perpendicular to n, in other words dn lies along the hyper-surface. The extrinsic
curvature K is defined as the linear operator that measures the change in n under

being transported parallel to itself in the outer 4 dimensional geometry

(dn); = Vinda® = — Kjda®. (1.46)
It has the value
Kip = —— | Wk + Ving — 2 (1.47)
ik — 2)\N k\g i\k at . .

Imagine a piece of paper. The paper is a 2 dimensional surface, and as the Ricci
scalar always vanishes in 2 dimensions it is intrinsically flat. Imagine the paper lying
on the surface of a table, if you draw a triangle on it, the sum of the internal angles of
the triangle will add up to 7, as they do in flat Euclidean geometry. However this piece
of paper is lying in a 3 dimensional space. If we take it and fold it around without
tearing it, the sum of the internal angles of the triangle we drew on it will still be T,
confirming that the paper is still intrinsically flat. However from our point of view,
it looks bend and folded, it has some extrinsic curvature within the 3 dimensional

space.
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The four dimensional Ricci scalar R in the ADM formalism has the form
R=R® + K;KV — K* (1.48)

where K = h K;.
If we consider pure General Relativity, with no matter fields the action is

2

Sen = % Az AN VR [RD) + KK — K2 (1.49)

Notice that this action does not have any derivatives of the shift and lapse functions.

The canonical conjugate momenta for them vanish

oL
O\

These are constraints that imply that the variables A and \* are not physical vari-
ables, but that they are Lagrange multipliers. During the analysis of the system we
must solve for them in terms of the other variables. Dirac has formulated how to
quantize a constraint system based on an analysis of constraints. In his formalism,
constraints such as these, that arise before the equations of motion have been em-
ployed are refereed to as primary constraints, b, = {m;, 7y }. For the self consistency
of the system these constraints must be preserved in time, G, = b, = 0. This puts a
further set of constraints on the system referred to as secondary constraints.

As the primary constraints turned out to be canonical momenta, by the Hamilton

equations of motion we know that the secondary constraints will be

: oH
: oH
= = =0 (1.53)
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In order to derive the secondary constraints we need to go to the Hamiltonian for-

malism. The conjugate momentum of h;; is

2
= 6_£ = %\/E(KU — KhV). (1.54)
8hij 2

We find that the Hamiltonian density

H = /d3l’ (ﬂ'ijilij + WNj\N + 71'2)\Z - £> = /d3x7-[g (155)
becomes
H, = 2 A (w--wij - 17#) - m—f’l\/ﬁANR@ — 2VhNV, <7T> : (1.56)
R AN 2 \Vr

This means the Hamiltonian itself is a linear combination
H, = \NGy + NG, (1.57)

of the secondary constraints, who are

oM, 2 1 G 1, m2 @
Gy=—oy = — (WT o7 ; VhR® =0, (1.58)
0Hg ’ﬂ'ij
=———=—-2VhV, [ — ] =0. 1.
G, X VhV, (\/ﬁ) 0 (1.59)

This means the Hamiltonian of general relativity vanishes on shell and it does not
generate time evolution. Rather then time evolution, the dynamical equations of
this system, obtained by varying the action with respect to the metric, describe
further coordinate changes. In a sense the ADM formalism captures evolution of
the 3 dimensional hypersurface along a parameter called time, as opposed to time
evolution of the four dimensional spacetime, by stacking together the versions of the

hypersurface under spatial diffeomorphisms with a specific order. After all if one is
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interested in the physics on the spatial sections, time evolution does mean how the
spatial section keeps deforming. Each version will be connected to another under
spatial diffeomorphisms and hence time can be considered as a parameter that sets
the order of these spatial diffeomorphisms. This issue is referred to as the problem of
time in general relativity and we refer the reader to [31] for a detailed and pedagogical
discussion. However this inherent property of the ADM formalism also makes it very
convenient to study perturbations on a time dependent background, starting with
a time diffeomorphism fixing, which we will look into in chapter 2. The evolution
equations of general relativity do not determine the variables {\", A’}. They are left
arbitrary.

There is an important link between diffeomorphism invariant and constrained sys-
tems. The presence of diffeomorphism invariance signifies that some of the variables
in the original formulation of a theory are redundant. These variables are necessery
so as to ensure that correct transformation properties are obeyed. Yet they are re-
dundant in the sense that they can be set to zero via performing a diffeomorphism.
Hence they are not physical. Their arbitrariness is removed by making a coordinate
choice. The freedom to choose the coordinate system in general relativity is similar
to the freedom to choose the potential in electromagnetism. Which is why we use the
words diffeomorphism and gauge transformation interchangeably.

The constraints in a given theory are analyzed by being classified into two classes.
This formalism for treating constraints was developed by Dirac with the purpose of
quantizing gauge systems. A function or a constraint F, is said to be first class if its
commutator vanishes weakly with each constraint that exists in the system. If there is
at least one constraint that has a non vanishing commutator with F, then F is said to
be second class. All first class primary constraints generate gauge transformations. In
addition, the Poisson bracket of any two first class primary constraints, and also the
Poisson bracket of any first class primary constraint with the first class Hamiltonian

generate gauge transformations. Thus in some cases first class secondary constraints
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can also generate gauge transformations. Because of this, the distinction between first
and second class constraints is more important then the distinction between primary
and secondary constraints. We will analyze the constraints with a scalar field coupled
to gravity in section 2.2.1 to see that they are first class on shell. And this will set
the basis of quantization of cosmological perturbations with gauge fixing taken into
account.

Having arbitrary variables, one needs a method of distinguishing the physical and
the redundant ones in a constrained system. The variables which are not effected
by the gauge transformations are the physical variables. The act of the gauge trans-
formation on a variable z is given by the Poisson bracket of the variable with the
generator of the gauge transformation. As the generators are the constraints, this

makes

(1.60)

Ay = o, G} = (e e - S0 Y g

oq dp;  Op; Oq'
where £¢ is the parameter of the transformation. What is happening here is that the
constraints of the system do two things for us, one they define a constraint surface in
the space of variables, two they generate the gauge transformations. In other words,
the Poisson bracket with the constraint defines a derivative on the constraint surface.
Hence the gauge orbits defined by the gauge generators will lie on the constraint
surface. Physical variables of the system, O, correspond to fixed points on a gauge

orbit on the constraint surface
AO ={0,G,}* = 0. (1.61)

We pictorially represent this in Figure 1.1. In other words the observables are the set
of gauge invariant functions on the constraint surface. If we carry on to quantize the
theory in this form, we will have followed the Dirac quantization.

In chapter 2 we will make use of this analysis of the constraints to find the physical

observables among cosmological perturbations and their quantization. We refer to
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Figure 1.1: The orange rectangle represents the gauge surface with {G.,z;} giving
the gauge orbits. Physical observables like O remain fixed along the gauge orbit.

quantization with respect to gauge invariance as Dirac quantization. However we will
also work out the quantization of observables in the case of gauge fixing. This is when
a coordinate system is declared from the beginning as a gauge choice. This choice
amounts to fixing the otherwise arbitrary variables of the theory. Once gauge fixed,
the gauge invariance is broken by the removal of the arbitrariness. Then the system
exhibits BRST invariance, a symmetry discovered by Becchi, Rouet, and Stora, and
Tyutin and named after their initials. This is a fermionic symmetry generated by a

nilpotent charge €2, where nilpotency means
6 = {Q, A} =0, (1.62)

of grading e = 1. This symmetry acts over an extended space of variables where
one has Grassmann fields, 1, P, as well as complex commuting variables x. The main

property of Grassmann variables is that they are anti commuting, if you consider two
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such variables n and P

nP = —Pn. (1.63)

This is where the grading enters in. In a so called Z, algebra, where two different
types of variables exist, the Grasmann variables have odd grading, ie ¢, = 1 , while
the complex variables x have even grading ¢, = 0. So the multiplication rule of the
algebra is

AB = (—1)ats) BA, (1.64)

The Poisson brackets of two functions (A, B) in this extended space works as follows

{A,B} =

A 0B AO0B A 0B AoLB
0A0B 0A0 } (1) {& 0 0L A0y, (1.65)

dqi dp;  Op; Oq! on® P, 0P, on° |’

where 07, denotes left derivative.

The observables under in BRST invariant theory live in the cohomology of the
BRST charge. The cohomology of a charge is the set of functions who are not obtained
by the said transformation of another function, and who remain invariant under the
said transformations. The BRST charge is constructed so that its cohomology consists
of gauge invariant functions. Again the concept of having gauge invariant functions
requieres two things, one needs to define the constraint surface and you need to define
a derivative operator on this surface. In this extended space, the constraint surface
is defined by purely imaginery Grassmann variables P, with grading ¢, = —1, also
referred to as antighosts and the derivative on the constraint surface is defined by

real Grassmann differential forms 7* with grading €, = 1, referred to as ghosts.
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1.4 Time Evolution and Quantization of Perturba-
tions

In the previous section we introduced the variables we are interested in, the cosmo-
logical perturbations. Now we would like to consider their time evolution. This is
inherently linked with quantization. From beginning onwards we have been consid-
ering fields, F, = {¢, g}, as split into background and perturbation F, + §F, =
{do+9¢, g+ 09, }. We quantize perturbations around a given classical background

solution. Following [32] this means, in a Hamiltonian formalism where each field F’

and its conjugate momenta 7, = %ﬁ(’lm, are canonical variables, the classical equa-
tions of motion B ~
- SH[F,(t), T (t)] . SH[F,, T,)
F, = , = ——— 1.66
0T, 0F, ( )

hold. Where as the time evolution is given by the commutator of the canonical

variable with the full Hamiltonian H[F,(t), 7, (t)]
E, = iH[F(t),m(t)], F,), 7a=1[H[F(t),n(t)],na, (1.67)
and the quantum perturbations obey the canonical commutation relations

[0F,(Z,t), 0my (27, 1)] = i6,0° (& — ), (1.68a)

[0F,(Z,t), 0Fy(27, t)] = [0ma(Z, 1), dmy(27, )] = 0. (1.68b)

We can expand the Hamiltonian as

HIF,(t), ma(t)] = H[Fu(t), Ta(t)] + Y g—gaFa +)° gf 07 + 0 H, (1.69)

where d H is the perturbed Hamiltonian starting from second order in perturbations.

Now if we consider

E, = i[H[F(t),7(t)], F.] (1.70)
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and expand both sides
Fo+ 6F, = i[H[F(t),7(t)], Fo] + i[H[F(t), 7(t)]]. (1.71)

The background solution is a complex valued function, hence it commutes with the

Hamiltonian making the first term on the right hand side vanish. The same also holds

for the Hamiltonian at the background level H[F'(t), 7 (t)], making the commutators
[H[F(t),7(t)],6F,) and [H[F(t), 7 (t)], 07,] also drop out. This leaves us with

0H

Ta

Fo(Z,1) + 0F,(Z4) = i——[6ma (1), 0F,(Z, 1)) + i[SH[F(t), 7(t)], 6F,(Z,1)]. (1.72)

Via use of the background equations of motion and the canonical commutation rela-

tions we note that the first terms cancel each other, and we arrive at

SF,(Z,t) = i [JH[F(t), n(t)], 0 F,(Z,1)] . (1.73)
The same relation also holds for momentum perturbation

0o (Z,t) = 1 [0H[F(t), w(t)], 0w, (Z,1)] . (1.74)

Thus the time evolution of the perturbations are determined by the perturbed Hamil-
tonian, while the time evolution of the full fields are determined by the full Hamilto-
nian.

Given an initial state 0F,(fy), we would like to be able to represent its time

evolution by a unitary hermitian operator

SE,(t) = U Nt t0)6F,(to)U(t, to) (1.75)
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and of course the same holds for the momentum conjugate
dma(t) = U™ (t, to)dma(to)U(t, to). (1.76)

Demanding this form for 6 F,(t) to satisfy (1.73) leads to

dU (t, t,)

[6H,0F,) =i |U(t,t) OF, (1.77)

implying that U(t,t,) is an operator that obeys the differential equation

Ult, to)
dt

One can define the initial conditions such that U(ty,?y) = 1. The solution to (1.78) is
U(t,to) = TE i SO (1.79)

where T' denotes time ordering.
The perturbed Hamiltonian 0 H starts at quadratic order in fluctuations, let’s refer
to this part as Hy. This is the free Hamiltonian, and the higher order terms represent

the interactions, let us denote these as Hy,
§H = Hy(6F2,6m%) + Hy. (1.80)

The time evolution of the free fields are governed only by the quadratic part of the
Hamiltonian, Hy. Just as the Interaction picture in Quantum Mechanics, we can

define the free cosmological perturbations as the interaction picture fields

OF, (t) = Uy '(t,to)0 F (to) Un(t, to) (1.81)
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and

S =i [Hy,0F!]. (1.82)

Then the effect of further interactions are accounted for by an operator
K(t,ty) = Te o H1E0 (1.83)

such that
U(t,to) == U(](t,to)K@,to) (184)

The interaction picture fields are connected to the original fields as follows

SF,(t) = U 1t t0)0F,(to)U(t, to)
= K1 [Uy 't ) Fu(to)Uo(t, 1) | K

e N N
—_ =
o oo
~N o

~—  ~— ~—

= K7t t))0F (1)K (t, 1)
— Tl ftto Hi(t4)dt’ 5 por (t)Te_i ffo Hy(t't)dt!

Taylor expanding the exponentials via the Bekker-Campbell-Hausdorft formula, the
expectation value for a perturbation or any other operator 6O build out of the per-

turbations becomes [32]

(50(t)) = ZZN/ dtN/thN_1.../th1<[HI(t1), [Hi(t2),... [H(tn)SO ()] ...

oo

(1.89)

1.5 Gauge Invariant Variables and Quantization

The previous section was a formal review of the in-in formalism on how to account
for time evolution in cosmological perturbation theory. Here we will make use of
this formalism to calculate expectation values in a practical application. We have

seen in section (1.2) how important the diffeomorphism invariance is. While it is
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unavoidable to make a coordinate choice in order to carry on a calculation, at the
end of our calculations we must make sure the results do not carry any redundancies
coming from the coordinate system that was worked on. One way to make sure of this
is to work in terms of gauge invariant variables. This will be the focus of this section
and what follows in this chapter. Another way is to understand how the choice of
coordinates can be correctly implemented. This is the subject of chapter 2.

In the next two sections we will work in conformal time 7 defined as

toodt
n:/tozoﬁ' (1.90)

We will denote time derivatives with respect to coordinate time with a dot f = %
and, derivatives with respect to conformal time with a prime [’ = %. The conformal

time Hubble parameter is denoted as

H(n) = — =aH(t). (1.91)

The initial conditions can be chosen so as to make H(t) = % constant for a finite

time interval and give inflation. We will work on the quantization of perturbations
both in exact and near de Sitter for comparison. We pick power law inflation as
an example for a near de Sitter situation. Our advantage is that the equations are
solvable for both of these examples.

In exact de Sitter the scale factor goes as aqs(t) o< et where the Hubble rate is
constant Hys = const. This gives rise to an internal accelerated expansion. In terms

of conformal time, by (1.90)
1

~Fy (1.92)

ags(n) =

For power law inflation, the scale factor goes as a,(t) o t* where p > 1 and, a,(n) o
771%17. Conformal time can go down to negative infinity and has negative values during

inflation, which raises the danger of imaginery values for the scale factor in this last
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the argument of a,(n),
D

i = (20) "

This expression approaches that of de Sitter, in the limit a ey —%.

Taking derivatives with respect to conformal time one obtains,

a D 1
Hyp = P (Tp> ’

and for higher derivatives

H = nl (E) 4 (+D)
g p

for the power law inflation. For exact de Sitter

s Bis _ L
aqds n’
and
-1 n+1
Hg;) = n'—( ) = nl(=1)" Tyt

nn+1

1.5.1 The Mukhanov Variable v

form we have written. Since p > 1, ﬁ < 0 so we will use the combination ﬁn as

(1.93)

(1.94)

(1.95)

(1.96)

(1.97)

(1.98)

Though the variables of actual interest are the field and metric perturbations, d¢ and

¥, it is advantageous to work with the Mukhanov variable v [19]. This simplifies

the problem of quantizing metric and density perturbations of a system with gauge

symmetries into quantizing a single gauge invariant variable, v. This way, calculations

for multiple variables are combined into one variable whose use removes any gauge

dependent ambiguities. The variable v is a combination of ¢ and . For single scalar
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field matter content it has the form [19],

/
v = adp+ 220y, (1.99)

H

It will be useful to define the variable
agy
= ) 1.100
i= (1.100)
Originally we are interested in Einstein gravity with matter content

S(Guv ¢3t) = Spm + S (1.101)

1
/d4x\/—g [émle + Em] : (1.102)

In coordinate time, at the background level, with ¢ = ¢o(t) and the metric compo-
nents g = ¢g"”(t) that of LFRW metric, the Friedmann equations of motion obtained

by varying this action with respect to the metric are?

By, H* = %c'bﬁ(t) +V (), (1.103)

—3m, (H + H2> — 8 — V(o). (1.104)

Here the Hubble parameter H(t) represent the metric since the only nontrivial com-
ponent is g;; = a*(t)d;;.

We are interested in this action at second order in perturbations, with a single field
matter content whose Lagrangian in the convention of (—, 4+, +, +) metric signatures
is

1
LG $51) = =59"0,60,6 = V(9) (1.105)

2The first of these equations is the 00th component, the second is a combination of the first equa-
tion and the trace of the field equations. A more convenient version is to write them as 72m12)lH = ¢2

and 6m2 H? = ¢f + 2V (¢o).
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To study the evolution of perturbations, one substitutes

G (6, T) = G () + Py (L, 7) (1.106a)

o(t,x) = Po(t) + 0(t, T) (1.106b)

into (1.101) and expands the terms up to second order in d¢, h,,. Even though these
perturbations are introduced linearly in (1.106), nonlinear terms arise due to the
nonlinearities of (1.101). In other words the action at second order in perturbations

is the free theory. In terms of the Mukhanov variable

"
0%8 = % / [UIQ — (9w)? + 0P | d'x, (1.107)
z

where total derivative terms are dropped [19].

Before moving onto quantization, let us convince ourselves of the gauge invariance
of v. As mentioned in the beginning we consider infinitesimal coordinate transforma-
tions, the diffeomorphisms,

xt — =24 £ (1.108)

where & = (£°, 5) is the parameter of the transformation, as gauge transformations.
The most general diffeomorphism that preserves the scalar nature of the metric fluc-

tuations is

n—i=n+&07), (1.109a)
P Y9IV ;€(n, T) (1.109Db)

where the three vector has been split into £ = &, +~“V;£. Under this transformation,
on a timedependent homogeneous background fluctuation in a scalar field d¢q, such as

our d¢, transform as

5(] — 6&(777 l’) - 5Q(777x) - Q6(77)§07 (111())
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as we found in (1.17). The metric perturbation transforms as|[19]

= =+ HE. (1.111)
Plugging these in we see that
~ / o~
V= add+ a;io —, (1.112)

the Mukhanov variable is invariant. Hence, the powerspectrum of the Mukhanov
variable will also be invariant under gauge transformations.
The variable v can be expanded in terms of eigenvectors of the Laplacian Vy; =

i

—k?x, with xx = e 7 and promoted to an operator as

di? N kT * At —ikeE
v = PE [vk(n)ake + v (n)ay'e ] . (1.113)

The canonical commutation relations (1.68) with 6 F, = v implies
[k, ] = 6(k — ), [a, aw] = [af, al,] = 0. (1.114)

In return we get the following equation of motion

"

u + {kQ _ Z—] S (1.115)
z

for the mode functions v, to obey. This is the equation of motion of a harmonic oscil-
lator with a time dependent frequency wy(n) = k* — 27”! So the scalar perturbations,
the modes of interest are just harmonic oscillators. The fact that they have a time
dependent frequency implies that they can transition from one state to another over
time, simply because their frequency carries time dependence. This is the analogue of
time dependent perturbation theory in quantum mechanics. Here time dependence is

involved in the interactions of the perturbations because they are coupled to a time
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dependent background. This is a curved background because of its time dependence.
So instead of perturbations to the potential being turned on or off in quantum me-
chanical examples, here there is time dependence due to considerations of a curved
background.

To solve of the mode functions of power law inflation, we need to calculate the

ratio

Z” ¢0/// 2¢0//
~ % Tp b

We can make use of the Friedmann equations (1.103)-(1.104) to evaluate the higher

H+ H2 (1.116)

derivatives on ¢y. In terms of conformal time we have?

3
5@%2 =M - (1.117)
which in our case give
3 1
Zo)? =H* — 7—[’:57-[2. (1.118)
By differentiating this we get
/!
-1
¢—Z = pT’H (1.119)

and

/// —1 2
=2 2, 1.120
¢0 ( p ) " ( )

Thus for power law inflation the time dependent frequency of the harmonic oscillator

18

2" _2p—1 p(2p—1) _,

2
— |powerlaw — H = —— n . 1.121
v p (1-p)? (1-121)
The mode function is the solution of
1-2
”+ {kQ - _sz] v =0 (1.122)
p

3where 1, = 1/@—? = (mpl\/ch)_l
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or in terms of conformal time

" 2 p(l — 2}7) 1 :|
v + {k +———FF—=|vp=0 1.123
(1—p)* n? (1.123)
as p — oo (1.123) does give the correct expression of v;” + (k* — n%)vk = 0. Equation

(1.123) looks like the Bessel equation of form

w" + (/\2 - ﬂ) = (1.124)

772

where A2 = k% and, 1? = Eﬁ%ﬁ;z. This has a solution in terms of Bessel functions

C,(An), in the form of
ve(n) = v/ Cu(An). (1.125)

As 7 is negative during inflation, the /5 in (1.125) looks problematic. However,
because equation (1.124) is invariant under time reversal as n — —n, we can just

replace 7

uk(n) = V=1 C.(=An). (1.126)

To solve a second order differential equation, one needs two boundary conditions.

The first appropriate boundary condition is to choose the normalizaton so that[33]

~.

(vk(n), ve(n)) = ﬁ(vk*vk/ —vp'vg) = 1. (1.127)

From here on we will set A = 1. The second appropriate boundary condition is to

assume that the vacuum was Minkowski vacuum in the past. In the far past all

. . . . . . "o,
comoving scales are far inside the horizon, meaning as 7 — 0o, k > aH. Since =- is

composed of aH’s it is negligable and the mode equation has the form
v = —k*u. (1.128)

The general solution to this equation will be of the form wv(n) = N_(k)e?" +
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N, (k)e~*1. We will consider the positive frequency solution, which means setting®

N, = 0. The first boundary condition fixes the normalization to be [N_|* = 2-. So

etikn
TR
Thus the solution of (1.123) should satisfy

the Minkowski vacuum satisfies v, =

lim v(n) — etk (1.129)

n——00

T

This initial condition is the Bunch Davies vacuum. Among the Bessel functions

H,Ez)(—kn) — e* as kn — oo. Hence for power law inflation, the mode

7rk77

functions are

() = gv/=mn HY (k). (1.130)

Exact de Sitter means the background is fixed to be the de Sitter metric, and
one only has the perturbations of the scalar field on this background. In otherwords

1 =0 and v = ad¢. The action is

S = 1/d4a:\/_( m2 R — " 0,00, — V). (1.131)

In terms of conformal time de Sitter metric is ds%g = e H2 [—dn? + d7?] with ags(n) =

1
nHgs*

1 1 - \2
Sas = 5 /d4x774H4 {mle + 0 Hyg {¢I2 - (V¢> ] - 2V(¢)} (1.132)
ds
In terms of v, the second order action is
= 2
08,5 = B /d4 [ — (Vv)? —=miv® + ?02] (1.133)

where we made use of Hyg = const and H/g = ’HZS. We can think of the mass as

4Note that here we have make the replacement  — —7 which makes us pick up a minus sign

in comparison to the convention in literature. One can read equation (1.129) as lim,|_ v (1) —
_L_—ikin|
vt
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absorbed in wavenumber in equation (1.107), which then implies that for exact de

Sitter = 4s = —. Note that in the limit p — oo, power law inflation converges to
g
z n

exact de Sitter with *"7”|pl — 27”|d3. The solution

(1 ! ) e (1.134)
n=(1-—)—, :
’ kn) 2k

satisfies the two boundary conditions .

1.6 Power spectra and the Long Wavelength Limit

The powerspectrum P, (k) is the quantity accessible more directly to the observations.

It is defined in relation to the two point function (vyvs) as

(vgv) = (27)36(k + k)P, (), (1.135)
A2 = Qk—;Pv(k). (1.136)

The two point function for the harmonic oscillator is
(vpv) = (27)28(k + k') |or(n)]2. (1.137)

So in principle all that it takes to calculate the powerspectra of scalar perturbations
is to solve (1.115) for the mode functions. Since the relation between v, and d¢
or ¢ are known, for example (1.99) for scalar field content, it is easy to obtain the
powerspectrum of fluctuations from the power spectrum of the mode functions.

Now that the mode functions for power law inflation are known to be,

wk(n) = 5 v/—mn HP (—kn), (1.138)
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their power spectrum can be computed as

k3 k3
A2 =—P,(k)=—
Uk on2 o () 8T

(=n) [HP (= kn)|>. (1.139)

v

And the power spectrum for de Sitter is

9 k2 1 1 .5 9

We would like to refer the reader to [34] for a good review on de Sitter and an
alternative derivation of the two point function in the wavefunctional formalism.
Let’s look at the power spectra in comoving gauge, where d¢ = 0 and all the
perturbations are in the metric. In this case v = 29 so that
Al = LAz (1.141)

_; Uk

Using the background equation, for power law inflation

1 2 32, (1-p)? =
A8l (=p)f 2 (1.142)

2 ¢ 2 p

With this the power spectrum for metric perturbations in comoving gauge becomes

A2 _ _%(1 _p)Q

- 351 |HO (—kn)|? 1.14
2 = T SR HE (1.143)

Next interesting thing to calculate is the amplitude A, (n) and spectral index ny,
defined as

A?/Jk(nv k) = Aw(n) (kﬁ*) o ) (1144)

where k, is some chosen scale with respect to which everything is normalized. One

could choose k, to be the mode that exits the horizon N e-folds before the end of

40



inflation. At a given time t,, the mode that satisfies
kv = a(t.)H(t.) = H(ns), (1.145)

will be the mode crossing the horizon. During inflation the Hubble parameter is
almost constant so one can take H(t,) = H;,s. And from the definition dN = Hdt =
d(Ina), for a given number of e-folds, a = V. Since H goes as %, as confirmed by
equation (1.94), one has k,n = 1, for a mode that exits the horizon sometime before

the end of inflation. Keeping this in mind the amplitude is obtained to be

Ay(n) = AY(n, k), (1.146)

which for power law inflation gives

312, (1—p)? 5 s
w(n) = Wig ; kvt |H (k). (1.147)

For the spectral index notice that, from (1.144)

k
lnA?pzlnAw—i—(nw—l)lnk—* (1.148)
which suggests
dIn Afp
Ny = 1+ Tk (1.149)

Thus for power law inflation one obtains

dln H (kn)

419
I

(1.150)
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1.6.1 The Long Wavelength Limit

At the background level, the scalar field we are interested in obeys the equation of

motion

o+ 3Hdo + V(o) = 0, (1.151)

where we have switched to cosmological time ¢ and a prime refers to derivative with
respect to field ¢. This is obtained by varying the action (1.101) with respect to ¢.
To have an intuition for the way the fluctuations that arise during inflation evolve,
we need to look at the equation of motion for the scalar field perturbation d¢(x,t).
Substituting g" = g"” + dg" and ¢(x,t) = ¢o(t) + d¢(z,t) and varying with respect

to d¢, and demanding background equations of motion to be satisfied, this is
; . k2 .
00 +3Hp + V" (o)dp + g&ﬁ = —2¢V'(¢o) + 49 . (1.152)

To make things simple, just for now let us also take the metric perturbation ¢ = 0,

like in spatially flat gauge v = F =0,
. . k2
06 +3Hop+ V" (¢)dp + gdgb = 0. (1.153)

Modes for which the physical momentum is larger than the hubble parameter,

S > H, or in other words whose wavelength is smaller than the horizon size, are

called “subhorizon modes". If for these modes (%)2 > V'"(¢y) is also satisfied they
evolve according to

5 + :—zégb = 0. (1.154)

Subhorizon modes oscillate rapidly and, with small a and negligable H behave as

if they are in Minkowski space. During inflation a(t) grows fast while H(t) evolves

slowly. Hence f will decrease comparably where as H will stay almost the same. And

modes that were subhorizon early on will eventually become “superhorizon” with

k
b < H.
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What happens when modes become superhorizon? We can estimate ¢ ~ (5_2 + mi) 0.
During inflation H > my4 and since we are considering modes for whom S < H, the

d¢ the equation of motion in this case is effectively
3Hé6¢ = 0. (1.155)

The amplitude of superhorizon modes doesn’t change. Provided they don’t reenter
the horizon since the time they exit, or that we know how they evolve once they
reenter, if we observe these modes we will know how to obtain information from the
epoch at which they exited the horizon. This is why it is useful to calculate things
for modes that exit the horizon during inflation to gain information about inflation.
These are the adiabatic modes we mentioned earlier on.

The fact that during inflation only subhorizon modes exit the horizon while no
superhorizon modes enter is crucial. This mechanism is what lets inflation set the
initial conditions. Earlier on we used the Minkowski spacetime solution as our initial
condition. Minkowski spacetime is flat and non dynamic. But we know that later on
spacetime becomes dynamic. Up untill inflation starts we can consider the spacetime
to be Minkowski. Because superhorizon modes do not become subhorizon during in-
flation, all the subhorizon modes live inside the horizon at any time during inflation
have been living there since the start of inflation. So we can safely set Minkowski
vacuum to be our initial condition. If during inflation things happened in a way
that made superhorizon modes become subhorizon we could not trust the subhori-
zon Minkowski vacuum, modes to set the initial conditions because there would be
contributions to them that come from the later times.

Thus we will now consider the superhorizon, or long wavelength limit, kn — 0 of

some of the quantities we have calculated above. For exact de Sitter we found

9 k? 1 1., 9
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In the long wavelength limit, k& < H this becomes

lim A? 1 H

kn—0 Uk 4n2p? 4x?’

(1.157)

In comoving gauge the metric perturbations are ¢ = 2. In exact de Sitter H' = H?

/
. . . 2
and by the background equations of motion z = uz vanishes because ¢/” = —31212 [H?—
P
. . 212 2 : !
H'] vanishes.In general we can write 22 = —“jg = _321(21,;;6 where e = — 2L =1 — —3{{2 and

exact de Sitter corresponds to the limit ¢ — 0. Thus we can say that for quasi de
Sitter spacetime the power spectrum of metric perturbations is
1 1 30
AL = SA = —ZH? [*n* 4+ 1], (1.158)

22U Ap2e 2g2

which in the long wavelength limit becomes

1 32 H2 312
: 2 “plg2 “pl
kléglo Ay = Am2e 2a2H Am2e 2

(1.159)

Thus the long wavelength limit of power spectrum for metric perturbations in co-
moving gauge approach a constant in quasi de Sitter spacetime. And these comoving
gauge results also apply for the powerspectrum of gauge invariant comoving curvature
perturbation R = .

A close look at (1.159) reveals that the powerspectrum A7, for exact de Sitter in
the longwavelength limit does not depend on comoving momenta k. This is a crucial
fact, because it implies that each mode contributes the same amount of power. In
other words the spectra is scale invariant. This is a reminant of the scale invariance of

de Sitter, invariance under dilatations parametrized by (1.22). This property implies

that among the observable quantities,
ng’ =1, (1.160)

by (1.149).
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For power law inflation we found, in comoving gauge,

312 (1 - p)2 3p—1
2 Pl 3 3=l 0 1(9) 2
= kne1 |[HE(k . 1.161
Pk 1672 p n ’ v ( 77)’ ( )

In general HS”(z) = J,(z) —iY,(z) and in the limit z — 0 this expression becomes

HE (— ) ~ —%r(y) (‘T""”) o (1.162)

Plugging this in gives the long wavelength limit of powerspectra for metric perturba-

tions to be

312, (1 - p)? 4T%(v) Spol
A2 _ Olp 2/(-p) |22 T (T =) 1.1
T ——(=kn) (1.163)

in general.

