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Note on a sigma model connection with instanton dynamics

Amir H. Fariborz 2 *, Renata Jora P T, and Joseph Schechter © ¥
¢ Department of Mathematics/Science, State University of New York Institute of Technology, Utica, NY 18504-3050, USA. and
b:¢ Department of Physics, Syracuse University, Syracuse, NY 13244-1130, USA,
(Dated: February 4, 2008)

It is well known that the instanton approach to QCD generates an effective term which looks like
a three flavor determinant of quark bilinears. This has the right behavior to explain the unusual
mass and mixing of the 7(958) meson, as is often simply illustrated with the aid of a linear SU(3)
sigma model. It is less well known that the instanton analysis generates another term which has
the same transformation property but does not have a simple interpretation in terms of this usual
linear sigma model. Here we point out that this term has an interpretation in a generalized linear
sigma model containing two chiral nonets. The second chiral nonet is taken to correspond to mesons
having two quarks and two antiquarks in their makeup. The generalized model seems to be useful
for learning about the spectrum of low lying scalar mesons which have been emerging in the last
few years. The physics of the new term is shown to be related to the properties of an “excited” 7’
state present in the generalized model and for which there are some experimental candidates.

PACS numbers: 13.75.Lb, 11.15.Pg, 11.80.Et, 12.39.Fe

I. INTRODUCTION

The instanton approach to QCD (see Refs.[1]-[9] for some of the many interesting references) has played an important
role in understanding the origin of the U(1)4 violation in that theory. Specifically, 't Hooft showed [2] that a new
quark term arises which conserves the SU(Ny)r x SU(Ns)r symmetry, where Ny denotes the number of relevant
low energy quark flavors, but violates U(1) 4. In the case Ny=2, the U(1)4 violating term is a 2 x 2 determinant of
quark bilinears. If this is generalized to Ny=3, the resulting 3 x 3 determinant has the right transformation properties
to explain the unusually high mass as well as the mixing pattern of the puzzling pseudoscalar meson, 7'(958). The
relevant calculation is often performed using an “effective low energy” linear SU(3) sigma model containing both a
pseudoscalar nonet as well as an additional scalar nonet. Such a model gives the usual “precision” current algebra
results for the pion (and to some extent the kaon) interactions and an acceptable description of the 7/(958). It also
contains information about the scalars although they are often “integrated out”. That procedure converts the model
to a non-linear sigma model.

It is amusing to note [4] that in the Ny=3 case, the instanton calculation gives not only the determinant type U(1) 4
violation term but also another U(1)4 violation term of non-determinant type. That term will be of interest in the
present paper. We have been studying a generalized linear sigma model [10]-[15] containing two chiral nonets which
are allowed to mix with each other. Related models for thermodynamic properties of QCD are discussed in Refs.[16].
The underlying motivation arises from the increasing liklihood [17] of the existence of light scalar mesons which show
up for instance in the analysis of pion pion scattering data. Note that, at present, the scalars below 1 GeV appear to
fit into a nonet as:

I =0:m[fy(600)] ~ 500 MeV
I=1/2: m[k] ~ 800 MeV
I=0:m[fy(980)] ~ 980 MeV
I=1:mlao(980)] ~ 980 MeV (1)

This level ordering is seen to be flipped compared to that of the standard vector meson nonet. It was pointed out a
long time ago in Ref. |1§], that the level order is automatically flipped when mesons are made of two quarks and two
antiquarks instead of a single quark and antiquark. That argument was given for a diquark- anti diquark structure
but is easily seen to also hold for a meson- meson, “molecule” type structure which was advocated, at least for a
partial nonet, in Ref. [19]. Thus, on empirical grounds a four quark structure for the light scalars seems plausible.
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Of course, one expects higher mass scalars related to p wave quark-antiquark composites to also exist. It is natural
to expect mixing between states with the same quantum numbers and there is some phenomenological evidence for
this as noted in Refs [20] and [21]. Thus, it seems reasonable to construct a generalized linear sigma model containing
a chiral “four quark” nonet as well as the usual chiral “two quark” nonet. The study of such a model in fact yields
a plausible explanation of the main experimental facts. Of relevance to the instanton physics is that the two nonets
are distinguished from each other by having different U(1) 4 transformation properties. Furthermore, the treatment
of the model in [13]-[15] brings in an additional U(1)4 violation term which seems to have the same structure as the
additional term arising from the instanton analysis [4].

