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Scaling and the Smoluchowski equations
J. Goodisman and J. Chaikena�

Department of Chemistry, Syracuse University, Syracuse, New York 13244-4100

�Received 30 January 2006; accepted 7 June 2006; published online 18 August 2006�

The Smoluchowski equations, which describe coalescence growth, take into account combination
reactions between a j-mer and a k-mer to form a �j+k�-mer, but not breakup of larger clusters to
smaller ones. All combination reactions are assumed to be second order, with rate constants Kjk. The
Kjk are said to scale if K�j,�k=����Kjk for j�k. It can then be shown that, for large k, the number
density or population of k-mers is given by Akae−bk, where A is a normalization constant �a function
of a, b, and time�, a=−��+��, and b�+�−1 depends linearly on time. We prove this in a simple,
transparent manner. We also discuss the origin of odd-even population oscillations for small k. A
common scaling arises from the ballistic model, which assumes that the velocity of a k-mer is
proportional to 1/ �mk �Maxwell distribution�, i.e., thermal equilibrium. This does not hold for the
nascent distribution of clusters produced from monomers by reactive collisions. By direct
calculation, invoking conservation of momentum in collisions, we show that, for this distribution,
velocities are proportional to mk

−0.577. This leads to �+�=0.090, intermediate between the ballistic
�0.167� and diffusive �0.000� results. These results are discussed in light of the existence of systems
in the experimental literature which apparently correspond to very negative values of �+�.
© 2006 American Institute of Physics. �DOI: 10.1063/1.2218836�

INTRODUCTION

Smoluchowski’s equations for coalescence growth in
condensed phases, proposed1 in 1917, continue to have
applications2,3 to cluster formation in gas, liquid, and solid-
state systems. While Smoluchowski found an elegant solu-
tion to a modified form of the equations in the case of all
kernels �rate constants� being equal, it was a long time before
asymptotic solutions, valid for large cluster sizes, were
demonstrated4–8 for the case of kernels which scale. �Exact
solutions are also possible when the kernels have special
forms2,4,8 and power series solutions have been attempted.9�
The kernel Kij, which specifies the rate of combination of
i-mers and j-mers, is sometimes6 said to scale if K�i,�j

=�2�Kij, with � being the scaling parameter. A more general
definition of scaling and a more refined classification of ker-
nels were introduced by van Dongen and Ernst,5 according to
which kernels scale if K�i,�j =����Kij for i	 j. For scaled
kernels, the asymptotic solution to the Smoluchowski equa-
tions is that the number of particles of size k is given by
nk=Akae−bk, where A is a normalizing constant, a depends on
the scaling parameters � and � �or ��, and b �but not a� is a
function of time. This has been proven by several workers4–8

using different mathematical methods.
For the simple scaling kernels �K�i,�j =�2��, we were

able to show10 the validity of the asymptotic solution for nk

in a simple manner, making the approximations involved
more explicit. The theory is currently being applied very
successfully �see following paper� to cluster formation in su-
personic expansions of rare gases, for which accurate experi-
mental data have recently become available.11 In the present
contribution, we extend the demonstration of the asymptotic

form for nk to kernels obeying the van Dongen-Ernst scaling
�K�i,�j =����Kij�, assumed to hold for i� j. We also clarify
the consequences of our previous proof for odd-even alter-
nation and discuss a more appropriate scaling of the kernels
than the ballistic and diffusional models, which are the most
frequently used in discussing agglomeration in the gas phase.
Our model should be applicable when monomers are the
most abundant species, so that nonreactive collisions do not
alter the velocity distribution.

SMOLUCHOWSKI EQUATIONS

It is assumed that only monomers exist at time 0, that
monomers can stick together on collision to form dimers,
that monomers and dimers can stick together to form trimers,
etc. Only binary collisions are considered explicitly, includ-
ing collisions between all n-mers and all m-mers existing at
any time. It is further assumed that all collisions between
species lead to irreversible coalescence, so that evaporation
or disintegration of clusters is neglected. Disintegration of
larger clusters is less important than coalescence of smaller
ones when the number of n-mers decreases rapidly with n.
Neglect of disintegration may also be justified by consider-
ing that the equations give the net rate of cluster formation
�association minus dimerization�.