Let’s also consider the long wavelength limit of our result for the spectral index

dIn H (—kn)

=442 1.164
A Y (1.164)
In the long wavelength limit
dH(Q)(—k:n) v [il(v) [(—kn\ " v
S VR _ 2 — = —HP*(—k 1.1
e 1 GO I B S (R
and the spectral index is
(2)* —k
ny = 44 21k (1.166)

Since kn — 0, the second term in HY will dominate and the spectral index will be

) ~4—2v, (1.167)

(1-3p)?
4(1-p)?

law inflation need not be 1 and imply scale invariance which is different from exact

which is constant. Notice that depending on v? = , the spectral index for power
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de Sitter where ng” = 1.
Lastly we will mention the power spectrum of the gauge invariant comoving cur-

vature perturbation R. It has a very simple definition in terms of v

LM H
cb’ agy

R =1 v = 5 (1.168)

Since the power spectrum of v is gauge invariant, it is clear that the power spectrum

of R will also be gauge invariant

1A2

2
AR, = e (1.169)
For power law inflation we have calculated that Z% = 3l2 1 d=p)” p & 77p o= , so that
312,k% (1 — p)? sp2
A% =0 1 [HP (K 1.170
One does get the same answer in comoving gauge where R = ¢ and
312,k3 (1 —p)? sp1
2 A2 _ 9P - (2) 2
This expression in the long wavelength limit gives
312 1 - 2 p 1
AR, = o BB popay ) ors () G222, (1.172)

1674 p

This again gives room for deviations from scalar invariance which are exact for exact
de Sitter.
At the time of the writing of this thesis, the spectral index for superhorizon (

modes as observed by Planck is

1 — n, = 0.0355 & 0.005(68%CL). (1.173)
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This is an observational evidence in favor of the existance of primordial scalar pertur-
bations of the type that arises in de Sitter. Yet it is an observation that leaves room
for small deviations from de Sitter. We will not work out the tensor modes here but
the ratio of the power spectrum of tensor modes, to the ratio of the power spectrum

A2 . . . .
of scalars r = 3 is another quantity accessible to observations.
S

1.7 An Application: Primordial Black Hole Con-
straints and the Spectral Index

In this section we will talk about the growth of perturbations and differences between
structure formation in radiation and matter domination. The two point correlation
function, which we introduced as the power spectra, makes the connection between
perturbation theory and observables. Previously, we saw how the power spectra
can be characterized by its amplitude, and the scalar index which accounts for its
scale dependence, in the sense that it parametrizes if different wavelengths £, hence
different scales, carry more power then others. In this section we will demonstrate
how bounds on structure formation can be expressed in terms of bounds on the mass
of the scalar field that sets the perturbations and the spectral index of their two
point functions. Our main goal is to derive these bounds for primordial black hole
formation in non-thermal eras driven by scalar fields besides the inflaton, which can
dominate the energy density in the early universe. To be able to make use of these
bounds, we need to understand what is the fraction of mass M the mass of a black
hole at the time it is formed, which makes M the mass that went into the black hole
to form it, to the over all mass present in the universe at that time. This fraction
is denoted by B(M). We will first talk about the motivation for such a primordial
matter dominated era, then review structure formation and how formation of black
holes are understood and end with the constraints. The main work related to this

section has been published in [16].

47



1.7.1 A Short Review of Non-thermal Histories

In standard cosmology, inflation is followed by a radiation dominated era that lasts
up to CMB. Non-thermal histories are motivated by split-SUSY scenarios with an
attempt to explain the origins of CDM. We refer the reader to [35] for a more detailed
review. In split-SUSY spectrum one has scalar superpartners at the 10-100 TeV
range, whose mass is set by SUSY breaking. The fermion superpartners take place
at lower scales on the order of 100-1000GeV, below the SUSY breaking scale. If
the SUSY breaking scale Agysy is mediated by gravity, then there is the relation

A2 . L . .
mgje = ;U;Y between Agysy and the graviton mass mg,. During inflation this

becomes mz/; = AzgnUPS;Y ~ H;, where H; is the Hubble rate during inflation.

In the range of scalar superpartners, one can also have the moduli, o, which appear
from requirements of UV completion. These are shift symmetric scalar fields, who
gain mass by the breaking of the shift symmetry either during inflation or by quantum
effects. In split-SUSY models the mass of the field can be very heavy. As such they
can decay into radiation and dark matter, who are among fermion superpartners
below the susy breaking scale. With this mass range of 10-100TeV the field will decay
early enough without disturbing BBN. Thus it is important that the field be heavy
and not disturb the well established physics that is to arrise later.

The key property of non-thermal histories is that they give rise to a new matter
dominated phase when the oscillations of the field reach a frequency that is equal to
the mass of the field. Breaking of the shift symmetry during inflation happens via low-
energy SUSY breaking. Having had supersymmetry at one point implies corrections
to the potential as

AV = —e,H20? — %amn + o (1.174)

where H; is the Hubble rate during inflation and M is the scale of new physics. The
first term in (1.174) causes the symmetry to be broken during inflation in the early

universe. It will be restored and broken again later. Earlier, at times of high inflation
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(Hr > m,), the minimum of the field is at

(o) ~ M (%) o (1.175)

and being a function of the minimum of the potential the mass of the field is m, oc Hj.
Later on at the time of low-energy SUSY breaking when H; ~ m, and the higher

order corrections become negligable
AV =m2o”. (1.176)

The minimum in this case, is near (o) ~ 0 and the mass becomes mo = Comszjz =~
10 — 1000 TeV.

Although the field always sits at the minimum of the potential, the minimum
of the potential changes at earlier and later times during cosmic evolution. This
displacement of the field between two energy scales leads to energy being stored in
the form of coherent oscillations of the field and a scalar condensate being formed
[36].

The equation of motion for a scalar field is

ov

5+ 3Ho = — 1.177
6+ 3Ho o ( )

With the potential V' = %ngZ this gives
G4+ 3H6 +mio = 0. (1.178)

If we make the following field redefinition of

o(t) = ag%(t)x(t) (1.179)
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the equation simplifies to

3a  3a®
. 2
_ -z _ - =0 1.180

Starting from H =~ m,, H will continue to decrease so that in time the regime of
interest becomes m, >> H and the Hubble friction term % is negligable. In this case
the solution is of the form [37]

cos(myt + f3)

o(t) = o, (D) (1.181)

1

. 2 .
Let’s now calculate T}, = 0,00,0 — g,,L, where £ = $5* + Z20*. Since we are

in the m >> H regime and % terms are negligable

sin(mot +B8) 3 cos(mst+B)a sin(megt + [3)

U(t) = — M0« a3/2<t> - 50—* a3/2(t) a ~ —MMs0 a3/2<t) (1182)
And we obtain
1 1 1 o2
e =Too = 26"+ -m2o> = ~m2—= 1.183
I% 00 = 50 =+ 2maa 2m"a3(t) ( )
Doy = Tii = [L’;Q 1m2a2] _ lang sin*(mgt + ) 1m2026032(m0t + B)
o) ) 2 2 o D) * Yo a3(t) 2 ok a3(t)
(1.184)

Since the average over all angles of both sin?(m,t + () and cos*(m,t + 3) are %, the
average pressure is (p,) = 0. This gives the equation of state i—z = 0, which is the
equation of state of matter. These averages are meaningful in the limit m, >> H
which is when the field oscillates with frequency w = m,, much faster than the
universe expands. Thus the energy stored in the coherent oscillations of the scalar
field leads to a matter dominated era. The field being heavy and the Hubble rate
falling in the m, >> H is what leads to this matter dominated era. The good thing
about having this matter dominated era is that because of the way the fluctuations

scale and the rate at which field decays, there is the possibility to form primordial
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structures in this era, as opposed to radiation domination. The heaviness of the field
also ensures that it decays out before BBN. Thus for non-thermal cosmologies to be

pausible models, it is important that the scalar field be heavy.

1.7.2 Jean’s Scale and Horizon Size

For a non expanding fluid the evolution of small denstiy perturbations of nonrela-

tivistic matter are governed by
op — ¢s2V26p = 4G pdp (1.185)

where p is the background density, dp denote the density perturbations, the speed

of sound is ¢,? = g—i and density and pressure are related by p = wp. The solution

will be of the form dp(r,t) = poe*’%'ﬂi“t, which when plugged in gives the following
dispersion relation

w? = ¢,’k* — 47Gp. (1.186)

For coordinate momenta k> = 4;# the frequency is zero, w? = 0. This point at which
the frequency squared changes sign is known as Jean’s scale, and it has important
consequences for structure formation. For k2 > k;? the frequency is real, which means
dp(r,t) is proportional to ™! and the perturbations oscillate as sound waves.

On the other hand for k* < k;* the frequency is purely imaginery and the per-
turbations will exponentially grow or decay. The exponentially growing modes of the
density perturbation will eventually become comparable to the background density
d0p ~ p. In this regime the linear perturbation theory breaks down and this region
that is now denser than the background collapses to form a compact object.

In a nonexpanding universe the coordinate momentum, &, and physical momen-

tum, p, are the same, yet for an expanding universe ¢ = %, where a(t) is the scale

4n G
=1/ Ly (1.187)

o1

factor. Thus in general




We will stick with the physical momentum from now on, where again it will be
perturbations for which ¢ < ¢y, that collapse to form structures. Only this time the
modes will grow as a power law and not as exponentials. All this analysis so far has
been Newtonian. It holds for perturbations of nonrelativistic matter at length scales
well below the horizon size. This momentum scale on the stability and instability of

perturbation growth can be turned into a wavelength scale by the following equation

Ay = 2—7T (1.188)
qj

For a pressureless fluid, such as dust, the speed of sound is zero. In the limit
cs> — 0, Jeans momentum goes to infinity and as can be seen from Eq. (1.188),
the Jeans wavelength goes to zero. This means perturbations within the horizon will
always be bigger than Jeans scale and everything can collapse to form structures.

We are interested in exploring structure formation, mainly primordial black holes
(PBH), in a matter dominated era where density perturbations of a scalar field, o
dominates over all other species present. At first glance it is very natural to assume
that the average pressure of a scalar field will be zero. However there is the important
subtlety that this only holds for scales m, > %, where m,, is the mass of the scalar
field, and H is Hubble’s parameter. In this regime the field is nonrelativistic and is
pressureless. Yet above this scale, % > m the average pressure of the field obtains
corresctions of order O(m,) and can no longer be neglected. In this case the field
behaves as relativistic matter with the sound speed [38], [39]

, 12 e

¢ = = (1.189)

4a(t)?>mo?  4m2

and the Jeans momentum is

N

q; = (167Gp,m2)7. (1.190)
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Figure 1.2: Wavelengths for structure formation: (a) The blue and red circles repre-
sent the Hubble and Jeans spheres respectively. Modes with wavelengths of the size
of Jeans sphere, shown here with as the red mode and below cannot over come the
repulsive effect of pressure and hence cannot collapse form structures, where as the
modes of bigger wavelengths such as the green one can. (b) The difference between
the region of scales for collapse in a universe dominated by presureless dust, oscillating
scalar field or radiation.

The scale at which the condition that the field is no longer is pressureless coincides
with the Jeans scale [37]. All the fluctuations in between A\; < A < Ry, where Ry
is the Hubble scale, will lead to compact structures. But for scales within A < Ay,
it will be harder to form compact structures since, they will only be able to form
from the modes whose gravitational attraction can overcome the repulsion coming
from the average pressure of the scalar field. These scales and the difference between
radiation, matter and oscillating scaler field are demonstrated in Figure 1.2.

As such the next point to consider is how inside the horizon, Jeans scale will
be. For our case, the mass of the scalar field is m, = 10°GeV. We are in the matter
dominated era and working with natural units, i = ¢ = 1 such that m% = G~!, where
m,, is Planck’s mass and G is the gravitational constant.The background density for

the scalar field is [40]
mymip

a(t)?

p~3H*m =3 (1.191)
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where H = Hga(t)’% and Hy ~ m,. Using Eq. (1.190) we get
Ay =1.79 x 10a(t)iGeV . (1.192)

The Hubble scale on the other hand is

3
2

Ry = — =a(t)? x 107°GeV ! (1.193)

c
H
Comparing equations (1.192) and (1.193), with a(t) = ¢3 for a matter dominated

universe, one arrives at

Ry ~ 0.6Vt (1.194)

The ratio f—f ~ (.64/t means that at some time ¢ = ¢* the Hubble scale and
Jeans scale will be the same. For earlier times ¢t < tx, this ratio will be smaller than
unity and the Hubble scale will be smaller than Jeans scale. Since it is the modes
within the horizon that form structures and in this interval they are all within the
nonzero pressure regime, it is very unlikely that structures will form here. Yet as time
passes it will be ¢ > tx, and the horizon size will be greater than Jeans scale. We will

have modes in between \; and Ry, in the zero pressure regime. Thus in time it will

become easier to form compact objects.

1.7.3 Mass Fraction of Primordial Black Holes

Up to this point our focus has been on formation of any compact object, be it a
star or a black hole. We have talked about how the scalar field will have non zero
average pressure below a certain scale and how this will affect structure formation.
Now we would like to calculate the mass fraction of primordial black holes (PBH), g,
that would have formed from the decay of a shift symmetric scalar field o (a moduli)
at the end of inflation. During this epoch the field will decay into dark matter and

radiation and there will be perturbations arising from them as well. At first glance, the
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dark matter particle perturbations could contribute to PBH formation and we would
expect the overall mass fraction to be the sum coming from scalar field perturbations
and dark matter perturbations. But as [40] shows, the dark matter perturbations are
negligably small next to scalar field perturbations in this era. So we will only consider
the contribution to PBH coming from scalar field perturbations. We mainly want to
see how the fact that the pressure of the scalar field is nonzero up to A; affects the
mass density. For that we will be comparing the mass fraction obtained from the
density perturbation of the scalar field in two different versions, with and without the

pressure being taken into consideration.

1.7.4 Density Perturbations

Before we can calculate 3, we need to figure out how the density perturbations 9,
evolve. Since our scalar field is relativistic, we need to solve the perturbed Einstein
Equations, rather than the Euler equations. In the absence of anisotropic stress, with

', as the decay rate of the scalar field, the equations to be solved are [40]

Oy 4+ 3H (2 — w,)d, + (1 + w,) (9—0 — 3@) =-I,® (1.195a)
a

) 2 2 25 0
0, + HO, + & Vo _ 3Hw,0, + v =—-I, [ - Qg} (1.195b)
l+w, a a I+ w,

where 6, is the velocity perturbation. With the matter dominated background,
the equation of state is zero, we also require that ® = ®;. In the momentum space

these equations become

. 0,
0g +3HC20, + 2 = —T',® (1.196a)
a
: k? k2
Oy — HO, — 20, — — Py =0 (1.196b)
7 a? a

Our startegy will be to solve Eq.(1.196a) for the velocity perturbation in terms of the

density perturbation and obtain a second order differential equation for the density
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Figure 1.3: Numerical evolution of the density perturbations:(a) The numerical solu-
tion for the evolution of the density perturbation in the case of zero pressure, which
is governed by equation (1.198). (b) The evolution of the density perturbation in the
case of nonzero pressure, where the blue curve is the numerical solution to full equa-
tion (1.200) and the purple curve is the solution to the approximate equation (1.201)
for large k, for values k = 10° GeV, m, = 10° GeV, &, = 107°. (¢) Comparison of
the effect of pressure on growth via the numerical solutions, the blue curve is solution
to zero pressure evolution equation (1.198) and the orange curve is the solution to
(1.200) with the presence of pressure.

perturbations by inserting the expression for velocity perturbation into Eq. (1.196b).
Let us first consider the m, > % regime, where c2 = 0, here the equation for the
density perturbation becomes
. . L2
0p +2H 0, + 2I'c H®o + — P9 =0 (1.197)
a
We will switch to number of e-folds, N as the time coordinate which is, dN = dina.
In a matter dominated universe H = ng% and a = V. During scalar domination
I',/H < 1. With derivatives with respect to N denoted by prime we arrive at

]{72

1
5// _5/:_
0'+20'

whose solution, demanding that J, goes to —2®, as k goes to zero, is

2 2
Sy (k, N) = =28y — =

N
3?8(1)06 3 (1199)

which is plotted in Figure 1.3a.

o6



In the % > m, regime where the average pressure of the scalar field is nonnegli-
gable and the sound speed is ¢2 = # the equation that governs the evolution of

density perturbations becomes,

1 2 2 2 2
3’“—}5' i {9 h }U: 5, (1.200)

5// - e R _ o
ot {2 * 4a?m2| 7  4a*m? |2 i a’H? a’H?

It looks as though the k and N dependence of §,(k, N) come as d,(k,N) =
f(k)e*™. Naively we would expect only the term that goes as k* to contribute in
the £ — oo limit, and the equation to be

" k!
o, + mdg = 0. (1.201)
At first sight we can see that the solution to (1.201) will be oscillating sound waves, in
which case the perturbations do not lead to much structure formation due to pressure.
We indeed do see this oscillatory behavior if we plot the numerical solution in Figure
1.3b. However from the same plot we see that the numerical solution of the full
equation, (1.200) has actually a growing behaviour.

If we plot the numerical solution to (1.198) and (1.200) we see that there is some
difference in the growth of perturbations up to some time in number of e-folds. How-
ever because the terms that arrise from the effects of pressure are all inversely related
to mass, and because the mass of the field is heavy, their contribution is not big

enough to overcome the gravitational collapse.

1.7.5 Why the pressure effects are negligible

It is the perturbations within the horizon, ¢ > H, that can grow. In section 1.7.2
we also pointed out that for perturbations to lead to structure formation, they must

be below Jean’s momentum scale, q; > ¢. Therefore the condition on the physical
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momenta of the modes that lead to structures, in our case PBHs, is

q;>q> H. (1.202)

From (1.187) using the units m, = |/ 525 and the Friedmann equation p, = 3m? H?

where we have assumed that the universe is dominated by the scalar field, we obtain
¢% = V6Hm,. (1.203)

On the other hand given an initial mode qq, we know how it evolves in time. As the
universe expands the physical momentum ¢(¢) decreases, yet the comoving momentum

k is constant, k = a(t)q(t) = apqo. Thus we have

q(t) = QOWE)- (1.204)

We also know that the relation between scale factor @ = ¢V, and Hubble parameter

H = Hoe N2 is
alt) = (H (t>)2/3. (1.205)

Hy

Altogether we have

g(t) = g0 <i§?)2/3 | (1.206)

If we take the subscript zero to mean the beginning of oscillations, then ay = 1,

q(t) = qo (@)2/3 : (1.207)

Mg

HO ~ Mg,

Now let us write our growth condiition as

G ¢
FJQ > 5> b (1.208)
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and plug in equations 1.203 and 1.207 to get

2 rHN\'Y" H
V6 > 2o (—) > (1.209)
mU

me Mg

Let’s consider a mode for whom % = 1. Such a mode will lead to structure formation
if V6 > (mig)l/ 3> mia The rightside of the constraint requires that the ratio mio be
less than 1. This is always true, at the start of the oscillations the Hubble’s parameter
is as big as the mass of the field and in time it decreases where as the mass of the
field stays constant. Therefore modes whose initial momenta are comparable to the
mass of the field will always overcome pressure and lead to formation of black holes.
For pressure to come into play, equation 1.209 must break down. This will only
happen for modes whose initial momentum is so small compared to the mass of
the field that even though mio is less than one 731—(2’3 <%>1/3 < mia in which case the
perturbations that evolve via 1.200 should enter the calculations. Perturbations of
momenta k = q(t)a(t), correspond to mass M o k=3, which suggests that such small
momenta will correspond to large masses. As there is an upper bound on the mass

of the black holes it is likely that these modes do not form black holes anyways and

so pressure of the scalar field is negligable for PBH formation.

1.7.6 Mass Fraction in the Pressureless Case for a Radiation

Dominated Universe

The mass fraction is the ratio of the mass that goes into PBH to the total mass

within the horizon, f§ = -“EEZ To calculate 5 we will use the Press-Schechter

Mhorizon

method, following the definitions of [41]

Brs(ve) =2 /OO P(v)dv = \/% /OO e Tdv (1.210)
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which considers the mass fraction to be the integral of the probability distribution

function over peaks above a certain height v.. This amplitude related variable is

v = 4. In [41] the density contrast is taken to be A = § — 1, but we will consider
0y = ‘Zﬁ itself as the density contrast, which appears to be more common in literature.

Thus out of all the density perturbations, it will be the ones whose ratio with respect
to the background density, are bigger than some critical value ¢., that collapse into
PBH’s. Perturbations below this can still collapse to form other compact objects such
as stars. As such the constraints on PBH formation enters into the calculation via

this critical parameter with value 6. = 0.5 [41]. In which case
v=— (1.211)
where o is the variation
2 > dk =,
o= (A%) = ?W (R, k)Ps(k) (1.212)
0

The physical aspects of the cosmological scenario under consideration enters into
the mass fraction through the integral limit v.. With v, = % = %, the information
related with the perturbations enters the calculation only via the power spectrum

Ps(k), calculated as Ps(k) = k*|0,|?. The window function,

—~ k*R?
W(R, k) = exp (— 5 ) (1.213)
picks the super-horizon modes, where the radius of the horizon is R = ﬁ
W (R, k) = ezati®. (1.214)

In a radiation dominated universe the Jean’s length scale is almost as big as the
horizon size, therefore modes within will not lead to structures. Modes outside the

horizon do not contribute since they are frozen. So it is only the modes that have
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just crossed over that can form PBHs in a radiation dominated universe.

1.7.7 The Matter Dominated Era

The matter dominated era begins when the energy contribution of the matter particles
that the scalar field decays into, F,, becomes comparable to the energy contribution
of the relativistic particles, F,, which is in our case photons. That is when the
field oscillates as fast as the background expansion H(ty) ~ m,, where subscript
zero denotes the beginning of matter domination. At temperature T the energy
density of photons is E, ~ kgT'n, where n, denotes the number of photons. If we
denote v = 2= as the relative consentration of scalar particles, their energy density
is £, = my,c®n, = myc®vn,. At the beginning of matter dominated era, if the

mgrc?

temperature is T, we have from E, = E,, T = = mg,v, where the last part is

in units kg =c=h=1.
We also know that p = 3m2 H* = %g*T 4 where g, is the effective number of

degrees of freedom. Starting from Planck time, ¢,;, up to t, when matter dominated

1/2
era begins, the universe is radiation dominated with a scale factor of a ~ (ﬁ) , SO
P

that H(tg) = % As such from

2t§ = %g*(mal/yl (1.215)
0

we get

2
iy
to ~ )t 1.216
0 (m ) pl ( )

with numerical factors ignored.
Following [42], we can introduce the cosmological fluctuations in terms of mass

fluctuations at the time of horizon crossing, ty, as

(%4)2 (k,ta) ~ k", (1.217)
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Here n is the spectral index and n = 1 corresponds to a scale invariant spectra. In a

matter dominated era these modes will evolve as

(%M> PPN() (%M) (ks ). (1.218)

a(tm)

With a(t) ~ t2/3 this becomes

(B e (@) e v

At the time of horizon crossing a(ty)H (tg) = k in units where ¢ = 1, by this we can

express ty in terms of comoving momenta k

2
' =k
H 3ty
ty ~ k77, (1.220)
M 2
<5ﬁ) (k,t) ~ k" t3, (1.221)

For these modes the power spectrum can be written as Ps(k) = (%4)2 (k,t) = K36k )%
and |0x]* oc k™ [42].

For a mass distribution of M = M + §M, with fluctuations 6/ around a mean
mass M, the density enclosed in a volume v ~ 3 will be

M M M
Pty vty

By p = p+ 0p, one can recognize that dp = i—ﬂf and

op  OM/t* oM

= - 1.222
p M/t3 M ( )

So the rms amplitude of the fluctuations at the time the mode reenters the horizon,
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by (1.217) will be

op oM

—(k,tg) = —(k, t) ~ k"D/2, 1.223

P ( ’ H) M ( ) h) ( )
Now we can associate with each wavelength \(t) = %%(t) of the modes, a mass M

defined as the mass of non-relativistic particles contained in a sphere of radius %
[43]

M= 47T§<t) (%)3 — drm? H2(t) (%)3 (1.224)

This suggests that k ~ M~'/3. Thus we can write the rms amplitude of our fluctua-

tions, at the time of horizon crossing, to be of the form
op
?(Ma tu) = 6(M)o(tu)

where by (1.223)
§(M) = M-/

in agreement with [44]. If normalized on the COBE/DMR quadrupole scale

M

S(M) = 6 (E)(lnw, (1.225)

where do ~ 3.8 x 1076,

For a matter dominated era, as noted in section (1.7.2), the Jeans scale falls deep
inside the horizon and so more of the modes inside can grow big enough to form
PBHs. Denoting the beginning of matter dominated era by ¢, and the end of it by
t., the density perturbations that are initially of the order of metric perturbation

%(to, M) ~ &g, will evolve as

L ie.00) = 2 10, M) (})2/3 ~ o, (t)m. (1.226)

P 0 Lo

When density perturbations become order 1, their evolution is no longer linear. Such
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configurations will no longer follow the background evolution but begin to form struc-
tures. It is at these times that PBHs can also form. Meaning PBH formation starts
at time t; when

op
Ly, M) ~ 1
p(l )

2/3
t
o, (—1) ~1
to
t = Byt (1.227)
Out of these order one fluctuations that form structures, PBHs will be the ones that
remain spherically symmetric and that have contracted to a size that corresponds to

the Schwarzchild radius, 4, of the configuration. If 7 is the horizon size at time ¢;

and M denotes the mass within, the horizon density will be

3M

= — 1.228
Pl 4gr}’ ( )

and the maximal density of spherical configurations will be [45]
Prmaz ~ P15 ° (1.229)

where s determines the degree of deviation from spherical symmetry. Following [43],
with the parameter x defined as = = :—‘1’, the density of mass within a sphere of radius
r1, that is the density of PBH’s is

3M ,

A3 P
g

PPBH = (1230)

And the condition of spherical symmetry translates into the requirement of ppgy to

be within the density of spherical configurations, pppy < pmas, that is

s < . (1.231)
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Since the size of a black hole cannot be bigger than the horizon size, we also require

that © < 1. Thus the configurations that satisfy
s<x<l1 (1.232)

will be the possible PBHs. Nonspherical, disk like structures will lie in the interval
s > x, which can be bigger than the above interval. As such spherical structures
and therefore black holes are less likely to form compared to everything else. The

probability of a configuration to lie in the range of (1.232) is [45]
W, ~ 2.5 x 107%2°. (1.233)

One may be concerned that among the structures that initially collapse spherically,
which are within this factor, there might be ones with velocity perturbations and
angular momenta big enough to distort them into minidisk halos. Such structures
would not lead to black holes as they would be loosing their sphericity. However as
noted in [46] it is very hard to have rotating structures. So we are safe to assume that
spherical configurations will lead to blackholes and stick with the calculations of [45].
A more through consideration of formation of minidisk halos, which would reduce
the factor of sphericity that goes into blackhole formation, is not likely to change the
estimate much.

For black hole formation we need such spherical distributions to contract to their
Schwarzschild radius. The condition on contraction of an almost spherical dust con-
figuration with ultra compact mini halos and caustics excluded is a restriction on the
inhomogeneity of the density distribution, u =~ pdp—;’“, with p.; being the density at

the center of the distribution at time ¢, [45]

u < %2 (1.234)
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And the probability of formation of such configurations with small inhomogeneity

that obey (1.234) is

23/2

W, ~ / e du ~ 2%/, (1.235)
0

It will be more meaningful if we can write this expression in terms of density

perturbations. To do that we rewrite r and r, as

(3M )1/3
r = )
4mpy

oM

=5
mp

T'g

in units where mp; = \/Lé, ¢ =1. As such we have

oM (dmp\?
=2 (22 1.236
=5 (57 (1:230)

In a matter dominated era the density evolves as

3 m?
plt) = it (1) ~ "0 (1,237
So at t; we have p(t;) ~ mt—z” and by (1.227) we get
mpy, (0p(to, M) ’ 3
0

As the perturbations reach order one they collapse into PBHs. This also means that
the most massive PBHs will be formed from perturbations that reach order one by
the time the matter era ends. We know the constraints on how big the maximum
mass of these PBHs can be. Using these we can actually constrain the parameters of

our model.
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To calculate M,,,, consider %(Mmax, te) ~ 1 that is

5 £\ 23
p(MmaratH) ( ) ~ 1
p

ti

M (L=n)/6 7y N\ 2/3
0 na - ~1 1.239
(5) (%) a2

On the way to calculating M,,..., we also have that

3 m? 3,

2 2 Pl
P = 8_7TmPlH ~ t_2 ~ mplp(tpl)t—Q (1240)

where we have used p(tp;) = %£. On the other hand at ¢ = ty we said that M =
l

&
M, 0 Wwhich means
Mmax

p(tm) = & (1.241)

From equations 1.240 and 1.241 we can write ¢y, the time of horizon crossing as

Mmax 1
ty = - . (1.242)
mpr tpp(ter)

Since t. denotes the time at which the scalar field has almost completly decayed into
matter, it is related to the decay rate of the field I'"!, so from now on we assume

t. ~ 1. And with all of this 1.239 becomes

M.\ /6 /43 £V 23
50( ) <ﬂw> o1, (1.243)

F Mmaz

We can now turn equation 1.243 into an equation for M,,,,, starting with t2plp(tpl) =

) Moz (=m/6 mPlt%Dl m%l 2/3N1
“ FtPl Mma:p

2
Mpy,
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and using tp; ~ mp;,

5 Mmam (1=m)/8 1 mpj 273 ~1
¢ MC 1—‘tPl Mmax .

From here it is straight forward that

4/(3+n) n—1)/(n+3)
53/ Mo\ (=D (0
Mypw ~ | =E— =C mpy. (1.244)

mpy

ViaI' = :g; , the maximum mass of black holes that can form is related to the mass
Pl

of the scalar field o

n—1

M\ "+ =
Mypw = a7 (m—c) (%) * e (1.245)
Pl

where a = 3.6 x 107%.
Equation (1.244) is the same expression with [44] who also list that the relic

constraint applies for cases of M,,q, < 10'%g. This would imply

372\ 4/(3+n) n—1)/(n+3
50/ (%)( )/( )mpl _ 1010
I'tpy mp;

and

4
n+3

3/2 n—1 Mc
(l091050/ — lOgl()Ftpl) + "+ 3l0910 (m—PZ) + loglompl < 10. (1246)

With Mo = 10°"htg, h™! = 0.7, 6c ~ 3.8 x 1075, mp; = 2.17 x 10~°gr one obtains
[44]

The relic constraint on the maximum mass of allowed black holes is constrains the

reheat temperature in relation to the spectral index. For density fluctuations that
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arise from the inflation field the spectral index has been measured to be around n ~
0.96 by Planck. This is the spectral index around 50 e-folds of inflation in a window of
7 e-folds. There are two important points to note here, firstly we have been considering
the black holes that would arise from the perturbations of the scalar field o and not
the inflaton. The Planck measurement would more directly apply if we consider
black hole formation from inflationary perturbations during a non-thermal phase set
by another field, which in itself would also be a valid constraint. Secondly, the epoch
we are considering is well later then the window of Planck measurements, and leaves
room for a change in the spectral index. All in all, in the very restricted case, if we
assume the spectral index for both inflationary and secondary scalar perturbations to
be the same and moreover assume that it remains the same even after the measured

window of e-folds, the lifetime of the scalar field would be bounded by
1072 < Ttp (1.248)

And the constraint for reheat temperature would be T,, ~ /I't pymp; where mp;, =
1.22 x 10MGeV/c?
1.22 x 10°GeV/c* < Tyy. (1.249)

The minimal PBH mass corresponds to the collapse of the Hubble volume at
the onset of scalar oscillations (matter domination) H,s. =~ m,. Using the Hubble
equation and the energy density in the volume at that moment is p = M,,;, H>, we

have
3H2 2 2 2
Mipin = g;m” = 32” = 3::2”. (1.250)

osc

Hence the allowed range of primordial black hole masses, M,,;,, < M < M4, in
these scenarios depend on m,. We refer the reader to [16] for these ranges on two
specific models and where they stand with respect to observations [47], based on
distortions in gamma ray and CMB measurements due to evaporation or requirements

for primordial black holes not to exceed the critical density.
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1.7.8 Pressure considerations

In order to grow, a mode must have crossed the horizon. The minimal value of
the modes physical momentum is determined by the value of the Hubble parameter
at the time of horizon crossing. Since we are only interested in growth during the
matter dominated phase, which begins when the scalar field starts to oscillate when
H ~ m, = H,, the minimal value for ¢ will be ¢unin = Hose = Gose-

The upper bound on the momentum is given by the Jeans momentum. At values
above this scale gravitational collapse is not possible due to pressure. Therefore, ¢
must lie in the following range:

q3 > q > Gosc (1251)

We rewrite this slightly to get

(&> () s

Assuming the universe is dominated by the scalar field o, the Jeans momentum is

given by

1

2 2\
= =9, 1.253
4y (mzpma) ( )

pl

with the energy density given by the Friedmann equation
pe = 3H*m?) (1.254)

With Egs. (1.253) and (1.254) the upper bound on the physical momentum becomes

(%)2 _ 6% (1.255)
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Noting that ¢ scales with a as ¢ = ¢q (%0) the condition for growth becomes after

V6> (@)2 (£)3 . H (1.256)

HO me me

some algebra

I?I—?) is constant. The ratio mi is always smaller than 1 since the maximum value for the

the Hubble parameter is m,, and after that H decreases. Therefore, mia will always be
1

o

smaller than (%) ® and the condition is fulfilled. In other words, pressure does not

play a role for mode growth, when the universe is dominated by a oscillating scalar

field.

1.8 Spontaneously broken symmetries

Spontaneous symmetry breaking will be a key concept for handling possible inter-
actions of perturbations in section 3.4. So let us review here the familiar textbook
example of spontaneous breaking of the global U(1) symmetry in Linear Sigma model.

The Lagrangian
A
L= 3 (0,0)(0"6%) + 5m?(66") - 7 (66°) (1.257)

is invariant under the U(1) transformation ¢ — €'“¢, where o parametrizes the
transformation. For constant o’s this is a global transformation. So far nothing has
been quantized. The values ¢, = \/@ and ¢p_ = — % that minimize the classical
potential V(¢) = —im?|¢|> + 4|¢|*, also extremize the action for (1.257), and they
are the solutions of the classical equations of motion. But being a constant number,
this classical solution doesn’t respect the U(1) symmetry, ¢1 # e “¢..

The physical observables that can be probed by experiments are related to pertur-
bations, as we have already seen in an example. As much as we would like to study
the physics that gives rise to a background, at times we would like to be able to focus
on the perturbations, d¢, themselves around a background solution, ¢, we take for

granted. The important thing is we cannot randomly choose the background. Given
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a quantum theory, the questions one asks boil down to expectation values. And at
the end of the day what is obtained from the quantum theory should give the result
of the classical theory in the classical limit & — 0.

