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10 Gauge theory duals of black hole - black string

transitions of gravitational theories on a circle
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Abstract. We study the black hole - black string phase transitions of gravitational theories
compactified on a circle using the holographic duality conjecture. The gauge theory duals of
these theories are maximally supersymmetric and strongly coupled 1 + 1 dimensional SU(N)
Yang-Mills theories compactified on a circle, in the large N limit. We perform the strongly
coupled finite temperature gauge theory calculations on a lattice, using the recently developed
exact lattice supersymmetry methods based on topological twisting and orbifolding. The spatial
Polyakov line serves as relevant order parameter of the confinement - deconfinement phase
transitions in the gauge theory duals.

1. Introduction

The rise of string theory as a candidate for a unified quantum theory including gravity has
generated a resurgence of interest in black holes. In an appropriate limit, string theory reduces
to supergravity. There are different types of black hole solution possible in supergravity and
more interestingly, there are phase transitions possible between these black solutions. Examples
of such transitions include the Hawking - Page transition [1] in AdS spaces and the Gregory -
Laflamme transition [2] inD1-brane systems compactified on a circle [3]. These phase transitions
are very difficult to tackle analytically in the gravitational theories. However, they have dual
descriptions as thermal phase transitions in strongly coupled gauge theories. It is possible to
analyze these phase transitions by studying the phase structure of their strongly coupled dual
gauge theories. The dynamics of strongly coupled dual gauge theories can be studied on a
lattice, using the recently developed exact lattice supersymmetry methods based on topological
twisting and orbifolding [4].

The holographic duality conjecture in string theory, in an appropriate limit, relates the finite
temperature low energy supergravity limit of string theory to strongly coupled finite temperature
supersymmetric Yang-Mills theory. For a large number N of coincident Dp-branes in the
“decoupling” limit, the dual gauge theory is (1 + p)-dimensional, strongly coupled, maximally
supersymmetric SU(N) Yang-Mills theory taken at large N .

The decoupling limit is described as follows. String theory contains D-branes, which are
solitonic objects. When we consider the full theory in the presence of these solitons we have
modes that propagate in the bulk and modes that propagate on the solitons. The modes on
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the soliton interact with each other and with the bulk modes. It is possible to define a limit of
the full theory in which the bulk modes decouple from the modes living on the D-brane. This
is typically a low energy limit, in which we tune the coupling constant so as to keep only the
interactions among the modes living on the D-brane. In this limit the D-brane theory becomes
super Yang-Mills theory (for the case p ≤ 3).

The simplest case corresponds to D0-branes, where the dual theory is a finite temperature
16 supercharge Yang-Mills quantum mechanics with gauge group SU(N) [5]. (See [6] for recent
lattice studies of super Yang Mills quantum mechanics.) When p = 3, we have the case of
D3-branes and the original AdS/CFT correspondence [7].

In this talk, we focus on the gauge theory duals of black hole - black string phase transitions
due to Gregory - Laflamme instabilities developed in a system of N black D1-branes compactified
on a circle. In the gauge theory dual interpretation, these transitions correspond to thermal
phase transitions in 1+ 1 dimensional maximally supersymmetric SU(N) Yang-Mills theory on
a circle at strong coupling [8].

2. Two dimensional super Yang-Mills and D1-branes
2.1. Maximally supersymmetric Yang-Mills on T 2

We consider the 1 + 1 dimensional 16 supercharge strongly coupled SYM theory with gauge
group SU(N). It can be obtained from the dimensional reduction of N = 4, d = 4 SYM theory
into two dimensions. The gauge theory is at strong coupling λ = g2YMN ≫ 1, where λ is the ‘t
Hooft coupling, gYM is the Yang-Mills coupling and N is the number of colors.

It is natural to consider the case where the spatial dimension is compactified on a circle of
circumference L. Since we are interested in studying the thermodynamics of this gauge theory
on a lattice, we consider the Euclidean version of the theory. To study the field theory at a
finite temperature we compactify the temporal direction on a circle with period β. That is
t ∼ t + β, where β = 1/T is the inverse temperature. Thus the two dimensional Euclidean
SU(N) Yang-Mills theory is compactified on a rectangular torus T 2.