Thus, the Smoluchowski kinetic equations describe the
collision of an n-mer with an m-mer to form an �n+m�-mer,
which can be destroyed only by collision of the �n+m�-mer
with another cluster to form a larger one. The processes in-
cluded are all assumed to be second-order reactions, with the
rate of each reaction being proportional to the product of the
concentrations of the two reacting species. Thus, the rate of
formation of n-mers is the sum of the rates of the reactions of
j-mers and �n− j�-mers, where j runs from 1 to k�, wherea�Electronic mail: jchaiken@syr.edu
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k�=k /2 if k is even and �k−1� /2 if k is odd. The rate of
destruction of n-mers is the sum of the rates of reactions of
n-mers with all species. Letting nk be the concentration of
k-mers and Kij the kernel or rate constant for reaction of
i-mers with j-mers, we have

dnk

dt
= �

i=1

k�

Ki,k−inink−i − �
i=1




Kkinkni − Kkknknk. �1�

The last term arises because collision of two k-mers to form
a �2k�-mer leads to the loss of two k-mers. The values of the
second-order rate constants reflect the mass transfer rates and
the reactive cross sections. Of course, Kji=Kij.

There are k /2 terms in the first sum for even k and
�k−1� /2 for odd k. The effect of this is seen in the results of
numerical integration of the equations.10,12 Although all the
nk values are close to a smooth curve as a function of k, the
values for even k are above the curve and the values for odd
k are below it. However, the deviations from the smooth
curve are important only for small k, so that the population
alternation disappears for larger k. The reason for this will be
made clear below.

Equation �1� may be simplified by dropping the last term
and, in the first sum, halving the term for i=k /2 �which
exists only for even k�. Both approximations are less impor-
tant for larger k. The resulting equation may be written as

dnk

dt
=

1

2�
i=1

k−1

Ki,k−inink−i − �
i=1




Kkinkni. �2�

In �2� there is no distinction between even and odd k. Equa-
tion �2� is to be solved under the assumption that at t=0 only
monomers are present. If the initial concentration of mono-
mers is N, so that nk�0�=N�k1, conservation of particles re-
quires

�
k=1




nkk = N �3�

at any time. Smoluchowski was able to give an analytical
solution to Eq. �2� in the case of all Kij being equal, say,
Kij =K. The solution, which satisfies �3�, is

nk�t� =
N�KNt/2�k−1

�1 + KNt/2�k+1 . �4�

The population of monomers decreases with time, and the
population of every other cluster first increases and then de-
creases.

More appropriate and more general than the assumption
Kij =K is the assumption that the Kij scale with particle size,
i.e.,

K�i,�j = �2�Kij ,

where � is the scaling exponent. It may be shown4–8 that, for
large values of k, nk approaches Akae−bk, where A, a, and b
depend on �. We have given10 a simple proof that this
asymptotic solution is valid. Here, the proof is extended to
the case where the Kij scale according to

K�i,�j = ����Kij

for i� j. Physically, neither � nor � can be greater than 1,2,5

if �=�=1, gelation occurs.
Some preliminary results are required first. Assuming

that nk�t�=Akae−bk for all k, we determine A by normaliza-
tion, i.e.,

�
k=1




knk = A�
k=1




ka+1e−bk = N . �5�

The average value of a cluster size is given by

�k� =

�
k

ka+1e−bk

�
k

kae−bk
. �6�

Since we consider agglomeration only, �k� must increase
with time. As we will show, a is time independent, so that
d�k� /dt= �d�k� /db��db /dt��0. Differentiating,

−
d�k�
dt

=

�
j,k

e−b�j+k�jaka�j2 − 2jk + k2�

2	�
j

jae−bj
2 .

