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Gauge-gravity duality Simon Catterall

1. Introduction

The possible equivalence of string and gauge theory hasHistigry going back to birth of
string theory as a possible theory of the strong interasteomd the recognition that Feynman dia-
grams of perturbative largd gauge theory could be naturally classified into a sum ovdases
of given genus.

However, there has been renewed interest in the subjeaténtrgears stemming from Malde-
cena’s discovery that the type Il string theory in anti-dieBispace could be described in terms
of a particular supersymmetric gauge theory in four dimamsi[1]. This theory has sixteen real
supersymmetries and gauge gr@lg(N). This so-called AASCFT correspondence has been tested
most extensively in the limil — o and for low energies in which case the string theory reduzes t
classical supergravity. However it is widely conjecturedé true away from these limits. Perhaps
surprisingly the gauge theory in question looks very défgrfrom QCD — it is a superconformal
field theory with neither asymptotic freedom nor confinement

Since then many other suctualities have been postulated corresponding to varying the di-
mension of the gauge theory, adding additional matter fiatu$ breaking all or part of the su-
persymmetry and conformal invariance. The dual gauge mgstmssess the common feature of
residing on the boundary of the space on which the stringryhisodefined and are hence often
referred to as giving &olographicrepresentation of the gravitational system. One such dfiss
dualities arise naturally from the original ADSCFT constion and consist of a mapping between
type |l string theory containiny Dp-branes andp+ 1) dimensional supersymmetric gauge theo-
ries with gauge grouSU(N) [B]. In this talk we will concentrate on perhaps the simplefghese
systems which describes the dynamicD@fbranes in string theory in terms of super Yang Mills
quantum mechanic$][3].

We will be interested in this mapping at finite temperatureegponding to a background
string geometry in which the time coordinate is Euclidead periodic. At low energies the resul-
tant supergravity equations contain a black hole with ahrgnd metric
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with o’ = ISZtring is the (inverse) string tension aigg the string coupling. Such a black hole has a
temperature and entropy given by
T [U\? Uo
0 2 0
—~ = S~ N[ = 1.3
A </\ %> </\ %> (-3

The holographic conjecture states that the dual Yang-Miltglel hasN colors and is to be com-
puted at thesametemperature with\ identified as usual 't Hooft coupling = g2,,N. The state-
ment of duality implies that the free energies of both gahgeity and black hole are equal. Duality
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thus offers a way of understanding black hole entropy asghgrisom a counting of microstates in
the dual gauge theory.

The analysis that leads to the duality conjecture is onligvmlwhich the string theory reduces
to supergravity. This requirddgs >> 1 anda’ — 0. Thus the dual super Yang Mills quantum
mechanics istrongly coupled This is rather a generic feature of these gauge-gravityitthsa—
typically the regime in which the string theory is tractab@@responds to a strongly coupled large
N gauge theory. Furthermore, in the quantum mechanics casgyttamics of the gauge theory

depends only on the dimensionless couplthg: é which then implies it is the low temperature
behavior of the gauge theory that provides a descriptioh@fiual black hole thermodynamics.

It is not known what happens as we increase the temperatuihe gluge theory. Familiarity
with thermal gauge theories leads us to speculate that #tersycan undergo a deconfining phase
transition. Indeed, as we shall show just such a transitmuis in the quenched theory. In the
gravitational language raising the temperature corredptmincreasingr’ and with it the strength
of classical string theory corrections. It is not known fares what happens in this case. It is
possible that the duality breaks down and no correspondexists between the gauge and gravity
models. Or more exotic possibilities could exist with théstence of a thermal phase transition in
the gauge theory signaling some sort of phase transitiohemgtavitational system - for example
a transition from black holes to a hot gas of strings and twafme of the goals of our work will
be to map out this gauge-gravity correspondence and to starer the phase diagram of the string
theory by conducting numerical simulations of the gaugeithe

In this talk we will report on numerical simulations of a reld model with four supersym-
metries. General arguments exigt [4] that this model mainlie similar universality class to its
sixteen supercharge cousin. This theory has also beerdtatiently in[[b].

2. Action and supersymmetries

The 2 = 16 super Yang-Mills QM is obtained by dimensional reductién4 =1 SYM in
D = 10 dimensions.

