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D Prqwh Fduor Frpsdulvrq ri Whvwv iru Frlqwhjudwlrq lq Sdqho
Gdwd

Vx}dqqh PfFrvnh|
Xqlwhg Vwdwhv Qdydo Dfdghp|

Fklkzd NdrW

V|udfxvh Xqlyhuvlw|

Iluvw Gudiw= Dxjxvw 4/ 4<<:
Wklv Gudiw= Mxqh 53/ 4<<;

Devwudfw

Wklv sdshu vxuyh|v uhfhqw ghyhorsphqwv dqg surylghv Prqwh Fduor frpsdulvrq rq ydulrxv whvwv sur0
srvhg iru frlqwhjudwlrq lq sdqho gdwd1 Lq sduwlfxodu/ whvwv iru wzr sdqho prghov/ ydu|lqj lqwhufhswv dqg
ydu|lqj vorshv dqg ydu|lqj lqwhufhswv dqg frpprq vorshv/ duh suhvhqwhg iurp wkh olwhudwxuh zlwk d wrwdo
ri vhyhq whvwv ehlqj vlpxodwhg1 Lq doo fdvhv/ uhvxowv rq hpslulfdo vl}h dqg vl}h0dgmxvwhg srzhu duh jlyhq1

Nh| Zrugv dqg Skudvhv= Sdqho Frlqwhjudwlrq1
MHO fodvvl�fdwlrqv= F56/ F551

4 Lqwurgxfwlrq

Hydoxdwlqj wkh vwdwlvwlfdo surshuwlhv ri gdwd dorqj wkh wlph glphqvlrq kdv suryhq wr eh yhu| gl�huhqw iurp

dqdo|vlv lq wkh furvv0vhfwlrq glphqvlrq1 Dv hfrqrplvwv kdyh jdlqhg dffhvv wr ehwwhu gdwd zlwk pruh revhuyd0

wlrqv dfurvv wlph/ xqghuvwdqglqj wkhvh surshuwlhv kdv jurzq lqfuhdvlqjo| lpsruwdqw1 Dq duhd ri sduwlfxodu

frqfhuq lq wlph vhulhv hfrqrphwulfv lv wkh xvh ri qrq0vwdwlrqdu| gdwd1 Zlwk wkh ghvluh wr vwxg| wkh ehkdylru

ri d furvv0vhfwlrq ri revhuydwlrqv ryhu wlph dqg wkh lqfuhdvhg xvh ri sdqho gdwd/ rqh qhz uhvhdufk duhd lv

h{dplqlqj wkh surshuwlhv ri qrq0vwdwlrqdu| wlph vhulhv gdwd lq sdqho irup1 Lw lv dq lqwuljxlqj txhvwlrq wr

dvn= krz h{dfwo| grhv wklv k|eulg vw|oh ri gdwd frpelqh wkh vwdwlvwlfdo hohphqwv ri wudglwlrqdo furvv0vhfwlrqdo

dqdo|vlv dqg wlph vhulhv dqdo|vlvB Lq sduwlfxodu/ zkdw lv wkh fruuhfw zd| wr dqdo|}h qrq0vwdwlrqdulw|/ wkh

vsxulrxv uhjuhvvlrq sureohp/ dqg frlqwhjudwlrq lq sdqho gdwdB

Wzr frpsuhkhqvlyh ryhuylhzv ri wkh hfrqrphwulfv ri sdqho gdwd kdyh ehhq sxeolvkhg/ Kvldr +4<;9, dqg

Edowdjl +4<<8,/ |hw qhlwkhu ri wkhvh errnv ghdo zlwk wkh lvvxhv ri qrq0vwdwlrqdulw| dqg frlqwhjudwlrq zlwklq

sdqho gdwd1 Dgglqj wkh furvv0vhfwlrq glphqvlrq wr wkh wlph g|qdplfv r�huv d uhdo dgydqwdjh lq wkh whvwlqj
WZh wkdqn sduwlflsdqwv ri wkh Hljkwk Lqwhuqdwlrqdo Frqihuhqfh rq Sdqho Gdwd/ Jùwheruj 4<<;/ iru khosixo frpphqwv1 Dq

hohfwurqlf yhuvlrq ri wkh sdshu lq srvwvfulsw irupdw fdq eh uhwulhyhg iurp kwws=22zhe1v|u1hgx2�fgndr1 Dgguhvv fruuhvsrq0
ghqfh wr= Fklkzd Ndr/ Fhqwhu iru Srolf| Uhvhdufk/ 759 Hjjhuv/ V|udfxvh Xqlyhuvlw|/ V|udfxvh/ Q\ 4657704353> h0pdlo= fg0
ndrCpd{zhoo1v|u1hgx1
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iru qrq0vwdwlrqdulw| dqg frlqwhjudwlrq1 Wkh krsh ri wkh hfrqrphwulfv ri qrq0vwdwlrqdu| sdqho gdwd lv wr

frpelqh wkh ehvw ri erwk zruogv= wkh phwkrg ri ghdolqj zlwk qrq0vwdwlrqdu| gdwd iurp wkh wlph vhulhv dqg

wkh lqfuhdvhg gdwd dqg srzhu iurp wkh furvv0vhfwlrq1 Wkh dgglwlrq ri wkh furvv0vhfwlrq glphqvlrq/ xqghu

fhuwdlq dvvxpswlrqv/ fdq dfw dv uhshdwhg gudzv iurp wkh vdph glvwulexwlrq1 Wkxv dv wkh wlph dqg furvv0

vhfwlrq glphqvlrq lqfuhdvh/ h1j1/ xvlqj wkh vhtxhqwldo olplw wkhru| ru wkh mrlqw olplw wkhru| ri Skloolsv dqg