The right member being positive, d�k� /db is negative, so b
decreases with time, eventually becoming small enough so
that the sums above may be approximated by integrals. The
normalization condition then becomes

A =
N

�
k=0




ka+1e−bk

�
N

�
0




dxxa+1e−bx

=
Nba+2

�a + 2�
. �7�

The sum has been extended to k=0 �this assumes that a+1 is
positive� and approximated as an integral.

ASYMPTOTIC SOLUTION

Our proof of the asymptotic solution involves substitut-
ing Akae−bk for nk in Eq. �1� and making approximations
which are valid for large k. For large k the sums in �1� are
dominated by terms for large i, so that Aiae−bi may be sub-
stituted for ni in the sums. We assume that the scaling and
symmetry conditions on Kij hold for all i and j, i.e., that
Kij =ci�j� for i� j and Kji=Kij. Then substituting and divid-
ing by nk gives

1

A

dA

dt
+ �ln k�

da

dt
− k

db

dt

= cA�
i=1

k�

i�+a�k − i��+ak−a − cA�
i=1

k

k�i�+ae−bi

− cA �
i=k+1




i�+ak�e−bi − cAk�+�kae−bk. �8�

Since there is only one term in ln k, it must vanish, which
requires that da /dt=0, i.e., the value of a is independent of
time.
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We will show below that a=−��+��, so, if k is large, the
last term in �8� is much smaller than the sum which precedes
it, and can be neglected. Similarly, for large k the difference
between k /2 and �k−1� /2 is unimportant and the upper limit
in the first sum may be taken as k /2. With these approxima-
tions �which are the same as those used by Smoluchowski in
going from �1� to �2��, there is no distinction between odd
and even k in �8�. Therefore, the odd-even alternation of
populations disappears for large cluster sizes.

Substituting for �1/A��dA /dt� and remembering that
da /dt=0, Eq. �8� is reduced to

�a + 2�
d ln b

dt
− k

db

dt

= cA�
i=1

k/2

i�+a�k − i��+ak−a − cA�
i=1

k

k�i�+ae−bi

− cA �
i=k+1




i�+akme−bi. �9�

The coefficient of db /dt is �a+2� /b−k; for large k, �a
+2� /b can be neglected, reducing the left side of Eq. �9� to
just −k�db /dt�. The sums in �9� are now approximated by
integrals using the first terms of the Euler-MacLaurin expan-
sion:

�
j=m

j=n

f�j� � �
m

n

dxf�x� + 1
2 f�a� + 1

2 f�b� ,

which is equivalent to evaluating the integral by the trap-
ezoid rule. Then �9� becomes

−
k

cA

db

dt
= �

1

k/2

x�+a�k − x��+ak−adx +
1

2
�k − 1��+ak−a

+
1

2
 k

2
��+�+2a

k−a − �
1

k

k�x�+ae−bxdx −
1

2
k�e−b

−
1

2
k� k

2
��+a

e−bk − �
k+1




x�+ak�e−bxdx

−
1

2
�k + 1��+ak�e−b�k+1�. �10�

We substitute x=ky in the three integrals to determine how
they depend on k. The first is proportional to k�+�+a+1, and
we will show below that �+�+a+1=1. The second and fifth
terms are proportional to k�; if ��1, they may be neglected
for large k. The third term, proportional to k�+�+a, may like-
wise be dropped since �+�+a=0. The sixth and eighth
terms, proportional to k�+�+� e−bk, are also negligible �b is
positive for all t�. This leaves

− �cA�−1k
db

dt
= k�+�+a+1�

1/k

1/2

y�+a�1 − y��+ady

− k�+�+a+1�
1/k

1

y�+ae−bkydy

− k�+�+a+1�
1+1/k




y�+ae−bkydy . �11�

If � and � are less than 1, the last two integrals are less than

�
0




ya+1e−bkydy =
�a + 1�
�bk�a+2 ,

so they may be neglected, leaving only one term on the right-
side of �11�.

