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Abstract

This paper develops a novel asymptotic theory for panel models with
common shocks. We assume that contemporaneous correlation can be
generated by both the presence of common regressors among units and
weak spatial dependence among the error terms. Several characteristics of
the panel are considered: cross sectional and time series dimensions can ei-
ther be fixed or large; factors can either be observable or unobservable; the
factor model can describe either cointegration relationship or a spurious
regression, and we also consider the stationary case. We derive the rate
of convergence and the distribution limits for the ordinary least squares
(OLS) estimates of the model parameters under all the aforementioned
cases.
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1 INTRODUCTION

THERE IS A GROWING BODY of literature dealing with limit theory for
nonstationary panels. While the first generation of these contributions as-
sumed independence across units (see for instance Phillips and Moon (1999),
Kao (1999)), in the second generation this assumption is relaxed, and hypoth-
esis testing and estimation methods are evaluated assuming alternative degrees
of cross dependence (see, Bai (2003, 2004), Bai and Ng (2002, 2004), Stock
and Watson (2002)). We can distinguish the case where regressors are cross-
sectionally dependent (see Donald and Lang (2004), Moulton (1990)) from that
where it is the error terms across unit to be dependent (see for instance Bai
and Kao, 2005; Moon and Perron, 2004) or both (see for instance Ahn, Lee and
Schmidt (2001), Pesaran (2005a)).

In this paper we develop a new inferential framework which extends existing
limit theory for panel data models. Phillips and Moon (1999) analyze what
happens in nonstationary panels when both n and T are large. They consider
both cointegrated relationship and spurious regression, getting the seminal re-
sult that as n — oo a long-run average relationship between two nonstationary
panel vectors exists even when the single units do not cointegrate. A simi-
lar result is also reported in Kao (1999). However, the asymptotics derived in
Phillips and Moon (1999) is based on the assumption of cross section indepen-
dence, albeit the authors point out that their results still hold when some weak
dependence among panel units is allowed. Thus, the case of Phillips and Moon
(1999) with any degree of dependence amongst units has remained largely un-
explored, and it is likely to lead to different asymptotics. Asymptotic normality
may not hold, for example when all or part of the regressors are aggregates, and
may result in mixed asymptotic normality, as Andrews (2005) has demonstrated
in a cross-sectional context. See also the discussion in Moon and Perron (2004).

Recently, Bai (2003, 2004) and Bai and Ng (2004) have developed an inferen-
tial theory for panels where cross sectional dependence is explicitly considered
via factor-loadings representation. In these contributions, however, common
factors are considered as part of the panel covariance structure rather than as
explanatory variables in the regression model. The theory developed in the
aforementioned papers works only when n and T tend to infinity along certain
paths. From standard factor analysis (see e.g., Anderson (1981)) it is well known
that consistent estimation of factors is not possible for a fixed n and consistent
estimation of the loading is not possible for a fixed T

The main aim of this paper is to propose a novel asymptotic theory for panels
with common shocks. We generalize the limit theory developed by Phillips and
Moon (1999) by employing and extending the theory for factor models in Bai
(2003, 2004) and Bai and Ng (2004). Our asymptotics considers several features
of the underlying model.

First, we assume that contemporaneous correlation can be generated by
both the presence of common regressors (e.g. macro shocks, aggregate fiscal
and monetary policies) among units and weak spatial dependence among the
error terms.



Second, the common shocks can either be known or unobservable. Com-
mon shocks are likely to be only seldom observable, classical examples being
the capital asset pricing model (CAPM) or index models. Most often, they
are unknown. Classical examples are the cases of index extraction and indica-
tors aggregation in economics (Quah and Sargent (1993), Forni and Reichlin
(1998), Bernanke and Boivin (2000)), while in finance the seminal multifactor
framework of the arbitrage pricing theory (APT) has generated huge number of
contributions in the attempt to identifying the unobserved factors underlying
the behavior of asset returns. Factor models are useful for forecasting purposes,
as well documented in Stock and Watson (1999, 2005). Bai (2003, 2004), Bai
and Ng (2002, 2005) and Boivin and Ng (2005) discuss numerous areas of re-
search where factor models could be employed and some applications in macro
and finance.

Third, in our framework the factor model may describe either a cointegration
relationship or a spurious regression. We also consider the stationary case,
arising e.g. when estimating models using first differenced data.

Fourth, the time series dimension T" and the cross-sectional dimension n can
be either fixed or large. We develop our limit theory by considering cases where
the time series dimension T and the number of units n are large and we also
include the case of when either n or T'is fixed'.

A short overview of the results we find under the conditions mentioned above
is reported in Table 1 here.

11t is important to notice that the notion of fixed or ”small” n or T is not well specified.
Pesaran (2005b) cites n < 10 as the case when the number of cross sectional units is small.
More generally, one could think as fixed n or T' a number of cross sectional units or time series
observations such that the cross sectional or the time series average is still faraway from the
asymptotic limit, but such definition depends on the degree of cross sectional dependence or
serial correlation in the panel and is therefore of scarce operational use.



|| Table 1: Consistency and limiting distribution of 85 g:

vir = a; + ' Fy + uie,

F; known F; unknown
(n,T) Consistent Limiting (n,T) Consistent Limiting
’ Distribution ’ Distribution
|| Cointegration: u;; ~ I(0) ||
];zx_)edog Yes Mixed Normal (Eq.10) Yes Non Standard (Eq. 47)
Fized T Yes Mixed Normal (Eq.14) Yes Mixed Normal (Eq.14)
n — o0
(n,T) — o0 Yes Mixed Normal (Eq.18)
Vn/T — 0 Yes Mixed Normal (Eq. 32)
VT/n—0 Yes Non Standard (Eq. 34)
|| Spurious Regression: u;¢ ~ I(l) ||
];zx_)edog No Non Standard (Eq. 12) No Non Standard (Eq. 49)
Fived T Yes Non Standard (Eq. 16) Yes Non Standard (Eq. 16)
n — o0
(n,T) — o0 Yes Non Standard (Eq. 20)
Vn/T — 0
T/\/n—0 Yes Non Standard (Eq. 36)
Vn/T — 0
T?/v/n— 0 Yes Non Standard (Eq. 34)
|| First Differences: Ay = 3 AF; + Augy. ||
];zx_)edog Yes Normal (Eq. 22) No Degenerate (Eq. 51)
Fized T Yes Mixed Normal (Eq. 24) Yes Mixed Normal (Eq. 24)
n — oo
(n,T) — o0 Yes Normal (Eq. 26)
n/T — 0 Yes Degenerate (Eq. 38)
T/n—0 Yes Degenerate (Eq. 40)

The remainder of the paper is organized as follows. Section 2 introduces
the model, including a discussion about the relationship with existing models in
the literature, and the main assumptions. The main contribution is reported in
Section 3, where we analyze both the cases of known factors (section 3.1) and
unknown factors (section 3.2), distinguishing the cases of large n and T, finite T'
and large n and finite n and large T . Section 4 concludes. Proofs are reported
in the Appendix.

Notation is fairly standard. Throughout we use ||A|| to denote the Euclidean

norm +/tr (A’A), ® for the Kronecker product, ”—” to indicate the ordinary

.. p
limit, "=" to denote weak convergence, ”>>” to denote much greater, ”—"

to denote convergence in probability, =" to denote definitional equivalence.
Stochastic processes such as B (r) on [0, 1] are usually written as B, integrals

such as fol B(r)dr as [ B and stochastic integrals such as fol B(r)dB(r) as



[ BdB.

2 MODEL SPECIFICATION AND ASSUMP-
TIONS

Consider the following panel regression model with common and idiosyncratic
shocks

it = i + B Fy 4+ 7 zip + uir (1)

i=1,..,n,t=1,..,T, where § and 7 are (k x 1) and (p x 1) vectors of slope
parameters, respectively, F; = (Fy, ..., Fi¢)' is a k x 1 vector of common shocks

F.=F,_1+¢;.
2t is a (p x 1) vector of observable I(1) individual-specific regressors,
Tt = Tjp—1 T €t

and u;; and €;; are the error terms.

The main interest of this paper is on the estimation of the common slope
coefficients, §, and thus we do not lose in generality if we restrict our analysis
to the model

Yit = i + B'Fy + wg, (2)

Equation (2) could be either a spurious regression or a cointegration rela-
tionship depending on whether u;; is I(1) or I (0), respectively. In this paper,
we analyze both cases. When common shocks are not observable, we assume
that a set of exogenous variables, z;, is observable such that

zit = NiFy + ey (3)

where )\; is a vector of factor loadings and e;; is the idiosyncratic component.
It is important to point out the link between the model consider in (2) here and
those in the literature. Model (2) is in the class of nonstationary panel models
(see Baltagi and Kao (2000) and Breitung and Pesaran (2005) for a survey)
and may also be motivated by Bai (2003, 2004) and Stock and Watson (1999,
2002, 2005). Bai (2003, 2004) assumes [ different across i (8;) where (3, is the
loading and F; is the common factor. In our set up, equation (2) represents a
panel regression with common shocks F; (e.g., macroeconomic variables, latent
factors), as opposed to factor-loading specifications such as in Bai (2003, 2004).
In Stock and Watson’s (2002) setup, y;: in (2) (with n = 1) is the time series
variable to be forecasted and z; = (21, 2i2, .., ziT)/ is a n-dimensional multiple
time series of candidate predictors.

The limiting theory for the OLS estimator for § that we use here depends
both on cross-sectional (n) and the time series (7") dimensions, where in the



factor analysis setup (e.g., Bai (2003, 2004)), the estimates of 3, only depends
on the time series dimension 7. More importantly, the common shocks F; in
(2), the same across units, induces cross-sectional dependence. This issue of
contemporaneous correlation in panels with common regressors has not fully
explored in the panel literature, the only exception being Bai (2005), who con-
siders a concentrated least-squares estimator, and Jin (2005), who considers a
maximum likelihood estimator for a discrete choice nonstationary panels.

Finally, it is worth mentioning that Bai and Kao (2005) study panel cointe-
gration with a factor structure in the error terms (not in the regressors). Pesaran
(2005a) proposes an estimator that allows for multiple factor error structure.
Andrews (2005) studies the ordinary least squares (OLS) estimator with cross-
sectional dependence though only in the context of cross section data.

For estimation and inference purposes, model (2) may be also rewritten in
first-differenced form:

Ayit = BIAFt + Auit. (4)

The OLS estimator for 8 in equation (2) is given by:

5_&%:(53(@17)’ _ ﬁji(mﬁ)yit (5)

=1 t=1 i=1 t=1

where FF = T1 Zle F;, or, when using equation (4), by:

Lra T

> > AR Ay

i=1 t=1

n T
> > AFRAF,
i=1 t=1

The following set of assumptions are used throughout the paper:

Assumption 1: (a) either (i) (cointegration case) iy = D; (L) 1, or (i) (spu-
rious regression case) Ay = Fj (L)n;, with Fj (1) # 0 and such that ), u; ~
I(1); for both cases, 1, ~ iid (0,0%;), with E|n,® < M, Y ie0d|Dijl < M,
Yieod |Fijl < M and D (1)o7, > 0, F7 (1) o7; > 0; (b) (time series and cross
sectional correlation) E (ujujs) = Tijes = Tij |t—s| and B (AugAujs) = 7,545 =
Yij,|t—s|> with

1 n n
oT 22
i=1

j=1t

T
D riasl < M

s=1

N

Il
—

and (nT) ™" DDt s hmmi <M.