In the quantum theory, the expectation values of operators are averages over field

configurations weighted by the action

(Qo|Q) = /D¢ ¢ et (1.258)

In the limit &7 — 0, the biggest weight comes from the solution that minimizes S,
thus the expectation value for the field goes to the value of the classical solution. The
classical solution sets the leading order behavior. Hence choosing one of the ¢ as the
ground state ¢q is appropriate. Yet, this also happens to be the choice that doesn’t
respect the symmetry of the Lagrangian. Hence for the energy scale at which we
are interested in the physics of fluctuations and experimental results, the background
is said to spontaneously brake the symmetry that is respected by the Lagrangian.
In other words, the background field ¢y does not transform as a scalar under the
transformation that leaves the whole field ¢ = ¢y + d¢ and hence the Lagrangian
invariant, ¢y changes.

If we had chosen ¢y = 0 as the ground state then the U(1) symmetry would have
been respected by the ground state as well as the Lagrangian. The symmetry wouldn’t
have been broken but we wouldn’t be guaranteed the classical expectation values in
the h — 0 limit. So in a sense breaking of the symmetry picks the background to
be the one that ensures the classical expectation values are obtained at lower energy
scales in the classical limit of the higher energy theory. Now we can write down a

theory for the fluctuations by plugging

b = ¢ + 00, (1.259)

into the Lagrangian £(¢) with the form we expect to be valid at higher energies,
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with not any random thing but the classical level solution for ¢q, and obtain the
Lagrangian for the fluctuations £(d¢). This careful selection of what the background
should be is referred to as “integrating out the background” and the obtained L(d¢)
gives the “effective field theory of fluctuations”. For the linear sigma model, the field
¢ is a spinor, its perturbations are denoted by d¢ = {0, ¢}, and the whole field can

b= < szz N @) o (1.260)

be expressed as

2

Inserting this in (1.257) gives,

IR NN
L= 2F2(87r) —l—2

™

2+ \/§¢OU

(00)+ 5

" (1.261)

One can write down a bunch of models that respects the symmetry at high energies
and gives the specific value for ¢y determined by the classical theory. But once we
have L£(d¢), we don’t need to worry about the specific mechanisms of the models
and from our results on d¢ we can figure out what interactions will give what results
for a general group of such models. The effective field theory developed in this way
will hold for energy scales below the scale at which spontaneous symmetry breaking
happens, for the linear sigma model the EFT holds below U(1) symmetry breaking
scale. Notice that by expanding the field around the background that spontaneously
breaks the global symmetry, we got two different types of perturbations; the field o
obtained mass m2 = 2¢} coming from the background, where as 7 turned out to
be massless. A massless field, the 7w of our example, always appears in the case of
spontaneous breaking of global symmetries, and is referred to as the Goldstone boson.
The original symmetry of U(1) for our example, is no longer respected by the

background, yet it is still a symmetry of the Lagrangian. To ensure this, the whole
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field should still be invariant under U(1),

((bo + %) et = (50 + %) et = <¢o + %) eFr. (1.262)

The Goldstone boson is the important character who transforms in a way so as to
keep ¢ invariant under the original transformation. That is, while Q;O = e, and

o = €0 pick up a factor of €*, to make the whole field invariant

<¢>0 n %) e — (¢0 4 %) P e (1.263)

the Goldstone boson 7 should transform as
T =7 =1+ Fra. (1.264)

The phase rotation of ¢ implies a shift of 7, and to realize the symmetry, the Goldstone
boson should be shift symmetric. And the whole transformation under which the

Lagrangian is invariant is
by — €%y, 0 — %0, T — 1+ Fra (1.265)

with I, = 2¢ = 24/ 222, Hence the lagrangian (5) gives a description of the linear
sigma model via the Goldstone boson, m. Because Goldstone bosons arise by the
spontaneous breaking of global symmetries, this description is valid when working at
energies below the symmetry breaking scale Ag,,,. The symmetry breaking scale can
be obtained by calculating the scale at which the charge associated with the symmetry

becomes ill defined.
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1.8.1 For cosmological backgrounds:

In the case of cosmology, at the background level we work with FRW metrics
ds® = —dt* + a*(t)d7?, (1.266)
and the linear action of a scalar field coupled to gravity
m, 1

So at the background level the equations of motion are the Friedmann equations

—3miy(H + H?) = dy” = V(00), (1.268a)

3 QHQ—% 1% 1.268b

mpH” ="+ (¢0). (1.268b)

During inflation the scalar field is said to roll slowly, which means ¢ = % ~ 0 and

H ~ const hence ¢y ~ 0. Inflation ends as ¢ — 1, the time dependence of the
fields, ¢o(t) and H(t) become important! In a sense these are the high energy physics
integrated out classical solutions, because they are just the solutions coming from

classical GR. As we have seen, under time diffeomorphisms
t—t+ &t D), (1.269)
scalar perturbations, such as d¢ transform as [19]
56 — 8¢ — do(t)E°(t, T). (1.270)

Since the time dependence of the background solution, ¢g = ¢¢(t) becomes important
at the end of inflation, the q50§0 term in the transformation doesn’t vanish and hence

the perturbation is no longer a scalar under time diffeomorphisms. The background
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field ¢g will transform as

do(t) = ot + %) = ¢o(t) + o(t)€°, (1.271)

which is just a Taylor expansion. Notice that the perturbation d¢ and the background
field ¢y transforms very conveniently so as to keep the whole field ¢ = ¢y + d¢
invariant. As such the Lagrangian is also invariant under all diffeomorphisms. Time
diffeomorphism is still a symmetry of the Lagrangian, but it is no longer a symmetry
of the ground state ¢y. In other words, time diffeomorphisms are spontaneously
broken. This observation has been intorduced to study generalizations of interactions
for single field eras at the level of perturbations in [25]. We will make use of this
formalism to study interactions during preheating in a general manner. This way of
developing theories at the energy scale of interest, without knowing the high energy
theory that gives rise to them, but knowing only the symmetries to be obeyed at the

level of interest, is referred to as a bottom up construction.
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Chapter 2

BRST Quantization of Cosmological

Perturbations

2.1 Introduction

In order to explain the properties of the primordial fluctuations, in many models of
the origin of structure one needs to quantize general relativity coupled to a scalar
field. Because the action is invariant under diffeomorphisms, the challenge one faces
is the quantization of a theory with local symmetries, very much like those in non-
Abelian gauge theories. Given the formal similarity between diffeomorphisms and the
latter we shall refer to all of them as “gauge theories."

The quantization of gauge theories is somewhat subtle, but becomes relatively
straight-forward if one is interested in tree-level calculations alone: One can either
fix the gauge and break the local symmetry, thus clearing the way, say, to canonical
quantization, or one can work with the essentially equivalent method of quantizing an
appropriate set of gauge-invariant variables, a procedure also known as reduced phase
space quantization. This is the way primordial spectra were originally calculated in
the free theory [19]. Although BRST quantization provides an elegant and powerful

method of quantization, it is not strictly necessary in those cases.
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Yet problems arise when one attempts to go beyond the free (linearized) theory.
Beyond the linear order, it becomes increasingly difficult to work with gauge-invariant
variables alone (see for instance [48, 49] for a Lagrangian treatment of second order
perturbation theory), and beyond tree-level one needs to take into account the inter-
actions of the ghosts associated with the gauge-fixing procedure. From a phenomeno-
logical point of view, loop calculations in cosmological perturbation theory may not
be important at this point, because observations are not sensitive enough to these
corrections (yet), but from a theoretical perspective they arguably are the distinct
feature of quantum gravity, in the same way as the anomalous magnetic moment of
the electron is regarded as one of the distinct quantum signatures of QED. Among
other reasons, this is why researchers have relatively recently begun to explore loop
corrections to primordial spectrum calculations [32, 50-59]. But due to the inherent
complexity of these calculations, the contribution from the ghosts has been mostly
ignored so far.

The most common method of quantizing a gauge theory is that of Faddeev and
Popov (and also DeWitt.) This method is inherently linked to the choice of gauge-
fixing “conditions." In the case of cosmological perturbations, these can be taken to
be four functions f# of the inflaton and metric perturbations d¢, dh,, that are not
invariant under the four independent diffeomorphisms with infinitesimal parameters
€Y. Once these conditions have been chosen, the action of the theory needs to be
supplemented with appropriate ghost terms,

1) 2.)

Sghost = /d4l‘ d4y ﬁu(x>

which typically couple the fermionic Faddeev-Popov ghosts 7, and 1" to the metric
and inflaton perturbations. The Faddeev-Popov method works well in renormalizable
gauge theories, provided that the gauge-fixing functionals are linear in the fields. But
if the gauge-fixing functionals are non-linear, or the theory is non-renormalizable, the

Lagrangian needs to be supplemented with terms that are not just quadratic in the
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ghosts. Since these factors are absent in the Faddeev-Popov prescription (2.1), the
method fails.

A very general and powerful quantization method that avoids these problems,
and reduces to the one of Faddeev and Popov in appropriate cases, is that of Becchi,
Rouet, and Stora, and Tyutin (BRST) [60, 61]. The BRST method not only justifies
Faddeev and Popov, but also endows it with a geometric interpretation. In its Hamil-
tonian formulation, BRST quantization manifestly results in a unitary theory, and it
also manifestly preserves a global supersymmetry known as BRST symmetry, even
after gauge-fixing. This quantization method has been successfully applied in many
different contexts, ranging from electrodynamics to string theory, and is arguably the
best way to quantize a theory with local symmetries.

There are many important reasons for pursuing BRST quantization in the context
of cosmological perturbations. As we already mentioned, the method of Faddeev and
Popov fails when applied to gravity. In addition, BRST quantization provides us
with an enormous freedom to choose gauge-fixing terms. While in field theories in
Minkowski spacetime the demand of Lorentz invariance and renormalizability severely
restricts the possible gauge-fixing choices, in cosmological perturbation theory the
smaller degree of symmetry allows for a much wider set of gauge conditions that have
remained essentially unexplored so far. Calculations in cosmological perturbation the-
ory are notoriously involved, and an eventual simplification of the propagators and
the structure of the ghost interactions facilitated by appropriate generalized gauge
choices may render loop calculations in the BRST method much more manageable.
The BRST global symmetry preserved even after gauge fixing may also place in-
teresting constraints on the structure of the theory that describes the cosmological
perturbations and its implications too (see [62| for a discussion in the context of the
antifield formalism.) On a related topic, we should also note that whereas typical
gauge choices in cosmological perturbation theory break locality, BRST quantiza-

tion allows for gauge-fixing conditions that manifestly preserve the latter. Locality
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(analyticity in the spatial momenta) was for instance an important ingredient in the
derivation of consistency relations between cosmological correlators derived in [63, 64].
In this article we study the BRST quantization of cosmological perturbations. We
mostly concentrate on the general formalism and illustrate many of the results in the
free theory. We approach the quantization from the Hamiltonian perspective, which
is manifestly unitary, and makes the role of boundary conditions more explicit. In a
cosmological background, the split into space and time required by the Hamiltonian
formulation does not conflict with any spacetime isometry, and thus does not pose
any immediate significant drawback. If it exists, the Lagrangian formulation can be
recovered from the Hamiltonian one by integration over the canonical momenta as
usual. For lack of space, however, we do not discuss the powerful Lagrangian antifield
formalism of Batalin and Vilkovisky, which we hope to explore in future work.

We have tried to make the article relatively self-contained, which is why we quote
main results in BRST quantization, at the expense of making the manuscript longer
than strictly necessary. Our presentation mostly follows the excellent monograph by
Henneaux and Teiltelboim [65], which the reader may want to consult for further
background and details. To our knowledge, our work is the first to focus on the
Hamiltonian BRST quantization of cosmological perturbations, although Barvinsky
has discussed the BRST formalism in the context of a cosmological density matrix
[66], and Binosi and Quadri have used the antifield formalism to reproduce some of the
consistency relations satisfied by cosmological correlators [62]. Other authors have
analyzed somewhat related issues, mostly within the path integral quantization of
cosmological perturbations [67, 68|, or within the loop quantum cosmology program
[69]. The Hamiltonian of cosmological perturbations was calculated to quadratic
order in reduced phase space in [70], and to cubic order only in spatially flat gauge
[71, 72|, due to the above-mentioned complexity of the gauge-invariant formalism at
higher orders. An intriguing approach that aims at formulating the Hamiltonian of

the theory directly in terms of gauge-invariant variables (to all orders) is discussed in
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[73, 74]. The latter introduces a pressureless fluid parameterized by four spacetime
scalars, which are used to define gauge-invariant observables and a gauge-invariant
Hamiltonian by deparameterization. Such approach is in many ways complementary
to the one of the BRST formalism, which is built around gauge-variant fields, and
ultimately relies on a choice of gauge. Both share the property that a pair of additional
fields is introduced for each of the four constraints of the theory, but whereas BRST-
invariance guarantees that the ghosts do not change the gauge-invariant content of
the theory, the dust fields of [73, 74] do seem to ultimately survive as additional

degrees of freedom in the system.

2.2 Action

Our main goal is the quantization of cosmological perturbations in a spatially flat
universe dominated by a canonical scalar field. This is for instance what is needed
to calculate primordial perturbation spectra in conventional inflationary models, al-
though our results do not really depend on any particular scalar field background, as
long as the latter is homogeneous and time-dependent.

We begin with the action of general relativity minimally coupled to a scalar field ¢
in Hamiltonian form. As is well known, the Hamiltonian action takes its most natural

form in the ADM formulation [29], in which the metric components are written as
ds® = —(AV)2dt? + hij(da’ + N'dt)(da? + N dt), (2.2)

where AV is the lapse function and A the shift vector. With this choice of variables

the action of the theory becomes

S = / dt / dx (7 hij + 7, 0) — H, (2.3)
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where the Hamiltonian H is linear in AN and A,
H= / Pz [N Gy + XN Gil, (2.4)

with coefficients given by

2 1 T M? ‘ > Vh .
=2 — |z -0 _ ) _ B 2 4 Y 0.
Gy = YENG (7r”7r 2) 5 VhR®) + 2\/E+ 5 h98,00;0 + VhV (),
(2.5a)
J
G = —2VhV; (%) + 1, 0. (2.5b)

To arrive at these expressions we have discarded a surface term at the spatial bound-
ary. Indices are raised and lowered with the spatial metric h;;, and M is the reduced
Planck mass.

Because the action does not contain derivatives of the lapse function A and shift
vector \!, their conjugate momenta vanish, by = 0,b; = 0. In Dirac’s analysis,
these would be interpreted as primary constraints. But in the end, this interpretation
mostly leads to unnecessary complications. In the Hamiltonian formulation it is much
simpler to think of AN and A" as Lagrange multipliers, and restrict phase space to the
appropriately constrained canonical pairs {(h;;, 7), (¢, 7,)}-

Variation of the action (2.3) with respect to the AN and A yields the secondary
constraints Gy = G; = 0, which is why we loosely refer to Gy and G; as “the
constraints." These constraints define gauge transformations on phase space functions
F through their Poisson brackets, A, F' = {F, G,}. In this way, the G; generate spatial
diffeomorphisms. The constraint G generates diffeomorphisms along the normal
to the equal-time hypersurfaces only after the equations of motion are imposed on
the Poisson bracket. For our purposes, what matters most is that the constraints
are first class, and that they define an open algebra with field-dependent structure

constants (the Dirac algebra.) In practice this means that their Poisson brackets are
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just proportional to the constraints themselves [31],

(Gx(@.0x@) = 2@ @ - XD ge, . o
(on@. Gy = 2D, (2.60)
(@60 = 25 6@ - 2 De ), (2:60)

with coefficients that, in the case of equation (2.6a), depend on the inverse spatial
metric h¥. Because of this dependence, the commutator of two gauge transformations
is another gauge transformation only after the constraints are imposed on the result.
In that sense, the algebra of the constraints only closes on-shell, which is why one
refers to it as an open algebra. For simplicity, we shall nevertheless refer to the
constraints as the generators of diffeomorphisms. The Hamiltonian (2.4) itself is thus
a linear combination of the four secondary constraints, and vanishes identically on
shell. Because its Poisson brackets with the secondary constraints vanish weakly,!
no further constraints appear in the theory. Whereas in the Hamiltonian formalism
the algebra of constraints is open, in the Lagrangian formalism the generators of
diffeomorphisms along the four spacetime coordinates define a closed algebra: The
commutator of two diffeomorphisms with infinitesimal parameters &' and & is a

diffeomorphism with infinitesimal parameters £/0,&5 — 50,1

2.2.1 Perturbations

We are actually interested in quantizing the perturbations around a cosmological

background. Therefore, we split the ADM variables into background plus perturba-

LA function of the canonical variables is said to vanish weakly, when it vanishes after the appli-
cation of the constraints.
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tions,

¢ =¢(t) + oy, Ty = Ty + 0Ty, (2.7a)
hi; = Bz‘j + 0hyj, 7 =7 4 579, (2.7b)
MV = MV 5N, (2.7¢)
o= XN+ 5N, (2.7d)

where the background quantities are

E\N = a, )\Z = O7 hij = CLZ(SU, ﬁ'ij = —MQH 5ij, ﬁ'w = CLQQB, (28)

and a is the scale factor. Note that our choice of background lapse function, AN = a,
implies that the time coordinate ¢ is actually conformal time, rather than the conven-
tional cosmic time. In addition, our definition of the metric perturbations dh,; does
not separate a factor of a? from the perturbations. A dot denotes a derivative with
respect to coordinate time (conformal time), and H = a/a stands for the comoving

Hubble scale. The background quantities obey the equations of motion

$+2Mp +a?V, =0, (2.9a)
. 1 [§? _
2H +H* + e (7 - a2V> =0, (2.9b)

as well as the single constraint

7_[2

(¢—2 + aQI_/) = 0. (2.9¢)

32\ 2

We shall often use these relations to simplify some of the resulting expressions through-
out this work.

To simplify the notation, a transition to DeWitt notation proves to be advanta-
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geous. In this notation equations (2.7) become
¢ =740, pi=pi+op, A =X+0N, (2.10)

where the ¢" stand for the canonical variables h;;(Z) and ¢(Z), the p; for their conju-
gate momenta, and the \* for the Lagrange multipliers A\ (¥) and A*(Z). In particular,
in DeWitt notation indices like ¢ and a stand both for field indices and spatial coor-
dinates.

To obtain the action for the perturbations we simply substitute the expansion (2.7)

into the action (2.3). The Hamiltonian action for the perturbations then becomes
58 = /dt [6p:i6¢° — 6H] (2.11)

in which the Hamiltonian for the perturbations is obtained from the original one by
removing linear terms in the canonical perturbation variables. In the case at hand,
the Hamiltonian of the full theory is just a linear combination of the constraints, so

the Hamiltonian of the perturbations becomes
SH = —q'6p; + pidq" + (A 4+ A Go(pi + 0ps, @ + 6q"). (2.12)

The first two terms in the Hamiltonian (2.12) are just the result of a time-dependent
canonical transformation applied to a vanishing Hamiltonian. Of course, although
we have changed variables, the original constraints are still satisfied. In particular,

variation with respect to 0A* yields again
§Go(0p;s,0q",t) = Go(ps + 0ps, ¢ + 6q") = 0. (2.13)

Our notation aims to emphasize that the dG, are functions of the perturbations and

time. They have the same value as the constraints G,, but their functional forms

differ.
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Enforcing the constraints in equation (2.12) returns a Hamiltonian linear in the
perturbation variables that is not particularly useful for cosmological perturbation
theory calculations. Instead, it shall prove to be more useful to separate only the

contribution of the Lagrange multipliers 0A® to the Hamiltonian. We thus write
0H =0Hp + 0A\"0G,, (2.14)
where the “first-class Hamiltonian" is
SHp = —q'0p; + pidg’ + N\6G,. (2.15)

Note that because the background satisfies the equations of motion, the linear terms
in this expression cancel. As we show below, under the time evolution defined by
0Hp the constraints are also preserved weakly, or, alternatively, the Hamiltonian
dHp is weakly gauge-invariant (hence its name.) The first-class Hamiltonian plays
an important role in the BRST theory.

The time derivative of any function of the perturbations d F' follows from its Pois-

son brackets with the Hamiltonian,

d6F doF
- = 0RO} + — (2.16)

We include a partial derivative with respect to time to capture a possible explicit time
dependence of § F', say, due to its dependence on background quantities. Nevertheless,

if §F is of the form §F (dq', dp;) = F(q + 0¢°, p; + 6p;), its time evolution obeys

doF

with the understanding that after calculation of the Poisson bracket on the right hand
side in the original unperturbed variables, the substitution (2.10) is supposed to be

made. The perturbation Hamiltonian (2.12) weakly equals —g'dp; + p;0q’, which
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is generically not weakly conserved. On the other hand, the original Hamiltonian
H, understood as function of the perturbations does remain constant. In fact, it

identically vanishes.

Analysis of the Constraints

Variation of the action with respect to the perturbed Lagrange multipliers yields
equations (2.13). These are simply the original constraints expressed in terms of the
perturbations. Because the transition to the perturbations is a canonical transfor-
mation, the Poisson brackets of any phase space function is preserved under such a

change of variables. In particular, it follows that

{5qi’ 5Ga} = {qiv Ga}? {5pi7 5Ga} = {pz’> Ga}> (2'18)

where, again, on the expressions on the right hand sides ¢* and p; are to be expanded
as in equations (2.10) after calculation of the bracket. Therefore, the constraints act
on the perturbations as they did on the original variables. Since, as we mentioned,
the constraints G, generate diffeomorphisms when they act on p; and ¢’, so do the
dG, when they act on dp; and d¢'. It also follows immediately that {0G,, Gy} =
{Gq., Gy} (Di + 0pi, @ + 0q"). Because the Poisson bracket {G,, Gy} is linear in the
constraints, and because of equation (2.13), the algebra of perturbed constraints
remains the same. In particular, the set of constraints 6¢G, = 0 is first class. In

DeWitt notation we write the algebra of constraints as

{(6Ga, 6Gy} = Cp “0Ge, (2.19)

and call the field-dependent coefficients C\;,¢ the “structure constants" of the theory.
But a bit of care must be taken because the constraints G, now depend explicitly

on time, so the Poisson brackets alone do not fully determine their time evolution.
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Nevertheless, using equation (2.17) we find

dsG,

= (A" + 0A{0G,, 0G,}, (2.20)

which indeed vanishes weakly because of equation (2.19). As a result, no equation in
the theory fixes the value of the Lagrange multipliers 0 A%, which remain undetermined

by the equations of motion, as in the background-independent theory.

Gauge Symmetry

By definition, in the Hamiltonian formulation the gauge transformations generated
by the constraints act only on the canonical variables d¢* and dp;. They capture the
redundancy in the description of the state of the system at any particular time. It is
also interesting to elucidate to what extent the first-order action (2.11) is symmetric
under diffeomorphisms, and how the latter act on the Lagrange multipliers. By direct

substitution, the reader can check that, indeed, the transformations

Adq' = £1{0q',6G}, (2.21a)
Adp; = £*{opi, G}, (2.21b)
AN = £+ E(X° + 6X°)Cle?, (2.21¢)

leave the Hamiltonian action for the perturbations invariant for arbitrary £*(t), pro-
vided that the latter vanish at the time boundary. The structure of the transformation
laws (2.21) follows from the properties of the constraints and the first-class Hamilto-

nian Hp. Indeed, using equations (2.14) and (2.20) we find

040G,

{6G,,0Hp} + T

= \NC,0G,. (2.22)

The term £2A°C).* in equation (2.21c) is what one expects in a theory in which the

first-class Hamiltonian satisfies equation (2.22), whereas the term £25A\°Cy.¢ is what
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one should have in a gauge theory with structure constants Cy;°.

2.3 BRST Symmetry

In the classical theory, the existence of local symmetries leads to equations of motion
that do not admit unique solutions with the prescribed boundary conditions, because
the Lagrange multipliers remain arbitrary. There are mainly two ways of dealing with
such ambiguities: One can either work with gauge-invariant variables alone, as in the
reduced phase space method, or one can simply fix the gauge. Working with gauge-
invariant variables becomes increasingly complex and cumbersome at higher orders
in perturbation theory, so we choose here the much simpler alternative of fixing the
gauge. One of the key aspects of gauge theories is that, even after gauge fixing,
they retain a global symmetry known as BRST symmetry, so named after Becchi,
Rouet, Stora, and Tyutin [60, 61]. We introduce this symmetry next, mostly by
following the presentation of [65]. An alternative way to reach some of the results here
consists of identifying the BRST symmetry directly in the background-independent
theory, and then making a transition to the theory of the perturbations by canonical

transformation.

2.3.1 Ghosts and Antighosts

To bring the BRST symmetry to light, we introduce for each constraint /G, = 0 a
real Grassmann variable 0n® known as the “ghost", and its purely imaginary conju-
gate momentum 0P,. The ghosts dn® carry ghost number one, and their conjugate
momenta carry ghost number minus one. These variables commute with all bosonic

fields and anticommute with all fermionic fields.? In particular, ghosts and their

2The previous statements imply for instance that a term 67%6P, in the first-order ghost action
is real and has ghost number zero.
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momenta obey the Poisson bracket relations
{0P., 00"} = =d.". (2.23)

From now on, the brackets {-,-} refer to the graded bracket of any two functions
defined on the extended phase space spanned by the canonical pairs (dp;, d¢') and
(0P, 0n™). We summarize the properties of the graded bracket in Appendix 2.8.

We could also think of these ghosts as perturbations around a background with
vanishing ghosts. The transformation properties of the former under the isometries
of the background are those expected from their indices. Namely, dn” and dn' re-
spectively transform as scalars under translations, and as a scalar and a three-vector
under rotations.

For some purposes, it shall prove to be convenient to introduce yet another set of
ghosts associated with the primary constraints by = db; = 0 that we opted to bypass
for simplicity earlier on. We shall denote these (Grassmann) ghosts by 6C,, and their
conjugate momenta by dp®. The 6C, are real and carry ghost number minus one;
they are thus known as “antighosts." Their conjugate momenta are purely imaginary
and carry ghost number one. These variables accordingly obey the Poisson bracket
relations

(6p°,6Cy} = —6°,, (2.24)

In the work of Faddeev, the ghosts were simply introduced to represent the
Faddeev-Popov determinant det{f® dG,} as a quadratic functional integral in phase
space [75]. Such a determinant renders the expectation value of an observable inde-
pendent of the gauge-fixing conditions f* = 0, so in this approach the ghosts were
simply regarded as a necessary by-product of any gauge-fixing procedure. But the
ghosts dn® and their conjugates 0P, also have a geometrical interpretation that only
emerged after the discovery of the BRST symmetry. In the BRST formalism one
identifies the observables of the gauge theory with the cohomology of an appropri-

90



ately defined BRST differential. In a gauge theory, the observables consist of those
functions defined on the constraint surface G, = 0 that remain invariant under the
transformations generated by the constraints. On one hand, in order to identify func-
tions on the constraint surface with the cohomology of a differential operator, one
needs to introduce as many Grassmann variables 6P, as there are conditions defining
the constraint surface. On the other hand, in order to identify the cohomology of a
differential operator with those functions invariant under the constraints, one needs to
introduce as many differential forms dn* as there are gauge generators. These forms
can be thought of as the duals to the tangent vector fields defined by the generators,
and, along with their exterior product, they define a Grassmann algebra. In a theory
with first-class constraints the functions that define the constraint surface are the
same as the gauge generators, which allows one to identify the 6P, as the canonical

conjugates of the dn®.

2.3.2 BRST Transformations

The main idea behind BRST quantization is the replacement of the local symmetry
under gauge transformations by a nilpotent global symmetry generated by what is
known as the BRST charge. This BRST charge is defined to be a real, Grassmann-
odd, ghost number one and nilpotent function in the extended phase space introduced
above. For many purposes, it is convenient to expand this BRST charge in the

antighost number p, that is, in powers of the fields 6P,,
1
0Q = oG, — 55776677‘3 b 0Pa + 08>0, (2.25)

where the structure constants C,,° are those of equation (2.6), and d€,>s is of
antighost number p > 2. The latter vanishes for closed algebras, and can be otherwise

determined recursively by demanding that the BRST charge be of ghost number one
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and obey the nilpotence condition
{692,6Q} = 0. (2.26)

The BRST charge 6€2 captures the gauge symmetries of a theory, and not the variables
we choose to describe it. In particular, we could have arrived at equation (2.25) by
identifying the gauge symmetries and their algebra in the background-independent
theory, and then performing a canonical transformation to the perturbations around
our cosmological background. Such a procedure manifestly underscores that 6€2 has

the structure
6Q6pi, 8q"; 6Pa, o) = Q(pi + 0pi, @ + 0¢"; 6Pa, o), (2.27)

where ) is the BRST charge of the background-independent theory. As we show
below, this structure guarantees that the BRST action for the perturbations remains
BRST-symmetric.

The BRST charge defines a transformation s on any function of the extended

phase space through its graded bracket,
sOF = {JF,50}. (2.28)

Its action on the canonical variables contains a gauge transformation with the ghosts

as gauge parameters, plus terms of antighost number p > 1 (denoted by dots),

S 5C]Z - 577a{5qi7 5Ga} + - ) S 5p2 = 5/’7(1{5297;’ 5Ga} + ) (229&)

1
snt = 25nb5nc A R S0Py =—0Gg+ -+ . (2.29b)

These BRST transformations are nilpotent, s> = 0, because of equations (2.26) and

(2.116). If under translations and rotations the ghosts transform as indicated by their
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indices, we expect the BRST charge to be a scalar.

In a gauge theory, the observables consist of the set of all gauge-invariant func-
tions on the constraint surface. One of the fundamental results in BRST theory is
that this set is in one-to-one correspondence with the cohomology of the BRST op-
erator s at ghost number zero. The cohomology consists of all those functions in the
extended phase space of ghost number zero that are BRST-closed (s6O = 0) modulo
those functions that are BRST-exact (60 = s0Q.) If a member of the zero ghost
cohomology dOggs satisfies

(008Rs)|p=0 = 60, (2.30)

where 60 = §O(p;, ¢') is an observable, and |,—o is the restriction to those terms of
antighost number zero, one speaks of 0Oggrs as a “BRST-invariant extension" of the
observable 0O. In theories with Abelian constraints, such as the linearized theory
of cosmological perturbations, gauge-invariant operators are automatically BRST-
invariant, and one can construct further BRST-invariant extensions by multiplication
with a BRST-invariant extension of the identity operator (see below.) In theories

with a non-minimal sector, the BRST charge is

SO = 5Q — i6p5bs, (2.31)

where d€ is the same as in equation (2.25). The extra contribution can be thought to
originate from the additional constraints b, = 0 that appear when one regards the
Lagrange multipliers as phase space variables. The only difference is that we think of

the dp® as canonical momenta, rather than configuration variables.

2.3.3 Time Evolution

Because of the explicit time dependence, neither § H nor § Hp in equation (2.14) are
gauge-invariant, so we cannot define their BRST-invariant extensions in the previous

sense. Instead, we define a “BRST extension" of the Hamiltonian to be any function
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0 Hgrs of ghost number zero that generates a time evolution under which the BRST
charge is conserved, and whose zero antighost component agrees with the first-class

Hamiltonian,

Q
{597 5HBRS} + aait = 0, (232&)

(6Hprs)p—o = 0Hp. (2.32b)

Because the BRST transformation is nilpotent, the BRST extension of the Hamilto-

nian is not unique. Indeed, if 6 Hgrg satisfies equation (2.32a), so does

for any Grassmann-odd extended phase space function d K of ghost number minus
one. In addition, up to terms proportional to the constraints, the p = 0 terms of both
0Hy and § Hgrs agree.

The function § K is known as the gauge-fixing fermion, and the Hamiltonian (2.33)
as the gauge-fixed Hamiltonian. This gauge-fixed Hamiltonian determines the time
evolution of any function d F" in the extended phase space though its Poisson bracket
as usual,

doF OO F

By definition, under such evolution the BRST charge is conserved. The conservation
of 0€2 in the theory of the perturbations essentially follows from the conservation of
the background-independent {2 under a time evolution generated by an identically

vanishing Hamiltonian.

2.3.4 BRST symmetry

Because of the explicit time dependence, the gauge-fixed Hamiltonian d Hx is not

BRST-invariant. Nevertheless, by definition, the transformation induced by € is
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a global symmetry, in the sense of the conservation law (2.32a). In fact, the BRST

equations of motion in the minimal sector can be derived from the variational principle
55k = / 0t [5G5p; + 8i"6Pu — 6Hy] . (2.35)

By direct substitution, one can check that, up to boundary terms, this action is
invariant under the infinitesimal BRST transformation AgF' = {F, 00 Q}, where 6 is
a constant Grassmann-odd parameter. Note that the variables dA* do not appear
in the action (2.35). They show up in the non-minimal sector of the theory, whose

dynamics is generated by the action
oS = /dt [5qi5pl- + 07%0P, + OA%0b, + 0C,0p* — 6Hi | . (2.36)

In this case, the variables A® and their conjugate momenta §b, belong to the phase
space of the theory. The BRST Hamiltonian still is that of equation (2.33), although
the BRST charge that determines the contribution of the gauge-fixing fermion is that

of the non-minimal sector (2.31).

2.3.5 Gauge Fixing

The time evolution equations (2.34) contain no arbitrary functions, and thus define a
unique trajectory in phase space for appropriately specified initial conditions. In that
sense, we can think of the action (2.35) as a gauge-fixed action, with a gauge-fixing
condition that is associated with the choice of K.