Using �7� for A, �11� becomes

− k

Nc

�a + 2�
ba+2

db

dt
= k�+�+a+1�

0

1/2

y�+a�1 − y��+ady

� k�+�+a+1K��,�� . �12�

For �12� to hold for all large k, we must have �+�+a+1
=1, or a=−��+��, as was to be shown. Furthermore Eq. �12�
gives the time variation of b. It integrates to

b−�a+1� − b0
−�a+1�

a + 1
= Nc	 K��,��

�a + 2�
t , �13�

where a=−��+�� and b0 is the value of b at t=0. Since
a+1 is positive, �13� shows that b decreases with time. It is
convenient to evaluate K�� ,�� by writing �1−y�−� as a
power series in y, giving

K��,�� = �
0

1/2

y−��1 − y�−�dy

= �
n=0


 1

2
�n+1−�

n + 1 − �

��� + 1� ¯ �� + n − 1�
n!

.

The series converges rapidly.

MEANING OF SCALING PARAMETERS

If simple scaling obtains, i.e., Kai,bj =a�b�Kij, the scaling
parameter for the kernels is given2,6 by

2� = � + �d − dw�/D . �14�

Here, � specifies how the velocity with which reacting part-
ners approach each other scales with their mass or number of
monomers, i.e., the velocity with which j-mers and k-mers
approach is proportional to �kj��. The parameter d is the
dimensionality of the space in which the clustering or coa-
lescence takes place. The parameter dw is the fractal dimen-
sion of the cluster trajectory, equal to 1 for clusters moving
in straight lines without collision �ballistic model� and equal
to 2 for clusters diffusing like Brownian particles �Brownian
model�. Finally, D is the fractal dimension of the clusters,
which specifies how the mass of the cluster scales with its
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size or characteristic length. For ordinary clusters formed by
close-packing monomers, D=3.

In two cases of particular interest to us, the ballistic
model and the Brownian model, the value of the scaling
parameter � can be found by simple physical arguments. The
kernels or rate constants Kjk are products of the relative ve-
locities of the particles and their reactive cross sections. We
assume that the reactive cross sections are proportional to the
geometric cross sections. If there are “magic numbers” for
coalescence collisions �as when particular cluster sizes allow
satisfaction of valence constraints�, some kernels will not
scale and the populations of the clusters will deviate from the
asymptotic form we have derived, as we have shown.10,12 In
the ballistic model, appropriate to particles at thermal equi-
librium in the gas phase, the relative velocity for a j-mer and
a k-mer may be calculated13 from the Maxwell distribution to
be

v jk =�8kT�mj + mk�
�mjmk

, �15�

where mj is the mass of a j-mer. It thus scales as �jk�−1/2, i.e.,
�=− 1

2 . The geometric cross sections, assuming spherical par-
ticles, are

� jk = ��Rj + Rk�2,

where the volume of a j-mer, 4�Rj
3 /3, is proportional to j. If

the reactive cross section is proportional to � jk, it scales as
�jk�2/3. Since the velocity factor scales as �jk�−1/2, Kjk scales
as �jk�1/6, i.e., 2�=1/6.

In the Brownian model, reacting particles do not travel
in straight lines because they collide with other, nonreacting,
particles between reactive collisions. The rate of reaction of a
single cluster of size j with clusters of size k is proportional
to the radial diffusion current of k-mers to the single j-mer.
This current, according to Fick’s law, is Jk=Djk��ck /�r�,
where ck�r� is the concentration of k-mers at a distance r
from the center of the j-mer and Dkj is the mutual diffusion
coefficient. This equation is solved with the continuity equa-
tion and the boundary conditions: ck�r�=0 at r=Rj +Rk

�k-mers disappear by reaction on contact with the j-mer� and
ck�
�=bulk concentration of k-mers. The resulting radial dif-
fusion current is proportional to Dkj and Rj +Rk, so the rate of
reaction is proportional to these parameters and to the bulk
concentrations of j-mers and k-mers. The mutual diffusion
coefficient Djk=Dj +Dk, where Dj is the tracer diffusion co-
efficient for j-mers. If the nonreactive species, which cause
the motion of reactive species to be diffusive rather than
ballistic, are much smaller than the reactive species, Dj is
inversely proportional to Rj. Then Kjk is proportional to
�Rj

−1+Rk
−1� and to �Rj +Rk�, where Rj is proportional to j1/3.