Euclidean 1 + 1 dimensional SU(N) SYM on T 2 has two non-contractible Wilson loops
(Polyakov lines), namely the Wilson loops running around the temporal (thermal) circle (Pt)
and the spatial circle (Px). The fermions are anti-periodic on the thermal circle and we impose
periodic boundary conditions on the spatial circle. In this way, we can distinguish between
spatial and temporal directions of the compactified theory.

The compactified theory on T 2 exhibits phase transitions as we change the temperature. The
expectation value of the spatial Polyakov loop

Px =
〈

Tr(P exp(i

∮

Ax))
〉

, (1)

where Ax is the gauge field along x-direction, in the Euclidean theory serves as order parameter
for this phase transition.

The expectation value of Px changes from zero to non-zero values as we increase the
temperature. The expectation value of Pt is always non-zero at all temperatures. Thus
upon heating, the SYM theory undergoes a transition from a “confined phase” (Px = 0) to
a “deconfined phase” (Px 6= 0).

2.2. The gravitational theory on a circle

The dual gravitational theory corresponding to the (1 + 1) dimensional maximally
supersymmetric SU(N) Yang-Mills theory describes the near-horizon geometry of the D1-brane
metric of type IIB string theory [5].



The string theory contains a collection of N D1-branes. The decoupling limit considers
keeping finite energy excitations of the D1-branes while taking the limit, g2YM = 1

2π
gs
α′ =

fixed, α′ → 0, where gs is the string coupling and α′ is the slope parameter.
Since the dual gauge theory is at finite temperature T , we are interested in near extremal black

D1-brane configurations of the gravitational theory in the above limit. We have compactified
the spatial direction of the gauge theory on a circle of circumference L. This implies that we
should impose a periodic identification of the spatial coordinate in the dual gravitational theory.
Thus we have a space that is asymptotically R8,1 × S1.

We may write a IIB supergravity approximation for the string frame metric and dilaton (for
a charged black string winding around S1) as

ds2 = α′
{ u3√

d1λ′

[

−
(

1− u60
u6

)dτ2

L2
+

dθ2

(2π)2

]

+

√
d1λ′

u3
(

1− u6

0

u6

)du2 + u−1
√

d1λ′dΩ
2
7

}

, (2)

eφ = 2π
λ′

N

√

d1λ′

u6
, (3)

where λ′ = λL2, d1 = 26π3, and θ is the angular periodic coordinate describing the spatial S1,
so that θ ∼ θ + 2π. From this supergravity solution we may derive the thermodynamics of the
black hole from the region of the solution near the horizon using standard methods. One can
compute that the constant of integration u0 is related to the temperature of the solution as

u20 = 16π5/2

3 t
√
λ′, where we have defined the natural dimensionless temperature t = TL. If one

continues time to obtain a Euclidean solution, then there is a conformal boundary which is a
torus T 2 whose cycles derive from the spatial circle and the Euclidean time circle [8].

Analysis of α′ corrections implies that this supergravity solution near its horizon is a good
approximation to the actual IIB string background provided that t <<

√
λ′. The compact spatial

circle means one must also ensure that winding string modes are not important corrections to
the supergravity near the horizon, and this implies 1/

√
λ′ << t. Thus for large λ′ >> 1 this

supergravity solution correctly approximates the horizon region of the true string background
for a range of temperatures. This solution is believed to be perturbatively stable within the
supergravity approximation.

Below dimensionless temperatures t ∼ 1/
√
λ′, the above background is strongly effected

by string winding modes near the horizon which wrap over the spatial circle. We then cannot
analyse the IIB string theory behaviour simply using IIB supergravity. However, we may employ
the trick of T-duality, acting on the spatial circle, to map the IIB solution to one in IIA theory
which in fact can be described in IIA supergravity. One finds the following IIA solution after
T-duality,

ds2 = α′
{

− u3√
d1λ′

(

1− u60
u6

)dτ2

L2
+

√
d1λ′

u3







du2
(

1− u6

0

u6

) + (2π)2dθ̃2






+ u−1

√

d1λ′dΩ
2
7

}

, (4)

eφ = (2π)2
λ′

N

(

d1λ
′

u6

)3/4

, (5)

now with θ̃ as the angular coordinate on the (T-dual) spatial S1, again with θ̃ ∼ θ̃ + 2π. The
requirement that the supergravity solution and its perturbations are good, gives the condition
λ′ >> 1 and t << 1 from requiring α′ and winding corrections to be small near the horizon.