Assumption 2: ¢; = C' (L) w; where C' (L) = 3372, C;L7; (a) wy ~ iid (0, %,)
with E [lw||*"® < M for some § > 0; (b) Var (AF,) = Sap = >0 CiZuCy s

a positive definite matrix; (c) the eigenvalues of ¥a r are distinct; (d) Y272 7 |05 <
M and (e) C (1) has full rank. '



Assumption 3: (a) E||Fy|* < M and E|ui|* < M, and (b) let B. be the
Brownian motion associated with the partial sums of &; with covariance matrix
Q.; we assume that the eigenvalues of the random matrix [ B.B. are distinct
with probability 1.

Assumption 4: The loadings A; are non random quantities such that (a)
[A\ill < M; (b)either n= > | M\, = X, if nis finite, or limy, oo n ™! D00 | NS
YA, if n — oo; in both cases, the matrix ¥, is positive definite and such that
the eigenvalues of Xy YA p are distinct.

Assumption 5: e; = G, (L)vy where (a) vy ~ iid (0,0%;), E|vit|8 < M,
> 20d|Gijl < M and G} (1) 03 > 05 (b) E (vivji) = 75 with 3750, [745] <
M for all 7; (c) E’n*1/2 Sor leisei —E(eiseit)]}4 < M for every (t,s); (d)

E [n_l S €it6¢s] = Yot 757t| < M for all s and T~ 2321 23;1 |757t} <
M; (e) E |eqo|* < M.

Assumption 6: {e;}, {u;:} and {e;+} are three independent groups.

Assumption 1(a) considers the possibility that equation (2) is either a coin-
tegration or a spurious regression. Processes u;; and Awu; are assumed to be
invertible MA processes as in Bai (2004) and Bai and Ng (2004), in a similar
fashion to processes ¢; and e;;. Assumption 1(b) also considers the presence
of some, limited, cross sectional dependence among the wu;;s or the Au;s and
therefore it rules out the possibility that all the cross sectional dependence is
taken into account by the common factors F; - see the related work by Conley
(1999).

Even if it refers to a different framework (panel data with common shocks as
opposed to factor models), we take a position similar to that in Bai (2003, 2004)
and Bai and Ng (2002, 2004). Using the factor models terminology, this means
having a model with an ”approximate factor structure”, e.g., see the discussion
in Chamberlain and Rotschild (1983) and Onatski (2005) - which differs from
a strict common factor model where the ;s are assumed to be independent
across 1.

The amount of cross sectional dependence we allow for in Assumption 1(b)
is anyway limited, since we have that both >, > |75 and 32, > |7ij.1s| are
O (n) for all pairs (s, t); such requirement is conceptually analogous to the con-
dition of absolute summability of autocovariances in the time series framework,
and it allows for both a Law of Large Numbers and a Central Limit Theorem to
hold for the (rescaled) sequences Y ., u;z and > . ; Au;, since the variances
of both sequences are bounded as n — oo.

Assumption 2 requires that both the short run and the long run variance
of AF; are positive definite (Assumptions 2(b) and 2(e), respectively), and
therefore the possibility of having cointegration among factors is ruled out.
Assumption 2 allows for some weak serial correlation in the dynamics of &;.
This process can be described as invertible MA process, implied by the absolute
summability conditions.



Assumption 3(a) is a standard initial condition requirement. In Assump-
tion 3(b) the covariance matrix of B., Q.., is positive definite, as ensured by
Assumption 2(e). Assumption 4 serves to identify the factors, which, merely
for the purpose of a concise discussion, are assumed to be non random. This
requirement could be relaxed, as in Bai (2003, 2004) and Bai and Ng (2004),
assuming that the \;s are randomly generated and independent of ¢; and e,
and our results would keep holding. Assumption 4(b) ensures that the factor
structure is identifiable. Note that it would be possible to relax this assump-
tion by constraining the minimum eigenvalue of >;" | A\;\; to tend to infinity as
n — o0, as pointed out by Onatski (2005). This structure would allow factors
to be less pervasive than in our framework, thereby allowing the idiosyncratic
component e;; in equation (3) to have a greater impact in explaining the con-
temporaneous correlation among the z;;s. Nonetheless, this would be made at
the price of losing the possibility to model the z;; as a serially correlated process,
whilst in our framework some limited time series and cross sectional dependence
in model (3) is allowed for - as one could realize from Assumption 5. As pointed
out in Bai (2003), the conditions in Assumption 5 are fairly general and al-
low for consistency and distribution results to hold for the principal component
estimator.

Assumption 6 also rules out the existence of any form of dependence between
factors F; and wu;;. Therefore, it is a stronger requirement than the simple lack
of correlation, and we need it in order to prove the main results in our paper.

The following definitions are employed throughout the paper. B (r) is the

demeaned Brownian motion associated to the partial sums of F;, i.e., B (r) =
B (r) — fol B (r)dr. Let h; (h$*) and hg; (hi}) be the long run variance for
ui¢ (Auge) and the long run covariance between processes u;; and Ujt (Au; and
Auj) - we have h;; = Zthl 25:1 Tijts and hl-Aj = 23;1 ZST:1 Yijrs- Also, let
h = lim, oon >0, Z?:l hi; and h® = lim,_con 'Y 1, Z;;l hZAj Last,
the following variances arising from cross sectional aggregation of the u;s and
the Au;s are often used in our results: 745 = lim,oon ' > 0, Z;l:l Tijtsy

T 1 n n
and ¥, = lim, 0o n Zi:l Zj:l Yijts-

3 ASYMPTOTIC THEORY

The main objective of this paper is to derive the rate of convergence and limiting
5 ~FD
distribution of § and  , by considering several features of (2) and (4):

1. the factors F} can either be known or (more likely) unobservable. The

- ~FD
asymptotics of 3 and 3  are affected by the estimation errors if we
replace F} by its estimate F3;

2. the relationship described by equation (2) can be either a cointegration
relationship or a spurious regression. As pointed out by Kao (1999) and
Phillips and Moon (1999), convergence is obtained at rate /n in panel
spurious regression models and /nT for panel cointegrated models. In



this paper, we are going to face a similar issue, which is compounded by
the presence of common shocks in the panel regression (2);

3. the time series dimension 7" and the cross-sectional dimension n can be ei-
ther fixed or large. Asymptotics are likely to change depending on whether
one considers either dimension 7" or n large, keeping the other one fixed,
or whether both n and T are allowed to tend to infinity.

We first start with the exploration of the case of known common shocks
(Section 3.1) and then move to the case of unknown common shocks (Section
3.2).

3.1 Known F;
In the case when F;} is known we have:
n T -1 n T
bop= [zzwtw;] [zzwtuit] , G
i=1 t=1 i=1 t=1
where W, = F, — F, and

n T

5= [Z Y ARAF

i=1 t=1

=1 t=1

The convergence rate and the limiting distribution for B are now stated in
the following theorem.

Theorem 1 Suppose Assumptions 1-6 hold, and let Z ~ N (0, I) be indepen-
dent of the o-field generated by the common shocks Fy.
For fiztedn and T — oo

B-B=0,(T"") (9)
1/2
) 1 o —-1/2 n o n
T(5-9) :»5(/BEB;> S k| Z (10)
i=1 j=1
if equation (2) is a cointegration relationship, and
B-B=0,(1), (11)
-1 n o n 1/2
(B—ﬂ) N </BEB;> </BEBU> S5 h (12)
i=1 j=1
if (2) is a spurious regression.

For fired T and n — oo, we have

B-B=0, (n*W) , (13)



T

" 1 1/2
NG (3 - g) = (Z WtWt’> (ZZWtWS’WS) Z, (14)

t=1 s=1

if (2) is a cointegration regression, whilst if it is a spurious relationship we have

B-B=0, (n*W) , (15)

vn (B - 5) = (i WtWtI> 7 (i Wt“t) , (16)

where @y = limy,— oo n Y2300 wyy.
When (n,T) — oo, one has

B-B=0, (n_l/QT_1> : (17)

—1/2
/T (ﬂ—ﬁ) N </ BEB;) Vhz, (18)
if equation (2) is a cointegration relationship and

B=5=0,(n12), (19)

—1
vii(p-0)= ([ Bpr) ([ B5.) Vi (20)
if it is a spurious regression.

Proof. See Appendix. m

Equations (9)-(12) are the standard superconsistency and inconsistency re-
sults in the literature. With respect to the speed of convergence, when (n,T) —
oo our results in equations (17) and (19) lead to the same orders as in Phillips
and Moon (1999) and Kao (1999) for both the cointegration and the spurious
regression case. Consistency is achieved under the spurious regression case as
well, where the rate of convergence is v/n. This result, which follows the seminal
contributions of Kao (1999) and Phillips and Moon (1999), is reinforced for the
case when T is fixed and n — oco. Equations (13) and (15) prove that irre-
spective of model (2) to be a cointegration regression or a spurious regression,
large n allows for consistency to hold. It is worth observing the complicated
distribution that arises when T is finite; this is essentially due, as outlined in
the proof, to the presence of serial correlation in the u;s. R

For the case of n and T large, the rate of convergence for [ is the same
as in Phillips and Moon (1999) under the case of contemporaneous indepen-
dence across units, but the limiting distributions in equations (18) and (20)
differ and are mixed normal rather than normal as in the Phillips and Moon
(1999) case. The mixed normality is due to both F; being nonstationary and
common across units, as can be seen by considering equation (14) for T — oo.

10



The design matrix (n7?) - Yo Zle F,Fl =T? Zle F,F] converge in dis-
tribution to a random matrix, namely f B. B!, rather than to a constant. Of

course, (nTQ)_1 > 23:1 FF/ would converge to a constant (in probability)
if F; were not common shocks, i.e., if F; were replaced by, say, Fj;.

~FD
The convergence rates and the limiting distributions for §  are reported
in the following theorem.

Theorem 2 Suppose Assumptions 1-6 hold and let Z ~ N (0,1;) be indepen-
dent of the o-field generated by AFy.
For fiztedn and T — oo

BFD _3=0, (T*1/2) ’ (21)

1/2
n n

VE(R - 0) s st (X)) 2 2

i=1 j=1

For T fixed and n — oo, we have

BFD —8=0, (n—1/2) 7 (23)

/i (BFD _ 5) = (i AFtAFt’> (iiAFtAFS’%S> Z. (24

t=1 t=1 s=1

When (n,T) — oo, one has

BFD _5-0, (n71/2T71/2) ’ (25)
VnT (BFD . 5) = 932/ z, (26)

Proof. See Appendix. m

The results were derived for the case of no serial correlation. The presence
of time dependence in general involves a more complicated expression of the
limiting distributions, but rates of convergence would not be affected. Note
also that since the first differenced model is always stationary, irrespective of
whether equation (2) is a cointegration equation or a spurious regression, one

~FD
can always apply the CLT to obtain the limiting distribution of §  — 3; this
is indirectly shown by the rate of convergence for the case when (n,T) — oo,

equal to vnT.
It is worth noticing the remarkable result in equation (26): one would expect

~FD
the limiting distribution of 3 — 8 to be mixed normal given the strong depen-
dence across units due to the terms AF;Au;; sharing the common element AF;
across i, as we showed in (24) with large n and fixed T. However, the common

11



shocks are found not to play any role in the case of large n and large T'. This
result is discussed thoroughly in the proofs of Theorems 1 and 2. and can also
be seen in equation (24) which gives the limiting distribution for T fixed and
n — oo. The design matrix 71 Zthl AF;AF] is a random matrix for all finite
values of T. However, standard application of the LLN (its validity is ensured
by Assumption 2) shows that the design matrix converges to a constant matrix
as T — oo. Therefore, the mixed normality arising for finite T is wiped away by
the smoothing over time as well. Asymptotic normality is therefore determined
merely by design matrix 7! Z;F:l AF;AF] being constant asymptotically.

