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ABSTRACT

This dissertation consists of two essays on housing market dynamics and cointegration
analysis with latent factors. The theme of this dissertation is housing market dynamics, with the
first essay an application of advanced panel time series models to the studies of housing market
dynamics, and the second essay a theoretic derivation of an econometric tool on cointegration
analysis with latent factors that can be applied to the housing market analysis.

This first essay develops a parsimonious dynamic model to study the impact of a
common demand shock in the housing market on housing prices and construction activities
across a set of locations with heterogeneous supply side conditions. Embedded within the model
is a lead-lag structure that allows one to identify from where shocks propagate while allowing for
and yielding estimates of cross-sectional differences in housing supply elasticities. The findings
indicate that local supply conditions may matter more than distance when modeling
spatiotemporal dynamics in the housing market.

The second essay considers estimating and testing cointegration between an integrated
series of interest and a vector of possibly cointegrated nonstationary latent factors. The fully
modified least squares (FM-OLS) estimation is adopted to the estimation of the cointegration
relation of interest. The asymptotic properties of the FM-OLS estimators are derived, and the
residual-based cointegration tests are shown to work as usual even with latent factors. Based on
the estimated cointegration relation, it is demonstrated that an error correction term added to the

traditional diffusion index forecast model improves forecasting accuracy.
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Chapter 1: Studies on Housing Market Dynamics and Cointegration Analysis with

Latent Factors

The theme of this dissertation is housing market dynamics. Housing markets in the US as
well as in many other countries exhibit huge volatilities during the past several decades,
including the most recent Great Recession. The fluctuations in the housing market have very
influential impacts on our economy, either through mortgage markets and the construction
activities or through many other channels such as the consumption and saving behavior of
households. Besides huge volatilities in the housing market, there are substantial heterogeneity in
the dynamics of local housing markets. For these and many other reasons, a growing number of
studies have attempted to model and forecast housing price dynamics. Given that housing prices
are mostly nonstationary time series and are highly spatially correlated across local housing
markets, being able to model the nonstationarities and spatial correlations in the housing markets
is the key issue in the housing market analysis.

This dissertation consists of two essays on housing market dynamics and cointegration
analysis with latent factors. The first essay is an application of advanced panel time series
models to housing dynamics studies, in which the spatial correlations of housing markets are
rooted in the spatially correlated demand shocks to the housing markets and a lead-lag diffusion
pattern of the housing demand shocks in a regional housing market is identified and estimated.
The second essay is on a theoretic derivation of an econometric tool on cointegration analysis
with latent factors. Given the fact that housing prices are mostly nonstationary time series and
housing markets in a given geographic region may subject to common shocks, the idea of taking

advantage of large dimensional nonstationary data sets to the housing market analysis is



appealing as well as challenging. The second essay provides a theoretic tool of estimating the
cointegration relation between an integrated series of interest and a vector of possibly integrated
factors. The vector of possibly integrated factors provides a method to summarize the co-
movements in a large nonstationary panel data set. The theoretic results can be applied to the
housing market to study the common cycles and long-run equilibrium relations in local housing
markets.

To be more specific, the first essay in this dissertation extends a parsimonious error
correction model to study the underlying unobservable spatially correlated demand shocks across
a set of locations. Currently, most of these studies on housing market dynamics focus on price
movements only and are not able to provide insights on the heterogeneity in the diffusion
patterns in the local housing markets. More importantly, as documented in the business cycle
literature, sometimes national or state level building permits may be a better leading indicator for
economic activities than housing prices. So there may be quite different roles played by housing
prices and construction activities. Being able to model these two closely related important
components of the housing market will help us gain a much broader and more comprehensive
view of the housing market dynamics.

In the first essay, we build our model on a simple supply and demand model of a local
housing market. With the assumption that there is only a demand shock to the local housing
market, the demand shock can be written as a function of the observable price change and new
construction. By modeling the underlying demand shocks, we are able to derive two reduced
form diffusion models, one for price movements, and the other for construction activities. In
these derived diffusion models, the coefficient estimates depend on the local price elasticities of

housing supply explicitly, which enable us to model the heterogeneous price response and



construction response across locations. Another feature of this model is that it not only controls
for local spillover effects in the housing market by adding spatial lag terms in the main equations,
but also allows for the identification of a leading area from where the housing market shocks
originate and spread out contemporaneously.

The data we use is the Federal Housing Finance Agency (FHFA) house price indices and
building permits data from US Census for 22 largest MSAs in California from 1980 to 2016. Our
estimation results first indicate that housing market in San Jose could be treated as a leading
market in these 22 MSAs of California. Secondly, conditioning on the local spillover effect, the
response to a common demand shock in a local housing market is quite different for locations
with different local supply conditions. For coastal cities in California with less elastic housing
supply, the price adjustments are much more substantial than the construction adjustments given
a common demand shock to this market. In contrast, for most inland cities of California with
more elastic housing supply, they adjust construction more than price when facing a common
housing market shock. Another important finding is that the coefficient estimates from the two
reduced form diffusion models, display correct positive correlations with the Saiz (2010) price
elasticities measurements. This positive correlation provides support for our modeling of the
underlying demand shocks and can work as an alternative method to get estimates of local
supply conditions.

The second paper in this dissertation studies the estimation and testing of the co-
integration relation between an integrated variable of interest and a vector of latent integrated
factors. The latent factors are unobservable but can be estimated from a large panel of integrated
series. One motivation of this study is dimension reduction. In macroeconomic literature, as the

data are getting much easier to collect, the number of potential useful variables for analysis could



be huge, and most the macroeconomic variables are nonstationary intrinsically. Also, there may
not exist any economic theory guiding us how to model the long run relation among these
integrated series. One way to take advantage of this large panel data set is through the factor
analysis to extract the common stochastic trends, and study the possible long run relation
between the common stochastic trends and an integrated series of interest. Since the factors are
of a much lower dimension, the co-integration analysis will be much easier to conduct. Another
motivation is the growing literature on the Factor-augmented error correction model (FECM).
The FECM model focuses on the co-integration relation between a smaller subset of the series in
the large panel set and the set of latent factors. The method has been used empirically by adding
an error correction term to the forecasting of the first-differenced series. However, there is no
theoretical evidence to support the cointegration analysis and the estimation of the FECM model
using estimated factors. The estimation errors in the latent integrated factors could accumulate
across time and may cause problems in the cointegration analysis.

The second paper in this dissertation tries to fill in this gap by studying the estimation and
testing of the co-integration relation between the latent factors and another integrated series of
interest. The nonstationary factor used in this paper is a more general one, which allows for
nonstationary idiosyncratic error terms in the factor model. We also allow for possible
endogeneity in the latent factors in the main cointegration equation. Following Phillips and
Hansen (1990) fully modified least squares estimator, we show that under some restrictions on
the sample sizes and the bandwidth expansion rates of the long run covariance matrices estimator,
the fully modified least estimator of the cointegration coefficient using estimated factors have a
mixed normal limiting distribution, which will help with hypothesis testing and statistical

inference.



Another theoretical result the second paper verifies is that the conventional residual-
based cointegration test work as usual as long as the factors are consistently estimated. At the
end of the paper, we propose a possible application of the fully modified estimator of the
cointegration coefficient to the traditional diffusion index forecasting literature. After testing and
estimating for the cointegration relation, we could add an error correction term to the
conventional forecasting equation of a differenced integrated variable if there exists any
cointegration relation between the level of the variable and the level of the factors. Our
empirical example shows that the proposed forecasting method may outperform existing

methods under some cases.



Chapter 2: Unobserved Demand Shocks and Housing Market Dynamics in a Model

with Spatial Variation in the Elasticity of Supply



1. Introduction

1.1 Overview

This paper extends a parsimonious dynamic model developed in Holly et al. (2011)
(hereafter HPY) to estimate the influence of spatially correlated unobserved demand shocks
on house price movements and construction across locations. The extended model has
embedded within it cross-sectional differences in housing supply elasticities while also
allowing for the possibility that shocks may propagate out over time from a dominant
location. The emphasis on the heterogeneity in housing supply elasticities in our model is
similar in spirit to papers like Glaeser and Gyourko (2005) and Glaeser et al (2008) who
demonstrate that housing supply elasticities have important effects on house price volatility.

The original model of HPY offers a parsimonious structure for analyzing spatial and
temporal diffusion of house price shocks in a dynamic system. HPY estimate separate house
price diffusion models for different cities in the U.K. allowing for the possibility that price in
a given city may be cointegrated with price movements in a “dominant” city (which is
London in their case). This structure allows for possible lead-lag relationships by allowing
demand shocks to hit the dominant location first and then propagate out over time to
secondary locations. We extend HPY by explicitly modeling the unobserved demand shocks
allowing for cross-sectional differences in housing supply elasticities as suggested above. Our
model is then used to examine both house price dynamics and construction whereas HPY
focus on price movements only. In this sense, the model in HPY is a restricted version of the
model developed in this paper.

The need to do a better job of modeling housing market dynamics for the U.S. became
especially obvious following the crash of 2007. Sharply falling housing prices prompted
massive numbers of mortgage defaults, dramatic declines in new construction, and pushed the

economy into the Great Recession (Leamer, 2007; lacoviello, 2005). Nevertheless, despite



the onset of an historic national recession, the recent boom and bust in housing prices and
mortgage default did not hit all metropolitan areas similarly. Cities like Phoenix, Los
Angeles and Sarasota saw prices more than double in the few years leading up to the 2006
peak only to fall precipitously in the following few years. Other large growing cities like
Denver and Houston experienced comparatively little change in housing prices over the same
period. For these and other reasons, a growing number of studies have attempted to model
and forecast housing price dynamics in a manner that allows for spatial correlation and
patterns across cities, but most often in a reduced form context.

Based on our extended diffusion model of unobserved demand shocks, we derive a
price diffusion and a construction diffusion model for each individual metropolitan area, and
illustrate their features using data on house prices and construction for 22 metropolitan areas
in California from 1975 to present. Results indicate strong evidence that metro-level house
prices are cointegrated in California, where cointegrating coefficients are positively
correlated with local supply elasticities. These estimated cointegrating coefficients also allow
us to infer estimates of the elasticity of supply for individual cities (up to a scale factor) as
noted above. Those estimates correlate closely with elasticity measures obtained by Saiz
(2010) using very different data on topography of land forms.

Based on cointegration and exogeneity tests, additional findings indicate that price
changes in San Jose can be treated as a common factor for all other metropolitan area price
changes. This is consistent with San Jose being the center of the high-tech industry, an
industry that is both volatile and which generates enormous amounts of income and
employment in the California economy. Besides the important role of the leader’s price
shocks, our results also highlight the importance of cross-sectional differences in the price
elasticities of housing supply. The effect of the dominant area’s price shocks tend to be

inversely related to local supply elasticities. Inelastic locations also exhibit larger and faster



price adjustments following shocks to the dominant area while elastic metro areas exhibit
larger and faster changes in the level of new construction.

Additionally, several panel model specifications are estimated for groups of locations
outside of San Jose (with San Jose treated as a separate dominant area). Impulse response
functions are also used to highlight related dynamics.* The panel model estimates of the
construction diffusion model further indicate that San Jose’s contemporaneous effects are
sizable and significant, and tend to be larger in annual and biannual data as compared to
quarterly data. The effect of data frequency is consistent with the fact that supply elasticities
tend to increase with the time horizon. Such a perspective emerges naturally out of our model
with our explicit modeling of unobserved demand shocks and supply elasticities. That
perspective, however, has been mostly overlooked in most previous papers on housing
market dynamics which adopt a more reduced form specification.

The rest of the paper is set out as follows. The next subsection provides further
background on related literature. In Section 2, we derive the demand diffusion model and
then derive the price and construction diffusion models. We also show how panel estimation
of the price and diffusion models take into account the supply side conditions in Section 2.3.
The local projection method of spatial-temporal impulse responses is presented in Section
2.4. In Section 3, we report estimates of the price and construction diffusion model using
quarterly, annual and biannual data for 22 metro areas in California over the period 1980Q1-

2016Q4. In Section 4, we draw some conclusions.

1 We use the local projection method of Jorda (2005) to study the high dimensional spatial-temporal impulse response
functions. Without the need to invert a high dimensional matrix and allowing for estimating the impulse response functions
of a different dependent variable, the local projection method of Jorda (2005) provides an easy-to-implement way of
diffusion analysis. From the impulse response analysis, we find that a positive shock to San Jose house price spills over to
other regions gradually regardless of the distance to San Jose and regardless of the supply side conditions. In addition, a
positive San Jose’s house price shock will have a significant and persistent effect on construction in metro areas with more
elastic housing supply conditions.



1.2 Previous literature

Our paper builds off a number of different studies that have examined housing market
dynamics from several different perspectives. The most relevant literature is the study of
spatial correlations of housing market dynamics. One of the most important forms of cross
section dependence arises from contemporaneous dependence across space by relating each
cross section unit to its neighbors (Whittle, 1954; Cliff and Ord, 1973; Anselin, 2013;
Kelejian and Robinson, 1995; Kelejian and Prucha, 1999, 2010; Lee, 2004; Brady, 2011).
Another approach to dealing with cross sectional dependence is to make use of multifactor
error processes where the cross section dependence is characterized by a finite number of
unobserved common factors (Pesaran, 2006; Bai 2003, 2009). However, there is no clear
guidance whether the spatial dependence is pervasive or attenuates across space empirically.
Holly et al. (2010) model house prices at the level of US states and find there is evidence of
significant spatial dependence even when the strong form of cross sectional dependence has
been swept away by the use of cross sectional averages.

As compared to purely spatial or purely factor models analyzed in the literature, the
spatial-temporal model developed in HPY uses London house prices as the common factor
and then models the remaining dependencies conditional on London house prices. This paper
extends the HPY model to study the diffusion patterns of the unobserved underlying demand
shocks. This ensures an important role for local supply conditions that have the potential to
dampen or amplify the impact of demand shocks on price and quantity responses but which
are mostly ignored in HPY. Instead, HPY argued that the supply of housing is very inelastic
in the UK, with a supply elasticity of 0.5 compared to an elasticity of 1.4 for the US. (Swank
et al., 2002). Clearly, if the price elasticity of housing supply differed markedly across
regions, then responses to both region specific and national demand shocks could generate

very different house price dynamics (Glaeser and Gyourko, 2005; Glaeser et al., 2008).
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Another highly relevant literature is the study of supply constraints and housing
market dynamics. Since DiPasquale’s (1999) review of the literature to that date, academic
work on housing supply has expanded extensively. Several papers have made it clear that
constraints on housing supply vary markedly across regions of the United States, and that
these constraints can explain large differences in house prices and the level of construction
(Mayer and Somerville, 2000; Glaeser et al., 2005; Gyourko and Saiz, 2006; Quigley and
Raphael, 2005; Green et al., 2005; Ihlanfeldt, 2007; Glaeser and Ward, 2009; Paciorek, 2013).
These and related papers, however, typically posit a relatively simple relationship between
price and housing investment that ignores spatial spillovers and patterns that contribute to
cross-sectional variation in housing market dynamics. This paper starts by building a
diffusion model of the unobserved demand shocks across space, and then derives two reduced
form diffusion models for price shocks and new construction, respectively. The relationship
between price and investments and the impact of supply side conditions on this relationship
are implicitly embedded in the construction diffusion model.

This paper is also closely related to the literature on housing market efficiency,
housing bubbles and business cycles. Papers such as Hosios and Pesando (1991) and Case
and Shiller (1989, AER) find evidence that quality-adjusted house prices are serially
correlated on a quarterly basis, implying future house prices are forecastable. Capozza et al.
(2004) finds that higher construction costs were associated with higher serial correlation and
lower mean reversion in housing prices, presenting conditions for price overshooting. Even
though these papers model house price dynamics, their main focus is to assess whether house
prices were forecastable and thus test if there is a bubble in the housing market (Flood and
Hodrick, 1990). The time series methods applied were relatively simple ignoring spatial

correlations, underlying demand shocks, and lead-lag patterns.
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In the housing bubble literature, Glaeser et al. (2008) find that the duration and
magnitude of housing bubbles are sensitive to the housing supply elasticity, with larger price
increases in supply-inelastic areas during booms. Complementing Glaeser et al. (2008),
Huang and Tang (2012) also find a significant link between the supply inelasticity and price
declines during a bust. These papers provide evidence that supply elasticities may amplify (or
mute) housing market boom and bust patterns but do not formally model underlying supply
and demand factors. More recently, Liu et al. (2016) document within-city heterogeneity in
response to a bubble, and Landvoigt et al. (2015) find that cheaper credit for poor households
was a major driver of prices during the 2000s boom, especially at the low end of the market.
These two papers formally model supply (Liu et al., 2016) and demand factors (Landvoigt et
al., 2015) and document within city heterogeneity during a housing boom and bust episode.?

The importance of modeling housing market dynamics has been reinforced by a
growing number of macroeconomic studies that treat volatility in the housing market as a
source and not simply a consequence of business cycle fluctuations. Bernanke (2008),
Leamer (2007), and Davis and Heathcote (2005) argue that housing is a leading driver of
business cycles and suggest that housing should be treated differently from other types of
investments in macroeconomic models. More recently, Strauss (2013) finds that national and
state-level building permits significantly lead economic activity in nearly all US states over
the past three decades, while Ghent and Owyang (2010) find that national permits are a better
leading indicator for a city’s employment and that declines in house prices are often not
followed by declines in employment. While the focus of our paper is not on links between the
housing market and local business cycles per se, by formally modeling the manner in which

unobserved demand shocks contribute to spatiotemporal patterns of home prices and housing

2 In related work, Genesove and Han (2012) use commuting time as a proxy for within-city variation in supply elasticity and
report evidence that during a housing crash prices fall more in the city center than at a city’s edge.
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construction our model provides a framework that can be used to help explain cross-sectional

differences in boom-bust patterns.®

2. Demand Diffusion Model
2.1 A demand shock diffusion model

In this paper, we apply the dynamic system of HPY to the cumulative demand shocks
derived below. To simplify notation, we use p;; (or InP;;) to denote the log of house prices,
and use [nQ;; to denote the log of house stocks over time for t = 1,2, ..., T, and over areas
i =0,1,2,...,N. Given the assumption that there is only a demand shock to each local
housing market, and under the premise that the supply and demand functions of housing
follow a log linear form, the demand shock at time period t for location i, denoted by Ad;;,
can be expressed as the vertical distance between the new demand curve and the old one. As

illustrated in Figure 1, using simple algebra, we have

|ei

i (1 1
with &% being the price elasticity of supply of housing, €% being the price elasticity of demand
for housing, and the symbol A signifies changes in relevant variables. The cumulative

demand shock at time t for location i is given by

d; = YAdy = (1 + ﬂ) InP,.

B
We assume that one of the areas, say area 0, is dominant in the sense that shocks to it
propagate to other areas simultaneously and over time, whilst shocks to the remaining areas
have little immediate impact on area 0. For the dominant area, the first order linear error

correction specification is given by:

3 Ghent and Owyang (2010), Del Negro and Otrok (2007), and Hernandez-Murillo et al. (2015) all find that housing cycles
may have both national and regional elements but that the more pervasive national cycle is dominated by cross-sectional
heterogeneity upon disaggregating the data. The lead-lag diffusion model of unobserved demand shocks in this paper
analogously allows for a common regional factor in addition to idiosyncratic city-specific drivers of housing market
volatility.

13



Ady = ¢Os(do,t—1 - a)ocf 3,t—1) +ap + ap1Adg -1 + b01Ad f),t—1 + ot
For the remaining areas, it is given by:

Ady = ¢is(di,t—1 —w;d f,t—1) + ¢i0( dot—1—6idir—1 — Pit) +a; +a;Ad;q +

b Ad it—1 T Cio Adye + &,
fori = 1,2,...,N, where d 3, denotes the spatial variable for area i defined by

d i = XN sidje with X s = 1.

In the empirical application, we use an inverse distance measure where s;; is proportional to
1/D;;, with D;; being the distance between location i and location j. In the above
specification, we assume that cumulative demand shocks for other locations i = 1,2, ..., N,
are cointegrated with that of the dominant area with cointegration relation given by d,; —
6;d;; — p;t. The size of §; and p; depend on the relative income and population growth in
location i relative to the leading area. These two parameters measure the long-run relation
among fundamental driving forces of the demand for housing across different locations.

In practice, it is hard to estimate the above model of demand shocks since there is no
accurate measure of the level of the demand shocks. However, from the simple linear algebra,
we can express the demand shock as a function of the housing prices. Substituting relevant
expressions into the above system and normalizing the coefficients of the left-hand side (LHS)
variables, we get*

Apor = @ + a018Po—1 + b1 AP 0,t-1 T Eots

4 To simplify the illustration, we first ignore the error correction term involving the spatial average of neighbor’s demand
shocks. The model reduces into

Ady = ag + ap1Adoe—1 + bp14d 5y + €op
And for the remaining areas

Ady = ¢i0( dot—1— 0idir—q — Pit) +a; +andd;_q + by Ad §i_q + i Ado; + &t
After substituting relevant expressions into above equations, we have for the dominant area

(1 + 151/181)Apor = ao + a1 (1 + le51/1€§1)Apo—1 + bo1Ad § 1 + €or.
and for the remaining areas:

(1 + |€L'S|/|gid|)A Pit = ¢i0( (1 + |€3|/|€g|)P0,t—1 - 5i(1 + |€fg|/|5id|)pi,t—1 - Pit) +a; +

ail(l + |5is|/|51¢|)A Dit-1 + by Ad {4 + ci0 (1 + |£S|/|£€|)Ap0t + &t
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Apir = Gio( Por—1 — BiPit—1 — Vit) + @i + @A pie—y + by AP $o_y + Eio Apor + &t
where p ;, denotes the spatial variable for area i defined by
i = X0 Sipje With X)L 555 = 1.
Thus, we can derive the error correction specification for the log of house prices (housing
price diffusion model) from the cointegrating relation between the demand shocks across
locations. For location i, the coefficient on the error correction term ¢;,, the coefficient on

the contemporaneous effect of the leading area ¢;,, and the cointegrating coefficients are as

follows:
Bl Ed i
B0 =0 (1+11) /(1 +15) 20 = e (14 1)/ (14 150)
(+lef1/]<f]) by
Bi = STty 2 Y = Gy
. - ~ b
For the leading area, @, = ) 0|/|£ il and by, = (1+|£§|1/|8 3y

Compare the above specification with the price diffusion model in HPY':

Apor = ¢05(P0,t—1 - ﬁf),t—1) + ag + ap1Apot—1 + bo1AD f),t—1 + ot

Apy = ¢is(Pi,t—1 —-p ?,t—l) + dio (Pi,t—l - Po,t—1) +a; + a;1Api -1

+ b, AP ?,t—l + Cio Apor + it

There are several differences. First of all, this paper tries to model the cumulative demand
shocks and argues that the modelling of HPY is implicitly built on the modelling of the
demand shocks. As the above derivation shows, starting from the error correction model of
the cumulative demand shocks, we get the error correction model of the log of housing prices.
Secondly, in our derived error correction model of housing prices, convergence is not
necessary. Log of real housing prices could diverge across locations. The error correction
term (po,t_1 — BiDit-1 — yl-t) allows for different trending pattern and cointegrating vector

other than (1, -1). Of course, the form of the cointegrating relation is an empirical issue. As
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shown later, in the metro areas of California, some areas’ HPIs have quite different trending
pattern and most of them have a cointegrating vectors other than (1, -1).° Thirdly,
coefficients in the derived price diffusion model contain useful information about local
supply elasticities. As shown in the expressions for the error correction coefficient ¢;, and
the coefficient on the contemporaneous effect of the leading area ¢;,, areas with more elastic
housing supply (larger |&;’|) will adjust prices to a less extent than areas with more inelastic
housing supply in response to a common demand shock. As verified in the empirical exercise,
the leading area’s contemporaneous effect ¢;, indeed has a negative relation with supply
elasticities estimates from Saiz (2010).

Starting with the error correction model of the demand shocks, we can also derive an
error correction model for AlnQ;,. However, the measurement of the change in housing stock
involves a frequency issue. Also new construction exhibits very obvious seasonality patterns.
Hence the signal embedded in a change in the housing stock involves lots of irrelevant noise.
In order to study the demand side shocks embedded in the quantity response, we can use the
signal imbedded in prices to study the diffusion of the demand shocks onto housing stocks.
Substituting the relevant expressions on the right-hand side (RHS) of the error correction
model of the demand shocks with expressions of housing prices, and substituting the
dependent variable with the expressions for the housing stocks,® one can get the following

equations after normalizing the coefficients on the LHS variables:
AlnQo: = Gg + Ag1Apot-1 + b1 AD 0,e-1 T ot

AlnQ; = ¢A)i0( Pot-1 — BiPit—1 — Yit) +4; + ;A pie—q + BilAﬁ ?,t—l + Cio Apor + &t

5 The error correction term involving spatial averages also possess a coefficient different from 1. The error correction term
digq —wid { +—1 indicates that each metro area’s cumulative demand shocks shares a common trend with its neighbor’s
cumulative demand shocks, with a cointegrating coefficient given by (1, —w;). As verified later, this cointegrating relation
among cumulative demand shocks implies a similar cointegrating relation among the log of housing prices. Thus if we
include the error correction term in the log of housing prices, the error correction term will take the form p;,—; — @;p ;5.
® For the dominant area, (1/|e§] + 1/]e&|)AlnQo; = ao + ao1(1 + 1€§1/1681)APos—1 + bo1Ad §._1 + £or. For the
remaining areas, (1/|3is| + 1/|<‘31¢|)Aanit = ¢i0( (1 + |<‘35|/|5g|)P0,t—1 - 51’(1 + |5i5|/|£;i|)pi,t—1 - Pit) +a;+

ail(l + |5is|/|51¢|)A Pit—1 + buAd §i_1 +cio (1 + |£S|/|£€|)Ap0t + &t
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We call the above simplified model the construction diffusion model. For the leading area 0,
o1 = ao1ledl, and @, = ao/(1/]€§] + 1/1d ). For location i, the coefficient on the error

correction term ¢;, and the coefficient on the contemporaneous effect of the leading area

Ci, are given by

5o arElEs) s S € G VA1) I

(1+leef]

And Gn = G e et

— s ~ ai
=auler], and & = G ey

Expressing the change in the housing stock as a function of the price error correction
terms and price changes, we could examine the different diffusion patterns of the demand
shocks. As demand side shocks originated from a leading area diffuse across surrounding
areas, responses of prices and quantities could be very different. All of these responses hinge
on the relative price elasticities of supply and demand with respect to the leading area. For
areas with smaller price elasticities of supply of housing and with more restrictive regulations
on construction, we would expect a larger contemporaneous response in price movements
(measured by ¢;,) and a smaller contemporaneous response in construction activities
(measured by ¢;, ). On the contrary, for places with more open land and less restrictive
zonings on construction, we would expect more construction activity other than price
movements.

Given the above argument, this paper is able to study the two sides of the housing
markets, i.e., price and quantity. By studying price movements as well as construction
activity, we are able to capture a more complete picture of the diffusion of the demand side
shocks. As we will see later in the empirical evidence, indeed, quantity response behaves

quite differently from price response.

17



2.2  Panel time series model

Estimation of the demand shock diffusion model could be done for each individual
location using time series analysis. Given the short time period for the construction permits
data described below, the OLS estimation of the construction diffusion model is not reliable.
Hence, we resort to panel estimations for the analysis of the construction diffusion model.’
When using panel regression to analyze the diffusion model, we first assume that housing
market shocks have the same diffusion pattern, and then divide locations under consideration
into two groups based on price elasticities of housing supply from Saiz (2010) and estimate
separate panel regressions for each group.

Under the assumption that all the following locations within a group have the same
diffusion pattern, we can write the following panel data model for metro areas’ log house
prices:

Api = GsDip-1 — @iP ie-1) + Po( Port1 — BiPis—1 — Vit) + ;i + a1 A Py +

biAp §i_y + Gy Apor + &y, i=12,..,N;t=12,..,T.

And for the construction diffusion model, we have the following panel data regression model:
AlnQ; = $5(Pi,t—1 —W;p ?,t—l) + QBO( Pot-1 — BiPit—1 — Yit) +4; + ;A pie—q +
byAp iy + CioApor + &, i =12,..,N;t=12,..,T.
In the above two specifications, the diffusion coefficients are the same across locations
except the area fixed effects a; and @;. Notice that in both of the panel regressions, we
exclude the dominant area and focus on the diffusion analysis of the following areas. The
error correction terms, p;—y — @;P ;¢—1, and por_1 — PiPic—1 — ¥it, are estimated from the

bivariate VAR(4) models of each location’s house price and its neighbor’s local averages,

7 Applying panel data techniques to the housing market dynamics, we should pay special attention to the heterogeneity and
cross sectional dependence issues, since housing markets are quite localized. In the individual OLS estimation of the
diffusion models, cross sectional dependence has been taken into account by the inclusion of spatial averages of the
neighbors’ shocks, and heterogeneity is assumed automatically since each individual location has its own regression
equation.
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and the bivariate VAR(4) models of each location’s house price and the dominant area’s

house price, respectively.

2.3  Spatial-Temporal Impulse Response Functions

Starting from the price diffusion model, HPY rewrite the system of equations into a
vector autoregression model (VAR), in which some coefficient matrices reflect temporal
dependence of house prices while other matrices reflect spatial dependence. Based on the
estimates of these coefficient matrices, the VAR model can be used for forecasting or
impulse response analysis. This approach involves inverting an (N + 1) X (N + 1) matrix.
Hence, this impulse response analysis is computationally intensive for large N. Moreover, it
cannot generate the impulse response analysis for the construction diffusion model since the
dependent variable is different from the explanatory variables. Instead of following HPY’s
impulse response analysis, this paper uses Jorda’s (2005) location projection method, which
allows one to estimate the dynamics of regional housing prices as well as construction
controlling for spatial correlation across regions. As shown in Jorda (2005), the impulse
response function for an individual variable in a vector of endogenous variables can be
estimated consistently from a regression of this variable on the lags in the system for each
horizon, h. (See Jorda (2005) for a complete explanation of the local projection method and
Jorda (2007) and Jorda and Kozicki (2007) for additional explanation).

By Jorda’s (2005) location projection method, for the housing price diffusion model,
the impulse responses of a unit shock to house prices in the dominant area on the following
areai = 1,2,..., N, at horizon h periods ahead is given by ¢/ in the following equation:

Apien = @ls (Die—1 — @D §r-1) + Blb (Poe—1 — Bibie—1 — vit) + @l

+aliApie—q + DAP . 1 + € Apor + Eipen-
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For the construction diffusion model, the impulse responses of a unit shock to house prices in
the dominant area on the following area i at horizon h periods is given by ¢ in the following
equation:
AnQiesn = Gls(Pie-1 — @iP £r-1) + Plo(Poe—1 — Bibie—1 — vit) + @l +
A Pie—y + AP §_y + €5 Apoe + Eipin.

The impulse responses analysis for the panel time series model can be derived similarly.

3. Empirical Results
3.1  Metro areas and the leading area

We apply the methodology described in HPY to quarterly All-Transactions
(Estimated using Sales Prices and Appraisal Data) House Price Index (hereafter HPI) from
the Federal Housing Finance Agency (FHFA) for Metropolitan areas in California.® The
nominal HPI series are deflated using Consumer Price Index-All Urban Consumers: Less
Shelter for US.° Definitions of Metropolitan areas are based on the Office of Management
and Budget (OMB) 2013 delineations. Since there are more missing observations for HPI for
smaller metropolitan areas, this paper selects metropolitan areas with population larger than
250,000 (based on 2010 Census Population and Housing Tables). The final housing price
data include quarterly All-Transactions HPI series of FHFA over the period 1980Q1-2016Q4
for 22 metro areas listed in Table 1.