S= ?/RdT ((Dm)z— (X, Xj]? + 2WD; Wy +2w“(ri)§[>q,wﬁ]) (2.1)

whereW? is a 16-component spinor afgd= oy wherey;,i =0...10 are thed = 10 Dirac matrices
in Majorana representation. The bosonic sector of the mooladists of 9 scalarg; and a gauge
field A. All fields take values in the adjoint representation of thage group. The supersymmetries
are given by

SA = —2iWqe" (2.2)
5% = —2¢9(M)awpy (2.3)
ow = 2 ((ri)giDm + %([ri,r,-])gm,x,-o £f (2.4)

After integration over the fermions one encounters a Pfaffilhich on generic scalar field
backgrounds is complex. This renders simulation of the mpdblematic. Because of this we
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have initially focused on a related four supercharge moaieesponding to the dimensional reduc-
tion of 4" = 1 super Yang Mills in four dimensions. This model has reatiegtensive attention
in the literature as it may be discretized on a lattice whilssprving part of the supersymmetry al-
gebra exact{ff]. The 2 = 4 model has an action similar to that shown above with theictishs
that there are now just 3 scalars and the fermions are 4 coenpdtajorana fields with Yukawa
couplings related to the corresponding four dimensioned®inatrices in Majorana representation.

3. Lattice Theory

The transition to a lattice theory is potentially delicataive discretizations generically break
supersymmetry at the classical level leading to the appearaf supersymmetry breaking coun-
terterms in the quantum effective action. Some of these neagelevant which leads to a fine
tuning problem as their associated couplings must then bedimed to recover supersymmetry in
the continuum limit.

However, super Yang-Mills quantum mechanics is, of coussger-renormalizable, which
implies that the continuum theory contains only a finite nemobf superficially U.V divergent
Feynman graphs and they occur for small numbers of loops oltly these terms that can generate
new supersymmetry violating interactions on the lattickisTs the content of a powerful theorem
on lattice Feynman diagrams due to Re[$z [7] but it is easytterstand — the lattice propagators
resemble continuum propagators for light modes and onladegrongly for modes near the cut-
off. In a theory with no cut-off sensitivity these U.V modag @&relevant and the lattice diagram
converges for vanishing lattice spacing to its continuummndéerpart.

In our quantum mechanics case there is only one potentialydégnsitive diagram — a one
loop fermion tadpole correction to the scalar field. Howehergauge index structure of this term
ensures it must vanish even in the lattice theory. Thus welada that any discretization of the
continuum theory prohibiting doublers will flow to the cartesupersymmetric continuum limit
without fine tuning

Hence we have employed the following lattice action:

S= KZ(Zl (D*X)2 = 3 X X(2+ W (1)DHPP + WT (2D Wb 4 W ([, w]) (3.1)

i<]

Here W, W@ |abel the upper and lower components of the fermion field. fiagricesl; are
essentially thd™; up to an redefinition of the Euclidean time direction in ortleait the lattice
kinetic term takes the explicitly antisymmetric form givabove?

The lattice covariant derivative is just

D*f =Uy(t) F(t+E)Uf (1) — f(1) (32)

LA property it shares with the? = 16 model

2This trick happens automatically in the twisted formulati@lescribed ir[[6]. In the? = 4 case described here itis
possible to rewrite the Pfaffian as the determinant of maipierator of half the size and discretizations of this operat
can then choose a kinetic term proportional to the unit mate have also used this equivalent formulation in our
numerical work
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and the lattice coupling is given by = NB—’\f where we measure the inverse temperafne units
of the 't Hooft couplingA andM is the number of lattice points. The continuum limit is sisnpl
M — oo at fixed3. We also look for limiting behavior for largs.

4. Simulation details

It is not hard to show that the Pfaffian arising after inteigrabver the fermions is real and
positive semi-definite allowing it to be replaced by the te(IMITM)‘l‘ whereM is the fermion
operator described in the previous section and we use &ntiiiethermal boundary conditions for
the fermions. This latter weight is generated by an auxiliategration over pseudofermion fields
F,FT with action

Se=F'(MIM) F (4.1)

Following the usual RHMC algorithm the latter is approxiethby a partial fraction expansion of

the form
Qi

1 ao+ S (4.2)
X% 0 i;X"i‘Bi '

where thea;, B are computed using the remez algorithfh [8]. The resultativrads simulated
using standard HMC techniques together with a multimasssGl@er to solve th&) linear systems
in a time independent o [B].

We have simulated lattices with-5—12 points at values of the inverse temperaiBiranging
from 0.01— —3.0. Typically we have amassed betweer? 2010* T = 1 HMC trajectories for
systems with a number of colors in the rarige- 5— —16.

Our primary observables are the absolute value of the tratieeoPolyakov loopP, its as-
sociated susceptibilityp = % (< PP— <P >2) and the mean energy of the syst&mA simple
scaling argument shows that the latter is simply relatetiécekpectation value of the bosonic ac-
tion Sz. We have also examined the mean extent of the scalar fields gy = i% Jdulu|P(u).

We have simulated both the full supersymmetric theory angemched theory in which the effects
of dynamical fermions are removed.