Thus the scaling exponents � and � are −1/3 and +1/3,
respectively, in this case.

In fact, the simple scaling theory does not apply in either
the ballistic or the diffusional case. In the former, Kij is pro-
portional to

� i + j

ij
�i1/3 + j1/3�2,

where the first factor comes from the relative velocity of the
colliding particles and the second from the cross section.
For i	 j, this expression is proportional to i−1/2j2/3, so that
�=− 1

2 , �= 2
3 , and a=− 1

6 . In this case, �13� becomes

b−5/6 − b0
−5/6 = Nc�5K−

1

2
,
2

3
�

61

6
� �t . �16�

Numerical evaluation of K makes the square bracket equal to
2.2192. With �=�=1/12 �so a is still −1/6�, the square
bracket equals 0.5247.

We will apply the scaling theory to cluster formation in a
helium-atom nozzle beam, for which the ballistic model is
inappropriate. The scaling exponent for the ballistic case was
calculated using �15�, which assumes that the particles are at
thermal equilibrium. In the situation of interest, all k-mers
with k�1 are created by collisions, starting with a gas of
monomers, whereas establishing thermal equilibrium re-
quires many nonreactive collisions. Since one can hardly
expect the particles to be at thermal equilibrium, we calcu-
late the j dependence of � j, assuming that the velocity dis-
tribution is established by the reactive collisions between
particles.

NASCENT VELOCITY DISTRIBUTION FROM
COLLISIONS

We consider a collision between a k-mer and a j-mer,
with velocities v j and vk respectively, which results in for-
mation of a �k+ j�-mer. We derive a formula for the velocity
of the resulting particle, v jk, and, averaging over the direction
of v j relative to vk, a formula for the average speed vk+j.
Conservation of linear momentum is the only condition used
in deriving this formula �a previous treatment10 considered
conservation of angular momentum and total energy�, which
gives the average speeds of clusters of all sizes in terms of
the velocities of monomers. We then obtain the relative ve-
locities of colliding clusters and thus the scaling parameter
�. Although nonreactive collisions also take place, they do
not change the nascent velocity distribution as long as most
of the particles are monomers.

Without loss of generality, we assume that the collision
occurs in the x-y plane, and that the k-mer is moving in the x
direction with velocity vk and the j-mer is moving with a
velocity v j in the x-y plane such that v j ·vk=v jvk cos �. The
resulting �j+k�-mer has a velocity v jk which makes an angle
� with the x axis. The masses of the particles are propor-
tional to the numbers of monomers they contain. Then con-
servation of x and y momenta requires that

kvk + jv j cos � = �j + k�v jk cos � ,

jv j sin � = �j + k�v jk sin � .

Squaring both equations and adding eliminates � and yields
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Downloaded 01 Feb 2013 to 128.230.232.130. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/about/rights_and_permissions



�j + k�2v jk
2 = k2vk

2 + j2v j
2 + 2jkv jvk cos � .

The expression for v jk must be averaged over � according to

�v jk� =

�
0

�

sin �d��k2vk
2 + j2v j

2 + 2jkv jvk cos ��1/2

�j + k��
0

�

sin �d�

=
�kvk + jv j�3 − �kvk − jv j�3

6�j + k�jkv jvk
. �17�

Let us assume k� j. Then, if the velocities scale as j� with
−1���0, kvk� jv j and �17� becomes

v jk =
3�kvk�2 + �jv j�2

3�j + k�kvk
. �18�

Before using �18� to calculate velocities explicitly, we verify
whether scaling is consistent with �18�.

Rewriting �18� and inserting v j =cj
�, we have

3�j + k��+1�k��+1 � 3k2�+2 + j2�+2. �19�

Since j�k, the left side is 3k2�+2�1+ ��+1��j /k�+ ¯ �. The
first term is equal to the first term on the right of �19�, and
the second term is 3��+1�k2�+1j. If this is to equal j2�+2

from �19�, we require ��+1�= 1
3 from the coefficient and

2�+1=0 from the exponent of j or of k. Thus � should be
between − 2

3 and − 1
2 �it obviously cannot be both� for scaling.