It is important to realize that, the choice of §K is completely arbitrary, up to
Grassmann parity and ghost number. There is hence a huge amount of freedom to
gauge fix the theory. In field theories in Minkowski spacetime, manifest relativis-
tic invariance and renormalizability severely restrict the choice of the gauge fixing
fermion, but in a gravitational theory in a time-dependent cosmological background

the set of possible d K is much larger, even if one insists on manifest invariance under
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translations and rotations.
At this point we shall mostly focus on the simplest gauge fixing fermions, namely,

those linear in the fields of ghost number minus one,
0K = X" 0P, +ic* 6C,. (2.37)

The coefficients x* and o® are assumed to be arbitrary functions of the bosonic fields
of the theory, that is, the original canonical pairs, the Lagrange multipliers and their
conjugate momenta in the non-minimal sector. With this choice, by repeated use of

the identities (2.114) and (2.115), we arrive at

AOH = {0K,00} = —x*0G, — 0%db,
+ 0, X" 0P, + X200 Che 0P, — iépxb579b +i6,0"0C, + 6,0"0C,
] .
- §{cha7 X }on 516 PadPy — %50(1{0@7 Ca"}on"on 6P,

+ {Xatspa, (5sz2} - i{Ua, 591)22}5061- (238)

where 6, x and d,0 respectively are the changes of x and ¢ under gauge transforma-
tions with parameters én® and dp®, §,x = n*{dG,, x} and d,0 = 6p*{db,, 0}

It is illustrative to check how this formalism reproduces the well-known Faddeev-
Popov action in the case of canonical gauge conditions. Setting xy* = —d\* and ¢* =
—f%(dp;, 8¢') /e in equation (2.38), and changing variables db, — £db,, 60C, — £6C,

in the gauge-fixed action (2.36) returns, in the limit € — 0,

5Spp = / dt [54%‘5@ + 51%0P, — 6Hp — A*6Gy — Sbo f* + i, f*6C,

+¢5p“57>a+5xa5nbcba057>c—%5@{ £, Cop Yo o1 P+ {0, 6y bHi{ £, 6052 }0C, |

Because the conjugate momenta db, appear linearly in this action, integration over
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these variables produces a delta function §(f*) that enforces the canonical gauge-
fixing conditions f* = 0. Hence, the first line of equation (2.39) is nothing but
the gauge-fixed Faddeev-Popov action, which includes the original Hamiltonian, the
gauge-fixing term and the corresponding ghost contribution i6n°{6Gy, f¢}6C,. Simi-
larly, integration over the (imaginary) variable dp® enforces the conditions 6P, = 0,
which eliminates all the remaining terms on the second line of the equation, since they
are all of antighost number p > 1. In that sense, the imposition of canonical gauge
conditions is just a special case of gauge fixing in the BRST formalism. Note, how-
ever, that because we are dealing with an open algebra, equation (2.38) implies that
the gauge-fixed Hamiltonian will generically contain cubic and higher order terms in
the ghosts that do not appear in the Faddeev-Popov formalism in generalized gauges.

Equation (2.38) also enables us to finally determine a BRST-invariant extension
of the first-class Hamiltonian 6 Hp. Under the assumption that the BRST charge has
the structure (2.27), it is easy to check that d Hgrs = —q'0p; + p;0¢° satisfies equation
(2.32). In the background-independent formulation of the theory, this is just the
statement that an identically vanishing Hamiltonian is BRST-invariant. Adding to
the latter the BRST-exact expression obtained by setting x* = —\® and ¢® = 0 in

equation (2.38) we arrive at

§Hgrs = —G'0p; + pioq' — XN{0Pa, 6Q} = 6Hp — N61°C"6Py — X {6P0, 62},
(2.40)
which carries ghost number zero and satisfies the two properties (2.32). The Hamilto-
nian (2.40) shall be the starting point of our perturbative calculations. Similarly, we
can construct a BRST-invariant extension of the identity operator from any gauge-

fixing fermion ¢.J by the prescription
1; =exp (i{6J,00}). (2.41)

This extension shall prove to be useful in defining BRST-invariant extensions of gauge-
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invariant operators.

2.4 Quantization

In Dirac’s approach to the quantization of gauge theories in the Schrodinger repre-
sentation, the Hilbert space consists of wave functionals of the configuration variables
dq'. The constraints are imposed on the physical states of the theory, 5(§’a|@/)phys> =0,

and the time evolution operator is taken to be

t
Z/A{D(t;to) = ’Texp |:—Z/ 5HD(5qu(t0),5ﬁl(to),;) d%/ s (242)

to

where T is the time-ordering operator, and we have assumed that the Hamiltonian is
of the form (2.14). We shall not pursue Dirac quantization in the Fock representation
here, which proceeds by enforcing only half of the constraints on the physical states.

BRST quantization in the Schrédinger representation follows basically the same

steps as Dirac quantization, basically by replacing gauge-invariance by BRST-invariance:

1. The real even variables in phase space are replaced by bosonic hermitian field
operators, and the real odd variables are replaced by real fermionic operators.
The field operators d4%, dp;, 0n® and 6C, are hermitian, while the fermionic

fields 6P, and §5* in the non-minimal sector are anti-hermitian.

2. The graded Poisson brackets of the canonical variables are replaced by the

graded commutators of the corresponding operators,
[G',p;] = 00", [0, 0Py] = —i6%,. (2.43)

3. Physical states |¥) belong to the cohomology of 50 at ghost number zero,

W) € <Ker5§2> . (2.44)
Im 692 0
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4. The gauge-fixed Hamiltonian d Hx generates time evolution,

ASF A O6F

Hence, the Heisenberg representation fields at time ¢ can be recovered from the time-

evolution operator as usual,

SE(t) = UL (t,t0)0 F (to)Usc (t, o), (2.46)
t

U (t, 1) = T exp (—z/ SHy dtN> . (2.47)
to

In this formulation time evolution is manifestly unitary. In the Schrédinger picture, it
is also manifestly insensitive to the gauge-fixing fermion §K, because the latter only
changes the physical state |¥) by vectors in the image of the BRST charge, which do
not affect the cohomology of 5Q. In the following we remove the hats on top of the

operators for simplicity.

2.4.1 Expectation Values

BRST Quantization

In cosmological perturbation theory, we are interested in the expectation values of
observables in appropriately chosen quantum states. A convenient basis is furnished

by the BRST-invariant states of ghost number zero
|6dhrs) = 104", 6 = 0,6b = 0,6C, = 0), (2.48)

where the labels indicate the eigenvalues of the corresponding operators. An impor-
tant theorem in BRST theory® states that if dOggrg is a BRST-invariant extension

of a given observable 0, its matrix elements between BRST-invariant states of the

3See Section 14.5.5 in [65].
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form (2.48) return the projected kernel of 6O, up to an irrelevant overall sign,
(045rs008Rs|0Ghrs) = 00p(3q",67). (2.49)

The projected kernel 0Op on the right hand side is a regularized version of the kernel
of 6O projected onto the space of gauge-invariant states. As a consequence of this

projection, 0Op satisfies the constraints, in the sense that
5G4, ~i0954")50p (54", 5F) = 5G(57 . ~i0/06T)5Op(54',6F) = 0. (2.50)

In general, in order for the matrix element (2.49) to be well-defined, it is necessary
that the BRST-invariant extension d(Ogrg mix the minimal and non-minimal sectors.
With these definitions, the expectation value of a gauge-invariant operator dO(t)

becomes

(Win|0O(t)|Win) =/d5qd5§¢?n(5Q)u(5Q) 60p(t)(dq, 6q)1u(0q) Yin(6q),  (2.51a)

where the projected kernel of the operator equals, using equation (2.49),

60p<t) ((5q, (5@ = <5qBRs| [Z/l})(t, to)é@(to)UD(t, to)} BRS |5E]VBR5>. (251b)

In equation (2.51a), p is a regularization functional needed to render the integrals
finite*. In simple cases in which the constraints are linear in the conjugate momenta

it is determined by a set of conditions f*(dq,dm) = 0 through the relation
p= det{f* Gy }o(f°). (2.51c)

In the absence of this regularization factor, the integral over the gauge-invariant

directions would diverge, since the projected kernel satisfies the constraints. We

4ibid., Section 13.3.4.
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illustrate this divergence with a concrete example in Section 2.5.4. Although the
constraints in general relativity are not linear in the momenta, we shall only need the
form of x4 in the limit in which interactions are turned off, and the form (2.51c) does
apply.

The BRST extension of U (¢, t4)6O (to)Un (¢, to) in equation (2.51b) is pretty much
arbitrary, up to the requirement that it mix the minimal and non-minimal sectors. A
relatively natural choice would be UJ. (¢, t0)dO(to)srs Us (. ty), for a 6K that mixes
the minimal and non-minimal sectors. This is the choice typically made in approaches
in which one is interested in calculating in-out matrix elements of the time evolution
operator. But since we are interested in in-in matrix elements, in some instances this
prescription fails because the terms that mix sectors in L{IT{ and Uk cancel each other.

It is thus convenient to work instead with the slightly more general expression

UL (¢, t0) 0O (k) Up (¢, to)|Brs = Ls(to) UL (L, 10)dOrrs(to) Uk (t,t0) 15(to),  (2.51d)

for appropriately chosen and unrelated gauge-fixing fermions 6/ and dK. The for-
malism guarantees that the projected kernel is insensitive to the particular choice
of BRST extension. Although it is not necessary to include two copies of 1; in the

extension (2.51d), their inclusion renders it slightly more symmetric.

Dirac Quantization

Within the BRST formalism it is also possible to recover the matrix elements of the
Dirac time evolution operator (2.42) from those of the BRST-invariant operator in
equation (2.47). In those cases, it is not necessary to choose a gauge-fixing fermion
that mixes the minimal and non-minimal sectors, and one can indeed set 6K = 0.
With a vanishing gauge-fixing fermion, the Hamiltonian of the theory reduces to
the first-class Hamiltonian 6 Hp, plus the ghost terms needed to construct its BRST

extension. Since the first-class Hamiltonian d Hp is that of the original theory with

101



Lagrange multipliers dA® set to zero, the bosonic sector of the action is the one in

equation (2.3) for a metric of the form
ds* = —=N?dt* + (hij + 6hy;)da’da’. (2.52)

Up to the irrelevant factor N2 = a2, this is just the metric in synchronous coordinates,
or synchronous gauge.

But if one is interested in the unprojected kernel of the time evolution operator in
the Dirac method anyway, one can dispense of ghosts and BRST-invariance altogether,
and simply rely on the original representation of the operator in equation (2.42).
Quantization of cosmological perturbations following Dirac’s method thus amounts
to quantization of the theory with a metric of the form (2.52), with no ghosts in the
action. For that reason, we shall use “Dirac quantization" and “synchronous gauge
quantization" as synonyms, in spite of our previous remarks concerning synchronous
gauge in the BRST formalism. In particular, in synchronous gauge the expectation

value of a gauge-invariant operator reads

(Val5O0)| V) = [ dBqdsT 5, (Ba)n(G0OOO G0, Dn(6D),  (2:550)

where the kernel of the operator JO(t) equals
50(1)(6,09) = (alUdh (1, 1)SO(to) Un(, 1) 67). (2.53b)

and the time evolution operator is that of equation (2.42). Note that it is only nec-
essary to insert a single regularization factor p in the integrand of (2.53a), since it
contains the non-projected kernel of the operator 6. The factor of u then regu-
larizes the scalar product between the gauge-invariant states |U;,) and 0O(t)|Wyy).
Clearly, one of the main advantages of Dirac (or synchronous gauge) quantization is

the absence of ghosts.
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2.5 Free Theory

Our discussion of gauge-invariance and BRST symmetry so far has been mostly ex-
act. Even though we have expanded the fields around a non-trivial cosmological
background, the expressions that we have derived apply to all orders in the pertur-
bations. In practice, however, such calculations do not occur. Instead, one typically
expands the action to a certain order in the perturbations, and carries out calculations
only to that order. In that case, all the expressions we have previously derived hold
only to the appropriate order in the perturbation expansion. As we shall see, such
perturbative calculations obscure the symmetries and simplicity of the underlying
theory even further.

We shall first illustrate such a calculation in the simplest case, that of linear
perturbation theory. This case is relevant because it provides the foundation upon
which perturbative calculations are built, and because it suffices to calculate the
primary observables of inflationary theory, namely, primordial power spectra. The
linear analysis can be easily generalized to arbitrary higher orders, at least formally,
although specific calculations become increasingly cumbersome as the perturbation

order increases.

2.5.1 Einstein-Hilbert Action

We begin by expanding the Einstein-Hilbert action in Hamiltonian form (2.11) to

quadratic order in the perturbations. The action therefore becomes
5S = / dt [6piog’ — 6PH] (2.54)
where 6 H is the Hamiltonian expanded to second order,

§OH = —§'op; + pidq' + 226D G, + X6 G, (2.55)
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and the 60 G, are the constraints expanded to n-th order in the perturbations. Note
that the Hamiltonian somewhat simplifies because the background satisfies the clas-
sical equations of motion, so the linear terms in the perturbations cancel. Hence, if

S§G®) is the term of k-th order in G, we can also write
SOH = X6GP + 5X*6GY = §@Hp + 5A*6GY, (2.56)

In order to find §GS? and 5G¢(11), we simply expand expressions (2.5) to the desired

order. We begin with the terms linear in the perturbations,

(1) @ M*,_, g M2 .
OGN = 2aHdm + “om, + = - (V26h — 8,0;6h7) + —Hoh+a*V,bp,  (257a)

0G = — [2a28;0m7 — M*H(20,0h7 — 0,0h)] + > 9,0, (2.57b)

in which indices are raised and lowered with a Kronecker delta. To derive these
expressions, we have used the background equations of motion (2.9), and that the
relevant background quantities satisfy (2.8).

Because in our background the shift vector vanishes (' = 0), in order to obtain
the quadratic Hamiltonian we only need to calculate 6Gy to second order. After a

somewhat long but straight-forward calculation we arrive at

(2) 5 [2d° ij a’ o, I o, ij @
5HD = d’x W(S’/T 57Tij — Wa’ﬂ' + 2_612(571'@ — 27‘[671' (Shw +H57T(5h - 2—a2(57ﬂpdh

M? M? M? M? .
— @va?ahij + @Mv%h + 4—agah”ajakahf — 4—@25hajakéhﬂ
2 ' M? (H? —H/2 4 277
+ %@-(5@8’5@ + < . >5hij(5h” + %v,wago? 4+ 2 S20p0h|. (258)
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2.5.2 Constraints

Variation of the action (2.54) with respect to A results in the linear constraints

sGY = 0, or, in standard notation,
sG\Y =66 =o. (2.59)

The reader can readily check that the linear constraints (2.57) generate linear diffeo-
morphism when acting on the configuration variables. In particular, (5G§\1,) generates
linear diffeomorphisms along the unit normal to the constant time hypersurfaces
n* = (a',0). But as opposed to that of the full theory, the algebra of the linearized
constraints (2.57) is Abelian. This follows for instance by expanding equation (2.19)
in powers of the perturbations, and noting that the background satisfies the zeroth
order constraints.

Because the full action for the perturbations (2.11) is invariant under the trans-
formations (2.21), the quadratic action (2.54) is invariant under a truncation of those

transformations to linear order,

Adq' = {6q', "G}, (2.60a)
Abp; = {0pi, £20G DY, (2.60b)
AN = £+ EXChe”. (2.60c)

Readers familiar with gauge transformations in the Hamiltonian formalism will rec-
ognize in equation (2.60c) the transformation properties of the Lagrange multipliers
under a set of Abelian first class constraints with a weakly gauge-invariant Hamilto-
nian.

It is in fact illustrative to see how the linear constraints (2.57) are preserved by

the time evolution. On the one hand, from the equations of motion in the linearized
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theory, their time derivatives are

2sGY
ot

dsGLV

= {6GW §PH} +

(2.61)
On the other hand, in the theory to all order in the perturbations, the time derivatives
of the full constraints obey, from equations (2.19) and (2.20),

dG,
dt

900G,

5 = (A + 0AD) C oG (2.62)

= {6G,,0H} +

Expanding the equation on the right hand side of (2.62) to first order in the pertur-

bations, and bearing in mind that § (! vanishes, we immediately get that

26GWY
ot

{5Ggl)a 5(2)H} + — j\bc_’abcéG((;l)- (263)

Therefore, the time derivatives of the linear constraints vanish weakly, and the Hamil-
tonian itself is not invariant under diffeomorphism, even on-shell. In the full theory,
the linearity of the Hamiltonian in the first class constraints is essentially responsible
for the preservation of the constraints under the time evolution. In the linear theory,
this simple structure is hidden and distorted by the expansion to second order in the
perturbations around a time-dependent background. Note that the coefficient \*C,;°
multiplying the constraints on the right hand side of (2.63) is precisely the coefficient
that appears in the transformation law (2.60c). This is what one expects in a theory

in which the Hamiltonian is weakly gauge-invariant.

2.5.3 Classical BRST Symmetry

The BRST charge of the linearized theory (in the non-minimal sector) is that of the

full theory, equation (2.31), expanded to second order in the perturbations,

00 = 526G — i5pdb,. (2.64)
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Again, this is consistent with our observation that the constraints in the linear theory
are Abelian. In order to write down the BRST-invariant action in the free theory, we
need to find the BRST Hamiltonian. Expanding equation (2.40) to second order, we
readily arrive at

5(2)HBRS = (5(2)HD — 5\‘15?71)65@05?0, (265)
which indeed is BRST-invariant, in the sense that it obeys

0@
85(% =0, (2.66)

{59(2)7 5(2)HBRS} +

as the reader can verify using equation (2.63). The BRST-invariant action of the
linearized theory in the non-minimal sector still has the form (2.36), but the gauge-

fixed Hamiltonian is that obtained from equation (2.65) and the usual relation
0PHy = §PHprs + {0K,60®}, (2.67)

where the gauge-fixing fermion dK is an arbitrary Grassmann-odd function of the
canonical variables of ghost number minus one. The gauge-fixed Hamiltonian still
satisfies equation (2.66), which guarantees that, up to total derivatives, the quadratic
action is invariant under the linear BRST transformations generated by 6Q®). To
preserve the quadratic structure of the Hamiltonian, d K needs to be quadratic in the

perturbations too.

Comohology

In a theory with a gauge symmetry the algebra of observables consists of gauge
invariant functions of the canonical variables. As we mentioned earlier, this algebra
agrees with the set of BRST-invariant functions of ghost number zero. To see how

this works in practice, let us determine the cohomology of the linearized BRST charge

(2.64).
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We begin by calculating the action of §Q on the different fields in the non-

minimal sector of the theory,

SON" = —idp”, sop” =0, (2.68)
s0C, = idb,, 50b, = 0. (2.69)

Since all the fields that are closed (s0F = 0) are exact (0F = s0G), the cohomology in
the non-minimal sector is trivial. Hence, observables can be assumed not to depend
on the variables of the non-minimal sector. In particular, they do not depend on the
Lagrange multipliers 6\ = {6\, 6A%}.

In the minimal sector, the action of the BRST charge amounts to a gauge trans-
formation with gauge parameters 0n®. To study the cohomology, it proves to be useful
to move to a different field basis. First, we carry out a canonical transformation to
a set of fields that transform irreducibly, as described in Appendix 2.8. The latter
are classified according to their transformation properties under rotations as scalars,
vectors and tensors. In linear perturbation theory the three sectors decouple from
each other. In each sector, then, we perform another canonical transformation to a

basis of fields with particularly simple properties under gauge transformations.
Tensor Sector In the tensor sector this basis consists of the conjugate pairs
Ciz = —5 HiQ = a25Wi2. (270)

Because they are invariant under the linearized diffeomorphisms, and there is no
helicity two field of ghost number minus one, the helicity two fields are exact and
cannot be written as a BRST transformation of any other fields. They span the
observables of the tensor sector of the linear theory, and the BRST charge in this
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sector identically vanishes. The Hamiltonian (2.58) in the tensor sector reads

ot =5 X [ [T SHr () + a20r? (74 $H2 — 47) Gl ()|

(2.71)

There is no contribution from the tensor sector to the BRST-charge, 5(21(3) = 0.

Vector Sector In the vector sector the new field basis is

oh
gt = — a;; (), Gi1 = —p [a?67T (D) — 2M*HShr (—)] - (2.72)
Among other properties, this basis is useful because the constraints in the vector

sector simply read G411 = 0. The action of a BRST transformation on each of these

helicity one fields is

SGil = 0, S(S,Pil = _Gih (273&)

sont =0, st = onpFt. (2.73b)

Hence, all BRST-closed fields are BRST-exact. Clearly, the BRST cohomology in the
vector sector is trivial and there are no observables in this sector. The Hamiltonian
is
2 - - 1
SH, = > / Pp AyGo(P)Go(—p) Ayy = A (2.74)

o=%+1

and the BRST charge in the vector sector reads

590 = 3 [ [5r (91Ga(5) ~ i69° (71580 () (2.75)

o==+1

Since the Poisson bracket of the first-class Hamiltonian with the BRST charge van-
ishes, 5H1()27)v is BRST-invariant.
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Scalar Sector The bosonic scalar sector is spanned by the three canonical pairs
(6hy, 67%), (Ohy, 67T) and (4, dm,). A new choice of conjugate pairs that happens to
be particularly convenient is (¢, II), (2%, G1), (", Gy), where the latter are defined

by

Ohy | Ohr H

(=5 t323 209 (2.76a)
M2H? — 2M2p? 2M2p? .
II= 0M7H 7 b dhy — P Shr — 3a*p 6 + a*or™ (2.76b)
oh
L T
2
G = 2HM?*pShy, + 27—[M2p Shr — a*@pop + %p&rL —a’*pont, (2.76d)
N = 40P (2.76¢)
¥
2M? . 2M?p? — 0
Gy=-= (v? — 3%) o1y, Lbhy + 'V, b + aH om’ + Zom,. (2:760)

We quote the inverse relations that express the old variables in terms of the new
variables in equations (2.131).

The new variables G, and Gy are nothing but the scalar components of the
original linearized constraints (2.57), which now simply read G, = Gy = 0. The
variable ( is the standard curvature perturbation in comoving slices, and setting
xl = 2V = 0 amounts to working in comoving gauge. The variables (, II, as well as

the constraints G, and Gy are gauge-invariant. The configuration fields canonically

conjugate to the latter, % and zV, then span the two independent gauge variant
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directions in field space. The action of a BRST transformation on these fields is

sC =0, (2.77a)
sTL =0, (2.77h)
sGn =0, sPn = —Gn (2.77¢)
sGr =0, sPr =—-Gp, (2.77d)
syt =0, szt = onk, (2.77e)
sy =0, sz’ = on". (2.77¢)

Hence, the only BRST-closed fields in our set that are not BRST-exact are ¢ and II.
The latter are thus the only observables in the scalar sector of the linear theory. Note
that we did not have to invoke the zero ghost number condition to identify the space
of observables. To conclude, let us write down the contribution of the scalar sector

to the BRST charge in the new field basis,

590 = S [ Eolon ()Gl ~ 557 (31507, (2.78)

o=L,N

from which we could also have easily derived equations (2.77). In terms of the new

canonical fields, the Hamiltonian (2.58) in the scalar sector becomes

2 22 =2
@ _ [ | H o PP, 3 , 1
5HD’S_/ Ty {2a2¢2n oo ¢ T et aEen

Gy, . HG N
2M2a2p = ap?

p P N
—,}T[CGL_H< )—Ex GL]. (2.79)

In this form, the Poisson brackets of the Hamiltonian with the constraints can be
read off immediately. Because the former do not vanish, the Dirac Hamiltonian is not

BRST-invariant. Instead, from equations (2.78) and (2.79), or directly from (2.63)
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and (2.65), a BRST-invariant Hamiltonian is
N K (2.80)
’ ’ a

For simplicity, we have dropped the momentum labels of the different fields in the
previous integrals. The latter can be reintroduced by demanding that the corre-
sponding expression be a scalar under translations. Enforcing the constraints on the
scalar sector action by setting G = G = 0 yields the Hamiltonian action for the

gauge-invariant conjugate variables ¢ and II,

2

Sallll = [ @ MG - 5NN -

2

D] s

This is the action one would use in the standard gauge-invariant (or reduced phase
space) approach, in which only a complete set of gauge-invariant variables is kept in
the theory. Replacing II by the solution of its own equation of motion yields the well-
known Lagrangian action for the gauge-invariant variable ¢ in the gauge-invariant
formalism [76]. For an alternative discussion of the reduced phase space in linearized
cosmological perturbation theory, see [70].

The transition to the new variables (2.76) considerably simplifies the structure
of the scalar Hamiltonian, which now is almost diagonal. The Hamiltonian (2.79)
does not depend on z”, and only depends on x" through the combination #VG/,
which manifestly shows that the constraints G; and Gy are preserved by the time
evolution. It is in fact possible to fully diagonalize the Dirac Hamiltonian by an
appropriate canonical transformation. We discuss the diagonalization of the scalar

Hamiltonian in Appendix 2.8, where we show that it can be cast in the form

(2) 3 H? 2 p2a2<,52 2 T2 T 2
5HD75: dp 2a2¢2ﬂ + 2742 g +ALQL+ANQN , (282)

where A, and Ay are the time-dependent coefficients quoted in equations (2.140).
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The variable ¢ is still the comoving curvature, but only when the constraints G, =

Gy = 0 are satisfied.

2.5.4 Quantization: Vectors

The vector sector in the free theory offers a simple setting to illustrate the methods
behind Dirac and BRST quantization, and how they differ from other common ap-
proaches. It will also serve as a useful warm-up for the quantization of the scalar
sector. The Hamiltonian in the vector sector is given by equation (2.74), and the

BRST charge by equation (2.75). In this sector the constraints read G4 = 0.

Dirac Quantization

As we mentioned above, Dirac quantization amounts to the quantization of the the-
ory in synchronous gauge. In the Dirac approach to the quantization of first class
constraints, the generator of the time evolution is the first-class Hamiltonian 0 Hp in
equation (2.74). The constraints are then imposed on the physical states of the the-
ory by demanding G1(ty)| V) = 0. If we represent these states by wave functionals
in configuration space [z (p), x~(p)], this implies that the latter do not depend on
the fields z*! = x.

Observables are functions of gauge-invariant operators alone. The only such oper-
ators in the vector sector are the G. Since the Hamiltonian of the theory commutes
with G4, the action of these operators on any physical state will hence vanish. But
one needs to be careful when evaluating expectation values of gauge-invariant oper-
ators that do not involve powers of G4 (t), because the latter are naively ill-defined.
Consider for example the expectation of the (gauge-invariant) identity operator in
the vector sector for a physical state |¥) with wave function v, a.k.a. the norm,
[ dxp*[z]yp[z]. If the state is physical, its wave function does not depend on x, and
the integral diverges. In order to avoid this problem, one needs to regularize the inner

product by inserting an appropriate regularization factor u, as in equation (2.53a).
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The latter typically involves choosing a slice through the space of gauge-variant con-
figurations. In the present context p can be chosen to simply be d[z] = [z ]d[z_].

In that case the expectation value becomes

L) = [ dovaplelvle] = 000, (28)
which equals one, as it should, if ¢ is properly normalized.

BRST Method:

Things look quite different in BRST quantization. We already know that in this
sector the cohomology of fields is trivial, so there are no non-trivial observables in
the vector sector. Nevertheless, for illustration, let us proceed with the calculation of
expectation values outlined by equations (2.51). One begins by choosing a convenient
BRST-invariant extension of the observable at hand. For illustration we choose the

vector power spectruim,

00grs(t) = G4 (1, p2) G+ (¢, 1), (2.84)

which already is BRST-invariant in the free theory. We choose next a BRST exten-
sion of the time-evolution operator. Since the Hamiltonian (2.74) is already BRST-
invariant, we simply set K = 0 in equation (2.51d). If we had chosen for instance
0K = —6\*0G,, the contributions from the gauge-fixing fermion in Z/{}} and Uk would
have cancelled each other. Because the ensuing time-evolution operator commutes
with 0Oggrs(to), the problem reduces to the calculation of the expectation value of
the operator (2.84) at t.

It is now obvious that for BRST-invariant states of the form (2.48), such an
expectation value is ill-defined, because dOpgrs(t) = dOprs(to) does not mix minimal
and non-minimal sectors, and the BRST-invariant states |v5,s) = 2%, 6by = 0,dnF =

0,0C% = 0) have an ill-defined norm. We thus select a non-zero §.J that mixes sectors,
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say,

0J =-T> / d*p SN (P)OP, (), (2.85a)

o==+1

1;=exp (i{&], 5(2)9}) = exp

Ty / Bp (i0M°Gy + 5p°6P,) | , (2.85h)

o=+1

where T' is an arbitrary constant with dimensions of time. With this choice, it is a

straight-forward exercise in Fourier transforms to show that

(Tisps L (to) G (to, P2) G (to, 1) L (to) | i5ps) = 0, (2.86)

regardless of the values of 2% and z*. Along the same lines, the matrix element of

the BRST-invariant extension of the identity operator can be seen to equal

(Tors|Lsl2grs) = /d(TGU)5[TGa] exp (@ >, /d3p G, (p)[77(P) — x”(@]) :
" (2.87)
which is ill-defined for 7' = 0 (it equals 0 x co), but simplifies to one for 7" # 0. The
factor of T inside the integral measure is the contribution of the fermionic sector, and
the factor of T" inside the delta function is that of the bosonic sector. Note that in
both equations (2.86) and (2.87) the matrix element does not depend on the values

of 7% and z*, as expected from the projected kernel.

2.5.5 Quantization: Scalars

We proceed now to illustrate Dirac and BRST quantization in the scalar sector, in
which both methods are non-trivial. The fields in this sector consist of the gauge-
invariant ¢ and its conjugate IT and the two gauge-variant variables (z%, ") = x with

the constraints (G, Gn) = G as their conjugates.
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Dirac Quantization:

In the Dirac method, one quantizes the metric in synchronous coordinates. Although
synchronous gauge was the gauge initially chosen by Lifshitz in his seminal article on
cosmological perturbation theory [77], synchronous gauge has been widely criticized
most notably because the conditions 6\ = JA* = 0 do not fix the gauge uniquely,
since it is still possible to perform non-trivial gauge transformations that preserve the
synchronous gauge conditions [19]. To see this, consider the transformation properties

of the linear perturbations under the linear gauge transformations (2.60),

AONY = a (€4 HE) . (2.88a)
AN = & — D,€°, (2.88b)
Adhyj = a® (2HE 6y + 0i&; + ;) (2.88¢)
Adp = €79, (2.88d)

where we have set £V = a£° (as mentioned above, §Gy generates diffeomorphisms
along the unit normal to the constant time hypersurfaces.) The most general gauge
transformation that preserves synchronous gauge therefore is
AT tdt
o= gop@raa L (280
a

a

which in fact is non-trivial for any non-zero choices of the free functions A and B.
This residual gauge freedom implies that solutions to the equations of motion for
the perturbations in synchronous gauge are not unique, since Adh;; in (2.88c) with
gauge parameters (2.89) is always a solution of the synchronous linear perturbation
equations. That is mostly why synchronous gauge has been essentially abandoned for
analytical studies of cosmological perturbations, although it still plays a prominent
role in numerical calculations.

Yet when we solve the equations of motion for the perturbations, we need to
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impose appropriate boundary conditions to single out a unique solution. When we
extremize the action, for instance, we are typically interested in boundary conditions
in which the perturbations at the endpoints are specified. Similarly, in an initial
value problem we prescribe the values of the fields and their time derivatives at some
initial time. Clearly, from equations (2.88), the only choice that does not alter such
boundary conditions is £ = & = 0. In this context, the apparent gauge freedom of
synchronous gauge disappears, and does not pose any particular problem.

With this understanding in mind, let us hence consider the time evolution operator
Up for the perturbations (2.42). The main advantage of this approach is that there
are no ghosts to deal with, at any order. In addition, in synchronous gauge the action
is a local functional of the perturbations.

Let us calculate the expectation of a gauge-invariant operator JO(t) such as the
power spectrum of ¢ in synchronous gauge. In this case, from equations (2.53) the

expectation value is

00(1)) = /dC da 7, ¢, 2] S[2)(C, U (t, £0)SO(to) Un (¢, to) [Win), (2.90)

where the in-state satisfies the constraints G (¢9)|Vin) = Gn(t0)|¥im) = 0, and we
have chosen f = x in the regularization factor p = det{f, G}d[f]. Because 6O(ty)
commutes with G y(to) by gauge-invariance, both time evolution operators in equa-
tion (2.90) act on a zero eigenstate of the constraints, so we can set G, = Gy =0 in
the scalar Hamiltonian (2.79). The time evolution operator reduces then to that of

the gauge-invariant approach
UL (t,10)5O (to) Up (t, to) | Win) = U, (E, 10)0O (to) Ui (t, to) | Tin), (2.91)

in which Ugy is determined by the action of equation (2.81). Inserting equation (2.91)
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into equation (2.90) finally yields

(6O(t)) = / d¢ d¢ i ) (CIUE (¢, £0)3O (o) Ua (. 1)) Y€, (2.92)

where we have set ¥y, [¢] = ¥in|[C, z] (because of the constraints, the in-state wave
function is z-independent). Equation (2.92) is what one would write down in the
gauge-invariant formalism. Hence, from now on the calculation follows the standard
route, and expectation values of gauge-invariant operators in synchronous gauge au-
tomatically agree with those obtained in the gauge-invariant formalism.