Prrq +4<<:,/ sdqho whvw vwdwlvwlfv fdq eh ghulyhg zklfk frqyhujh lq glvwulexwlrq wr qrupdoo| glvwulexwhg

udqgrp yduldeohv1 Dovr zlwklq wkh whvwlqj iudphzrun/ wkh dgglwlrq ri wkh furvv0vhfwlrq glphqvlrq vhhplqjo|

dggv srzhu wr wkh whvwv1

Wkh fkdoohqjh lq wdnlqj dgydqwdjh ri wkhvh surshuwlhv lv wkh gl!fxow| lq ghulylqj wkh prphqwv ri wkh

frpsoh{ frpelqdwlrqv ri Eurzqldq eulgjhv dqg ixqfwlrqdov ri Eurzqldq prwlrq zklfk riwhq dulvh iurp wkh

dv|pswrwlfv lq wkh wlph vhulhv olwhudwxuh1 Vhyhudo ri wkh whvwv glvfxvvhg lq wklv sdshu xvh Prqwh Fduor vlp0

xodwlrqv/ dv lq wkh sxuh wlph vhulhv olwhudwxuh/ wr slq grzq wkhvh prphqwv1 Dqrwkhu gl!fxow| zklfk grhv

qrw glvdsshdu lq wkh sdqho vhwwlqj lv wkh gl!fxow| lq rewdlqlqj jrrg hvwlpdwhv ri orqj0uxq dxwrfryduldqfhv1

Ilqdoo|/ wkh sdqho vhwwlqj r�huv d ydulhw| ri prghov= frpprq lqwhufhswv/ frpprq vorshv/ frpprq lqwhufhswv

dqg frpprq vorshv/ gl�hulqj lqwhufhswv dqg gl�hulqj vorshv> zklfk kdyh vwurqj frqvhtxhqfhv iru wkh hvwl0

pdwlrq1 Lq sduwlfxodu/ dv|pswrwlfv dqg hvwlpdwlrq ri frpprq vorshv lv gl!fxow1 Dovr/ wkh krprjhqhlw| ru

khwhurjhqhlw| ri wkh ghwhuplqlvwlf wlph vwuxfwxuh ri wkh furvv0vhfwlrqdo revhuydwlrqv qhhgv wr eh frqvlghuhg1

Xqlw urrw whvwv lq wkh olwhudwxuh whvw wkh vwdwlrqdulw| ri d jlyhq vhulhv1 Wkhvh whvwv fdq eh dgdswhg iru

uhvlgxdo0edvhg frlqwhjudwlrq whvwv e| whvwlqj wkh vhulhv ri hvwlpdwhg uhvlgxdov iru vwdwlrqdulw|1 Wkhuh duh xqlw

urrw whvwv iru sdqho gdwd douhdg| lq wkh olwhudwxuh vxfk dv Ohylq dqg Olq +4<<6,/ Lp/ Shvdudq dqg Vklq +4<<8,

dqg Pdggdod dqg Zx +4<<9,1 Rqfh djdlq/ dv lq wkh wlph vhulhv fdvh/ prylqj iurp wkh xqlw urrw whvwv wr

frlqwhjudwlrq whvwv lv frpsolfdwhg e| wkh hvwlpdwlrq1 Wkh frlqwhjudwlrq whvwv zklfk whvw wkh qxoo k|srwkhvlv

ri qr frlqwhjudwlrq pxvw wdnh lqwr frqvlghudwlrq wkh vr0fdoohg �vsxulrxv uhjuhvvlrq� sureohp1 Whvwv edvhg

rq wkh qxoo k|srwkhvlv ri frlqwhjudwlrq pxvw wdnh lqwr frqvlghudwlrq h!flhqw hvwlpdwlrq ri d frlqwhjudwhg

uhodwlrqvkls1 Ixuwkhu/ wkh frqfhsw ri �srrohg� hvwlpdwlrq lv gl�huhqw iurp srrolqj wkh furvv0vhfwlrq whvwlqj

uhvxowv1 Lq wkh fdvh ri xqlw urrw whvwlqj/ prvw whvwv wuhdw hdfk lqglylgxdo furvv0vhfwlrq lqghshqghqwo|1 Lq

wkh fdvh ri frlqwhjudwlrq/ wuhdwlqj hdfk furvv0vhfwlrq lqghshqghqwo| pd| wudqvodwh lqwr doorzlqj iru ydu|lqj

vorshv dqg ydu|lqj lqwhufhswv1 Wklv kdv vwurqj lpsolfdwlrqv iru wkh prgho1

Wklv sdshu rxwolqhv dqg frpsduhv wkuhh uhfhqw vwxglhv zklfk suhvhqw sdqho gdwd whvwv iru frlqwhjudwlrq=