3.2 Unknown F,

We turn now to the case when common shocks are unknown and thus they need

. ~FD
to be estimated. The asymptotics of 3 and §  are affected by the errors in
estlmatlng factors Fy. A A

Let Ft be an estimate of the factor. Denote Wt L, —7171 Z;‘ll F,. Esti-

~FD
mations of 3 using the model in levels () or first differences (3 ) respectively
are now given by:

= [Z 3 thv;] [Z ) Wtyit] , (21)

=1

and
T

b [zn: S ARAF
=1t

=1

T

Z Z AFtAyit
i=1t

=1

; (28)

with estimation errors:

B—B= Lﬁ;imm’]l{ln ZT:Wt [( Wt)lﬁ+uit}}7 (29)

=1 =1t=1

1{ . iAﬁ‘t [(AFt_AFt)Iﬂ+AUit}}~

i=1 t=1
(30)

n T
G _gFp _ lz S ARAE

=1 t=1

In what follows, for the purpose of a concise discussion, we assume the
number of factors k to be known?. We like to emphasize that this is does not
lead to any loss of generality since the distribution of the estimated factors does

2 An issue of importance that arises within this framework and that needs tackling prior to
estimating the common components F} is to determine their number, k. In light of some recent
contributions, e.g., see Bai and Ng (2002) and Onatski (2005), it is natural to refer to model
(3) in order to extract both the common factors Fy and their number k. It is worth pointing
out though that determining k crucially depends on whether both n and T are large or if
either dimension is fixed. Under all cases, the literature provides methodologies to estimate
k consistently, i.e. to obtain an estimate k such that, as either (n,T) — oo or, alternatively,

12



not depend on whether % is known or estimated, and therefore the estimation
error that arises from using k instead of k does not play any role as long as k
is consistent, e.g., see Bai (2003, p. 143, note 5) for an elegant proof of this
statement.

3.2.1 The case of n and T large

In this section, we estimate the common shocks F} using the principal component
estimator. This means minimizing either

1 n T
ZEZZ Zit — /\Ft ,

i=1 t=1

when considering F; in levels, or

n T
_ % S Az - NAR)?

i=1 t=1

when estimating factors AF; from the first differenced version of model (3).
Consider the T x n matrix Z = (21, ..., zr)’, and the T x k matrix of factors
F = (F\,F,..,Fr)’. Then each objective function V, (k) or V; (k) can be
minimized by concentrating out A and using the normalizations AF'AF/T = I,
or F'F/T? = I).. The estimated factor matrices, denoted as AF and F, are
VT times eigenvectors corresponding to the k largest eigenvalues of the T x T
matrices AZAZ' or ZZ'. Tt is well known that the solutions to the above
minimization problems are not unique, e.g., when estimating factors AF; and F3,
these are not directly identifiable even though they are up to a transformation.
In our setup, the knowledge of HiAFy, H 1 F; and Hy\; is as good as knowing
AFy, Fy, and \;. For sake of notational simplicity, in what follows we shall
assume that Hy (k x k) and Hy (n X n) are identity matrices.

The convergence rate and the limiting distribution for {3 are in the following
theorem.

Theorem 3 Suppose Assumptions 1-6 hold.
Let equation (2) be a cointegration relationship:

if v/n/T — 0
B-B=0, (nfl/QTfl) : (31)

max {n,T} — oo and min {n, T} is fixed, it holds that P [l;: = k] =1land P [l% # k] =o0p (1).
Most often these methods treat estimation of k as a either model selection or a rank estimation
problem, thereby employing some information criteria. For the case of either n or T fixed, the
contributions by Lewbel (1991), Donald (1997) and Cragg and Donald (1997) ensure consistent
estimation of the either the rank of the n x n matrix >, ztz; with z; = [z14, ..., znt]' or of the
T x T matrix ), 2z, with z; = [z, ..., zi7|", depending on whether n or T is fixed. When

(n,T) — oo, the aforementioned procedures are no longer usable to obtain a consistent k and
Bai and Ng (2002) propose a consistent estimator for k - see also Onatski (2005). Note that
assumptions 2-6 in our settings ensure the applicability of these methods to equation (3), as
it can be immediately verified.

13



var (5-5) = ([ 5) o iz 1o Qpin)s 62

if T/\/n— 0

G-5=0, (T2, (33)
72 (5= 5) = 202 [ / BEB;] o (34)

g)here Z1 ~ N1 (0,1;) and Zs ~ N5 (0,1;) are independent, the random matriz
Qp is defined as

T
T2 ZWtWtI = QB,

t=1

and
n n
. — !
I'=lim n ! E E /\i/\jE(eite_jt),
n—oo
i=1 j=1
n
.1
0? = lim — g o2,
n—oo 1, 4
i=1
2 . .
where oz, is the long run variance of process {e;}.

Let equation (2) be a spurious regression:

if vn/T — 0, or T/\/n — 0 and \/n/T? — 0
B-8=0,(n"2), (35)

Vi (p-5) = ( / BEB;) ( / BsBu) Vs, (36)

if T?/\/n — 0, then (33) and (34) hold.

-1

Proof. See Appendix. m

Consistency is ensured in both cases, even though T'/y/n — 0 results in a
slower (than in the case of \/n/T — 0) rate of convergence and in a degenerate
behavior of the numerator of B — (. This is anyway not surprising given that
the factors estimation errors (see Bai and Ng (2002), and Bai (2004) can be
decomposed in several terms of different asymptotic stochastic magnitude, which
have an impact only on the numerator. Notice the consequence of equation (2)
being a spurious regression: as long as the number of cross sectional units is
not exceedingly large, the classical \/n consistency holds, and we have the same
limiting distribution as in equation (20). When n is far larger than T', we have
the same result as if relationship (2) were a cointegration relationship.

See below for the case when /n/T tends to a constant.

~FD
The convergence rate and the limiting distribution for 3  are in the fol-
lowing theorem.
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Theorem 4 Suppose Assumptions 1-2 and 4-6 hold.

If -0
BFD _pFD = 0, (n*1/2T71/2> ’ (37)
VaT (577 = 57P) & s3hQv1s (38)

where V' is the probability limit of the diagonal matriz consisting of the first k
eigenvalues of (nT)_1 AZAZ' in decreasing order, and

T T n
Q= plimTﬁg/2 ZZAFtAF;Tfl [Z (eiteis — ’Ys—t)‘| .

s=1 t=1 =1
If % —0
BT P =0, (17, (39)
T3 -8 LRV B, (40)

where he is the long-run variance of the process lim,,_, n~1/2 Z;;l €it.

Proof. See Appendix. m

Notice that in this case we have degenerate limiting distributions, despite
having consistent estimates.

The condition n/T — 0 means that T is much larger than n, which in turn
implies a panel where time series observations outnumber the cross sectional
units. In such a case, we still have consistency. The condition T//n — 0 implies
that the number of units n is far larger than 7. In such a case, consistency is
ensured, even though at a "slow” rate, given by T. In this case the impact of
n becomes ineffective, just as in Bai (2003, 2004) and Bai and Ng (2002, 2004),
where consistency depends on the minimum between T" and n or some functions
of them. Further, the distribution limit is degenerate, and therefore convergence
in distribution can be achieved at a slower speed than O, (T‘l).

Finally, it can be observed that in both Theorems 3 and 4, the boundary
cases /n/T — 7 or n/T — 7' (for 7 and 7' are constants), are implicitly
analyzed. In these cases, the limit distributions are given by the sum of the
limit distributions in equations (32)-(34) and (38)-(40), respectively..

3.2.2 The case of T fixed and n large

When T is fixed and n is large, consistent estimation of factors is still possible,
see e.g. Connor and Korajzcyk (1986) and Bai (2003). However, the following
restriction is necessary:

Assumption 7: F (e;e;s) =0 for all t # s.

Assumption 7 rules out the possibility of serial correlation in the data gen-
erating process of the e;, and therefore this is a constraint on Assumption 5(d).
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However, contemporaneous correlation and cross sectional heteroscedasticity are
preserved.
Under Assumptions 4-7, we know that factors estimation is y/n consistent,
i.e. we have both
Ft - Ft = Op (nil/Q)

and
AF, ~ AF, = 0, (n™'/?)

for all ¢.
Theorems (5) and (6) do not anyway require /n consistency, since they

. ~FD
ensure the consistency of the OLS estimates 8 and (3 for any consistent
estimate of the factors, irrespective of the rate of convergence.

Theorem 5 Suppose Assumptions 1-7 hold; then for every consistent estimator
F; of F; and for firted T and n — oo we have the same results as in equations

(13)-(16).
Proof. See Appendix. m

Theorem 6 Suppose Assumptions 1-7 hold; then for every consistent estimator
AFy of AF; and for fixred T and n — oo we have the same results as in equations

(23) and (24).

Proof. See Appendix. m

In both cases we have the same results as we would have if the Fis were
observable. Therefore, when T is fixed, having large n makes it indifferent to
use observed or estimated factors as long as factors are estimated consistently.

3.2.3 The case of n fixed and T large

In what follows, we provide a new inferential theory for the case when factors
are unknown and the cross-sectional dimension n is finite. This case has not
been explored in the literature, the only exception being Gonzalo and Granger
(1995). Our contribution is aimed at making the estimated factors usable in a
regression framework.

Rewriting model (3) in the vector form, one gets:
Zt = AFt + €t, (41)

where z; = (zu,...,znt)/7 e = [elt,...,ent]/, and A = ()\1,)\2,...,/\n)/. Here
too one can estimate A using the principal components estimator. A feasible
estimator of A, A, is given by the \/n times the eigenvectors corresponding
to the k largest eigenvalues of Z’Z. Notice that this estimator exploits the
normalization A’ [\/n = I;, and it turns out to be computationally convenient
for the case of n < T. For sake of the notation, and without loss of generality,
from Assumption 4 we assume henceforth that n=t Y"1 | \\; = Ij,.

The following theorem characterizes consistency and limiting distribution of

A.
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Proposition 1 Under Assumptions 3-6 we have

A-A=0,(T7), (42)

T (A—A) N [In —nlA/BEBgA’} (/dWeB;> (/ BEB;>_1
—n"tA (/ dWeBg) A

4+nt {In —2n A / BEB;A’] QeA, (43)

where W, is the Wiener process associated to the partial sums of e; and Qe =
E (etei) .