One of the main disadvantages of synchronous gauge is that our scalar variables are
still coupled to each other, which renders the calculation of some of the propagators
in the scalar sector difficult. As we describe in Appendix 2.8, to decouple the scalar
variables we need to carry out a canonical transformation whose coefficients contain
time integrals, as opposed to local expressions in time. In the new variables, the
scalar sector Hamiltonian takes the form (2.82). In the new variables, the calculation
of the propagators in the scalar sector is straight-forward. Recall that in the in-in
formalism, there are four different types of propagators [50-58|. The four types can
be constructed from appropriately ordered expectation values of field bilinears, which,
from the structure of equations (2.53) with p = 0[z] require the calculation of matrix

elements of the form

/ d¢ Y10 (G = 012 ()2 (1) 2, C = 0) ualC), (2.93)

where the 2 stand for any of the fields or conjugate momenta in the theory. Therefore,
quadratic matrix elements in the gauge-invariant sector spanned by ¢ and II are the

same as in the gauge-invariant method. Among the remaining bilinears, the only
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non-vanishing matrix elements are

(Uin|G,, (t2, P2) 27 (t1, P1)|Vin) = —1 5L (P2 — P1), (2.94a)

t1 _
<‘I’in|201 (tzaﬁz)fm (tlyﬁl)mlin) =2 501025(172 +ﬁl)/ dt Aa(t)~ (2-94b)

to

These results not only apply in the scalar sector, but also in the vector sector, where
the Hamiltonian already has the required diagonal structure (2.74). Although we
shall not do so here, for calculations beyond the free theory it may be more convenient
to use the inverse relations (2.131) to cast the propagators in terms of the original
variables 0h;j, ¢, and their canonical conjugates. Once the latter are known, one
can study interactions between cosmological perturbations at any order without the

need of any additional field transformations.

Derivative Gauges

As we have emphasized earlier, BRST quantization allows for a much wider set of
gauge choices. To illustrate the flexibility of the BRST formalism, let us show how
to dramatically simplify the structure of the Hamiltonian (2.79) by an appropriate
choice of gauge-fixing fermion. First, since the gauge-fixed Hamiltonian should be
quadratic and of ghost number minus one, it has to be linear in éP and 0C, as
in equation (2.37). Second, because we do not intend to calculate matrix elements
of the time-evolution operator between BRST-invariant states, it is not necessary
for the gauge-fixing fermion 0K to couple minimal and non-minimal sectors. One
of the simplest choices that satisfies these conditions has ¢* = 0. Choices for which
c® # 0 can be used to enforce conventional canonical gauge conditions, as we described
earlier.

By choosing y in equation (2.37) appropriately it is possible to remove terms in
the Hamiltonian proportional to the gauge-invariant fields G that are constrained to

vanish in the original formulation of the theory. The freedom to alter the evolution
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of the system in such a way just captures our expectation that only the dynamics of

the gauge-invariant pairs ¢ and II is physically relevant. In particular, picking

3G pC 11 paly Gy HII
K = [ d°p - = — — o — )
/ {(4M2p 20> H  2M?Z%a%p a Pot 202 ag? Py
(2.95)
we find that the gauge-fixed Hamiltonian in the scalar sector 5(2)H0,3 + {6K,5%Q,}

becomes

2 2,2 22
SHP = 5 / dp {;‘wzn + g2] . (2.96)
By a suitable choice of variables and gauge-fixing fermion we have thus diagonalized
the Hamiltonian. At first sight it may appear that we took a long detour to arrive
at the gauge-invariant formalism, but, in fact, the situation here is quite different,
because AL g (LN) §p(LN) 5C(LN) and their canonical conjugates remain part of
the phase space.

The Hamiltonian (2.96) does not depend quadratically on the momenta G or b, so
the theory does not admit a Lagrangian formulation: Integrating over these momenta
yields delta functionals 6[#] and 6[6)], rather than quadratic terms in the velocities.
In that sense, our choice of gauge-fixing fermion corresponds to a derivative gauge in
which we implicitly impose the on-shell conditions 6A* = 0 on the Lagrange multi-
pliers. This property is shared by many other gauge-fixing fermions. By appropriate
choices of x and ¢ we could have obtained a theory with a Lagrangian formulation in
which the 6A® still vanish on-shell, at the expense of making the Hamiltonian slightly
less simple.

We would like to calculate the expectation value of a gauge-invariant operator
dO(t) along the lines of equations (2.51). Because the operator dO(t) is gauge-
invariant, in the free theory its BRST-invariant extension in equation (2.51d) can
be taken to be the operator itself, 6Opgrs(to) = dO(ty). Then, since by gauge choice

the Hamiltonian (2.96) equals that in the gauge-invariant formulation, the matrix
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elements of the projected operator in equation (2.51b) factorize, thus becoming

(8al00p(1)[03) = (C1Uf1 (¢, t0)5O(to)Ucn (, t0)16C)
x (z,6n =0,8b = 0,6C = 0[1,1,|Z,67 = 0,6b = 0,6C = 0). (2.97)

In order for the last matrix-element to be well-defined, 1; needs to couple the minimal
and non-minimal sectors. We choose the analog of the gauge-fixing fermion (2.85) in

the vector sector,

J=-T>" / dPp SN (7)0P,(p), (2.984)

oc=N,L

1; =exp (i[6J,09]) = exp |T Z /d3p (10X Gy + 0p°0Py) |, (2.98Db)

o=N,L

which, as in equation (2.87), implies that
(z,6n=0,6b=0,5C = 0|1,1,|0%,67 = 0,6b=0,0C = 0) = 1. (2.99)

As expected, then, the projected kernel of the operator §O(t) does not depend on the
variables x and x, and agrees with that of the gauge-invariant method. To complete
the calculation, we just need to fold the kernel of §Op(t) with the appropriate wave
functional of the in state, ¥,[(;, z;], following equation (2.51a). Because of gauge
invariance, the wave function is z-independent, so the convolution needs to be regu-
larized by inserting factors of u[z], say p[z] = d[z]. With ¥y[C(] = ¥[¢,z = 0] the

expectation value of the operator becomes

(W30 5O(0)| W) = / 08 d¢ 43, C160p(8)[C, 0: ¢, Ol4lC) (2.100)

Therefore, the BRST returns the same expectation value as the gauge-invariant for-

malism, as it should.
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Propagators in Derivative Gauges

Our next goal is to determine the propagators of the in-in formalism in the scalar
sector, with a gauge-fixed Hamiltonian determined by equation (2.96). As in syn-
chronous gauge, the propagators can be constructed from various expectations of
field bilinears. But in this case the states are BRST-invariant, and one needs to
regularize the scalar products by inserting BRST-invariant extensions of the identity
operator that mix minimal and non-minimal sectors, as we did above. We shall thus

calculate

(Uin| 1 (t0) 21 (£2)2 (1)1 (o) [Uin), (2.101a)

in which, because we are working in the Hamiltonian formulation, the fields z* and
2/ run over the configuration variables and their conjugate momenta.

Because the variables ( and II decouple from the rest, all the field bilinears involv-
ing the latter agree with those of the gauge-invariant free theory, and, by symmetry,
any mixed bilinear with a single factor of  or Il vanishes. Because the conjugates
0b, do not appear anywhere in the gauge-fixed Hamiltonian, there is no need to cal-
culate bilinears that contain these fields. Then, the only remaining non-vanishing

expectation values are

(Wia L (t0) 6N (£2) G, (1)L (f0) [ Fi) = 67, (2.102a)
(Wia[1 (t0) 272 (£2) Gl (12) Ly (t0) [ W) = 5057, (2.102b)

As in the case of synchronous gauge, it may prove more convenient to calculate
the propagators of the original fields dh;; and d¢ using the last expressions. Note
that because physical states carry ghost number zero, and both Ui and 1; conserve
ghost number, ghosts only appear in loop diagrams: No connected diagram can be

disconnected by cutting a single ghost line.

122



Comparison with Other Gauges

Leaving issues of renormalizability aside, the reader may be wondering at this point
whether the BRST formalism has any advantages with respect to the traditional ap-
proaches. One way to answer this question is to compare the gauge-fixed Hamiltonian
(2.96) with the one in the often-employed comoving gauge, that of equation (2.79)

with 2 = 2V = 0,

5]_](2) _ /d3p 7—[2 H2+p2a2¢2 CQ 3G% G?V_pCGL_H GL i HGN '
o 20> 2H? AM?p?a® 29> H 2M2a%p ' ag?
(2.103)

By integrating over the canonical momenta in the Hamiltonian action we could elim-
inate all the conjugate momenta and arrive at the Lagrangian formulation of the
theory, but since our gauge-fixed Hamiltonian (2.96) does not admit such a formu-
lation, we restrict ourselves to the Hamiltonians for comparison purposes. Enforcing
the constraints G, = Gy = 0 in equation (2.103) by integrating over the Lagrange
multipliers takes us back to the action (2.81). But the elimination of the multipliers is
not useful beyond the free theory, because in comoving gauge the terms proportional
to the multipliers (the constraints) contain quadratic and higher order terms in the
canonical variables, and it is more convenient to deal with them perturbatively. In
the Lagrangian formulation one often integrates out the multipliers by replacing them
by the solutions of their own equations of motion [32, 78|, but this procedure does
not apply beyond tree level, because in the interacting theory the Lagrangian action
is not quadratic in the multipliers. Whatever the case, at this stage it is obvious
that the Hamiltonian (2.96) has a simpler structure than the Hamiltonian (2.103).
In particular, although the latter contains fewer variables, the former is diagonal. As
in many other instances, we have traded a larger number of variables for a simpler
description of the theory. Although the question of simplicity in the free theory is
moot, it is important when one considers interactions, because a simpler structure of

the propagators significantly eases perturbative calculations.
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2.6 Interacting Theory

We proceed now to study interactions among cosmological perturbations. Rather
than studying these in all generality, we restrict ourselves for illustration to cubic
order. The generalization to higher orders is then (conceptually) straight-forward.
Even in the cubic theory there are subtleties such as operator ordering issues that we
shall gloss over.

Our starting point is the original Hamiltonian (2.14) expanded to cubic order. Its
Hamiltonian is

SOH = 6®Hp 4 61 6@ G, (2.104)

where the first-class Hamiltonian is that of the original theory (2.15) expanded to the
same order

SOHp = A (6GP +5GY)). (2.105)

Note the absence of linear terms in 6®H ), because we assume that the background
satisfies the classical equations of motion. The constraints in the cubic theory read
8 G, = 0. We shall regard the expansion to cubic order just as an approximation
to the original theory, rather than as a theory on its own. Although we were able
to interpret the quadratic theory literally as a gauge-invariant theory under a set
of Abelian constraints, in the cubic theory exact invariance under the appropriately
truncated transformations is lost, and is replaced by invariance modulo terms of cubic
order. Consider for instance the time derivative of the constraints in the cubic theory,

under the time evolution generated by the cubic Hamiltonian (2.104),

ds?a,
at

26?aG,

{69G,, 6P HpY + A {6PG,, sPGy} + ™

(2.106)

As in the quadratic theory, by expanding the time derivative of the full constraints
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in the full theory we obtain

253G,
ot

{6PG,, 8O Hp +5XN {6 G, PGy} + = (N+5X\")Cop 0D G A-OP) (8p;, 5qi, SN,
(2.107)
which shows that in the cubic theory, the quadratic constraints are preserved only up

to terms of cubic order.

2.6.1 Dirac Quantization

In Dirac quantization, the Hamiltonian of the theory is taken to be 6®)Hp, and
the constraints are imposed on the physical states, 0¥ G,|¥;,) = 0 (it is at this
stage where factor-ordering ambiguities begin.) From equations (2.53a) and (2.53b),

expectation values of gauge-invariant operators 0O(t) are then determined by

(60(1)) = / dqo dqo dq dq 5, (qo) 11(q0) Up(q, t; qo, t0)0O(to) (g, §) Up(q, t; Go, to) ¥in(q0),

(2.108)
where Up is the time evolution operator determined by the first-class Hamiltonian
(2.111).

The nature of the in-state in the presence of interactions deserves special attention.
Ideally, we would like to choose the in-state to be the vacuum of the interacting
theory. A well-known theorem of Gell-Mann and Low [79] states that by adiabatically
switching interactions off as one moves into the asymptotic past, one can recover an
eigenstate of the full Hamiltonian from that of the free theory. In particular, if the
free eigenstate is chosen to be the free vacuum, Gell-Mann and Low’s prescription
is expected to return the vacuum of the interacting theory. Adiabatically switching
off interactions in the asymptotic past amounts to time evolution on a time contour
with an infinitesimal positive imaginary component, ¢t — ¢(1 — i€). For our purposes,
what matters is that with interactions turned off at the infinite past, we can assume

the theory to be free as tg — —oo. In that case, our results of Section 2.5.5 apply,

125



and we can take the wave-function ¢, [0¢] to be that of the free vacuum. In addition,
because the theory is free in the asymptotic past, we can choose the regularization
factor p(dq) to be that of the free theory.

With these choices, the calculation of the expectation value (2.108) proceed as
usual, either by switching to the interaction picture, or by relying on the path integral.
In particular, all the propagators of the theory can be determined from the matrix

elements quoted around equations (2.94).

2.6.2 Derivative Gauges

To explore derivative gauges, we begin by expanding the full BRST-invariant action

(2.36) to cubic order in the perturbations,
6O Sy = / dt [(maqi + 67%0P, 4 6A%0b, + 6Cu0p* — 6O H | (2.109)

where we have also included the contribution of the variables in the non-minimal

sector. The BRST charge here is that of equation (2.31) expanded to the same order,
1 _
0 = 6?G, — 55771’577‘3 80P, — i0p?0b,, (2.110)

which corresponds to a theory in which the structure constants C,? are non-vanishing
but perturbation-independent. As can be also seen from the BRST charge (2.110),
the constraints are the original ones expanded to second order. The BRST extension

of the Hamiltonian is that of equation (2.40) to cubic order
8O Hgrs = 6®Hp — Nont(Cy® + 6C )P, (2.111)

and the gauge-fixed Hamiltonian is constructed from the former by adding a BRST-
exact term as usual, ) H = 0®)Hprg + {0 K, 0 Q}. To preserve the cubic structure

of the action d K should be quadratic at most. In particular, we can choose the same
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gauge-fixing fermions as in the free theory. Note that at this stage, the Hamiltonian
already contains interactions between the ghosts and the cosmological perturbations.

We shall concentrate on the class of gauge-fixing fermions (2.37) that resulted
in the free scalar Hamiltonian (2.96). These were characterized by functions x* lin-
ear in the canonical variables, and vanishing ¢®. With this choice, the gauge-fixed

Hamiltonian becomes
§OH = 6HY + §HE)y — x* 0GP + n*{6GP ' }0P, — x*0n°Cop®6Pe. (2.112)

Therefore, the original gauge-fixing fermion preserves the gauge-fixed Hamiltonian
we derived in the free theory, 5H[((2), and introduces new interactions between the
canonical variables and the ghosts.

Our ultimate goal is to calculate expectation values of gauge-invariant operators
in the interacting theory. In derivative gauges, the latter is determined by equations
(2.51). As in synchronous gauge, the theory becomes free in the limit ¢y — —oo x (1—
i€) so the factors of u can be taken to be those in the free theory, 4 = §[z]. The same
comments apply to the extensions 1 ;(ty), which can be taken to be those of the free
theory. Therefore, from now on calculations proceed perturbatively as usual: The
expectation value is split into the exponential of a quadratic piece, which includes
quadratic contributions from the p and the 1, plus interactions, which include the
cubic pieces from the Hamiltonian. By expanding the integrand in powers of these
interactions one gets different moments of Gaussian integrals, which can be evaluated
using the field bilinears described in Section 2.5.5. Whereas at cubic order a gauge-
invariant operator is automatically BRST-invariant, at higher orders in perturbation
theory one would need to replace the gauge-invariant operator 6O by an appropriate
BRST extension.

To conclude let us note that in the cubic theory neither the gauge-fixed action nor
the BRST-extension of 6O depend on the Lagrange multipliers 0\*. In particular,

quite remarkably, nothing in the action indicates that the perturbations need to satisfy
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the quadratic constraints )G, = 0, even though the in-state only obeys the linear

constraints VG, = 0 in the asymptotic past.

2.7 Summary and Conclusions

There are basically two approaches to quantize a gauge theory: One can quantize a
complete set of gauge-invariant variables in phase space, a method known as reduced
phase space quantization, or one can simply fix the gauge by appropriately modifying
the action of the theory. The non-linear nature of general relativity makes the first
approach impractical, so in this article we have pursued the second approach.

In this article we have studied the BRST quantization of cosmological perturba-
tions in a theory with a scalar field minimally coupled to gravity. BRST quantization
is not just yet another way of quantizing cosmological perturbations, but is in fact
necessary in any canonical gauge calculation beyond one loop. BRST quantization
also offers a very general and flexible framework to quantize cosmological perturba-
tions. For special choices of the gauge-fixing fermion in the time-evolution operator it
produces the standard canonical gauge conditions of the standard quantization meth-
ods. When the gauge-fixing fermion is taken to vanish, for appropriate state choices,
it reproduces the kernel of the evolution operator in Dirac quantization, which is the
same one would write down in synchronous gauge. Finally, when the BRST-extension
of the observable mixes minimal and non-minimal sectors it allows for a wide vari-
ety of derivative gauges that cannot be reached by other methods. We have mostly
explored synchronous and derivative gauges here.

The main advantage of Dirac quantization is the absence of ghosts, and the rela-
tive simplification of the action implied by the vanishing of the Lagrange multipliers.
Although it is often argued that the synchronous conditions implicit in Dirac quan-
tization do not fix the gauge uniquely, this residual gauge freedom disappears when

boundary conditions need to be preserved. Even though it appears that the Dirac
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action does not contain information about the constraints of the theory, the latter are
actually imposed on the states of the system, and the structure of the action guaran-
tees that they are preserved by the time evolution. Actually, when interactions are
adiabatically switched off in the asymptotic past, the in-state only needs to satisfy
the free constraints. The main disadvantage of Dirac quantization is that in order
to fully diagonalize the Hamiltonian one needs to perform canonical transformations
with coefficients that depend on the expansion history, which makes the calculation
of the propagators more cumbersome.

We have also explored derivative gauges here, in which new terms are added or
subtracted from the first-class (or Dirac) Hamiltonian of the theory. Rather then re-
stricting the values of the canonical variables or the Lagrange multipliers, these gauges
impose on-shell restrictions on the time derivatives of the latter. One advantage of
these derivative gauges is that by appropriate choice of the gauge-fixing fermion one
can diagonalize the free Hamiltonian immediately. The resulting simplification of
the propagators then allows one to easily carry out perturbative calculations in the
interacting theory. But as in the standard approaches, the drawback of this method
is that the ghosts do not decouple from the variables in the bosonic sector, and one
has to include their contributions in loop calculations.

We have shown that the structure of the Hamiltonian in derivative gauges can be
much simpler than in the popular comoving gauge, even if the former contains more
variables. Although the free Hamiltonian of comoving gauge dramatically simplifies
when one imposes the constraints, this simplification is not particularly useful in the
interacting theory, because the constraints change with the inclusion of interactions.
As in Dirac quantization, the simplified structure of the Hamiltonian in derivative
gauges, combined with the theorem of Gell-Mann and Low, allows one to bypass the
solution of the constraints beyond the linearized theory.

An almost unavoidable technical disadvantage of both Dirac and BRST quan-

tization in derivative gauges is that observables are required to be gauge-invariant.
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Therefore, only expectation values of gauge-invariant operators have an immediate
physical interpretation, and only these are guaranteed not to depend on the choice of
gauge-fixing fermion. By contrast, in canonical gauges one can always assume that
any operator is the restriction of a gauge-invariant function to that gauge, so any op-
erator can be identified with an observable. Another advantage of canonical gauges
is that the antighosts 0P, are constrained to vanish in the gauge-fixed Hamiltonian,
so one can ignore that the algebra of diffeomorphisms is open.

Our analysis has mostly focused on the operator quantization of the perturba-
tions. The transition to the Lagrangian path integral formulation is straight-forward,
as it only involves integration over the conjugate momenta of the variables in the
Hamiltonian. In some of the gauges we have discussed the action is linear in the
momenta, and such a Lagrangian formulation does not exist.

Finally, we should also point out that many of our results may be useful beyond
the context of BRST quantization. We have written down for instance the free classi-
cal Hamiltonian in a form that immediately allows one to identify the gauge-invariant
variables, the constraints and their algebra. This form could be useful to shed further
insights into the dynamics of cosmological perturbations in the Hamiltonian formu-

lation and beyond.

2.8 Appendices

Generalized Bracket and Graded Commutator

Given two functions F and G of the extended phase space variables (¢*, p;) and (n%, P,)
of definite Grassmann parity e and eg, we define their generalized Poisson bracket

by

{FvG}:

OF 0G 8F86’} ()er {&F@LG OLF 0L.G (2.113)

aqi apz a apza_qZ 677“ a’Pa a7)(1 377a ’
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where 07 /0 denotes a left derivative. The generalized bracket obeys the algebraic

properties

{F,G} = —(=)"*¢{G, F} (2.114)
(F,GH} = {F,G}H + (-)*°G{F, H} (2.115)

and the Jacobi identity
{{F, B}, F} + ()@t {Fy, B}, By} + (—)® @) {({F, B}, B =0, (2.116)

When multiplied by 7, the algebraic properties of the generalized bracket match those

of the graded commutator of two operators £ and G,

A A

[F,G] = FG — (—=1)r¢GF. (2.117)

The formal analogy between the generalized bracket and the graded commutation is

exploited in canonical quantization.

Irreducible Representations

In cosmological perturbation theory it is sometimes convenient to work with perturba-
tions that transform irreducibly under the isometries of the cosmological background:
spatial rotations and translations. We thus introduce a set of seven irreducible ten-
sors ;7 (% p) and Q(7; p) that we use as basis elements in an expansion of arbitrary

cosmological perturbations,

dhij(n, &) = Z/d3p62¢j“(f;15’) Sho(n,p), 0p(n, %) = /dgpQ(f;ﬁ)&O(ﬁ,ﬁ)-
’ (2.118)
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These tensors are plane waves,

ip- X eiﬁ-a‘:‘

Q). QED = (2.119)

Qi (T;p) =

with momentum-dependent components

Q" = 20y, (2.120a)
QijT =2 (%5@' - p;];j) , (2.120D)
Qi = —i (%@i + %éf) : (2.120c)
Qi = 2¢]¢. (2.120d)

Here, é£(p) are two orthonormal transverse vectors with®

=0, (2.121a)

Sy

PxEE=Tipét (2.121b)

Note that the polarization vectors are complex, and that (¢¥)* = é¥. Hence, it follows
that (¢%)* . éF = 7 .éF =1, but é* - é* = (é7)* - é& = 0. The fields 6h,(p) and 5o(p)
are eigenvectors of spatial translations by @ with eigenvalues exp(—ip* @), and spatial
rotations by an angle 6 around the p’ axis with eigenvalues exp(—im#), where m = 0
for 6, dhy, 0hy (scalars), m = +1 for 0hy (vectors) and m = +2 for dhyy (tensors).

We similarly decompose the canonical momenta in irreducible representations,

57 (1, 7) Z/ﬁ@wxwwmm 7°.7) = [ EpQUE I (1. 5)
(2.122)

>These vectors can be taken to be é* = R(ﬁ)%(éz + ié,), where R(p) is a standard rotation

mapping the z axis to the p direction.
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where this time the projection tensors are plane waves of opposite momentum,

o—iPE o~ T

Q74 (#p) = (%)3/2@"%(15% Q(T:p) = 2n (2.123)
with components given by
Qi = %5’7, (2.124a)
Qi = Z G(S"j - %) , (2.124b)
Q7. = % <%62F + %jé;) : (2.124¢)
Qp = %éép (2.1244)

In these expressions vector and tensor indices are raised with the Euclidean metric
5%,
The projection operators (2.120) and (2.124) satisfy the completeness relation

Z/dgx @ijm(f; P1)Qi (T; p2) = 65, 5(3)(171 — P2), (2.125)
]

which guarantee that the transition to the variables in the helicity representation
is a canonical transformation. Because by definition the field dn7(p) is canonically
conjugate to dh,(p), momentum conservation demands that the field 077 (p) carry the
opposite momentum and helicity as dh,(p).

Given arbitrary metric and scalar perturbations dh;; (%) and dp(Z) it is straight-
forward to find their components in the basis of tensors above. Because of the com-

pleteness relations (2.125), we have that

5ho (1, 7) = / 0 6y (0, D00 5), o0, ) = / 0 50(n, HO(F: 7). (2.126)
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and, similarly,

77 (0.p) = [ @b, Qu @55). 7o) = [ don? (. 2)Q(E ).
(2.127)
It is also convenient to work with the irreducible components of the spatial vectors
on' and 0\, and those of their conjugate momenta dP; and db; We thus write for

instance

o' (n, ) = /dgina(f;ﬁ) on’(n,p), o’ (n.p) —/d?’xé??"(n,f)@"(f;ﬁ%

(2.128)
5732(777f) = /d?’péig(f;@ 5730(777]5% 57)0(777@ = /dsm 5731(7%5)@10(5,17%
(2.129)
where the components of these tensors are
D B sz 6iﬁ-f ~ e sz ef'iﬁ-f 5130
QL(xvm__?(2ﬂ_)3/27 Qz (p,x)—?@W 3/2° ( : a)
Do ) oIPT ~ L e
Q i(x7]§> = Gi(ﬁj (271')3/27 Ql (p7 .I’) =€ (ﬁj (271')3/2. (2130b>

We define the Fourier components of the scalars dn” and d\", and their conjugate
momenta 0Py and by like those of dp and é7¥. The projected linearized constraints
G, are defined like their ghost counterparts 6P,. The BRST charge 6Q® is a spatial

scalar, so it does not change the transformation properties of the perturbations.

Scalar Inverse Relations

In equations (2.76) we introduced a set of variables in which the Hamiltonian simplifies

considerably. In some cases it may be convenient to return to the original variables

134



with the help of the inverse transformations

2
a’p

Shr = a*C + + aHa™, (2.131a)
Shy = —a*pal, (2.131b)

Sp = %xN, (2.131c)
o = 2M(p” 3H2)g —2M*pH zF + 377+ QMZ(pz — 3H2)xN + % (2.131d)
Sy = 2]\34;;92 . SM;pHxL + %;pzﬂ + % - C%, (2.131e)
6ty = 3a’p( +a’ppat — PV, 2N — %H + %GN. (2.131f)

We have suppressed here the momentum arguments for simplicity. The latter can be
restored by noting that conjugate momenta have momenta opposite to those of their

conjugates.

Diagonalization of the Scalar Hamiltonian

By an appropriate canonical transformation it is possible to further simplify the struc-
ture of the Hamiltonian (2.79). Rather than performing such a canonical transfor-
mation at once, it is more convenient to carry out a chain of transformations, each
one chosen to eliminate a targeted set of non-diagonal terms. The first canonical

transformation eliminates the mixed term VG in the Hamiltonian.

ot — 2t —ag 2N + e Gy, (2.132a)
oV — 2N + B Gy, (2.132b)
Gy — Gy +ag Gy, (2132C)
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where

tp .

CYG:/ L, (2.133)
t

5G=/ %df (2.134)

Note that in order to find the transformed Hamiltonian it is not necessary to calculate
the generating function. Instead, one simply substitutes the transformation (2.132)
into the action and reads off the transformed Hamiltonian.

In order to remove the coupling between Il and G, while keeping the term we

just eliminated absent, we redefine

(= (+anGy, (2.135a)
et — 2l + By Gy, (2.135b)
N =2V — v+ an I+ By Gr, (2.135¢)
IM—II+~vv Gy, (2.135d)
where ay, Sy and vy satisfy
- 2a°V,, @ : 2 1
Gy = (4H+ z ~UTH QN = PON ~ 5rme (2.135¢)
t 1 ag  pan (,52 N aogan g
=— —_— + — dt 2.135f
B / (2M2pa7{ i ©? * H + 2M?p H? * H ) ’ ( )
a 9.
YN = @ (7—[ + angQN) . (2-1358;)

Finally, to get rid of the mixing between the ¢ and x” sectors we introduce

(= ¢+ PG, (2.136a)
JJL—>$L—(ILC—|—5LH+’7LGL, (213613)
H—>H+04LGL, (21360)
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where the functions oy, 5 and 7 obey

2 271/

52 2a%V aa 2pa’V.
dL:<L_4H— a(ﬁ’“")aL—anL+pHG+3p+%, (2.137)

M?H H
H(p—Ha
BL ;pzaQ = L) (2.138)
"Ba ~
y=—p [ L (2.139)

The end-result of the successive canonical transformations (2.132), (2.135) and (2.136)
is a Hamiltonian that in the final variables, denoted by a tilde, has the form of equation

(2.82), where the time-dependent coefficients A7, and Ay are

i B=pan)@®—2M’p(ptpatHagar—Hdar) ady
A, = : Ay =-—""N (2.140
g AM?pa23? CAv= T @10

To bring the Hamiltonian to this form, we need to solve essentially two decoupled
linear inhomogeneous second order differential equations, and a set of first integrals.
During power-law inflation, the differential equations admit closed solutions in terms

of Bessel functions.
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Chapter 3

Effective Field Theory Methods for
Preheating

3.1 Introduction: A general look at cosmological per-
turbations

Our conventional way to study cosmological perturbations so far have been to start

with an action for the full fields
1 1
5= [ diey=g | g - G D0+ V(D) 5.1)
after which the perturbations can be introduced at linear order in the fields
uv = guu + 5g;w ’QD = 'QDO + 577D (32)

A complementary way is to develop an action for the perturbations from the start.
In constructing this action, understanding which symmetries the background possess
and which ones it doesn’t, is a useful guide. From inflation to dark energy, the cos-

mological eras all have a dynamical background that posses some time dependence.

138



If a given background has temporal or spatial dependence, and does not remain in-
variant under some of the diffeomorphisms, it means there is a preferred temporal
or spatial slicing in which the interactions for the perturbations will have a simple
form. The guide then, is to construct the action in the gauge that is aligned with the
time or spatial dependence of the background, and include interactions in accordance
with the remaining diffeomorphisms that are to be respected. This is a noncovari-
ant formulation where either a temporal or spatial diffeomorphism has been fixed
from the start. Once the action in the preferred gauge has been constructed further
diffeomorphisms along the direction where the background doesn’t remain invariant
will involve a scalar degree of freedom that transforms nonlinearly. For example, if
the background has time dependence, in a gauge where time is fixed, further time
diffeomorphisms will involve a scalar degree of freedom that nonlinearly transforms
so as to guarantee that the action on the whole respects all diffeomorphisms. We will
refer to this way of constructing an action for the perturbations as the effective field
theory formalism for cosmological perturbations.

This effective field theory formalism of perturbations, which was first developed for
single field inflation is applicable to all eras individually. In the general convention,
we are working with time dependent backgrounds. What sets the specifics of the
era of interest is the strength of the time dependence and therefore any further scales
and hierarchies it may involve, and the number and types of perturbations of interest.
There will always be a scalar perturbation that nonlinearly transforms under time
diffeomorphisms. This is the perturbation to the field who dominates the energy
density and whose time dependence sets a preferred time direction. Notice that
if the dominant source of energy density at a given era had a spatially dependent
background, then we would be talking about a preferred slicing for space. Then
the perturbation associated to this dominant field would transform nonlinearly under
spatial diffeomorphisms, and of course the interactions would be built on linearly

realized time diffeomorphisms. An example to this later case is the Solid Inflation
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[80].

In this chapter our focus will be the end of inflation. We would like to understand
how the mechanisms with which the inflaton can transfer its energy to another scalar
field x can be generalized. The first thing that comes to mind would be for the
inflaton to perturbatively decay into fields lighter than itself [81]. Being light, these
decay products would act like radiation, and lead to a radiation dominated era. In
[82] it has been pointed out that although these types of decays are important to fully
reheat the universe they alone cannot be sufficient and infact, the end of inflation has
convenient properties for the inflaton to excite exponential growth in perturbations
of another scalar through resonance. This resonant particle production would take
place in the first stages of reheating, right at the end of inflation and has thus been
named “preheating”. The canonical example of preheating is the g2¢*x? interaction.
At the end of inflation, ¢g(t) exhibits oscillatory behavior. Therefore x’s coupling to
the background ¢, gives it a time dependent effective mass which exhibits resonant
instabilities for certain modes. Here we wish to explore how interactions which lead

to resonance can be generalized and captured in an EFT point of view.

3.2 Background evolution from Inflation to Preheat-
ing

Let us begin this section by considering a canonical scalar field, minimally coupled

to gravity with the action

5= [ dtay=g [t~ 300,000 - Vo) (33)

To be in accordance with spatial homogeneity and isotropy, at the background level
we demand that the scalar field can depend only on time ¢g(t), and the metric to

be that of FRWL universe ds* = —dt? + a*(t)dz?. With these considerations the
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evolution of the metric and the scalar field are governed by

1.
Sm?;lHQ = §¢0 + V(¢0), (34)
G0+ 3Ho + V' (o) = 0 (3.5)
respectively. From the energy momentum tensor 7),, = —\/ng égfy the energy density

and pressure for the scalar field can be found as

1.
p="Ty = §¢0 + V(go) = 3mp, H?, (3.6)

p=Ty= %(/30 —V(¢o) = —mP <3H2 + 2H> (3.7)

where in the last terms we made use of the Friedmann equations. Now we are ready
to describe different eras as driven by a scalar field with a different equation of state

w¢:

Yl

One can achieve an era of accelerated expansion from the equation of state p ~ —p.
The ratio of equations (3.7) and (3.6) satisfies this for ¢g < V(¢). Notice that this
condition is equivalent to

H
€=—15 < 1L (3.8)

The fact that the potential energy dominates over the kinetic energy of the scalar field
means that the time dependence of the scalar field is weak. This in return implies
that the time dependence of the Hubble parameter is also weak and the potential

energy can be approximated as
V ~ 3m%,H? ~ constant. (3.9)

The variable € is defined to parametrize the strength of the time dependence of the
background in terms of the Hubble parameter. This system has an attractor solution

if there is one more hierarchy between scales such that, the Hubble friction dominates
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over the kinetic energy of the scalar field. This is the condition that

€
eH

0 < 1. (3.10)

In terms of Hubble parameter it means H < HH, and in terms of the scalar field

do < —Hgy. Either way it leads to the attractor solution !