To construct the variable AlnQ;;, notice that

AQ;
AlnQ; = Qi — Q-1 = In(Q -1 + AQ;¢)- Q-1 = Qe

Qit-1
The approximation of the above equation is valid since the change in housing stock is quite

small relative to the existing housing stock. In this paper, we use housing permits as our

8 The FHFA HPI series can be downloaded at the following URL:
https://www.fhfa.gov/DataTools/Downloads/Pages/House-Price-Index-Datasets.aspx#qgat.
9 Retrieved from FRED, Federal Reserve Bank of St. Louis: https://fred.stlouisfed.org/seriessf CUURO000SAOL2.
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measure of new quantity AQ;;, and we scale up AlnQ;; by 100. In other words, we use the
percent change (100* AlnQ;;) in the housing stock as our measure of the quantity response of
demand shocks. Monthly county level permits data are obtained from the SOCDS Building
Permits Database of U.S. Department of Housing and Urban Development.2® The county
level permits data cover the period 1997Q1-2016Q4. We aggregate across counties and
months to create quarterly metropolitan area level aggregates using the 2013 definitions
provided by the census. County housing stock estimates are from the Census 2000 housing
units counts.'* We first aggregate across counties to create metropolitan area level housing
units counts in 2000. To form quarterly estimates of housing units counts for quarters after
2000, we add cumulative building permits for total units from 2000 on to the 2000 housing
units counts. Similarly, to from quarterly estimates of housing units counts for quarters before
2000, we subtract the reverse cumulative building permits for total units from 2000
backwards from the 2000 housing units counts.

HPY pick London as the leader for the argument that London is the largest city in
Europe but more significantly is a major world financial center. As the largest places for
economic activity, it is highly possible that economic shocks will first arrive at London and
then propagate out to the surrounding regions in UK. In this paper, we find that it is not
necessary that the largest metropolitan area lead other areas in the housing market. In terms
of the 2010 Census population, Los Angeles-Long Beach-Glendale (hereafter LA), is the
most populous area. However, in testing for cointegration among housing prices, only 5 out
of 21 areas show a significant cointegration relation with LA at the 5% significance level. In
contrast, 20 out of 21 areas show significant cointegration relation with San Jose-Sunnyvale-

Santa Clara (hereafter San Jose) at the 5% significance level. Theoretically, if house prices of

10 The building permit database contains data on permits for residential construction issued by about 21,000 jurisdictions
collected in the Census Bureau's Building Permits Survey. (https://socds.huduser.gov/permits/summary.odb)

1 The Census 2000 housing units counts are available at American FactFinder website
https://factfinder.census.qgov/faces/tableservices/jsf/pages/productview.xhtml?pid=DEC_00_SF1 HO001&prodType=table.

21


https://socds.huduser.gov/permits/summary.odb
https://factfinder.census.gov/faces/tableservices/jsf/pages/productview.xhtml?pid=DEC_00_SF1_H001&prodType=table

all other areas are cointegrated with a leading area’s house price, we should expect that any
pair of locations’ house prices are cointegrated. However, because of the finite sample
properties of the cointegration rank test (hereafter Cl), the pairwise Cl tests indicate quite
different cointegration patterns when choosing different leading areas. By the CI test based
on the bivariate vector error correction model, choosing San Jose as a leading area yields the
most meaningful results. Hence, in this paper, we pick our leading area as the one that shows
the most cointegrated relations with other areas and further confirm the exogeneity of the
leading area’s price shocks using the Wu-Hausman test later on in the estimation of the price

diffusion model.

3.2 Convergence of house price indexes in California

The logarithm of real HPI and their quarterly rates of change cross the 22 regions are
displayed in Figure 2. There is a clear upward trend for most of California metro areas over
the 1975-2016 period, with prices in San Francisco and San Jose rising faster than other
metro areas. Even though all of these metro areas’ HPI indices move downward or upward
together most of the time, there are obvious diverging behaviors in these HPI indices for the
post-2006 period. As all of these metro areas’ housing market recover from the crisis, there
are persistent gaps in the HPI indices, and it seems that these gaps will continue to exist for a
while.

Using San Jose as the dominant region, in the left panel of Table 2, we present trace
statistics for testing cointegration between San Jose and metro area i house price indexes,
computed based on a bivariate VAR(4) specification in p,y, and p;; fori = 1,2, ...,21. The
null hypothesis that the log of real house price index in San Jose is not cointegrated with that
in other metro areas is rejected at the 10% significance level or less in all cases. As stated in

HPY, cointegration whilst necessary for long-run convergence of house prices is not
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sufficient. We further test for the cotrending and the cointegrating vector corresponding to
(pie» Por) 18 (1, -1). The joint hypothesis that p;; and p,; are cotrending and their cointegrating
vector can be represented by (1, -1) is tested using the log-likelihood ratio statistic with an
asymptotic chi-squared distribution with degree of freedom 2. In this paper, we follow the
algorithm of Cavaliere, Nielsen, and Rahbek (2015) to calculate the 95% and 90%
bootstrapped critical values of the joint test, in which the null hypothesis is imposed on the
bootstrap sample. Cavaliere, Nielsen, and Rahbek (2015) show that the bootstrap test
constructed this way is asymptotically valid and it outperforms other existing methods.*?

As shown in the right panel of Table 2, the null of the joint test under consideration is
rejected at the 10% level for all the cases, except San Francisco and Visalia. Most of these
rejections are not marginal. For 11 out of these 21 metro areas, the null is rejected at the 5%
significance level. Thus, it seems that in California, HPI for metro areas are not converging in
the long-run. To understand the divergence of HPI in California, we run two separate
marginal tests for the cotrending hypothesis and for the CI vector being (1, -1), based on a
bivariate VAR(4) with unrestricted intercepts and restricted trend coefficients using the log-
likelihood ratio statistic. These two individual test statistics have a y12 limiting distribution.
Again, the critical values are based on the bootstrapping algorithm of Cavaliere, Nielsen, and
Rahbek (2015).

As shown in the left panel of Table 3, the null hypothesis of cotrending is rejected at
the 5% level for 8 metro areas, including Anaheim, LA, Salinas, San Diego, San Luis Obispo,
San Rafael, Santa Cruz, and Santa Rosa. For the test of cointegrating vector being (1, -1) with

the leader’s HPI based on the bivariate VAR(4) model with unrestricted intercepts and

121t is well known that the finite-sample properties of tests of hypotheses on the cointegrating vectors in vector
autoregressive models can be quite poor, and that current solutions based on Bartlett-type corrections or bootstrap based on
unrestricted parameter estimators are unsatisfactory, in particular in those cases where also asymptotic y2? tests fail most
severely.
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restricted trend (middle panel of Table 3), the null is rejected at the 10% level or less for the
same set of 8 areas for which the cotrending hypothesis is rejected.

One can conclude that except for these 8 metro areas, other metro areas in CA show
evidence of long-run convergence of log of real HPI with log of San Jose’s real HPI.
However, it should be pointed out that the base VAR model for those who do share a
common trend with the leading area is misspecified. The testing of CI vector being (1, -1) for
these area sharing a common trend with the leading area should be based on a bivariate
VAR(4) model with unrestricted intercepts only. Thus we run another log-likelihood test of
the CI vector being (1, -1), based on the bivariate VAR(4) model with unrestricted intercepts
and restricted trend coefficients if the cotrending test is rejected, otherwise based on a
bivariate VAR(4) with unrestricted intercepts. The last three columns of Table 3 show the test
results. Again, the critical values are based on the bootstrapping algorithm of Cavaliere,
Nielsen, and Rahbek (2015). For all of these 8 areas for which the cotrending test with San
Jose’s HPI is rejected, the null hypothesis that log of real HPI of these areas is cointegrated
with that of San Jose with CI vector (1, -1) is rejected at the 10% level or less. For the
remaining 13 areas that show cotrending evidence with San Jose, the null of CI vector being
(1, -1) is rejected for 9 of them. In total, the null of the CI vector being (1, -1) is rejected for
17 metro areas in CA.

From the above testing of over-identifying restrictions in bivariate VAR(4) models,
there is little evidence that the HPIs of metro areas in CA are converging in the long run.
Even though the HPIs of these metro areas are co-integrated with that of San Jose, 8 of them
tend to have different trending patterns than San Jose, and almost all of them have quite

different cointegrating coefficients than (1, -1). 3

13 We also study the long run converging relation between each metro area’s log of HPI and the log of HPI of the local
average of its neighbors. The empirical results show that p;, share a common linear trend with 7 7, but the cointegrating
vector differs from (1,-1).
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3.3 Price elasticity of supply of housing and convergence of house prices

We estimate error correction coefficients of log of real HPI of San Jose and other CA
metro areas in a cointegrating bivariate VAR(4) with unrestricted intercepts and restricted
trend coefficients if the cotrending test is rejected. Otherwise, the error correction term is
estimated based on a bivariate VAR(4) with unrestricted intercepts. From the simple demand
shock model, we find that the cointegration coefficient depends on the relative magnitude of
the supply elasticities through 8; = §;(1 + |7 1/]e?|) /(1 + 1€§1/|e$|), which suggests a
positive relation between the CI coefficient and the price elasticity of supply of housing.

The primary measure of supply side conditions is taken from Saiz (2010), as shown in
the third column of Table 1. Such supply elasticity estimates are simple nonlinear
combinations of the available data on physical and regulatory constraints, and predetermined
population levels in 2000. Because the definitions of metro area differ in this paper, only 19
metro areas (18 following areas and 1 leading area) have the supply elasticity measures. To
test the empirical application of the CI coefficient, we run the following regression using the
supply elasticity estimates from Saiz (2010):

Bi=c+bxel +v;,fori=1, 2,...,N.

Excluding Bakersfield for which the CI coefficient (17.13) is an outlier, we are left with 17
following metro areas (with such small sample size, standard errors are from bootstrapping
with 1000 replications). As shown in Table 4, the first column shows the regression result of
the CI coefficient on the estimated elasticities of Saiz (2010). The coefficient on the
estimated price elasticity of supply is positive and significant at the 1% significance level.
The positive significant coefficient on elasticity verifies the positive relation between the CI

coefficient and the price elasticity of supply, which is further depicted in Figure 3.
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In the second regression of Table 4, the explanatory variable is the share of
unavailable land for development (unaval). The results show that the higher the share of
unavailable land, the smaller the CI coefficient. From the logic that for severely land-
constrained places housing supply is highly inelastic as in Saiz (2010), this negative and
significant coefficient on the share of unavailable land is consistent with the derivation that
the CI coefficient is positively correlated with the supply elasticity of housing. However, we
find little evidence of a significant correlation between the CI coefficient and the WRLURI
index (a measure of the strictness of the local regulatory environment based on results from a
2005 survey of over 2000 localities across the country from Gyourko, Saiz and Summers,
2008). Also, the population size in 2000 and the percent change in population from 2000 to

2010 show little impact on the CI coefficient.

3.4 Estimates of house price diffusion models

The regression results for the price diffusion model in which San Jose acts as the
dominant metro area are summarized in Table 5. Estimates of the error correction coefficients,
@0 and ¢;,, are provided in columns 2 and 3 of Table 5. The estimates, ¢;,, the coefficient
on the error correction term ( pos—1 — Bibic—1 — vit) , captures the effect of deviations of
area i’s log of HPI from that of San Jose, and ¢;, is associated with (pi,t_1 —w;p ﬁt_l),
which measures the effect of deviations of area i’s log of HPI from its neighbors.

For the error correction term measured relative to San Jose, we find that it is only
statistically significant in five coastal areas (San Francisco, San Luis Obispo, San Rafael,
Santa Cruz, and Santa Rosa). In other words, only these five coastal metro areas show
significant adjustments to price deviations from the dominant region’s price level. The error
correction term measured relative to neighboring areas is statistically significant in seven

areas (San Jose, Merced, Sacramento, Salinas, San Diego, Stockton, and Vallejo).
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The remaining 10 areas, with none of these two error correction terms significant,
include the Los Angeles-Long Beach Combined Statistical Area (composed of LA, Anaheim,
Riverside, and Oxnard), the Fresno-Madera Combined Statistical Area (composed of Fresno
and Madera), Bakersfield, Modesto, Oakland, and Santa Maria. The non-significance of these
two error correction terms for these 10 areas are hard to explain. As stated in HPY, this
insignificance may be due to the fact that the sample period might not be sufficiently
informative in this regard, or these areas might have different error correcting properties that
the parsimonious specification can fully take into account.

Next let us turn to the short-term dynamics and spatial effects. As in HPY, we report
the sum of lagged coefficients, with the associated t-ratios provided in brackets (by the delta
method). Different from HPY, the own lag effects in this paper are quite significant with
moderate magnitudes for most of the areas, excluding only five areas, namely, Riverside, San
Diego, Stockton, Vallejo, and Visalia. Likewise, the lagged HPI changes from neighboring
areas are statistically significant for most of the areas, with the exception of San Jose,
Anaheim, LA, San Francisco, and Santa Maria. This significant evidence of the own lag
effects and of the lagged neighbors’ HPI changes, clearly highlight the importance of
dynamic spill-over effects from the neighboring areas as well as the persistence of the
housing prices movements.

The contemporaneous effect of San Jose HPI are sizeable and statistically significant
in all areas. There is no clear relation between the size of this contemporaneous effect and the
commuting distance of the area to San Jose. For most of the areas considered, the coefficients
on the San Jose lag effects offset a significant part of the San Jose contemporaneous effects.
We combine the San Jose contemporaneous effects and the lagged San Jose effects for each
area by summing the two estimates. Still we find no clear relation between the size of the

combined coefficients and the commuting distance to San Jose. In Figure 4, we plot the sum
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of the contemporaneous effect and lag effect of the leader’s HPI on each metro areas against
the supply elasticity estimates from Saiz (2010). As shown in the figure, metro areas with
more inelastic housing supply will be affected by the leader’s house price changes to a larger
extent than areas with more elastic housing supply. This negative relation between the supply
elasticity and the combined coefficient on leader’s price changes is consistent with the
derivation of & = c;o(1 + €§1/|€d|)/(1 + |€71/|€f]) from the diffusion model of the
demand shock.

The Wu-Hausman statistics, which test the hypothesis that HPI changes in San Jose
are exogenous to the evolution of house prices in other areas, show that the null cannot be
rejected for all of the metro areas at the 1% significance level. Only for Oakland and Santa
Cruz, the null is rejected at the 5% level, and for Stockon the null is rejected at the 10%
significance level. By the Wu-Hausman test results, we verify the assumption that housing
price changes in San Jose are exogenous to all other metro areas’ price changes and hence
confirm the assertion that San Jose leads the housing markets in all of the metro areas of

CA.14

3.5  Panel model estimation

In this section, we pool all of the individual estimations into panel regressions with
metro area fixed effects'®, and use quarterly data, annual data, and then biannual data to
explore how the frequency of the data affects the demand shock diffusion patterns. In order to
allow for heterogeneous diffusion patterns implied by varying local supply side conditions,
we run these panel regressions for three groups of metro areas. The first group consists of all

of the 21 following metro areas, and the second group includes 6 metro areas with the most

14 \We also study the time series estimation of each individual metro area’s construction diffusion model. Because of the
small sample size (76), the results are quite noisy and there is no clear pattern on the effect of the leader’s contemporaneous
price changes and the construction adjustments to short-run price deviations from its long-run equilibrium level. We resort to
the panel analysis of the construction diffusion model taking advantage of more estimation power.

15 In the panel regression, we set all of the lag orders to the maximum number 4 and include both of these two error
correction terms whether they are significant or not.
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inelastic housing supply (LA, Oakland, Oxnard, San Diego, San Francisco, and Santa Maria).
The last group is made up of the remaining 15 metro areas with more elastic housing supply.

The estimation results for the price diffusion model are summarized in Table 6. The
first three columns use the quarterly housing price data, with the first column for all of the 21
metro areas, and the second for the 6 least elastic areas, and the third for the remaining 15
relative elastic areas. From the first panel regression (Column 1 of Table 6), we find sizable
and significant leader contemporaneous effect (0.74 with standard error 0.022), and this
estimate is comparable to that from the individual time series estimates. This difference in the
estimates for these two groups of areas with different supply elasticities are not significant.

The coefficients on these two error correction terms are significant with the correct
signs, indicating housing prices in following areas will adjust upwards if they are below their
long-run equilibrium with the dominant area’s house price or with their neighbors’ house
prices. The error correction coefficients differ substantially for these two groups of areas. For
the inelastic metro areas, the coefficient on EC1 is 0.014, compared to 0.00088 for the elastic
metro areas. This result indicates that metro areas with more inelastic supply conditions will
adjust prices faster to any deviation from their long-run equilibrium with the dominant area’s
price level. The coefficient on EC2 is only significant in the elastic metro group, indicating
that only elastic areas’ housing prices will respond to short-run deviation from its long-run
equilibrium with its neighbors’ housing prices.

The leader lag effects are significant to the 4™ lag in the full sample and are similar in
magnitude for these two groups with different supply side conditions. Neighbor lag effects
are also significant, with a slightly larger magnitude for the elastic group. Own lag effects are
also significant, with similar magnitudes for both groups. Again, in the panel analysis, we see

that dynamic spillover effects from the neighboring areas are important in the diffusion
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analysis through the error correction terms as well as through the spatial lag terms, and it is
more important for areas with more unrestricted housing supply conditions.

Comparing the estimates of the first three columns with those of the middle three
columns of Table 6, we can see how the frequency affects the diffusion patterns of price
shocks. *® As we change from quarterly data to annual data, the error correction coefficients
are significantly larger. This indicates that in a longer time horizon, local housing markets
will adjust more thoroughly to the short-run price deviations from their long-run equilibrium.
The difference in the leader contemporaneous effect between the inelastic group and the
elastic group is still not statistically significant.

The last three columns of Table 6 show the results using the biannual data. Again, the
error correction coefficients become even larger with only EC1 significant. These two error
correction terms are not significant for the inelastic group. This is consistent with the
interpretation that the error correction coefficients measure the adjustment speeds of the
prices to their short-run deviation from their long-run equilibrium. As the data frequency
become lower, i.e., a longer time gap between observations, we may not be able to estimate
the short-run adjustment speeds. However, under the biannual estimation, the difference in
the leader contemporaneous effect between the inelastic group and the elastic group is much
larger and significant (0.80 with standard error 0.032 for inelastic and 0.59 with standard
error 0.029 for elastic).

To summarize for the panel regression of the price diffusion model, San Jose’s
contemporaneous effects are sizable and significant, and tend to be larger in metro areas with
more inelastic housing supply conditions. We also find strong evidence on price responses to
price deviations from their long-run equilibrium, with inelastic places adjusting prices faster

to the deviations from the dominant area’s price level. Moreover, there exist significant

16 Notice that in the annual and biannual regression, we only include 2 lag terms to save on observations lost due to lagging.
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spillover effects and own lag effects in the diffusion of price shocks. Also, longer horizons
allow for more thorough adjustments to price deviations.

The estimation results for the construction diffusion model are summarized in Table 7.
From the first panel regression (Column 1 of Table 7), we find sizable and significant leader
contemporaneous effect (0.44 with standard error 0.21). This estimate seems to be larger for
the group of metro areas with elastic housing supply (0.57 with standard error 0.28 in
Column 3 of Table 7) than that for the group with inelastic housing supply (0.39 with
standard error 0.22 in Column 2 of Table 7). However, this difference is not statistically
significant. The own lag effects (coefficient on LD.InHPI) is larger and more significant than
the leader contemporaneous effects.

The coefficients on these two error correction terms are significant with opposite
signs as in the price equations, indicating that following areas will depress construction if
their housing prices are below their long-run equilibrium with the dominant area’s house
price or with their neighbors’ house prices. The error correction coefficients differ
substantially for these two groups. For the inelastic metro areas, the coefficient on EC1 is
0.02 with standard error 0.022 (not significantly different from 0), compared to -0.042 with
standard error 0.0045 for the elastic metro areas. This result indicates that metro areas with
more elastic supply conditions will adjust construction faster in response to any price
deviation from their long-run equilibrium with the dominant area’s price level. The
coefficient on EC2 is -0.066 with standard error 0.033 for the inelastic group, compared to
0.058 with standard error 0.025 for the elastic group. The negative sign on EC2 for the
inelastic group is hard to explain in that it implies that these inelastic areas will boost
construction in the short-run even when their housing prices are below their long-run

equilibrium with their neighbor’s house prices.
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The leader lag effects and the neighbor lag effects are not significant. In contrast,
own lag effects are significant, with similar magnitudes for both groups. Thus, in the panel
analysis of the construction diffusion model, we see that dynamic price spillover effects from
the neighboring areas are important in the diffusion analysis only through the error correction
terms.

As we change from quarterly to annual data, the coefficient on EC1 is significantly
larger, indicating that in a longer time horizon, local housing markets will adjust construction
more to the short-run price deviations from their long-run equilibrium. However, the
coefficient on EC2 becomes insignificant for the annual regression. This insignificance of
EC2 in the annual data indicates that short-run spillover effects from neighbors are only
observed in higher frequency data. The difference in the leader contemporaneous effect
between the inelastic group and the elastic group is larger (0.92 with standard error 0.47 for
inelastic and 1.41 with standard error 0.59 for elastic) even though the difference is still not
statistically significant.

The last three columns of Table 7 show the results using the biannual data. As the
data frequency becomes lower, the short-run adjustments are not significant any more. The
own lag effects also tend to be insignificant. However, under the biannual estimation, the
leader contemporaneous effect become even larger, even though the difference between the
inelastic group and the elastic group is still not significant (1.58 with standard error 0.2 for
the whole group, 1.19 with standard error 0.25 for the inelastic group, and 0.59 with standard
error 0.029 for the elastic group).

To summarize for the panel regression of the construction diffusion model, San Jose’s
contemporaneous effects are sizable and significant, and tend to be larger in lower frequency
data. We find strong evidence on construction response to price deviations from their long-

run equilibrium in higher frequency data. Elastic places tend to adjust construction faster and
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to a larger extent to the deviations from the dominant area’s price level. Moreover, spillover
effects on construction work only through the error correction terms, and own lag effect is
larger than the leader contemporaneous effect in high frequency data but are dominated by
the leader contemporaneous effect in low frequency data.

Comparing the panel regression of the price diffusion model and that of the
construction diffusion model, we find quite different diffusion patterns of the demand shocks.
The leader contemporaneous effects are sizable and significant in both estimations, but the
difference in the leader contemporaneous effects for metro areas with different local supply
conditions is more significant for the price diffusion model. Short-run adjustment of prices to
price deviation from the equilibrium with the leader’s price level are faster for the inelastic
metro areas, while the elastic metro areas will adjust prices more rapidly to price deviation
from the equilibrium with their neighbor’s price level. In contrast, elastic areas will adjust
construction faster to price deviation from the equilibrium with the leader’s price level.
Spillover effects of neighbors’ demand shocks are transmitted in the price equations through
the neighbor lag effect as well as the error correction term, while neighbors’ spillover effects
impact construction only through the error correction term. Own lag effects are more
important in the construction diffusion model for higher frequency data, and leader
contemporaneous effect become more important for the construction diffusion model for

lower frequency data.

3.6  Spatial-temporal impulse response

In this section, we use the local projection method of Jorda (2005) outlined in Section
2.4 to study the impulse response of the effects of a positive unit shock to San Jose house
prices over time and across space. We study not only the effects of a leader’s price shock on

the other areas’ price changes, but also the effects of a leader’s price shock on the other areas’
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construction response. We first apply the local projection method to the price and
construction diffusion models for each individual metro areas, and then to the panel
regressions for both diffusion models.

In Figure 5, we plot the impulse response of the effects of a positive unit shock to San
Jose house price changes on the house price changes in other areas for the individual price
diffusion estimations. The left panel of Figure 5 shows the effects of the shock on house price
changes in 6 metro areas with the least elastic supply conditions (LA, Oakland, Oxnard, San
Diego, San Francisco, and Santa Maria), whilst the right panel shows the effects on house
price changes in the other 6 metro areas with the most elastic supply conditions (Bakersfield,
Fresno, Merced, Modesto, Stockton, and Visalia). As we can see from these impulse response
functions (hereafter IRFs) of the house price changes, the spontaneous responses are of the
same magnitude for most of these 12 metro areas regardless of the supply side conditions and
most of these IRFs go to zero in less than 5 quarters (except LA and Oakland). Thus, we do
not find very significant differences in the transmissions of the leader’s price shocks to areas
with different supply conditions.

Figure 6 illustrates the IRFs of a positive unit shock to San Jose’s price changes on
price changes (left panel) and housing stock changes (right panel) in other areas estimated
from the panel regressions. In each panel, “Elastic” stands for estimates from the panel
regression with 15 metro areas with relative elastic housing supply conditions, and “Inelastic”
stands from estimates from the panel regression with the 6 metro areas with the least elastic
housing supply conditions, and “All MSA” stands for estimates from the panel regression
with all of the 21 following areas. The left panel shows that IRFs of price changes do not
exhibit significant differences between elastic areas and inelastic areas, and the responses of
price changes to a unit shock of the leader’s price changes decrease to zero gradually within

10 quarters. In contrast, the right panel indicates that elastic areas exhibit significant larger
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construction responses to a unit shock to the leader’s price changes, and this response grows
larger after 5 quarters and remain above zero for more than 18 quarters. For inelastic metro
areas, these IRFs are not significantly different from zero.

To summarize the impulse response analysis, we find that a positive shock to San Jose
house price changes spills over to other regions’ price changes gradually regardless of the
distance to San Jose and regardless of the supply side conditions. However, a positive San
Jose’s house price shock will have a significant and persistent effect on construction in metro

areas with more elastic housing supply conditions.

4. Conclusion

This paper incorporates supply side conditions into the spatial and temporal
dispersion of shocks in a non-stationary dynamic system. Using California metro area house
prices we establish that San Jose is a dominant area in the sense of Pesaran and Chudik
(2010). House prices within each metro area respond directly to a shock to San Jose and the
overall effect of the dominant area’s shock is negatively correlated with the local supply
elasticities. Construction within each metro area also responds directly to a shock to San Jose,
and the overall effect of the dominant area’s shock is positively correlated with the local
supply elasticities. Impulse response analysis indicates that the construction response is more
persistent than the price response for metro areas with more elastic housing supply.

An important finding in this paper relative to Holly et al. (2011) is that local supply
conditions have greater impact on the diffusion patterns of a common demand shock in the
housing market than physical distance. When San Jose experiences a price shock, the effects
on price and construction in other areas tend not to attenuate with distance to San Jose. On
the other hand, impulse response functions (IRF) and other results indicate that local supply

conditions have important impacts on the responses to shocks in the dominant area. These
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findings complement the cross sectional dependence literature and reinforce the view that
local supply conditions may matter more than distance when modeling spatiotemporal

dynamics in the housing market.
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Figure 1: Housing market with demand side shocks
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Figure 2: California (CA) Real House Price Indices by Metro Areas
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Figure 3: ClI coefficients of log HPI versus supply elasticities
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Figure 4. Combined leader effects versus supply elasticities
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Figure 5: Impulse Response Functions of one unit shock to San Jose house price
changes over time from Individual OLS Regressions of the price diffusion model
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Figure 6: Impulse Response Functions of one unit shock to San Jose house price
changes over time from panel regression of the price and the construction diffusion
model
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Table 1: Metro areas, abbreviations, and data

Metro Areas Abbrev. Elasticity  pop_2010
Anaheim-Santa Ana-Irvine, CA Anaheim 3010232
Bakersfield, CA Bakersfield 1.64 839631
Fresno, CA Fresno 1.84 930450
Los Angeles-Long Beach-Glendale, CA LA 0.63 9818605
Merced, CA Merced 2.39 255793
Modesto, CA Modesto 2.17 514453
Oakland-Hayward-Berkeley, CA Oakland 0.70 2559296
Oxnard-Thousand Oaks-Ventura, CA Oxnard 0.75 823318
Riverside-San Bernardino-Ontario, CA Riverside 0.94 4224851
Sacramento--Roseville--Arden-Arcade, CA  Sacramento 2149127
Salinas, CA Salinas 1.10 415057
San Diego-Carlsbad, CA San Diego 0.67 3095313
San Francisco-Redwood City-South San San Francisco 0.66 1523686
Francisco, CA

San Jose-Sunnyvale-Santa Clara, CA San Jose 0.76 1836911
San Luis Obispo-Paso Robles-Arroyo San Luis Obispo  1.22 269637
Grande, CA

San Rafael, CA San Rafael 252409
Santa Cruz-Watsonville, CA Santa Cruz 1.19 262382
Santa Maria-Santa Barbara, CA Santa Maria 0.89 423895
Santa Rosa, CA Santa Rosa 1.00 483878
Stockton-Lodi, CA Stockton 2.07 685306
Vallejo-Fairfield, CA Vallejo 1.14 413344
Visalia-Porterville, CA Visalia 1.97 442179

Notes: Definitions of Metropolitan areas are based on the Office of Management and Budget (OMB) 2013
delineations. Column Elasticity is the supply elasticity estimates from Saiz (2010). Such supply elasticity estimates
are based on economic fundamentals related to natural and man-made land constraints. Column pop_2010 is the
population counts of 2010 Census.
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Table 2:
Trace cointegration tests with unrestricted intercepts and restricted trend coefficients,
and test of over-identifying restrictions in bivariate VAR(4) models of log HPI of
CA Metro Areas (1980Q1-2016Q4) Trace cointegration tests with unrestricted
intercepts and restricted trend coefficients, and test of over-identifying restrictions in
bivariate VAR(4) models of log HPI of CA Metro Areas (1980Q1-2016Q4)

H_0: Cotrending and

Trace Statistics Cointegrating vector is

CBSA Areas (1,-1) with San Jose

Ho: r=0 vs. Ho: r<=1vs. LR 9%5%  90%

Hiir>=1 Hq: r>=2 statistics BCV BCV
11244  Anaheim 35.16*** 10.96* 17.13** 15.06 13.15
12540 Bakersfield 29.89** 14.06** 13.34* 13.49 1221
23420 Fresno 28.8** 11.89* 12.7* 1293 1143
31084 LA 32.42%** 9.50 16.92** 1598 14.24
32900 Merced 29.8** 13.04** 14.26** 13.76 1261
33700 Modesto 28.13** 11.94* 12.93* 14.63 12.77
36084 Oakland 30.46*** 12.7** 12.62* 13.54 12.00
37100 Oxnard 34.29*** 12.61** 17.41** 1570 13.73
40140 Riverside 26.23** 10.52* 12.93* 1416 1271
40900 Sacramento 30.41** 11.92* 15.84* 17.16 15.73
41500 Salinas 27.49** 6.45 18.34** 15.70 14.08
41740 San Diego 27.47** 5.62 19.51** 13.80 11.57
41884 San Francisco 23.08* 7.82 9.16 1420 12.10
42020 San Luis 26.52** 521 18.95** 1548 12.98
42034  San Rafael 33.56%**  6.98 17.52%%  14.84 12.20
42100 Santa Cruz 27.79** 2.75 23.96** 1546 13.70
42200 Santa Maria 32.49%** 11.18* 16.13* 16.69 14.69
42220 Santa Rosa 31.38*** 9.35 18.04** 1548 13.89
44700 Stockton 28.38** 12.78** 12.76* 1341 12.32
46700 Vallejo 30.69*** 10.76* 17** 1493 13.64
47300 Visalia 26.79** 11.27* 12.42 1494 13.06

The trace statistics reported are based on the bivariate VAR(4) specification of log of real HPI of San Jose and
other metro areas in CA, with unrestricted intercepts and restricted trend coefficients.

2The trace statistic is the cointegration test statistic of Johansen (1991). The log likelihood ratio (LR) statistic
reported is for testing the cotrending restriction with the cointegration vector given by (1,-1) for the log real HP1 in
San Jose and the other metro area.

3For the trace test, the 99%, 95%, and 90% critical values of the test for Ho: r=0 are 30.45, 25.32, and 22.76. For
the trace test, the 99%, 95%, and 90% critical values of the test for Ho: r<=1 are 16.26, 12.25, and 10.49.

4BCV stands for bootstrap critical values, based on 1000 bootstrap replications. Bootstrapping algorithm is from
Cavaliere, Nielsen, and Rahbek (2015).