Our explicit calculations using �17� in fact give a value of �
between − 2

3 and − 1
2 .

We begin the calculation by taking v1=1=c. Then, using
�17� with j=k=1, v2=2c /3 and v3 �calculated from v1 and
v2� =19c /36. Further results are listed in Table I and graphed
in Fig. 1. Note that for a given value of j+k, there are
j+k−1 ways to calculate vkj, with about 1

2 �j+k−1� different
results, so we take vk+j as the average of the vkj. However, all

TABLE I. Velocities of �j+k�-mers, calculated from velocities of j-mers and k-mers using conservation of
linear momentum.

j k v�j� v�k� j+k v�j+k�

1 1.000 00
1 1 1.000 00 1.000 00 2 0.666 67
1 2 1.000 00 0.666 67 3 0.527 78
1 3 1.000 00 0.527 78 4 0.448 46
2 2 0.666 67 0.666 67 4 0.444 44
2 3 0.666 67 0.527 78 5 0.391 52
1 4 1.000 00 0.447 12 5 0.394 98
1 5 1.000 00 0.393 25 6 0.355 96
2 4 0.666 67 0.447 12 6 0.353 31
3 3 0.527 78 0.527 78 6 0.351 35
1 6 1.000 00 0.354 08 7 0.325 91
2 5 0.666 67 0.393 25 7 0.323 95
3 4 0.527 78 0.447 12 7 0.322 25
1 7 1.000 00 0.324 03 8 0.301 90
2 6 0.666 67 0.354 08 8 0.300 43
3 5 0.527 78 0.393 25 8 0.298 90
4 4 0.447 12 0.447 12 8 0.298 08
1 8 1.000 00 0.300 08 9 0.282 16
2 7 0.666 67 0.324 03 9 0.281 06
3 6 0.527 78 0.354 08 9 0.279 76
4 5 0.447 12 0.393 25 9 0.278 72
1 9 1.000 00 0.280 42 10 0.265 59
2 8 0.666 67 0.300 08 10 0.264 75
3 7 0.527 78 0.324 03 10 0.263 67
4 6 0.447 12 0.354 08 10 0.262 64
5 5 0.393 25 0.393 25 10 0.262 17
1 10 1.000 00 0.263 94 11 0.251 42
2 9 0.666 67 0.280 42 11 0.250 78
3 8 0.527 78 0.300 08 11 0.249 88
4 7 0.447 12 0.324 03 11 0.248 94
5 6 0.393 25 0.354 08 11 0.248 28
1 11 1.000 00 0.249 86 12 0.239 15
2 10 0.666 67 0.263 94 12 0.238 66
3 9 0.527 78 0.280 42 12 0.237 91
4 8 0.447 12 0.300 08 12 0.237 06
5 7 0.393 25 0.324 03 12 0.236 37
6 6 0.354 08 0.354 08 12 0.236 05
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the results for a given j+k �product cluster size� are so close
together that the difference between them can hardly be seen
in Fig. 1.

Also shown in Fig. 1 is a least-squares fit of vk to
the power function pk�. The best fit is for
ln p=−0.004 47±.004 63 �i.e., p=1 within standard error�
and �=−0.5765±0.0013, with R2=0.9997. Thus scaling
is very accurate, and the value of � indeed lies between − 2

3
and − 1

2 .
We now calculate the relative velocity of colliding clus-

ters. Consider a j-mer, moving at velocity v j, colliding with
an i-mer, with velocity vi, so the relative velocity is vi−v j.
Averaging over the angle between vi and v j, we obtain

�vrel� =
�v j + vi�3 − �v j − vi�3

6v jvi
.

Suppose vk=cka and that j	 i. Then

�vrel� � c
i3a�1 + 3�ja/ia� ¯ − �1 − 3�ja/ia� ¯ ��

6jaia = cia.