Proof. See Appendix. m

Note that in this case we have a T-consistent estimate of the factor loadings,
even though the principal component estimator of F} is not consistent (see Bai
(2004) and Proposition 2 below) when n is finite.

Henceforth, for sake of notation, we refer to the limiting distribution of
T (A — A) as D} ,ie. T (A — A) = DJ. Given the restriction A’A/n = I,
the OLS estimator of Fi, obtained regressing the z;s on the estimated loadings
A, is . R

Ft = n_lA’zt.

The following Proposition characterizes (the inconsistency of) this estimator:

Proposition 2 Consider F, =n"'Nz, and also the first difference estimator,
AF, =n"'A'Az. Then

1r£taSXT‘ B-F|=0,0), (44)
and .
max HAFt - AFtH =0, (1) (45)

uniformly in t.

Proof. See Appendix. m
From Proposition 2 we note that the estimates of the factors and of their
first difference are inconsistent. However this inconsistency has no impact on

. ~FD
the consistency of 8 and 8 , though it affects their asymptotic law. See the
proofs of Theorems 7 and 8.

The convergence rate and the limiting distribution for {3 are in the following
theorem.
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Theorem 7 For the estimator B, we have:

B=B=0,(T7"), (46)

D, n n 1/2 —
R _1 I -1 fiBsidBu (Zi:l Zj:lf%) - (1 _7} i) X
T (5 - 5) = [/ B.B } [J B.B.B+ T~ DXA [ B.B.B+ N [ dB.BLS] +
n~' [T7! [ B.BIN' DY+ NS AB + [ B-dBLAS]
(47)
where B, is the demeaned Brownian motion associated to the partial sums of e;
and X = Var (e;). When this is a spurious relationship, one gets

B-8=0,(1), (48)

1/2

B—p3= </BEB;>_1 </BEBU> iih@ . (49)

i=1 j=1

Proof. See Appendix. m

Note that even though common shocks cannot be estimated consistently, B
is consistent when (2) represents a cointegration relationship but inconsistent
when (2) represents a spurious regression. Factor estimation has an impact on
the limit distribution of B — 8 when equation (2) is a cointegration regression -
see equation (47) above. On the other hand, it does not affect the asymptotic
distribution when equation (2) is a spurious regression - see equation (49). This
can be seen comparing the two distribution limits with equations (10) and (12)
respectively, where factors are assumed to be known.

Equations (47) and (49) show an important common feature of this theo-
retical framework. Only the numerators of equation (47) and (49) depend on
whether equation (2) is a cointegrating or spurious regression, whilst the de-
nominators are not affected. This is due to the fact (detailed in the proof)
that though F} is not a consistent estimator for F}, the quantity ZF}F{ is a
consistent estimator for > FyF/ for any consistent estimator of the loadings A

~FD
The convergence rate and the limiting distribution for 3  are in the fol-
lowing theorem.

~FD
Theorem 8 For the first difference estimator 3, we have:

37— g = 0,(1), (50)

and D

BT =B L B n[A'SaA)T Barb, (51)
where Ype = Var (Ae) and Xa, = AXArpA + Xae.

Proof. See Appendix. m

The estimator B is inconsistent. As detailed in the proof, this is due to
the two terms Y AFAF/ and ) Ae;Ae; having the same asymptotic order,
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rather than to the factor estimates being inconsistent. Also, this hold for any
consistent estimator A (see discussion in the proof).

Theorems 7 and 8 hold if equation (3) represents a cointegration relationship.
We now turn to evaluate the case of e;; ~ I (1).

Extension to the case where (3) is a spurious regression

If equation (3) is a spurious regression, then factors have to be estimated using
the approach in Bai (2003). Let us consider the first differenced version of
equation (3), i.e.Az; = AAF, + Ae;, and let AZ = [Az,...,Az]. Then A
can be estimated via principal components obtaining AFD , with normalization
AFDIAFD /m = I. Under Assumptions 2 and 4-6, the estimated loadings are of
asymptotic magnitude A¥P — A = O, (1) - see Theorem 2 in Bai (2003).

The factors are estimated as

Ft = n_lAFD’zt.

. ~FD
The rate of convergence and the limiting distribution of § and 8 are reported
in the following theorem.

Theorem 9 Let equation (3) be a spurious regression and let D3 be the distri-
bution limit of AFP, i.e. AFP = D2. Then
B-B=0,(1), (52)

1rrespective of whether equation (2) is a cointegration equation or spurious re-
gression; let B, be the demeaned Brownian motion associated to the partial sums
of z; the distribution limit is equal to

-1

b5+ (0} [BBDR) 0} [ BB (53)
when equation (2) is a cointegration relationship, whilst if it represents a spuri-
ous regression it holds that
—1

n n 1/2
D /BZB;ﬁ+/BZBu (ZZh%)

BB = —Bin (Df\’ / BZB;D%)

i=1 i=1
(54)
With respect to BFD, we have:
~FD
B =" =0,(01), (55)
»EFD FD 2 2\~ 2
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Proof. See Appendix. m

When factors are estimated from a spurious regression, consistency of the
OLS estimates of 3 is lost irrespective of whether model (2) is stationary or
cointegrating or spurious relationship. e; ~ I (1) has also an impact on the
limiting distributions, since in this case we have to take account the asymptotic
law of A as well. D .

The rate of convergence of both 5 — BEP and B—4 is O, (1), even though
the estimated factors have different stochastic magnitudes as shown in Lemma
4 in Appendix.

4 CONCLUSION

This paper develops limiting theory for the OLS estimator for panel models
with common shocks, where contemporaneous correlation is generated by both
the presence of common regressors (e.g. macro shocks, aggregate fiscal and
monetary policies) among units and weak spatial dependence among the error
terms. We derived rates of convergence and limiting distributions under a com-
prehensive set of alternative characteristics of panels: different combinations of
the cross-sectional dimension n and the time series dimension 7' ; factors being
either observable or unobservable; and the main model representing either a
cointegrating equation or a spurious regression.

When the common factors are observable, the OLS estimator always provides
consistency. This result holds for all possible combinations of the dimensions of
n and T, including the case of n fixed, which so far has not been addressed in
the literature on non stationary panel factor models. The only exception being
the case of spurious regression with fixed n. We extend the study of consistency
of OLS estimators to the case when the factors are unobservable and we prove
that consistency always holds, the only exceptions being the cases of spurious
regression and stationary regression when n is fixed .

A central result is represented by the limiting distributions derived under the
strong cross-sectional dependence induced by the presence of common shocks.
In this case, we obtained mixed normality as consequence of the common shock
being non stationarity, while when shocks are stationary genuinely normal dis-
tributions are obtained.
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Appendix

Proof of Theorem 1. To prove the theorem, we refer to equation (7)
that contains the estimation error 3— 3 = [3, 3, W, W/] " [2, 32, Wiuit]. The
proof be derived splitting this quantity into the denominator ), ", W, W/ and
the numerator ) . %", Wiu;, and analyzing the asymptotic behavior of both
quantities separately.

Let us start considering the denominator ) . >  W;W,. When T' — oo
and n is fixed, we have from Assumptions 2 and 3 that under both the cases
that equation (2) is a spurious regression or a cointegrating one it holds that
S WiW! =0, (T?) and

n T
1 _

i=1 t=1

As n — oo, and for fixed T', we have ). >, W, W/ = O, (n)

n T T
1 1
5 2D WW, = 5 Y W, (58)
i=1 t=1

t=1

whilst as both n and T are large we have Y_, >, W, W/ = O,, (nT?)

n T
# SO>S W, = /BEB;. (59)

i=1 t=1
As far as the numerator is concerned, the proof be derived with respect to
three separate cases, following the same structure as in the theorem. We firstly
derive the rate of convergence and the limiting distribution of >, >, Wiu;, for
the case when T is large and n is fixed; we then study the opposite case, when
T is fixed and n is large; last, we analyze the case when both 7" and n are large.

Case 1: large T and fixed n

We firstly focus our attention to the case where equation (2) is a cointegration

relationship.
Denote
e =T7'W, (Z Uit)
i=1
and

T
€nT = Z Ent'
t=1

Assumption 6 ensures that F; and the u;s are independent. Also, according to
Assumption 1(a), the process ), u;; has covariance structure given by

i=1 j=1

E
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Then the absolutely summability condition on 7;;;s over time implied in As-
sumption 1(b), and Assumptions 2 and 3 ensure that a FCLT holds such that

Eor = / B.dw,

where W is a Brownian motion with variance

n n

S 5 35 3 B 3

t=1 s=1i=1 j=1 i=1 j=1
An alternative way to write the limiting distribution of £, ; is

1/2

non 1/2
S hy (/ BEB;> z.
i=1 j=1

where Z ~ N (0, I,).

Hence we have a twofold result. First, the rate of convergence of the nu-
merator of 3 — 3 is O, (T); therefore, given equation (57) that ensures that
the denominator of B —fis O, (TQ), we have that B - 6=0, (T*I), proving
equation (9). As far as the distribution limit is concerned, we know, combining
the asymptotic law of &, with equation (57), we have that

1/2

]2 (f0) " (550)

i=1 i=1j=1

1 n T
[ﬁzzmw

i=1 t=1

which proves equation (10). Note that independence between Z and B. is
ensured by Assumption 6.

We can now consider the case when equation (2) is a spurious regression and
therefore u; ~ I(1).

Define first &5, = T2W, (Y0, uy) and €55 = Y1, €5, The process
iy wit is still a unit root process with long run variance given by > 31" 377 hi.
Therefore, a FCLT, which follows from Assumptions 1(a), 2 and 3, ensures that
€55 = 0, (1). Together with equation (57), this proves that B—pB= O, (1), as
reported in equation (11). As far as the limiting distribution is concerned, here
the asymptotic law of the numerator of B — [ is given by

1/2

T n n o n
€5T:%2Wt (Z%t) = (/BEBU) Zzhﬁ
t=1 i=1

i=1 j=1
Combining this with the asymptotic law of the denominator given in equation

(57), we get equation (12).
Case 2: large n and fized T.
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In this case the same approach as in the previous case be followed to prove
the main results in the theorem. }
Consider first the cointegration case. Define &,,, = W, (n71/2 S uit) and

T n
Er =Y Wi <n1/2 Zuit> -
=1 =1

Assumption 1(a) ensures that a CLT holds for n=1/2 3" | u;, so that as n —
oo we have that, for every ¢, n—1/2 Z?:l Uy = Ug, where u; is a normally

distributed, zero mean random variable with, after Assumption 1(b)
E [ﬂtﬁs] = Tts-

Therefore, the quantities Wy, are mixed normals random variables (due to the
randomness of W;) and it ultimately holds that

. . 1/2

Eur ~ N [Oa Z Z WtWﬁts] = (Z Z WtWéﬂs) Z,
t=1 s=1 t=1 s=1

where Z ~ N (0, I;); Assumption 6 ensures independence between Z and the

random variable Zthl 2521 W W Fs.

Therefore, in this case the rate of convergence of the numerator of B—pis
O, (y/n). Combining this with the rate of convergence of the denominator, given
by equation (58), we have that B -B=0, (n_l/z), thereby proving equation
(13). As far as the distribution limit is concerned, combining the asymptotic
law of £, with equation (58), we ultimately obtain (14).