Ndr +4<<:,/ Shgurql +4<<:, dqg PfFrvnh| dqg Ndr +4<<;,1 Wkh �uvw wzr duwlfohv suhvhqw whvwv ri wkh qxoo

ri qr frlqwhjudwlrq dqg wkh odvw d whvw ri wkh qxoo ri frlqwhjudwlrq1

Dw ohdvw d eulhi phqwlrq vkrxog eh jlyhq wr wkh g|qdplfv ri wkh uhodwlrqvkls ehwzhhq wlph vhulhv hfrqr0
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phwulfv dqg hfrqrplf wkhru|1 Prvw ghyhorsphqwv zlwklq wkh wlph vhulhv olwhudwxuh kdyh ehhq fulwlfl}hg dv

kdylqj pruh wr gr zlwk d sduwlfxodu gdwd vhw wkdq hfrqrplf wkhru| lq jhqhudo1 Wr eh vxuh/ wkhuh lv qr

hfrqrplf wkhru| ehklqg wkh whfkqltxhv xvhg wr hvwlpdwh odj rughuv iru dxwruhjuhvvlyh uhsuhvhqwdwlrqv/ iru

h{dpsoh1 \hw wkh frlqwhjudwlrq olwhudwxuh r�huv d surplvlqj furvv0ryhu ehwzhhq hfrqrplf wkhru| dqg hfrqr0

phwulf whfkqltxhv1 Wkh huuru0fruuhfwlrq irup/ iru h{dpsoh/ fdswxuhv vkruw uxq ghyldwlrqv iurp wkh orqj uxq

uhodwlrqvkls ehwzhhq qrq0vwdwlrqdu| yduldeohv1 Zkloh wklv wkhru| kdv qrw ehhq wrwdoo| uhvroyhg/ lw dw ohdvw

jlyhv d sudfwlfdo prwlydwlrq iru wkhrulvwv lq doo �hogv wr idploldul}h wkhpvhoyhv zlwk dssolhg wlph vhulhv whfk0

qltxhv1 Wkh Hfrqrplf Mrxuqdo +Mdq 4<<:, lqfoxghv d glvfxvvlrq ri wkh sklorvrsk| ri prghoolqj wkh orqj

uxq xvlqj wlph vhulhv dqg frlqwhjudwlrq uhvxowv1 Lqfoxghg lq wkh mrxuqdo duh duwlfohv e| Wd|oru dqg Gl{rq/

Judqjhu/ Shvdudq/ dqg Kduyh|1 Wkh pdmru lvvxh phqwlrqhg iru sdqho gdwd lq wklv glvfxvvlrq lv wkh lvvxh ri

krz vlplodu duh wkh furvv0vhfwlrqv lq wkh sdqho dqg wkh gl!fxowlhv ri srrolqj khwhurjhqhrxv furvv0vhfwlrqv1

Wkh sdshu lv rxwolqhg dv iroorzv= Vhfwlrq 5 lqwurgxfhv whvwv ri wkh qxoo k|srwkhvlv ri qr frlqwhjudwlrq lq

sdqho gdwd zlwk ydu|lqj lqwhufhswv dqg frpprq vorshv1 Rqh whvw lv fxuuhqwo| lq wkh olwhudwxuh dqg wkh rwkhu

sursrvhg iru wkh �uvw wlph khuh1 Vhfwlrq 6 vxppdul}hv whvwv ri wkh qxoo k|srwkhvlv ri qr frlqwhjudwlrq lq

sdqho gdwd zlwk ydu|lqj lqwhufhswv dqg ydu|lqj vorshv1 D wrwdo ri irxu whvwv duh suhvhqwhg1 Vhfwlrq 7 suhvhqwv

d whvw ri wkh qxoo k|srwkhvlv ri frlqwhjudwlrq lq sdqho gdwd1 Wklv whvw dvvxphv ydu|lqj lqwhufhswv dqg ydu|lqj

vorshv1 Vhfwlrq 8 h{sodlqv wkh Prqwh Fduor ghvljq iru wkh frpsdulvrq ri wkh whvwv1 Vhfwlrq 9 vxppdul}hv wkh

uhvxowv ri wkh Prqwh Fduor h{shulphqw dqg Vhfwlrq : surylghv vrph frqfoxglqj wkrxjkwv1

D zrug rq qrwdwlrq xvhg wkurxjkrxw wkh sdshu= lqwhjudov olnh
U 4
3
Z +v,gv dv

U
Z duh xvhg zkhq wkhuh lv

qr dpeljxlw| ryhu olplwv/ 4@5 lv gh�qhg dv dq| pdwul{ vxfk wkdw  @
�
4@5

� �
4@5

�3
>
s$ lv xvhg wr ghqrwh

frqyhujhqfh lq suredelolw|/ , wr ghqrwh zhdn frqyhujhqfh/ L+4, wr vljqli| d wlph vhulhv wkdw lv lqwhjudwhg ri

rughu rqh/ dqg EP +, wr ghqrwh Eurzqldq prwlrq zlwk fryduldqfh pdwul{ 1 Doo olplwv lq wklv sdshu duh

wdnhq dv W $4 dqg iroorzhg e| Q $4 vhtxhqwldoo| ri Skloolsv dqg Prrq +4<<:,> h{fhsw zkhuh rwkhuzlvh

qrwhg1

5 Whvwlqj iru Frlqwhjudwlrq lq Sdqhov zlwk wkh Qxoo K|srwkhvlv ri

Qr Frlqwhjudwlrq= Ydu|lqj Lqwhufhswv dqg Frpprq Vorshv

Wkh �uvw uhvlgxdo0edvhg whvwv ri frlqwhjudwlrq lq erwk wkh wlphv vhulhv dqg sdqho gdwd olwhudwxuh zhuh edvhg

rq wkh qxoo k|srwkhvlv ri qr frlqwhjudwlrq1 Wkhvh whvwv duh edvhg rq wkh sulqflsoh ri ghflglqj zkhwkhu ru qrw

wkh huuru surfhvv ri wkh uhjuhvvlrq htxdwlrq lv vwdwlrqdu|1 Wklv vhfwlrq suhvhqwv whvwv ri wkh qxoo k|srwkhvlv

ri qr frlqwhjudwlrq iru sdqho gdwd dvvxplqj frpprq vorshv1 Ehfdxvh wkh whvwv duh uhvlgxdo0edvhg whvwv/
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rewdlqlqj jrrg hvwlpdwhv ri wkh uhvlgxdov lv wkh �uvw qhfhvvdu| vwhs lq rewdlqlqj d jrrg uhvlgxdo0edvhg whvw1