The kernel Kjk is assumed proportional to the relative veloc-
ity and to the geometric cross section, ��Ri+Rj�2=��i1/3

+ j1/3�2, so the scaling parameters are �=−�0.5765� and
�=2/3. The numerical value of the integral
K�−0.5765,0.6667� is 2.1968, and the slope in �16� is
2.0711.

Translational kinetic energy is not conserved in a stick-
ing collision. The change in kinetic energy is

mj+kv j+k
2 − 1

2mjv j
2 − 1

2mkvk
2 = 1

2m1c2��j + k�1−2�0.5765�

− j1−2�0.5765� − k1−2�0.5765�� ,

where m1 is the mass of a monomer and c its average veloc-
ity. This is negative, which means that some translational
kinetic energy is converted into internal energy and/or rota-
tional kinetic energy.

DISCUSSION

The Smoluchowski equations, Eq. �1�, describe the
growth of clusters by second-order reactions, in which a
j-mer and a k-mer react to form a �j+k�-mer. We assume that
only monomers are present at t=0. Equation �2� results if
certain terms in Eq. �1�, relatively small for large clusters,
are neglected. Then, if all the second-order rate constants or
kernels Kjk are equal, an exact solution is available. In the
more interesting case of kernels which scale according to
Kaj,bk=a�b�Kjk for j�k, one can show that the population of
k-mers for large k is given by nk=Akae−bk, where A, a, and b
are constants whose values depend on � and �, and, in the
case of b, on time.

We show that nk=Akae−bk solves Eq. �1� for large k by
direct substitution, assuming Kjk=cj�k� for j�k. After
showing that the parameter b decreases with time, we make
some approximations in �1� which are valid for large k, and
arrive at Eq. �8�. At this point, there is no longer a distinction
between odd and even k, which shows that any odd-even
alternation in populations disappears in the asymptotic limit.
In order for �8� to hold for all k, the parameter a must be
independent of time.

This produces Eq. �12�, which is satisfied provided that
a=−��+��. Note that if a is negative, nk is a monotonically
decreasing function of k, so there is no most probable k. The
normalization parameter A is defined in terms of a, b, and N
�initial number of monomers� by Eq. �7�, which assumes
nk=Akae−bk for all k and approximates the sum over k by an
integral. The time-dependent parameter b is always positive
and obeys the differential equation �12�, which shows that
b�+�−1 is a linear function of t. In the proof, we required
2+�+�+2a�0 and a+1�0. This means �+��1, which
is guaranteed for physically consistent models.

Two cases of interest are the ballistic and diffusive mod-
els. In the diffusive model, the reacting particles diffuse to-
gether in the presence of other nonreactive, particles, and the
kernel Kjk is the product of an average diffusion constant and
an average particle radius. Then, assuming that the particles
consist of closely packed monomers, �+�=0. In the ballistic
model, Kjk is written as the product of a cross section and an
interparticle velocity. At thermal equilibrium, the latter is in-
versely proportional to the square root of the reduced mass
of the two particles, and the cross section, assumed to be
proportional to the geometric cross section, scales as j2/3, so
that �=− 1

2 and �= 2
3 .

We apply the Smoluchowski equations to clusters of He
atoms formed in a nozzle-beam expansion. In this case, the
particles with k�1 are created and destroyed by collisions,
so they do not reach thermal equilibrium. Rather, their ve-
locities are determined by the collisions which create them.
Assuming only conservation of momentum, we calculated
the velocity of a �j+k�-mer formed by collision of a j-mer
with velocity v j and a k-mer with velocity vk. Averaging over
the angle between the latter two velocities, we obtained
Eq.�17� for v jk and the results shown in Fig. 1 and Table I. To
high accuracy, the velocity v j scales as j−0.577, so �+�= 2

3
−0.577=0.090.

In a reactive collision, some translational kinetic energy

FIG. 1. Velocities of clusters of sizes k from 1 to 12 formed by coalescence,
divided by the monomer velocity. For a given k, there are k−1 choices for
the sizes of the clusters, i and j, which coalesce to form k. The results for all
are shown in the graph, but they are so close together that the difference
between them is not visible. The dashed line is the best fit of the results to
pk�; the parameters p and � are 0.9952 and −0.5765, respectively.

