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DIPOLE MOMENTS IN THOMAS—FERMI-DIRAC AND THOMAS—FERMI THEORIES

~ J. GOODISMAN . v
Department of Chemistry, Syracuse University, Syracuse, New York, USA

Received 21 September 1972

It is shown that the electronic contribution to the dipole moment, calculated from a solution to the Thomas—
Fermi-Dirac or Thomas—Fermi equations, should be equal and opposite to the nuclear contribution. Thus, the
Thomas—~Fermi-Dirac and Thomas—Fermi theories predict vanishing dipole moments for all molecular systems.

Recently, we have been performing calculations of
molecular electronic charge distributions according to.
the Thomas—Fermi—Dirac theory. Qur method [1]
permits treatment of any cylindrically symmetric
molecule; only for homopolar diatomic systems [2, 3]
have accurate solutions to the TFD equation been
presented so far. For the heteropolar diatomic mole-
cules we treated, we found an electric dipole moment
{nuclear minus electronic contributions) of zero,
within the estimated accuracy of our calculations. In
the present article, it is shown that the moment should
be exactly zero for the TFD density of a neutral
systemi.

Brinkman and Peperzak [4], after f"mdmg zero
moments from Thomas—Fermi calculations on H,0,
presented a proof that the Thomas—Fermi (TF) densi-
ty always gives zero moments, The proof has been
criticized [5], since it assumes that the potential goes
as r—4 when 7, the distance from the nuclei, is large.
This assumption permits one to state that a certain in-
tegral over a sphere of radius r approaches zero as r
approaches infinity. However, assuming that the po-
tential goas as r—¢ is equivalent to assurning the non-

_ existence of a dipole moment. The Thomas—Fermi~— -
Dirac (TFD) electron density is finite in extent, so
that integrals over infinitely large surfaces will not oc-
cur in our proof. Having proved the theorem for TFD,
we will show how it may be extended to cover TF.

" In our proof, we will require some results given by -
Sheldon [2]. Some of his proofs will also be repeated -

in a notation more convenient for our use. In the TFD

theory, the elecfron density p is chosen to minimize
the energy functional

W= [dr(eoVytrpp® =k, 0> )
+§ezfdcl fdrzp(rl)p(rz}{rlwrzi“l‘, (1)

with the normalization constraint

‘N=fdrp‘ _ )

Here, V\, is the potermal due to the nuclez, Ky =
H(3m2)¥ 32 =2(3/7)!3e2, and N is the num-
ber of e]ectrons Let nucleus A, with charge Z,, be
located at r4 , with

EZM=N,“ | ’ g ' 3)
M o

for a neutral system. By making W — AV statioriary,
with A a Lagrange multiplier, one finds

5k piS —%K-ap”s +eP =2, o (4)
where | ,. .
()= V() +efdr'p(i')ir~r'i‘1 . - (5) ,

Sheldon ["'I' shows one must consider the possibility
of a dxscontmuous solution, i.e, p = 0 outsxde a. -

‘boundary surface C.
- The boundary is chosvn to make the energv a

a7
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minimum, by considering another solution, differing
dightly from the first, and being bounded by a sur-
face c. Its properties are distinguished by primes.
Letting subscripts C and v refer to the volumes within

.Cand between Cand ¢ respectzvely, Sheldon noted
that

W—w= WC—W+W =AY - NC)+W 6)

because of the staticnary principle obeyed by the
first solution within C. Since v is small,

W = [arp(x, 0*>

v .

p”3+€¢’1)

=Nk PP Pk p' P red)), (7
where NV, = N — N. Now, using (4) and (7) in (8),
W W= N (=3k o b o3
This will be negative if p'/ is greater than 3« /.
Therefore, the boundary surface is defined by
pe=0Grlcy) ®)
The TFD equations, then are
V2¢!1 = _4nep , o= %xa/r\:k ; (9a)

Ve =0, p <tk lk, (9b)

where @ is given in terms of p by eq. (4). The
boundary conditions are, for a neutral system,

¢1—>0 as r—>o=,

d)l -->-——ZM e/rM as ry -0, (10)

where 7y is the distance to nucleus M. Egs. (9) are ac-
tually satisfied everywhere that the nuclear charge
density vanishes.