5* signifies that test rejects the null at the 10% level; ** signifies test rejects the null at the 5% level; **** signifies
that test rejects the null at the 1% level.
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Table 3: Test of over-identifying restrictions in bivariate VAR(4) models of log HPI
of CA Metro Areas (1980Q1-2016Q4)

H_0: Cointegrating vector is

H_0: Cotrending with H_0: Cointegrating vector .
Areas Leader ’ is (1,-1) withg Leadger g%)trt)rlé\:lr;[g tLe i?der based on
et O O po SO oo 9 9%
Anaheim  10.3** 998 881 13.06* 1327 1141 1306* 1327 1141
Bakersfield  0.02 6.48 536 122 862 698 1332** 999 892
Fresno 475 845 7.6  3.89 808 657 7.95% 803  6.89
LA 9.55%¢ 936 7.66 12.92* 13.06 1173 1292* 1306  11.73
Merced 3.62 818 646 3.24 819 7.05 10.64* 1085  9.55
Modesto  4.16 8.64 694 264 960 795 877 11.04  9.76
Oakland 3.74 9.16 756 5.00 974 857 887** 779  6.62
Oxnard 6.88 979 816 9.08 1213 1021 10.53** 828  7.21
Riverside  1.82 676 525 472 892 773 11.11** 986  9.05
Sacramento  6.54 12.82 1098 4.68 1071 912 9.29** 897 803
Salinas 141 1232 1048 1437** 1185 1026 1437** 1185  10.26
SanDiego  16.09** 13.33 1149 13.91** 1353 1174 1391* 1353  11.74
i?:ncisco 6.88 9.81 856 7.44 1091 963  2.28 1053  8.77
gabr;s';é's 16.01** 1296 1120 14.39** 1342 1178 1439* 1342  11.78

San Rafael ~ 15.38** 1146 9.80 9.01* 9.43 7.79 9.01* 9.43 7.79
Santa Cruz  22.23** 939 7.87 20.52** 1181 9.53 20.52** 11.81 9.53

Santa Maria  9.89 13.85 1196 9.73 13.88 1231 6.23* 7.02 6.07
Santa Rosa  12.68** 12.67 10.63 10.47* 11.20 9.70 1047  11.20 9.70
Stockton 2.70 845 691 257 8.26 7.09 10.06** 10.00 9.07
Vallejo 9.14 1111 935 7.73 10.84 9.13 7.86 9.08 8.15
Visalia 412 880 6.84 212 9.08 7.51 8.30 11.29 9.81

1 The first log likelihood ratio (LR) statistic reported is for testing the cotrending restriction for the log real HPI in
San Jose and the other metro area, based on the bivariate VAR(4) specification with unrestricted intercepts and
restricted trend coefficients.

2 The second log likelihood ratio (LR) statistic reported is for testing the cointegration vector given by (1,-1) for
the log real HPI in San Jose and the other metro area, based on the bivariate VAR(4) specification with
unrestricted intercepts and restricted trend

3 The third log likelihood ratio (LR) statistic reported is for testing the cointegration vector given by (1,-1) for the
log real HPI in San Jose and the other metro area, based on the bivariate VAR(4) specification with unrestricted
intercepts and restricted trend coefficients if rejecting the cotrending test, otherwise the base bivariate VAR(4)
specification only has a unrestricted intercepts.

4BCV stands for bootstrap critical values, based on 1000 bootstrap replications. Bootstrapping algorithm is from
Cavaliere, Nielsen, and Rahbek (2015).

5* signifies that test rejects the null at the 10% level; ** signifies test rejects the null at the 5% level; ****
signifies that test rejects the null at the 1% level.
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Table 4: ClI coefficients of INHP1 versus supply side conditions

1) 2) 3 (4) ()
VARIABLES beta_i beta_i beta_i beta_i beta_i
elasticity 2.65***
(0.48)
unaval -5.88*** -6.29*** S5.47*FF* -6.30***
(1.14) (1.24) (1.20) (1.46)
WRLURI 0.87 0.12 0.87
(0.97) (1.04) (0.90)
c.population_2010 -4.7e-07
#c.unaval (4.3e-07)
g.percent_change_SO_l 0.049
#c.unaval (2.17)
Constant -1.26**  4.97*** 4 .55%** 5.07*%**  4.54***
(0.57) (0.67) (0.86) (0.91) (0.92)
Observations 17 17 17 17 17
R-squared 0.704 0.674 0.691 0.777 0.691

Notes: beta_i stands for the ClI coefficient g; in the CI relation py; — B;p;:, from a bivariate VAR(4) of log of real
HPI of San Jose (py;) and other CA metro area (p;;) with unrestricted intercepts and restricted trend coefficients if
the cotrending test is rejected, otherwise with unrestricted intercepts only. Variable elasticity is the supply
elasticity estimates from Saiz (2010), which are simple nonlinear combinations of the available data on physical
and regulatory constraints. Variable unaval is the share of unavailable land for development from Saiz (2010).
Variable WRLURI is from the 2005 Wharton Regulation Survey of Gyourko, Saizm and Summers (2008) on the
elasticity of supply. Variable c.population_2010#c.unaval is an interaction term of the 2010 Census population
counts with the variable unaval, while variable c.percent_change_80_10#c.unaval is an interaction term of the
percent change of population from 1980 Census to 2010 Census with the variable unaval. Because the definitions
of metro area differ from Saiz (2010), only 18 following metro areas have the supply elasticity measures (with
Bakersfield for which the ClI coefficient (17.13) is an outlier, we are left with 17 metro areas). Standard errors in
parentheses are bootstrapped from 1000 repetitions. *** p<0.01, ** p<0.05, * p<0.1
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Table 5: Estimation of Region Specific House Price Diffusion Equation with San Jose as a Dominant Region (1980Q1-2016Q4)

Own Lag Neighbor Leader Lag Leader Wu-
Areas EC1 EC2 Effects Lag Effects Contemporaneous  Hausman k a kb kc
Effects Effects Statistics
San Jose 0.02*** 0.75*** 0.08 1 3
(2.97) (8.12) (0.95)
Anaheim 0.49*** 0.16 -0.44*** 0.73*** -1.35 1 1 1
4.2) (1.33) (-5.35) (12.02)
Bakersfield 0.47*** 0.60*** -0.74*** 0.64*** 0.56 3 2 1
(3.71) (3.25) (-5.84) (7.10)
Fresno 0.31** 0.76*** -0.74*** 0.6*** -0.61 4 1 1
(2.32) (3.95) (-5.10) (6.18)
LA 0.64*** 0.04 -0.41*** 0.72%** -1.64 1 1 1
(4.84) (0.26) (-4.79) (11.74)
Merced -0.03*** 0.17* 1.26*** -0.83*** 0.68*** -1.09 2 1 4
(-3.13) (1.67) (6.62) (-4.50) (5.83)
Modesto -0.44*** 1.67*** -0.52** 0.62*** -0.44 3 1 1
(-2.7) (5.94) (-2.41) (4.64)
Oakland 0.25* 0.34*** -0.43*** 0.86*** -2.07** 1 3 1
(1.88) (3.30) (-5.7) (19.77)
Oxnard 0.27** 0.37*** -0.5%** 0.8*** -1.08 1 1 2
(2.5) (2.98) (-4.71) (11.10)
Riverside 0.12 0.85*** -0.54*** 0.75*** -1.28 1 1 1
(0.91) (4.25) (-4.46) (8.80)
Sacramento -0.09*** 0.8*** 0.05*** -0.66*** 0.81*** -0.2 2 4 1
(-3.09) (6.08) (0.27) (-5.77) (10.58)
Salinas 0.00** -0.2** 1.22%** -0.79*** 0.97*** -0.8 1 2 1
(-2.00) (-1.98) (7.26) (-5.99) (11.19)
San Diego 0.06*** 0.14 0.54*** -0.43*** 0.64*** 0.52 4 2 2
(2.85) (0.73) (2.91) (-3.92) (7.81)
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San Francisco 0.04* 0.47*** 0.11 -0.47%** 0.81*** -0.84 4 1 2

(1.91) (4.41) (1.62) (-4.53) (15.58)

San Luis Obispo  0.08*** -0.03 0.22%* 0.56%** -0.6 1 1 0
(3.72) (-0.30) (2.1) (6.58)

San Rafael 0.08*** L0.5%**%  (,35%%* 0.8%** 0.64 2 1 0
(3.54) (-5.01) (4.22) (12.42)

Santa Cruz 0.14%** L0.55%** (. 5xx* 0.77%** 213 2 1 0
(4.75) (-5.22) (5.46) (10.87)

Santa Maria 0.55%** 0.1 -0.39%** 0.71%** -0.6 3 2 1
(3.28) (0.57) (-3.47) (8.38)

Santa Rosa 0.06%** L0.22%%  0.46%** 0.72%** 0.93 1 1 0
(3.07) (2.12) (4.19) (13.00)

Stockton -0.03** 0.07 1.04%%% 0, 84%** 0.97*** 1.77* 1 1 1
(-2.52) (0.63) (5.42) (-6.37) (10.56)

Vallejo -0.04*** 0,05 1.42%%* -0.8%** 0.68%** -0.41 4 1 1
(-3.16)  (-0.43) (6.88) (-5.85) (7.48)

Visalia 0.06 0.96%**  -0.81*** 0.55%** 0.05 1 1 2
(0.63) (6.44) (-5.15) (5.21)

Notes: This table reports estimates based on the price equations Ap;, = Go( Poc—1 — Bibit-1 — ¥it) + Gis(Pre—1 — WP fe-1) +a; + Zl 2 a,A Pie—t +
Zl”’ byAp $ R Zl o Cit Apo,e—1 + Eir fOT‘l =1,2,...,N. For i = 0 denoting the San Jose equation, we put a priori restriction, qbook— Coo = 0 EC1 “EC2”,
“Own lag effects”, “Neighbor lag effects”, “Leader Iag effects “Leader contemporaneous effects” relate to estimates of ¢;, @s, 1= g, Zl”’ by, Zl ¢y, and
;o , respectively. T ratios are in the parenthe5|s *** signifies that the test rejects the null at the 1% level, ** at the 5% level, and * at the 10% level. The error
correction coefficients are restricted such that at most one of them are statistically S|gn|f|cant at the 5% level. Wu- Hausman is the t- ratlo for testing Hy: y; = 0in
the augmented regresslon Aplt — ¢10( Po,t-1 ﬁlpl t-1 ytt) + ¢l$( Pit-1— Lp it— 1) + al + 21 aLlA Pit—1 t 21 1 LlAp it-l + Zl 0 Cll APO t-1 .ul‘(:Ot + gtt
where &, is the residual of the San Jose house price equation. In selecting the lag orders, k;q, ki, and k;., the maximum lag-order is set to 4 and the lag orders
are selected by Schwarz Bayesian criterion. All the regressions include an intercept term.
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Table 6: Panel Regression of House Price Diffusion Equation with San Jose as a Dominant Region (1980Q1-2016Q4)

) (2) | 3) | (4) 5) | (6) | (7) (8 | ©) |
Quarterly Quarterly Annua Annua . Biannual  Biannua
VARIABLES Eﬁal\rﬂti;% Inelastic Elastic A)ﬁnl\r;ll:e?:o Inelastic  Elastic ABIIIa R/rl];t?:) Inelastic Elastic
Metro Metro Metro Metro Metro Metro
EC1 0.0012** 0.014%*** 0.00088*  0.011*** 0.081*** 0.010*** (0.035*** 0.12 0.035**
(0.00045) (0.0032) (0.00050)  (0.0029) (0.021) (0.0032) (0.013) (0.088) (0.014)
EC2 -0.0060*** 0.0036 -0.0074***  -0.028**  0.060* -0.039***  -0.058 0.13 -0.11*
(0.0019) (0.0048) (0.0022) (0.012) (0.036) (0.014) (0.057) (0.20) (0.066)
D.price_leader 0.74*** 0.77%** 0.72%** 0.66***  0.70***  0.62***  0.66***  (0.80*** 0.59***
(0.022) (0.030) (0.028) (0.028) (0.043) (0.036) (0.023) (0.032) (0.029)
LD.price_leader -0.43*** -0.33*** -0.48*** -0.24*%**  -0.32*** -0.23***  (0.37***  0.46*** 0.34***
(0.036) (0.049) (0.046) (0.045) (0.065) (0.059) (0.066) (0.10) (0.087)
L2D.price_leader -0.053 -0.13** -0.024 0.029 0.059 -0.019 0.14** 0.048 0.12
(0.037) (0.050) (0.048) (0.046) (0.068) (0.059) (0.062) (0.098) (0.082)
L3D.price_leader -0.14>** -0.092* -0.16***
(0.037) (0.051) (0.048)
L4D.price_leader 0.13*** 0.021 0.15%**
(0.032) (0.044) (0.041)
LD.Spatial_InHPI 0.68*** 0.43*** 0.77%** 0.23*** 0.096 0.32*** 0.048 0.22 -0.030
(0.038) (0.055) (0.048) (0.081) (0.12) (0.11) (0.12) (0.22) (0.16)
L2D.Spatial_InHPI ~ -0.22*** -0.14** -0.23*** -0.099 -0.0056 -0.055 0.10 0.015 0.13
(0.042) (0.061) (0.053) (0.077) (0.12) (0.10) (0.12) (0.18) (0.16)
L3D.Spatial_InHPI ~ -0.080* 0.0014 -0.084
(0.044) (0.063) (0.056)
L4D.Spatial_InHPI -0.059 -0.12** -0.037
(0.038) (0.055) (0.049)
LD.InHPI 0.064*** 0.12%** 0.042* 0.42%**  0.49***  0.37***  -0.65*** -0.78***  -0.53***
(0.021) (0.041) (0.025) (0.057) (0.11) (0.069) (0.079) (0.18) (0.10)
L2D.InHPI 0.14*** 0.14*** 0.12%** -0.046 -0.099 -0.055 -0.33*** -0.10 -0.35%**
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(0.020) (0.039) (0.024)  (0.057)  (0.11)  (0.068)  (0.079)  (0.17) (0.10)

L3D.InHPI 0.18*** 0.097** 0.19***

(0.020) (0.039) (0.024)
L4D.InHPI 0.074%*** 0.18*** 0.054**

(0.021) (0.039) (0.024)
Constant -0.00090**  -0.000058 -0.0013*** -0.0060** -0.0027 -0.0071** -0.0032 -0.011 -0.00089

(0.00038)  (0.00051)  (0.00048)  (0.0025) (0.0035) (0.0032) (0.010) (0.013) (0.013)

Observations 3,003 858 2,145 714 204 510 336 96 240
R-squared 0.659 0.770 0.636 0.717 0.810 0.701 0.828 0.949 0.769
Number of 21 6 15 21 6 15 21 6 15
cbsa_md
Metro FE YES YES YES YES YES YES YES YES YES

Notes: This table reports estimates based on the price equations Ap; = ¢o(Por—1 — BiPit—1 — ¥it) + Ps(Piro1 — WP 5eoq) + @i + D A Pie—y +
YicabAp e + X0 € Apo oy + &y, fori=12,..,N. The dominant area is excluded in this panel regression. Variable D. price_leader (Ap,.) is the
contemporaneous price changes in San Jose, and LID.price_leader (Apo.—;) is the lagged price changes of order [ in San Jose for [=1, 2, 3, 4. Variable
LID.Spatial_InHPI (Ap ;,_;) is the lagged price changes of order [ of the neighbor of metro area i for [=1, 2, 3, 4. Variable LID.InHPI (Ap;._,) is the lagged
price changes of order [ in metro area i for [=1, 2, 3, 4. “EC1”, “EC2”, “D.price_leader” (Leader contemporaneous effects), “LD.price_leader’—
“ LA4D.price_leader” (Leader lag effects) , “LD.Saptial_InHPI”—* L4D. Saptial_InHPI” (Neighbor lag effects), “LD. InHPI"—*" L4D. InHPI” (Own lag effects),
relate to estimates of ¢, ¢, &,,6; — ¢4, by — by, and @, — a,, respectively. Standard errors are in the parenthesis. *** signifies that the test rejects the null at
the 1% level, ** at the 5% level, and * at the 10% level. The first three columns use quarterly HPI from 1980Q1 to 2016Q4; the first regression includes all of
the 21 following areas; the second regression is for metro areas with supply elasticity less than 0.9, more specifically including LA, Oakland, Oxnard, San Diego,
San Francisco, and Santa Maria; and the third regression is for the remaining 15 metro areas. Column 4 to Column 6 use annual HPI from 1980 to 2016, and the
last three columns use biannual data from 1980 to 2016.
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Table 7: Panel Regression of Construction Diffusion Equation with San Jose as a Dominant Region (1997Q1-2015Q4)

1) ) (©) (4) (5) (6) () (8) 9)
Quarterly Quarter_ly Quarte_rly Annual Annuql Annu_al Biannual Biannu_al Biannl_JaI
VARIABLES All Metro Inelastic Elastic All Metro Inelastic  Elastic All Inelastic Elastic
Metro Metro Metro Metro Metro Metro Metro
EC1 -0.041*** 0.020 -0.042***  -0.10*** 0.15 -0.11***  -0.028 -0.26 -0.024
(0.0039) (0.022) (0.0045) (0.034) (0.19) (0.039)  (0.090) (0.52) (0.10)
EC2 0.044** -0.066** 0.058** 0.15 -0.16 0.15 0.91* 0.77 1.11*
(0.020) (0.033) (0.025) (0.18) (0.33) (0.22) (0.51) (1.59) (0.66)
D.price_leader 0.44** 0.39* 0.57** 1.23*** 0.92* 1.41%*  1.58*** 1.19%** 1.71%**
(0.21) (0.22) (0.28) (0.43) (0.47) (0.59) (0.20) (0.25) (0.27)
LD.price_leader -0.49 0.041 -0.80 -2.08*** -0.57 -2.81***  0.039 0.58 -0.052
(0.39) (0.40) (0.52) (0.65) (0.65) (0.88) (0.55) (0.76) (0.77)
L2D.price_leader -0.63 -0.57 -0.68 -0.062 0.27 -0.32 0.24 0.51 0.024
(0.43) (0.44) (0.57) (0.67) (0.68) (0.91) (0.50) (0.68) (0.74)
L3D.price_leader -0.25 0.47 -0.60
(0.42) (0.43) (0.56)
L4D.price_leader 0.22 0.23 0.21
(0.33) (0.35) (0.45)
LD.Spatial_InHP -0.063 -0.77 0.57 0.80 -1.44 2.15 0.92 1.55 1.18
I
(0.51) (0.58) (0.67) (1.11) (1.25) (1.51) (1.07) (2.27) (1.52)
L2D.Spatial_InH 0.46 0.028 0.66 1.31 -1.00 2.00 1.96* 1.40 2.52
Pl
(0.60) (0.67) (0.79) (1.12) (1.33) (1.49) (1.05) (1.54) (1.62)
L3D.Spatial_InH 0.39 -0.88 0.93
Pl
(0.61) (0.66) (0.81)
L4D.Spatial_InH 0.68 -0.47 0.93
Pl
(0.50) (0.55) (0.67)
LD.InHPI 1.16%** 0.88* 1.00** 1.94%** 2.80** 1.26 -0.022 -1.24 -0.29
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L2D.InHPI
L3D.InHPI
L4D.InHPI
Constant
Observations
R-squared
Number of

cbsa_md
Metro FE

(0.36)
0.61
(0.39)
0.20
(0.39)
-0.078
(0.36)
0.22%%%
(0.0043)

1,575
0.351
21

YES

(0.52)
1.19%*
(0.55)
0.57
(0.54)
1.32%%%
(0.50)
0.14%%*
(0.0046)

450
0.387
6

YES

(0.44)
0.38
(0.48)
0.063
(0.48)
-0.40
(0.45)

0.25%%*
(0.0059)

1,125
0.366
15

YES

0.82)  (1.21)  (1.03)  (0.83)
-0.11 1.73 047  -1.56%*
(0.88)  (1.23)  (1.09)  (0.71)

0.84%%*%  Q51***  Q5**x 1 1Q***
(0.039)  (0.043)  (0.054)  (0.11)
399 114 285 189
0324 038 0338  0.322
21 6 15 21
YES YES YES YES

(1.84) (1.12)
-1.52 -1.84*
(1.25) (1.04)
0.73%%%  1.24%xx
(0.13) (0.14)
52 137
0.449 0.318
6 15
YES YES

Notes: This table reports estimates based on the price equations 100 * AlnQ; = ¢o( Por—1 — BiPir—1 — ¥it) + Ps( Piro1 — WP Seo1) + @ + Diey QA Dy +
YicabAp e + X0 € Apo oy + &, fori=12,..,N. The dominant area is excluded in this panel regression. Variable D. price_leader (Ap,.) is the
contemporaneous price changes in San Jose, and LID.price_leader (Apo.—;) is the lagged price changes of order [ in San Jose for [=1, 2, 3, 4. Variable
LID.Spatial_InHPI (Ap ;,_;) is the lagged price changes of order [ of the neighbor of metro area i for [=1, 2, 3, 4. Variable LID.InHPI (Ap;._,) is the lagged
price changes of order [ in metro area i for [ =1, 2, 3, 4. “EC1”, “EC2”, “D.price_leader” (Leader contemporaneous effects), “LD.price_leader’—
“ LA4D.price_leader” (Leader lag effects) , “LD.Saptial_InHPI”—* L4D. Saptial_InHPI” (Neighbor lag effects), “LD. InHPI"—*" L4D. InHPI” (Own lag effects),
relate to estimates of ¢, ¢, &,,¢; — ¢4, by — b,,and @, — a,, respectively. Standard errors are in the parenthesis. *** signifies that the test rejects the null at
the 1% level, ** at the 5% level, and * at the 10% level. The first three columns use quarterly HPI from 1997Q1 to 2015Q4; the first regression includes all of
the 21 following areas; the second regression is for metro areas with supply elasticity less than 0.9, more specifically including LA, Oakland, Oxnard, San Diego,
San Francisco, and Santa Maria; and the third regression is for the remaining 15 metro areas. Column 4 to Column 6 use annual HPI from 1997 to 2015, and the

last three columns use biannual data from 1997 to 2015.

49



References

Anselin, Luc. Spatial econometrics: methods and models. VVol. 4. Springer Science & Business
Media, 2013.

Bai, Jushan. "Inferential theory for factor models of large dimensions." Econometrica 71.1
(2003): 135-171.

Bai, Jushan. "Panel data models with interactive fixed effects.” Econometrica 77.4 (2009): 1229-
1279.

Bernanke, Ben S. "Housing, mortgage markets, and foreclosures.” Remarks at The Federal
Reserve System Conference on Housing and Mortgage Markets, Washington, DC. 2008.

Brady, Ryan R. "Measuring the diffusion of housing prices across space and over time." Journal
of Applied Econometrics 26.2 (2011): 213-231.

Capozza, Dennis R., Patric H. Hendershott, and Charlotte Mack. "An anatomy of price dynamics
in illiquid markets: analysis and evidence from local housing markets." Real Estate
Economics 32.1 (2004): 1-32.

Case, Karl E., and Robert J. Shiller. "The efficiency of the market for single-family homes."
American Economic Review 79 (1989): 125-137.

Cavaliere, Giuseppe, Heino Bohn Nielsen, and Anders Rahbek. "Bootstrap Testing of
Hypotheses on Co-Integration Relations in Vector Autoregressive
Models." Econometrica 83.2 (2015): 813-831.

Cliff, Andrew David, and J. Keith Ord. Spatial autocorrelation. VVol. 5. London: Pion, 1973.

Davis, Morris A., and Jonathan Heathcote. "Housing and the business cycle." International
Economic Review 46.3 (2005): 751-784.

Del Negro, Marco, and Christopher Otrok. "99 Luftballons: Monetary policy and the house price
boom across US states.” Journal of Monetary Economics 54.7 (2007): 1962-1985.

DiPasquale, Denise. "Why don't we know more about housing supply?” The Journal of Real
Estate Finance and Economics 18.1 (1999): 9-23.

Flood, Robert P., and Robert J. Hodrick. "On testing for speculative bubbles." The Journal of
Economic Perspectives 4.2 (1990): 85-101.

Genesove, David, and Lu Han. "A spatial look at housing boom and bust cycles.” Housing and
the Financial Crisis. University of Chicago Press, 2012. 105-141.

Ghent, Andra C., and Michael T. Owyang. "Is housing the business cycle? Evidence from US
cities." Journal of Urban Economics 67.3 (2010): 336-351.

Glaeser, Edward L., and Joseph Gyourko. "Urban decline and durable housing.” Journal of
Political Economy 113.2 (2005): 345-375.

50



Glaeser, Edward L., Joseph Gyourko, and Albert Saiz. "Housing supply and housing
bubbles." Journal of Urban Economics 64.2 (2008): 198-217.

Glaeser, Edward L., Joseph Gyourko, and Raven Saks. “Why have housing prices gone up?”
American Economic Review Papers and Proceedings 95.2 (2005): 329-333.

Glaeser, Edward L., and Bryce A. Ward. "The causes and consequences of land use regulation:
Evidence from Greater Boston." Journal of Urban Economics 65.3 (2009): 265-278.

Green, Richard K., Stephen Malpezzi, and Stephen K. Mayo. "Metropolitan-specific estimates of
the price elasticity of supply of housing, and their sources."” The American Economic
Review 95.2 (2005): 334-339.

Gyourko, Joseph, and Albert Saiz. "Construction costs and the supply of housing
structure.” Journal of Regional Science 46.4 (2006): 661-680.

Hernandez-Murillo, Rubén, Michael Owyang, and Margarita Rubio. "Clustered housing cycles."
(2015).

Holly, Sean, M. Hashem Pesaran, and Takashi Yamagata. "A spatio-temporal model of house
prices in the USA." Journal of Econometrics 158.1 (2010): 160-173.

Holly, Sean, M. Hashem Pesaran, and Takashi Yamagata. "The spatial and temporal diffusion of
house prices in the UK." Journal of Urban Economics 69.1 (2011): 2-23.

Hosios, Arthur J., and James E. Pesando. "Measuring prices in resale housing markets in Canada:
evidence and implications.” Journal of Housing Economics 1.4 (1991): 303-317.

Huang, Haifang, and Yao Tang. "Residential land use regulation and the US housing price cycle
between 2000 and 2009." Journal of Urban Economics 71.1 (2012): 93-99.

lacoviello, Matteo. "House prices, borrowing constraints, and monetary policy in the business
cycle." The American Economic Review 95.3 (2005): 739-764.

Ihlanfeldt, Keith R. "The effect of land use regulation on housing and land prices." Journal of
Urban Economics 61.3 (2007): 420-435.

Jorda, Oscar. "Estimation and inference of impulse responses by local projections.” The
American Economic Review 95.1 (2005): 161-182.

Kelejian, Harry H., and Ingmar R. Prucha. "A generalized moments estimator for the
autoregressive parameter in a spatial model." International Economic Review 40.2 (1999):
509-533.

Kelejian, Harry H., and Ingmar R. Prucha. "Specification and estimation of spatial autoregressive
models  with  autoregressive and  heteroskedastic ~ disturbances.” Journal  of
Econometrics 157.1 (2010): 53-67.

51



Kelejian, Harry H., and Dennis P. Robinson. "Spatial correlation: a suggested alternative to the
autoregressive model.” New directions in spatial econometrics. Springer Berlin
Heidelberg, 1995. 75-95.

Landvoigt, Tim, Monika Piazzesi, and Martin Schneider. "The housing market (s) of San
Diego." The American Economic Review 105.4 (2015): 1371-1407.

Leamer, Edward E. Housing is the business cycle. No. w13428. National Bureau of Economic
Research, 2007.

Lee, Lung-Fei. "Asymptotic Distributions of Quasi-Maximum Likelihood Estimators for Spatial
Autoregressive Models." Econometrica 72.6 (2004): 1899-1925.

Liu, Crocker H., Adam Nowak, and Stuart S. Rosenthal. "Housing price bubbles, new supply,
and within-city dynamics."” Journal of Urban Economics 96 (2016): 55-72.

Mayer, Christopher J., and C. Tsuriel Somerville. "Land use regulation and new
construction.” Regional Science and Urban Economics 30.6 (2000): 639-662.

Paciorek, Andrew. "Supply constraints and housing market dynamics.” Journal of Urban
Economics 77 (2013): 11-26.

Pesaran, M. Hashem. "Estimation and inference in large heterogeneous panels with a multifactor
error structure.” Econometrica 74.4 (2006): 967-1012.

Quigley, John M., and Steven Raphael. "Regulation and the high cost of housing in
California." The American Economic Review 95.2 (2005): 323-328.

Saiz, Albert. "The geographic determinants of housing supply.” The Quarterly Journal of
Economics 125.3 (2010): 1253-1296.

Strauss, Jack. "Does housing drive state-level job growth? Building permits and consumer
expectations forecast a state’s economic activity.” Journal of Urban Economics 73.1
(2013): 77-93.

Swank, Job, Jan Kakes, and Alexander F. Tieman. "The housing ladder, taxation, and borrowing
constraints.” (2003). DNB Report No.9, Amsterdam.

Whittle, Peter. "On stationary processes in the plane.” Biometrika (1954): 434-449.

52



Chapter 3: Fully Modified Least Squares Estimation of Factor-Augmented Cointegration

Regressions

53



1 Introduction

In this paper, we study estimation and a test of cointegration relations between an ob-
served integrated variable and some latent integrated factors. Usually, cointegration
analysis is on observable integrated series to explore possible long run equilibrium rela-
tions. Cointegration relations between an integrated variable and some latent unobserved
integrated factors have been understudied, but the need of this study is highlighted in the
recent development in the literature of forecasting under the nonstationary setting with
cointegration and large dynamic factor model involved.

One motivation of considering cointegration relations with latent integrated factors
is to find the most relevant long run equilibrium information through dimension reduc-
tion. Under the case when the number of integrated series is large and there is no clear
economic theory on the long run equilibrium relation between the series of interest and the
large panel of integrated series, latent factors can work as an efficient way to summarize
the pervasive source of nonstationarity in the large panel, which may help to explain the
series of interest better in the long run. Also, cointegration relations between the series
of interest and the latent factors of this large panel could be estimated much more easily
because of the much smaller number of series involved. Another motivating examples
is the diffusion index forecasts with integrated (or I(1)) variables, where the forecasting
equation is in the form of an error correction model (ECM) and there is a need to estimate
the error correction (hereafter EC) term. Estimating the EC term is basically estimat-
ing the cointegration regression between the variable of interest and the latent diffusion
index.

This idea of diffusion index forecasts in which covariability in a large number of
economic variables can be modeled by a relatively few number of unobserved latent vari-
ables (the latter also known as diffusion indexes) is appealing and has proved to be useful
in dealing with this high-dimensional problem (see Stock and Watson (1998), (2002a),

(2002b)). Most of the diffusion index forecasts have been done in a stationary setting
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by transforming integrated series into stationary series, but most economic time series
frequently exhibit characteristics that are widely believed to be intrinsically nonstationary.
Cointegration among some integrated macroeconomic variables may help with forecasts
by adding long-run information into the model. Transforming integrated series into sta-
tionary series may throw useful long run information away and result in over-differenced
equations.

The Factor-augmented Error Correction Model (FECM) introduced by Banerjee and
Marcellino (2009) is an extension of the diffusion index forecasts to I(1) variables with
possible cointegration relation taken into account. By adding an cointegration relation
to the dynamic factor models and modeling the factors jointly with a limited set of
economic variables of interest from the large dataset, the FECM method have been shown
to improve over both the Error Correction Model (ECM), by relaxing the dependence
of cointegration analysis on a small set of variables, and the Factor-augmented Vector
Autoregression (FAVAR, Bernanke, Boivin, and Bernanke et al., 2005), by allowing for the
inclusion of error correction terms in the equations for the key variables under analysis.
Further studies in Banerjee, Marcellino, and Masten (2014a, 2014b) show that the FECM
generally offers a higher forecasting precision relative to the FAVAR.

However, in the above studies of FECM, the authors outline their underlying data
generating process (DGP) using the true latent factors, while their estimation processes
are based on estimated factors. It is well known that estimated factors involve estimation
errors even under a stationary setting (Stock and Watson, 1998; Bai and Ng, 2002, Bai,
2003). In models with weak stationary factors, estimated factors may be very noisy
and may fail to provide useful information for the purpose of forecasting. However, as
long as the latent factors embed strong signals in the large panel of data and could be
consistently estimated, the estimation errors in the factors are negligible and inference for
factor-augmented regressions could be conducted as usual as shown in Bai and Ng (2006).