074304-6 J. Goodisman and J. Chaiken J. Chem. Phys. 125, 074304 �2006�

Downloaded 01 Feb 2013 to 128.230.232.130. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/about/rights_and_permissions



is converted into internal energy and/or rotational kinetic en-
ergy. Thus, the nascent cluster is unstable, unless a subse-
quent event can remove the excess internal energy. This
event is most likely a close encounter with another cluster.14

The cross section for such an encounter is likely to be much
bigger than the cross section for a reactive collision, so many
such encounters can occur for each reactive collision.

Such near collisions would occur with the background
gas in the diffusive case, rapidly establishing equilibrium
between interparticle and internal degrees of freedom. Then
the final temperature would reflect exothermicity of cluster
formation in addition to the initial translational energy.
Mukherjee et al.15 have found from Monte Carlo calculations
that, under certain conditions, the exothermicity of coales-
cence events can lead to a large increase in the temperature
of the background gas and hence larger interparticle veloci-
ties, raising the values of the kernels for subsequent colli-
sions. Our model, of course, does not involve background
gas.

However, it is likely that many nonreactive collisions
occur, but, if most of the clusters are monomers, most colli-
sions would be between monomers and heavier particles.
Then, because of the mass mismatch, these nonreactive col-
lisions would not change the nascent velocity distribution.

The distribution nk=Akae−bk is monotonically decreasing
for a�0; i.e., �+��0. To yield a distribution peaked at
some value of k, �+� would have to be negative. For the
simple scaling case ��=�=�� Botet and Jullien6 showed that
2� is equal to a positive term plus �, where � is the scaling
factor of particle velocity with particle mass. Thus a peaked
distribution requires that � be substantially less than − 1

2 �its
value for the ballistic model�. Having looked at the require-
ments of conservation of energy, angular momentum and,
now, linear momentum, we are forced to conclude that � will
never be low enough in a gas-phase coalescing system to
produce a peaked distribution.

Nevertheless, the experimental literature contains many
apparent examples of peaked cluster distributions. We sug-
gest that cluster evaporation/dissociation, neglected in the
Smoluchowski model, is responsible for their existence. Dis-
sociation is an endothermic process. If dissociation occurs
after intramolecular vibrational relaxation in a cluster leaves
a vibrational mode with sufficient internal energy to dissoci-
ate, we should expect the fragments produced to have less
translational energy than the fragments which coalesced to
form the cluster in the first place. Extensions of nucleation
theory which include evaporation as well as condensation
processes are possible.2,16 The asymptotic solution has been
generalized to describe kernels of all sizes.17

The Smoluchowski equations have been applied to a
variety2 of different systems, for some of which Monte Carlo
and other simulations are appearing.17,18 Applied to forma-
tion of clusters in He and H2 nozzle-beam expansions �fol-
lowing paper�, it leads to very useful results. Of course, the
fact that an experimental particle-size distribution is of the
form Akae−bk does not prove that the Smoluchowski equa-
tions describe the system.19

CONCLUSIONS

The Smoluchowski equations, a set of differential equa-
tions for the number densities of clusters of all sizes, de-
scribe coalescence growth, ignoring cluster dissociation.
The reaction between clusters of sizes j and k to form a
cluster of size j+k is assumed to be second order, with rate
constant Kjk. If Kjk scales, so that Kaj,bk=a�b�Kij for j�k,
the number densities for large k approach nk=Akae−bk, where
a=−��+��, and b decreases with time according to �13�.
There is thus no odd-even alternation in the population. We
have given a transparent proof of this asymptotic form of nk.
By invoking conservation of linear momentum in the reac-
tive collisions, we have shown that the velocities in the na-
scent cluster distribution scale as k−0.577, which is somewhat
different from the scaling in the ballistic model. It is con-
cluded that the Smoluchowski equations will never lead to
peaked population distributions because of the neglect of
dissociation.
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