In section II, we repeat for the reader’s convenience, the notation |10] being used for schematic quark field combi-
nations transforming like chiral nonets with quark, antiquark and various two quark, two antiquark structures.

In section III, we demonstrate that the schematic molecule type chiral nonet can be written as a linear combination
of two diquark, antidiquark type nonets (which have different SU(3) color representations for the diquarks). All of
these “four quark” configurations have the same U(1) 4 transformation property. Here it will be sufficient to assume
that an unspecified “four quark” configuration is bound.

In section IV, we give a brief outline of the linear sigma model containing both a “two quark” chiral nonet and
a “four quark” chiral nonet. It is convenient to introduce the U(1)4 violation in such a way that the classical
Lagrangian mocks up the anomaly exactly. This leads to In’s of the violation operators. It has the advantage that
the 1’s essentially decouple from the rest of the particles. In order to compare with the instanton analysis, we thus
calculate the leading terms which are linear in the violation operators.

In section V, we quote the known three flavor effective quark Lagrangian arising from the instanton analysis. We
rewrite it using Fierz transformations so that the desired “four quark” fields become manifest. They are presented
as a linear combination of of a “molecule” type field and a field made from a color 3 diquark combined with its
corresponding anti diquark.

In section VI, we compare the relative strengths of the two U(1)4 violation terms as obtained from the instanton
analysis to the ones obtained from the generalized linear sigma model. The linear sigma model relative term strengths
are obtained from comparing the properties of the 7/(958) with those of the apparently best candidate to be its
partner, the 1(1475). To convert the quark instanton Lagrangian to one involving only mesons we need a way to
characterize our ignorance of the quark wave functions inside the meson states. This is done via a parameter denoted
w, which is estimated.

Section VII contains some concluding remarks.

II. NOTATION

Even though one can not write down the exact QCD wave functions of the low lying mesons it is easy to write down
schematic descriptions of how quark fields may combine to give particles with specified transformation properties. For
spinor notations we employ the Pauli conventions. We work in a representation where the v matrices and the charge
conjugation matrix have the form:

[0 —io fo1 10 [0z 0
FYZ_|:ZO'1 0 :|a 74_|:1 O:|7 75_|:0 _1:|7 C_|: 0 0,2:|' (2)

A nonet M (x) realizing the ¢g structure can be written as:

145
M, = (QbA)T'74—2 e (3)

where a and A are respectively flavor and color indices. Our convention for matrix notation is M? — Mgp. Then M
transforms under chiral SU(3);, x SU(3)g, charge conjugation C' and parity P as

M — U, MU},
cC: M- M", P: M(x)— M'(—x). (4)

Here U, and Ug are unitary, unimodular matrices associated with the transformations on the left handed (¢, =
2 (1+5) q) and right handed (gr = & (1 — 75) ¢) quark projections. For the U(1)4 transformation one has:

M — e*™ M. (5)



Next consider nonets with “ four quark”, qqgq structures. One possibility is that the four quark states are “molecules”
made out of two quark-antiquark states. This leads to the following schematic form:

M@ — ¢ ebed (MT)Z(MT);. (6)

Another possibility is that the four quark states may be bound states of a diquark and an anti-diquark. There are
two choices if the diquark is required to belong to a 3 representation of flavor SU(3). In the first case it belongs to a
3 of color and is a spin singlet with the structure,

L9F = 9abPAB T -1 1 4;75 -
RIE — egabeEAquACq 1_7%%3' (7)
Then the matrix M has the form:
MO = (1) RN (8)

In the second case the diquark belongs to a 6 representation of color and has spin 1. It has the schematic chiral
realization:

- 1+7s
LZU,AB = LZU,BA = 69@'15,40 1‘7;“/ B,
- — 5
RZV,AB = RZU,BA = EgabquC 10’#1/7%3, 9)
where ., = 5 [y, 7). The corresponding M matrix has the form
T,
af _ T
Mfg )f - (LZU.,AB) R;LV,AB’ (10)

where the dagger operation includes a factor (—1)5”4+6“4.The nonets M@, M®) and M® transform like M under
all of SU(3)r, x SU(3)g, C, P. Under U(1)4 they transform as:

M® — e=4ivp2), (11)

It is seen that the U(1) 4 transformation distinguishes the “four quark” from the “two quark” states.