Based on results in Bai (2003), Bai and Ng (2006) show that the least squares estimators
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obtained from factor-augmented regressions are consistent with usual converging speeds
and are asymptotically normal, given that signals embedded in factors are strong and
could be consistently estimated.

For large panels of integrated series, estimation errors in latent integrated factors
could be substantial given the fact that estimators of the integrated factors are usually
constructed as partial sums of the principal component estimators to a first-differenced
panel. No theoretical examination has been undertaken to show that the estimation errors
in the estimated integrated factors are negligible and thus to show that the usage of
estimated integrated factors for the cointegration estimation and the factor-augmented
error correction model estimation are valid. In this paper, we try to fill this gap by
developing asymptotic theories for estimators of the cointegration regression between
an integrated variable and some latent factors. Given that the latent integrated factors
are strong and could be consistently estimated, our results indicate that the direct least
squares estimator of the cointegration relation based estimated factors are consistent. This
will provide theoretical justification for the usage of estimated factors in the estimation
of FECM. We also show that given the factors are consistently estimated the traditional
residual-based cointegration tests between the integrated variable and these latent factors
also work as usual.

As stated above, the cointegration estimation considered in this paper involves a
generated regressor issue. Pagan (1984) provides extensive discussions on situations when
regressions involve generated regressors from another regression, and provides results on
the consistency and the efficiency of two-step estimators as compared to joint estimators
of the two regressions. The analysis in Pagan (1984) is quite classic in the sense that
regressors are all stationary and the first-step estimations of the two-step estimators
are usually least squares estimations. In the cointegration regression considered in this
paper, we also use a two-step procedure, with estimating the latent factors in the first

step and estimating the cointegration regression using the estimated factors in the second
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step. The main difference from Pagan (1984) is that the main regression we focus on

is a cointegration regression with integrated regressors and the factor analysis in our

first step can not be treated as a least squared regression given the factor model we are
considering. And given the nature of the large dimensional factor model, a joint estimation
of the factor model and the cointegration regression seems impossible and thus we do not
have a benchmark to infer the efficiency of our two-step estimators. Hence, in this paper,
we focus on the consistency and inference of the cointegration relation estimator using
generated factors from a large panel of integrated series.

The factor model this paper assumes is a more realistic nonstationary large-dimension
factor model which allows for possible I(1) idiosyncratic components as in Bai and Ng
(2004). The factor model in the current FECM literature, such as in Banerjee and Mar-
cellino (2009), only allows for stationary idiosyncratic components, imposing a large
number of cointegration relations in the large-dimension factor model. This corresponds
to the factor model considered in Bai (2004), which seems unrealistic in the real world
given the fact that many macroeconomic variables are not cointegrated. Hence, this paper
adopts the factor model in Bai and Ng (2004), and try to estimate and test the cointe-
gration relation between these pervasive sources of nonstationarity in this large panel
of integrated series and another integrated variable of interest. The latent nonstation-
ary factors are allowed to cointegrate to some extent, which is equivalent to allowing
for stationary common factors in the factor model. Also, the integrated variable of in-
terest could be one series outside of the large panel dataset from which the factors are
extracted.

Given the large-dimension nonstationary factor model and the estimates of the
latent integrated factors in Bai and Ng (2004), the next step is to explore the asymptotic
properties of the estimates of the cointegration relation between the integrated variable
of interest and the latent factors using estimated factors. Another extension this paper

highlights is that we allow for the correlation between the latent regressors and the error
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term in the cointegration equation of interest, which implies endogeneity in the latent
regressors but is often assumed missing in previous literature. To account for potential
serial correlation and endogeneity in the cointegration regression of interest, we adopt the
fully modified least squares (FM-OLS) estimation of the cointegration equation developed
in Phillips and Hansen (1990) and Phillips (1995).

As shown in Phillips and Durlauf (1986), for regressions with integrated processes,
the asymptotic theory for conventional tests and estimates involves major departures
from classical theory and raises new issues of the presence of nuisance parameters in the
limiting distribution theory. To get nuisance parameter-free asymptotic distributions of es-
timates for regressions with integrated processes, Phillips and Hansen (1990) and Phillips
(1995) propose fully modified least squares (FM-OLS) regression, based on which the
asymptotic distribution of Wald test statistic is shown to involve chi-squared distributions.
These FM-OLS estimates account for serial correlation and endogeneity in the regressors.
We follow the FM-OLS regression of Phillips and Hansen (1990) and Phillips (1995) to get
estimates of the cointegration coefficients with asymptotic distributions free of nuisance
parameters, which in turn facilitate hypothesis testing. Nonstationarity in the latent re-
gressors does not affect the consistency of estimates even when the latent regressors are
correlated with error terms.

In some sense, our setting up is similar to the cointegrating regressions with messy
regressors considered in Miller (2010). In Miller (2010), the integrated regressors are messy
in the sense that the data may be mismeasured, missing, observed at mixed frequencies,
or may have mildly nonstationary noise. It is shown in Miller (2010) that canonical coin-
tegrating regression (CCR) is valid even when the error term is not covariance stationary.
Just like FM-OLS, CCR is also a covariance-based technique used to estimate the cointe-
grating vector of a prototypical cointegrating regression (Park 1992). In the cointegrating
regression considered in our paper, we can think of the integrated factors as the messy

regressors with measurement errors. The measurement errors (or the estimation errors) of
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the latent factors are shown to be covariance-stationary in Bai and Ng (2004). Thus there
is no need to resort to the CCR and we can get by using the FM-OLS, which requires
covariance stationary errors.

In short, our estimation and testing of the cointegration relation between an observed
nonstationary series and some latent factors works under a two-step process. The first step
is to estimate nonstationary factors from the large nonstationary panel dataset consis-
tently following the method in Bai and Ng (2004). The second step is to get the FM-OLS
estimates of the cointegration relation between the integrated variable of interest and the
latent integrated factors using the estimated factors from the first step. We derive the
asymptotic properties of the FM-OLS estimates of the cointegration coefficients, which
allows for possible hypothesis testing and inferences. Traditional residual-based cointe-
gration tests with estimated factors are shown to have usual limiting distributions given
factors are estimated consistently and thus could be used in empirical work without doubt.
In the Application section, we propose the Factor-Augmented Diffusion Index (FADI)
forecasting method by adding an error correction term into the traditional diffusion index
forecasts of Stock and Watson (2002a). In the last section, we use a large panel data set
of US macroeconomic variables from Stock and Watson (2005) to study possible cointe-
gration relations among the series in the large panel and the factors, and show that the
FADI method with consistently estimated factors could improve over the FECM method
in Banerjee and Marcellino (2009) for certain variables under study in short forecasting
horizons.

The paper proceeds as follows. Section 2 introduces the model and states the under-
lying assumptions. Section 3 derives the properties of the FM-OLS estimates and their
asymptotic distributions. Section 4 discusses the cointegration test among an observable
nonstationary series and a set of possibly cointegrated nonstationary latent factors. The
Factor-Augmented Diffusion Index (FADI) forecasting method is discussed in Section

5, and an empirical example on the nonstationary panel of Stock and Watson (2005) is
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discussed in Section 6. Section 7 concludes the paper and summarizes its main results.
Derivations and proofs are given in the Appendix.

The notation and terminology that we use in the paper are taken from Phillips
(1995) and Bai ang Ng (2004). We define the matrix Q = S5 F(uju,) as the long-
run variance matrix of the covariance stationary time series u; and write Irvar(u;) = 2.
Similarly, we designate long-run covariance matrices as Ircov(-), and we use lrcov(-) to
signify one-sided sums of covariance matrices, e.g., A = >3 F(uguy), which is called the
one-sided long-run covariance. BM (2) denotes a vector Brownian motion with covariance
matrix €2, and we usually write integrals like fol B(s)ds as fol B or simply [ B when
there is no ambiguity over limits. The notation y; = I(1) signifies that the time series
Yy 1s integrated of order one, so that Ay, = I(0). In addition, the inequality ¢ > 07

denotes positive definite when applied to matrices, and the symbols “ LN mow By kg g,

W —

=7 and “ :=

b

signify convergence in distribution, convergence in probability, almost
surely, equality in distribution, and notational definition, respectively. We use || A|| to
signify the matrix norm (tr(A A))'/2, |A| to denote the determinant of A, vec(-) to stack
the rows of a matrix into a column vector, [z] to denote the largest integer < x, and all
limits in the paper are taken as the sample size (n,T) — 00, except where otherwise

noted.

2  Model and Assumptions

In this paper we are interested in estimating and testing the cointegration relation be-
tween an observed I(1) variable and latent I(1) factors illustrated in the following equa-
tion:

Y =a F + ¢, (1)

where 1, is an integrated scalar series, F} is an r-dimensional vector of integrated latent

factors, and ¢, is a stationary scalar. The motivating example for the above cointegration
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analysis is the diffusion index forecasts with I(1) variables, where the forecasting equation
is in the form of an ECM model as follows:

’ Yt— Ay— Ay_
Ay, =8 S ) T4, R I (2)

Fi AF,, AF,_,

In the above forecasting equation, the key component is the EC term, 5/ (ye—1, F,_|)". Since
the factors are unobserved, estimated factors are used to form forecasts in empirical appli-
cations. However, there is no theoretical work to justify the usual estimation of cointegra-
tion regressions and the above factor-augmented error correction model using estimated
factors. This paper tries to fill this gap by studying the direct estimation of the cointe-
gration relation in equation (1) and discuss the cointegration test between the integrated
variable of interest y; and the latent vector of integrated factors Fj.

The vector F} is unobservable, but could be estimated from the following factor model

as in Bai and Ng (2004):

Xit = ¢; + Bit + /\;Ft + €, (3)
(I = L)F, = C(L)n,, (4)
(1 —p;L)esw = D;(L)ei (5)

where X;; (1 = 1,2,...,n; t = 1,2,...,T) is a large set of integrated observable variables,
C(L) =372, G517 and Di(L) = 3772 Dy L. The factor, %, is an r dimensional vector of
random walks. We assume that there are ry cointegration relations and r; common trends
among these 1(1) factors, with r = ry + r1. In the above factor model, the idiosyncratic
components are allowed to be nonstationary. If p, < 1, the idiosyncratic error e;; is sta-
tionary, while if p, = 1, the idiosyncratic error e; is I(1). The possibility of nonstationary
idiosyncratic components in the above model allows us to model difference sources of non-

stationarity in X;;. If F; is nonstationary but e; is stationary, the nonstationarity of Xj; is
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due to a pervasive source. On the other hand, if F;} is stationary but e;; is nonstationary,
then the nonstationarity of X;; is from a series-specific source. The PANIC method-Panel
Analysis of Nonstationary in Idiosyncratic and Common components developed in Bai
and Ng (2004) can detect whether the nonstationarity in a series is pervasive, or variable-
specific, or both. Also, Bai and Ng (2004) have shown how to estimate the latent factors
by the method of principal components and determine the number of common trends 7,
when neither F; nor e;; is observed.

Let M < oo be a generic positive number, not depending on 7" or n. The factor model

satisfies the following assumptions as in Bai and Ng (2004):

Assumption 1 (i) For nonrandom X;, | Ni|| < M; for random N\, E|N|* < M; (ii)

n
% STAN, B XA >0 asn— oo for some (r x 1) positive definite non-random matriz X
i=1

Assumption 2 (i) n, ~ iid(0,%,), E|n,||* < M; (i) var(AF,) = > o0 CiE,CY > 0; (id1)
> 20 dllCill < M; and (iv) C(1) has rank ry, 0 <7y <7

Assumption 3 (i) For each i, e;; ~ iid(0,0%), Eleq|* < M, 3772 j|Dij| < M, w?, =
D;(1)20% > 0; (ii) E(eney) = my with Son | |7y;| < M for all j; (i) E|N"Y2 SN [eieei —

E(eiseq)]|* < M, for every (t,s).

Assumption 4 The errors €, {n,}, and the loadings {\;} are three groups of mutually

independent groups.
Assumption 5 E|Fy|| < M, and for every i = 1,2, ....,n, Eleyp| < M.

Assumption 1 on the factor loadings is to guarantee that the factor structure is
identifiable. Assumption 2 assumes that the short run variance of AF; is positive definite,
which guarantees that the principal component analysis of the first-differenced factor
model work. However, the long-run covariance of AF; can be reduced rank to permit

linear combinations of I(1) factors to be stationary. When there are no stochastic trends,
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ry = 0 and C(1) is null because AF; is over-differenced. On the other hand, when r > 0,
we can rotate the original F; space by an orthogonal matrix A such that the first
elements of AF; are integrated, while the final ry elements are stationary. We can denote
this rotation by A = [A;, Ay)', where A; is r x rq satisfying AJA; = I, and A] Ay = 0.
Under Assumption 3, (1 — p;L)e; (with p; possibly different across i) is allowed to be
weakly serially and cross-sectionally correlated. Assumption 4 assumes €;, {n,}, and
{\;} are mutually independent across ¢ and ¢, while Assumption 5 is an initial condition
assumption imposed commonly in unit root analysis.

The factor estimates are based on the application of principal component analysis
to the first-differenced data as in Bai and Ng (2004). Normally, the principal component
method is applied to data in level. When the idiosyncratic term e;; is stationary, the
principal components estimators for F; and \; have been shown to be consistent when
all the factors are I(0) (Bai and Ng, 2002) and when some or all of them are I(1) (Bali,
2004). But when e;; has a unit root, a regression of X;; on F; is spurious, and the esti-
mates of F; and \; based on data in level will not be consistent. The method of principal
components to the first-differenced data in Bai and Ng (2004) could obtain estimates of
F, and e;; that preserve their orders of integration, both when e;; is I(1) and when it is
1(0).

To be precise, suppose the data in level is denoted by X, a data matrix with T time-
series observations and n cross-section units. Taking the first difference of X to yield
x, a set of (T' — 1) x n stationary variables, we could get the first-differenced factor

model:

Tip = /\;ft + Zit, (6)

where z;; = AXy, fi = AF;, and 2z = Aey. Let f = (fa, f3, ..., fr) and A = (A, ..., An).

The principal component estimator of f, denoted f , is v/T'— 1 times the r eigenvectors
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corresponding to the first r largest eigenvalues of the (T"— 1) x (T' — 1) matrix zz’. Under

the normalization f'f/(T — 1) = I,, the estimated loading matrix is A = 2/f/(T — 1).

Define for t = 2, ..., T,

s=2

According to Bai and Ng (2004), under Assumptions 1-5, there exists a matrix H with

rank r such that as (n,T) — oo,

max Hﬁt — HF,+ HFy|| = Op(Tl/Qn—lﬂ) + Op(T_1/4).

1<t<T

Without loss of generality, we assume that at ¢ = 1, F} = 0. Then we have max;<;<p ||Ft

HE|| = O,(T"?N~12) 4 O,(T~/%). This result implies that F} is uniformly consistent for

HF; (up to a shift factor HFy) provided T'/n — 0 as (n,T) — oo.

Since the factor estimator is estimating a rotation of the original factors, we assume
that there exist an orthogonal matrix A such that the first r; elements of AHF; are
integrated, while the final ry elements are stationary. One such rotation is given by
A = [Aq, Ay, where Ay is r x 1y satisfying AJA; = [, and AJA; = 0. We define
Fyy = A|HF, to be the r; common stochastic trends and Fy, = A,HF; to be the rg
stationary elements resulting from such a rotation.

In this paper, we consider the possibility that nonstationary regressors, the unob-
servable regressors Fy, may be endogenous in the regression equation (1). As in Phillips
(1995), which studies the fully modified least squares estimates to account for serial cor-
relation effects and for the endogeneity in the regressors, we allow for the innovations of
F; to be serially correlated and possibly correlated with the idiosyncratic terms in the

regression equation (1). Recall from the factor model (3)-(5), we have

AFlt == (I - L)A&HFt == A/1HC<L>771§ = U1,
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t
Fyy = AyHF, = AYH(Fy + Z C(L)n,) = usy, (9)
s=1

Let u, = (uy,uy,), v = (e, uy) = (64, uy,,uy), and ¥, = & @ ugy. Asin
Phillips (1995), we assume that v, is a linear process that satisfies the following assump-

tion.

Assumption 6 (EC-Error Condition)
(a) v =C(L)er = 3 72 Cierj, 22520 3°l|Cyl| < o0, |C(1)] # 0 for some a > 1.
(b) € is i.i.d. with zero mean, variance matriz X, > 0 and finite fourth order

cumulants.

(c) E(;;) = E(eryj @ ug) =0 for all j > 0.

Assumption 6 (EC) ensures the following functional central limit theorem (FCLT) for
v to hold:
o

% > w5 B(r) = BM(Q), for r € [0, 1],

where Q = C(1)X.C(1)" is the long-run variance matrix of v;. We use ¥ = E (vpvy) to
denote the variance matrix of v;. The variance matrix > and long-run variance matrix €2
of v, are partitioned into cell submatrices ¥;; and €2;; (i, j=0, 1, 2) conformably with .
The Brownian motion B(r) can be partitioned into cell vectors B;(r) (i=0, 1, 2) similarly.

We also have
1 r d > ’ /
N D o NO,Qyy), Q= Y Elag,; ©ustiy, ).
t=1 j=—00
The one-sided long-run covariances are defined as

E (vwé) ;

1

A_:

0
k=
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and
A:2+A:§:E@WQ,
k=0

which can also be partitioned into cell submatrices conformably with ;.

The approach we are following requires the estimation of both 2 and A, which
is typically achieved by kernel smoothing of the component sample autocovariances.
Since factors are unobservable, the sample autocovariances depend on estimated fac-
tors. Kernel estimates of {2 and A take the following general form (see, e.g., Priestley

(1981))

N
-

E: w(j/E)T(), and A= w(j/K)L()), (10)

<.
Il
o

where w(-) is a kernel function and K is a bandwidth parameter, with truncation in the
sums given above occurs when w(j/K) = 0 for |j| > K. The sample covariances in (10) are
given by

f(]) =7 Z ﬁt+j77;>

1<t,t+5<T

where 0; = (5t,ﬂ/1t,u2t)/, Gy = Fyy — FLt_l = A;Aﬁ’t, Gy = Fyy = A;Ft, and &; is the
residual from a preliminary least squares regression of 3; on F,. Again, Q) and A can be
partitioned into cell submatrices conformably with v;.

We also define uy, = (uy,, Auy,) = AH f,, where the subscript “a” is denoting
the elements corresponding to uy; and Awug, which occur after the rotation A is taken.
Similarly, the long-run covariance matrices Qo4, Q20a, Doa, Aae and their kernel estimates
are defined in terms of the autocovariances and sample autocovariances of u,. As pointed
out in Phillips (1995), the submatrix of €,, corresponding to the difference Auy, i.e.
QAuyAuy, 1S & zero matrix, since Ausg is an I(-1) process and therefore has zero long-run
variance. By the same reasoning, the submatrix of g4, viz. gaq,, is also a zero matrix.
The presence of some stationary components (viz. Fy) in the regression equation (1) leads

to these degeneracies in the long-run covariance matrices {2, and {2,,. One thing to keep
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in mind is that since we assume that the rotation matrix A is unknown beforehand as

in Phillips (1995), the kernel estimates that the Fully-Modified approach relies on, Qo 7
and 7, are kernel estimates of the long-run covariances oy = lrcov(e;, AHF;) and

Qpp = lrcov(AHF,, AHF}). These kernel estimates and long-run covariances are the same
as those of y, and €, after transformation by A. Because of the degeneracies in the
long-run covariance matrices, the limit behavior of the kernel estimates of these matrices
needs to be handled carefully. (In the proof, we borrow some results from Lemma 8.1 in
the Appendix of Phillips (1995).)

We use the same class of admissible kernels as in Phillips (1995).

Assumption 7 (KL-Kernel Condition) The kernel function w(-): R — [—1,1] is a twice
continuously differentiable even function with

(a) w(0) =1, w'(0) =0, W' (0) # 0; and either

(b) w(z) =0 for |x] > 1, with limy1w(x)/(1 — |z|)*=constant, or

(b’) w(z) =O0(x72), as |z| — 1.

Under Assumption 7 (KL) we have

lim (1 —w(z))/2* = —(1/2)w"(0),

x—0

and thus the characteristic exponent (r) of the kernel w(z) as defined in Parzen (1957)
is 7 = 2. Under Assumption 7 (KL) with (a) and (b) come the commonly used Parzen
and Tukey-Hanning kernels, and under Assumption 7 (KL) with (a) and (b') comes the
Bartlett-Priestley or quadratic spectral kernel (Priestley 1981, p.463).

The bandwidth expansion rate of K = K(7T) as T — oo are defined according to
Phillips (1995):

Definition 1 (ezpansion rate order symbol O, ): For some k > 0 and for K monotone
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increasing in T we write

K = O.(T") if K ~ cp(T*) as T — oo,

where cr is slowly varying at infinity (i.e., cry/cr — 1 asT — oo for x > 0).

Using this notation we outline a set of conditions on the bandwidth expansion rate as

T — o0.

Assumption 8 (BW-Bandwidth Expansion Rate). The bandwidth parameter K in the

kernel estimates (10) has an expansion rate of the form

BW(i). K = O.(T*) for some k € (1/4,2/3);

i.e., K ~ cp(T*) for some slowly varying function cr and thus K/T?*® + T4 /K — 0 and
K*/T — o0 as T — oo. Some of our results require other bandwidth expansion rates which

we designate as

BW(ii). K = O,(T") for some k € (0,2/3),
BW(iii). K = O.(T*) for some k € (1/4,1),

BW(iv). K = O.(T*) for some k € (0,1).

As will be shown in Theorem 1 of this paper, Assumption 8 (BW) is not enough to
guarantee the consistency of the kernel estimates when the regressors involve estimation
errors. In the estimated factor context, an extra condition requiring that the estimation
errors in the factors do not accumulate at a rate faster than the expansion rate of the

bandwidth K should be imposed.
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3 Inference with Estimated Factors

3.1 OLS estimation

Recall the regression equation given in (1):
Yt = OélFt + &

Let & be the least squares estimates of the regression of y, on F}, (given in equation (7))
for t = 1,...,T. The OLS estimates can be written as 6 = (F'F)~'F’Y in which Y =
(y1,...,yr) and F= (F‘l, ...,FT)/. Define § = H " a. Denote ¢ = (eq,...,ep), F} = FH Ay,
Fy=FH Ay, Fy = FA,, and Fy = F A,.

Lemma 1 Suppose Assumptions 1-5 and 6 (EC) hold. As (n,T) — oo, if T/y/n — 0,
(a) TA, (5 —6) fBl 1(f01 BidBy + Ay),
(b) VT Ay(6 — 6) - N(0, B35 QuyX27).-

This lemma establishes the consistency of the feasible OLS estimator using estimated
factors and the different converging speeds of the nonstationary coefficient estimator and
stationary coefficient estimator. As observed in Vogelsang and Wagner (2014), when &,
is uncorrelated with uy; and hence uncorrelated with Fi;, we have (i) Ay = 0, and (ii)
By(r) is independent of By(r). Because of the independence between By(r) and By (r) in
this case, the limiting distribution of TA}(d — &) is a zero mean Gaussian conditioning
on Bi(r). Therefore, the t and Wald statistics for testing hypotheses about A}§ have the
usual N(0,1) and chi-squared limits when consistent robust standard errors are used to
handle the serial correlation in &;.

When the factors are endogenous, the limiting distribution of T'A’(§ — §) is non-
standard given the correlation between By(r) and B;(r) and the presence of the nuisance
parameters in the vector Ajg. No asymptotic normal result can be obtained conditioning

on Bj(r), and the asymptotic bias introduced by Ao make this limiting distribution more
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complicated. Inference is difficult in this situation because nuisance parameters cannot be
removed by simple scaling methods.

Phillips and Hansen (1990) and Phillips (1995) develop the FM-OLS estimator
to remove Ay and to deal with the correlation between By(r) and Bj(r) in the above
limiting distribution. The key component in this FM-OLS estimator is to construct a

stochastic process independent of B;(r) as follows:
Bo.1 = BQ — 90191_1131 = BM(O'(Q)O_I),

where 02,; = Qoo — Q019;;'Q10. This stochastic process is independent of B;(r) by

construction. Using By.1(r), we can write

1 1 1
/ Bl (T)dBQ(T) + AIO = / Bl (T’)dBo.l(T’> + / Bl(T)dBi (T)Ql_llglo + AIO-
0 0 0

Because By (r) and By.1(r) are independent, we can show that fol By (r)dBo1(r) is a zero
mean Gaussian mixture conditioning on Bj(r). As is clear from the above expression, the
FM-OLS estimator rests upon two transformations, with one transformation removing
the term fol By (r)dB,(r)Q] Q40 and the other removing Ay. Because these terms depend
on 2 and A, the two transformations require estimates of €2 and Ajy. As shown in the
next section, when factors are latent and are estimated from the large panel of integrated
dataset, the consistency of the estimates of {2 and Aq require extra conditions on the

bandwidth expansion rate and the sample sizes T" and n.

3.2 The FM-OLS estimation

As in Phillips (1995), the FM-OLS estimator given below is constructed by making
corrections for endogeneity and for serial correlation to the least squares estimator

o = (ﬁ’ 'F )_1F 'Y. For the endogeneity correction, the variable v, is modified with the

70



transformation

In this transformation, Qo 7 and O jj are kernel estimates of the long-run covariances
Qos = lrcov(e, AHF,) = lrcov(ey, Hfy) and Qpp = lrcov(AHF,, AHF,) = lrcov(H f;, H ;)

taking forms

T-1 r-1
Qop= D wli/K)los(j), and Qpp = > w(i/K)L55(9),
j=—T+1 J=-T+1

where Fof(j) =71 21§t,t+j§T ét+jf£7 and Pff(]) =T Z1§t,t+j§T ft+jf1&lv where f;
are the principal component estimates of factors of the first-differenced factor model and
Et+; is the residual from a preliminary least squares regression of y; on E,. Recalling that

AAHF, = (u};, Aty,) = gy, we have
di = QOfA/, and Qd& = AQ];J;A/,

where Qoa = 370 w0/ K)T0a(5), Qaa = 352 sy w(i/K)aa(h), with Toa(j) =
T3 psser el and Taa(§) = TV 2y oy o Gagijlly,, where dq = Afy and &, is
the residual from a preliminary least squares regression of ; on Fy.

The purpose of the endogeneity correction is to deal with endogeneity in the regres-
sors F; associated with any cointegrating links between y; and F;. Since factors F; are
unobservable, we use principal component estimates of the factors, Ft, and estimated 1,
to form this transformation. This highlights the major difference from the FM-OLS con-
sidered in Phillips (1995). As will be shown shortly, errors introduced by the estimation
of factors are negligible in the asymptotic distribution of the FM-OLS estimator provided
that the cross-sectional sample size n is large enough relative to the time series sample size

T and the bandwidth K asymptotically.
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The serial correlation correction term takes the form

o P
By = Bjo = B0, (11)

where A jo and A ;7 are kernel estimates of the one-sided long-run covariances Ay =
lrcovy (AHF;, er) = lrcovy (H fi,e,) and Agp = lrcov, (AHF,, AHF,) = lrcovy(H f;, H f;)

taking forms

Ajy= Y wG/K)E o), and Agy = 3" wG/K) D).

This correction is to deal with the effects of serial covariance in the shocks u;; that
drive the nonstationary regressors Fj; = A;’HF; and any serial covariance between
the equation error £; and the past history of uy;. By the same taken as above, we
have

AO& = AOfA/, and A&& = AAJ@JEA/

Combining the endogeneity and serial correlation corrections we have the FM-OLS
regression formula

opn = (E'E)Y Y (F'Y* — TA]}LO).

As pointed out in Phillips (1995), the sample moment matrices of the data and their
orders of magnitude (which depend on the directions of stationarity and nonstationarity in
the regressors) are the keys in deriving a limit theory Spar. Meanwhile, the behavior of the
kernel estimates A fo: A i Qo 7> and Q jj that appear in the correction terms of Spar are
also in a need of special attention. The latter is especially important because the kernel
estimator () jj tends to a singular limit due to the fact that Qp,f, = AlQs A = 0 (because
of the presence of stationary components (viz., th) in the regressors Ft) The technical
Lemmas A.4, A.5, and A.6 in the Appendix enable us to take this singularity into account

in the asymptotic analysis and determine what impact it has on the asymptotic behavior

72



of the estimator d gy in both stationary and nonstationary directions. In this regard, the
bandwidth expansion rate of K turns out to be very important.

One more complexity this paper involves is that the regressors F; are unobservable
and estimated from a factor model. The estimated factors innovations, 4, and the resid-
uals from a preliminary least squares regression of y; on Ft, g, involve errors from the
estimation of the factors. So the fully modified transformations and the kernel estimates of
the long-run variance-covariance matrices involve estimation errors from the estimated fac-
tors. To guarantee the estimation errors in the factors do not contaminate the asymptotic
properties of the FM-OLS estimator, we need more strict restrictions on the bandwidth
expansion rate of K than in Phillips (1995), and more strict restrictions on the relative
expansion rate of the cross sectional and time series sample sizes n and 7" than in Bai and
Ng (2004).

The following theorem outlines our main results of the FM-OLS estimators when the

regressors are latent and estimated factors are used for estimation.

Theorem 1 Under Assumptions 1-5, 6 (EC), 7 (KL), and 8 (BW),
(a) under the assumption that K = O,(T*) for some k € (0,2/3), K+/T/n — 0, and
T/v/n — 0 as (n,T) — oo, we have

1
TA (bpa — 8) > (/ BlB;)l/ BydBy.;
0

(b) under the assumption that K = O (T*) for some k € (1/4,2/3), K3?2\/T/n — 0,
and T'//n — 0 as (n,T) — oo,

VT A (Spas — 6) % N(0, S50 Quu52),

where By, = By — Qo1 B = BM(02,,) in which 02,, = Qoo — Q0121 Q0.

Notice that the assumption K = O.(T*) for some k € (0,2/3) as (n,T) — oo is the
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same as in Phillips (1995) for the nonstationary coefficient estimates. However, we require
the extra condition that K \/T_/n — 0 in addition to the condition that T'/y/n — 0 as
(n,T) — oo. In Lemma 8.1 of Phillips (1995, p.1058), which shows the consistency of
the kernel estimates with observable regressors, the only requirement on the bandwidth
expansion rate is the one stated in Assumption 8 (BW). But with estimation errors in

the factors (converge at rate O,(1/T/n)), the induced errors in the kernel estimates will
accumulate at rate O,(K \/T_/n) Thus in order to guarantee the consistency of the kernel
estimates, the extra restriction K \/T_/n — 0 should be imposed. In another words, using
estimated factors does not affect the consistency of the kernel estimates as long as the
estimation errors of the factors converge to zero fast enough relative to the bandwidth
expansion rate.

For the stationary coefficient estimates, the assumption K = O.(T*) for some k €
(1/4,2/3) as (n,T) — oo is tighter than that K = O.(T*) for some k € (1/4,1) as T — oo
in Phillips (1995). This tighter bandwidth expansion rate comes from the accumulation
of estimation errors in the factors across the summation of K sample covariances. Lemma
A.6 (b) gives the stationary coefficient correction more explicitly (and when it is scaled by
T'/?), with the correction term in this case having magnitude O,(T"/2/K?) + O,(1/VK) +
O,(T/+/n) + O,(K3?)T) + O,(K*?\/T/n). The correction term is 0,(1) when the
bandwidth expansion rate K = O,(T") satisfies 1/4 < k < 2/3 and K*2\/T/n — 0. To
guarantee the estimation error in the factors does not contaminate the limiting behavior
of the long-run covariance estimates, we do not allow the Bandwidth expansion rate to be
too large.