5. Results

Our results for the Polyakov line in both dynamical and quenched ensembles are shown in
figure[l We see good evidence for 't Hooft scaling in both caseshe quenched theory we see
evidence of a rapid crossover between a low temperatureneghfinase and a high temperature
deconfined phase. This crossover seems to strengthen witasing number of colofd. How-
ever no such crossover is seen in the supersymmetric caskeasglstem seems to exist in a single
deconfined phase. This conclusion is strengthened by Igakithe susceptibilityp in figure[2
which shows a a sharp peak aroysid~ 0.9 which grows withN in the quenched theory but no
such peak in the supersymmetric theory - a very broad peaers at smalN and for large but
this seems to move rapidly to largBrwith increasingN and we conclude it will not survive the
largeN limit. Further evidence of this dramatic difference betwegenched and supersymmetric
theories is seen in the energyshown in figurg]3. In the case of the quenched theory the linear
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Figure1: Polyakov line — quenched and supersymmetric cases
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Figure 2: Polyakov susceptibility — quenched and supersymmetriesas
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Figure 3: Mean energy — quenched and supersymmetric cases

slope visible inf3 < E > for large 3 yields the non-zero vacuum energy of the model while the
horizontal regime belovg; is consistent with classical equipartition and the appeaaafO(N?)
weakly coupled degrees of freedom. The dynamical systemnts different — we see good 't Hooft
scaling but only weal@ dependence — the largkbehavior is qualitatively similar to the quasi free
behavior seen at high temperature. Again the simplestprettion is that the deconfined phase
persists for all finite temperatures.
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6. Conclusions

Holographic dualities offer the possibility of studyingisg and quantum gravity theories us-
ing the tools of (supersymmetric) gauge theory. Typicdilg gauge theories that arise in these
contexts are strongly coupled which means that lattice ousttare useful. Furthermore, low di-
mensional examples exist which allow for naive discreiiratnethods which nevertheless regain
supersymmetry with little or no fine tuning. These modelstvasimulated relatively easily using
modern algorithms even in the 't Hooft larglimit.

In this talk we have presented results for a toy model with jéds= 4 supercharges. Many
features of this model are thought to be common to the tagyet 16 model but the toy model is
easier to simulate primarily because it possesses a redivpagefinite Pfaffian after integration
over the fermions.

We have contrasted the supersymmetric simulations withchedl simulations. In both cases
good largeN scaling is seen. In the quenched case the system exists iphases in the limit
N — o — a low temperature confined phase with non-zero vacuum gr@d a high temperature
deconfined phase witB(N?) quasi free degrees of freedom. In the supersymmetric caseeth
confined phase appears to extend to low temperatures. Tihiagseement with conjectures about
the 2 = 16 supercharge theorj] [4]. The latter theory has recenty Istudied using momentum
space methods i [[LO] with interesting results. Perhapg enoouraging is the observation that
the phase fluctuations of the Pfaffian were rather small dweetémperature regime studied. We
are currently investigating th& = 16 supercharge theory and hope to report results $opn [11].

SC is supported in part by DOE grant DE-FG02-85ER40237. T\waitly supported by a
PPARC advanced fellowship and a Halliday award. Simulativere performed using USQCD
resources at Fermilab.

References

[1] J.Maldacena, Adv. Theor. Math. Phys. 2 (1998) 231.
[2] N. Itzhaki, Nissan, J. Maldacena, J. Sonnenschein an@uskielowicz, Phys. Rev. D58 (1998).
[3] D. Kabat, G. Lifschytz and D. Lowe, Phys. Rev. D64, (2002%015.

[4] Towards lattice simulation of the gauge theory dualslgzk holes and hot strings, S. Catterall and T.
Wiseman, arXiv:0706.3518 [hep-lat].

[5] Non lattice simulation for supersymmetric gauge thesiin one dimension, M. Hanada, J. Nishimura
and S. Takeuchi, arXiv:0706.1647 [hep-lat].

[6] K&hler-Dirac fermions and exact lattice supersymmedryCatterall, PoS LAT2005:006,2006.
[7] T. Reisz, Commun.Math.Phys.116:81,1988.
[8] M. Clark, PoS LAT2006:004,2006
[9] S. Catterall,JHEP 0603:032,2006.
[10] K. Anagnostopoulos, M. Hanada, J. Nishimura and S. Tiekg arXiv:0707.4454 [hep-th]

[11] S. Catterall and T. Wiseman, in preparation.



	Gauge-Gravity Duality -- Super Yang Mills Quantum Mechanics
	Recommended Citation

	arXiv:0709.3497v1  [hep-lat]  21 Sep 2007