III. DIFFERENT FOUR QUARK STRUCTURES

Now we will show that M), M®) and M® are related by a Fierz transformation; thus only two of them are
linearly independent. For this purpose it is convenient to express the four component spinors in terms of the two
component chiral projections in the basis given above:

Goa = [ dLaA } . (12)

The quark-antiquark field, M has the schematic structure M? = q};b 4qLaa While (M T)g = qza AqrbA- Similarly, the
schematic molecule-type field M (®) takes the form:

MPT = ¢gqpel [QEGAQRdA} [qszQReB} : (13)
Using the definition (02)ag = —i€qg and the anti-commutativity of the fermi fields we readily obtain the decomposition
of M®) as,
Még)'f = 2¢gqpe’ ([QEQAQRdA} [qszQReB} - {qzaAQRdB} {qszQReA}) : (14)
To simplify M* we make use of the well known identity 020702 = —0y, and also the Fierz type relation,

(0k02)ﬁa(020k)np = 5ﬁp6an + 56776&9' (15)



Then we find,
Mé‘l)-f = —degapel ([QEGAQRdA} {qszQReB} + [QEQAQRdB} [qszQReA}) . (16)

Now it is easy to see that the molecule-type field M2 may be expressed as a linear combination of M®) and M®):

Méz)b _ 2]\4(§3)b _ M(§4)b'
8
Thus, at a naive quark model level, there is no absolute distinction between the molecule type field and a linear
combination of two different diquark-antidiquark configurations. It may be amusing to note that, in the MIT bag
model approach [22] to four quark scalars, the relevant eigenstates of the hyperfine splitting Hamiltonian also emerge
as a linear combination of two diquark-antidiquark configurations. Of course there may be differences which would
emerge if the full QCD dynamics could be solved. Some dynamical arguments are discussed in Ref. [23].

There are no external quantum numbers to differentiate M), M®) and M® from each other. Thus we just
assume that the dynamics selects a particular but unknown linear combination of (any two of) them to be a bound
“four quark” field, M’. Note, however, that M and M’ are distinguished from each other by their different U(1)4
transformation properties.

(17)

IV. EFFECTIVE POTENTIAL

In our model Lagrangian we use scalar fields with the transformation properties of the schematic fields M and M’
just discussed. These fields may be decomposed into hermitian scalar (S) and pseudoscalar (¢) nonets as,

M = S+ig,
M = S +id. (18)

The Lagrangian density for our model is taken to have the simple form,
1 1
L (0, M, MT) — 5T (0, M'9, M) — Vo (M, M) — Vs, (19)

with non-derivative interaction terms. Here Vj(M, M’) stands for a general function made from SU(3)r x SU(3)r
but not necessarily U(1)4 invariants formed out of M and M’. Furthermore Vsp is a flavor symmetry breaking term
designed to model the quark mass terms in QCD.

Generally one has the situation where non-zero vacuum values of the diagonal components of S and S’ may exist.
These will be denoted by,

(S) = audl.  (S) = Budl 20)

In the iso-spin invariant limit, ay = a9 and f; = [z while in the SU(3) invariant limit, ;1 = as = a3 = « and
pr=0B2=pP3=p0.

The model is an upgrading of the single-M SU(3) linear sigma model to one containing two chiral nonets. However,
it is much more complicated. For example, the renormalizable version of the present model has (see Appendix A of
[12] and Appendix A of [14] ) twenty one invariant terms in V5 while the renormalizable version of the single-M model
has only four terms. To make progress we suggested first including only those terms with no more than a total of
eight (quark plus antiquark) lines in the underlying schematic interaction. This led to the predictions(|14], [15]) :i) a
very light singlet scalar which might be identified with the f,(600), ii) large four quark content of the lighter scalars,
iii) improved s-wave pion pion isosinglet scattering length. The model included two U(1) 4 violating, but chiral SU(3)
conserving, terms. These were chosen to mock up the U(1)4 anomaly of QCD. That is a reasonable requirement in
the present context since the U(1) 4 symmetry distinguishes the two quark from the four quark mesons.

In the single-M model, it was noted (see Appendix of [24]) even before QCD, that a determinant type U(1)4
violating piece was needed to explain the n mesons. After QCD, 't Hooft [2] showed that a quark level term of the
required sort would arise from instanton contributions. Actually, he did not completely present the relevant three
flavor version of his model. Other authors [4] later gave this result and one can see that there is an additional U(1) 4
violation term present. Here we will show that the additional term has the same structure as the one we added on
the basis of the quark counting just mentioned.