We also impose the more strict relative expansion rate K3/ 2\/T_/n — 0 for the
stationary FM estimates than for the nonstationary FM estimates (which only requires
K+\/T/n — 0, which is needed in the consistency of the long-run covariance estimates
Qoa). This condition K*2,/T/n — 0 could be written as \/T3/n — 0 since O,(K3/?/T) =
0,(1) under the assumption that K = O.(T") satisfies 1/4 < k < 2/3. This bandwidth

74



expansion rate along with the extra requirement that K3/ 2\/T_/n — 0 is different than
that in Phillips (1995) because of the extra error terms O,(T//n) + O,(K3/?/T) +

O, (K3/? \/T_/n) in the correction expression. These terms are the results of the estimation
error in the factors. In order to guarantee that the estimation error in the factors does not
contaminate the limiting behavior of the FM estimates, we need more strict requirement
on the relative rate of the bandwidth expansion rate, the cross sectional and time series
sample sizes, i.e., K3/2\/T/n — 0 as (n,T) — oc.

Assumptions 1-5 are concerned with the consistency of the principal component esti-
mates of the factors while Assumptions 6 (EC), 7 (KL), and 8 (BW) are concerned with
the consistency of kernel estimates of 2 and A. Bai and Ng (2004) shows that under As-
sumptions 1-5, the principal component estimates of the factors, Ft, are consistent for the
true factors F; up to a rotation H, and the time average of the squared estimation errors
converges to zero when as T'/n — 0 as (n,7) — oco. When regressors are observable, As-
sumptions 6 (EC), 7 (KL), and 8 (BW) guarantee that the kernel estimates  and A are
consistent (Andrews 1991; Phillips 1995). When regressors are unobservable and estimated
factors are used to form the kernel estimates, additional restrictions should be imposed to
guarantee that estimation errors from the regressors do not impact the consistency of the
kernel estimates. The two extra conditions K+v/T/v/n — 0 and K%2y/T/\/n — 0 serve this
purpose since it indicates that estimation errors from the factors should converge to zero

fast enough relative to the expansion rate of the bandwidth K.

A consistent estimator for the asymptotic variance of Spar is

i ST B 0
~ ~ PPN — 1
Avar(bpa) = (DFPF'EDZH) [ 17 2t Fuky o
0 T it & Fuky,
(D7 FEDEY) ™! (12)

where Dy = diag(T1, ,v/TI,,), and 62,, = Qoo — Q0197,'Q0. Asymptotically pivotal

t and Wald statistics with N (0,1) and chi-squared limiting distributions can then be
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constructed.

As discussed in Bai and Ng (2004), the factor model is unidentified because
o LL7'F, = &'F, for any invertible matrix L. The above theorem is a result pertain-
ing to the difference between dpar and the space spanned by d. Consistency of the FM
estimators follows from the fact that the averaged squared deviations between F, and
HF, vanish as n and T both tend to infinity. Furthermore, having estimated endoge-
nous I(1) factors as regressors does not affect the consistency of the FM parameter esti-

maptes.

4 Cointegration Tests

Before running the regression equation in (1), it is always desirable to test for the cointe-
gration between the observable nonstationary series y; and the set of possibly cointegrated
latent factors F; in the first place. In this section, we discuss how to test for cointegration
between y, and F; and establish the asymptotic properties of the residual-based cointegra-
tion test statistics. To test for cointegration relation between y; and F;, we can simply run
the unit root test on the residuals from the OLS regression of y; on F;. Since the factors
F; are unobserved, we use the estimated factors Ft instead.

Let & be the least squares estimates of the regression of y; on F, for t = 1,....T.
The OLS estimates can be written as & = (F'F)"'F'Y in which Y = (y1,...,yr) and
F= (Fl, s FT)'. Define § = H V. Let &, denote the residuals from the OLS regression
of y; on Fyfort = 1,...T. Let pp be the least squares estimates of the regression of
gron &4 fort = 2,...,T, which could be written as p;, = % To derive the
asymptotic property of the unit root test under the null hypothesis that there exists a
unit root in &;, we have to modify the Assumption 6 (EC). Now define u; = (uy,, uy,)
v, = (Aey,uyy, uy,) = (Asy,uy) and ¥, = Agy ® ug, in which uy, = AFy, = (I — L)A HF, =
A HC(L)n, and ug, = Fy = AYHF, = AYH(Fy + >, C(L)n,). We assume that v; is a

linear process that satisfies the following assumption.
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Assumption 9 (EC’-Error Condition)
(a) v =C(L)ee = 372 Cieyy 32520 3°lICyl| < o0, [C(1)] # 0 for some a > 1.
(b) € is i.i.d. with zero mean, variance matrix . > 0 and finite fourth order

cumulants.

(¢c) E(¢,;) = E(Agyy; @ug) = 0 for all j > 0.

Again, Assumption 9 (EC’) ensures the validity of functional central limit theorem (FCLT)
for v;. Like the case in Assumption 6 (EC), we can partition the corresponding Brownian
motion B(r) into cell vectors B;(r) (i=0, 1, 2). Under the null hypothesis that there exists
a unit root in &;, the OLS regression of y; on F} is spurious and we have the following

lemma:

Lemma 2 Suppose Assumptions 1-5 and Assumption 9 (EC’) hold. As (n,T) — oo, if
T/n — 0,

(a) 410 = 0) = ([ BB ™ (Jy BiBo),

(b) Ay(8 = 6) = B33 (Jy dBaBo + Aao) = B! (g dBaBa + An)( BiBY) ™ (fy BiBo).

As we can see from the above lemma, the OLS estimates are no longer consistent. In
the following, we follow Hamilton (1994, Chapter 19) closely to construct the cointegra-
tion test. Notice that the main difference of the test in this paper is that the cointegra-
tion regression involves estimation errors in F; and thus we need to derive the limiting
distribution of the cointegration test statistics under the existence of these estimation
€rrors.

Let s% be the OLS estimate of the variance of the residual s for the regres-

sion

€ = pét1+ 4, fort=2,3, ..., T,
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yielding
T
st = - Z — préi-1)
t=2

Let 6, be the standard error of p; from the above regression:

ZH}

Finally, let ¢; 1 be the jth sample autocovariance of the estimated residu-

als:

T
= (T - 1)~ Z s for j=0, 1, 2,..., T-2
t=j+2

for s = & — ppéi—1; and let the square of S\T be given by

q
M =éor+2) [1—j/(g+D)]er,

j=1

where q is the number of autocovariances to be used. The Phillips-Ouliaris Z, statistic

(1987) can be calculated as:

Zpw =T(pp — 1) = 1/2{(T - 1)%65 + = 2 {0y — é T}

If y; and F; are not cointegrated, then the regression of y; and Fj is a spurious re-
gression and p;. should be close to 1. On the other hand, if p; is quite below 1, and the
calculation of Z, 1 yields a negative value with a large absolute value, then the null hy-
pothesis that y, and F} are not cointegrated should be rejected. The following theorem
provides a formal statement of the asymptotic distributions of the above test statis-

tics.
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Theorem 2 Suppose Assumptions 1-5 and Assumption 9 (EC’) hold. As (n,T) — oo, if

T/n — 0,

(a) T(pp—1) -5 %, where By = BO—(fO1 BoB))([ ByBy)"'By. The Brownian
0

motion By has long-run covariance matrix

1 1
Qo5 = Q00 — (/ BoBi)(/ B By) 'y — Q01(/ BlB;)_l(/ B1By)
0 0

v BB [ By en [ Be) [ s,

and one-sided long-run covariance

1

1
Ngg = Aoo — (/ BOBIO(/ By By) Ay — Am(/ BlBi)l(/ B1By)
0 0

- (/O1 BOB;)(/ BlB;)-lAH(/ 19113;)—1(/01 By By).

(b) If ¢ = 00 as T — oo but q/T — 0, then the statistic Z,r satisfies Z,r L L,

where

Jo BodBy _ fy W(r)dW (r)
[y BoBy [} W(r)W (r)dr

n —

Y

in which W (r) is a one dimensional standard Brownian motion.

Result (a) implies that p; % 1. When the regression of y, on F, is spurious, the
estimated residuals will behave like a unit root process. The above results are similar to
Proposition 19.4 of Hamilton (1994, Chapter 19) except the fact that we allow for the
cointegration among the regressors F; and we use the estimated factors F} to estimate the
cointegration regression and construct the cointegration test. Like the case in Proposition
19.4 of Hamilton (1994, Chapter 19), the limiting distribution of T'(p, — 1) and Z, 1 de-
pend only on the number of stochastic explanatory factors in the cointegration regression

(r1). The above limiting distributions are derived under the case that there is no constant
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term appearing in the cointegration of y; on Fi. So the critical values for the Phillips Z,

statistic can be found in Case 1 of Table B.8 in Hamilton (1994).

5 Application: Factor-Augmented Diffusion Index
Forecasts

So far, we have constructed the FM-OLS estimates of the cointegration regression of

an I(1) process y; and some latent possibly cointegrated nonstatioanry factors Fy, and
showed that the usual cointegration test works even under the case when the factors are
estimated. In this section, we discuss possible applications of the FM-OLS estimates
derived above to the Diffusion Index Forecasts literature and compare with forecasting
with factor-augmented error correction models literature.

Usually, macroeconomic forecasting with a large set of possible predictors is done
through adding factors to an otherwise standard forecasting model, such as “diffusion
index forecast model” (DI) of Stock and Watson (2002a) and factor-augmented vector
autoregressive (FAVAR) models of Bernanke, Boivin, and Bernanke et al. (2005). Under
these methods, the large panel of data are transformed in the first place to get estimates
of a much smaller number of stationary factors, and these estimated stationary factors
are added to the forecasting equation of a properly transformed variable of interest.

The estimation of the factors and the forecasting of the variable of interest are done
in a stationary setting with all of the nonstationarity has been taken care of by taking
logarithms, first-differencing or even twice differencing.

However, most macroeconomic variables are nonstationary in nature. To explore
the nonstationarity and cointegration relations in the forecasting of a small number of
nonstationary variables using a large panel of possibly nonstationary predictors, Banerjee
and Marcellino (2009) suggested using factors extracted from large nonstationary panels

in small-scale error correction models to control for long-run cointegration relations.
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To facilitate the comparison of different forecasting methods, we take the FECM from
Banerjee and Marcellino (2009) and repeat it here. Banerjee and Marcellino (2009) assume
that there are n I(1) variables which can be partitioned into the n4 of major interest, x 4,
and the ng = n — n4 remaining ones, xg;. The common trend specification of the factor

model could be written as:

T At Uy UAt
= ft + ) (13)
LBt Vg Upt
! ’ . . . . .
where u; = (uyu,,ug,) is an n-dimensional vector of stationary errors, and f; is a r-

dimensional vector of uncorrelated I(1) common stochastic trends. From the above
specification, all of the series in the panel, 2, = (', 275,) , are cointegrated with f;.
Especially, z4; and f; are cointegrated. By the Granger representation theorem, we have
the following error correction specification with added lagged terms to take care of series

correlations in the errors:

Ax 4y YA / TAt—1 Az A1 Az g— €At
5 +A To4A L e

Axp Y fi—1 Afiq Aftfq €t

The above model is referred by Banerjee and Marcellino (2009) as the Factor-
augmented Error Correction Model (FECM). Banerjee, Marcellino, and Masten (2014a)
showed that FECM generally offers a better forecasting performance relative to both
FAVARs and standard small-scale ECMs, in that FECMS nest both FAVARs and
ECMs.

In this paper, we propose a forecasting method in which the cointegration could be
taken into account by augmenting the DI forecasting of a first-differenced series with the

error-correction terms estimated by the FM-OLS methods. To be more precise, consider
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the h-step-ahead DI forecast of Stock and Watson (2002a),

k‘l k2 ,
Afpoyr =en+ Y G Ayr_j + Y By AFr_j. (15)

Jj=1 J=1

We augment the above DI forecast with the error correction term yr —

A

!
~

k‘l k‘2 ’
Ag?’+h\T = Cn+ Yp(yr — dpaFr) + Z G Ayr—jp1 + Z BriAFr_ji1. (16)
=1 =1

We call the above forecasting method Factor-augmented Diffusion Index Forecasts (FADI).
The EC term, yT—SIF MFT, is included in the above forecasting equation only if there exists
cointegration relation between the series of interest 3, and the vector of latent factors Fj.
So in the implementation of the above forecasting method, we first test for cointegration
relation between the series of interest y; and the vector of latent factors Fj, and then form
forecasts based on the above equation if there exists cointegration relation. Otherwise,
forecasts are based on the usual DI forecasting method.

The proposed FADI method may look like the FECM method proposed in Banerjee
and Marcellino (2009) at the first glance. However, there are several main differences
between our FADI method and the FECM. Firstly, the factor model based on which
the nonstationary factors are estimated are different. In our paper, we allow for the
nonstationarity in the idiosyncratic components of the factor model (i.e., some of up, in
(13) can be I(1)), while in Banerjee and Marcellino (2009), the idiosyncratic components
are all assumed to be stationary. To be more specific, the factor model we adopt here is
from Bai and Ng (2004), while Banerjee and Marcellino (2009) assume the factor model
in Bai (2004). Given the number of nonstationary series in the large panel (n) is large,
the assumption that all of the idiosyncratic components are stationary is not realistic.

It is more pragmatic to allow for idiosyncratic source of nonstationarity in the large
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panel.

The second main difference between our FADI method and the FECM is that we al-
low for possible cointegration among the factors. In the FECM of Banerjee and Marcellino
(2009), all of the nonstationary factors are assumed to be uncorrelated random walks.

On the contrary, in our FADI method, the nonstationary factors could be cointegrated

to some extent. The allowance of cointegration among I(1) factors is equivalent to allow
for the existence of nonstationary as well as stationary factors in the factor model. In

the empirical applications of FECM, Banerjee, Marcellino, and Masten (2014a) consider

a modification of the FECM, denoted FECMc, with FECM augmented with common
factors extracted from the stationary component of z; after the I(1) factors f; and their
corresponding loadings have been estimated. Their consideration of the possible stationary
component of x; and the evidence of this extra stationary factor in their example highlight
the necessity of allowing cointegration among the factors. In this sense, our method could
nest both FECM amd FECMc considered in Banerjee, Marcellino, and Masten (2014a)
from a theoretical framework.

Finally, in the FADI method we use the FM-OLS estimator of the cointegration
vector among y; and the latent factors f; in the EC term. The FM-OLS estimator corrects
the second-order bias resulting from the existence of serial correlation and correlations of
the innovations in the variable of interest, €;, and the innovations in the latent factors, w;.
More importantly, we test for the existence of the cointegration relation between the series
y; and the vector of latent factors F} in the first place and include this extra EC term in
the forecasting equation if there exists such cointegration relation. If there appears no
cointegration between the series y; and the vector of latent factors F}, we do not include
this EC term in the forecasting equation. In the FECM model of Banerjee and Marcellino
(2009), since they assume stationary idiosyncratic components in the factor model and
they are considering forecasting of some set of variables from this large integrated panel,

the cointegration relation between the series of interest and the vector of latent factors
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are assumed implicitly. However, as pointed out above, it is more realistic to allow for
nonstationary idiosyncratic components in the large integrated panel, and hence it is
necessary to test for cointegration relation between the series of interest and the vector of
latent factors in the first step. We will demonstrate these points using US macroeconomic

data in the following section.

6 Empirical Example: Testing Cointegration of Stock

and Watson (2005)

In this section, we take a large panel of monthly US macroeconomic variables from Stock
and Watson (2005) to analyze the source of nonstationarity in the panel and study possi-
ble cointegration relations among the series in the large panel and the factors. The data
set in Stock and Watson (2005) records monthly observations on 132 U.S. macroeconomic
time series from 1959:1 through 2003:12, with 14 categories’ predictors ranging from real
output and income to price indexes and miscellaneous. Banerjee, Marcellino, and Mas-
ten (2014a) use this data set to simulate real-time forecasting using the FECM model as
discussed in the previous section. For their FECM model to hold, they have to assume
that the idiosyncratic error terms of the large panel must be stationary and they do not
allow for cointegration among the nonstationary factors themselves. However, in their
empirical example, they do not provide any testing result verifying all of these assump-
tions. In this section, we are going to test the stationarity assumptions of the idiosyncratic
error terms and study the cointegration relation among the factors themselves as well as
the cointegration relation among the factors and some variable of interests in the large
panel.

As in Banerjee, Marcellino, and Masten (2014a), we retain only 104 series that were
considered as I(1) by Stock and Watson and focus on the sample period of 1960:1 to

1998:12. Instead of transforming all of these series into approximate stationary series as in
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Stock and Watson (2005), we follow appropriate steps to transform all of these series to
I(1) series. In general, logarithms are used for real quantity variables, levels are used for
nominal interest rates, and first differences of logarithms (growth rates) for price series.
Specific transformations and the list of series are given in Table 17 of Banerjee, Marcellino,
and Masten (2014a).

From the dataset of I(1) variables, we estimate the I(1) factors using the method in
Bai and Ng (2004), and test for unit roots in the idiosyncratic errors and the estimated
factors. To be more specific, we take the first difference of the nonstationary panel X,
and apply the principal component method to the first differenced panel AX to get the
factor estimates ft and the loading estimates Ai, and then construct the factor estimates
for the nonstationary panel as F, = ZZZQ fs and estimate the idiosyncratic errors as é; =
Xz-t—;\;ft. As in Bai and Ng (2004), let ADF£(7) be the t statistic for testing d;o = 0 in the

univariate augmented autoregression (with no deterministic terms)
Aéit = diOéitfl + dilAéitfl + ...+ dipAéitfp + error.

According to Bai and Ng (2004), the asymptotic distribution of ADF(i) is the same

with the DF test developed by Dickey and Fuller (1979) for the case of no constant with
-1.95 as the critical value at the 5% significance level. In the testing, the number of lagged
differences, i.e., p in the above equation, is chosen by BIC criteria. The right panel of
Table 1 summarizes the unit root testing results. For the 104 I(1) series in the large panel,
44 of them have unit roots in their idiosyncratic error terms. (Notice that even though
the panel X is constructed to include only I(1) series, the unit root tests of X show that
there are only I(1) 61 series in the panel.) The unit root testings of each factor estimate
indicate that the estimated 5 factors are stationary. The individual unit root testings on
the estimated factors may be size distorted and thus the number of nonstationary factors

may be understated.
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Under the assumption that all of the idiosyncratic errors in the large panel are sta-
tionary, we could also use the principal component-based estimator to the level of the
data to estimate the I(1) factors as suggested in Bai (2004) and test for unit roots in the
estimated idiosyncratic errors. The ADF test results in the left panel of Table 1 indicate
that among all of the 104 series, the estimated idiosyncratic errors are nonstationary for
5 series. It seems that the assumption of stationary idiosyncratic errors are reasonable
given the test results. However, if we use the method suggested in Bai and Ng (2004) of
using differenced data to estimate the factors, the test results suggest 44 nonstationary
idiosyncratic errors in the large panel. As discussed in Bai and Ng (2004), the estima-
tion method of “differencing and recumulating” can accommodate both I(1) and I(0)
errors. Thus the test results based on estimates of Bai and Ng (2004) should be more
reliable than that based on estimates under the premise that the idiosyncratic errors are
stationary. Thus there is evidence suggesting that the factor model assumption of Bai
(2004) with stationary idiosyncratic errors is not appropriate for this Stock and Watson
(2005) data set and the factor estimates using method from Bai (2004) may be mislead-
ing.

After verifying that there are unit roots in some of the idiosyncratic error terms of
the large panel, we use the trace and maximal eigenvalue tests of Johansen (1988) to
analyze the possible cointegration among the nonstationary factors. As discussed in Bai
and Ng (2004), because F, consistently estimates the space spanned by Fj, Johansen tests
that assume F; is observed remain valid when Fj is estimated using the “differencing
and recumulating” method. The Johansen test results are summarized in Table 2. For
the method of Bai (2004), given the number of factor is 4, the rank of cointegration
among these factors is 1 by both tests, and hence the number of independent stochastic
trends in the factors is 3. For the method of Bai and Ng (2004), given the number of
factor is 5, the rank of cointegration among these factors is 4 by both tests, and hence

the number of independent stochastic trends in the factors is 1. The cointegration test
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results indicate that there exists cointegration among estimated factors, no matter what
the estimation method is. Hence, the factor model and the estimation method adopted in
Banerjee, Marcellino, and Masten (2014a) that assume all of the factors are independent
is not appropriate. Again, the estimation method of Bai and Ng (2004) which could
accommodate cointegrated nonstationary factors shows its advantage over that in Bai
(2004).

Next, we use the FADI forecasting method proposed in this paper to simulate real-
time forecasts of four US real macroeconomic variables, i.e., Personal income less transfers
(PI), Real manufacturing trade and sales (ManTr), Industrial Production (IP), and
Employees on non-agriculture payrolls (Empl) over the sample 1970-1998, with estimation
starting in 1960. As in Banerjee, Marcellino, and Masten (2014a), we use the iterated
h-step-ahead forecasts (dynamic forecasts) instead of the direct h-step-ahead forecasts as
in Stock and Watson (1998, 2002a, 2002b). The iterated h-step-ahead forecasts at time T

of the FADI method is given by

h
Zﬁ‘+h|T =yr+ Z AZQ%H\TJFFN (17)
i=1
with
. b B2,
Ag%’-i—l\T =& +Y(yr — dpnFr) + Z 0y Ayr—j1 + Z B AFr—_j. (18)
j=1 j=1

The number of factors are kept fixed through all of the forecasting horizons with 4 inde-
pendent I(1) factors in the nonstationary panel and 5 1(0) factors in the first-differenced
panel. The factor estimates are updated recursively and model selection is conducted for
each forecasting recursion. The above forecasting equation is estimated in two steps, with
the cointegration relation estimated in the first step and the forecasting equation in the
second step. In the first step, the cointegration test is conducted through the residual-
based cointegration test at each forecasting recursion. In the second step, the lag lengths

are selected based on the BIC at each forecasting recursion.
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Before we conduct the recursive iterated forecasting, we use the whole sample pe-
riod 1960:1-1998:12 to analyze the possible cointegration relation among these four real
variables (PI, ManTr, IP, and Empl) and the factor estimates. These four variables are
from the large panel X. From the unit root test results in Table 1, variables PI, ManTr,
and IP exhibit unit roots while Empl may be considered as a stationary series. Also,
the unit root testing of the idiosyncratic terms associated with there four real variables
indicate that variables PI, Man'Tr, and Empl show cointegration relations with the non-
stationary factors estimated by the method of Bai (2004). When the factors are estimated
from Bai and Ng (2004), all of these four variables show cointegration relations with the
factors.

In the first step of the FADI forecasting, to take advantage of all of the possible coin-
tegration relations among these four real variables and the factors, we run the following

least squares regressions and test the unit roots in the residuals:

N
Yie =0 Fy + Z VYt t Eits
j=i+1
fore = 1,2,...,N with N being the number of variables of interest,
and
K
Fy = Z KiFj + €,
J=i+1

fori = 1,2,..., K — 1 with K being the number of factors. In this empirical example,

yy = (PI;, ManT'ry, I P, Empl;)’, and thus the number of variables of interest is N = 4.
Hence, in the first step, we run N + K — 1 least squares regressions and test the unit roots
in the residuals. If the unit root testing suggests the residual is stationary, then we have
found a cointegration relation among the variables involved in the regression and record
the coefficients in the cointegration vector. The number of stationary residuals from the
above N 4+ K — 1 regressions is the cointegration rank r we use for the FADI method and

we include all of the r error corrections terms in each forecasting equation of these four
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real variables.

We calculate the out-of-sample prediction mean squared errors (MSEs) of the FADI
relative to the MSE of the AR at each horizon h for the real four variables under study,
and list the relative MSEs of all of the models in Banerjee, Marcellino, and Masten
(2014a) for comparison. Table 3 reports the forecasting results. The relative MSEs of
the FADI method using factors estimated by the method in Bai (2004) are displayed in
Column FADI, while the relative MSEs using factors estimated by the differencing and
recummulating method in Bai and Ng (2004) are displayed in Column FADI2. By the
unit root testing results in Table 1 and Table 2, our preferred method is FADI2 since the
factors are estimated more consistently than that in FADI.

Comparing the relative MSEs of FADI to those of FECM, we find that the method
FADI using factors from Bai (2004) rarely outperforms the method FECM. The relative
MSEs for FADI is only smaller than those of FECM for 3 cases out of the 24 cases. The
performances of FADI2 increase when we use the factors estimated by the method in
Bai and Ng (2004). Even though the RMSEs are smaller only in 7 cases for FADI2, the
forecasting are persistently better for variables IP and Empl at horizon h=1, 3, 6 and
also better for Empl at h=12. As the forecasting horizon increases (for h=18 and 24),
the FADI2 loses its forecasting advantage to FECM for all of the four variables. We
also reestimate the FECM using factors estimates of Bai and Ng (2004), with Column
FECM2 of Table 3 denoting the results. Generally speaking, FECM2 generates worse
forecasting results than FECM, as found in Banerjee, Marcellino, and Masten (2014a).
However, FADI2 generates better forecasting results than FADI in most of the cases. So
consistent estimates of factors can improve the forecasting accuracy of the FADI method
significantly.

A possible reason why FADI2 cannot improve over the FECM method at longer
forecasting horizons for all of these four variables lies in the difference in cointegration es-

timation. The FECM method in Banerjee, Marcellino, and Masten (2014a) uses Johansen
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(1988) Maximum Likelihood estimators of the cointegration ranks and the cointegration
vectors, while our FADI method relies on least squares regressions and unit roots resting
of the regression residuals. The last panel of Table 3 gives the information about the av-
erage cointegration ranks used by each method. The FADI method tends to overstate the
number of cointegrations. The inclusion of extra error correction terms may lead to the

under-performance of the method when forecasting horizon increases.

7 Conclusion

In this paper, we use FM-OLS method to directly estimate the cointegration relation
between an integrated series of interest and a vector of possibly cointegrated nonstationary
latent factors. Under some restrictions on the relative sample sizes, the kernel function,
and the bandwidth expansion rates, we show that the estimation errors in the latent
nonstationary factors do not affect the rate of convergence and the nuisance parameter-
free limiting distribution of the FM-OLS estimators. Moreover, cointegration tests between
the variable of interest and the vector of possibly cointegrated nonstationary latent factors
have the usual limiting distributions when factors are consistently estimated. Given the
existence of cointegration relation, the estimated cointegration relation can be used to
form an error correction term, which could be added to the traditional diffusion index
forecast model to improve forecasting accuracy.

Our empirical example on the Stock and Watson (2005) data set verifies that there
are idiosyncratic nonstationarities in the nonstationary panel, and there are cointegration
relations among these nonstationary factors themselves. Hence, the factor model in
Bai and Ng (2005) is more appropriate for the Stock and Watson (2005) data set. We
also show that the proposed Factor-Augmented Diffusion Index (FADI) forecasting
method improves over the FECM method of Banerjee and Marcellino (2009) for variables

Industrial Production (IP), and Employees on non-agriculture payrolls (Empl) at short
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horizons for forecasting period 1970-1998. Consistently estimated nonstationary factors
improve the performance of the FADI method significantly. However, the overstated
cointegration ranks by the FADI method may lead to inferior forecasting performance at

longer forecasting horizons.
Acknowledgements

Chapter 3 is based on the working paper Kao, Lee, and Shen (2017).
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Table 1: Unit root testing of Stock and Watson (2005): 1960:1-1998:12

Model Bai (A2004)A Bai an(} Ng (2904)
X Fy €it X F €it

Number of series 104 4 104 104 5 104

Number of I(1) series 61 3 5 61 0 44

NOTE: X;; stands for the 104 I(1) variables from Stock and Watson (2005) for the time period of 1960:1 to
1998:12. Column Bai (2004) applies the principal component analysis to the level of X to get estimates F,
and é;;, while Column Bai and Ng (2004) applies the principal component analysis to AX to get estimates
F} and é;;. The number of factors are selected by the Bai and Ng (2002) PC2 criterion. The unit root tests of
X, and Ft are through the ADF regressions with a constant, while the unit root tests of é;; are through the
ADF regressions without a constant. The numbers of lagged differences in the ADF regressions are selected
by BIC criteria.

Table 2: Johansen tests of factors in Stock and Watson (2005): 1960:1-1998:12

Model Tests stat. =0 r=1 r=2 r=3 r=4 Common Trends

Bai (2004) trace 79.20%** 23,12 8.1 1.49 - 3
maximal  56.08%**  15.01 6.61 1.49 - 3

Bai and Ng (2004) trace 212.06%*F* 123.84*** 68.45%** 30.61*** 8.04 1
maximal ~ 88.22%¥* 55.39%H*k 37 5Kk 22 56 ** 8.04 1

NOTE: These above statistics are for testing the rank of cointegration in the estimated factors, with “trace”
standing for the trace statistics and “maximal” for the maximal eigenvalue statistics of Johansen (1988).
Test statistics in Column “r=0" are for the null hypothesis of the rank of cointegration among the factors
is zero, etc.. In Row Bai (2004), factors are estimated by applying the principal component analysis to the
level of X, and Row Bai and Ng (2004) applies the principal component analysis to AX to get estimates
F}, while X stands for 104 I(1) series of Stock and Watson (2005) for the period of 1960:1 to 1998:12. The
number of factors are selected by the Bai and Ng (2002) PC2 criterion. For the method of Bai (2004), given
the number of factor is 4, the rank of cointegration among these factors is 1 by both tests, and hence the
number of common trends in the factors is 3. For the method of Bai and Ng (2004), given the number
of factor is 5, the rank of cointegration among these factors is 4 by both tests, and hence the number of
common trends in the factors is 1. *** stands for 1 % significance level, with critical values from Table A2
of Johansen and Juselius (1990).
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Table 3: Forecasting US real variables, forecasting period 1970-1998

MSE relative to MSE of AR model

h log of RMSE of AR
FAR VAR FAVAR ECM FECM FADI FECM2 FADI2 FECMc

PI 0.007 1.02 094 092 093 090 0.98 0.96 093 0.93
] ManTr 0.011 1.04 098 095 1.10 1.03 1.02* 1* 1.05 1.00
IP 0.007 099 108 095 1.11 1.24 1.16* 1.19* 1.01* 1.15
Empl 0.002 1.09 133 1.20 140 1.34 1.43 1.78  1.31*%  1.40
PI 0.011 1.01 091 087 094 0.85 1.07 0.96 0.88 091
5 ManTr 0.018 1.01 101 096 121 097 1.05 1.00 1.07 093
IP 0.017 096 104 094 1.10 1.17 132 1.15* 1.07* 1.09
Empl 0.005 1.12 151 140 1.64 1.52 1.81 1.98 1.39% 1.57
PI 0.016 1.00 094 092 1.02 086 1.24 0.99 0.93 0.95
6 ManTr 0.029 1.01 1.01 098 1.17 0.89 1.09 1.00 1.03 087
IP 0.029 097 1.00 096 1.08 1.08 133 1.06* 1.06% 1.02
Empl 0.010 1.10 134 132 149 136 1.59 1.61  1.29*% 1.37
PI 0.026 1.00 096 096 1.04 0.87 1.23 1.02 0.95 0.93
19 ManTr 0.045 1.01 099 098 1.07 0.74 1.0 1.00 0.94 0.75
IP 0.049 0.99 1.00 0.99 1.03 096 1.26 1.03 1.01 0.94
Empl 0.020 1.02 1.11 1.12 1.25 1.10 1.2 1.23  1.09*% 1.11
PI 0.036 1.01 098 098 1.09 0.89 1.15 1.01 0.99  0.96
18 ManTr 0.058 1.00 1.00 099 1.06 0.71 1.01 1.00 0.94 0.73
IP 0.065 1.00 1.00 1.00 1.08 0.93 1.25 1.01 1.04  0.96
Empl 0.029 096 0.99 1.00 1.15 097 0.98 1.06 1.01 0.99
PI 0.042 1.01 099 099 1.07 090 1.09 1.01 0.99  0.96
94 ManTr 0.069 1.01 100 101 099 0.64 0.9 1.00 0.89  0.66
IP 0.076 1.01 099 1.00 1.07 0.90 1.2 0.99 1.01 0.95
Empl 0.037 091 091 092 1.04 088 0.77% 0.96 0.89 091
Cointegration rank: mean min max mean  min max
FECM 3.75 1 4 FADI  5.97 4 7
FECM2 4 4 4 FADI2 597 ) 8

NOTE: h is the forecasting horizon. Results for model FAR, VAR, FAVAR, ECM, FECM, and FECMc
are from Banerjee, Marcellino, and Masten (2014a). The FECM contains four I(1) factors, and FECMc
contains five I(0) factors. FECM2 uses factor estimates of Bai and Ng (2004). FADI stands for the Factor-
Augmented Diffusion Index method proposed in this paper using factor estimates of Bai (2004), while
FADI2 is the FADI method using factor estimates of Bai and Ng (2004). Data: 1960:1-1998:12, forecasting:
1970:1-1998:12. Variables: Personal income less transfers (PI), Real manufacturing trade and sales (ManTr),
Industrial Production (IP), and Employees on non-agriculture payrolls (Empl). Lag selection are based on
the BIC. * stands for smaller RMSEs compared to Column FECM.
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Appendix

Preliminaries for Lemma 1

As in Bai and Ng (2004), for notational simplicity, we assume there are T+1 observations
(t=0, 1, ..., T) for this lemma. The differenced data have T observations so that x is

T x n. Let V7 be the r x r diagonal matrix of the first r largest eigenvalues of (nT) 'zz  in
descending order. By the definition of eigenvectors and eigenvalues, we have (nT) zz' f =
fVor or (nT)"'zaz' fV 1} = f. We make use of an r x r matrix H defined as follows: H =
VA (f f/T) (A A/N). Since the following proofs rely on results from Bai and Ng (2002),

Bai (2003), and Bai and Ng (2004), we state some results of these papers explicitly as
lemmas.