V' = —3H\/—2m2%,H = —3H ¢,. (3.11)

Finally, from Hdt = d(Ilna) with H ~ constant, the solution for the scale factor is
a(t) ~ e, (3.12)

This is the behavior of the scale factor for de Sitter universe. What we demonstrated
here, a weakly time dependent scalar field with equation of state wy = —1, is the
simplest case to realize inflation. One scalar field slowly rolling along an almost
constant potential is enough to give a positive cosmological constant term. The key
point we want to emphasize from this example is that inflation corresponds to an era
of weak time dependence for the background.

In the strict case of ¢y = const and hence H = const, the spacetime at hand
corresponds to de Sitter. Exact de Sitter poses time translation invariance symmetry
and gives rise to scale invariant perturbations. The weak time dependence of the
background ¢q(t) and hence H(t), gives rise to quasi scale invariant perturbations. It
is the quasiscale invariant perturbations that match the observations. A spacetime
with weak time dependence can be approximated by de Sitter universe. This is the

2

behavior during inflation and dark energy dominated eras . However one must be

—2H
20ne main difference between the two is that during inflation the scalar field that drives inflation
is the only matter source where as during dark energy the universe contains other matters fields
which have important consequences in observations. This is also why inflationary observations are
different from dark energy related observations [83].

| ] . L . .
Note that with dgg = ¢odt, V' = ey (6HH + H)
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aware that exact de Sitter background posses no time dependence, where as the weak
time dependence in these eras give rise to scalar perturbations, as we mentioned in
section 1.3. In a sense the background sets a preferred choice for the time direction
because of its time dependent amplitude. The scalar perturbation arises to keep track
of the difference in this choice. It transforms nonlinearly under time translations so
as to insure the invariance of the overall action. Hence the existence of a specific time
direction imposed by the background can be understood as a spontaneous breaking
of time diffeomorphism and the scalar perturbation is referred to as the Goldstone
boson associated with this spontanously broken time symmetry [25].

With this point of view, it should be natural to expect scalar perturbations in
different eras as long as one starts with a, time dependent background field to describe
the era. The overall behavior of a given era, such as the accelerated expansion we
considered for inflation and dark energy, will determine the applicable symmetries that
effect the physics of the scalar perturbation. This idea sets the essence of effective
field theory for cosmological perturbations and in this chapter we will examine how
the behavior of scalar perturbations change from era to era.

As ¢,n7 — 1 inflation ends leading to strong time dependence in the era that
follows, namely preheating. The end of inflation means, the friction term looses its
dominance over the kinetic term. We will consider the potential to be V' = %micbg.
This approximation is justified by being the leading term in the Taylor expansion of
any potential for a small enough ¢, that stabilizes its potential. And we can always
redefine the overall amplitude of the field so that at the minimum of the potential
V(¢o) = 0. To gain some intuition, if we could completely neglect the friction term,
the equation of motion for the background field would be ggo + migbo = 0 which
has oscillatory solutions ¢g(t) ~ ®sin(myt). Below we will see that the effect of
the friction term is to give a decaying time dependence to the amplitude. Being

homogeneous we can approximate the time derivative for the canonical inflaton field as
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QSO ~ mypo®, with which the friction term dropping below the kinetic term H dﬁg < éo
implies H < my.

To summarize while inflation is an era of weak time dependence and where H; >
mg, preheating is an era where the inflaton oscillates at the minimum of its potential
with H, < mg. In this era H, ~ 1/t, which makes the hierarchy H, < m, imply
that we are focusing on times 1 < mgt.

During preheating, the inflaton is expected to transfer its energy to other sectors
through its oscillations via couplings which were negligible during inflation but are
important now. For our purposes we will consider the inflaton to be coupled to a
single scalar field, and denote it by x, as the reheating sector. Through this energy
transfer the universe reheats. Our main interest is in the initial stages of this process
during which the inflaton still dominates the overall energy density of the universe
and hence the time dependent amplitude of the inflaton background still sets the time

direction. To study the details of this background we consider

6mip H? = 6 + miep, (3.13a)

omZ,H = — 2. (3.13b)

In writing these equations we have neglected the background of the second field, xq
completely. This is justified only during the initial stages and implies that we will
introduce the second field at the level of perturbations.

In solving this system we will follow [84] and switch from the variable ¢y to

defined as

H

do = V6mp—sind, (3.14a)
Mg

b0 = V6mp Hcosb. (3.14b)

3The more precise expression is ¢ = we¢, but since the homogenous background has spatial
dependence only the mass enters the frequency in the case of ¢g.
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This definition automatically satisfies (3.13a) and gives
H = —3H?cos%0. (3.15)

As an internal consistency the derivative of (3.14a) should give (3.14b). This condition
leads to

0 =my -+ gﬂsm(ze). (3.16)

For the era we are considering H < mg and hence 0 ~ myt + A. We use this

approximation in (3.13b)

H(t) dH t
— / 72 = 3/ cos®(myt' + A)dt, (3.17)

Hena tend

to solve for H. The end of inflation occurs when

end

end

E(tend) -

From equations (3.13a) and (3.13b) with ¢o(tena) ~ mp;, this means Heng ~ 52, The

solution for H(t) reads as

H 20, sin(2mt +2A)]
3t 2mit
3H 9 (H,\>
~ H, |1 - ""Lsin(2mt +2A) + — [ == ) sin®(2mt) + .... 3.19
[ 4msm(m—l— )+16(m>sm(m)+ (3.19)
_ sin(2mgt+2A) . . . .
where o = T omgt I8 small at times 1 < m,t and hence we can consider a series

expansion around o = 0. So the end of inflation represents a matter dominated

era with oscillatory corrections. From (3.14a) we see that this gives the following

4The presence of these oscillatory corrections is what makes an era dominated by oscillating
scalar field different then an era of dust which exactly behaves as Hgys¢ = H,, with zero pressure.
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behaviour for the inflaton

do(t) = VM —= |sin(myt) + = —=(cos3myt — cosmyt) + ...| . (3.20)
me 8 meg

The behavior of the inflaton perturbations on this background and the duration of

this oscillatory era have been studied to understand the end of single field inflation

with canonical kinetic term and minimal coupling to gravity [85, 86|. The canonical

example of preheating [82] considers only the zeroth order terms in this background

Hpc = Hma (321&)

H
ohe(t) = \/Bmplm—msin(m¢t +A) (3.21b)
]

and involves the coupling g?¢?x?.

Here we will address mechanisms with which the inflaton transfers its energy to
a secondary field, and the general behavior of perturbations given this background
H(t) with the oscillatory corrections to first order in 17;]"0_7;' Hence we want to study the
dynamics of two scalar fields on this background and we want to be able to consider
interactions more general then the simplest couplings. To achieve these goals, we
question how the effective field theory of quasi single field inflation for perturbations
can be reinterpreted to address preheating and use this systematic approach to point
out the hierarchies in the scales important for various processes during preheating. We
will conclude by discussing the short comings in developing an effective field theory

for the background fields for this era.
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3.3 Symmetries and Background Scales from Infla-
tion to Preheating

Now that we have established inflation as an era of weak time dependence and pre-
heating as one of strong time dependence, we can work towards understanding them

more generally beyond the simplest examples we considered.

3.3.1 Inflation and discrete symmetry breaking

In the case we considered for inflation above, we obtained de Sitter universe with

At On one hand, the de Sitter universe with exact time

the scale factor a(t) ~ e
translation invariance and a constant background realizes accelerated expansion. On
the other hand, as mentioned previously, we observe quasi scale invariant inflationary
perturbations which are expected to arise in a quasi de Sitter universe with a time
dependent background. A time dependent background is necessary for inflation to
end and hence is important.

The hints we have are that inflation ended at some point and universe moved on
to other eras, and we observe the effects of quasi de Sitter universe associated with
scales of order H;. We can claim that for time scales of the order H; ', the spacetime
that realizes inflation posses an approximate time translation invariance, behaves
as a quasi de Sitter universe and gives rise to quasi scale invariant perturbations
in accordance with the observations. Rather then the expectation that deep into
inflation corresponds to an exact de Sitter universe, it could be that on shorter time
scales it looks completely different then de Sitter and has broken time translations. In
other words, the UV completion for inflation need not correspond to exact de Sitter
as long as it looks quasi de Sitter when averaged on time scales of order H;. With this
point of view, the following form for the Hubble parameter has been been proposed
[37]

H(t) = Hyp(1) + Hyselt)sin(wt), (3.22)
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to generalize slow roll to towards involving oscillations. As this resembles the back-
ground of preheating, it is good to review the properties of this proposal here.

This form for H(t) needs to be restricted in terms of the scales it involves in order
to lead to a slow roll evolution with sensible degrees of freedom. To have inflation
the slow roll part must dominate over the oscillatory part and the time dependence
of these parts should be small. These requirements bring out the conditions

Hoe € Hyy & €=~ 7 ZQ ~ e

osc

<1 (3.23)

Being periodic, sin(wt) in the oscillatory part of H(t), respects a discrete time
translation invariance as t — t + %’r This symmetry will be prominent for scales
w < F, if the time dependence in H,, and H,. is also weak. Since the strength of
time dependence in these terms is governed by ¢, this is the parameter that controls
the level of breaking the discrete time symmetry. At very low energies compared
to the scale of oscillations F < w, because sin(wt) will be oscillating so rapidly it
will look constant, and this will imply an approximate continuous time translation
invariance with a very small e.

By requiring the cutoff related to the gravity induced interactions (~ mp;) be

grater then the cutoff related to the symmetry breaking induced by this background
(F ~ —V_Qjm%’l) it is noted that [87]

> e (3.24)

Lastly one must make sure that the oscillatory part does not dominate H to avoid

ghost degrees of freedom®. If one considers

H Hsr Hosc
= +

HOSC
=t sin(wt) + v cos(wt) (3.25)

H2

5As we will see in the next section the Goldstone boson associated with the time translations
gets canonically normalized by a factor of —2m§3lH .
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by condition (3.23) we have H ~ Hg. making first term approximately € and the

2 : . . ..
HH‘;SC%, which is negligible.

coefficient of the second term here can be rewritten as
Hence the requirement that the slow roll part in H; dominate over the oscillatory can

be expressed as
WHOSC _ aHOSC

= Se (3.26)

All these restrictions imply hierarchies on the scales involved,

hierarchies on inflationary scales:

w > \/EHH Hsr > H0867 \/E-[{[2 > WHOSC (327)

3.3.2 Preheating and its symmetries

We found the evolution of the background during preheating to be

3 H2(t)
4 m¢

sin(2met + A). (3.28)

As this is also an era where the background has time dependence, the first property
we can note is that time translation invariance is also broken during preheating.
Equation (3.28) suggests that the evolution of the background right after inflation

continues to follow a pattern similar to (3.22)
H(t) = Hrpw (t) + Hyse P(wt) (3.29)

where P(wt) can be any periodic function. Hence the breaking of time translation

invariance during preheating follows a pattern similar to one that can also apply to

2
inflation with Hppw = H,,, Hyse = —%Z—Z and w = 2my.

Here we need the restriction

H,s. < Hprw (3.30)
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to achieve an FRW evolution on the whole instead of the oscillations dominating on
the overall, which have been shown to lead to pathologies [88]. Our previous definition
of preheating as an era where H, ~ H,, < my4 automatically fits this requirement
and hence is justified. Different then the case of inflation here the time dependence of
the coefficients Hrgry and H,,. is not weak, but we do require their time dependence
to be small compared to the scale of oscillations w
B e
wH  wHprw  wHyse

< 1. (3.31)

During preheating there will be no approximate time translation invariance at low
energies F < w, because the Hpgy part will always have strong time dependence.
And at scales w < F, we will not see much the effects of the discrete symmetry because
of the time dependence of the other parts. So during preheating time translation
invariance is completely broken but there is the hierarchy fl—’; > 1 similar to the

hierarchy I“}—’I > /€ during inflation. To summarize

hierarchies on preheating scales:

w> Hy,~ Hy, Hprw > Howe, wHy > H,,. (3.32)
With my > H,,, the time derivatives of H, go as’

H,~—H. H,~wH. H,~wH (3.33)

. 6The dominant terms in these derivatives are

I}Tp = —3 (14 cos(2myt + A)) H2,

H, = 3myHZ sin(2myt + A),

Hp = GmiH?ncos@md,t + A).

H,p = —12mJ H}, sin(2mgyt). Since we are focusing on times myt >> 1, the oscillations are frequent
enough for us to approximate ﬂp and [ p by their amplitudes. In the main text we also neglect
the overall numerical factors in these amplitudes. Our main objective in the next sections will be
to emphasize how the frequency of the oscillations w = 2mg becomes explicit in the scales of the
problem.
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In this section we focused on broken time translation invariance and mechanisms
that give the details of this breaking. In the next section we will write down the
interactions for perturbations in both of these eras based on the observation of broken
time translation invariance. We will then focus on preheating alone and explore the

implications of the hierarchies we discovered for various phenomena.

3.4 Effective Field Theory Interactions for the Per-
turbations

The important observation from the above discussion is that the background during
inflation and preheating posses time dependence. A time dependent background
implies a preferred definition for the time coordinate. This definition is the gauge
where the coordinates are set so that at each time slice lies a surface of constant
H, which corresponds to a surface of ¢y constant if we consider a scalar field to
realize this background. In other words, the amplitude of H(t) or ¢o(t) can set
the definition for the time coordinate ¢. This means the background field ¢, itself
will not be invariant if the time coordinate is redefined by a time diffeomorphism.
Time translations are still a symmetry of the action for the field ¢ but they are
not respected by the background ¢y. In considering the physics of the perturbations
around this time dependent background, the time diffeomorphisms are spontaneously
broken by the background. Among the degrees of freedom involved, there exists a
scalar perturbation which transforms nonlinearly under time diffeomorphisms. This
transformation property for the scalar perturbation guarantees to keep the Lagrangian
for the field ¢ invariant on the whole. The scalar degree of freedom is the Goldstone
boson associated with the spontaneously broken time diffeomorphisms. and it is the
theory of the scalar perturbation we are interested in. This idea has been brought
to cosmology firstly by [25] in the context of violating the null energy condition.

It has been extended with the purpose of setting a general framework for studying
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inflationary perturbations at the scale of horizon crossing in [89].

We can consider the theory for the scalar perturbation after the time diffeomor-
phisms have been fixed. While the field ¢ is a scalar under all diffeomorphisms, the
scalar perturbation remains invariant only under spatial diffeomorphisms. Hence the
Lagrangian for the scalar perturbation is restricted by spatial diffeomorphism. Un-
der spatial diffeomorphisms, ¢° and any polynomials of it are scalars, the extrinsic
curvature K, of surfaces of constant time transforms as a tensor. With time dif-
feomorphisms fixed, functions of time are invariant under spatial diffeomorphisms.
Hence the Lagrangian for the scalar perturbation is allowed to contain polynomials
of g%, scalars obtained by contracting the indices of K, and functions of time f(t).
Moreover, if a spatial diffeomorphism is performed on the action for the scalar per-
turbation, the gradient @f that will arise is simply 52 since the time coordinate is
preset. This means any tensor is allowed to enter the Lagrangian with an upper index

0 [89].

3.4.1 Effective Field Theory of Single Field Inflation and the

Symmetry Breaking Scale

Here we give a short review of [89]. Single field inflation contains a single scalar
degree of freedom which is the Goldstone boson that nonlinearly transforms under
time diffeomorphisms. In the gauge with the time coordinate ¢, where surfaces of
constant ¢ are along the surfaces of constant ¢(t), the scalar degree of freedom is
contained within the metric. In the literature this gauge is referred to as the unitary
gauge

unitary gauge: ¢(z) = ¢o(t), ¢i; = a®(t) [(1 + 2¢)0;; + hijl, (3.34)

in the following sections we will also refer to it as the (-gauge. Since the scalar degree
of freedom takes place in the metric, here it is the variable (, the interactions have

the least complicated form in this gauge. With the terms mentioned in the previous
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section the most general Lagrangian in unitary gauge is [89|

1 : -\ Ma(t)*
?n%R+wn%Hgm—ﬂnﬁ<3H2+E0—%—%%L(fo+1y

S:/d4x\/—_g

M;(t)* M (t)?
+ 3() (900+1)3_ 12() (gOO+1) 5KMM

3!
B M22(t) (6K™,)2 — @5]@”5[(”” + .. (3.35)

where the coefficients of the linear terms are fixed by requiring that the FRW evolution
is respected at zeroth order in perturbations.

The scalar degree of freedom is made explicit by performing the time diffeomor-
phism

—

t—st=t+&4), ¥1—-T=7 (3.36)

The Goldstone boson 7, is introduced by promoting the diffeomorphism parameter
€% to a field as
E(x(7)) = —7(T). (3.37)

In these new coordinates 7 the action reads
~ =1 ~ -~ U
S_/Q%V@@4§m33—m;(wﬂ@+wy+ﬂa+w0

Ot +7) 0t +7)
oTh o

+m3H(t+7) 7 (@) + .| (3.38)

This action is invariant under diffeomorphisms provided that the Goldstone boson
transforms as

m(r) = 7(7) = w(z) — (2). (3.39)

To summarize, the scalar degree of freedom can be made explicit by performing the
diffeomorphism ¢ — ¢ + 7 to the unitary gauge, where 7 is a field that transforms as

a scalar field plus an additional shift, 7 — 7 = 7 — £Y under time diffeomorphisms
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t—t=1t+ &Y. We will refer to this gauge as the m-gauge

m-gauge: ¢(x) = do(t) +0¢(x), gi; = a*(t) [(517 - ﬁl]] (3.40)

and in this gauge the effective field theory action for single field inflation is

S:/d4x\/—_g

1 .
§m§31R —m3, <3H2(t +m) + H(t+ 7r)> +

+mb H(E+7) (1+7)%¢" +2(1 + 7)0ymg” + ¢ 0;m0;m)
my(t + )" 2 00

g (L)% + 21+ 1)dimg” + g 0wy + )2+ ... (341)

Notice that here the EFT parameter ms introduces temporal and spatial derivaties

of 7 at different orders, therefore it gives rise to a sound speed for 7. At second order

in 7 the leading derivative terms in the action are

S@ 5 /d4xa3 (—milH(t) + 2m§(t)> i+ milH(t)gijﬁmajw (3.42)

With the definition

. m4 T
wcz,/—2m2H‘/1— 2 1 =./2m2|H|— 3.43
pl milH pll ’Cw ( )

the action takes its canonical form

- 3.45
s (3.45)
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to account for the coefficient that now accompanies the spatial derivatives. This
sound speed arises because of the Lorentz invariance is broken via spontaneously
broken time translation invariance. However the coordinates and Lagrangian density
can be rescaled, ¥ — 7= 17 L — L= 2L, and the canonically normalized field
redefined as 72 = —2m? He,7? to restore it.

The time diffeomorphisms parametrized by the coordinate dependent parameter
£%(Z,t) are local symmetries. However if these are broken, then so is the special case
of time translations where the parameter £ = constant. With a constant parameter
the time translations are global symmetries. Global symmetries with parameter &

have associated Noether currents
oL OF,
J, = _— 3.46
"= 2 50,5 5 (3.46)

which involve a sum over all fields £}, [90]. This current is conserved even if the symme-
try is spontaneously broken. In the case of spacetime diffeomorphisms the associated
currents are components of the energy momentum tensor.” For time translations this
is J, = T)0.

There also exists an associated charge
Q= / d*J° (3.47)

that is well defined at the scales where the symmetry holds. The integral (3.47) over
all space is well defined so long as the zeroth component of the current falls off as
x73. Otherwise the integrand will blow up at the boundaries as z — Zoco. So by
examining 7o in m-gauge we can determine the scale at which the charge will become

ill defined. This sets the scale of spontaneous breaking of time translations and hence

"Notice that T, is the variation of the action with respect to the metric. The field content we
are looking at includes scalar modes which would intuitively be associated with scalar matter fields.
But as we saw even these can be written as components of the metric, which becomes explicit in a
convenient gauge choice. Hence all the field content is indeed the metric and the energy momentum
tensor makes up the whole of the Noether current.
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the scale below which 7m-description is applicable. As we explicitly compute in section

3.5 the leading order 7 contribution comes from the terms
Too O (—2m§ZH(t )+ 2mi(t + 7r)> . (3.48)

Reintroducing the Lorentz invariance also involves rescaling the energy momentum

tensor Thy = c2Tyo. At first order in 7,

~ —. 1H e .
Tog > \/=2ml Herre — 5o/ =2l Heoe + Z—« [—2m2 He, 7, (3.49)

The second term here that involves H, takes into account the oscillatory behavior
of the background with frequency w = 2m,. This term introduces a discrete shift
symmetry because of its periodic nature. It is negligible during slow roll inflation

where the symmetry breaking scale can be read off of the first term in the current
"]vll = _Azbgu%w (350)

as
A%, =/—2m% He,. (3.51)

By definition 7 has the same dimension as time, which gives the canonically normal-
ized filed 7. the dimension of mass. The 7. term goes as 2. It does not fall off
fast enough at the boundary and signals the scale at which spontaneous breaking of
continuous time translations take place [91]. Also note that with the definition of
(3.43), all higher derivative terms in the Lagrangian come suppressed with the scale
Agp.

In section 3.3.1 we mentioned a discrete symmetry breaking pattern in the spirit

of [87] which also consider a background of the form

H(t) = Hrpw + Hosc(t)sin(wt) (3.52)
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with Hrrw < H,s. Lets go back to discuss the scale associated to this discrete
breaking. If the time dependence of Hpgy contribution is negligable, such back-
grounds respect a discrete time translation invariance up to some scale, because of
the presence of sin(wt). In [87] this is interpreted as a discrete shift symmetry on
the Goldstone boson. On one hand, we know that with such a background H ~ wH?
and hence further powers of 7 can be invoked by Taylor expansion of the coefficients

H(t+n)=H+ Hr +.... In the Lagrangian this gives rise to terms
LD —m;lH(t + )it = —milH(t)ﬁ2 — milﬂ(t)ﬂ#Q + ... (3.53)

On the other hand, these terms that come from Taylor expansion, ie Hm do not
respect the shift symmetry of m and hence will not respect the discrete time translation
invariance. Technically, these discrete symmetry breaking terms would be expected
to arise suppressed by the scale associated to the breaking of the symmetry. That is

in terms of canonically normalized fields, one expects that

- 1 _ .2
—m2H(t)w* corresponds to A el (3.54)
db
Ignoring time dependence of the sound speed, and noting that % ~ w the scale below

which discrete time translation invariance is broken can be read off as

Cr |/ .
Adb = ; —meﬂHCﬂ-, (355)

which lies a bit below the breaking scale for the continuous time translation symmetry.
For inflation there is such a range of scales over which the discrete time translation
symmetry is respected, because the Hrry = H,. part has negligable time depen-
dence and hence the characteristics of the oscillatory part in the background sets the
characteristics of the symmetries involved. In the case of preheating, Hprw = H,,

which already has time dependence strong enough that it will not let the discrete
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time translation invariance be respected at any scale.

Just like my(t), the effect of the extrinsic curvature terms

Ohiy,

= ot |’

Vidi + VA, —

v (3.56)
is also to modify the dispersion relation. As h;. is the traceless part of the metric
tensor it does not contribute to K*, term. Via involving (h;)? in a different amount

then Vh;y,

LD % (m2(R® + Ky K7) — M36K' ;6 K7)) (3.57)
a6 _ N . 2
~ Ty [(miz — M;) (%) =y, (Vhij) } (3.58)

the presence of M; introduces a sound speed for the tensor degrees of freedom associ-

ated with the dominant source of energy density, the inflationary gravitational waves

o= [ —%32]_ . (3.59)

This tensor sound speed for example has observable consequences in for dark energy

in this case

physics with in this effective field theory frame work [83]. In general these extrinsic
curvature terms also modify the k dependence in the dispersion relation for 7. The

effects of such terms have been well noted in again dark energy physics [92].

3.4.2 Effective Field Theory of Preheating and the Particle

Production Scale
As we explored in section 3.3 preheating, just like inflation, is an era with a time
dependent background. Therefore we expect the theory for perturbations during

preheating to be also formulated via spontaneously broken time diffeomorphisms.

During this era the presence of secondary sources is important. The inflaton still
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dominates the energy density of the universe and sets the clock at the initial stages
of this era, which is where we will mainly focus on. But it transfers its energy to the
secondary sources, exciting their perturbations through resonance. Hence we expect
these secondary fields to be introduced at the level of perturbations. We will later
on briefly discuss how the preheating sector can start to dominate the overall energy
density towards the end of preheating. For simplicity we consider it to be composed
of a single scalar field. This means in the effective field theory of preheating we have
two scalar degrees of freedom where one is the Goldstone boson, 7 that nonlinearly
realizes time diffeomorphisms and is associated with the inflationary sector, and the
other is the perturbations in the preheating sector, which we will denote by x®.

The effective field theory for the Goldstone boson and a second scalar field with
vanishing background have been developed in [93] for the purpose of studying effects
of heavy fields during inflation. We expect the same action to capture preheating,
with a different behavior of EFT parameters; since the symmetries satisfied, and the
pattern of breaking time diffeomorphisms as studied in sections 3.3.1 and 3.3.2 are the
similar to those during inflation. This action in the unitary gauge where the inflaton
perturbations are encoded in g%

/ d'rv/—g P’R — miy (BH2(1) + () +m H(1)g" + @@00)2

— Mi(t) (6K*,)? + (3.60)
/d4x\/_[ (t)a“ duX 2 (> (°x ) a32(t)X2+a4(t)Xaox} (3.61)

Sgy = /d4x\/—_g [51 (t)og™x + 52(t)590030>< + Ba(t)0°x — (Bs(t) + 3H(t)53(t))X]
(3.62)

Here ay(t) has a role similar to ms(t) and gives sound speed to the preheating

sector. The parameters as(t) and oy encode how y couples to the background. There-

8When needed we denote the background for the reheating field as .
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fore it captures all the canonical examples. The interactions between the two sectors
become more apparent in the m-gauge and their strengths are encoded via the param-
eters «;(t). The (;(t) parameters imply additional mixings between the two sectors.
Here we will consider them as voluntary complications and mostly set them to zero
by choice. Let us move on to consider the y sector on its own and discuss the scales
below which x; modes can be excited.

The preheating field is canonically normalized as

Xe = Vo + aaxa®? (3.63)

At second order in x, without the metric fluctuations, the action for the canonically

normalized field is

=

S, = 1/6141‘ Xz ! (VXC)Q _az— d4(t>X2+
2 ar+ay  a? a1 + ag

3.9 3H 1 + & 3Ha lén+én 1 [+ do\”
I e B ey 2 S| 2 1 1 2 X?-
2 4 2 a1 + Qo a1 + Qo 2061-'-0(2 4 a1 + Qo
(3.64)
We can read off the effective mass of the reheat field as
2 Oég(t) —044(t) 10&14‘0&2 1 (Oél+()62)
m2(t) = - = + = 3.65
X( ) Oél(t)+042(t) 20&14—0&2 4 a1 + oo ( )

Moreover the generality of the EFT couplings allow for the reheat field to have a

sound speed as
Oél(t)

=+ wmd)

(3.66)

which lets us discover a new class of reheating models [18]. The role of sound speed
for particle production in sectors other then the inflaton does seem to be a feature

that does arise in super symmetric settings [94, 95|.
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As such the Lagrangian is;

(3.67)

JRE— J— ol -

3H 9H?> 3Hdy+dy, 3Hoy \
+ |5+ +—
2 4 2 a1 + Qg o1 + Qg

The terms in the last line appear due to the Hubble expansion, from the factor of
a®/? we have in the definition of ¥,. This field normalization is convenient to bring
the equation of motion for y in the form of a harmonic oscillator. Later on we will
define the canonically normalized field as y. = a~%/2¥,, the difference between the
two normalizations is having terms proportional to HX? or a®?y.x..

Carrying on a mode decomposition, the equation of motion for each mode is

Xk +

k> 3H 9H2\| _

The modes xj are harmonic oscillators with the time dependent frequency w? =
ci(t)lg—; + mi — (% + %). Part of the time dependence comes from the time de-
pendence of the background and the interactions of the x with this back ground, as
is expected. In addition, we have an extra source for time dependence through the
sound speed c,, simply because the symmetries allow us to introduce terms that give
rise to it. As long as the time dependence of the y oscillator is adiabatic, it will have

a smooth behavior, which can be approximated by the WKB approximation

(1) —i [t dt'wp () dt’ Bi(t) i [t dt’ w(t')
wi(t) = ——=¢¢ Wk 4+ L wit’), 3.69
Xek(t) kae /_2601.:6 ( )

This approximation breaks down at times when wy(t) develops nonadiabaticities,

characterized by

W > wi(t). (3.70)
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The specific k-modes that satisfy the nonadiabaticity violation at specific times, and
exhibit instabilities can be understood as y; particles being produced. These are
the modes who undergo resonant instabilities and hence are referred to as produced
particles during preheating. Note that the nonadiabaticity in x behavior does not
mean a nonadiabaticity on the background set by H (t)!

Particle production should be a local transfer of energy from the background
energy density to the x;’s in which the total energy is fixed. This energy transfer
should not care about the overall expansion, in other words it happens at a smaller
length scale then H~!. Thus we can set @ — 1, H — 0 while keeping the combinations
m2H ~ m2H?, which have dimensions E* and reflect the total energy, constant.
Making use of these limits to neglect the overall expansion, the condition (3.70) can
be turned into a range K? > k? for producible k-modes. We will define the left hand
side of this condition, K, as the scale below which particle production occurs. As
we will see in specific examples, a;(t)’s can be written proportional to meZH 2. The
second part of the limit guarantees that these interactions are of importance while the
terms coming purely from the background expansion such as the ones in rightmost
parenthesis of equation (3.68) are negligible.

A general expression for the production scale K is complicated. With the expan-

sion neglected this would involve calculating the term

‘ . G C G
wawx: g . g a1 T Q2 k2+063 Oy . Q3 — Oy O T Qg (3'71)
041+C¥2 061+062061+C¥2 061+042 061+()é2()é1+062
13, +d 1a1+a2d1+d2_1(a1+a2)3 (3.72)
2 ap + ay 200 g +ay 2 \ g+ an '

At this point what assumptions can we make for the «;’s? From dimensional analysis,
where x has the dimensions of mass, a; and s are dimensionless, [a;] = [as] = 1,a4
has mass dimension one, [ay] = M and a3 has mass dimension two, [a3] = M?.
In the spirit of the EFT, one would expect similar time dependence in all the EFT

coefficients. At linear order we have the terms m? H* and mZZH . These are the
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factors we expect to give rise to the time dependence in «;(t). Remember that these
combinations stay finite even when the background expansion is neglected. When we
studied the background behavior at the end of single field inflation, we found two
important scales, one that gave decelerated expansion H,, and one that exhibited
oscillations mg. We saw that the scale associated with the oscillations is higher then
the scale associated with the expansion, and this guaranteed that on the whole the
background evolves monotonically. In other words the highest scale in the background
physics is my. It is this mg that we can use sort of like a cutoft scale to adjust for
the dimensions of «;.

For convenience we can express «; in the following form that meet our concerns

above

C1 9400 C2 o
aq (t) = Co + m—¢mle + m—émle (373)
d do
ay(t) = do + 14 H2+—mH (3.74)
¢ ¢
as(t) = agm? + A m2 H? + le (3.75)
m¢ A
b b .
ay(t) = bomy + —gm2H? + —m? H (3.76)
Mg mg

where a;, ¢;, d; are just constants of same order.Of course the last two terms for
each EFT parameter above is of the same order, when considering estimations that
involve time derivatives of the EFT coefficients the last term always gives the leading
contribution. For now we can think of them as names of the terms involved in «;,
they can also be thought of as parameterization of random models which will involve

different factors. Note that with this assumption we have made the sound speed for

a1 +a2 co +d

X constant ci = ~ O ( >, at leading order. However because of the way
oy (t) works into the normalization of x, the time dependence of these coefficients still
contribute to particle production.

Since o and as have mass dimension 1, we can always define a normalization such
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that ay(t) + a2(t) = 1. In terms of our assumptions (3.73) and (3.74) this implies
co+do =1, and ¢; = —d; for i # 0. With this the time dependence that was carried
by the canonical normalization is traded to a time dependence of the sound speed,
which is now simplified to be ¢} (t) = a1 (t). Let us estimate the range of resonant
modes this normalization. The term (3.71) that we need to calculate is simplified

tremendously to to

m2 H m2 H m2 H
kawk = d1k2 + dg - 5&4 X ,npib—lzlk2 + as p12 — bg TZ;LI‘S (377)
¢ ¢ ¢
m2 H? m2 H?
oc k2 2 (3.78)

Note that t this point the presence of oy works on equal footing as a3, so we can just
’m2 ;

think of them as one parameter as(t) = as(t) — dy(t) ~ O (;—f) The frequency

s

of the oscillations themselves is of the order

m2 H? m?2 H?
oc 2?4 2 (3.80)
Mg Mg

The range of modes that grow non adiabatically is

W > Wi Agk? + Gy — iy > 2 [a1k2+o¢3 —Oé4]3/2-

(3.81)
where the largest mode that satisfies this inequality would set the scale of particle
production.