Under the spurious regression case, define &,, = W; (n""/2 Y7 u;) and

~8 ~S n
Eop =1, & ,. Assumption 1(a) ensures the validity of the CLT for n= /2 37" uyy,

so that uniformly in ¢ we have, as n — oo, n~ /2 Z?:l wu;y = Uy. The process
Uy is an aggregation of unit root processes, and in light of Assumption 1(a) it is
a unit root process with long run variance which by definition is equal to h%.
From this we have that éfT = O, (1), and combining this with equation (58),
we obtain 3 — 8 = O, (1) as reported in equation (15). As far as the limiting
distribution is concerned, since E:T is a finite sum, we have EiT = Zle Wit
as n — oo. Combining this with equation (58), we prove the validity of equation
(16).

Case 3: large n and large T.

Let us start with the case where equation (2) is a cointegration relationship.

Define £,, = T7'W, (n= Y230 uy), and let &, = S/, &, After As-
sumption 1(b), we know that the process n='/23"""  u; has zero mean and
covariance structure given by

n n 1 S
<n1/2 Zuzt> <n1/2 Zuis>] = ZZT’ij,ts.
i=1 =1

i=1 j=1

E
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Moreover, Assumption 6 ensures that n=1/2 Z?:l u;+ and W, are independent.
Hence, in light of Assumptions 1(a), 2 and 3, the FCLT ensures that

énT = / BEdVV;
where the Brownian motion W has variance equal to n™" 371" | 3% | h;;. An al-
ternative formulation for the asymptotic distribution of £, as it is well known,
1/2

3 1 n on o 1/2
= (X m ] ([E) 2
i=1 j=1
where Z ~ N (0, ;) and B. and Z are independent. As n — oo we have
i LSS
n—oon 4 < (¥ )
=1 j=

and therefore, as n — oo
§ _ N2
&= \Vh </ BEB;> Z.

Hence, as far as the rate of convergence of £, is concerned, we have &, =
O, (1). Combining this with equation (59), we get that 3— 8 = O,, (n=/2771),
proving equation.(17). As far as the distribution limit is concerned, combining
the asymptotic law of &, with equation (59), we have:

1 n T 1 n T — o —1/2
WZZWtWtI] szwﬂht] = \/E</B5Bé) Z,

i=1 t=1 i=1 t=1

which corresponds to equation (18).
We now turn to the case when equation (2) is a spurious regression. Let

git =T72W, (n"Y230, ;) and éiT = Zle éit For fixed n the process
n=1/2 Yo uie is still a unit root process with long run variance given by
ntyY Z;lzl hZ—Aj. Therefore, for fixed n and as T — oo, a FCLT, which
follows from Assumptions 1(a), 2 and 3, ensures that &5, = O, (1). This result,
together with equation (59), proves that B— B = 0, (n‘l/z), as reported in
equation (19). As far as the limiting distribution is concerned as T — oo we
have

1/2
n n

ES _iiw Lzu :>(/BB) iZihé .
nT—T2 v t \/ﬁi:1 1t ePu n i ’

i=1 j=1
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taking the limit for n — oo leads to

1/2

(/ BgBu> %ZZh% — VhA (/BEBU> . (60)
i=1 j=1
Combining this result with the one reported in equation (59), we ultimately get
equation (20). m
Proof of Theorem 2. To prove the theorem, we refer to equation (8) that
contains the estimation error BFD -6=0D> AFAF]™" Do > AF Aug).
The proof be derived splitting this quantity into the denominator , >, AF,AF}
and the numerator ), >, AF;Au;, and analyzing the asymptotic behavior of
both quantities separately.
Let us start considering the denominator >, >, AF;AF/. When T' — oo
and n is fixed, we have from Assumption 2 and the Law of Large Numbers that

under both the cases that equation (2) is a spurious regression or a cointegrating
one it holds that >, >, AF,AF{ = O, (T') and

n T

1

— > > ARAF 5 Sar. (61)
=1 t=1

As n — oo, and for fixed T', we have

1 n T

T
=YY ARAF =Y ARAF, (62)
t=1

i=1 t=1

whilst as both n and T are large we have
1 n T
— > > ARAF! % Sar, (63)
i=1 t=1

with Y1 S0 ARAF] = O, (nT).

As far as the numerator is concerned, as in the case of Theorem 1 the proof
be derived with respect to three separate cases, following the same structure
as in the theorem. We firstly derive the rate of convergence and the limiting
distribution of ). >, AF;Au; for the case when T is large and n is fixed; we
then study the opposite case, when T is fixed and n is large; last, we analyze
the case when both T and n are large. The proofs for each of the three cases
are along the same lines as in Theorem 1. It is worth noticing though that both
under the case when equation (2) is a cointegration relationship and when it is
a spurious regression, Au;; is a stationary process. Therefore, there is no need
to distinguish between the two cases unlike in Theorem 1.

Case 1: large T and fixed n

Denote
fﬁt = T_1/2AFt (Z Auit)

i=1
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and
T
frA{T = ZES#
t=1

Assumption 6 ensures that AF; and the Au;;s are independent. Also, according
to Assumption 1(b), the process ), Au;; has zero mean and covariance structure

i=1 j=1

E

Therefore the process ffl‘t has zero mean and covariance structure given by
1 n n
A (A
i=1j=1

After Assumption 1(b) and 2, that ensure weak dependence over time a CLT
holds. Therefore, as T' — oo, we have

1/2
or = | Jim = (0D v | EQARAF) | Z (64)
i=1 j=1
1/2
1/2
= ([ XXm)| =z
i=1 j=1

where Z ~ N (0,I;). Hence we have a twofold result. First, the rate of con-

~FD
vergence of the numerator of 3 — (is O, (\/T ); therefore, given equation

~ FD
(61) that ensures that the denominator of 5 — 3 is O, (T), we have that
~FD
8 —08=0, (T‘l/ 2), proving equation (21). As far as the distribution limit

is concerned, combining the asymptotic law of ffT with equation (61), we have
that

n T -
H Z Z AF,AF!
i=1 t=1

1/2
;»% SN ns | A’z

i=1 j=1

which proves equation (22).

Case 2: large n and fived T.

In this case the same approach as in the previous case be followed to prove
the main rgsAults in the theorem.

Define &, = AF, (n=/2 37 | Augy) and



Assumption 1(a) ensures that a CLT holds for n=/23"" | Auy, so that as
n — oo we have that, for every ¢, n=1/2 Yo, Auyg = U, where Az, is a
normally distributed, zero mean random variable with covariance structure

T T
Aquus = Z Z Vis-

t=1 s=1

~A
Hence, in light of Assumption 6, &,, is a zero mean random variable whose
covariance structure is given by (after Assumption 1(a))

T T

E&un] =33 9 E (ARAF).

t=1 s=1

SA
Since &, is a finite sum of normally distributed random variables, we have that

o7 1/2
~AT ~ (ZZAFtAFs/%s> Z,

t=1 s=1
where Z ~ N (0,1;); Assumption 6 ensures independence between Z and the
random variable Y, > AF,AF.5 %s Therefore, in this case the rate of con-

vergence of the numerator of ﬁ — B is O, (y/n). Combining this with the
rate of convergence of the denominator, given by equation (62), we have that

~FD
B —08=0, (n_l/ 2), thereby proving equation (23). Also, combining this
with equation (62), we ultimately obtain (24).

Case 3: large n and large T.

A <A <A
Define &, = T~'/2AF, (n=Y/2 37 Auy), and let &, = 30/, ;. In light
of the passages derived above, the £, ;s are random variables with zero mean and
covariance structure given by

{fftﬁis/] = Z Z YVijts E(AFAF).

11]1

From equation (64) we know that, for fixed n and as T' — oo
o 1/2
Gr= (oY) sz
i=1j=1
with Z ~ N (0,I;). As n — oo we have
1/2

. I, 1/2 TAvL/2
lim nZZh” S{2— VAT

n—oo
i=1 j=1
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<A <A
Hence, as far as the rate of convergence of &, is concerned, we have &, =

~FD
O, (1). Combining this with equation (63), we get that 37 —8 = O,, (n~Y/27~1/2),
proving equation.(23). As far as the distribution limit is concerned, we know that

<A =
Eor = VhAEY2Z

as (n,T) — oo with Z ~ N (0,1;). Combining this result with equation (63),
we have:

-1

1 n T _ B
ﬁZZAFtAu” =V hAZA;—v/2Z,
i=1 t=1

which corresponds to equation (24). m

nT 4
i=1 t=1

1 n T
[—Z AF,AF]

Lemma 1 Let Assumptions 1-6 hold. Then the following results hold for the
estimated factors Fy when (n,T) — oco:

1.

Var (B~ )
T T T T
= T Py + T Pl + T P +T71 Y F&y,
s=1 s=1 s=1 s=1

where v,_, = E [n"teje;],

I
C €465 _
st T n Vs—t>

1
Ny = —AFNer,

1
gst = _AFt/A/esa
n

and Vy,r is a diagonal matriz containing the largest k eigenvalues of
(nT)"" ZZ' in decreasing order;

2. Denote Cpp = min {\/n, T}. Consistency of Fy is expressed as

EF —F| =0,(T7") + 0, (n"Y/2T"?) and

(a) max |

o) S |E- B =0, (rod):
3. It holds that:

(@) SLy (- F) o= 0, (TC,2);
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(0) SL, (Fo— F) Fi=0,(1) + 0, (n7/°T) = 0, (TC,3)
(c) ZtT:1 (Ft - Ft)/Ft =0, (TC;T%) .

4. When @ — 0 as (n,T) — oo, we have

R 1 T R 1 n
Vn (Wt - Wt) =72 ;Wswéﬁ izzl/\ieit;

with .
n 2N " New = Z,

i=1

where Zy « N (0,T) and T2 Zstl W.W, = QB; QB and Z are inde-
pendent - see Bai (2004).

Proof. See Bai (2004). m
Lemma 2 Lemma 1 ensures that
LT 2 WaW] = T2 WaW/ + 0, (T7V2C 1) ;
2. n~V2TNY 23:1 Wiy = n~'/27~1 dica ZtT:1 Wiuit + Op (C;%) ;
5. TS W (B B) =T S W (B ) + 0, (Cf)

Proof. Proof is as follows:

N
EE W, W/
t=1

%i(Wt—i—Wt—Wt) (Wt+Wt—Wt)/

t=1

1 « 1 & A '
_ ﬁZWtWHﬁZWt(Wt—Wt)
t=1

t=1
1 (s 1 [ . /
s 20 (We = W) Wi ™ (W = W) (W - wh)
t=1 t=1
= I+ IT+IIT+1V.