Lemma A.1

(Corresponds to Lemma 1 of Bai and Ng (2004)). Under Assumptions 1-5, considering
estimation of f, by the method of principal components, we have an H with rank r such
that as (n,T) — oo,

(a) min[n, TIT=' 32/, || fe = HIl? = O,(1),

(b) min[v/n, T|(f; — Hf;) = 0,(1), for each given t,

(¢) min[V'T,n)(\i — H =')\;) = O,(1), for each given i.

As is well known in factor analysis, \; and f; are not directly identifiable. There-
fore, when assessing the properties of the estimates, we can only consider the differ-
ence in the space spanned by f; and f,, and likewise between \; and \;. The matrix
H is defined such that Hf, is the projection of f; on the space spanned by the fac-
tors, f;. Result (a) is proved in Bai and Ng (2002), while (b) and (c) are proved in Bai
(2003).

Lemma A.2

(Corresponds to Lemma 2 of Bai and Ng (2004)). Consider estimation of (7). Sup-

pose Assumptions 1-5 hold. Then there exists an H with rank r such that as (n,7) —
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o _ 1/2, —1/2 —1/4
1r£nta§XTHFt HF, + HF|| = O0,(T"*n )+ O, (T ).

As stated in this lemma, F; is uniformly consistent for HF, (up to a shift factor HF;)
provided T/n — 0 as n,T — co. Without loss of generality, we assume that at t=1, F; = 0.

Then we have max,<,<r ||F; — HF|| = O,(T*/2N~1/2) 4 0,(T~/4).

Lemma A.3

In order to prove Lemma 1 of this paper, we need one more lemma regarding the estima-
tion errors of the factors, which we state here as Lemma A.3.

Consider estimation of (7). Recall the definition of the rotation matrix A = [A4;, As)" (A,
is r x r; satisfying A} A, = I, and A}A, = 0), such that Fy;, = A{HF; to be the r; common
stochastic trends and Fy, = ALHF, to be the ry stationary elements resulting from such a
rotation. Denote F' = (Fy,...,Fr)’, Fy = FA; and F, = FA,. Suppose Assumptions 1-5 hold.

Then there exists an H with rank r such that as (n,T) — oo,

() T F(FH — F) = 0,(4)

(b) T B (FH' ~ F) = 0,(,/T).
Proof. Let ¢, denote the estimation error of factors, i.e. ¢, = F, — HF,.
Then

Fll(FHl _F) _ ZtT:1F1t(FtlH/ _Ft/) _ 723:1}%1@;
T T T ’

and

From Lemma A.2 we have

1 1 1

max [0 = Opl( =) + Opli7)
1 1 1 1
= Op(in) + Op(ﬁ) = Op(max(—n, ﬁ))
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where Cnr = min[y/n, VT]. Then |¢,||> = T - Op(maz(%, L)) = 0,(T/n) uniformly in t. We also

have

1~ o T
7 ; 166]° = Op(—-).

Thus,

T - ! T P T
_ Fu¢ 1 [ Fe)? oy A
”Zt lT t t” S\/T(Zt 1T|‘|2 tl )1/2(Zt 1T t )1/2

70,00,/ T) = 0, )

Similarly, we have

(Zi Pt ELNEIE 1y B 1942
T - T T
= 0,(1)0y(
]
Proof of Lemma 1
Suppose Assumptions 1-5 and 6 (EC) hold. As (n,T) — oo, if T/\/n —
0,
(a) TA;(CAS — (5) i} (f BlB;)_l(fol BldBO + AlO);
(b) VT A58 = 8) 5 N(0, 25 2y 3.
Proof. Rewrite the cointegration equation as follows
Yr = a'F,+ e
= O[/Hills‘t +&¢ + O[/Hil(HFt - Ft)

In matrix notation, Y = F'6 +¢ + (FH — F)s. It follows that

A AL A A~/

§—6=(FF) et (FF)'F(FH — F)s.

Partitioning the coefficients into the nonstationary and stationary part, we

have



and

and

Ny

Ay(8— 8) = Al (F’F)fl T e + A, (F’F)fl F(FH — FYH Va.

Note that by partitioned inversion

-1
r 1|F B By y
= IT'1 0 AFE
- S EyFy EyF
[ ] (F1QaF1) ! —(FyF) T E By (Fy Qi F) »
=11, O AF ¢
) T (F Q) T By (B Fy) Y (FyQ1Fp) 7"
By
(FLQoFy) ™t —(FyFy) M E By (FyQ Fy) <
F,
= (1%1/622131)_1151/5 - (F1/F1)_1F1,F2(F2/Q1F2)_1F2/5
= A, A (AF FA) ' AF' ¢
_ —1
FFy E B, y
= [0 Im] AF ¢
ESFy FyFy
[ (F1Q21) —(F{Py) YR Fy(FyQu )|
=0 I, AF ¢
- —(ByQi Fy) LBy Fy (B Fy ) ™! (FyQ1F5)
_ Fll
= | —(FQ ) TR P (FUF) ™Y (FyQqFy) ™t €
L FQI

= (FéQlﬁg)_1F2,€ — (F‘Q,Qlﬁg)_lﬁgﬁl(F{Fl)_lﬁl/€
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where Q; = I — Fy(F, F;)"'F,, i=1,2. Thus
—1 o)A =1
!’ -~ ! F F _1 A ’ F F _1 A/ ’ A _1/
TG -0 = Ay | | TFew A (T | T (PE - PV
_ (FI/QQﬁ‘l)—I& _(Fl/Fl)—lﬁl/FQ(FZ/QlﬁVQ)—I&
T2 T T2 T T T
FLQ@B L RFH R Yo FEFEy BQUR L F(FH — P)H
T2 T T2 T T T '

Under Assumption 6 (EC), we have

F/Q2F1 _ Fle F/F1 _ Fle 1. 4 N 1
( 1T2 ) 1%:( :}12 ) 1T1+Op(f)_>(/BlB1) 1(/0 B1dBy + A1p),
and
G LIS SIS LI e L SR,
T2 T T T T2 T T VTIVT T
and
BQufy L FB(PH Yo _ T T
and
Fl/ﬁl —1}%1,1312 FQ,Qlﬁz ,113'2/(FH,*F)H*1'04 T T
(Fh) R (e - = 0,(10,(1)0,(1)0,(1 ) = 0y ).

The last two lines of proof also use results from Lemma A.3. Thus if we assume that % —

0 as (n,T) — oo, the last two expressions will be o,(1). Hence, we have
APES d ’ 1
TA1(5 — (5) — (/ BlBl)_l(/ BldBo + AlO)'
0

Similarly, we have
VT Ay (5 - 0) = A, <T> T2 e 4 A <T> T2 (FH — FYH o
i(FQ/Qlﬁ‘Q)fl&7(F2IQ1F2)71F2,F1(F1/F1) e
T VT T T 1) T T
(F2,Q1F2)71 Ey(FH —F)H '« B (FQIQJE),I Féﬁl(ﬁ‘iﬁ‘l)flﬁ‘{(FH' _ F)H*l’ai
T VT T T T2 T Nk

,lﬁ‘{gi

Under Assumption 6 (EC), we have

1 Fe FyEy  Fie I _ -
) 1%:( 2T2) 1ﬁ+0p(f)%N(Ovzmlgwwzml),

(F‘Z,QIFQ
T
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and

FQIQ]_FQ F2F]_ F{Fl 1F1/€ 1 —O( 1 )
(= () o 7w = Onl ),
and
A~ ~ A~ /_ A 71/ A~/ ~ A/ /_ A 71/
(FQC;}FQ)AFQ(FH \/;)H a:(FQQTgFg)leQ(FH TF)H aﬁ
T T
= ﬁ0p<\/;> = 0 7=),
and
By By FByPy PRy F(FH —F)H Y2 1 1 T _o. /T

The last two lines of proof also use results from Lemma A.3. If T/\/n — 0 as (n,T) — oo, the

last two expressions will be o,(1). Hence, we have
VT Ay (5 — 6) % N(0, 255 0y 553).
|

Preliminaries for Theorem 1

As in Phillips (1995), to simplify the presentation of our arguments it will be conve-
nient to assume in our proofs that we are working with long-run covariance matrix
estimates that satisfy Assumption KL (a) and (b). This leads to estimates of the

form

Z w(j/K)T(j), and A = Z (j/ K

—K+

which corresponds to (10) when the lag kernel is truncated as in KL (b), i.e. w(z) = 0, for
|z| > 1. The proofs given below for Lemma A.4, A.5, and A.6 apply as they stand under
KL (a) and (b) and therefore hold for the Parzen and Tukey-Hanning kernels, for example,

which satisfy these conditions.
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Lemma A.4

We have the following lemma adapted from Lemma 8.1 in the Appendix of Phillips (1995).
Under Assumptions 1-5, Assumptions 6 (EC), 7 (KL), and 8 (BW(iv)), the following
hold:

(2) Qaupru, = —K 2" (0)29 + 0,(K~2);

(b) Qeau, = K207 (0)®g2 + O,(1/VET) + 0,(K~2), where @,

Yresod = 1/2)T w5y
and
Quawe = K207 (0)@12 + O,(1/VET) + 0,(K~2), where &1, = Y (j —
1/2)T s us ()
(€) Qona, = Qenuy = Qenuy + O, (1/T);
(%) Qa2 = [ Q007! 4 0,(1), —[Bos — Qo1 B1a] Qs + O (K3/2)VT) + 0p(K3/2)VT) I
(e) KT AU — Apuyaus] 2w (0){Ags — (1/2) 502}
(f) T7'U,Us — Ay aun = K207 (0)W15 + O, (1/VET) + 0,(K~?), where
iz =352, = 1/2) g, (4);

(g) T'AULF, — Apuguy, = T ugrFip + K720 (0)Wa; + O,(1/VKT) 4 0,(K~2),

o1 = 3752107 — 1/2) g (4);

(h*) Under the assumption that T/y/n — 0 as (n,T) — oo, we have Agaa, == Aeng, =
0,(1/VET) + 0,(1/);

(i*) Under the assumption that 7/y/n — 0 as (n,T) — oo, we have Ags, = Az, =
Aot + Op((K/T)12) + 0, (K\/2) + 0, (X) + 0,(K2) + 0, (1);

(G) T7UFyL — Ay, > [ dB1BY;

(k) T7'Fie = Ay,e % [ BidBy ;

(1) T2FF, % [ BiB;.
Proof.

Proof of (a)-(c), (e)-(g), and (j)-(1) are from Lemma 8.1 in the Appendix of Phillips
(1995).
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A AN—1 A A Qu u Qu u -1
QsaQaa - [ qul QEAUQ }[ Q L Q e
Ausuq AugAug
A—1 _Qfl Q Qfl
— [ Q Q A }[ uiur-Aug L urug-Aug b1 Aug i Ay, Ausy - ]
EU EAQAU2 - — - -
QAugAug QAu2u1 Qulul Aug QAuzAuz + QAuzAug QAUZTH Qu1u1 Aug QUIAU2 QAugAuz
(X%
. A - A A1 A _ A A A _
with Qulul'AUZ - QU1U«1 - QUIAUZQAuzAungUQul? X1 = Qaulgulul Auy QEAU2QAu2AuQQAu2u1 Qulul Aug?

and
A A A A—1

A—1 —1
QU1Au2 QAUQA'U,Q - Qeul QuluyAug

6 A—1 A A—1 A 9 O~1
X2 - Q‘?ATQ QAugAuQ + QEAU2 QAugAug QA“2"1 Qul u1-Dusg QulA“2 QAUQAU2 :

Using parts (a)-(c) of the lemma we find that

_ ® H—1 0
Qu1U1~Au2 = Qulul - QulAuQQAuzAUZQAuQul

= Quyuy + Op(K72) + Op(K/T) + Oy (K~ V2T

Qulul + Op(l) ﬂ) Q1 >0,

and

1 A A—1 S -
X1 = QEul Qulul Augy Q5Au2 QAuzAug QAuzul Qu1u1 Aug

= Q01925 + 0p(1) — [ ()02 + Oy (K> /VET)][w" (0)Qe2 + 0,(K )] [0, (K ) + 0,(1/VET)

= Q01077 + 0p(1),

and

Xo = QEAUZQZuQAu + QeAungwAuZQAuzmQ;lul AuQQulAquZwAW QWIQJNM AU2QU1A“2QEUZAW
= [~ @0z + Op(K*2 V)| + [~ Doz + Op(K*/? VT2 [0p (K %) + Op (K /T)][Q1 + 0, (1]

x [=@15 + Op (K32 JVT) Q5" — [Qo1 + 0p(1)][Q1 + 0p(1)] [~ D12 + O, (K32 /VT) Q)

—[@o2 — Q010 @ 12]Q%, + O (K32 /VT) + 0,(K>?/VT).

(h*). To prove part (h*) we write

=

iais = LK a0 ) = 3 G/ 0,0) i +1)

<
I
o

Z (G/K) = w((j = 1)/K)]Tza, (5) + Leay (0) — w((K = 1)/K)eq, (K)

J=1
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K-1

= D W(/E) = w((G = D/E)|Teay () + Op(K2T71/2),

j=1
since g, (0) = T—1& 6y = T-12 5 = 0 by least squares orthogonality, w((K — 1)/K) = O(K~2)

and T:q, (K) = 0,(T~1/?).

N ;A A~

Since Ieay () = Teua (7) = 8 Toua (1) = (6 = 8) T () + Lo (1) Az = 6 Tp() Az — (6 8) T'py () A,

we have
. K—
Acna, = Z (7/K) = w((j — 1)/E)Pea, (j) + Op(K-2T71/2)
j=1
K-1 K—-1
= > [WU/K) —w((G = )/K)IE _r >/ K) = w((G = D/K)]Pous ()
"~ K-—1 " K-—1
) > w(/K) —w((j — 1)/K)|Tp,, (5 )+ D w(/K) —w((i = D)/K)[Tes ()42
lel = ) ” K-—1
— 0" Y w(/K) = wl((j = 1)/E)Dg (i) A2 — (6= 6) > [w(i/K) —w((i — 1)/K)I0p,(j)A2 (A1)
j=1 j=1

+ O, (K2T71/2).
The first term in (A-1) has mean zero because
FauQ(j) =0 for all ] >0

in view of Assumption 6 (EC). Next we consider the variance matrix of the first term,

ie.,

K-1 K-1

Z j/K —w j_l)/K>] Euz :K 12("} J_l/K euz(j)[1+O(K_1)]a
and

K—1
lzm KTvarvec{K™! Z w ((j = 1)/EK)Peuy (1)}
=1
K-
le_)rzo—var vec g (j —1)/K)T'zu,(j)}] = constant.

The last line of proof is following Theorem 9 of Hannan (1970, p. 280) on the asymptotic
covariance matrix of spectral estimates because of the first term of (A-1) has the same

form as a spectral estimate at the origin and w’'(z) is continuous and uniformly bound
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under KL. Hence,

K-1

> W(i/K) —w((j = 1)/K)leu, () = Op(1/VET).

j=1

For the second term in (A-1), under Assumption 7 (KL) we can use the following

Taylor expansion for w(j/K) as K — oo:

w(G/K) —w((j - )/K) = K~'w'((j - 1)/K)(1 + O(1/K).

Thus
K—-1 ) K-—1 , R
> (WG/E) = w((G = 1D/ K))lu, () =K > w (= 1)/K)Tu,()(1 + O(1/K)).
j=1 J=—K+2

The modulus of K1 ZJ W' (5~ 1)/K)T g, (j) is dominated above by

(sup)jj<x|w (0 o Z T s 7
K—1
< constant K ! Z [T puz (41
7j=1
T
= Op( E).

So the second term Y15 (w(j/K) — w((j — 1)/K))Fyu, () = Opl4/ D).

By a similarly reasoning, for the fourth term we have Y/ (w(j/K) — w((j —
1)/E))P24(i) = 0,(,/T), and for the fifth term we have /5! (w(j/K) — w((j — 1)/K))Fo0(j) =
0u(Z).

For the third term,

K-1

) Y G/ (G~ D/, ()
- 4_[ (3/5) = (G = VKNG~ 8) T, ()

w(G/K) = w((G = 1)/K)](6r = 61) T, (7)

1
11

+ Y [wi/K) —w((f = 1)/K)](F2 = 85) Tz, (- (A-2)

.
Il
-

Using the fact that 6, — d; = Ay(6 — 6) = O,(T~'/?) under the assumption that 7/y/n — 0 as

103



(n,T) — oo, we find that the second term on the last line is O,(1/VKT)O,(1/VT) = 0,(T1).
For the first term on the last line we note that §, — 6, = A;(6 — 6) = O,(T!) under the

assumption that 7/y/n — 0 as (n,T) — oo and

K—1 —1
Y w(/K) = w((G = D/K) T4, () = K o (0,)T 4, () = Op(1).

j=1 j=1

So the third term in (A-1) is at most O,(7!). Similarly, for the last term in (A-1) is
also at most 0,(T1). To conclude, under the assumption that 7/v/n — 0 as (n,7) —

oo

sAugO(l/F)+O(\/7)+O( )+Op(\/?)+0( )+ Op(T™Y) + Op(K2T71/2).

= 0,(/VET) + 0,1/ ).
(i*). By definition
~ K 1 A
Agg, = A w(j/K)D ), where I'zq,(j) =T 1 Z Etqjlie,
j=0 1<t t+5<T

and 4y, = A fy = A\(fy — Hf, + Hf,) = Alo, + uyy, in which ¢, = f, — Hf, and uy, = A Hf,
by definition, and &, is the residual from a preliminary least squares regression of y, on Fj.
Noticing that y, = F;6 + ¢, + o H-'(HF, — F}), we have
Ee=y — F,¢
—Fo4e+a H ' (HF, - F) - F$
=g —0 ¢, — F(5-0),

in which 6 =o' H™1, § = (F'F)LE'Y and ¢, = F, — HF,. This leads to

By = {eray — 0 by — Fruy(6 —OHALf — Hfs + Hf)Y
={et4j =0 bpyj — Ft/Jrj(g —0) Huae + A;@t}/
= Et+ju/1t - 5/¢t+ju;t - (5 - 5)/Ft+ju/1t

+ eerjop Al — 5,¢t+j<P;A1 — (8 = 0) FryjippAr.
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By definition

Dea,(j) =T Z Etyjliyy

1<t,t+5<T
71 7 ’ 71 7
=T E Etjuy, —0 T E ¢t+jU1t
1<t,t+5<T 1<t t45<T

—@G=0'Tt Y Fyguy,

1<t t45<T
1 ’ ) ’
+ T Z €t+j90tA1 — (5 T E ¢t+j§DtA1
1<t t+j<T 1<t,t+5<T
~ ’ 1 A~ /
—(06-0)T > Figei
1<t,t+5<T

A /A

= Teur, () = 6 Tgun () — (6= 8) T, ()
+ P () A1 — 8 Ty ()AL — (6 — 8) Tp (4) As,

where Ty, (4), Tpy, (4); Do), Top(s) and T »(7) are defined similarly to

Lea, (4)-
Then we have

K-1

Az, ZWJ/Kf (J)

<.
Il
=)

K-1

W(]/K sul 5 w ]/K F¢1L1 )
=0

=

o
<.

=

-1

6—08) Y w(i/K)T 4, ()

—

\N

—
<.
I
o

+ Y W(/K)Tep ()AL =6 Zw]/KI‘W VA,

I
o
>

-1

—(6=06) Y w(i/K)T () A1,

<.
I
o

Notice the first term in the above equation

K—-1
Z w(i/ K eu, (§) = Acu, -
= K41
For any given j, Tyu, (/) = T3 <y 44 jcr Gipyu1:, Whose modulus satis-
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fies
Do DIP < /T > NueHA/T D0 ey,

1<t,t4+§<T 1<t 4+5<T
Assumption 6 (EC) insures that 1/7%, ., , i or [[unl> = Oy(1). According to Lemma A.3,
under Assumptions 1-5, (%327, [|¢,]]%) = 0,(T/n). So for any given j,

I DIP < 0p(1)0,(1) = Oy(-), and [P, ()] = O, ( T) .

n

Similarly, we have for any given j,

I DIP < /T Y7 leensPYA/T Y0 el

1<t t+4<T 1<t,t4+5<T

Assumption 6 (EC) insures that 1/7%,_,, .. |lesysl* = Op(1). According to Lemma 1 of
Bai and Ng (2004), under Assumptions 1-5, (% X7, [|,]1?) = (2 S0, | — Hf:|[?) = Op(D;7)
with D, = min{n,T}. So for any given j,

P (I < o,,a)op(DiT) - 0p<DiT>, and [[E., ()] = O, (;T) -

Similarly,
o T
T (NI* < (1/T Z ooy 115 (1/T Z ol I?) = Op(nD )s
1<t t45<T 1<t t45<T nT
and
\ VT
ITge (DI < (1/T Z ey, 1)1 2(1/T Z g, |1)1/2 = Op( > T)~

1<t,t+5<T 1<t,t4+5<T

To summarize,

P DIl = O (\E) )= 0, (5= ) and [Es ()l =0, (Wf%) |

So for the term Zf;lKH w(j/K)Tyu, (§), its modulus is dominated by

K-1
(suppji<i|w (@) D 11T gu, ()]
j=0

K-1
< constant Z ||fq5u1(J)H

=
o1
n
P K1 - T
Thus the second term & Y5 w(j/K)T g, () = O, (K\/;)
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For the term Z W/ K)o (h), since ¢, = ¢, — ¢yy1, We have T, (j) = Teng(4)

and

=
L

K-1
w(j/K)T
7=0

w(i/K) eno(d)

w(i/K)[Lep(f) = Teo (G + 1)]

[w(i/K) = w((j = 1)/K)Lep () +

I
gl EMTEM

<
Il
A

S
=
<

=

)Tep(0) = w((K = 1)/ K)oy (K).
Assumption KL implies that
w(0/K) = Lw((K —1)/K) = O(K™?),

so that the second and third terms are Op(\/%) and o,(K~2). This leaves us with the first

term which we write as

K-1

Y w(i/K) = w((i = 1/K)IT Z+Z w(i/K) = w((j = 1)/K)Tes(4) (A-3)

J=1

where B, = {j : |j| < K*} and 8* = {j : |j| > K*,1 < j < K — 1} for some K* = K* with
0 < b< 1. Under KL. we can use the following Taylor development for w(j/K) when |j| < K*

and K — oo to get
w(i/K) —w((j—1)/K) =w ((j — 1)/K)(1/K) + (1/2)w" (0)(1/E>)(1 + o(1))
=w (0)((j — 1)/E*) (1 +o(1)) + (1/2)w” (0)(1/K?)(1 + o(1)).
The first sum in (A-4) is then

D wli/K) —w((f - 1)/K)T(5) = O D G =DTepl) +(1/2) D> Tep()H1+o(1)).
B l7I<K~= l7|<K
The mean of the term in braces of above expression is

Do U=V /TITeo() +(1/2) Y (1= il/T)Tep ()

l7]1<K* l7|<K*

= > (= 1/2)Tes()).

j=—00
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Thus the first sum in (A-4) is O,(K~2). The second sum in (A-4) is

> W/ K) —w((i —1)/K)T 1Zw o(J)

B *

where (j —1)/K < 0; < j/K. This expression has mean given by

1Zw ) (1= [31/T)Te4(5)

whose modulus is dominated by

(supjj<xlw OHDE" D" |[Tep(l)
31> K~
K-1
< constantK ! Z [[Teg ()]
j=—K+2

o ()

Thus the fourth term ¢ Z] W/ K)o (f) = Op(K2) 4+ 0, (\/%) By the same reasoning, for

the fifth term we have § Y5 w(i/K) Ty (j) = Op(K72) + 0, (L).

For the third term (6 —6)’ Zj o W/ KD ., (7), we have

K-1 K-1 K-1
8) Y w(G/E)T 4, (j 8) A1y w(i/E)T s, 8) As Y w(i/K)T s, (5).
7=0 7=0 7=0

By definition

fﬁlul(j) =T! Z Fl,t+ju1t =7 Z Al(Ft+j —HFE 4+ HFtJrj)ult

1<t,t4+5<T 1<t t45<T
_1 ’ ’ _1 ! ’
=T E Ay jur +T E A HFyyjuyy
1<t t+j<T 1<t t+j<T

and

P ) =T > Foupu=T" > Ay(Fy; — HFyy + HFqj)uy,

1<ti1g<T 1<t <T
71 ’ !’ 71 ! ’
=T E Agdyyjur +T E AyHFyy juy,
1<t 4<T 1<t 4<T
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= A;f¢u1 (J) + Hszul (]) = OP <\/Z> + OP(LT)

So for the term E o/ KD 10, (7), its modulus is dominated by
K-1
(supyj<x|w(0; Z 04, , ()] < constant ZO D f, 0, (DI = Oy <K\/Z> + 0,(K),
J
and for the term Zj o w(i/K)T fyu, (4); 1ts modulus is dominated by
K—-1 T K
(supyj<x|w(0; Z 04, (4)]] < constant JZO T 5,0, (DI = op< [) + 0, (ﬁ)

Thus under the assumption that 7/\/n — 0 as (n,T) — oo, we have

K-—1 K— K-—1
(6—0) Y wli/K)s,, (j) = (6 —0) Alzw/K g, () +(0—08) A2 Y w(i/K) s, (j)
j=0 j=0 j=0
T 1 T K
7)(Op (K n) Op(ﬁ)(Op (K\/;>+Op(ﬁ))
K
O(m>+0( )+ 0O, (\/ﬁ>
Similarly, for the sixth term, we have
. /K_l R ) , K-—1 ) , K-—1
(6=06) Y wl/K)Tp, () =0 —06) A1 Y w(i/K)ls () + (6 —08) Ay > w(i/K)Tp,(5)
j=0 7=0 j=0

(mﬂ o (FD

=0 (ém%m X @%f)

To conclude, under the assumption that 7/\/n — 0 as (n,T) — oo,

) K—-1 K-—1 R K-—1

Aca, = wli/K)leu, () =0 D w(/E)gu, () = (6—06) Y w(i/K)Tp,, (5)
7=0 j=0 j=0
K-—1 /Kfl K—1

=Aeu + 0y (K Z;) +0y ([;n) +Op(§) +0y (j%) +0p(K7%) + 0, <\F>
+ Op( )+ Oy (i +Op(\/$\/T7)+Op(IT{)+OP< Diﬁ)



The last line of above proof is because A.,, = Ao + O, ((K/T)Y/?).

Lemma A.5

Under Assumptions 1-5, 6 (EC), 7 (KL), and 8 (BW), we have:

(a) Under the assumption that 7//n — 0 as (n,T) — oo

Poa, (7) = Teay (7) = Teus (7) = 6 T () — (6 = 8) T, (4)

+Tep(j) Az — 0 T () Az — (8 — 6) Ty (5) Az

= IA‘auz (J) + Op <\/Z> + OP(T_UQ) + Op(%)%

(b) Under the assumption that 7/y/n — 0 as (n,T) — oo

L0a(5) == L2a(j) = Pealj) = 8 Tali) — (6 — 8) T, (5)

+ T (A =6 T ()A — (6—06)Tp, () A
=T.() + 0, (ﬁ) +0,(T7Y?) + 0, (%) +Op(—=5= T);

(¢) Under the assumption that 7/v/n — 0 as (n,T) — oo,

. . . T K _ T
Qog = Qeag = Qe + O, <K\/;> + O, <T> +O0,(K™%) +0, (n) ;

3

(d) Q&& - Qcu:a + OP(K_Z) + OP(\/%)?
()

. A'&l'&l A'&lAﬁg Aulul AulAuz T

Baa = | 1= ]+op<K-2>+0p< )

AAﬂQﬁl AAﬂgAﬂQ AAuQul AAugAuz
. L T
= Aua+ Oy (K72) + 0p() —);

(f)

A ] 7
T AU — Anayaa, = Op(K2) + O”(f) + Op(\/:);
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N

I ENVRES N B 1
T 1U1U2 — Auyna, = OP(K 2) + Op(l/\/ﬁ) + Op(f) + Op(\/;);

(h)

TAULE — Apagay = T uor Fip + T gp Fip — T o Fy

£ 0, + 0,0 VET) + 0,4/ D) 0, [ ) 4 0,072+ 0,/ )

= O0p(K %) + Op(1/VET) + Op(T~/%) + Op(\/Z);

(i) When T/n — 0 as (n,T) — oo, we have
T10,Fy — Agya, == Nur % [ dB1 B}
(j) When KVT/y/n — 0, K/T — 0 and T/y/n — 0 as (n,T) — oo,
T Fe — Agyo 5 [} BidBy;
with D,z = min{n,T}.
Proof. (a)

By definition

K-1

Qauz = Z OJ(j/K)fgm (j), where IAjauz () =7" Z Et+jlhat
=R 1<t t4+5<T
and
K-1
Qe = D w(/K)Tea, (), where Tea, () =T71 > &y,
j=—K+1 1<t t+j<T

where dy; = Fy, = AyF, and & is the residual from a preliminary least squares regression of

y, on F,. Noticing that y, = F,6 + &, 4+ o H"'(HF, — F}), we have

=Fé+e+a HYHF, —F)—F$
:St_fsld)t_ﬁg(‘%_é)a
in which 6 =o' H-1, § = (F'F)'£'Y and ¢, = F, — HF,. This leads to

Eorjlig, = {evsj — 0 by — Fyy (6 — ) HALF — HF, + HF,))
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= {evrj =0 by — Fioy (0= 0)Huae + Aye,)
= 5t+jul2t - 5/¢)t+jul2t - (3 - 5)lﬁt+ju/2t
Ve b As — 8 by by As — (65— 8) Frpj, Ao.