Ifeq. (9a) is used in eq. (2), with the volume of in-
tegration the volume of the molecule, excluding small
spheres centered at the nuclei, Green’s theorem may
be used to give a surface integral:

N=—(1/4ne) [V -dS. (1)
g

The contribution of the sphere centered on nucleus M
is Zy;- This means, because of the neutrality condition
(2), that the surface integral over the boundary of the

CHEMICAL PHYSICS LETTERS

15 December 1972

molecule is zero. According to (4), ¥, is constant on
the boundary, i.e., the boundary is an equipotential,
so that V@, is normal to the boundary, and the nor-
mal component of V@ is of the same sign at all points
on the boundary. Since the surface integral of V®-d§
vanishes, the normal component of V&, is zero on
the boundary, and

Vfbl =0 on the boundary of the molecule . (12)

Outside the boundary, p vanishes. Since there are no
lines of force extending out of the molecule, one can
integrate ®; to infinity, starting at the boundary, to
show &, (>0) = @, (boundary). Then, using (10),

@, =0 on the boundary of the molecule . (13)
Inserting (8) and (13) in (4), we have
)\=—~%fcﬂz/xk . (14)

The electronic contribution to the dipole moment in
the x direction is

fxpdr = —(1/4me) fxv%l dr
= —(1/4ne) [ [V2(x®,) — 2d®, Jax]dr,  (I5)

where we integrate aver the region where p is non-
zero, except for small volumes around the nuclei. If
these volumes are taken as small cyiinders of radius R
with axes in the x direction, d®; /dx may be integrated
immediately over x, with y and z fixed, to give ®; at
the limits of the integration, which may be the
boundary of the molecule, or a face of a small cylinder.
In the former case, ®; = 0; the contributions of the
faces give zero as R — 0. Converting the remainder of
(15) to a surface integral, we have

[xpdr = (1/4¢) [V(x®,)-ds. (16)
N

The contribution of the outer boundary surface
vanishes because of (12) and (13). The contribution of
the cylinder about nucleus M may be calculated exact-
ly as follows.

Let the cylinder have radius R and extend from x
=¢& (€ <xpy) tox =¢5 (§3 > xpq). Then the surface

‘integral of V(x®,)}-dS is
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R R
J 2mra—axvia)+ [ 2mrdr(dxvdx)
0 0
x=¢3) (x=ty)
$2

+ f 2mrdx(—dxV/dR)

L]
r=R)
=2neZ, {—2 —_ 2, R2111249 ¢ — 2, R2V2
e M{ [(g?. xM) ] [(1 xm) ]
+ [2§2 _xM] [§2 - xM] [(g—z_xm)2]-1/2

- [2§1 - xM] [5_1 - xM] [(§1 _xM)Z]_UZ }s
after some aigebra. Note that

[(;—1__xM)2]1/2 = lg-l "‘le =Xy §1

and [(¢;—x\)?]"'? =, — X\ Letting R approach 0,
and §,, and {, approach xy from the left and the
right, the first two terms in the above integral vanish,
and one obtains

2mZy [ —%y) + (2% —xy] > a2y xy e -

Now the total dipole moment is

—e 217y %y ve [xpar=0. a7
M

Therefore, the net dipole moment for the Thomas—
Fermi—Dirac electron density vanishes. To extend this
result to the Thomas—Fermi electron density, we have
only to note the well-known fact that the TFD model
goes over to the TF model when electronic exchange
energy is neglected. This corresponds to neglecting
the third term in (1), or to putting k, = 0. The surface
Cis at infinity, and p~ = 0 [eq. (8)]. Now ali the re-
sults above are independent of the value of x,. There-
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fore, the result (17) hoids for the TF model as well.
It also holds for modifications like that of Gornbas
[6, section 11], which include some of the effect of
correlation, but involve a change in the value of k.

It is interesting to note that the chemical potential
[6, pp- 38, 58] of the Thomas—Fermi atom is zero
for all neutral atoms. In the TFD theory e chemical
potential is

BW/AN =8 W/BN = =),

which also has the same value (—;‘fxf,/x ¢) for all
neutral systems. Thus, there is no tendency for charge
transfer from one atom to another: all atoms have the
same electronegativity. This helps to explain the ab-
sence of dipole moments.

In our calculations, as in calculations performed by
other methods, the errors in the electron density are
likely to be largest on the periphery. The density at
the periphery has a great effect on the expectation
value of x, because of the weighting by the operator.
Thus, large errors are likely to accur in calculations of
dipole moments. The deviation of the electronic con-
tribution to the dipole moment from the nuclear con-
tribution should be interpreted as a measure of the
numerical error in the calculaticn, since we have shown
that the exact TFD or TF density must give a net
dipole moment of zero.
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