Consider II and III. Using the Cauchy-Schwartz inequality we get straightfor-
wardly

5 00 -0, ()0 () ()

Consider now IV. In this case, Lemma 1.2.(b) states that
T N N !
T2 (W= W) (W= W) =0, (T7'C7).
t=1
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Then

T T
1 A 1 1 1
— WW'z—g WiW, + o <7>+O (—)
2 Z trhe 2 tWe T Op p R
T t=1 r t=1 VTCpr TCr
which proves part 1 of the Lemma. Consider now part 2

Y Wi = A 3 W 3 (-

)uit:I—&—II.
=1 t= =1 t=1

For term I, Theorem 1 ensures that n=%/27-13"" | Zthl Wiuie = O, (1). As
far as I1 is concerned, using the Cauchy-Schwartz inequality we get

1 Tz:lt:l 1 .
= — Wy —W;) — Us;

72 (W= W) 7 2

1 AN e P\ 1
< (rxlml) (35[ESe]) -0 (@)

. 2
given that 7! Z;‘F:l HWt — WtH =
Hence,

p (Cor) and n= 2500 iy = O, (1)

T;;wtuzt S W40, ()

i=1 t=1
proving part 2 of the Lemma. To prove part 3, we note that

FY (- R) - 3w (1 R)

T
+%le (Wt - Wt)l (Ft - Ft) =I+I1.

Term [ is bounded by O, (C’;%) - see Lemma 1.3.(¢) - whilst IT is bounded by

(L5 fwwf) (35tn )
o (ar) o (@) ~o ()

RN
T2 W (Fim ) = -0 () o)

Hence,
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Proof of Theorem 3. According to equation (29)

. [animm B {iim [(Wtwt)'muit”.

i=1 t=1 i=1 t=1

Let us first consider the denominator of this expression. Assumption 3 and
Lemma 2.1 imply that

n T
SO>S W =0, (nT?), (65)
=1 t=1
and
(7% S S W = [ BB (66)

this holds under both the cases of cointegration and spurious regression.
We now prove Theorem 3 for the case when equation (2) is a cointegration
relationship. The numerator of 8 — 3 is given by

nZWt (Wt Wt) ﬁ+ZZWtun_I+n

i=1 t=1

Let us consider I1. We know from Theorem 1 and Lemma 2.2 that, as far as
11 is concerned

where Z ~ N (0, I1,).As far as term I is concerned, two cases are possible:

1. if \/n/T — 0, we know from Lemma 1.4 that

\/_(Wt ) T2ZWW’\/_ZAem

and
1 n
—= > Niei = Zy,
v i=1

with Z; «» N (0,T) for every t. Therefore the asymptotic magnitude of
term I is the same as that of term I and equal to O, (y/nT'). This proves
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equation (31). As far as the distribution limit is concerned, we can write
1 & "
= > Wi (W= W) g
t=1
1 & 1 o 1 &
= — Z Wt =) Z WSW; (— Z )\ieit>
r= == v i=1
and since by definition 72 Zstl W,W! = Qp, we have
1 1 I L& ! o
t=1 s=1 i=1

with Z ~ N (0,I;). Combining this with the asymptotic law of IT and
with equation (66), we obtain equation (32);

/

ﬁ—'_op(l)a

1/2

. if T/\/n — 0, after Lemma 1.3.(c), we have

T N ~ !
S oW (Wt - Wt) =0, (nfl/QT) +0,(1),
=1

and the term that dominates is the one with asymptotic magnitude O, (1).
~ ~ /
Therefore, I = Y7 ST W, (Wt - Wt> = Op(n), and term II =

Yo Zthl Wiuiy = O, (v/nT) is dominated. The order of magnitude
of the numerator is now O, (n), and combining this with equation (65) we
have

B—B=0,(T"?),
which proves equation (33). As far as the limiting distribution is con-
cerned, following Bai (2004), we can write

T , 1 LT 1
1 1 —_— — / — . .
Z W, (Wt — Wt) =T ZZ WtWS (n Zeztezs> +0p (1) ’
t=1 s=1t=1 i=1
and asymptotically we have:

n T

LS i (LS e, ) = - LS e ) (23w,
ﬁ;; W E;eztezs —;Z T; it T; Teis | .

i=1

We know that 71 Zle Wieq = [ B.dB,;, where B; (r) is the Brownian
motion associated to the partial sums of e;; with long run variance o2;;
therefore, applying a LLN, the limit for n — oo is given by

1L _ _ 1 _
Jim ~ ;E K/ BEdBei) (/ B;dBei)] = lim — ;Var (/ BgdBm) .

32
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Since we have that Var ([ B.dBe;) = (f B-BL), it holds that

o2 F
1 V B dBez
nLH;MZ o (f

2
- (st (f 5 - b

given the definition of 02 and that F ( [ B- ) = 1/2Q... Combining this
equation (66), equation (34) is proved.

We now prove results when we equation (2) is a spurious regression. Here,
T 1 . . .
as far as term Y | >, Wiy in equation (29) is concerned, we have

ithuitZithuit—i—zﬂ:i( )u”

=1 t=1 =1 t=1 i=1 t=1

After equation (19) we know

NIE
N

Wtuit = Op (\/HT2) .

@
Il
-
~
Il

1

Asper " | Zt 1 ( Wt> U, application of the Cauchy-Schwartz inequal-
ity leads to

IN

and therefore y ;" Zt 1 W, — Wt) w;¢ is always dominated by Y7 | Zt 1 Witiy.
Hence, we have

1 n T
e 2 W = i 3 W 0

i=1 t=1 i=1 t=1

and, after equation (60), we have

T2 ZZWt“zt = (/ BsBu> VA,

=1 t=1
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Consequently, there are two possibilities for the rate of convergence and the
limiting distribution of the numerator:

e when \/n/T? — 0, two subcases are possible:

~ ~ !
— /n/T — 0, and in such case we have >, 23:1 W (Wt - Wt) 8=

O, (v/nT); therefore the term that dominates is Y7, 37 Wyui;
combining this with equations (65) and (66), equations (35) and (36)
can be obtained;

N N /
— T/ — 0and \/i/T? — 0, and here S, 27 TW, (Wt - Wt> 5=

O, (n); in this case, again the term that dominatesis > ; Z;’le Wi
combining this with equations (65) and (66), equations (35) and (36)
hold;

N ~ i
e when T2/\/n — 0, we have that 327, 327 W, (Wt - Wt) B = 0, (n),
and this is the dominating term. This leads to the same results as in
equations (33) and (34).

Lemma 3 Let Assumptions 1-2 and 4-6 hold. Then, for the estimated factors
AFy, it holds that

1.
Vor (AE - AFt)
T T T .
= TS ARy TN ARG+ TVY AR, + T AR,
s=1 s=1 s=1 s=1
where v, _, = E [n™1 37" eeis],
n
Cor = nt Z €itCis — Vs—ts

i=1

Ng =n "AFIN ey,

gst = n_lAFt/AI€S7

and V1 is a diagonal matrixz containing the largest k eigenvalues of (nT)_1 AZANZ'
in decreasing order;

2. Denote 6,7 = min {\/’r_l, \/T} Consistency of AF, is ensured by

(a) max HAE — AF;

=0, (T—1/2) +0, (n_1/2T1/2);
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() T | AR - AFtH 0, (T6;2);

3. It holds that:
(a) Sy (AR - AFt)I et =0, (T672)
(b) Yy (AFt—AFt) =0, (T6;2);
(c) TL, (AF ~ AR) AR, =0, (T5,2);

4. The relationship between factors and g, is given by Zle Zle AFAF!I(, =
0, (n=1/213/?).

Proof. See Bai and Ng (2002) and Bai (2003). =
Proof of Theorem 4. Recall equation (30):

g

n T
S > ARAF
i=1 t=1

4 {Zn:imi [(AFt ~AR) B+ Auz—f} } .

i=1 t=1

We firstly study the rate of convergence and the distribution limit of the de-
nominator. The following decomposition holds:

n T

Y > ARAF

i=1 t=1

T T
n Z AFAF, +nY AF, (AFt AFt)

= t=1

. /
+n ; (AFt AFt) AF! +n Z (AFt AFt) (AFt — AFt)
= T+ II+III+IV.

After Assumption 2 we have

Also

and

T
I=n) AFAF/ =0, (nT).

t=1

II = ”Z (AFt - AFt) AF) =0, (nT6.7),

t=1

IV = ni (AF} - AFt) (AFt - AFt)I =0, (nTé,7) .

using Lemma 2.3.(b) and 2.2.(b) respectively. Therefore

n T
S ARAR = z S ARAF +0, (5.2) (63)
i=1 t=1

zlfl
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and, for (n,T) — oo
n T
1 A A
—= § § AFAF 2 Sap. (69)
i=1 t=1

~FD
Let us now turn to the numerator of 3 — 7. We have

n

3 i AF, {(AFt - Aﬁ;)/ B+ Auit]

i=1 t=1

n T n T
= ZZAFtAUn + Z (Aﬁt - AFt) Auit
i=1 t=1 i=1 t=1
T

~

+n Y AR (AFt _ AFt) B=1+II+III

t=1

We know, from equation (25) in Theorem 2 that:

I= i iAFtAuit — 0, (ViT).

i=1 t=1
Also, following Bai (2003, pp. 163-164), we could prove

n

T
=3 (AE - AFt) Augy = O, (VAT6;2).

i=1 t=1
Lemma 2.3.(c) ensures that

T ~ N /
IIT=nY" AR, (AFt - AFt) =10, (T§;2) = 0, (nT6,2) .

t=1

Note that term III dominates term I by a factor y/n. Also, ITI always dom-
inates I since it always holds that nT(S;q% > v/nT}; in fact, this is the same as
writing

2

VnVT = min (\/ﬁ, \/T) max (\/ﬁ, \/T) > 62, = [min (\/57 \/Tﬂ

Therefore, term I11 in the numerator always dominates. According to Lemma
3.1, II1 can be decomposed into four terms of magnitude

ET: AR (AR - AR) 5 = 0,(VTs;4) +0, (Tn ' 5.4) +0, (ﬁ) +0, ( %)
t=1

a+b+c+d.

Two cases may occur:
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1.

# — 0; in this case, 0,7 = v/n. The dominating term is b and

T T T
b= nZ; AF, (AF, - Aﬁ’t>/ﬁ - Z; Zl ABAFIC V310, (1),
t= t=1 s=

where
n

Co= 23 (euese —7emt) = Oy (n72).

i=1
After similar passages as above, we have

T T T T
S S ARAFC V8= Y ARAF VB4 0,(1).
t=1 s=1 t=1 s=1
After Lemma 2.4, we know that 71 ZtT:1 23:1 AF,AF = O, (n=1/2TY/2).
Therefore the order of magnitude of the numerator is O,, (nl/ 27t/ ?), and

combining this with equation (68) we obtain equation (37). As per the
limiting distribution, since by definition

T T

. 1 AN
Q :phmw ZZAFtAFSICSt,

s=1t=1
combining this with equation (69), one can derive equation (38);

L — 0, and in such case, given that &,7 = VT, the dominating term is a.

Given its definition, after Lemma 2.2.(a), we have

T T T
0= AR (AF, - m)’ 8= ARARY, V134 0,(1),
t=1

t=1 s=1

and

AFtAFs/'ysft

N
N

~
Il
-
w
Il
-

T
AF;A 75 T+ ZZ (Aﬁt - AFt) AFSIVH‘/

t=1 s=1

|
NE
1=

~
Il
-
Il

I
WER
Mﬂ )

AF, (AR~ AR) n +

o~
Il
_

s=1

(aF, - AR) (AF, - AFS)I .

o~
Il
—
»
Il

E
,M%

1

Then we can show that:
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T T
ZZA 'Ys ¢ =0, (T);

IN

max |AF; || max ’
S

T T
S Y AR (AR - AR) 5,

A A

ZT: ZT: (AF, - AR) (AF, - AFS)'%_t
s )iihs | =0, (T71) 0, (1) =0, (1).