By definition

Lo, () =T > eyl

1<t t4<T
_1 ’ ’ _1 ’
=T § Etjlg —0 T E Pry jUay
1<t t45<T 1<ti+j<T
N 1 N ’
—(0=0)T > Fijuy
1<t t+5<T
_1 7 ! _1 !’
+T Y e A =6 T Y by jbiAs
1<t,t+j<T 1<t t+5<T
A ’ 71 A ’
—(0-6T > FijdAs
1<t t45<T

= Teu,(7) = 0 Tous(4) — (0 ) T, (9)

+Teg(j) Az — 8 Tyg () Az — (5 — 6) T, (7)Ao,
where Ty, (j), Tp,, (7), Tes(4), Too(j) and Tz, (j) are defined similarly to
Lea, (4)-

For any given j, Dyu,(7) = T731<; 4 j<r Gerjtiar, Whose modulus satis-

fies

ICou DI < (/T Y7 Nuad HA/T D (sl
1<t,t+j<T 1<t,t+5<T
Assumption 6 (EC) insures that 1/7Y,,,, ;< |Juz||* = Oy(1). According to Lemma 2,
under Assumptions 1-5, (% 37, [|4,]]%) = 0,(T/n). So for any given j,

n

PGP < 0,10, () = Op(), and [P ()l = Oy ( T) -

Similarly, we have for any given j,

ICsDIF < /T Y leasglPH@/T D gl

1<t,t+j<T 1<t,t+j<T

Assumption 6 (EC) insures that 1/73, ., . ;< lleis]1* = Op(1). According to Lemma 2,
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under Assumptions 1-5, (% 37, [|¢,]]%) = 0,(T/n). So for any given j,

oo < 0p1)0,(1) = Op( ), and [[Fus()]| = Oy (ﬂ) :

Similarly,

IssDIP < (/T D2 Nl IHA/T Y- ||¢t||2)201)(%)7

1<t,t4+4<T 1<t,t4+4<T

and

ICosDIN< /T Y7 o, IIP)2Q/T ) |I¢t||2)1/2=0p(%)~

1<t t+5<T 1<t,t4+4<T

For the third and sixth terms, under the assumption that 7/v/n — 0 as (n,T) — oo, We

have

- ’

(6 =68) L, (4) = Op(T712)0,(1) = O (T~/?)

(5= 8) Ty () Az = O,(T71/2)0,(1) = 0,(T~2).

To conclude, under the assumption that T/y/n — 0 as (n,T) — oo

(b).
By definition

Qoo =0ea= Y w(i/K)lealj), where Tea () =T~ Y &gy,
K

j=—K+1 1<t t4+5<T

and ’llat = Aft = A(ft—Hft+Hft) = A(pt—l—uat, 111 Wthh Py = ft_Hft and Ugt = AHft by deﬁnltlon

From the proof of part (a) we have &, =&, — 6 ¢, — F; (5 — ). Thus
étﬂ'a;t = {5t+j - 5l¢t+j - Ft/Jrj (8 —0)HAp, + uat}/
= €t+ju;t - 5/¢t+ju:1t - (8 - 5)lFt+ju;t
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’

tepjoi A — 8 oo A — (6 —08) Fryjp A
Then

Lea(j) =T7" Z Err il

1<t t45<T
_1 ’ ’ _1 ’
=T § Ettjlqr — 0 T § Pty jUat
1<t t45<T 1<t t45<T

G- Y R

1<t,t+5<T
_1 ’ ’ ’ _1 ’ ’
+T Z errjpr A —0 T Z Grpjpr A
1<t 444 <T 1<t t+j<T
-~ ’ 71 A ’ ’
LG0T Y hiea
1<t 144 <T

= Tea(f) = Toald) = (6= 0) T, (4)
+T2p() A~ 5 Dop(i)A
where Tya(5), T5, (), Tep(), Top(i) and Tz (j) are defined similarly to
Lea(d)-
For any given j, Ta(j) = T7'31c; 44 <1 bryjlar, Whose modulus satis-

fies
ICoaDIP < (/T > Nual HA/T D byl

1<t,t+5<T 1<t,t+j<T

Assumption 6 (EC) insures that 1/7Y, ., ,, ;< |[uall> = Op(1). According to Lemma 2,

under Assumptions 1-5, (% 37, [|6,]]%) = 0,(T/n). So for any given j,

IPaaDIP < 0p(10,(-) = 0y(), and [[Fa(i)l| = Oy (ﬁ) .

Similarly, we have for any given j,

Lo DIP < @W/T Y0 el HAQ/T DY lled?).

1<t,t+j<T 1<t t4+5<T

Assumption 6 (EC) insures that 173, ,,i<rllerss]|* = Op(1). According to Lemma 1 of

Bai and Ng (2004), under Assumptions 1-5, (% 7., [|,]1?) = (= S0, [|fi — Hf:|[?) = Op(D;77)
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with D,r = min{n,T}. So for any given j,

A 1 1 - 1
IE-o )P < 0,10 5) = Onl ). and [, )l = 0y (= ).
Similarly,
. T
oGP <07 3 ol PUT Y Nl =0p2—),
1<t,t45<T 1<t,t45<T nT
and
.- JT
Boell ST 3 o PIPWT Sl = 04—

1<t,t+5<T 1<t t+j<T

For the third and sixth terms, under the assumption that 7/y/n — 0 as (n,T) — oo, wWe

have

(c). By definition

K-1
Qoa 1= Qzq = Z w(j/K)Tza(j), where Dea(j) =T~ Z Ettjlats
j=—K+1 1<t 45 <T

and dg = Af, = A(fi—Hfi+Hf,) = Ap,+ua, in which ¢, = fi—Hf, and ua = AHf; by definition.

From the proof of part (a) we have 2, =&, — 6 ¢, — £, (6 — ). Thus

Eorjligy = {erj — 0 by — Fryps (6 — O HAp, + et}

’

! ’ - 1 A !
= Et4jlg — 0 ¢t+juat —(0—9) Fitjug,

/

tepjprAd =0 ¢ oA — (6 —08) FryjorA
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Then

Laa() =171 Z Etjlar

1<t t44<T
_ T*l / 5/T71 7
= E Et+jUqt — E ¢t+j“at
1<t t44<T 1<t i+j<T
- ’ 71 A ’
-(0-06)T > Py,
1<t t45<T
71 ’ ! ’ 71 ’ ’
+T E etrjpAd —0 T § PryjprA
1<t t4j<T 1<ti+j<T
~, ’ _1 A ! ’
1<t t+5<T

= fsa(j) - 6/f¢a<j> - (8 - 6)/f‘ﬁa(])

+Tep()A = 0 T ()A = (6 — ) T ()4,

where T'ya(j), T, (1), Tep(d), Top(j) and Tz (j) are defined similarly to
Lea(j)-

Then we have

K—-1
Oea= Y w(/K)P=)
= K41
K—-1 R , K-1 )
= > w@/E)Twu(@) =6 D w(i/K)Tsal())
j=— K41 j=—K+1
~ 7 K71 A
—(0=08) Y w(/K)Ts,3)
j=—K+1
A~ ! K_l A
+ Z wi/K)Tep(NA =6 > w(i/K)Tge(h)A
—K+1 j=—K+1
R , K-1 R ,
—(0-0) > w(/K)Tp,()A.
j=—K+1
Notice the first term in the above equation
S wl/KFeali) = Qe
j=—K+1

From the proof of part (b), we have
o T . 1 S VT
ILga(7)]| = Op <\/:>  Pee (I = Op (M) , and [[Tgy ()] = Oy <nDnT> :
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So for the term Z e w(i/K)Dga(j), its modulus is dominated by

K-1

(supi<xlw(®)) D Ilsa()l]
j=—K+1
K-1

< constant Z quﬁa(J)H
j=—K+1

op(K 3;).

Thus the second term o' Y57 w(i/K)Tga(j) = O, (K\/g) For the term

Z K+1 w(j/K)Tep(j), since o, = ¢, — Gry1, WE have fw(j) = famﬁ(j) and

K-1 K-1

S W) = S wl/K) easl)
j=—K+1 j=—K+1
K-1

= > w(/E)[ep(i) — Tep(i+1)]
i=—K+1
K—-1 R

= > Ww(i/K) —w((i - 1)/K)lep(i)+

=—K+42

W((—K +1)/K)lep (=K +1) = w((K = 1)/K)l24(K).
Assumption KL implies that
w((~K +1)/K),0((K - 1)/K) = O(K™?),

so that the second and third terms are o,(K~2). This leaves us with the first term which

we write as

K-1

‘ Y wl/K) —w((i - 1)/E)L. Z+Z w(j/K) = w((j = 1)/K)Le6(j) (A-4)

=—K+2

where B, = {j : [j| < K*} and B* = {j : [j| > K*,-K +1 < j < K — 2} for some K* = K* with
0 <b< 1. Under KL we can use the following Taylor development for w(j/K) when |j| < K*
and K — oo to get

W(G/K) —w((j— 1)/K) = ((j = )/EK)(1/K) + (1/2)w" (0)(1/K>)(1 + o(1))

"

=W (0)((j = D/EK*)(1+0(1)) + (1/2)w” (0)(1/K*)(1 + o(1)).
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The first sum in (A-4) is then
YW/ K) = w((G = 1/K)Eep(G) = K20 (0{ D (= D)+ (1/2) D Tep(G)}(1 +o0(1)),
B. lil<K~ il <K

The mean of the term in braces of above expression is

Do U=V /TITeo() +(1/2) Y (1= il/T)Tep ()

7| <K l7I<K*

= > (7= 1/2)Tee(j).

j=—00

Thus the first sum in (A-4) is O,(K~2). The second sum in (A-4) is

Y Wi/ K) —w((G - 1)/K)T 1Zw [os(j

B *

where (j —1)/K < 6; < j/K. This expression has mean given by

1Zw )L = 131/T)Tes(5)

whose modulus is dominated by

(sup|J‘<K|w K~ Z Il (5)
|7]>K~*
K-1
< constantK ~* Z [[Tep ()]
j=—K+2

o ()

Thus the fourth term ¢ Z e WU/ B (j) = Op(K—2) + O, (ﬁ) By the same reasoning,
for the fifth term we have & 57" | w(i/K)Dpp(j) = Op(K~2) + 0, (L).

For the third term (6 —6)’ Zj_ e w(/K)D g, (5), we have

K-1 K-1 K-1
6-0) > wl/K)Tp,()=0-08) A1 > wl/E)Ts,0)+0=0) A Y w(i/K)s,0).
j=—K+1 j=—K+1 j=—K+1

By definition

Do) =T S Figuy =T S Al(Fiyy — HFy s+ HEy)us,

1<t g<T 1<t j<T
_1 ’ ’ _1 ’ ’
=T § A1y jug +T E A HF jug,
1<t 4<T 1<t j<T
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= A;fma(]) + HfFlua(j) = OP (\/Z) + Op(l)a

and

fﬁza(j) =T! Z FZ,t+ju:1t =7 Z A;(FtJrj - HFt+j + HFt+j)u;1t

1<t,t+5<T 1<t t+j<T
_1 ! ’ _1 ! ’
=T E A2¢t+juat +T E AZHFt+juat
1<t t+5<T 1<t t+5<T

= 45T gu, (§) + HT 1, (7) = Oy (ﬁ) + Op(%).

So for the term Y1 || w(j/K)T'z ,(j), its modulus is dominated

by
K—-1 R K-1
(supjj<ilw(®)) Y | ,()I < constant Y [T, ()] = <K\[) + Op(
j=—K+1 j=—K+1
and for the term Z]__KH w(j/K)T 4, (j), its modulus is dominated by
K-1 R K-1 K
(supji<rlw(®@)) Y T, ()] < constant Y [T, ()l = (K\/7> + Op( 7)-
j=—K+1 j=—K+1
Thus under the assumption that 7/y/n — 0 as (n,T) — oo, we have
K-1

K—-1 K-—1
<8—6>f S W/ KT, G) =00 Ar Y wl/EK)Ta () + (0 —0) A Y w(i/K)Ts,, ()

=—K+1 j=—K+1 j=—K+1

T 1 T K
(0, (Kﬂ) +0,(K)) + 0y ) (0 (Kﬂ) 0y )

() oo ()

Similarly, for the sixth term, we have

Nl =

(8—6>/ Z_ WG/, () = G A S WG/ K )+ (=) A S wl/K)s ()
=K1 j=—K+1 J=—K+1

( j\f ) 0, 1T><0p <%ﬁ)+op<j}>>

= (mm)w( )+ 0 (ﬁf)

To conclude, under the assumption that 7/\/n — 0 as (n,T) — oo,

K-1 K—-1 K-1
Qo= Y wl/K)Tea() =0 D wl/E)Tga(l) = (6=08) > w(G/E)T s, ()
j=—K+1 j=—K+1 j=—K+1
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bYA= Y wG/Ee(A - (-8 Y Wl K)Pp, ()4

|

2

2
+
Q

=
N
=
-
N———
+
@)

=
N
3

3
N N——
+
@)

S
’ﬂ\LN
+
Q

=
N
Ells!
+
Q
+
Q
N
%‘
N———

(d). By definition

Q =

b>

Z w(j/K)Taa(j), where Taa(j) =T Z ﬁa,tﬂ-ﬁ;t,
—K+

1<t 114 <T
and aat = Aft = A(ft - Hft + Hft) = AgOt + Ugty ln Whlch Y = ft - Hft and Ugt = AHft by
definition. Thus
Ug,t4jUgp = {A‘Pt-s-j + Ua,tJrj}{A‘Pt + Uat }
= Uq,t4jlap + Uat+j P A + Ay g + Apyy 0 A

Then

f‘&& (]) = T_l Z '&a,t+jﬁ’at

1<t,t+5<T
=71 7! A
B Ua,t+jUat T Ua,t+5Pt
1<t t+5<T 1<t,t4+5<T
+ AT L+ AT A
PttjUat Pt+;Pt
1<t t+5<T 1<t,t+5<T

Taa(j) + Fap()A + ATya(j) + AT () A,

where Tua(4), Tap(5), Tpa(s), and Ty, (j) are defined similarly to Tza(j).

Then we have

Gas= Y w(i/E)aals)
= K41
= Y WGBS WK Fap()A
j=—K+1 j=—K+1

+A Z w(j /KT pal +A Z w(j /KT op (A"
j=—K+1 —K+1
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Notice the first term in the above equation

K-1

Z W(j/K)f‘aaU) = Qaw
j=—K+1
For any given j, Tap(j) = T7 3 <) 44 j<r Uatri®r, Whose modulus satis-

fies

ICaeDIF < /T Y e PYA/T Y ).

1<t,t4+4<T 1<t,i4+5<T
Assumption 6 (EC) insures that 1/TY,_,, < |[ual[* = Oy(1). According to Lemma 1 of

Bai and Ng (2004), under Assumptions 1-5, (% X7, [|,]1?) = (2 S0, | — Hf:|[?) = Op(D;7)

nT

with D, = min{n,T}. So for any given j,

P ()% < Op(l)Op(DiT) = Op(DiT)» and [[Tay (7)]] = Op (;T> ~

Similarly,

IBeeDIF < /T 32 Tl UT 32 llpdl) = Op(g-),

1<t,t+j<T 1<t t+5<T

and

Lo < /T Y e ID2Q/T Y el = 0y

1<t,t+j<T 1<t,t4+5<T

So the modulus of the second term Zf;_lKH w(j/K)Tay(4) can be shown to be
O,(K™2) + Op(\/%) as in the term Y7 w(j/K)le,(j) in the proof of part (c). And
similarly, Y0, w(i/K)T () = Op(K2) + Op(y/ 77—).

To conclude,

K-1

Qag = Z W(j/K)faa(j)
j=—K+1
K-1 . K-1 . o
= > w(@/K)Taal)+ Y. w(/E)Tap(i)A +A Z w(j/K)Tpa(j) + A Z w(j /K)o
j=—K+1 j=—K+1 —K+1 j=—K+1

= Qua + 0, (K72) + Op(\/z) + O, (K72) + Op(\/Z) + O, (K™2) + Op( T

nDnT
A ., T
= Qua + O(K2) + 0,y )

(e). Similar to the proof of part (d).

(f).
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Lemma 8.1 (e) in the Appendix of Phillips (1995) states that
KT 'AULUs — Apugau,] 5w’ (0){Ags — (1/2)S55}.

Thus T-'AUUs — Apuyau, = Op(K~2). From Lemma A.5 (e), we have Apa,am, = Apuyau, +
O,(K~2) + Op(\/%), and from the proof of Lemma A.5 (a), we know that iy, = Fy, = A,F; =
Ay(F — HF, + HF,) = ug 4+ Ayg, with ¢, = F, — HF,, and Adigyy = fo, = Ayfy = Ay(f — Hf, + Hf,) =

Augy + Ay, wWith ¢, = f, — Hf,. This leads to

Adigytig, = (Augy + Agip,) (uzg + Aye,)

= AU2tu/2t + A;@tu;t + Augi Az + A/z%s(btA?v

and

T PN

P _1 Adig 0
T_lAU2U2 _ Zt_l - 2t ™2t
T ’ T 4 T ! T !
A / A /
_ Zt:l Tu2tu2t +A2 Zt:%—z—‘gptt@t + Zt:lTu2t¢tA2+A2 Zt:}(pt(btA}

It can be easily shown that M = Op(\/%), and M

Op(\/ 77

We also have

T / T /
Zt:l Prlor _ Et:l(d)t — 1)Uy
T T

=T Yoy — T hou.
= Grugr — ¢0U2,1 -

T-1 ' /
Zs:l ¢s(u25 - u2,s+1)
T

T—-1 ’
Zs=1 ¢5Au2,s+1
T

_ ’ _ 7 T
=T 1¢T“2T =T 151501‘2,1 + Op(\/ g)

—o,b)+ob+ oD -0, +0,0/5)

with the last line from the fact that T-'¢ruyr = 0,(1/7), T~ '¢guy, = O,(1/T), and
iy “/z 1
Zealftten —0,(\/T). Thus

T o
70 A . Adiogi
T'AULUS — Apayna, = w

=T " dpugp — Tﬁl(ﬁo“z,l +

— ApayAds

T
nDyr

, A T 1 T
= T_lAU2U2 - AAuzAw + OP(K_2) + Op(\/;) + Op(f) + Op(\/;) + Op(
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N

_ 1
= OP(K 2) + Op(f) + Op(\/ E)
Hence, if T/n — 0 as (n,T) — oo, we have T-1AULU, — Apgona, = T AU — Apuyau, +
op(1).

(8)-
Lemma 8.1 (f) in the Appendix of Phillips (1995) states that

T~ Uy — Auypuy = K720 (0)W15 4+ O, (1/VET) + 0,(K~?)

where W15 = 372, (5 = 1/2)Twyu, (). Thus 710U — Ay, au, = Op(K72) + Op(1/VKT) + 0,(K2).
From Lemma A.5 (e), we have Ay aa, = Ay au, + Op(K72) + Op(\/%). From the proof of
Lemma A.5 (a), we know that iy, = Fy = Ay, = Ay(F — HF;, + HF,) = ug; + Ayg, with

¢, = F, — HF,, and Adigy = for = Ayfy = Ay(f — Hfo + Hf)) = Aug; + Ay, with ¢, = f, — Hf,.
And g, = fie = Afe = A(f — Hf, + Hf,) = uyy + A, with ¢, = f, — Hf,. This leads

to
Gy, = (ure + Ay (une + Aydy)
= ultu;t + A;S"tu/zt +urd Az + A,lsthStA??

and

T ~ A/
g Zt:l U1t Ugy

U0, = 7
T ' T / T / T /
_1 UtU ’ _ U _1 U ’ _
_ Zt_lTlt 2t + A, Zt_1T‘Pt 2t Zt_lT 1t¢tA2_|_A1 Zt_%%ﬁbtAQ.

It can be shown that 22 = 0,(%) + 0,(,/T), Z=f% = 0,(,/T), and Zeyeete =
Op(\/7p—)- Thus

T ~ N
—17y A Zt:l Uity A
T U Uy — A nay = — ApasAds

T
_ T_lUiUZ _ AAu2Au2 —|— OP(K_z) + Op(\/z) + Op(%) + OP(\/z) + OP(\/E)
= Op(K_2) + Op(l/\/ﬁ) + Op(%) + Op(\/z)'

Hence, if T/n — 0 as (n,T) — oo, we have T-1U,Uy — Ay pna, = T U Us — Ay, au, +

op(1).
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(h). Lemma 8.1 (g) in the Appendix of Phillips (1995) states

that
T AULFy — Apuyu, = T uor Fip + K207 (0)Wg1 4+ 0,(1/VET) + 0,(K~2),

where Wy = 352 (j — 1/2)Tuyu, (7). Thus TPAUFY — Apuyu, = Op(K72) + O,(1/VEKT) +

0,(K~2). From Lemma A.5 (e), we have Apaya, = Apugu, + Op(K72) + Op(\/%). We also

have
Niig Fy, = (Augy + Ayp,) (A} (F, — HF, + F))’
= (Auge + Ay (Fy, + ¢;A1)
= Auy Fyy + Ayp, Fyy + Auzid, Ay + Appy6, Ar,
and

T ~ A/
T_lAUéI:] _ Dot Al 1y

T
T / T / T ! T /
_ Doy AugeFyy A Do Pl | D Au2t¢tA A >t S"t(/)tA
- T + 2 T "‘ T 1 + 2 71_, 1-

It can be easily shown that M = Op(\/%), and M = Op(y/ 7). We also
have

T / T /
Zt:1 o by _ Zt:1(¢t — ¢p_1)Fyy

T T

T—1 / /
D1 Os(Fis — Fi o)

= T71¢TF1IT - T71¢0F1l,1 -

T
-1,
’ / _ u
=T "¢y Fip — T_1¢0F1,1 + —2571 ;bf net]
—1 / 1 / T
=T orFir =T " ¢gFy 1 + Op(\/ E)

=0, 40,0+ 0,/ T = 0, w0,/ ),

with the last line from the fact that 7-'¢,Fi; = O,(1/VT), T-'¢,F;, = 0,(1/T), and
Dot (7;15“1,54»1 _ Op(\/%) ThUS

T ~ A~/
B Zt:l Adig Fy,

T 'AULF — Aniya, = T AV

/ ’ ’ T T
=T 'AUFR +T_1¢TF1T_T_1¢OF1,1+Op(\/g)+0p( D
nT
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. T
= Bauaus + 0K+ 0,1/ 7)

= TﬁlUZTF{T + T71¢TF1/T - T71¢0F1/,1

+Op(K %) + 0,(1/VET) + Op(\/f)

= 0,(K™2) + 0,(1/VKT) 4+ O, (T~/?) + Op(\/z).

(i). We have
T ~ A~/
T‘lUil:H _ D iy U1k
T

T ’ ’ ’

_ Do (ue + Ay (Fyy + ¢, A1)
T

T / T / T / T /
_ Do Uity A Doim1 PeF i D1 U1t¢tA + A Dim1 <Pt¢tA
- T 1 T T S !

=T 'UF, + Op(%) + Op(\/Z) +Op(4/ %).

with the last line from the fact that Z=t® — 0, (/L) Z=p&f — g ( —-—), and

n nDy
Zhiefu _ o (L) +0 (\/E) from part (h). Hence when T/n — 0 as (n,T) — oo, we
T = UplF p\\/ % b : ) )

have

T ~ A~/
A . LU F "
T Fy - Au = % .

+ou Do,/

/ “ 1T
= T_lUlFl - Aulm + Op(K_Q) + Op( E) + Op(

1
i/ dB1B;.
0

%‘”

T -
N R F A
T_1F1€ _ AﬂlO — M _ Aalo
. Z?:l(Flt + A/1¢t)5t A
- T - 110
T T
_ i1 Fueer + A Dot Pec _ A
B T T a0
=T 'Fie — Ao

" Op(\/z) + O, (K/T)'"%) + O, <K\/f> +0, (?) +O0,(K™) + 0, (Z:)
=T Fje — Dyyo + Op(K™2) + 0, (Kﬁ) +0, (f) .
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because M =0 (\/E), and according to Lemma A.4 (i*), we have Ags, = Ao, +
+O,((K/T)V?) + 0, (K\f) + 0, (£) + 0,(K=2) + 0, (L) when T/y/n — 0 as (n,T) — co. So

when KvVT/\/n — 0, K/T — 0 and T/\/n — 0 as (n,T) — oo, we have
T_lﬁ’{s —Aso= T_lFl/s — Ay, e +0p(1)
d 1
—)/ B1dBy.
0

Lemma A.6

Under Assumptions 1-5, 6 (EC), 7 (KL), 8(BW), KvT//n — 0, K/T — 0, and T/y/n — 0 as

(n,T) — oo, we have:

QoaS TYU By — Asay ] = Q0107 N

3/2 3/2
+O([§2)+0(V;ﬁ)jtop(\/lTHOp(\FHO(KT )+op(%),

where Ny % fol dB;By; Under the assumption that K = O.(T*) for some k € (0,2/3),

KVT//n— 0, and T/\/n — 0 as (n,T) — oo, we have

1
QuaQ [T UL E — Aga,] = Q01 Q5 Nir + 0,(1) (201(21‘11/ dB By;
0

(028 T, — A 3/2 3/2
QoaQ&}[T—anFQ—AaAaZ]ZO(1)+O(F)+O(1)+O(\/T)+O(f;3/2)+0(lf/ﬁ);

In the above expression, under the assumption that K = O.(T*) for some k € (0,2/3),
KNVT/yn — 0,and T/yn — 0as (n,T) — oo, we have QuaQ [T'U Fy — Aana,) =
op(1).

Furthermore, under the assumption that K = O.(T*) for some k € (1/4,2/3), K?’/?\/% —
0, and T/y/n — 0 as (n,T) — oo, we have

T1/2 1 K3/2 K3/2T1/2
K2)+0(\/7) (T)JFO( )+ Op( NG

T2 QoaQ [T 0, By — Asna,] = Oy
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= op(1);
(¢) When T/y/n — 0 as (n,T) — oo, we have
TY2T1E By — Agnay) = T7V% Fy + O, (K~V2) 4 N(0, Quy);
Proof. From Lemma A.5 (¢) and (d), we have

Q) = (Qea + O, (K\f>+o< >+0( )+op<f;>)(ﬂaa+op(f<2)+0p( %»71

= (Qea + 0p(1)) (Qaa +0p(1)) 7 = Qeay + 0,(1),

when KvT/\/n — 0, K/T — 0 and T/\/n — 0 as (n,T) — co. By Lemma A .4 part (d*) we

have

Aoay
QeaQua = [ 00107 + 0p(1),  —[®oz — Qo1 QL 12)Q5,} + O, (K32 VT + 0, (K2 VT) ]-
Thus,
Q Q}Ll [T_IU;F — A@@} = anQ;al [T_10;F — Aa@] =+ Op(].)
Q0191_11 +o0p(1), —[Po2 — Qo1Q7 @12]Q05" + Op(K3/2/VT) + 0, (K32 /VT) |

=[
1lel'?l Aulul T U1U2 Aul o
x| TIAULE, — Apaya, T PAULU, —AA:Aug I+ on(1)
= [ Qo +0p(1), —[®o2 — Qo121 @12]Q05" + Op(K3/2/VT) + 0, (K% /VT) |
Nirr 0,(K=?) + 0,(1/VET) + 0,(3) + 0,(/ )
” [ 1 1 T ] + op(1)
Op(72) + Oy i) + Opl ) + Op 4/ ) O0p(K ) + 0, (4) + 0p(1/T)
—[1]11]
with
I =000 T UL By — Asa,
1 1 1 T
= Q017 Nuir + 0, ( 5)+O0p (\/ﬁ) +Op(ﬁ) "‘Op(\/;)
1 K KB/Z K3/2
Op(\/?H‘O p(55) + Op(—+— T )+OP(W)
3/2 3/2
_ngl—;zvnﬁop(;zwop(;{T)+op(1T)+op(\/f)+op(KT)+op(Kﬁ),
and
IT = Q0 Q0T WU Fy — Aang,]
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1 1 T 1
K2)+O(\/ﬁ)+0( )+0(\f)+0(\/ﬁ)+0p(w)+0p(\/ﬁ)

3/2 3/2
=Op<%>+op<ﬂ%>+o oo, 0,5

Under the assumption that K = O.(T*) for some k € (0,2/3), T/v/n — 0 as (n,T) — oo, wWe

have
A ~ d 1 ’
I= 00 T U FL — Asay] = Qi Nir + 0, (1) 5 Q01073 / dB B.
0

For term II, we have

TY2. 11 = TV?Q0, 07 T U, Fy — Aanay)
T1/2 1 1 T K3/2 /T
_ K3/2,]—

1/2 3/2
) (7;@ )40, (&Hop(iwop(f{T HOP(KP,/Q\/Z)_

Notice that when K = O.(T*) for some k > 1/4, the term O, (% 2) = 0p(1), and when k < 2/3,
the term O (KW) = 0,(1). We also require that K3/2\/§ — 0 to make the last error term
negligible in the limit.

To conclude, under the assumption that K = O.(T*) for some k € (1/4,2/3), and
K3/2\/%—> 0 as (n,T) — oo, we have

T1/2 1 T K3/2 K3/2T1/2
K2)+O(\/E)+O(f)+0( )+Op(7

For part (c), from Lemma A.4 (h*), under the assumption that 7/\/n — 0 as (n,T) —

TY2 . 1T = O,( ) = 0,(1).

00, we have Aona, = Acra, = O,(1/VET) + Op(\/%). From the proof of Lemma A.5 (a), we

know that dig = Fyy = AyFy = Ay(F — HF, + HF,) = ug, + Ay¢, with ¢, = F, — HF,. This leads

to
1By = e(ugr + Ay,)
= Uy, + 10y Ag,
and
T—1/25'13‘2 — M
VT
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_ Z?:l Etu;t + Z?:l Et¢; AQ.
VT VT
It can be shown that % = 0,(-%), and noticing Assumption 6 (EC), w

n

have

T )+ 0,0VET) +0,0/T)

TY2T Py — Aopa,] = TV %eF, + O, (7
5 N0, Qupy),
under the assumption that 7/\/n — 0 as (n,T) — oo
Discussion: (i) part (a) and part (b) comprise of the matrix Qo Q[T 1U, F — Asal,
which corresponds to the separation of the FM correction terms into those that relate to
the stationary and nonstationary coefficients, respectively. Part (b) gives the stationary
coefficient correction more explicitly (and when it is scaled by T%/2), as it is in the analysis

of the limit distribution of the FM estimates of the stationary coefficients). The correction

term in this case has magnitude 0,(Z%) + O (=) + O (\%) +0,(E2) + 0 (KW\/?/Q),

which is o,(1) when the bandwidth expansion rate K = O.(T*) satisfies 1/4 < k < 2/3 and

3/21/2
K\/% = 0.

(ii) The condition Ks/\%m — 0 is more strict than the requirement that K \/% — 0, in

which the latter condition is needed in the consistency of the long-run covariance estimates

Qos. This condition KS/;?/Q — 0 could be written as y/Z> — 0 since Op(%/?) = 0,(1) under

the assumption that K = O.(T*) satisfies 1/4 < k < 2/3. This bandwidth expansion rate

along with the extra requirement that Kw\/%m — 0 is different than that in Phillips (1995)

because of the extra error terms Op(%)JrOp(%m)JrOp(ijgm). These terms are the results

of the estimation error in the factors. In order to guarantee that the estimation error in
the factors does not contaminate the limiting behavior of the FM estimates, we need more
strict requirement on the relative rate of the bandwidth expansion rate, the cross sectional

. . . . 3/2m1/2
and time series sample sizes, i.e., £ f —0as (n,T) = oo

(iii) Part (c) shows that the FM correction term for serial correlation (in the case

of the stationary coefficients) also has no effect asymptotically and is O,(K~'/?). The

129



submatrix that appears in part (a) relates to the FM endogeneity correction for the
nonstationary coefficients. For the endogeneity correction to work we want this matrix
to be 0,(1) and to be as close to its dominating term, viz. Qy;Q7;' Ni17, as possible. Note
that the error in this case involves a term of order 0,() + O () + O ( =)+ 0 (\/7) +

Op(%ﬂ) + Op( 3: ). Thus this correction term operates satisfactorily provided K = O.(T*)

for some k € (0,2/3), T/\/n — 0 as (n,T) — oo. Notice that we have used the fact that

O,,(K\;;) = Op(K;/Q%) = 0,(1) under the condition that K = O.(T*) for some k € (0,2/3),

T/y/n — 0.

(iv) Combining the effects of the error terms for the stationary and the nonstationary
coefficients we see that the correction terms work satisfactorily provided the bandwidth

expansion rate K = O.(T*) for some k € (1/4,2/3). =
Proof of Theorem 1

Under Assumptions 1-5, 6 (EC), 7 (KL), and 8 (BW),
(a) under the assumption that K = O.(T*) for some k € (0,2/3), K\/T/\/n — 0, and

T/vn—0 as (n,T) — oo, we have

1
TAy(6pa — ) 4 (/ BlBll)_l/ B1dBy.1;
0

(b) under the assumption that K = O.(T*) for some k € (1/4,2/3), K3/2\/§ — 0, and

T/v/n—0as (nT)— oo,
VT Ay (S par — 6) 5 N(0, 255 Ry X550,

where By = By — Q()lQ;llBl = BM(O‘%O_1> in which 0'%0_1 = Qqo — 9019;11910.