Wkh dv|pswrwlf surshuwlhv ri wkh uhvlgxdo0edvhg whvwv zloo ghshqg rq wkh dv|pswrwlfv ri wkh hvwlpdwruv1 Wkh

whvwv duh ghulyhg xqghu wkh dvvxpswlrq ri d vsxulrxv uhjuhvvlrq dqg duh edvhg rq ROV hvwlpdwlrq1

514 Ndr +4<<:,

D zhoo nqrzq uhvxow iurp wkh wlph vhulhv olwhudwxuh lv wkdw uhjuhvvlqj d qrq0vwdwlrqdu| yduldeoh rq d yhfwru

ri qrq0vwdwlrqdu| yduldeohv pd| ohdg wr vsxulrxv uhjuhvvlrq uhvxowv1 Lq Ndr +4<<:, uhvxowv duh r�huhg iru wkh

dv|pswrwlfv ri vsxulrxv uhjuhvvlrq zlwklq d sdqho gdwd vhwwlqj1 Wkh vshfl�fdwlrq ri wkh sdqho prgho doorzv

iru gl�hulqj lqwhufhswv dfurvv furvv0vhfwlrqv dqg frpprq vorshv1 Ixuwkhu/ wkh orqj0uxq yduldqfh fryduldqfh

pdwul{ lv dvvxphg wkh vdph iru doo furvv0vhfwlrq revhuydwlrqv1

Zlwklq wkh wlph vhulhv olwhudwxuh +h1j1/ Skloolsv/ 4<;9, lw kdv ehhq vkrzq wkdw zlwk d vsxulrxv uhjuhvvlrq=

+d, wkh ROV hvwlpdwru frqyhujhv wr d udqgrp yduldeoh> zklfk lpsolhv +e, wkh ROV hvwlpdwru lv qrw frqvlvwhqw>

dqg +f, wkh w0vwdwlvwlf glyhujhv1 Wkh frqvhtxhqfh ri wkhvh surshuwlhv lv wkdw d vsxulrxv uhjuhvvlrq zrxog whqg

wr vkrz dq dssduhqwo| vljql�fdqw uhodwlrqvkls hyhq li wkh yduldeohv duh jhqhudwhg lqghshqghqwo|1 Wkh uhvxowv

iru ohdvw vtxduh gxpp| yduldeoh +OVGY, hvwlpdwlrq ri sdqho gdwd duh vrphzkdw pruh hqfrxudjlqj1 Ndr

vkrzhg wkdw +d, wkh dgglwlrq ri wkh furvv0vhfwlrq glphqvlrq doorzv wkdw dq dssursuldwh qrupdol}dwlrq ri wkh

hvwlpdwhg sdudphwhu frqyhujhv lq glvwulexwlrq wr d qrupdo/ phdq }hur/ udqgrp yduldeoh> +e, hyhq wkrxjk wkh

prgho lv plvvshfl�hg wkh OVGY hvwlpdwru lv frqvlvwhqw> dqg +f, wkh w0vwdwlvwlf vwloo glyhujhv1

Wkhvh dv|pswrwlfv rq wkh vsxulrxv uhjuhvvlrq duh fuxfldo iru whvwlqj wkh qxoo ri qr frlqwhjudwlrq1 Xqghu wkh

qxoo k|srwkhvlv ri qr frlqwhjudwlrq wkh uhvlgxdov uhtxluhg iru wkh whvw qhhg wr eh hvwlpdwhg/ e| frqvwuxfwlrq/

iurp d vsxulrxv uhjuhvvlrq1 Wkh uhvlgxdo edvhg whvw lv htxlydohqw wr whvwlqj iru d xqlw urrw lq wkh OVGY

hvwlpdwhg uhvlgxdov1 Xvlqj wkh sdqho prgho/ wkh Glfnh|0Ixoohu +GI, dqg dxjphqwhg Glfnh| Ixoohu +DGI,

whvw vwdwlvwlfv/ diwhu dssursuldwh qrupdol}dwlrqv zloo frqyhujh lq glvwulexwlrq wr udqgrp yduldeohv zlwk qrupdo

glvwulexwlrqv1

Ndr suhvhqwv wzr vhwv ri vshfl�fdwlrqv iru wkh GI whvw vwdwlvwlfv1 Wkh �uvw vhw ri whvw vwdwlvwlfv ghshqgv

gluhfwo| rq frqvlvwhqw hvwlpdwlrq ri orqj uxq sdudphwhuv1 Wkh vhfrqg vhw ri whvw vwdwlvwlfv grhv qrw1

Wkh GI w|sh whvw iurp Ndr iroorzv wkh iroorzlqj prgho=

|lw @ �l . �{lw . hlw> l @ 4> ===> Q> w @ 4> ===> W +4,

|lw @ |lw�4 . xlw +5,
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{lw @ {lw�4 . %lw= +6,