< (max‘
S
t=1 s=1

Therefore, the dominating term is the first one with

T ~ N !/
nY_ AP, (AFt - AFt> B =0, (nT).
t=1
Combining this with the rate of convergence of the denominator as

given in equation (68), we obtain equation (39). As far as the distri-
bution limit is concerned, we have

T T
1 I _
— Y D) ARAFy, VB heLarV .
t=1 s=1

Combining this with equation (69), and recalling the definition of
Y AF, we can derive equation (40).

]

Proof of Theorem 5. The results stated in the theorem hold for any
consistent estimator of F;; we therefore consider an estimator, Ft, such that for
all ¢

Ft - Ft = Op (n_é) 5

for some § > 0. In this case we have

Zzﬁuzt = ZFtUit+ Z

t=1 i=1 t=1 1



where the first term is O, (nl/ %) as proved in Theorem 1 and the second one is
always dominated. Note that the summation over ¢ does not play any role since
T is fixed. Moreover, in light of the consistency of F; we have

T n T n
S EF =Y FF +0,(1)=0,(n).

t=1 i=1 =1 =1

]

Proof of Theorem 6. This theorem can be proved following the same
lines as for Theorem 5 and therefore is omitted. m

Proof of Proposition 1. Equation (42) follows from Lemma 3 in Bai
(2004).

As far as equation (43) is concerned, let F; be the principal component
estimator for F; as defined in Bai (2004). Then we know (see e.g. the proof of

Lemma 3 in Bai, 2004) that T (A — A) can be decomposed as

T -1

( ) [ZetF —i—Zet F-F) Z ~R)F

As far as the denominator of this expression is concerned, let = = [ B.B.L. We
have

T T T T T
SN RF =Y RF+Y (F,—F)F+Y_F(F-FR)+Y_ (A ~-F),
t=1 t=1 t=1 t=1 t=1
where

T
Y FF=0,(T%,
t=1

S (i~ B) F = 0,(T),

t=1

T
S (F. - F) (F,—F) =0,(T);

t=1

the last two equalities come directly from Lemma B.4(ii) and Lemma B.1 in Bai
(2004). Therefore

T — —
_QZFt tl —1)
t=1

|
(]
=
|
_|_
o)

and



As far as the numerator of equation (70) is concerned, we study each term. First
of all we know that 7! Zle et Fl = deeBE. The limiting distribution of
Zthl et (F't — Ft)l can be obtained from the following decomposition - see Bai
(2004, p. 164) for details:

T T
=772 Z F.y, (s,t) Z
s=1 s=1

where (as in Lemma 1) we let v,, (s,t) = E (ejes/n), (, = etes/n — 7, (s,1),
neg = FiNei/n, £, = F/Nes/n. Hence

T T
TZ (Fy — Ft = T_BzzetF;Vn(St )+T7°

ﬁr

s=1

T B T B
-2 ZFSnst + T_2 ZFsgsta
s=1

T
2{:6 FZC%

M’ﬂ

s=1t=1 s=1t=1
T T
—i—T_?’ZZetFS/nSt—i—T 3226 Fl¢,,
s=1t=1 s=1t=1
= T[4+ II+IIT+1V,
and
I=0,(T" )smceEHet TV (8,1) H < |y, (8,1)] <maZXEH6tFS/H> andmaxEH =

O, (T);

I = n ' T2 S0 S eFlejes — T30 S0, ey, (s,t) and we
have

T T T T
n*1T73§ E e Flejes = n71T73§ g erejesF!

s=1t=1 s=1t=1
T T

n~ T (Tl Zete;> <T1 ZesF;> =0, (T7);
t=1

T =n'T35T ST e, FIF!Ne; with

T T T T
n_lT_?’ZZetFS'F;A’et = n_lT_BZZeteQAFSF;

s=1t=1 s=1t=1
T T 3
= n! (T‘l Z ete;> A (T_2 Z FSFS’> =0,(1);
t=1 s=1
IV =n-17-3 Zle Zthl etFS/Ft’A'es and

T T T T
nilegzZetF;FgA’es = nflegzZetFt’A/esFS’

s=1t=1 s=1t=1

T T
= poirt <T1 Zeth> A (Tl Zesﬁ’;> =0, (T7).
t=1 s=1
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Therefore the term that dominates is 111 and
T T }
nt (Tl Z 6t6;> A <T2 Z F8F5f> = n"1Q.AQ.
t=1 s=1

Finally, as far as the term AZZ;1 (F; — F}) F/ in equation (70) is concerned,
we have

T T T T T
T_1A2<Ft_pt)pt/ = _T_gzzﬁ’s_t/’}/n(sat)_T_gzzﬁs_t/Cst
t=1 S;l t;l B . ;:1~t:_1
_T_?)ZZFS tlnst_T_gzst tlgst
s=1t=1 s=1t=1
= a+btc+d

We have that the terms a and b follow from the proof of Lemma B.4 in Bai,
2004):

a=0, (T_l) ;
b=0,(T™"),
the term
T T o
c=n"1T73 Z Z FyF/FsN ey,
s=1t=1
with
T T ~ T ~
nITEN N RF[FAMNe, = T T3 N N eF]
s=1t=1 s=1t=1
T _ T
= n! <T22F5F8/> N (leeth/> =0, (1);
s=1 t=1
and
T T o
d=n"1T773 Z Z F,F/F/Ne,,
s=1t=1
with
T T ~ T T ~
n TN N CFFF/Ne, = n7'T) N Fiel,AF/F]
s=1t=1 s=1t=1
T B T
= n! (T‘lese;) A (T*ZF@) =0,(1)
s=1 t=1
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Thus the limiting distribution of A Zthl (F; — F) F} is determined by ¢ and d,

and we have
T
¢c = nt <T2 F ~s/> A <T1 Ze,f‘{) =
s=1 t=1
T
Tl71 <T2 F‘S ~s/> A/ (Tl Z@tFt>
s=1 t=1
T T
+nt <T2 ZFJ;’,) N|T > e (B -F)
s=1 t=1

= n QN U dW,.B. —i—n‘lQeAQ} ,

M’*] HMH

and

T T
d=n""! <T1 Zﬁse;> N <T1 ZFJ{) =n! U B.dW! +n1QA’Qe} AQ.
s=1 t=1

Combining the limiﬁingidistributions of all terms 23:1 F,F, Zle et F, Zle er (Fy — Ft)l
and AZZ;l (F; — F}) F{ in equation (70), we obtain equation (43). m
Proof of Proposition 2. Consider the estimation error

thFt = TlilA/Zt*Ft
= n_llA\/AFt + n_lf\'et - Ft
= TlilAlAFtﬁ“nilA/ (A*A) FtJrn*lA/etht.

Since we know that, by construction, ANA =nI, &, we have
n~Nz — Fy=n A (A - A) F4+n‘Ne, =1+ 11
As far as I is concerned, it holds that, omitting n~! for the sake of brevity

s [ (1) ] <

AN (A — A) H max || Fi||;

1<t<T 1<t<T
since . X
(a9 -0
and ,
_ 1/2
ax || =0, (7).
we get
A A _ —1/2
121?ng A’ (AiA) Ft” =0 (T ! ) ‘
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Therefore I = O, (T‘l/z) uniformly in ¢. As per I, we have

(A=) e

Al mas, flee] + ([ (A = &) | mase fleell = 0, (1) + 0, (17) 0, (1).

~ ~ /!
Ne, = Ne+ (A - A) e; < max ||[Ae;]| + max
1<t<T 1<t<T

IA

Hence, IT = O, (1). Thus we have

’Ft*FtH =0,(1),

max
1<t<T

which proves equation (44).
Equation (45) can be derived following a similar argument. ®
Proof of Theorem 7. Recall equation (29)

B-B= [iimw; : {:Hz_;m [(Wt—Wt)/ﬂJruit”.

i=1 t=1
As far as the denominator of § — (§ is concerned, we have

T T
Z WtWtI = ZWtWtI + Op (1) .
t=1

t=1

We prove this with respect to Zthl E,F); extension to ZtT:l W, W/ is straight-
forward though notationally more involved. First, consider the following de-
composition:

T T T ,
S EE = S RE+Y R (Ft - Ft)
t=1 t=1 t=1
T R R T ) N7
—|—Z (Ft - Ft) F/ + Z (Ft - Ft) (Ft - Ft)
t=1 t=1

+I+11+1I1+1V.
We have
T
I=> FF =0,(T?.
t=1

As far as II and II1 are concerned, it holds that

T
mr =y {n*[\/AFﬁn*lfvetht} ZAnt
t=1

Il
E

{nilf\’[XFt —n A (A — A) Fo+n*Ae, — Ft} zé[\nil
t

1

T T
= —n2N (A—A) ;thg A+ n2A ;etzé A,
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with

and

n=2A’ A=0,(T);

T
2 : !
(S

t=1

therefore 11 = O, (T'). As far as IV is concerned

NgE

o - - r
vV = n 2A’t 1[(A—A)Ft+et] {(A—A)Ft—i—et} A

= wN(A-A) 3 AE (A A) A
t=1
+n*2A/( )ZT:FtetA—l—n 25 Ze F (A A) A
t=1

t=1
+n2A <Z ete;> A,

t=1

M’ﬂ

with . /
n~2i (A - A) ;EF{ (A - A) A=0,(0),
n"2N (A - A) ZT: Fe,A =0,(1),
and -

T
n=2A/ <Z ete;> A=0,(T);
t=1

therefore, IV = O, (T'). Thus we get

T T
N BE =T FF/+0,(T7).
t=1

t=1

Note that even if the estimated factors are not consistent, 72 Zle Ftﬁt' is a
consistent estimator for 72 Zf 1 FyF]. This holds for any consistent estimator

A such that A — A = O, ( ) in such case, consistency would be ensured at a
rate min {1, 6}.
With respect to the numerator of equation (29), this is equal to

T

n n T
SO Wi+ 30 ST W (We W) B =14 11
i=11

=1 i=1 t=1
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We have:
T T
I = Z Wieuis + Z (Wt - Wt) Ui
t;l t=1 . .
Z Wtuit + n_lA' (A — A) Z Wtuit + n_lf\' Z €rUjt,

t=1 t=1 t=1
with
T
Z Wiuie = O, (T)
t=1
R ) T
n~ A (A - A) > Weuiw = 0, (T71) 0, (T) = 0, (1),
t=1
and

T
n*IA/Zetuit =0, (Tl/Q) ,
t=1

which follows from Assumption 6. As far as I is concerned, we have

T
I = 7’),71]\/ Zzt (Wt — ’I’Lilj\/zt)/

t=1

= n AN izt {Wt —n NAW, —n N ey —nt (A — A) zt}/

t=1
T T

= NN meh -0 Ay a (A - A)' =0, (T) + 0, (T™1) 0, (T?).
t=1 t=1

Hence, the numerator of equation (29) is O, (T'). Combining this result with
the asymptotic magnitude of the denominator of equation (29), we get

iimw +o,(1) B {iiwf {(Wt - Wt)/5+u“”

= 0, (T:Z) 0,(T) =0, (T™").