In the effective Lagrangian framework the axial anomaly was first “exactly” modeled |25] by including a term pro-
portional to G (IndetM —Indet M), where G represents the pseudoscalar Yang Mills invariant Tr(F, WF ), constructed



from the field strength tensor. It is necessary to include a wrong sign mass term for G which is then integrated out.

Then one obtains a form like
detM \1?
£77 = —C3 [ln (W>:| 5 (21)

where c3 is a numerical parameter. In the present model with two chiral nonets this form is not unique and the most

plausible modification [13] is to replace In(<<8) b
det(M) Tr(MM'T)
In{ ———+~ 1—- In| ———+—< 22
(et )|+ 00 e (e ) .

where 7; is a dimensionless parameter. For the purpose of comparison with instanton results in the next section we

will approximate this somewhat complicated form by its leading term. With the assumption that <§ZEE%§> = 1+small,
we write:
det (M)
In [det(M)] ~ (det(M — 1. 23
fden(M0)] = (der(a0) + |0 - 1] (23)
Then,
det(M) — det(M1) ]
In[det(M)] — Infdet(M)])” ~
(fdet(31)] = nfdec(ar")])? = | ST
1 4
= —5[(det(M) + det(M1))? — 4det(MMT)] ~ —5 (det(M) + det(MT)). (24)

In this procedure a purely numerical constant has been dropped and the U(1), invariant piece, det(MMT) was
considered small compared to other U(1) 4 invariant pieces. Similarly,

[m (Tr(MM’T)

2y
o (M,MT)} ~ 3—[Tr(MM’T)+Tr(M’MT)]. (25)

af

Cross terms from squaring Eq.([22) are neglected in the same approximation. Summarizing these steps we write,

det(M Te(MM'H)\ >
L, = —cs (71110M +(1- 71)111(7)>

det(MT) Tr(M'MT)
~ —des (l—lz[det(M) + det(M1)] + %[MMM'T )+ T&«(M’MU]) . (26)

In contrast to these approximations, keeping the In’s in the calculations involving the mesonic Lagrangian, leads
to a desirable simplifying decoupling of the 1’ sector of the model from the parts which conserve U(1)4. This was
previously discussed in [13]-]15].

V. U(1)a VIOLATION FROM INSTANTONS
The ’t Hooft effective Lagrangian for the three flavor case |4] can be presented [26] as:

1 €
L(qg) = constWHGgabefd

2N.+1[_ 147 1+ 14
9N, + 4 gdgA 5 qfA| |4aB B) 4dB| |9bC B) geC

43 147 ~ 1475 R
8(N. + 2) QA= 4fA| |GaB— OwddB| | G0~ T eC

+[””Y5J‘_%D. (27)

2 2



Here the kinematics were modified from Euclidean space, appropriate for the path integral derivation, to ordinary
Minkowski space. The overall constant contains a function of the QCD running coupling constant which essentially
cuts it off at higher energies.

The quantities like [7,4 1+2'Y5 ¢ra] which appear in this equation clearly can be identified with the usual quark
antiquark meson field M }7 defined in Eq.(3)). The quantities involving ¢, on the third line are less familiar. Using

the identity,

(Uk)ﬁa(ak)np = 208p0an — 03a0y,- (28)
we find
fde |- 1+ 147
€gab€ daB TU;LVQdB qvCc TUuUQeC

= degape’ 4 (2 [QI{QBQLdC} [q;rzbcheB} - [QI%aAQLdA} [q;rszQLeDD

_ 2 3

= 4[] - ], (29)
where Eqgs.([[3), (I4) and (I7) were used in the last step. Putting these identifications back into Eq.([27) finally yields:

_ const
TAN.(NZ - (Ve +2)

£(q) [<2Nc £ 1)det(M(g)) + 3 Tr [M(g) (M (g) - M“%))H +he (30)

Here the determinant and trace refer to the three-flavor space.