Dv erwk |lw dqg {lw duh udqgrp zdonv/ lw iroorzv wkdw xqghu wkh qxoo k|srwkhvlv ri qr frlqwhjudwlrq/

wkh uhvlgxdo vhulhv/ hlw vkrxog eh qrq0vwdwlrqdu|1 Wkh prgho kdv ydu|lqj lqwhufhswv dfurvv wkh furvv0vhfwlrq

revhuydwlrqv/ wkh �{hg h�hfwv vshfl�fdwlrq/ dqg frpprq vorshv dfurvv l1 Zlwk wklv prgho/ wkh GI whvw fdq

eh fdofxodwhg iurp wkh hvwlpdwhg uhvlgxdov dv=

ahlw @ �ahlw�4 . �lw> +7,

zkhuh ahlw lv wkh hvwlpdwhg uhvlgxdo ri +4,1

Wr whvw wkh qxoo k|srwkhvlv ri d qrq0vwdwlrqdulw|/ wkh qxoo fdq eh zulwwhq dv K3 = � @ 41 Wkh ROV hvwlpdwh

ri � lv jlyhq e|=

a� @

SQ
l@4

SW
w@5 ahlwahlw�4SQ

l@4

SW
w@5 ah

5
lw

= +8,

Ndr surylghv wkh iroorzlqj dv|pswrwlf uhvxowv=

s
QW +a�� 4,�

s
Q
�8W
�9W

, Q+3> 6 .
:=5�7y
�7ry

,>

dqg

w� �
s
Q�8W

v
s
�9W

, Q+3>
�5ry
5�5y

.
6�5y
43�5ry

,>

zkhuh

�8W @ H^
4

W
	W
w@5ahlw�4�ahlw�4`>

�9W @ H^
4

W 5
	W
w@5ah

5
lw�4`>

�53y @ �53x �
�53x%
�53%

dqg

�5y @ �5x �
�5x%
�5%

=

Wkh olplwlqj glvwulexwlrqv kdyh wzr yhu| qlfh ihdwxuhv= wkh| duh erwk dv|pswrwlfdoo|/ qrupdoo| glvwulexwhg

dw phdq }hur1 Krzhyhu/ wkh| dovr frqwdlq qxlvdqfh sdudphwhuv lq wkh glvwulexwlrqv zklfk duh suhvhqw ehfdxvh

ri srvvleoh orqj uxq zhdn h{rjhqhlw| dqg vhuldo fruuhodwlrq lq wkh huuruv1 Dv lq prvw ri wkh wlph vhulhv

olwhudwxuh/ jrrg hvwlpdwhv ri wkhvh orqj uxq sdudphwhuv duh qhfhvvdu|1 Li zlw @ +xlw> %lw,3/ hvwlpdwhv ri wkhvh

qxlvdqfh sdudphwhuv zrxog eh edvhg rq wkh orqj0uxq yduldqfh fryduldqfh pdwul{ ri zlw1 Qrwh wkdw lq wkh

8



vshfldo fdvh zlwk rqh uhjuhvvru/  zloo eh d 5 � 5 pdwul{/ zlwk [lw dv d W � n pdwul{/  zrxog eh d +n.4,�
+n . 4, glphqvlrq pdwul{ zlwk zlw @ +xlw> %lw,31

Gh�qh

 @ olp
W$4

4

W
H+

W[
w@4

zlw,+
W[
w@4

zlw,
3

@ 	. �. �3 @

57 �5rx �rx%

�rx% �5r%

68 > +9,

� @ olp
W$4

4

W

W�4[
n@4

W[
w@n.4

H+zlwz
3
lw�n, @

57 �x �x%

�x% �%

68 > +:,

dqg

	 @ olp
W$4

4

W

W[
w@4

H+zlwz
3
lw, @

57 �5x �x%

�x% �5%

68 = +;,

Lq wklv iudphzrun/ 	/ fdq eh wkrxjkw ri dv wkh frqwhpsrudqhrxv fruuhodwlrq dqg � dv wkh fruuhodwlrq

dfurvv wlph1 D vshfldo fdvh ri wklv orqj uxq uhodwlrqvkls lv zkhq wkhuh lv vwurqj h{rjhqhlw| dqg qr vhuldo

fruuhodwlrq1 Lq wkdw fdvh/ � @ 3/ dqg �5x @ �5rx @ �5y @ �5ry1 Wklv gh�qlwlrq ri wkh orqj uxq yduldqfh

fryduldqfh pdwul{ lv xvhg wkurxjkrxw wkh wlph vhulhv olwhudwxuh dqg lv dvvxphg iru wkh hqwluhw| ri wkh sdshu1

Wkh vhfrqg whvw iurp Ndr lv wkh DGI w|sh ri wkh uhjuhvvlrq=

ahlw @ �ahlw�4 .
s[

m@4

&m�ahlw�m . ylws= +<,

Wkh odjv duh dgghg lq wkh DGI vshfl�fdwlrq wr wdnh fduh ri srvvleoh dxwrfruuhodwlrq dqg wkh qxpehu ri

odjv/ s> vkrxog eh fkrvhq vxfk wkdw wkh uhvlgxdo vhulhv/ ylws> lv qrw vhuldoo| fruuhodwhg zlwk sdvw huuruv1 Lq wklv

fdvh/ wkh whvw vwdwlvwlf iru wkh qxoo k|srwkhvlv ri qr frlqwhjudwlrq vkrxog eh edvhg rq wkh w0vwdwlvwlf iru � @ 41

wDGI @ +a�� 4,

�
	Q
l@4+h

3
lTlhl,

� 4
5

vy
> +43,

dqg

Tl @ L �[ls+[
3
ls[ls,

�4[3
ls>

zkhuh [ls lv wkh pdwul{ ri revhuydwlrqv rq s uhjuhvvruv +�ahlw�4> �ahlw�5 > 1111> �ahlw�s,/

v5y @
4

QW
	Q
l@4	

W
w@4ay

5
lws>

dqg hl lv d yhfwru ri ahlw�4=

9



Ndr jlyhv wkh dv|pswrwlf uhvxowv iru wkh DGI w|sh whvw=

w� �
s
Q�:W

v
s
�9W

, Q+3>
�5ry
5�5y

.
6�5y
43�5ry

,>

zkhuh

�:W @ H ^h3lTlyl`

dqg

�;W @ H^
4

W 5
h3lTlhl`=

Wkh fruuhfwhg w0vwdwlvwlf kdv wkh vdph dv|pswrwlf glvwulexwlrq dv wkh GI w|sh whvw1 Djdlq/ wkh olplwlqj

glvwulexwlrq lv edvhg rq qxlvdqfh sdudphwhuv1 Wr vxppdul}h/ Ndr frpsduhv wkh iroorzlqj �yh whvwv wkurxjk