A gravity analysis now shows that in the T-dual IIA supergravity picture the solution above
is perturbatively unstable to a gravity mode that breaks the translational invariance along the θ̃



circle direction, and is localized near the horizon. This is an instability of the Gregory-Laflamme
type. The analysis shows that it occurs below a temperature,

tGL =
3

4
√
π

(2πa)2√
λ
′ (6)

where a is a constant determined numerically to be a ≈ 0.37. We note that this is in the regime
of validity of the IIA supergravity solution provided λ′ >> 1.

In the T-dual IIA picture which allows us to describe the D1-branes using supergravity we
see the instability as a perturbative graviton mode that occurs for λ′ >> 1 at low temperatures
t. Under T-duality the D1-branes wrapped on the S1 become a density of D0-branes ‘smeared’
over the S1. Physically this configuration becomes unstable to clumping of the D0 branes at low
temperature. However, the interpretation in terms of the original D1-branes with λ′ >> 1 is as
a stringy winding mode instability about the spatial S1, which occurs for t ∼ 1/

√
λ′ (and hence

can’t be described using the IIB gravity solution) and is associated with symmetry breaking on
the circle.

From a thermal Euclidean perspective the AdS/CFT correspondence therefore maps (the
near-horizon limit of) near extremal solutions of the full type IIB string theory compactified on
a circle to thermal phases of maximally supersymmetric Yang-Mills theory on S1 × S1. In the
gauge theory the natural interpretation of the above stringy instability is a transition from a
“confining phase” (Px = 0) to a “deconfining phase” (Px 6= 0) as the dimensionless temperature
t varies. The expectation value of Pt is always non-vanishing at all temperatures indicating
the presence of event horizon in the dual gravitational theory, or from a Euclidean geometric
perspective, the contractibility of the Euclidean time circle.

3. Strongly coupled 2D super Yang-Mills on a lattice

In recent years a new approach on how to put supersymmetric field theories on a lattice has been
developed using ideas drawn from topological twisting [9] and orbifolding [10]. This approach
indicates that a class of supersymmetric theories may be discretized by preserving just a fraction
of the original supersymmetry. (See [4] for a review.)

The approach mentioned above, exposes a nilpotent supersymmetry. This supersymmetry
say, Q is a Lorentz scalar and it does not produce translations on the lattice. The nilpotent
property allows us to rewrite the two-dimensional super Yang-Mills action as a Q-exact term.
This action can then easily be discretized on a lattice.

3.1. Topological twisting

In this talk we discuss the results derived from the lattice simulations of topologically twisted
two-dimensional (Euclidean) super Yang-Mills theory with gauge group SU(N). The fields are
all in the adjoint representation with an anti-hermitian basis for the generators. The two-
dimensional 16 supercharge theory can be obtained from dimensional reduction of the four-
dimensional N = 4 SYM down to two dimensions.

We rewrite the original action of the four-dimensional theory in terms of “twisted fields.”
The basic idea of twisting is not new, it goes back to Witten in his seminal paper on topological
field theory [11]. In the case of four dimensional N = 4 SYM, the process of twisting is
a decomposition of the fields in terms of representations of a twisted rotation group, which
is a diagonal subgroup of the original (Euclidean) rotational symmetry SOLorentz(4) and an
SOR(4) subgroup of the R-symmetry of the theory. (The four-dimensional theory has SOR(6)
R-symmetry.) The twisted rotation group is:

SO(4)′ = diag
(

SOLorentz(4)× SOR(4)
)

. (7)



We can treat the supercharges of the twisted four-dimensional N = 4 theory as a 4×4 matrix
q. This matrix can be expanded on products of gamma matrices

q = QI +Qµγµ +Qµνγµγν + . . . (8)

After the twist the original supersymmetry algebra becomes a twisted algebra

Q2 = 0 (9)

{Q,Qµ} = pµ (10)

· · · (11)

The first piece of the algebra shows that the nilpotent scalar supercharge Q does not produce
translations on the lattice. That is, we can easily write down the twisted theory on a lattice.
The second piece of the algebra expresses the fact that the momentum is the Q-variation of
something, which makes plausible the statement that the energy-momentum tensor and hence
the entire action can be written in Q-exact form. An action written in such a Q-exact form is
trivially invariant under the scalar supersymmetry provided the latter remains nilpotent under
discretization.