At this point let us note that from the generality of EFT couplings, we discovered
the possibility of having a sound speed for the reheating field, and moreover the pos-
sibility of production reheat particles from the time dependence of this sound speed.
The general solution to (3.81) where the highest mode that satisfies the inequality

would set the scale of y-production is not very easy. So let us consider two sepa-
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rate production scales, one coming purely from the sound speed and the other from
background.
Production solely due to the sound speed corresponds to the scale
1 &

k =K, 3.82
< 2\/0(1 aq x ( )

3
Mo
mpi H

And we can estimate this scale to be K., o< O ( > which is highly suppressed by

% Particle production with constant sound speed happens up to the scale

pl'
]. dg — 6&4 2/3 3 — d4
K < (—) - | = K, (3.83)

)
o 2 o

With our assumptions on the EFT coefficients this boils down to

1 m2 2 2/3 m2 2
Ky~ — [(—pl ) + 2 : (3.84)

2
o Mg ms,

We started with Z—d)l < 1 and 5—’; < 1 this would make the ratio of Z—’; determine
D

the strength above. However we are also considering the limit where mng 2 is finite,

with finite implying order 1. As such the first term seems to determine the order

of magnitude and so we will take the particle production scale with constant sound

2 2 2/3
Kiy~ O ([—mp’ } (3.85)

speed to be of the order

Mg

acknowledging that there may be certain models in the parameter space for whom

. . . 2 m2lH2
the ratios are adjusted to give K, ~ O ( 25

. . 2 H? .
which is of the order K2, o< O (%%) with m} < myH. And we note that
X ¢
Kgx < K},.

Before we close this section, let us remind ourselves that in section 3.2 we saw
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that the Hubble parameter at the end of single field inflation behaves according to
H = —3H?cos*(myt) (3.86)
from where we got the solution in the following form
H(t) = Hrppw + Hoscsin(2myt). (3.87)

As this is also the behavior expected from the a;(t), there will be oscillatory terms

in w? which puts the equation of motion for . in the form of a Mathieu equation
X+ (A — 2qcos(22)) X, = 0. (3.88)
In other words complimentary to (3.75), we can also parametrize «;(t) as
a;(t) = MY P(2myt) (3.89)

where p denotes the mass dimension of each EFT coefficient”. For example, if for

convenience we neglect the time dependence in «q, as, and say
a(t) = agm} + M?cos(2myt) (3.90)

neglecting the background expansion, from (3.68) we have for x.

e+ k= + + cos(2mgyt c=0. 3.91
X (a1+a2 ap+ oy o)+ Qs ( ¢) X ( )

Thus we see that the Mathieu parameters are connected to the EFT parameters,

90f course the same logic applies to the other EFT coefficients m;(t) and f3;.
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under the assumption of constant sound speed, as follows

Z = mygt, (3.92)
k? m?
Ay = L_szL_g, (3.93)
a1+a2m¢ a1+a2m¢
1 M?
q=— _ (3.94)

2mg ay +ay

The solution (3.69), with the general form x. ~ €' can exhibit exponential
growth for modes which develop an imaginary component to p. The values of g
for which this happens have long been charted out for the Mathieu equation. So
in principle, by knowing how the EFT parameters are connected to the Mathieu
equation parameters, one can consult these charts for the precise range of the resonant
modes from these charts, or an updated code version of these charts [96]. While the
nonadiabaticity condition (3.70) is the general condition for particle production, this
exponential growth can occur and be efficient even without it in the case of narrow
resonance [82] which is the case with ¢ < 1. Including the time dependence of a;
and ag will bring further contributions to A; and q.

Back reaction effects, among the two fields can be captured from terms such as

Oég(t + 7T>X

3.4.3 Self Resonance of the Inflaton during Preheating

The self interactions of the inflaton, which in the 7 gauge is captured by ., arise from
two sources. One contribution to self interactions come via the metric perturbations
5¢% and §¢%. These are the ADM variables AN and \’, which we occasionally also
note as 6N and JN?. Hence they are not independent variables but are related to 7
via the constraint equations. Interactions that look like mixing between 7, and scalar
and vector metric perturbations lead to self resonance of 7., the perturbation to the

inflaton, during preheating [85]. The timedependence of the background gives rise to
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further self interactions of the inflaton. These effects captured by Taylor expanding

the time dependent EFT coefficients, such as H(t), H(t), ma(t)
H*(t +7) = H*(t) + 2H(t)H(t)7 + (H*> + HH)7* + ... (3.95)

Keeping track of these terms, the second order Lagrangian for the canonically nor-

malized field 7, is

Lo = M- S n?) — L2 (3.96)
Te — 2 c (1,2 cllc 9 c .
V20 1 (H ¢ H :
~ <7’rc(5980 ~ 3 (E - 20—) 7rc(5g20> + 370#\/ —2H6g 7, ... (3.97)

where the metric perturbations are canonically normalized as 0gt” = m0g"* and

. 2 . .

m2(t) = —3Hc* — i (% - 22—:) - % (% - 22—1) - %at (% - 22—1) . (3.98)
During inflation the higher derivatives on H would be negligable because of the de
Sitter nature of the background. However during preheating, both 7 and the canon-
ically normalized field 7. gain mass'®. We adress this issue in section 3.5, where our
conclusion will be that ¢ remains massless, and hence is the Goldstone boson at all
times.

From our investigation of the background we know that H ~ myH? and my > H.

This means that the leading contribution of metric mixing comes from the term

i

Con/—H

Hence the mixing with metric and the self resonance it leads to become important

T0g> ~ myHm 5g%. (3.99)

0After a straight forward calculation that involves the substitution of solutions for
the ADM variables and a coupe of integration by parts one arrives at the term

—%mﬁlcﬁ 2H —2H — 3HH — 5% + % — 5H?2| 72 in the action at second order in 7. All of these

terms would be negligable during inflation but they are relevant for preheating
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starting from the scale

B}y —mgH (3.100)

T

and below.

3.4.4 Hidden Preheating

So far we have seen that among the EFT parameters, «;(t) control resonant x. pro-
duction, and we studied how H(t) and m;(t) work into 7. behaviour. The coefficients
Bi(t) denote additional couplings between the inflaton fluctuations and y. These kinds
of interactions are unavoidable if the inflaton and the reheat field are derivatively cou-

pled to each other. In the unitary gauge, the interactions under consideration are

8o = / Ay/=g [Bu(10g™x + Ba(t)30°x + B()0°X — (Fs(t) + BH(1)Bs(0))x
(3.101)

where the mass dimensions of the parameters are [3;] = M? and [f5] = [33] = M2
The inflaton fluctuations appear explicitly in the m-gauge, which is achieved via
the time diffeomorphism ¢ — ¢ + 7. Under this nonlinear time diffeomorphism these

terms transform according to

9" — g% +2¢%0, 1 + g" 0,70, (3.102)
Bi(t) — Bi(t + ) (3.103)
9"x = 8"x + ¢" 9x Do (3.104)

/d4x\/—_g—> /d%: -9, (3.105)
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and the second order action becomes [93]

Six = / d'z/=g| it + ) (69 + 20°7 + B, 70" 7) x (3.106)

+ Bo(t + ) (69" + 20°7 + O, m0" ) (O°x + 0,mD"X) (3.107)

+ B3(t +m) (O°x + 0, m0"x) — (Bg(t +7) + 3H(t 4 m)53(t + 7r)> X] : (3.108)

Let’s begin by focusing on the re-normalizable quadratic couplings

Si 2 / d'za® [ﬁl (1) (69%x — 27tx) + Ba(t) (—0g™X + 27X) (3.109)
— SNB3(1)X — Bs(t)mx + Bs(1)5g™Dux — Bs(t) X (3.110)
+ B5(t)0ix 0y — Bs(t)mx — (383 H + 353H)7TX] : (3.111)

Remember that the connection to inflaton particles is

5 = mp = —/—2m2H = Ly, (3.112)
s Cﬂ'

Let’s focus on the terms with temporal derivatives. After canonical normalization

. 5g90
with oq + as = 1, and 0¢%° = 2= = e 11 e haye

My My
UFor reference, in the case where m; = 3; = 0, which would mean no strong coupling, the
constraints give JN = —%ﬂ'. This makes 0N, = mp 0N, = fT_Iljﬂc ~ %
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2) 4
Séx /d ra®

. . o H
BN, e —op T C—7rc+7rc Tom ) ve  (3.113)
Ml —2m% H 2H

— B Xc+252— ( 7Tc+7:rc__-7rc> Xe — 83— Xe (3.114)
Ml \/ —2myH 2H Mpl
Cr . ON, . Cr H . Cr )
— —F—————03XcTe — t03—Xc — B3—F——= | = Te + Te + —Tc| Xe
\/—2m? H Mpi | —om2 I Cr
pl pl
(3.115)
Cr .. Cr . )
— ———=3TeX — —‘(353}[ + SﬁgH)ﬂCXc] (3.116)
\/ —meﬂH v/ —QleH

Our study of the background taught us that higher derivatives on H are stronger
because they involve more powers of m,. Derivatives of H appear in S®) after canon-
ical normalization. Looking at all the terms in S, the terms that involve the most
number of derivatives will be stronger among the terms of same order in pertur-

12

bations.”* Among the terms parametrized by [;, these are [ —&— \/7 WCXC and

—25 \/72HH7TCXC Similarly we have —ﬁg\/ﬁchxc and 20, \/77@)(6 for
[y parametrization and — mﬁgxcﬂc, — By m H TeXes mﬁgﬂcxc for

(3 parametrization.

Some of these terms involve derivative couplings,*?

71—(:Xca 71—cXca (1 + —> TeXe- (3117)
—2m2 H \/—meolH H —2m H

12This does not imply that the next order action will be stronger then the previous. For example at

third order one has the term [93]. Sg({;) D yitxXx, which will involve ~ (—— + —) e NeXe ~
\/ —2mZ H

2
'7:2271—]; mex>where 7 is dimension zero and this term is highly suppressed via the symmetry breaking

scale, compared to terms in S2).
13We can ignore the terms coming from metric perturbations via §N, because they are Planck
Suppressed at this order.
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These are terms of the form Ry7.x. and p,m.x.. They can compete with the kinetic
terms. Notice that p,, has dimensions of energy, so it sets the energy scale for
these derivative interactions. Below the scale set by p; ,, if these derivative couplings
dominate over the kinetic terms 72, 2, the system will effectively have a single degree
of freedom. This is the same situation that is addressed in [91], where they consider
its implications during inflation. Following the same line of thought, we will now
consider the consequences during preheating. We want to focus on the consequences
of these interactions. For now we are not interested in how the sound speed can
amplify or reduce their strength, so we have set ¢, = ¢, = 1, which amounts to
setting ms =0, oy = 1.

To see how the number of effective degrees of freedom goes down to being single,
let us consider the quadratic Lagrangian for the canonically normalized perturbations
in the presence of these interactions one by one. Keep in mind that we still consider
scales within the limit @ — 1 that was meaningful for particle production purposes.So
whenever we need to compare terms with each other, we treat the combination m H

to be an order one number, as was implied by the flat spacetime limit.

Hidden Preheating by f;:

In the presence of 3; we have,

1 1 1 1 1 1 H
LO = Zx2 4 222 (9 )? — ——(0:.)% — =m2y % — ~m2a? — 2Ry e — RieTuXe
2Xc+2 c 2(1,2( X) 2@2( 7T) 2mXXc 2m7r c 1TeX lHﬂ-X
(3.118)
where R; = ’81—“)2 The derivatives of the fields go as 7, = w7, and x. = wyXe-

—2m,
pl

Note that this is different then during inflation where one would assume 7, = H;m,
and x. = Hyyx. since the Hubble rate during inflation H; is the highest scale involved.
The difference here arises due to the presence of other scales which are typically higher
then H,, during preheating.

In comparison, the kinetic terms go by w?, wi, while the kinetic coupling goes as
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Ryw, . For energies in the range of

2

w
Ry >w, and Ry > =X (3.119)
Wr

the theory is

1

. 1
L~ —=2RiTrexc — 2—612(8ch)2 T o2

At first sight it looks like the kinetic term here has a wrong sign, but this depends
on the sign of Ry, which is not necessarily positive! In fact we will consider a specific
example that will demonstrate this point.

In this range x. is no longer a dynamical field, since it doesn’t have any kinetic

terms. In fact it plays the role of canonical momenta for m,,

oL
on,

Pr = = 2R .. (3.121)

So in this regime the perturbations of the reheating field are effectively heavier than
inflaton perturbations and hence they are integrated out. This is an interesting point.
By intuition from the canonical examples, we would have liked to see more and more
of x. modes being the effective degrees of freedom during preheating, yet we are seeing
that in the presence of ; interactions, the inflaton perturbations are the effective,
in otherwords, lightest degrees that propagate! However it is important to note
that the presence of the reheat perturbations is important, as they determine the
canonical momenta of 7.. So in a sense this is a type of reheating where there is a
range of energies in which the reheating field determines the dynamics of the inflaton
perturbations, while it itself stays hidden. This is why we have called this range as
the “Hidden Preheating”. It is the preheating version of the situation discussed in
[Equilateral.

Let us try to make an estimate on the likeliness of such a range occuring, by
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making assumptions on the form of the EFT coefficients. As we have already noted,
the mass dimensions of 3; are [8;] = M3, [8s] = [83] = M?. Since the quadratic terms
that were determined by the background are at order mzzH , we expect a similar form
for B;. Unless we know more about the background, we have m,, which is the highest

scale in the background evolution, that we can use to make the dimensions fit

fi=b : (3.122)

By = by~ (3.123)

Bs(t) = bs—L—. (3.124)

As such

my H A2
RlEL:O( ol >:O(Sb). (3.125)
\/—2m?* H Mg Mg
pl

So while in the range Ay, > w,, > Ry there are 2 effective degrees of freedom 7. and
Xe, in the range Ry > w; ., the inflaton perturbations 7. are the only effective degree.
We sumarize this distribution of effective modes with respect to scale in Figure 3.1.

Now we need to be a bit careful, does this leave any range for y.production? We

found that the yx. particles can be produced up to the scale

1 Vo — & 2/3 m2 H2 2/3
K== [(as 5 a4) gty ~O ([L] = m2°RY* (3.126)

CX m¢

Considering (3.125), this suggests that the scale of particle production lies above the
scale R;, and so in the range Ry < E < Kj both m. and y. modes are effective
degrees of freedom.

These ; interactions are present in models where the inflaton is derivatively

coupled to the reheating sector. As a solid example, in context of preheating derivative
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— R >w, —

Asb T
6¢ modes

9

Towards the R; = w,, = wg
point modes of both species
become present.

1
R 1 Kg en AS b

Figure 3.1: Here we show up to which scales the inflaton modes d¢ = 7. and reheating
modes Y. appear as effective degrees of freedom.

couplings have first been studied in [97], with
L., 1., 1 55 1 5, 1 " 9

where F' is the cutoff for this effective field theory. In the original work, the au-
thors consider Chaotic Inflation in particular, to govern the inflaton sector in this
low energy theory, in which case F' ~ m,. We will focus on this Lagrangian now
to demonstrate our previous development of scales. This Lagrangian can describe
preheating in general backgrounds where the reheating field can also contribute sig-
nificantly to the background energy density, and be time dependent. This can raise

some issues on the stability of the background, which we will come back to later. For
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the purposes of this section we can set yo = const. This raises no stability questions
and for example resembles geometric destabilization of inflation [98]. For our purposes
this effective field theory could have been obtained from a different UV completion,

and F' is undetermined. The background equations of motion for this system are

—om2H = (1 4222 ) 92 = R?¢? (3.128)
1
iyttt = (14238 ) B4 V(o) + Ulxo) (3.129)
and for yq
qu
U'(x0) = 2755X0 = 0. (3.130)

In unitary gauge, the fields are expanded in terms of linear perturbations as ¢ =
bo(t), X = xo + X(&1) and, ¢ = §(t) + 0g"(%.t). With V"(¢) = m? and

U"(x0) = mi the Lagrangian up to second order in perturbations is

L = —m2 (3H(t) + H(t)) +m? H g™ (3.131)
1 " 1 9 % 2 00,
~3 X0 Y — 5 | mx— 2ﬁ X F2q§ 0g (3.132)

where the background equations of motion have been taken into account. This

matches the EF'T Larangian as a model with

_ _ do o AmuH _ _
051—1, 052—0, a3 = m —2ﬁ—mX+T, 044—0, m; = 0. (3133)

Comparing the last line with (3.101) we can also read off that

Ai(t) = —2—% mpyH. (3.134)

F2 R2
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This sets the scale for Hidden preheating to be

51 Xo : Xo 2
Ril=—t =2 \/=2m2 H ~ —22 A2, (3.135)
~ F2R2 pl F2R2 st

\/ —2m34 H

2
Also note that in the range Ry > w, and R; > :—X, the canonical momentum of the

effective degree of freedom 7, is

pr = —Rixe = 4F§—;’%2,/—2mglﬂ Xe- (3.136)

The x. production scale here is

om2 H 23 m?
2 pl 2 pl [
K2, = ( 72 ) —my — 4 H (3.137)
A4 2/3 A4
K, ~ (m¢, F;) —m? — 4F—82” (3.138)

Corrections to ¢ dynamics here come with coefficients of 4%, which makes them pertur-

bative corrections as long as xo < F. This in return implies that X3 = (% ~ X0,
1+2%)

2 A4
and the particle production scale will lie above the coupling R? ~ %/}\Wb

The derivative couplings preserve the shift symmetry of the inflaton. Hence they
provide a very likely candidate for couplings of the inflaton with other fields. This
also makes them more likely to be present in the later stages then nonderivative
couplings, such as the original ¢g?¢?X? interaction considered for preheating. Here we
have studied what type of perturbative degrees of freedom they are capable of and at

what levels, which is complementary to the question of their efficiency in resonance.
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Hidden Preheating with (5(t):

The quadratic Lagrangian in the presence of 5 is

1., 1 1 1 1 1 q
2 _ 1.2 7 YR v I 7 DR RIS I S S S N L
L = §Xc + 57‘-0 202 (aZXC) 202 (alﬂ-c) 2mXXc 2m7r7rc + 2p27TcXc P2 HWCXC
(3.139)
where py = % In the previous case R; had mass dimension one and hence
—2m?,

it defined a scale, but p, is dimensionless. Moreover different then the case with (5,
here x. appears with time derivatives and there are two derivative couplings. During
preheating we can approximate w, ~ mg, moreover we know that H ~ myH?. This
puts the two terms pggwcxc and po7. Y. on equal footing. Comparing the term pom.x.
with the kinetic terms we notice that this derivative coupling dominates the kinetic
energy of y. for py > ZJ)—: and dominates the kinetic energy of 7. for ps > 5—; The
coefficient p, is a dimensionless number, which can at most be order 1. In terms of
our assumptions for EFT coefficients, its value would depend on the ratio between
the inflaton mass to the planck scale and the Hubble rate p; ~ O (% %) Rather

then defining a scale, effects of ps become important in terms of the ratio between

frequencies of the two species present. Unless w, = w,, there exist two opposite

regimes
regime 1: 1> py > t implying w, > w, (3.140)
W
regime 2 1> p, > Yn implying w, > wx. (3.141)
Wx

In regime 1, the derivative couplings are more dominant to the kinetic energy of

X¢, but subdominant to kinetic energy of .. Which makes

Lom)y - L2 - tm2m. (3.142)

9 1
Cc 2 2 C

T 5.9 <81X0)2 -

2a2

Here x. is not a dynamical degree nor does it play into the canonical momenta for

the inflaton perturbations. Since it won’t go into resonance, we can also neglect the
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(O;xe)? terms and conclude that in this regime Y, only contributes to the overall

cosmological constant term.

Wr
wx

In regime 2, with p, > “= where w, > w,, the derivative couplings are greater
then the kinetic energy of 7, but less then the kinetic energy of x.. The Lagrangian

in this regime looks like

(2) L.y 1 2 1 o L o 2 1 2
X2 = (Do)t — ——=(Oy,)? — = - . 14
‘Cregl 2Xc 2q2 (alXC) 202 (alﬂ-c> 2mx(t>X mer(t)ﬂ.c (3 3)

In this regime the reheating particles, x. are the effective degrees of freedom and
they undergo resonance, and the presence of inflaton perturbations . are completely
negligable!

In the case of Hidden Preheating with (3; there was a distinct energy range of
at what scales modes of which species were effective. Here, in the presence of (s,
the effective appearance of a mode depends on its relative frequency of the mode it
couples to! We show the phase space for this situation in figure 3.2. For the moment
there are no examples we know of that fall into this category. We note again that,
while the operator g, defined a scale R;, the strength of the coupling p, that the
operator s defines, determines only the relative frequency of inflaton to reheating
field. This means when a certain inflaton mode at a certain frequency is coupled to
a specific mode of reheating sector with a specific frequency, out of the two modes
under question the one with the greater frequency will be the mode that is the effective

degree of freedom.
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Figure 3.2: Here we show the regions where the inflaton modes ¢ = 7. and reheating

modes Y. appear as effective degrees of freedom.

Hidden Preheating by [;:

The quadratic Lagrangian in this case is

oLl G0 @m) w0, mED
_. 2Xc 2 c . 2@2 2@2 2 Xc ) 2 c
ﬁ?’xcﬂ-c H 537TCXC ﬁ37:rc>.<c B37TcXc

\/ —me)lH H —2m;2)lH \/—2mng \/—2m§lH

This time we have different couplings at different levels,
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(3.144)

(3.145)

(3.146)



Lo 1, (Ox)® (0im)*  mi(t) m(t)
2) .2 2 \YiXe) — \Mifle) % 2 9 2
LY =oXi+ o7 20 2 R Ch (3.147)
. H . .
- R?)Xcﬂ-c - Ep?)ﬂ-cXc — P3TcXe — R27TcXc‘ (3148)

(3 has mass dimension 2. This makes p3 a dimensionless coupling strength, just like
p2. We would again expect that w, ~ m, putting these two terms on equal footing.
Ry and Rj3 are the dimensionfull parameters that can set the scales here. The Rj
term only contributes to the over all energy. Rz has dimensions of mass and works
similar to Ry here. So let us focus on R3. This term can dominate over the kinetic

energies of both 7, and x. and the derivative couplings with ps if
Rs > wy,w, and Rz > psws. (3.149)

As p3 <1 the later part of the condition is automatically satisfied if the first part is
already met. In this regime

L,

1
— §mx(t)xg — —m2(t)72 — RymeXe (3.150)

1 1
@) ~ —Ravomt.— ——(0iv. )% — —(0:7.)?
L ~ Rgxcﬂ'c (azXc) 202 (8171—0) 2

2a2

This is an example where the y. modes are the lightest degree of freedom, and =,

plays the role of canonical momenta

Py = g—.ﬁ = —Rym. (3.151)

C

Which is similar to the case of Hidden preheating with 3, only this time the roles of
the two fields are switched around.
The scale R3 defines, the scale up to which x. is the single effective species, is

around O (ﬁ’ff) order of magnitudewise. In scales where we understand /m, H

to set the unit scale, the relationship between the magnitude of this scale to the x-
production scale is Ky, = (my, H)Y 3R§/ LN R;,/ > As Ky, Rs are smaller than unit

scale, RY/3 is bigger then Rj3. In conclusion at frequencies below this scales, £ < R,
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the effective modes are reheating modes alone where as at scales Ry < F < K., modes
of both 7. and y. are present, and above K,ck there is only inflaton perturbations.

We summarize these scales and the corresponding species in figure 3.3.

X

A
Ay | W, = Wy

d¢ modes
ngn
¢ and y. modes
K3
Xc modes
1 > Wy
K; Kyon — Dsb

Figure 3.3: Here we show the regions where the inflaton modes d¢ = 7. and reheating
modes Y. appear as effective degrees of freedom in the presence of 5 interactions.

To summarize this section, due to the presence of derivative couplings, we asked
under what conditions the system would have modes of a single species of either the
inflaton or the reheating perturbations. We found that with 5, type couplings, there
is an energy scale R; below which the inflaton modes are the single species present.
This means, irrespective of the coupling strength any ; type model will have a phase
where only 7. = d¢ are present. For (5 type couplings it turned out that depending
on the relative frequency of the y. and 7. modes that couple with each other, only

the one with greater frequency shows up to be present. In the presence of 83 we noted
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that the lowest species is the reheating perturbations, up to the scale R3 > w,, wy.
Above the quadratic order, the presence of (3; can give rise to the decay of y. into
. via the couplings £ (¢)0,m0"7x, Ba(t)0°w0, w0 x and Sa(t)0, O 70, 70" x. This is

opposite of the intuition that the inflaton would decay into the reheating sector.

3.4.5 The Eventual Ladder of Scales

To summarize, in the previous sections we focused on the scales associated with the
production of x. modes, self resonance of the inflaton and strong mixing between the
inflationary and reheating sector. These are the processes available during preheating
below the symmetry breaking scale. By making general assumptions about the EFT
coefficients {«;(t), B;(t)} we were able to obtain an overall magnitude for the strength
of each of these scales. To remind ourselves, the scale of symmetry breaking, up to

which this EFT formalism holds is

A% (H,ma) = 1/ —2m% Hes. (3.152)

The scale up to which x. modes will be set to resonance by the background is

. . . 2/3
1 s — g\ g — dy 1 (myH?,
Kp(oi) = [( 5 > - ~— | . (3.153)

X aq CX meg

There is also the possibility of y production via its sound speed, which can take place

up to the lower scale of

1 &y m
K. == ~ . 3.154
* 2 05213/2 My H m ( )
And we found that in the presence of [3; there is the possibility of strong mixing
between inflationary and reheating sectors below the scale
A
g 2
2mp|H| g

R%(ﬁl) =

(3.155)
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Figure 3.4: The hierarchy between the scales and the species present in the EFT (a)
with f; = 0 and (b) with 8, # 0.

Lastly, the inflaton fluctuation can go into self resonance at

E§¢> = é\/% ~ éﬂ%Hm- (3.156)

We started our discussion by noting that to study preheating we are focusing at
times where my > Hp,. ~ H,,. Assuch, at the background level we have the hierarchy
My > my > Hpe ~ Hp,, present at the epoch of interest. The background scales
appear in associated scales with interactions. Hence the hierarchy at the background
level implies certain hierarchies among the processes considered. This hierarchy, in
the basic version of without the derivative couplings, ie §; = 0, is listed in Figure
(3.4a). We have seen how the presence of field content affect the species that are

present at different scales. We represent this effect among the scales in Figure (3.4b)

with 8, # 0.
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3.5 What Happens to Adiabatic Modes and Who is
the Goldstone Boson during Preheating?

In section 1.5 we introduced the quantities ( and R. Their relevance is that these
are known to be conserved quantities for superhorizon inflationary modes, and hence
through them one can gain knowledge of inflation from today’s observations. We have

mentioned their connection to metric and field perturbations

A op

(=5 —HZ. (3.157)
A

R =3+ Hou, (3.158)

and derived the governing equation for their dynamics

: 9;0T" pop — pdp
= — + — 3.159
C=351p) 32 (3.159)

3(5+P)R = —0p+ 86T — 3Hsp — HOT'; + 3 (5 + p) [Hau + H(su} . (3.160)

At the time of their introduction [99], [100], the scientific community was not certain
that these scalar quantities really referred to physical degrees of freedom. There was
the concern that these may just be gauge modes. In [26] Weinberg came up with an
argument to prove that they are physical and that on superhorizon scales they are
conserved. By studying perturbed Einstein’s equations at linear order in Newtonian
gauge, he showed that in the limit £ — 0, ( and R are conserved. He proved they
are physical by showing that solutions of the field equations for ( and R in the limit
k — 0 can be continued to k£ # 0. Here we want to check the adiabaticity of ¢ during
preheating.

If certain conditions are satisfied, the reheating sector can cause growth in (

[28]. Here we focus on linear order perturbation theory. As long as a single field
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sets the evolution of the background, there is a difference in the introduction of the
perturbations of the dominant sector and other sectors. The EFT formalism captures
this difference while taking into account all possible generalizations of interactions
between the perturbations. In the initial stages of preheating it is the inflaton ¢g(t)
that drives the dynamics of the background H,(t). Hence the Goldstone boson is
associated to scalar perturbations of the inflaton field d¢, while the scalar field y
associated with the reheating sector is introduced as a perturbation. Goldstone modes
are expected to be massless. However we saw in the earlier sections that the preheating
background H,(t), can give rise to mass terms for the inflaton perturbations, d¢ =
m.. This raises the question of who is the Goldstone mode? By keeping track of
the interactions in two different gauges, we will clarify that ( is the variable that
remains massless during preheating and can be identified as the Goldstone mode at
all times rather then 7 or m.. ¢ being defined at linear order, the Goldstone modes
are associated only with the inflaton sector. The subtlety here is that their properties
are more clear in the gauge where the fact that they are associated to the inflationary
sector is not explicit.

By now we have introduced the effective field theory for perturbations for an era
where the energy density is dominated by a single field species (this field being the
inflaton here) in unitary gauge where constant time surfaces are aligned with the
background, ¢(z,t) = ¢o(t) and d¢ = 0. Within this temporal gauge the remaining
spatial metric components can be fixed such that g;; = a*(¢)(1+2¢)d;;. In our general

decomposition of the metric (1.27)-(1.29), the scalar contributions are
ds® = —(1 4 2E)dt* + 2a0;Fdz'dt + a* [(1 + 2A)8;; + 20;0; B] dx'dz’,  (3.161)

and this spatial gauge choice amounts to setting A = ( in our decomposition of
(1.29), or in terms of more contemporary literature ¥ = (. As we saw in terms
of ADM decomposition, the metric components gog = —(1 + 2E) = —(A\")? and

goi = 2a(t)0;F = 2)\', where we are focusing only on the scalar components, are not
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completely random, they need to be determined via solving the constraint equations.

For us the linear order solutions are enough. However these solutions do depend on

second order terms in the action. With the assumption AV = 1 + §N where dN is a
small perturbation and hence gog ~ —(1 + 20N), for m; = 0 in the ¢ gauge [24]

¢ 1¢ H1.

MW=14+=>2 N=0|-=2--5=C]- 3.162

+ H’ a>H H?0? ( )

Note that these solutions, at the perturbative level, involve terms that all come with

time derivatives of (. This fact does not change even when m; # 0, as studied in

section 3.3 of [25]. From now on we will refer to this gauge, which was historically

first introduced in [78], as the “(-gauge”.

C-gauge: 0¢ =0, d(z,t) = ¢o(t), goo ~ — <1 + 2%) :

gio ~ O (g) g = a2(t) (1+20) 6. (3.163)

Since there are no perturbations to the scalar matter content, at linear order for this
gauge choice dp = 0. Hence the gauge invariant quantity ¢ appears explicitly as a
scalar mode in g;;. Prior to gauge fixing, the perturbed Einstein Equations at linear

order [33| are

. 2 - 5p
3H <—A + HE> += [—A v H (a B- aFﬂ =3 (3.164a)
. 54 )
iy gp-_ptpu (3.164D)
2mpl
.. . . 2 . 1 2 2
A 3HA+HE+ <3H + 2H) E=—_(0p—2k% (3.164c)
Qmpl 3
. F\ A+E
(0, + 3H) (B - —) _ArE_ 7 (3.164d)
a a m

where ¢ is the anisotropic stress defined via (3.177). The first two here are the
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constraint equations. The energy conservation equation is

2

k . . F
dp+3H (dp + dp) = ;(5(] +(p+p) {—314 + k? (B + E)] (3.165)

Setting £ = 0, A = (, in the case of zero anisotropic stress, via equation (3.164a)
the ¢ gauge immediately gives ¢ = 0 in the limit & — 0. Note that this wouldn’t have
happened if AV, A" had nonderivative dependence on . So the constancy of ( is very
much explicit and applicable to all eras in the ¢ gauge. And this follows because the
effective field theory of perturbations satisfies perturbed Einstein Equations.

In the choice of the time coordinate such that the scalar perturbation presents
itself in the matter sector 8¢ = ¢om, with the transformation property of 7 — 7 — &£°

under time diffeomorphisms ¢ — ¢ + £°. Here the ADM variables are [91]

H 1 H.

™

From here on we will refer this gauge choice as the "m-gauge" which is, with focus on

the scalar components

H (1 H
m-gauge: ¢(x,t) = ¢o(t)+6¢, goo ~ —14+2—m, 0"gip = 20" <_ﬁﬁ , gij = a*(t)dy;.

H c2
(3.167)
Because ( is a gauge invariant variable, its properties will not change from one gauge

to another. However, let us explicitly work out ¢ dynamics in the m-gauge.

3.5.1 ( dynamics in the 7-gauge

In m-gauge, if we ignore complicated model dependent mixing terms, that is set the

EFT parameter §; = 0, we expect the dynamics during preheating to be explainable
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by the matter action

Sm = /d4a:\/—_g[—mil <3H2(t+7r) +H(t—|—7r)>

. 1
+m2H(t+ ) (g% + 29" 0,7 + ¢" 0,70, ) + §m§(t + ) (0% + 2”0, + g‘“’@uwdm)Q

_ait+m)

t+m) 5
5 )

y ot + y 2«
g,u auXaVX + % (QOH@X + g,u 8u7TaUX) - ?)(TX

(3.168)

Our aim in this section is to write the explicit dependence on 7 and background
dynamics for ¢ and ¢ arising from (3.168) to first order in perturbations. Any x
involvement would present itself starting from second order.