Prqwh Fduor vlpxodwlrq=

GI� @

s
QW +a�� 4, . 6

s
6s

43=5
>

GIw @
s
4=58w� .

s
4=;:8Q>

GI �� @

s
QW +a�� 4, .

6
s
Qa�5y
�5ryt

6 .
:=5a�7y
a�7ry

>

GI�w @
w� .

s
9Qa�y
5a�ryt

a�5ry
5a�5y

. 6a�5y
43a�5ry

>

dqg

DGI @
wDGI .

s
9Qa�y
5a�ryt

a�5ry
5a�5y

. 6a�5y
43a�5ry

=

Zh h{shfw wkdw GI �� > GI
�
w dqg DGI zloo frqyhujh wr Q+3> 4, lq glvwulexwlrq1 GI� dqg GIw duh edvhg

rq wkh uhvxowv ri dvvxplqj vwurqj h{rjhqhlw| ri wkh uhjuhvvru dqg huuru dqg qr dxwrfruuhodwlrq1 Wkhvh whvwv

gr qrw uhtxluh hvwlpdwhv ri wkh orqj0uxq yduldqfh0fryduldqfh pdwul{ dv wkh rwkhuv gr1

Wkhvh vwdwlvwlfv duh ghulyhg iurp wkh dv|pswrwlf uhvxowv ri wkh sdshu dqg duh edvhg rq frqyhujhqfh dv W

$4 =

�8W
s$��5y

5 > �:W
s$��5ry

5

�9W
s$ �5ry

9 > �;W
s$ �5ry

9 =

Wkh lpsruwdqw hpslulfdo vl}h uhvxowv ri wkh Prqwh Fduor whvwv iru wkhvh uhvlgxdo edvhg whvwv xvlqj rqh0vlghg

vwdqgdug qrupdo fulwlfdo ydoxhv duh wkh iroorzlqj= doo ri wkh whvwv vkrz vl}h glvwruwlrqv zkhq W lv vpdoo> wkh GI

whvw vwdwlvwlfv zklfk xwlol}h frqvlvwhqw hvwlpdwlrq ri orqj0uxq sdudphwhuv rxwshuirup wkh rwkhu whvwv lq whupv

ri vl}h glvwruwlrq1 Wkh uhvxowv iru xqdgmxvwhg srzhu duh= doo whvwv kdyh vpdoo srzhu zlwk vpdoo W dqg Q> zlwk

W lqfuhdvhg wr dw ohdvw 58/ wkh GI vwdwlvwlfv zklfk xvh wkh orqj uxq hvwlpdwhv grplqdwh hyhq wkh DGI1 Zkhq

:



orrnlqj dw wkh urexvwqhvv ri wkh whvwv dfurvv vshfl�fdwlrqv iru d prylqj dyhudjh frpsrqhqw/ yduldqfh dqg

furvv0fruuhodwlrqv/ wkh glvwulexwlrqv iru wkh DGI dqg GI vwdwlvwlfv zlwk dssursuldwh orqj uxq qrupdol}dwlrqv

fdq eh idu iurp wkh vwdqgdug qrupdo glvwulexwlrqv suhglfwhg e| wkhru|1 Wkhuhiruh dq lpsruwdqw frqfoxvlrq

ri wkh sdshu lv wkdw wkh GI vwdwlvwlfv zklfk gr qrw ghshqg rq wkh hvwlpdwlrq ri orqj0uxq sdudphwhuv duh

pxfk pruh urexvw wr gl�huhqw vshfl�fdwlrqv lq wkh gdwd1 Wklv uhvxow lv gxh wr wkh gl!fxow| ri rewdlqlqj

jrrg uhvxowv iru wkhvh orqj uxq hvwlpdwhv xqghu gl�huhqw vshfl�fdwlrqv lq wkh vdpsoh vl}hv ihdvleoh iru dssolhg

uhvhdufk zrun1

Wkh uhvlgxdo0edvhg whvwv suhvhqwhg lq Ndr ghshqg rq hvwlpdwhv ri wkh orqj uxq yduldqfh0fryduldqfh pdwul{

wr fruuhfw iru qxlvdqfh sdudphwhuv rqfh wkh olplwlqj glvwulexwlrqv kdyh ehhq irxqg1 Dqrwkhu dssurdfk wr

whvwlqj kdv ehhq wr dgdsw dq dssurdfk zkhuh wkh yduldeohv duh fruuhfwhg iru wkh orqj0uxq h�hfwv ehiruh wkh

whvw vwdwlvwlfv duh fdofxodwhg1 Wkhvh whvw vwdwlvwlfv kdyh wkh dgydqwdjh wkdw wkhlu olplwlqj glvwulexwlrqv duh iuhh

ri qxlvdqfh sdudphwhuv14 Lq wkh qh{w vhfwlrq zh sursrvh qrq0sdudphwulf fruuhfwlrqv wr wkh DGI w0vwdwlvwlf

whvw sursrvhg e| Ndr zklfk zloo doorz wkh olplwlqj glvwulexwlrq wr eh iuhh ri qxlvdqfh sdudphwhuv1