VI. COMPARISON OF SIGMA MODEL AND INSTANTON APPROACHES

It is immediately clear that the U(1) 4 violating instanton generated Lagrangian of Eq.(30) has the same structure
as Ly, the linearized U(1) 4 violating Lagrangian in Eq.([26). Of course, the sigma model expression is constructed out
of physical meson fields while the instanton expression is constructed out of schematic combinations of quark fields
with the same transformation properties. Presumably the schematic quark combinations will be dominated by, or at
least have substantial overlap with, the corresponding meson fields. This similarity seems to be the strongest point of
our discussion. It is especially interesting to us in the context of building linear sigma models to learn about possible
mixing of quark-antiquark and two quark plus two antiquark mesons. As noted in section IV, even the renormalizable
linear sigma model potential would have too many terms for practical analysis. We therefore suggested a simplifying
scheme in which terms with the smallest number of underlying (quark plus antiquark) fields be retained. On this
basis, the two dominant U (1) 4 violating terms are expected to be the det(M) and Tr(M M’?) ones, each representing
six underlying fermions. This is apparently confirmed by the leading instanton calculation. The four quark structure
appearing in Eq.(30) is seen to contain M (2) — M®) | a linear combination with equal strengths of ”molecule” type
and diquark plus anti diquark components. This does not guarantee, naturally, that such a combination is the one
which is dynamically bound.

To get a rough indication of what is happening, we introduce a prescription for obtaining the leading U(1) 4 violating
terms in the meson Lagrangian given in Eq.(28]); we simply make the replacements,

M(Q) - _A2M7
M3 (q) — M3 (q) — £wA®M’, (31)

in the instanton Lagrangian of Eq.([30). Here, M and M’ are the meson fields while M (q) etc. represent corresponding
schematic quark structures with the same chiral transformation properties. The positive quantity A is a QCD type
scale with dimension of mass. The dimensionless, positive quantity w is a phenomenological parameter introduced
to account for our ignorance of which linear combination of the possible four quark states is actually bound, the
possibility of other hadronized field combinations appearing in Eq.([29) as well as other QCD effects. Finally the sign
choice measures the sign of the vacuum value of the left hand side operator.

We may estimate A above by taking the ground state expectation value of the (11) matrix element:

(M) =a= 2_—[\12<61AQ1A>- (32)

Using o = 0.0606 GeV, as obtained in the SU(3) limit for either the massless or massive pion cases in [14] or [15]
together with (q14¢14) ~ - 0.016 GeV? yields for the scale factor, A ~ 0.36 GeV. As a check on this procedure, if



the “quark mass” factor, A in the symmetry breaking term Lgp = 2Tr(AS) is also scaled as A = A%*m,,, where my is
the diagonal matrix of quark masses, then the current algebra mass formula for the pseudoscalars is converted to the
corresponding linear sigma model mass formula.

Notice that the overall factor in Eq.(30) is heavily suppressed for large N, as expected for instanton effects. Thus
we shall set N, to be three, for our world. Then the substitutions of Eq.[3I)) result in a meson U(1), violating
Lagrangian of the form:

L, = const’ |—Tdet(M) F %Tr(MM/T) + h.c. (33)

Comparing Eq.([33]) with Eq.([28) gives a relation between -1, a measure of the relative strengths of the det and Tr
terms which are being used to model the U(1)4 anomaly, and the scaling factor w introduced in Eq.(BI):

o B +14a2
(1-m)*  30Aw’

(34)

Since the left hand side of this equation must be positive and S(a 0.0249 GeV) is positive, consistency requires us
to keep only the + sign in Eq.(@I). This corresponds to a positive vacuum value for M) (q) — M®)(q), as opposed
to the negative vacuum value for M(q) shown in Eq.([32) Defining Q(w) = 14a?/(33Aw), this quadratic equation has
the solutions

(W) = 7_?f£2/@ (35)

Note that the + sign here is related to solving the quadratic equation rather than to the possible choice displayed in
Eq.@1). Figl shows that, for the + sign choice, 1 (w) is positive and slowly decreasing as w increases. On the other
hand for the - sign choice, 71 (w) can be either positive or negative, as seen in Fig[2l For either sign choice v1(w) goes
to one as w goes to zero.

FIG. 1: 71 vs. w for the positive sign choice in Eq.(B3)

In our mesonic level sigma model the value of v; affects the masses and mixings of the four pseudoscalar isosinglets
which appear. The lowest lying ones are the 7(547) and the 1(958) while there are four experimental candidates (with
masses in MeV at 1295, 1405, 1475 and 1760) for the two higher lying states. This is, in general, a complicated mixing
problem with some experimental ambiguities. In Refs [14](see section IV and Appendix B) and [15](see Appendix
A) we examined flavor SU(3) symmetric situations and considered the favored scenario to be the one in which the
7(958) mixed with the 7(1475). Furthermore there were two possible solutions with different “four quark contents”.
The preferred solution with mainly “two quark content” for the n’ [denoted 12 in Appendix B of [14]] gave 71 = 0.25
while the somewhat less favored solution [labeled I1] with less “two quark content” for the 7’ gave y1 &~ 0.54. These
are seen to result respectively in values of about 18 and 1.3 for w. Clearly, w is sensitive to the value of 77, although
it might be fairer to compare the values of w'/® which differ less for the two alternatives.