This proves equation (46).
As far as the limiting distribution of the numerator of equation (29) is con-

!
cerned, we first study the term Y . ; Z;fr:l W, (Wt — Wt) 3. We have:
T ! T /
Z Wt (Wt — Wt) ﬁ = TL_lA/ Zit (Wt — n_lf\lét> ﬁ
t=1 t=1
T T
= n‘lA’Ztht’ﬁ— n‘zA’ZétégAﬁ

t=1 t=1

= I+1I
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Since it holds that z; = AW, + &;, we have
T T
IT=n""NY AW W/B+n A e, WB,
t=1 t=1
and

T T
—II = n 2N Z AW WA AB +n~2A Z el A3 +
t=1

t=1
T T
+n 2N CAWE AR+ n A e WINAB.
t=1 t=1
Given that asymptotically A = A +T~1D}, we have, with respect to I:

T T
A CAWW BTN DY e Wi = n—1/BEB;ﬁ+n—1T—1D}\A/BEB;ﬁ
t=1

t=1
+n A / dB.B.j, (71)

and, as far as I is concerned

T T T T
n N CAWWINAB+ 0N Y el A +n TN Y AW AS +n A e WIAAB

t=1 t=1 t=1 t=1
— o 27IDAA / B.BLB+n 2T / B.BLA'DY
02 / B.BLA+n NS AS+n > / B.dBIAB
+n 2N / dB.B.p. (72)

Thus, combining equations (71) and (72) we have

T

T
NS awip - N zHhs = ot (1-n ) [/BEBQB+T1D}\A/BEB;ﬂ+A’/dBeB;6}
t=1

t=1
—n~? [T‘l / B.B.N'DYB+ NS AB + / BEdB;Aﬁ} .
As far as the term Zle W, (320, uir) is concerned, we have

T n T n
Z Wt (Z uit) nilj\/ Z Zt (Z uit>
t=1 i=1 t=1 i=1
T n T n
= n_lA/ZAWt (Zun> +n_1f\'Zét (Zult> s
t=1 i=1 t=1 i=1
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which asymptotically leads to

T n n o n
%n*IA’AZ Wi (Z uit> =n! /BEdBu S hi
t=1 i=1 i

This completes the proof of (47).
Finally, we consider the case when equation (2) is a spurious relationship.
Since u; ~ I (1), we have that

T
ZWt (Wt - Wt)lﬁ = Op (T)a
t=1
and
T T T T
Z Wtuit = Z Wiwie + n_lA’ (A — A) Z Wit + n_lA’ Z €Ut
t=1 t=1 t=1 t=1

= O (TQ) + Oy (T) +Op (T) )

N N !
so that ZtT:1 Wy {(Wt — Wt> 0+ uit] =0, (T2), which proves (48).

In this case the limiting distribution of the numerator is given by the leading
term Zthl Wi (-0, uit), so that the same result as in equation (60) holds,

namely
T n
1 - _
I 1% ) A
T2 t:E 1 t <Z_E - Uzt) = h (/ BEBU> .

This proves equation (49). m
Proof of Theorem 8. Consider equation (30)

. {iiAFt [(AFt _ AE)'ﬂ + Auit} } .

i=1 t=1

n

T
Y ) ARAF

i=1 t=1

~FD FD
_ﬁ =

As far as the denominator is concerned, we have

T T
S ARAF =n A ) AnAzA =0, (T).
t=1

= t=1

~FD .
As far as the numerator of 3 — AP is concerned, we have

XT: AR (AR~ AR) = oA XT: Az, {AFg (A-a) - Ae;} A

t=1 t=1
~ T ~ / ~ ~ T ~
— 2N [ZAztAFt’ (A—A) A—n28 |3 Azae| A
t=1 t=1
= 0p(T)0, (T7) + 0, (T) = 0y (T).
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Also we have
T
> ARAuy =

t=1

=

FyAug; + Z(AFt AFt) Augg

HMH

0, (vF) +0, (VF) =0, (vF).
This proves (50).

~FD
The limiting distribution of 3 — 7P can be obtained as follows. Con-
~FD L
sider first the denominator of 3~ — B3P. Given that 71 Zle AFAF] =
n=2T 1A Zz;l Az Az A, and recalling that

T
o1
plim T tzzl Az Az, = DA,
we have
T
n P TAY T AR AA D n A SAA.
t=1
D
_ gFp

~F
As far as the numerator of 3 is concerned, the term that dominates

N N i
is Zf,T:1 AF; (AFt — AFt) B and we have:

T T
% S AR (AR - AFt>l 3= %n*w S" Az (AF 0 'aZR) 5
t=1 t=1

T T
- %mlfv > Az AFB - %nﬂfv > AzAZAB
t=1 t=1

T T T
- %n*w > AAFAFB+ %n*w > Ae,AFB - %nﬁfv > Az AN,
t=1 t=1 t=1

where n 1T~ 1A’ ZZ;I Ae,AF|( is of order O, (T_l/Q). Since
1T
‘1TA’ Z AAF,AF!3 5 n™1Sarp,

t=1

and
1., < )
—%A’ D AnAZNB B nTPASAAB,
t=1
we have

T

1 R N/

7 Y AF, (AFt - AFt) B2 0 I8apmf — n 2N AL AS.
t=1

Recalling that the denominator converges to n 2A’Ya,A in probability, we fi-
nally obtain equation (51). m
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Lemma 4 Let A be the principal component estimator for A in
Azt = AAFt + Aet,

and let Fy = n=*ATP' 2z, and AF, = n= AFP'Az,. It holds that

Ft—Ft

=0, (T'?), (73)

max ’
1<t<T

uniformly in t and with respect to the first differenced estimates given by AF, =
AFD/AZt

max, HAFt - AFtH =0,(1), (74)
uniformly in t.

Proof. Consider the estimation error
ﬁ‘t — Ft = n_l/A\FD/Zt — Ft
= TlilA/A\FD/AFt + TLil[\FDlet - Ft
n~IAFDIAFD R 4 =1 AF D (A _ AFD) F,+n 'AFPe, — F,
— o LAFD (A — [\FD) F+n 'AFPle, — [+ I1.

As far as I is concerned, we have, omitting the term n=!

max “AFD/ (A - AFD) FtH < HAFD/ (A— AFD) H max ||y ;
1<e<T 1<¢<T

given that HAFD' (A - AFD> H =0, (1) and

_ 1/2)
max [|F] =0, (1'/2),
we get
was |37 (A7) ]| =0, (1),
1<t<T
As far as term [ is concerned, it holds that:
- . / . /
APley = Ney+ (AFD fA) e; < max ||Ae| max (AFD 7A> e
1<t<T 1<t<T

IN

AT max[lesl| + H ([\FD - A) ] max_[lec]| = O, (T1/2) +0,(1)0, (Tl/z) .

1<t<T

Hence, A¥P’e, = O, (T"/?). This proves equation (73). Equation (74) can be
derived noting that

AE, — AF, = AFD (A - AFD) AF, + AFD'Ae, = T+ 11.
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Here, as far as [ is concerned, we have

max HAFD/ (A - [\FD> AFtH < HAFD (A— AFD>’ max [|AF,
1<¢<T 1<4<T

where
s |AF = 0, (1).

As far as I is concerned, we have

) . /
AP Ae, = AN Ae; + (AFD — A) Ae; < max ||A'Aeg|| max
1<t<T 1<t<T

’ (AFP - A)/ Aes

IN

A1 ma, [l Aeq| + || (A7 = &) || max [|Aec]| = 0, (1) + 0, (1) 0, (1).

]
Proof of Theorem 9. Equation (29) states that

B-p= lziwwl{ziw [(Wt_m)’muit”.

With respect to the denominator we have
T
> Wi =0, (1),
t=1

which follows from the proof of theorem 7. The limiting distribution is given by

T T

1 " 1 " " _

T3 > W, = ﬁn*?A’ > zzh= D}i’/BzB;Di.
t=1 t=1

Note that the denominator is not affected by the u;s, and therefore the results
derived for its rate of convergence and its limiting distribution hold irrespective
of whether equation (2) is a cointegration or a spurious regression.

As far as the numerator is concerned, this is given by

n

T n T
ZZWt (Wt—Wt>/5+ZZWtuit :I+II

i=1 t=1 i=1 t=1

As far as I is concerned we have

ivi/t (Wi - Wt)lﬂ =0, (T?),

t=1

and the asymptotic law of I is given by
1 4 T 2\ 1 —1A/T— 1 —2A/T77/A
ﬁ Z Wt (Wt — Wt) ﬁ = ﬁn A ZZtWtﬁ — ﬁn A Z ZtZtAﬁ
t=1 t=1 t=1
= DY / B.BLB —n2DY / B.B.D%S.
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Since I does not depend on the wu;s, the results derived above for its rate of
convergence and its limiting distribution hold independently of whether equation
(2) is a cointegration or a spurious regression.

As far as IT is concerned, we have that II = O, (T) - if equation (2) is a
cointegrating regression - or Il = O, (T2) - if it is a spurious regression; in this
case we have

Thus, when equation (2) cointegrates, the term that dominates in the numer-
N N li

ator is [ = Z;fr:l W (Wt — Wt) [. Combining its rate of convergence and its
limiting distribution with the ones of the denominator, we prove equations (52)
and (53). When equation (2) is a spurious regression, term IT has the same
order of magnitude as I. This does not affect the rate of convergence of 5 — 3,
but it does affect its limiting distribution. Combining the asymptotic law of
the denominator of § — 3 with the limiting distribution of terms I and I1, we
finally get equation (54).

Consider now BF — 6P, From equation (30) we know that

i {iiAﬁt [(AFt ~AR) B+ Auit} } .

i=1 t=1

n T
BFD—BFD _ lZZAFtAFtI

=1 t=1

The denominator of this expression is
T
> ARAF =0, (T), (75)
t=1
as proved in Theorem 8, and using the definition of D% it holds that
1 & 1 e
T > ARAF] = Tn*2 > ANA%AZA = n?DYSA.D3.
t=1 t=1
As far as the numerator is concerned, we have
T ~ N /
ZAFt (AFt - AFt) B = Op (T) )
t=1
and

iAFtAuit =0, (1'?),

t=1

o1



~ ~ !/
so that we have 23:1 AF; [(AFt — AFt) 0+ Auit} = O, (T'). Combining this

with equation (75), we obtain equation (55). As far as the limiting distribution
of the numerator is concerned, this can be derived noting that

T T
Z Aﬁ’t (AFt - Aﬁt)/ ﬁ = n_l Z /A\/A,Zt (AFt - n_lf\/Azt)/ﬂ
t=1

t=1
T T
= n N AAFB -0 NAzAZAB,

t=1 t=1
and
1 T 1 & 1 &
TnflA' Y AxAFB = n'AA (T ZAFtAFt’> B4+n"tA (T ZAetAFt’> 8

t=1 t=1 t=1

= n 'DYAYARS,

since Cov (Aer, AF;) = 0. Combining this with the asymptotic law of the
denominator, we get equation (56). m
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