515 Fruuhfwhg Sdqho DGI Hvwlpdwru

Wkh frpprq vorshv DGI whvw kdv ehhq vkrzq lq Ndr +4<<:, wr kdyh qxlvdqfh sdudphwhuv lq wkh olplwlqj

glvwulexwlrq1 Lw lv dq xqiruwxqdwh frqvhtxhqfh ri wkh dgglwlrqdo furvv vhfwlrq glphqvlrq wkdw dowkrxjk lw kdv

d yhu| ghvludeoh surshuw| ri �vprrwklqj� wkh olplwlqj glvwulexwlrq lqwr d qrupdo glvwulexwlrq/ wkh dgglwlrqdo

glphqvlrq dggv wkh sureohp ri qxlvdqfh sdudphwhuv1 Lq wklv vhfwlrq zh sursrvh fruuhfwlrqv zklfk fdq wdnh

dgydqwdjh ri wkh qrupdo glvwulexwlrq/ exw dovr fohdqvh wkh olplwlqj glvwulexwlrq1

Uhfdoo wkh Ndr*v sdqho DGI vwdwlvwlf kdv wkh iroorzlqj olplwlqj glvwulexwlrq=

wDGI �
s
Q�:W

vy
s
�;W

, Q+3>
�5ry
5�5y

.
6�5y
43�5ry

,>

zklfk frqwdlqv qxlvdqfh sdudphwhuv1 Xvlqj wkh vlplodu dssurdfk iurp Ndr +4<<:,/ vrph dgmxvwphqwv wr wkh

whvw vwdwlvwlf fdq eh pdgh wr uhpryh wkhvh qxlvdqfh sdudphwhuv lq wkh olplwlqj glvwulexwlrq1

Lq Ndr +4<<:, wDGI fdq eh zulwwhq dv

wDGI @

s
Q�:W

vy
s
�;W

>

zkhuh �:W dqg �;W duh gh�qhg lq Ndr +4<<:,1 Wkh iroorzlqj dgmxvwphqwv fdq eh pdgh

4Shgurql +4<<:, sursrvhv wzr w|shv ri whvwv ri frpprq vorshv zlwk wkhvh w|shv ri qrq0sdudphwulf fruuhfwlrqv exw zlwk

vwurqjhu uhvwulfwlrqv wkdq wkh whvwv lq Ndr1 Wkh �uvw whvw uhvwulfwv wkh lqwhufhsw wr eh htxdo wr }hur iru doo wkh furvv0vhfwlrqv1

Wkh vhfrqg vhw ri vwdwlvwlfv lv ghulyhg xqghu wkh dgglwlrqdo dvvxpswlrq wkdw doo uhjuhvvruv duh vwulfwo| h{rjhqrxv1

;



�y
vy

+

s
Q+�:W � �,

�ry
s
�;W

.

s
9Q

5
,, Q+3>

7

8
,

zklfk lv iuhh ri qxlvdqfh sdudphwhuv/ zkhuh

� @
+�5ry � �5y,

5
=

Wkh udwlrqdoh lv dv iroorzv1 Gh�qh �.:W @ 4
�5ry

+�:W � �,= Zkhuhdv

�:W ,�g+4,�
5
ry

5
^Y �l +4,

5 � �5y
�5ry

` . g+4,�5ryY
�
l +4,

4

v
3
Y �l +u,gu>

Lw lv fohdu wkdw

�5ry
5

^Y �l +4,
5 � �5y

�5ry
` @

�5ry
5

^Y �l +4,
5 � 4` . �>

wkxv vxewudfwlqj � dqg qrupdol}lqj e| �5ry uhvxowv lq H^�
.
:l` @ �g+4,45 @ �.:W dqg Y du^�.:l` @ �g+4, 4

45 @ �.5:W =

Vlploduo|/ gh�qh �.;W @ �
;W

�5ry
vxfk wkdw H^�.;W ` @

4
9 @ �.;W dqg Y du^�.;W ` @

4
78 @ �.5;W 1 Ilqdoo|/ dv v

5
y

s$ g5+4,�5>

wkh odvw vwhs lv wr qrupdol}h vy e| glylglqj lw e| a�y=

Wkh whup g+4, lv lqwurgxfhg zlwk srvvleoh dxwrfruuhodwlrq doorzhg iru lq wkh DGI whvw1 Iurp Skloolsv

dqg Rxoldulv +4<<3, wklv frqfhsw lv h{sodlqhg zlwk wkh iroorzlqj dvvxpswlrqv1 Vxssrvh 'lw> dq huuru surfhvv/

fdq eh uhsuhvhqwhg 'lw @ 	m@4
m@�4gmzw�m zlwk wkh frqglwlrq wkdw 	m@4

m@�4 ngmn ?4> wkhq g+4, @ 	m@4
m@�4gm1

Xvlqj wkh orjlf iurp Dsshqgl{ H lq Ndr +4<<:,/ wkh dgmxvwphqwv kdyh wkh iroorzlqj h�hfwv=

+

s
Q�.:W

vy
�y
�ry

t
�.;W

�
s
Q�.:W

vy
�y

t
�.;W

,, Q+3>
�.5:W
�.;W

.
4

7

�5.:W �
.5
;W

�.6;W
,

zklfk ehfrphv

�y
vy

+wDGI �
s
Q�

�ry
s
�;W

.