To reach ¢ and ¢ we must first obtain the stress energy momentum tensor

23S,
V=9069°"

Top = (3.169)

At the background level, that is neglecting any d¢g"”, m and x contributions, we achieve

the familiar expressions

Too = 3m2 H? (3.170)
To;i =0 (3.171)
Ty = —migy (302 +2H) (3.172)

which imply p = 3m2,H? and p = —m? (3H* + 2H).
To first order in perturbations, by expanding the time dependent functions f(t+)

to linear order in 7 and including in d¢g"¥, after a straightforward calculation'* we

14 For example the term £, D /—gm3g°°¢°%9,n leads to the term m3g°*9d,m in 6Tpo. And the
perturbations to the inverse metric are connected to the perturbations to the metric by dgt” =
g =g = —g" 5" gp0 so that g% =1+ " = —dgoo.
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have

5Too = m?, [6HH7r Py (3H2 + H) (5900] +md [35900 n 27%] (3.173)
0Ty = —m2 (3H? + 2H)dgo; — 2m2 HO;m (3.174)

0T;; = —my(3H? + 2H)dg;; — m?,Gi; (H Sgoo + (6HH + 2H)m + 2H7'r> . (3.175)
Equation (3.173) defines the perturbation to the energy density to be

0p =0Too + Pogoo
=iy |6HHr — 2H7 — H(sQOO} +my(t) [35900 + 27%] : (3.176)

The components of 07;; are related to the pressure perturbation and anisotropic stress
o as

(Sﬂj = ﬁégm + gwép + (12(@6?]-0 + al'O'j + ajO'j + 0'3;) (3177)

which by comparison with (3.175) implies that there is no anisotropic stress tensor

involved and the pressure perturbation is
op = —m2, <H5goo + (6HH +2H)m + 2H7’T) : (3.178)

Thus in the m-gauge, with A = B = 0, the gauge invariant quantity (3.157) is

1 1 ma
=-H —7 -9 S
¢ T+ 37T—|— 6 Joo mIQJZH

1 1

~Og00 + 7] 3.179
[2 goo + 37 ( )
In the long wavelength limit, where the terms with spatial derivatives in (3.159)

drop out, we obtain

: H mit) (H H 3
o=—| H+ = 27 2 —+— (=4 i 3.180
Ck—0 ( + 6H> [0g00 + 27| + mil (H + 3H2> {2 900+7T} ( )
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In m-gauge dgoo = 2%7?, which leads to

. i\ [ wi) (0 0\ [
G0 ( +6H> [HWHT] + m? <H+3H2> [HWHT

At first sight this equation for ( is not applicable during preheating, or any other era

(3.181)

where an oscillating scalar field dominates, due to the presence of H in the denom-
inator in equation (3.181). So we have derived the known result [28] based on the
equation of state w, in the 7 gauge.

At this point we have more or less made a connection between the language of
cosmological perturbations in the old lore and the m-language. We have seen that ¢
is conserved in the ¢ gauge and we know that it is conserved in the Newtonian gauge.
So it must be conserved in the 7 gauge also. We need to find the variable suited for

this gauge.

3.5.2 The conserved variable in m-gauge

Previously we failed in our attempt to confirm the constancy of ( via the energy
momentum conservation equation. In order to find a time-independent variable in 7
gauge, let us look at the perturbed Einstein Equations in m gauge. Setting A = B = 0,

in the case of zero anisotropic stress these are

2 5p

k
—3H?E + —(aHF) = 182
3 + 2 (aHF) o, (3.182a)
dq
HE = — 3.182b
2m]23l ( )
: ) : Sp
HE+ (3H" 4+ 2H)E = —; (3.182¢)
2mpl
F FE
(0 + BH)E +—= 0. (3.182d)
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And the continuity equation is

) F
§p+3H(6p + 6p) = k* L_g +(p+D) } : (3.183)

a
This will eventually give us our master equation for ¢. Equations (3.182a) and (3.182¢)

give dp+dp in terms of the metric perturbations. By inserting the expression obtained

this way into (3.183), in the long wavelength limit we obtain
5p + 3m?, (2H2E’ + 4HHE> ~0. (3.184)

This suggests that the explicitly conserved quantity at long wavelengths, in the 7-

gauge is
Q= 6p+ 6m. HE. (3.185)
What is this quantity Q7 In m-gauge, F = —EHW = —%(5900 and we know dp from
equation (3.176)
= —2m% H |7 24t'3H 3.186
Q= =2my H |7+ | +2my(t) |7+ 37| . (3.186)

Our @ is let alone being conserved, exactly zero for exact de Sitter as H — 0 provided
there is no sound speed term. This is because there are no physical scalar modes in
exact de Sitter. More importantly it suffers no divergences during preheating. To

summarize, in the w-gauge with A = B = 0,

— g% _ _pyx

. A '
op op 1. H ms |:7T 7 } (3.187)
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in m-gauge. If sound speed terms are introduced ( itself looks divergent as expressed

in m-gauge both for inflation and preheating. In terms of familiar quantities,

Q = 6m% H (% - ) , (3.188)

and in a sense it keeps track of the difference between the temporal metric perturba-
tion and the scalar component of the spatial metric perturbation.

We can conclude that adiabatic modes do persist to be adiabatic even during
preheating, yet their connection with ( is not explicit in every gauge. Weinberg
himself faces the same problem in Synchronous gauge, where the conserved quantity
turns out to be [26]

Ay = —K*R. (3.189)

And he acknowledges that this discrepancy between gauges is because the limit & — 0

has a different meaning in different gauges.

3.5.3 R and its dynamics

We can use the same logic as above. To remind ourselves in terms of general gauge

parameters

A
R =75 + Hou (3.190)

where du is the velocity perturbation. It is defined via the Oith component of the

perturbed stress energy tensor as follows
0Ti0 = pdgio — (p + p) O;du. (3.191)
Comparing this with our 6T}y from (3.174) we see that

Su = —. (3.192)
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So we can recognize m, which nonlinearly realizes time translation invariance in the

Lagrangian, as the perturbation in the scalar velocity. In terms of the m-gauge
R =—Hm. (3.193)

There is clearly a difference between R and ¢ when they are expressed in this gauge.

In literature, on superhorizon scales
=X = (0. (3.194)

Let us first check if we can obtain this relation in the effective field theory set up. Using
the relation between the scalar metric perturbation and R, which is A = 2R — 2Hu

we can this time turn (1.35) into the following equation for R

0;0T¢ p0p — PO H .
= 00 PIPTPOR b (t) =i — 0, (4mb (1)) . (3.195)
3(p+p)”  3(p+p) q
This indeed produces (3.194) on superhorizon scales for models with canonical kinetic
terms, where my = 0. But it brings us back to the same problems that we faced with

é . Which will have the same resolution.

3.5.4 Who is the Goldstone Boson?

Having reconciled the adiabaticity of ¢ throughout cosmic evolution, let us now try
to expose the Goldstone boson in the EFT. Because 7 is introduced in a fashion so as
to nonlinearly realize time translations, we have been referring to it as the Goldstone
boson. Its role as the inflaton perturbation becomes apparent once it is canonically

normalized. However under this process 7 gains a mass term

.. 2 .. ..
. U(H &\ sH(H &\ 1 (H e
m2= 30—~ (L _of) 2 o)y (L 9% ) (3.196)
4 H Cr 2 H Cr 2 H Cr
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Even prior to canonical normalization the sound speed terms give it mass via

my(t + ) ((5g00)2 ~ my (£> 2. (3.197)

Goldstone bosons have the distinguishing property of being massless, yet here a strong
time dependence of the background is making 7 massive. It is at least making the
inflaton perturbation in 7w-gauge massive.

Perhaps we face this issue because we are raising the question in a gauge which
is not suitable to make conclusions, just like the problem we faced with adiabaticity.
¢ being a conserved quantity, suggests that it may also be the quantity that remains
massless. This would then suggest that in 7 gauge, the massless Goldstone boson is
actually the quantity Q. Rather then rewriting our Lagrangian in terms of Q to check
this, we will consider ¢ in (-gauge

m? : . ms(t) 2
S R—m, <3H2(t) + H(t)) +m H (£)g"+ T2 (39")

Sl gauge C /d4x\/—g

(3.198)
The Ricci scalar involves the kinetic terms for ¢ and because g% carries only time
derivatives of (, in the (-gauge it is clear that { remains massless.

In summary, the perturbations of the field that sets the time dependence of the
background are the Goldstone bosons that nonlinearly realize time translation in-
variance. They are also the modes that remain adiabatic on superhorizon scales at
all times. All of these properties of the Goldstone boson are easier to see in the
gauge where time is fixed parallel to the time dependence of the background, in other
words in the (-gauge. In this gauge the Goldstone boson enters the system as the
scalar mode in the metric. The fact that the action on the whole respects all dif-
feomorphisms is revealed in another gauge, the m-gauge, at the cost of making the
properties of being massless and adiabatic inexplicit. However because it is the gauge

where the scalar mode associated with the time dependence of the background is ex-
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plicitly connected to the perturbation of the field that causes this time dependence,
m-gauge is the gauge where the scale of decoupling, from gravity and also from any

other species present, is easier to see.

3.6 Will (x) develop time dependence?

As we conclude our discussion on preheating from an effective field theory descrip-
tion at the perturbative level, this is the question we leave open for future work.
Making use of nonlinearly realized time diffeomorphism, we discussed how a general
Lagrangian for the early stages of preheating can be captured in the effective field
theory of cosmological perturbations. This description is applicable for only the early

stages because we made the following two assumptions

1. We assumed that a single field dominates the energy density, and this field is

the one that drove inflation.
2. The field that drove inflation gives the time dependence of the background.

Our first assumption implies that the reheating field, which we represented as Yy, is
only introduced as a perturbation. However, if preheating is successful, eventually the
number density of x will grow so much that its vacuum expectation value, (x) = o,
starts contributing to the background energy density. So eventually assumption 1
fails. Yet in our description all the background information is brought out by H ().
No where did we make use of ¢g or xo! The Hubble parameter keeps track of these
quantities for us. Hence the EFT description of two fields will more or less remain
valid. What is more crucial is assumption 2.

If the background yo comes out to develop time dependence, it will start setting
the choice for the time diffeomorphisms. The clock will start shifting from ¢q(t) to
Xo(t). In a sense all the success of preheating and eventually reheating the universe

relies on this stage. It is important to be able to move forward from an effective field
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theory description of the perturbations to a description that can also account for the
background behavior to capture this stage. And this is what we try to address in the
last section.

As the y-background develops, and if it develops to be time dependent, what
happens in terms of the effective field theory for perturbations is that the role of
m and x in our story switch. Remember that we have handled an EFT of types of
perturbations where one was the perturbation to the clock field, 7. Coming from
inflation the clock is set by the inflaton field and hence 7 represents inflationary
perturbations. The moment the time dependence in yo = xo(t) becomes negligible,
one can still make use of the same EFT setup but now 7 will be denoting reheating
perturbations and the inflaton perturbations will be the secondary perturbations that

just happen to be present.
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Chapter 4

Towards an Effective Field Theory of

the Backgrounds

In chapter 3 we talked about an effective field theory at the perturbative level, for
perturbations of a reheating sector coupled to Goldstone modes of the inflatonary
sector. In doing so, the emphasis was put on the nonlinearly realized nature of
time diffeomorphisms, and the scale at which this arises set the scale of the EFT.
The advantage of following this route was that we became aware of the relationship
between scales of different processes. But we were not sure about the behavior of
the specific backgrounds involved. We based the EFT on the background set by the
Hubble parameter H(t). In general H(t) has contributions coming from both the
inflationary background ¢o(t) and the background of any other sector present y(t).
We could study the perturbations 7. and x. but we were blind to what happens with
¢o and xo. Being able to distinguish between the background contribution of the
sectors involved is important when one wants to understand the species that sets the
definition for the choice of time, or determine the efficiency of energy transfer from
inflaton field to the preheating field. These were the questions we raised in section
3.6. We now turn towards exploring formalisms which may help provide a suitable

framework to investigate such questions.
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4.1 Adding a Second Scalar to Weinberg’s EFT of
Inflation

An important goal of EFT’s is to be able to capture corrections coming from what
might have been allowed at a higher energy level, perturbatively. These corrections
can arise because of extra degrees of freedom, or extra symmetries like in the case we
saw previously. They will appear as higher order operators suppressed by the scale
of high energy physics. In natural units, the order of the operators are determined
by the dimensions of energy they carry. The Ricci scalar, for example, involves two
derivatives of the metric and hence is of mass dimension 2. The mass dimension
of matter fields are determined from dimensional analysis. The interactions they

contribute to the action with

So = /dD:B\/—_g(’), (4.1)

must guarantee that the action remains dimensionless. For example the operator
O = 0,00"¢ contributes to the action as a dimension 4 operator in 4 dimensions.
This means in four dimensions ¢ has mass dimension 1. In 4 dimensions an operator
constructed by Oy o< ¢? needs a coupling constant with two mass units, Oy = M?¢?. If
there are any heavy fields integrated out, the effects of any interactions they have with
the fields that remain dynamical at the scale of interest will imply higher derivatives
of these lower scale fields, O, ,, = 0"¢™ and renormalize coupling parameters, such
as the mass, of the lower scale fields. The heavy field will enter the lower scale only
through processes that put it in the internal legs of Feynman diagrams. Hence it enters
in via its propagator which effectively brings on a derivative on the low scale field ¢
that can be at the outer legs. Then an operator that involves (6“¢8u¢>)2 would have to
be suppressed by some mass scale, Og = ﬁ (8,@8‘%)2, where that scale A corresponds

to the mass of the heavy field that is integrated out. Since partial derivatives of fields
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bring out the energy dependence this also means Og ~ ;‘\’—ng‘l. As the energy scale of
interest approaches the scale of suppression w — A terms like this that involve higher
order derivative contributions will fail to be corrections anymore. Intuitively we reach
the scales at which the heavy field also becomes dynamical and processes that involve
this field at the external legs now also contribute. From the EFT point of view, what
looked like an expansion in terms of derivatives, with expansion parameter % stops
being a perturbative one. If we were instead working in a 2 dimensional theory, the
leading kinetic term O = 0,¢0"¢, would have been required to be mass dimension 2,
implying ¢ to be dimensionless in 2D.

If we count the number of derivatives and number of fields involved in an operator
with parameters d and f respectively, and denote the operators as Oy ¢, then in D di-
mensions, higher order operators of form Oz p f stop being renormalizable corrections
at scales close to the cutoff, and operators of form Oy >p become non-renormalizable

if the amplitude of the field grows up to the strength of the cutoff.

And so one would argue that the scalar field minimally coupled to gravity,

1 1
- 57”'%2;13 —3 (09)* = V(¢) (4.2)
is only the first term in an effective field theory. In [101] the most general EFT of
a scalar field in General Relativity has been developed. By making sure that the
classical equations of motion are satisfied,! the leading order corrections were found
to be
1 1 C1

Ling = —5mpR — 5 (06)° = V() + 15 (90)" + .. (4.3)

where the coefficients are in general functions of the scalar field, i.e. ¢; = ¢1(¢). To

capture preheating at the end of inflation, we are interested in coupling a second

IThis requirement is actually more clear in a path integral approach to quantum perturbations,
where the leading order contribution is the classical configuration. Substitution of the leading order
equation of motion also guarantees avoiding the propagation of unphysical degrees at the classical
level, ie avoiding the mistake of promoting auxiliary ADM variables into fields.
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scalar field to (4.3).

The effective field theory of the preheating sector alone is governed by

Ly =~ (0X ~ UG + 2@ + .. (4.4)

The two sectors interact with each other via

The coefficients ¢; are expected to be order one constants for a UV completable EFT
[102], and be positive to be able to avoid pathological instabilities [88]. Their specific
values correspond to specific models. Because we are interested in the general conse-
quences of these interactions for the preheating epoch, rather then specific details, ¢;
are rather like the names of the interactions, and their value is taken to be 0 or 1 to
indicate the absence or presence of a term.

Note the absence of operators of the form 0,00"x, x0,00"x. As long as the
inflaton is shift symmetric, it would intuitively be expected to couple to the reheating
sectors via derivative terms like this. However, through partial integration these
derivatives on y can be shifted onto ¢. Then via the use of leading order ¢ equation
of motion these terms turn out to have the form ¢?x?. Hence they do not respect the
shift symmetry of the inflaton and are discarded [103]. And so the EFT of Inflation

with an additional Reheating field is given by L, + £, + Lyiz, which is at leading

order
__1 2 _1 X Iz _1 My, _
L= —gmiR—2f (1) 0606 = 5000~ V(@) -UK)  (46)
with
2
X\ X X
f (K) = 1+ 265 + 20455 (4.7)

A priori there is no specification on A without having a specific UV completion in

mind.
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Interactions of type (4.6) have first been considered as an alternative to canonical
couplings of preheating in [97], with the Natural Inflation in mind, with A ~ m,, as
the scale of its UV completion. Recently these interactions have also been considered
within the framework of multifield inflation, under the heading geometric destabiliza-
tion of inflation |98]. Both of these works set ¢3 = 0 so as to ensure that at the
background level the reheating field does not develop a time dependence, x¢ ~ const.
Yet in both of them, effects of the ¢4 term are important and appreciated. From
an EFT point of view, the perturbative expansion can be truncated at the order of
desire, yet one cannot eliminate lower order terms to focus on the higher order ones,
unless there is a symmetry that prohibits them. In this respect, we cannot include
the ¢4 term without taking account of the c3 term unless there is say a Z symmetry
on the reheating field, which would eliminate all interactions that involve odd powers
of x by demanding invariance under y — —y. However we will see how the c3 term,
unavoidable with these concerns in mind, can actually become problematic for the

background physics.

4.1.1 Background Dynamics

When we consider the fields as perturbed around homogeneous backgrounds

X(tvf) = XO(t) + 6X<t7f>> (49)

and assume that the main contribution of these fields to the energy momentum density
come from their background values the Friedmann equations for the evolution of the

Hubble parameter with flat spatial sections give

3B HA(0) = 3 F(0F + 336+ V(60) + Ulxo) = plt) (4.10)
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= 2my H(t) = f(t)dF + X6 = p(t) + p(t) (4.11)

where p and p denote the overall energy density and pressure in the universe.

The equation of motions for the background fields themselves are

1

¢-5+3H¢'50 + 9y (Inf) doXo + 7

8,V =0, (4.12)

and

. . 1 -
Xo + 3H xo — B} (O f) &5+ 0 U = 0. (4.13)

Notice that the presence of y gives rise to an additional friction term 0, (Inf) doXo in
the inflaton dynamics. And in return the inflaton gives rise to the following effective

potential

Uers = Ulxo) — %3 (%) (4.14)

for the reheat field. These terms complicate the solution for the dynamics of the
fields. However the x( solution will be stable if it minimizes its effective potential
(4.14).

Finding the minimum of the effective potential requires two conditions. The van-

ishing of the first derivative of the potential

condition 1: 0,U.sy

=0, (4.15)

gives the field value which extremizes the the potential. This solution x{ will be the
minimum provided that

condition 2: aiUe £t

XG4 > 0. (416)

Assuming a Taylor expansion for the bare potential U(y) ~ %mix%, the background

solution that minimizes the effective potential is

: .|
_ % % . my _my
Xo(t) = c3 Am? 1—2¢ A2 provided m_é > Az (4.17)
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Notice that the first condition (4.15) entirely fixes the functional form. The second
condition (4.16) gives '

m? > 204%%2. (4.18)
At the end of inflation the inflaton field is expected to have a profile of ¢y(t) =
®sin(myt) where ® ~ O(0.1)my,;. Through this profile, condition (4.16) implies the
relation between the masses of the fields involved and the cutoff. More importantly
notice that the time dependence of y( arises completely because of the c3 term, which
was set to zero by hand in the discussion of derivative couplings during reheating
and geometric destabilization of inflation. Through a numerical analysis, we saw in
[18] that the solution (4.17) sets quite a good estimate for the solution of background

equations of motion and remains in agreement with an overall matter dominated

phase.

4.1.2 Consistency of the EFT

Looking at the terms in the preheating Lagrangian (4.6),

2
f (%) =1+ 2@;% + 2&;% (4.19)

this has the form of a perturbative expansion of a function in §. This expansion will
hold as long as x < A and appears as the effective version at low energies of some
interaction potential for the y field. We can argue that the series was terminated
because higher order terms give lesser and lesser contributions.

We must keep in mind that from an EFT point of view, we cannot have the ¢,
term of interest without also having the c3 term, unless the y sector has some further
symmetries to forbid it. Yet we saw that the c3 term will cause the background field
Xo to grow. It can happen that in a model whose parameters have the sufficient values
for setting resonance in dy, the background grows to values above the cutoff, xo > A.

Such a model fails because of EFT concerns, the interactions f (%) can no longer be
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written in the form we have been working with, one must instead consider the fully
summed function that f is. Yet we do not know the functional form of f.

From solution (4.17) we see that

Xo %%

~ . 4.2
A m§<A2 (4.20)

The stability condition of the solution (4.16) is in favor of making sure that y, stays

under control '
X0 ¢(2)

A miAQ

< 1. (4.21)

Keeping in mind that bo ~ O(0.1mgmp;), this suggests that we can access a large

range for A as long as we adjust the ratio of masses accordingly

2

% - (Z—i) (%)2 <1 (4.22)
With small masses of reheat particles, m, < mg we should require large values of
the cutoff A > mp;, where as with large masses of reheat particles m, > my, the
cuttoff needs to be sub-Planckian A < mp;.

Now that we have an idea about the range of validty of our EFT from x point
of view, let us end this section by commenting on the validity of the EFT from the
(8/@)4 and we need to check
that this term is smaller then (9¢)?. So we require that ¢2 < A* for the validity of

inflaton’s point of view. In equation (4.3) there is the term

this perturbative EFT on the inflationary side. Assuming that the amplitude of (ﬁo is

of order mgmp; the condition on behalf of ¢ is

2
me (mpl>4

Mo ) (R <, 4.23

(22) (% (1.23)

with mg ~ 107%mp; this implies A > 1073mp;. To compare, in the derivatively

coupled preheating model, the UV complexion choice to chaotic inflation requires
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F Z mp;.
These restrictions on mass and cutoff parameters for the self consistency of the
EFT seem to push models out of the regimes in parameter space where resonant dy

production and hence preheating is likely to occur [18|.

4.2 Towards a Hamiltonian Formulation

4.2.1 Canonical Transformation from field variables to energy

density variables

The effective field theory (EFT) of inflation is formulated on the observation that
inflation ends at one point in time. This implies time translation symmetry is not
a symmetry of the situation at hand. Inflation ends when the time dependence of
the background, that is H(¢) the Hubble parameter becomes as important as its
amplitude, |H| ~ H?. From this point onwards H(t) and accordingly ¢o(t), the
background inflaton field, evolve with time. However this evolution is such that the
amplitude of these fields decreases monotonically in time, hence giving a function that
defines a certain direction in time. While in EF'T of inflation the time dependence
always enters via the time dependent EFT coefficients, in the interpretation of these
coefficients one mostly has the monotonically decreasing ¢(t) as the clock at the back
of one’s mind.

During both preheating and reheating it would be natural to expect that the
dynamics of the field ¢g(¢) is coupled to the dynamics of a secondary field xo(t). The
hope is that the inflaton transfers its energy to the x field on the whole, and this
transfer involves resonant excitations of y; perturbations. If the efficiency of energy
transfer increases over time, one can no longer treat ¢y as an isolated field. Choosing
¢o(t) as the clock of the system is no longer advisable since ¢y alone is not enough
to represent the whole system. As a candidate clock we would now like to study the

behavior of the system in terms of energy densities as the variable.
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4.2.2 Energy density and a Hamiltonian Formulation

As a first step in understanding how to work with energy densities, we build on the

canonical model introduced for preheating with the interaction g?¢?x? [12]

S :/d4m\/—g£
_d33 1aua la,ua 1221221222 4.94
= ra -3 ¢u¢_§ XMX—§m¢¢—§mXX—§9¢X L (424)
For the moment we will only focus on the background fields ¢g(¢) and xo(%)

1. 1. 1 1 1
Su= [[ataat | 368+ 38 - gded - g - getehd] . (42

Given this matter action we can calculate the stress energy momentum tensor

T, = ——2_9%5m (4.26)

T
to obtain the total energy density for the system as
1. )
p=To= [ dlay [+ iE+mich+mind+ o] @2

In literature one is used to working with the field variables (¢, b0, Yo, Xo) in a
Lagrangian formulation. Yet one can switch to a Hamiltonian formulation by recog-

nizing that the conjugate momenta for the action (4.25) are,

oL :
I, = — =4a° 4.28
@ 00 a’po (4.28)
oL
I, = — = a’y,. 4.29
X aXO a-Xo ( )
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In terms of variables (¢o, 14, X0, II,) the energy density takes on the form

1[I I
IO(¢O7 H¢7 X0, Hx) - 2 |: + 6 + m¢¢0 + mXXO +9g ¢3X31 : (430)

The Hamiltonian which can be calculated by

H((bOa H¢>7 X05 HX) = /dgx [H¢¢0 + HXXO - ﬁ] = /deH> (431>
gives
H(¢07H¢7X07Hx) = [ d°x 2—H + FHX + o ¢¢o + 9 mXXo 39 PoXo
(4.32)
Notice that
H(¢O7H¢7X0anx) = /dggjagp(¢07n¢7xo7nx), (433)

The time evolution of the energy density generated by the Hamiltonian obeys

dp

p=ApH}+ 5

(4.34)

Looking at our observation in equation (4.33) the Poisson Bracket {p, H} vanishes.
Switching to Hamiltonian formulation is showing us that the total energy might
change in this standard example only because of the expansion of the universe, which
is not the effect we want to study. Hence in the following we will set a = 1. Being
constant during reheating, energy density seems to be a good candidate to be the

reference frame for defining the clock with respect to.

4.2.3 Canonical Transformation to Energy variables

In the previous section we noticed that the Hamiltonian density of the system, with
the expansion of the universe neglected, is equivalent to the total energy density,

meaning the total energy density is conserved. So instead of the fields themselves,
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we would like to reformulate our theory in terms of energy densities. That is from
the set of variables (g, p) : (¢o, IL4; X0, I1,), we would like to go to a set (@, P) where
one of the variables represents energy density per species. Before going on to the
canonical transformation from the set (q,p) to (@, P), let us take another look at the

Hamiltonian (4.32) with a =1

1 1 1 1 1
The last term here, g?¢2x3, that is responsible for preheating is of fourth order.
It represents the interaction by which we model the phenomena. We will treat this

term as an interaction part added to the free Hamiltonian. That is, we will consider

the system as

H =Ho + Hint, (4.36)

where
Ho = %Hi + %Hi + %migbg - %mixg (4.37a)
Hins = 50°003 (1.37b)

We can apply the same logic to the energy density and split it as

P =Py + Px + Pint (4.38)
where
1 2 1 2 12
po = 511+ 5mid (4.39a)
Py = %Hi + %mixg (4.39b)
Pint = %g%ﬁxﬁ (4.39¢)
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The first observation is that it is convenient to pick energy densities ps and p,
as the new conjugate momenta P; with respect to the free Hamiltonian?. In other

words, we would like the new canonical variables to be

0L

0Q4
oL
Py =py=—2 (4.40b)
0Q)
where in terms of the old variables
1. 1. 1 1
Loy = 5@% + §X§ - §m§>¢3 - §miX3 : (4.41)

At this point we need to figure out what the new canonical fields ); are. What
we know is by definition the canonical fields must satisfy the classical Poisson bracket

relations

Qi Pj] = dij. (4.42)

Remembering classical harmonic oscillators and making use of the Poisson bracket

condition in terms of the old variables by

Qi Pj] = %

"1 0q, Opr  Opk Ogi

one can conclude the new variables to be ); = m%_tan_l (ml f?i)- This set of (Q;, P)
are also known as the action-angle variables [104].

To summarize, the phase space where the energy densities appear among the

2In the in-in formalism for calculating cosmological correlators, the quadratic Hamiltonian, which
we referred here as the free Hamiltonian, generates the time evolution of the fields [32]. Therefore
we think it is appropriate to define the operators with respect to £y without the interactions added.
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canonical variables consists of

1 1 1
Qy = m—(z)tcm_l (m¢%> & pg = 51‘[35 + §mi¢g (4.44a)
Qy = Lzfcm_l (m &> & p, = 11‘[2 + 1m2X2 (4.44b)
= = : :
Xomy 11, XX o2

In obtaining the Hamiltonian H (@, P,t) one needs to first solve for the functional

that generates the transformation, F', according to

OF
Di =9 (4.45a)
OF
Pi==50 (4.45b)

The generating functional F' keeps track of any explicit time dependence in the trans-

formation. The new Hamiltonian H (Q, P,t) is given by

oF

H(Q,Pt)=H(Q,Pt)+ =

(4.46)

By neglecting the expansion of the universe, we got rid of any explicit time dependence
and for practical purposes we don’t need to calculate the generating functional. In

terms of the new variables our Hamiltonian is

ﬁ(@¢vp¢7QX7pX) - p¢+pX (447)

Notice that the energy density of each species is conserved as can be seen from
Hamilton’s equations of motion. Of course this will not be the case when we add the

interaction term.
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4.2.4 Including Interactions

Now that we have familiarized ourselves with the free system, it is time to study our

preheating exemplary interaction

1
Hint(gboa H¢7 X0, Hx) = 592¢(%X(2) (448)

In terms of the variables (4.44) this interaction is

~ 29> ‘
Hint = —5—5 sin” (meQy) sin’ (myQy) popx- (4.49)

2,2
¢'""x
Now the canonical energies ps and p, evolve in time via the interaction term. Their

behavior is determined by the following equations coupled to each other

_ _ 4.50
OH _ _OHin (4.51)

AN TON
and initial condition p,(0) = p, p,(0) = 0 such that initially the background energy
density is dominated by the inflaton.

The concern we wanted to address was that if the clock is set by ¢o(t), it will
become inappropriate at later times, by when the other sector will have developed a
time dependent background xo(¢). Although H(t) can keep track of this change in
the definition of time, we do not know how to interpret it in terms of species. Rather
then focusing on ¢g(t), it may be advantageous to define the clock, such that surfaces
of constant time correspond to surfaces of constant p;,;. This in essence amounts to
reinterpreting H(t) as pint. As pine keeps track of the energy transfer between the
two sectors, it is a good variable to base things off of for studying turning points in
the species that dominates the overall energy density. Hence it can also be a good

variable to define things with respect to in raising questions related with the efficiency
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of the energy transfer, such as in asking if ever the reheating field can take over to be

the dominant source at the background level.
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Chapter 5

Concluding Remarks

We started this thesis by acknowledging the presence of diffeomorphism invariance
in general relativity and hence the formalism that sets the grounds for studying
questions related with the past and present states of the universe. Our aim was to be
able to study cosmological perturbations that carry traces from these various epochs.
On the big picture, the diffeomorphism invariance of gravity causes difficulties in
understanding how to quantize it. Our natural understanding of quantization involves
a clear distinction between spatial coordinates and time, but with the possibility
to redefine coordinates via Lorentz invariance, this distinction is lost. However we
do have more or less comfortable means to quantize perturbations that can handle
diffeomorphism invariance accordingly. At the end of the day, within this thesis we
saw ways and virtues of gauge fixing on cosmological backgrounds.

The freedom to choose coordinates has the crucial consequence that physical re-
sults must not depend on the choice made. Although one can invent gauge invariant
variables to overcome this subtlety, construction or the use of such variables may not
always be easy. The BRST formalism we introduced in chapter 2 is one way of how
to handle gauge fixing for cosmological correlators. Within this formalism we studied
the quantization for perturbations of a system of scalar field and metric that respects

diffeomorphism invariance, by exploring the connection between diffeomorphism in-
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variance and constrained systems. Here we explored the structure and implications
of the global BRST symmetry that remains after gauge fixing, on quantization of
cosmological perturbations and evaluation of expectation values. This meant the
introduction of unphysical grassmann variables, which we referred to as ghosts and
antighosts, that kept track of the constraints of the system and the gauge fixing em-
ployed. Along the way, we saw that only one scalar and two tensor modes are present
in the cohomology of the BRST charge and constitute all of the physical degrees of
freedom. In addition, this formalism gave rise to some new gauge choices, and led
us to notice that the simplest quantization procedure that was developed by Dirac
amounts to the choice of synchorous gauge and does not involve ghosts.

BRST symmetry brings to light the importance of ghosts. Because these are not
physical degrees of freedom they cannot contribute to probability amplitudes as the
onshell end states. This means they will not contribute at the classical, tree, level
but will be important at higher order contributions. Higher order contributions in
perturbation theory involve contributions from high energy physics. Hence the BRST
ghosts play an important role in calculations that will also address quantum gravity
effects.

A powerful view on making the gauge choice is the observation that the cosmo-
logical backgrounds are backgrounds with time dependence. They imply a choice for
fixing time diffeomorphisms that make it more convenient to handle scalar perturba-
tions. A choice in which the scalar degree of freedom associated appears as a metric
perturbation. An effective field theory formalism for studying perturbations on de
Sitter have been developed by virtue of such a gauge choice for the time coordinate.
The motivation behind the introduction of this formalism have initially been to gen-
eralize the possible interactions that can exist for perturbations, and hence generalize
the possibilities for inflationary phenomenology. In retrospect, this formalism also
gave rise to an organized way of handling the scales of relevance for the possible

types of interactions, and also gauge choices which emphasize adiabatic nature of
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superhorizon scalar perturbations.

Starting from chapter 3 we looked at preheating within this formalism. We estab-
lished the hierarchies between the scales of x production and infalton self resonance,
and discovered the possibility of particle production via the sound speed of the pre-
heating sector. Moreover we established that (, which is the scalar perturbation as
it appears eaten by the metric, is the Goldstone boson that remains massless and
conserved throughout preheating as well as all other epochs. We were also able to
discover regimes in which the reheating degree of freedom y appears hidden which
type of models can give rise to this and raise questions about strong coupling.

The main focus on preheating literature have been on the effects that the inflaton
background ¢y (t) can cause on a reheating field. For example, one common treatment
is to look for the ¢ that will maximize the range of resonant momenta k*. Yet
during our treatment we grew aware that if one wants to understand the passage
from inflaton domination to something else, one will eventually need to investigate
the point at which the reheating sector takes over at the level of the background. We
saw that a consistent EFT attempt to capture background dynamics restricted the
system to be inefficient for preheating. But we did not see any restrictions for resonant
production in studying an EFT of perturbations. The main lesson we learned from
the EFT treatment of cosmological perturbations was the importance of focusing on
how to set the time diffeomorphisms. To end with, hopefully we managed to point
towards a direction that may be more convenient to question the efficiency of energy
transfer off of the inflaton, inspired by how guiding the definition of time coordinate

can be.
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