It may be interesting to present these results in terms of quantities associated with the quark level instanton
Lagrangian in Eq.([27). Using Eq.(3I]) and comparing with Eq.([28) gives for the overall constant:

960c3y?
TadAS

const =

(36)
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FIG. 2: 71 vs. w for the negative sign choice in Eq.(35)

Similarly, the vacuum value of M) (q) — M®)(q) can be estimated as:

(M'(q)) = ((MP(q) = MP(@)]11) = wBA®. (37)

The overall constant and the “four quark” vacuum value are listed in Table[Il for each of the two considered scenarios.
For comparison, the square of the “two quark” vacuum value given in Eq.([32) is 3.7 x1073 GeV®, similar in order of
magnitude to the four quark ones.

I1 2
c3(GeV*)  [—242 x 1074 —2.42 x 107*
T 54 x107" | 25 x 107!

const(GeV™") | —1.99 x 10* | —0.43 x 10"
(M'(q))(GeV®)| 1.96 x 107* | 2.7 x 1073

TABLE I: Estimated values of the overall constant, const and the vacuum value, (M’(q)) for the quark level Lagrangian.

Of course, the results just discussed will be modified to some extent by the inclusion of SU(3) flavor symmetry
breaking effects. This work, which is under study, involves at minimum the consideration of a 4 x 4 mixing matrix
for the isoscalar pseudoscalar mesons in the present framework.

VII. SUMMARY AND DISCUSSION

We have shown that an extra term in the effective instanton generated Lagrangian has a natural interpretation as
a mixing term between quark-antiquark spin zero mesons and spin zero mesons made from two quarks and two anti-
quarks (in some unspecified combination). Since the fields of the two kinds of mesons have different U(1)4 quantum
numbers (before quark masses and spontaneous symmetry symmetry breaking are taken into account) this term also
violates the U(1)4 symmetry.

An interesting treatment of the relation between instanton physics and the pattern of light scalar meson decay
widths has been recently given in Ref. [27].

On the question of what is the correct bound state of “four quark” mesons, we showed that at the zero quark mass
kinematical level the “molecule” type could be rewritten as a linear combination of two different diquark-antidiquark
types.

We worked at the level of a generalized linear SU(3) sigma model which contains two scalar nonets and two
pseudoscalar nonets. The mixings between the two scalar nonets play an important role in explaining the properties
which seem to be emerging from analysis of experimental data. The “extra” term of interest, on the other hand,
primarily affects the mixing of the pseudoscalar SU(3) singlets. Indeed, we used a variation of the model in which
the axial anomaly was “exactly” modeled, which has the effect of decoupling the pseudoscalar SU(3) singlets. Using
the masses of the 1’(958) and the 1(1475) in the sigma model we made numerical estimates of the overall constant
for the instanton Lagrangian and the vacuum value of the “four quark” operator which appears in it.



The generalized linear sigma model in question is actually a very complicated one, describing many different particles
and potentially having many different relevant terms. Thus while, due to chiral symmetry, it gives a good description
of near threshold pion pion scattering for example, it is probably best regarded as a toy model for learning when it
comes to describing a nonet’s worth of heavy pseudoscalars for example.

From the point of view of truncating the terms of this linear sigma model to a more manageable number we had
made [13]-[15] a provisional ansatz that terms representing more than eight underlying fermion lines be discarded.
This gave two U(1)4 violating terms and corresponded nicely to the instanton effective Lagrangian, which has two
terms with six such lines. One might ask about going beyond this approximation for an effective model. If one
allows 10 underlying fermion lines, the U(1)4 violating terms with coefficients €3, e¢ and e/, in Eq.(A1) of [12] are
possible. If one allows 12 underlying fermion lines the terms with coeflicients d3 and e§ kick in. Finally, if one allows
14 underlying fermion lines the terms with coefficients e§ and e} become possible. This could conceivably also be an
interesting expansion in the instanton approach.
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