The rewriting of the supercharges in terms of twisted variables can be repeated for the
fermions of the theory and yields a set of p-forms (η, ψµ, χµν , . . .) which for the case of Q = 16
matches the number of components of a real Kähler-Dirac field. This repackaging of the fermions
of the theory into a Kähler-Dirac field is at the heart of how the discrete theory avoids fermion
doubling as was shown by Becher, Joos and Rabin in the early days of lattice gauge theory
[12, 13].

The twisted four-dimensional N = 4 theory can be written in a compact form involving
five-dimensional fields [4]

S =
1

g2

∫

TrQ
(

χabFab + η[Da,Da]−
1

2
ηd

)

− 1

8g2

∫

Tr ǫabcdeχdeDcχab . (12)

The fields are now in SU(5) representations with the Roman indices a, b running from 1, · · · , 5.
The sixteen fermionic degrees of freedom are packed in the SU(5) decomposition (1⊕ 5⊕ 10) →
(η, ψa, χab). The ten bosonic degrees of freedom are encoded in a complex gauge fields Aa and
Aa, decomposing as 5⊕5 under SU(5). We have Aa = Aa+iBa with corresponding complexified
field strength Fab. The field d is an auxiliary field introduced for the off-shell completion of the
twisted algebra.

The nilpotent transformations associated with Q are given explicitly by

Q Aa = ψa, Q χab = −Fab,
Q ψa = 0, Q η = d,
Q Aa = 0, Q d = 0.

The action (12), after Q-variation, integrating out the auxiliary field d and dimensionally
reducing along the 5th direction gives the four-dimensional action of the twisted N = 4 theory

S =
1

g2

∫

Tr
(

FµνFµν +
1

2
[Dµ,Dµ]

2 +
1

2
[φ, φ]2 + (Dµφ)

†(Dµφ)− χµνD[µψν]

−ψµDµη − ψ[φ,ψµ]− ηDµψµ − η[φ, η]− χ∗
µνDµψν − χ∗

µν [φ, χµν ]
)

, (13)

where the Greek indices run from 1, · · · , 4; the last two terms arise from the dimensional reduction
of the Q-closed term; and χ∗ is the Hodge dual of χ: χ∗

µν = 1
2ǫµνρλχρλ. (See [4] for more details.)

This theory can now be further dimensionally reduced to two dimensions.



3.2. Discretization of the twisted theory

We follow the geometric discretization scheme to write down the lattice version of the theory.
The complex gauge fields are represented as complexified Wilson gauge links Uµ(x) = eAµ(x)
living on links of a lattice which for the moment we can think of a square lattice. These link
fields transform in the usual way under U(N) lattice gauge transformations

Uµ(x) → G(x)Uµ(x)G
†(x) . (14)

Supersymmetric invariance then implies that ψµ(x) live on the same links and transform
identically. The scalar fermion η(x) transforms as a site field: η(x) → G(x)η(x)G†(x). The
field χµν is a 2-form and we choose it to lie along a diagonal link.

The continuum derivatives are replaced by difference operators on the lattice. We use D(+)
µ

for curl-like operations and D(−)
µ for divergence-like operations. (For more details on the lattice

implementation we refer the reader to [4].)

4. Simulation results

We have simulated the two-dimensional thermal theory in the range of inverse temperature
0.02 < β < 1.0. We have focused on two observables, the spatial and temporal Polyakov lines.
For a lattice of size L× T these are given respectively by

Px =
1

N

〈∣

∣

∣TrΠL−1
ax=0Uax

∣

∣

∣

〉

, Pt =
1

N

〈∣

∣

∣TrΠT−1
at=0Uat

∣

∣

∣

〉

. (15)

We have performed the simulations on a 2 × 8 lattice for the values of color N = 2, 3 and
4, with values of infrared regulator m = 0.05, 0.10 and 0.20. (To regulate the divergence with
Monte Carlo simulations we have introduced a scalar mass term m.) The spatial Polyakov line
undergoes a sudden transition from non-zero to zero values around β ≈ 0.2 indicating that there
is a phase transition in the gravitational theory. The temporal Polyakov loop does not undergo
a transition indicating the presence of event horizons in the black solutions of the gravitational
theory. We summarize the results in figures 1 and 2. More detailed results are given in [14].
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