Proof. (a) From the endogeneity correction

’

In matrix form, we have Y+ =Y — AFQ 1Q in which AF = (f1, fo, ..., fr)". Let ¢, = F, — HF,

fo

denotes the estimation error of the factors and ¢ = (¢, ¢y, ...é7) .
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We can rewrite the cointegration regression as

yi =a Fy+ef
=a H 'F,+¢f +o HY(HF, - F)
=F.6+ef +a HY(HF, — F)),

where &f = ¢, — QOfQJ;]}AFt. In matrix notation, Y+ = F§ + et + (FH — F)H " a, where

Yt =y, nud), et =(ef, . ef), and F = (F, ..., Fr_y).
By definition
Spa = (F' By WE' YT — TAT)
—(F'F)y"WF (Fo+et+(FH —F)H Va)—TAY)

fo

— 0+ (FF)y P et +(FP)'F(FH —F)H Vo — (F'F)*ITA;IO.

So we have

and

Aybpns —0) = A4, (FF) (Fer —1at ) + 4, (FF) F (P~ F) ",
By the partitioned inversion, we have

’ Al A

A (F Py (F'et - TA;{O) = A A (AF FA) TA(F et — TA}TO)

i 1| P EFF,
_— ~/ +_ +
=L, 0 A(F ¢ TAfO)
- BB By F
] (FQ2F1)7! ~(HE)RBEQR)T
=\, 0 A(F et —TAL)
) T (B Q1 Fy) T By Fy (Fy )Y (FoQ1Fy)~!
- Al
=\t £ B f AR R Lt AT
= [(BlQoE)™  —(F ) By By(Fy Q1 Fo) ! (Fet =TA%)
L Al2
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= (F,QoF)) YA (F'e — F'AFQ; ;Qfo TA}TO)

— (BB B BBy o) T Ay (F'e = B APQT 10, — TAT).

For the second last term in the last line, we have
A(F'e— F’AFQ;}},QfO - TA;{O) = Fle — FIAFA(AQ;;A) T AQ 0 — TA (Ap — A ;0710 )
= Fie — FIAFA O Qoo — TAJA' AR ;) + TAL A (AR ;A AA (AQ;A') 7T AQy,
= Fllé‘ - F{[}GQ&%Q@O =T A@o +T A@@Qg&lﬁao

I, 0 I, 0

= Fle — FUQ7 Qa0 — TAgyo0 + TAg, a7 Qa0

= (}%1,6 - TAalo) - (Fl,Ua - TAala)Q_lflao,

aa

where U, = AFA". Similarly, we have

Ay(F'e — F APQ; Q0 = TAT) = Fye — FyAPA (AQA) 1 AQ ) — TAY (A — A0 105)

= Fye — F,AFA O Qa0 — TALA AR 5 + TA,A'(AA fA/)AA’(AQ #A) T AQ

= FQ/S — FQ/Uan&lQ&O -T 0 I,

= F2/€ — Féﬁaﬁggﬂao — TAAMO + TAAQQ@Q(;;Q@()
= (F2,6 - TAAﬁzo) - (ﬁgﬁa - TAAﬁQ@)Q(;&lQ@().

Then for FM-OLS estimates corresponding to the nonstationary factors, we

have
PR\ (Fet Al
’ £ 4 ’ 1
(rar — 0) 1<T2> (T —Af0>+A1<T2> T F(FH F)H a
=T+1I
in which
AN =1 .,
 (FE Fet
I:A1<T2> (T _Af0>
FlQ:Fy A
( 1T2 )TIT YA (F e — F'AFQ; J}Qfo TA}’O)

y ),1F1F2(F2Q1F2
T2 T T

1 1 1A A+
VI AL (F e — FTAFG; 195~ TAL)

132



1 A—1
(7)) [ = Bawo) = (5= = Raa) s Laol
F'F_ FF FyQF Fle U, . o
—( %21) ! 1T2( 2T1 %) 1[(%*Amzo) (=% — Anaya)Q5, Qao)
*Il I23
with
FlQuFy ., Fle & FU, « A
I = ( 1T§ 5) 1[(%*&110)*( = — Naya)Q;, Qaol

1 1
i(/BlBl)*l(/ BldBof/ B1dB; Q7 Q10)
0 0
, 1
:(/BlBl)*l(/ B1dBy.1),

0

where By, = By — Q0:Q7'Bi. By Lemma A.6 (a), we have (F 1Ua — Aua)5 000 = N 207 Q01 +

0,(1) with Niip % [ dB;B;. Thus we have (2] Bl A, )0 & [ B1dB19;' Q1. By Lemma
A5 (j), we have F%E Aao % fol B1dBy. And
Py FFy FyQiFy | Foe U, & N
Iy = ( %21) ! 1T2( 2T1 %) 1[(%—AA1120)—( 2T Aaza) s Qaol
= Op(1)0p(1).
By Lemma A.6 (b), we have ( — Apna)Q;7 Qa0 = 0,(1) under the assumption that K =

O.(T*) for some k € (0,2/3), T/\/n — 0 as (n,T) — oo. By Lemma A.4 (h*), we have Axa,0 =

O,(1/VKT) + Op(\/7) And noticing B _ \}fjﬁ = 0,(1/VT), we have the above result that

’ A\ L A ’ ~ ’
Iy = 0,(1). From the proof of Lemma 1, we have IT = 4; (FTQF) T-'F (FH - F) HVa =

0u( L) +0,(,/T).
To conclude, under the assumption that K = O.(T*) for some k € (0,2/3), Kv/T/\/n — 0,

and T/y/n — 0 as (n,T) — oo, We have

VPN Ny Al A —1
’on FF F€+ N FF 1A ’ ~ _q’
TA (§par —0) = Al <T2> ( AL >+A <T2> T F(FH —F)H a
— L — I+ 1T

= (/ BlBi)‘l(/olBldBo.l).

The assumption K = O.(T*) for some k € (0,2/3), KvT/y/n — 0, and T/\/n — 0 as

(n,T) — oo, comes from combining the assumption Kv/T/y/n — 0, K/T — 0 and T/\/n — 0
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as (n,T) — oo in Lemma A.5 (j), the assumption that K = O.(T*) for some k € (0,2/3),
T/yn — 0 as (n,T) — oo in Lemma A.6 (a), and the assumption that K = O.(T*) for some
k€ (0,2/3), T//n — 0 as (n,T) — oo as in Lemma A.6 (b).

Notice that the assumption K = O.(T*) for some k € (0,2/3) as (n,T) — oo is the same
as K = O.(T*) for some k € (0,2/3) as T — oo in Phillips (1995) for the nonstationary
estimates. However, we require the extra condition that Kv/T/\/n — 0 in addition to
the condition that T/\/n — 0 as (n,T) — co. In Lemma 8.1 of Phillips (1995, p.1058),
which shows the consistency of the kernel estimates with observable regressors, the only
requirement on the bandwidth expansion rate is the one stated in Assumption 8 (BW).
But with estimation errors in the factors (converge at rate O,(1/T/n)), the induced errors
in the kernel estimates will accumulate at rate O,(K+/T/n). Thus in order to guarantee the
consistency of the kernel estimates, the extra restriction K+/T/n — 0 should be imposed.
In another words, using estimated factors does not affect the consistency of the kernel
estimates as long as the estimation errors of the factors converge to zero fast enough
relative to the bandwidth expansion rate.

(b) For FM-OLS estimates corresponding to the stationary factors (cointegrated

factors), we have

n) AN —1 n) o =1

;L L (F 1 g  (E'F 1o

VT AY(§par —0) = Ay (T ) i (Fe TAfO) A, (T ) i (FH F)H a
= [IT +1V,

with

PVEIN —1
/ FF 1 A/ ~
- + _ ATt
111 = A, () — (F e TAfO) ,

T VT
(B e AR g
- ;(Féglﬁz)lﬁéﬁl (Fjl/fl)l\/fA;(};s — F/YA,FQJE;QJ:‘O - A;cfo)
- (B - o v - Erfana, - a)

FQC;—‘IFQ)fl\/TA’Q(& _F AFQ?}QA *A;O)+OP(T71/2)’

= T T CffTfo
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and

VIS —1
’ F F 1 AL ’ A ’
IV = A <T> —F (FH - F) HVa

VT
Q1P Fy(FH - F)H Yo  F,Q1F By FF  F{(FH —F)H Va1
T T
=0, 72) + 0y 1)

with the last line from the proof of Lemma 1.

Recall that
Ay(F'e - F'AFQ];;QfO - TA;{O) = Fye — F,AFA (AQ;;A) T AQ, — TA (A

= (lef — TAnay0) — (Féf]a - TAAM&)Q,;,;Q@O-

Thus
. F'e F'AF. . A _Fés F,AFA L . A
\/TA2(T — ;0% fo)—ﬁ—T(AfoA) AQ = VT Ay (A - A;07104
Fye & U, i
= T(%—Aaago)—ﬁ( 2% — Anasa)5, Qao.

From Lemma A.6 (c), we have when T/y/n — 0 as (n,T) — oo, we have
TV2(T7 Y By — Agag,] = T2 Fy + O, (K~ 2) 4 N(0, Qo).

and Lemme A.6 (b) states that under the assumption that K = O.(T*) for some k €

(1/4,2/3), K3/2\/%—> 0, and T/\/n — 0 as (n,T) — oo, we have

T1/2 1 T K3/2 K3/2T1/2
1/2 —1 _ = = i
T QOaQ YT UF2 Asnas) O(K2)+O(\/E)+Op(\/ﬁ)+0p( T )+ Op( Tn
= op(1).

Hence, under the assumption that K = O.(T*) for some k € (1/4,2/3), K?’/Q\/% — 0, and

T/v/n— 0 as (n,T) — oo, Wwe have

i = () L (e onay) e (BE) L (e v

T VT 10 T
= (B (R A )~ VIR~ Arin)07000) + 0,172
T T
+ Op(%) + Op( ﬁ)
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5 N(0, 355 Qs Ba)-

Notice that the assumption K = O.(T*) for some k € (1/4,2/3) as (n,T) — oo is tighter
than that K = O.(T*) for some k € (1/4,1) as T — oo in Phillips (1995) for the stationary
estimates. This tighter bandwidth expansion rate comes from Lemma A.6 (b), which gives
the stationary coefficient correction more explicitly (and when it is scaled by 7'/2). The

correction term in this case has magnitude O, (L )+0,( F2)H0u(77)+0p( 5, /2)+OP(K3/2\/?/2),

which is 0,(1) when the bandwidth expansion rate K = O.(T*) satisfies 1/4 < k < 2/3 and

K3/2p1/2

T — 0.

This tighter bandwidth expansion rate comes from the accumulation of estimation
errors in the factors across the summation of K sample covariances. Thus, to guarantee
the estimation error in the factors does not contaminate the limiting behavior of the long-
run covariance estimates, we do not allow the Bandwidth expansion rate to be too large.
We also impose the more strict relative expansion rate K3/ 2\/717 — 0 for the stationary FM
estimates than for the nonstationary FM estimates (which only requires K \/% — 0, which

is needed in the consistency of the long-run covariance estimates ;). This condition

w — 0 could be written as /Z- — 0 since O (KW) = 0,(1) under the assumption that
K = O.(T*) satisfies 1/4 < k < 2/3. This bandwidth expansion rate along with the extra

K3/271/2
Vn

requirement that — 0 is different than that in Phillips (1995) because of the extra
K3/271/2

) These terms are the results of the estimation

error terms Oy () + Op(F7— ) 1+ 0,(
error in the factors. In order to guarantee that the estimation error in the factors does not
contaminate the limiting behavior of the FM estimates, we need more strict requirement

on the relative rate of the bandwidth expansion rate, the cross sectional and time series

K3/2p1/2
vn

sample sizes, i.e., —0as (n,T) — oo
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Proof of Lemma 2

Suppose Assumptions 1-5 and Assumption 9 (EC’) hold. As (n,T) — oo, if T/n —

0,

(a) AY(d —6) % (f BLBy)~(J, B1Bo),

(b) A3(6 = 8) 5 S5 (J3 dBaBo -+ Aw) — S5 (J} dBaBy + Aw)( BuBy)™ (J) BaBo)

Rewrite the original regression equation as follows
Yt = a Fy+e
= a/H_lpt +e&r+ O[/H_I(HFt - Ft)

In matrix notation, Y = Fé + ¢+ (FH — F)s. It follows that

A~/ ’ A

§—6=(FF)"Feq (FF)'F(FH - F)s.

Partitioning the coefficients into the nonstationary and stationary part, we

have
PN At

A5 -0)= A (FP) Fer A (FF) B (Fn — Py,

and

A5 -0) = 4y (FF) 17 F ey 4y (FF) B (pi — Py,
By the proof of Lemma 1, we have
AUF ) 'E'e = (FQoFy) ' Fle — (FLFy) VL By (FyQuFy) ' e
and
Ay(F' F) VE e = (Fy,Q1Fy) ' Fye — (FyQ1Fy) P Ey By (FLFy)“ Ee
where Q; = I — Fy(F, F;)~'F,, i=1,2. Thus
FQuFy Fie PR F Py FyQ0F  Fye

S Al G e ol G e
QP F{(FH —F)H Yo  FF | FF F,QF

)

. Proof.

L Ey(FH —FYH Vo

+

T2) T2 _(T2)7T(T
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in which

F@QFy  Fle  FF _ Fie 1.4 N
( T2 ) ﬁ :( s ) W +Op(ﬁ) —)( BlBl) ( ; BlBo),
and
(Fllpl —1F1/F2 FéQlﬁé)_l& _ Fiﬁl)_lﬁl/Fg(ﬁ;lez)_l&l 0 (l)
T2 T T T2 T2 T T T T P T ’
and
FQuFy  F(FH — F)H Vo _ T o1, 1
(=) — = 0,007z % ) = Opl 7).
and
Ry F By FyQ Fy Fy(FH — F)H Vo T 1
() (=) = = 0p(1)0, (10, ()0, (1 = % 7) = Opl 7=

The last two results come from Lemma A.2. Hence, we have
’ d ’ 1
Ay(6—68) 5 (/BlBl)*l(/ B By).
0

Similarly, we have

>

~s A\ —1 ~y -1
Ay(8—8) = A, <FTF> T 'F'e+ A, <T> T'F(FH — F)H "«

_ Qb (B B B FR G Fe
T T T T T2 T2

A

(F2’Q1F2)71F2/(FH, - F)Hflla _ (FQ/Qlﬁ’Q,)q leﬁl (F{l*%l),l Fl(FH/ — F)Hfl/al
T T T T T2 T T’
in which
BOby e LBy Bl Uoae !
(=) 2 =( )+ 0p(55) = Yo (| dB2Bo + Ag),
T T T T " UPT 24
and
F/Qlﬁg _1F2/F1 F{Fl _1F1/€ d 1 1 ’ N 1
(=5—) (F5) ' 555 (| dB2By+An)( [ BiB) 7' ( [ BiBo),
T T T2 T2 22 0 1 1 0
and
EyQoFy _ EY(FH — FYH Vo T
( 2T ) ! T :OP( 5)7
and

B B BR G FEE - HE a1
T T T2 T T
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The last two expressions come from Lemma A.2. If T/n — 0 as (n,T) — oo, the last two
expressions will be o,(1).

Hence, we have

1 1 1
A2(5—5)—d>z;21(/ ngBo—i—Ago)—Z‘;Ql(/ ngBl—i—Azl)(/BlBl)_l(/ B1By).
0 0 0
| ]

Proof of Theorem 2

Suppose Assumptions 1-5 and Assumption (9) hold. As (n,T) — oo, if T/n —
0,
(a)

1= =
T(p _1)im
T ~  ~ )
folBoBO

where By = By — ( f01 BoB;)([ B1B;)"'B;. The Brownian motion B, has long-run
covariance matrix Qz; = Qoo — (fol BoB)([ BiB;) "' — Qo1([ BlBi)—l(fO1 B1By) +
(Jo BoBy)(f BiBy)™*Qui([ BiBy) " (f, B1By) and one-sided long-run covari-

ance Agy = Aoo — (fy BoBy)(f BiBy)"Awo — Aot(f BiBy) " (Jyy BiBo) +

(fy BoB)(f B1By)~*Avi(f BiBy)~*(f, B1Bo).

(b) If ¢ — 00 as T'— oo but ¢/T — 0, then the statistic Z, r satisfies
Zor 5 Z,

where

_ Jo BodBy s W)W (r)

fol By By fol W (r)W (r)dr

in which W(r) is a one dimensional standard Brownian motion.
Proof. (a) Under the null hypothesis that there is no cointegration relation between y, and

Fy, i.e., there is a unit root in &,

— ! ZtT=2(ét —&1)é1

Hor=1) T2 ZtT:Q 5571
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Notice that

Er =y — 0 I
= (& H'HF, + &) — 5B,
— S HF,+e,—8 HF, +8 HF, —§ F,
— i~ (5—0)HF, -8 (F, — HF,)
e = (5—8) Ay Fry— (5—06) A - For — 8 oy,

in which ¢, = F, — HF,. We have

t=2
T ! T ’
1 - / iy aF s - / Iy 1 F
:ﬁ253_1+(6—6) Alz%/xl(é—aw(é—a) AQZ%
t=2 t=2 t=2
F, F, L
_2251&1 Lt=1 4 . _225t12t1 5_6)_22575 ;zt—lé
t=2
' FiiaFy,y Fii 1, ;
+2(0-0) Ay e Ay(0—0) +2(6—6) Ay Y T30
t=2 t=2
L Foy 16,
/ A—-1P1 %
+2(5-0) Ay 2L,

For the first four squared terms, we have

1 £l d L
ﬁ 26571 — / B()Bo,
t=2 0

L Fii 1 F,
(5—5)A12% /BOBI /3131 /BlBl /3131 /3130

- </01BoBb(/BlB;)-l(/OlBlBox
and
GRS SR 5) - 0,000, 50,0) - 0,1,
and _
Z Gestirs_ 0,00,L x Lyo,m = 0,L)
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For the next six cross-product terms, we have

T 1 1
gt—lF,_ RS d ’ o
2y S A G- 0 S| B ([ BBy ([ i)

t=2
and
er-1F, 1 &1 Fy 1
—1l24-1 0 —12,4-1 7 & _
ST AL G -6y =2 3 TR AN - ) = 0,
t=2 t=2
and
T 2 T
Et— 1¢t 1 Ct-1y1/2 [l el 1/2 1 r 1
| < )7 = —=0,(1)0p({/ —) = Op(—=),
||Z 1= 7T 0,10,y ) = Ol =)
and
, Fii1Fyyq 1
20— 8) A1 Y S A8 - 6) = Oyl ),
t=2
and
N 4 Flt 1¢t 1 1
2(0 — 0) A1276<O( ),
= Vi
and
2(6 — 8) Ay XT: FQ’“lf‘f*l(s < OP(L).
- T vIn
Hence,
T T R R R
T2 Zé?71 =72 Z{Etfl - (5 — (5) Ay - F17t,1 - (5 - 6) As 'F27t,1 -9 ¢t—1}2
t=2 t=2
T /
Fip 1Fi i 1 o 1 1
TQZat 1+ (0= 0) ALY g A0 = 6) + Op() + Op()
t=2 t=2
T ’
Etle _ PN 1 1
—2) A (6= 6) = Op() ~ Op(—1)
t=2
1 1
+Op(f)+op(7n)
O, ()
PTn
d 1 1 , , 1
— B()Bo — (/ BOB1)(/BIB1)_ (/ B1B0)
0 0 0
1 ~ ~
= BOBO
0
in which By = By — (J, BoBy)(J BiB;)~'B;. The Brownian motion By
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has long-run covariance matrix Q55 = Qoo — (fy BoBy)(f BiBy) 'Qu —

Qo1 ([ BiBy) " (f, BiBo) + ([, BoBy)(f B1By)*Qui([ BiBy)~'(f, B1By) and one-sided
long-run covariance Ags = Ao — ([ BoBy)(f BiB;) Ao — Aor(f BiB;) "' (f, BiBo) +
(Jy BoB)(f B1B)) "t Aui(f BiBy) " (f B1Bo)-

For the numerator in T(§ — 1), we have

T T ,
TN G =) =T7'Y (Aep — (6 0) Ay - APy — (§—6) Ay - AFy — 6 Agy)
t=2

t=2

: (Etfl - (8 - 5)/A1 : F1,t71 - (8 - 5)/142 : F2,t—1 - 8 ¢t71)

T T T T
Aeger_q A / AFy e A / AFyei g Apier—1
D R T e B P D
t=2 t=2 t=2 t=2
APy 6o Gy a S AP g
-SSR G 0y (- 0) Ay YD S AL G )
t=2 t=2
5oy 4y AP s s S AL
F0-0) A SN G - 6) 8 3 RPN G )
t=2 t=2
Ae,F, ;o L= AFLF, ;o
— Y A - 0) + (- 8) Ay —— A A (5 - )
=2 =2
IR St L T RSP i Bl Ly TS P
R P R DV )
t=2 t=2
Acify L AFy¢ L APy, ¢,
tPt—1 % ! tPt—1 % '\ ! tPt—1 % % t7rt
-3 0—(6-08) A1) A (6—10)A2) 0 Y -
t=2 t=2 t=2 t=2
For the first terms, we have
T 1
ZA&;H A / BodBo + Ao
t=2 0
Consider the second term together:
T 1 1
~ ’ AF, Et— ’ ’
(6—4) Alz%i(/ BOBl)(/BlBl)*l(/ BBy + Av),
t=2 0 0
and the fifth term:
T ’

A Fyq - ! / / !
Z%Al(éﬂi)i(/{) dBOBlJrAm)(/BlBl)*l(/O B1By).
t=2

Consider the second and the fifth term together:
T T /
A ’ AFltEtfl AEtFl,t*l oA
(6—0) A > - +y AL (0 0)

t=2 t=2
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’ ’ T_l ’ T /
er—1Fyp —e1Fiy — Y, 5 AetFy, o 2 AeyFyy 1 0w
= A1(6—6)+Z#A1(5—5)

t=2
’ ’ _ ’ T /
_ {ETlelT —ely; — Zf:zl AeFyy 4 D12 A5tF1,t—1
T T
er 1 Flp —e1Fyy + AaTFll’T_l EZ:_; AetAFLt o
=1 = = V)

L (Qor — Op(%) - Op(%) - E01)(/ BlBi)_l(/O B By)

= Am(/BlBi)_l(/Ol B1Bo),

YA (6 - 0)

’ T—1 /
. . d L Ae, AF
in which we have used the fact that % % Qo1, and %

d F
— Yo1, and LTII =

Op(1), and % = OP(%). For the third term, we have

T

A , AF B R , T Fo — o\ -
(6 —19) AQZ%:((;_J) AQZ( 2t ;;t 1)€t—1
t=2 t=2

T-1
= (06— 5),A2(F2’T;T_l - F2’7£€1 P ;jztAft)
d 1 1 1

- Op(l)(Op(ﬁ) - Op(f) —-0)= Op(ﬁ)’

d

where the last is from the fact that 2271 — Op(77) and w = BE(ugy ® Agy) = 0 by

Assumption 9 (EC?).

For the forth term, we have

" orET -1 _ 0161 _ 23:21 ¢tA5t)
T T T

1 1 T 1 T
% 0,10y 72) = Oal ) - op<\/;> = Op( =) +op<\/:>,
where the last line is from the fact that 257t = Op(%) and HMH <
(S el y12 iy Actyij op(\/f).

For the sixth term, we have

< GARGE g [t , L , L
(6-0) Alz#’Al(é—é)e(/o BoB))([ BBy ([ BB, + ) ([ BB (/O B1Bo)
t=2
Consider the seventh and tenth terms together:
o N AFNF o NAFLFy,
(6 —0) AQZ#’Al(a—é)ﬂé—&) Alz#%(a—a)

t=2 t=2
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ForF, o | — FaF — S FuAF, KBy, (AF,
2T41,17-1 21411 t=2 12t 1t +Z 2,t—1 “}Al

= (06— 0) Ax{ (6 —3)
T po T
. FrF g — FaFy + Fyr AF, S ARAF,
(5= 5y ap( T 21T11 271 AF Y, th Ly (G 6)
d 1 1 1 1
- Op(l)(Op(ﬁ) - Op(f) + Op(f) - Op(ﬁ))Op(l)
1
=0p(—=).
p(ﬁ)
For the eighth term, we have
S AGFii s S~ (= b )Pt s
) Zitva A(0—0)=0> t} T AL (6 - 6)
t=2 t=2
T-1
A — AF 1A
— (¢TF;T 1 ¢1§11 D ﬁt 1) 4" (5 6)
d 1 1 T 1 T
%OAU@M¢T%%%QJ—QA79—OA%Q+OAJnL
where the last line is from the fact that ¢rfir—1 — OP(%) and ||MII <

(Et;QTH‘Pt” )1/2(Zt:i2TAFlt)1/2 = Op(\/%)

For the ninth term, we have

T ’
AeiFoyy o os d 1 1
—— 4300 = 0) = Op(—=)0,(1) = Op(—=),
; T 2 p \/T p p \/T
and for the eleventh term, we have
o ARy FE, d 1 1
6 6) A4S 2221 005 6) L 0 (10, (—=)0,(1) = O, (—=).
tZ:; T 2 p p \/T p p \/T
For the 12th term, we have
S AGFy d 1 1
TR (5 - 1Oy (——————)0,(1) = Op(——————
83— A= 0) 5 000 Op(1) = Opler),

. T-1 4 T—1 2 T—1 2
since ||Et:2 Aj‘f’th.t—l ” < (Zt=2 ¥A¢t|\ )1/2(Zt=2 ||7{’2,t71|\ )1/2 =0

1
For the 13th term, we have
T ! T—-1 T-1
Acidy_ 1 + o 1Ael® 10, 2imn ldeall? T
|| Z }t 15” S (Zt—?]‘J t” )1/2( t=2 T t—1 )1/2 — Op( g)

t=2

Likewise, we can show that the 14th term is also at the speed of
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Hence,

12 € — E4_ 1)5t 1—>/ BodBgy + Ago

- (/ BOB;)(/ BlB;)-l(/o1 dBy By + Ayp)

—( dBoBl + Ao1)( /B1B1 / B1By)
0

/ ByB /B1 /dBlB +A11)(/3131 / B1By)
:/ BodBOf(/ BOBl)(/BlB;)1(/01dBlBO+/OlBldBO)
w ([ BB [ B[ ams) [ B[ B

+A00—2</0 BoB)([ BB A10+</OIBOB’1></Ble-lAu(/BlB;)-l(/olBlBo>
= [ BB+ g

where we have used the fact that

1 1 1
BydBy == | BydBy — ( BOBl)(/ B1By)™Y(
0 0 0

+ ( 1BOB dB.B B 1BlBO),
0 0

1 1
dB1 By + / B1dBy)
0

and

1
A()@:AOO—Z(/ ByB )(/ A+ ( / 3031 /3131 11\11/3131 /3130
0

In all, we have proved that

T S oG — & 1)E

T(pr—1) =
= QZt 251: 1
E) fol BodBo + A@()
fol BoBo 7
in which By = By — (f, BoBy)(J BiBy)'B;. The Brownian motion B,
has long-run covariance matrix Qgz; = Qo — (fol BoB))([ BiB)) Q0 —
QOl(f BlBll)_l(fol BlBo) + f fBl 1911 fBlBl (fol BlBQ) and one-sided

long-run covariance Ag; = Agy — (fo1 BoBy)(f BiBy) 'Awo — Aoi(f BiBy) ([ BiBo) +

(Jy BoB)(f B1B)) "t Aui(f B1By)~(f, B1Bo)-
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(b) Firstly, notice that

(T —1)%6% +s3 =

Secondly,

T
G =T -1)"" Y s
t=j+2
T
=(T=D)7" Y = préen)Eey — préi—j-1)
t=j+2
T
=(T-1)7" Y (A& — (bp — V1) (A& — (pr — 2r—j-1)
t=j+2
1 T 1 T 1 T
=7 > AnAg ;- 1 > (pr—DEaAe; - T > (pr — DA&E
t=j+2 t=j+2 t=j+2

+ = (pT - 1)2?371?:,5,]',1.

Result (a) implies that T(p; — 1) = O,(1), and it is easy to show that -1+ Et_j+2(pT

1)ét—1Aét—j = Op(%)? and ﬁzgzj+2(bT - )Agtat—J—l = OP(T)7 and T—1 Zt:3+2(pT -
1)%8,_18,—j—1 = Op(7z). Hence, we have

T
R 1 s
CjT £> ﬁ Z AgtAEt_j
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= > (Aey—(6—06) Ay - AFy — (0= 6) Ay - AFy — 6 Ag,)

T-1 &
t=j5+2

(Aepj— (6 —08) Ay AFyj— (5 —68) As- AFyy_j — § Ad,_))
1

T T
1 A /
= ﬁ E AEtAEt_j — (5 — (5) Al T_1 E AFltAEt_j
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N , 1 o
_ ((5 — 5) AQT 1 Z AFQtAEt j— T Z A¢tAEt j
t=j+2 t j+2
T T
1 ' ;s 1 , ;.
- > A ARy, A5 —06)+ (5 —6) A S AFLAF, A - 6)
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T , T A
(6—0) 2T1_ DD AEnAF,, A0 -8)+6 ﬁ > A¢AF,, A5 —0)
t=j+2 t=j+2
1 & S 1 & .
T t:;rZ AeiAyj0+ (0 =0) Air— ;2 AF Ap,_ ;6
+ (0 —6) Ay : S AFyAg, b+ 8 Z ApApy_;0
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1
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— BE(Aey APy o j)plim{ A} (§ — 8)} + plim{(6 — 6) Ay }E(AFL APy, )plim{A} (5 — §)} + op(%)
1 1 1 1 1
+ OP(W) + Op(ﬁ) + Op(ﬁ) + Op(ﬁ) + OP(W)
1 1 1 1

= BE(Ae;Aey_j) — plim{(6 — 6) A} E(AFy Aey_j)
— B(AeAFyj)plim{A} (6 — )} + plim{(§ — §) A1} E(AF AF, ,_;)plim{A; (6 — 6)}.

Hence, we have proved that
eir B E(AeyAey_j) — plim{(6 — 0) A YE(AFy Aey_j)
— E(Ae AFy j)plim{A} (6 — 6)} + plim{(§ — §) A1} E(AF AF, ,_)plim{A; (3 — 6)}
1 1
= E(AeiAey—j) — (/ ByB; )(/ B1B)) 'E(AF;Agy_;) — E(AstAFLt_j)(/ BlBl)*l(/ B1By)
0

/ ByBy) / B1By) 'E(AFAF,, / B1B;)~ / B1By).

Thus,

12077 — oy = S 11— j/(a+ D)ésr

j=1

i>z (Ae,Acy_;) / BoBy) / BiB) ™'Y E(AFAcq )
i=1 Jj=1

S B(AGAR, ) [ BB By

j=1

1 o0 1
- (/ ByB) /BlB Yy E( AFUAFM,j)(/ BlBl)‘l(/ B1By)
0 =t 0

= Ago — (/0 BOBD(/ B1By) Ay — A01(/ BlBi)l(/Ol B1By)
(/OlBoBix/Bl ik A11</BlB1>1</OlBlBo>
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= Ao

as ¢ — oo and ¢/T — 0.
To conclude, if ¢ — 0o as T — oo and ¢/T — 0, then the Phillips’s Z, statistic (1987)

satisfies:

. . ~2 .
Zyr =T(pr —1) — 1/2{(T — 1)*65_ + spH{\p — éor}

i fol Bodéo + A()ﬁ A()()

' BOBO s BOBO
0 0
fol BOBO

Jo WOIW() g1 sealar standard Brownian motion

The last limit could also be written as Hwewor

Wr). m
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