s
9Q

5
,, Q+3>

7

8
,=

6 Whvwlqj iru Frlqwhjudwlrq lq Sdqhov zlwk wkh Qxoo K|srwkhvlv ri

Qr Frlqwhjudwlrq= Ydu|lqj Lqwhufhswv dqg Ydu|lqj Vorshv

Lq wkh odvw vhfwlrq/ zh glvfxvvhg whvwv ri wkh qxoo k|srwkhvlv ri qr frlqwhjudwlrq zklfk dvvxphv frpprq vorshv

dfurvv wkh furvv vhfwlrq1 Wkh olqnv ehwzhhq wkh frlqwhjudwlqj yhfwru dqg hfrqrplf wkhru| duh lpphgldwh1

Wkhuhiruh/ vxfk dq dvvxpswlrq ri frpprq vorshv dvvxphv d irup ri krprjhqhlw| lq wkh uhodwlrqvkls ri wkh

yduldeohv +doorzlqj iru khwhurjhqhlw| rqo| lq wkh lqwhufhswv1, Lq wklv vhfwlrq zh uhod{ wkdw dvvxpswlrq dqg

doorz lqwhufhswv dqg vorshv wr ydu| dfurvv wkh furvv0vhfwlrqdo revhuydwlrqv1 Wkxv xqghu wkh Kd hdfk furvv

vhfwlrq fdq kdyh d xqltxh frlqwhjudwlqj yhfwru1

<



614 Dyhudjh Dxjphqwhg Glfnh|0Ixoohu Whvw iru Ydu|lqj Vorshv

Ndr +4<<:, sursrvhv dq DGI whvw iru frpprq vorshv dqg ydu|lqj lqwhufhswv1 Khuh zh sursrvh dq DGI whvw

iru ydu|lqj vorshv dqg ydu|lqj lqwhufhswv1

|lw @ �l . {
3

lw�l . hlw> l @ 4> ===> Q> w @ 4> ===> W= +44,

Hdfk furvv0vhfwlrq uhjuhvvlrq lv hvwlpdwhg lqglylgxdoo| dqg wkh srrolqj iurp wkh sdqho lv grqh lq wkh

�qdo vwhs zkhuh wkh sdqho whvw vwdwlvwlf lv edvhg rq vrph dyhudjh ri wkh lqglylgxdo furvv0vhfwlrq vwdwlvwlfv1

Hdfk furvv0vhfwlrq lv doorzhg lwv lqglylgxdo frlqwhjudwlqj yhfwru1 Hdfk whvw lv frqvwuxfwhg vxfk wkdw wkh

furvv0vhfwlrqv duh dvvxphg lqghshqghqw ri hdfk rwkhu dqg khwhurvnhgdvwlflw| dfurvv wkh furvv0vhfwlrqv lv

doorzhg1 Lp/ Shvdudq dqg Vklq +4<<8, suhvhqw d sdqho gdwd xqlw urrw whvw edvhg rq wkh dyhudjh ri wkh DGI

vwdwlvwlf ri wkh furvv0vhfwlrqv15 Xvlqj dq dqdorjrxv dssurdfk wklv vw|oh ri whvw vwdwlvwlf fdq eh xvhg wr whvw

iru frlqwhjudwlrq1 Uhfdoo wkdw wkh DGI whvw fdq eh frqvwuxfwhg dv=

ahlw @ �lahlw�4 .
s[

m@4

&lm�ahlw�m . ylws> +45,

zkhuh ahlw duh ROV uhvlgxdov iurp +44,1 Dq htxlydohqw zd| wr zulwh htxdwlrq +45, lv jlyhq lq Skloolsv dqg

Rxoldulv +4<<3,=

�ahlw @ �lahlw�4 .
s[

m@4

&lm�ahlw�m . ylws=

Wkh qxoo k|srwkhvlv lv zulwwhq dv K3 = �l @ 3 dqg wkh w0vwdwlvwlf iru hdfk l frqvwuxfwhg=

wlDGI @
+ex3�4T{sex�4, 45 a�l

vy
>

zkhuh[s lv wkh pdwul{ ri revhuydwlrqv rq wkh s uhjuhvvruv +�axw�4> ===>�axw�s,/ ax�4 lv wkh yhfwru ri revhuydwlrqv

ri axw�4/ T[s
@ L �[s+[3

s[s,�4[ 3
s dqg v

5
y @

4
W	

W
w@4ay

5
ws1

Skloolsv dqg Rxoldulv vkrz wkdw wkh DGI frqyhujhv wr d ixqfwlrqdo ri Eurzqldq prwlrq1

wlDGI ,
U
TlgTlt

+
U
T5
l ,+y

3
y,

@

]
UgV

zkhuh
5 Lq klv sdshu/ Shgurql +4<<:, dovr lghqwl�hv wkh srvvlelolw| ri h{whqglqj wkh orjlf ri Lp/ Shvdudq dqg Vklq iurp sdqho xqlw

urrw whvwv wr sdqho frlqwhjudwlrq whvwv1 Dowkrxjk kh grhv qrw suhvhqw wkh DGI0w vwdwlvwlf lq wkh erg| ri klv sdshu/ kh grhv

h{dplqh vrph ri wkh surshuwlhv ri wkh whvw lq klv Prqwh Fduor vlpxodwlrqv1

43



U+u, @
4

v
3

T+u,t
+v43 T5,

g

#
T+u,s
+y3y,

$
>

T+u, @
Z4+u,� +

U
Z4Z 3

5,U
Z5Z 3

5

Z5+u,>

]
ZZ 3 @

57 i44 i 354

i54 I55

68 >
dqg

y @ +4> 4� i 354
I55

,=

Ilqdoo|/

�wDGI @
4

Q

Q[
l@4

wlDGI =

Gh�qh H^
U
UgV` @ �Dgi dqg Y du^

U
UgV` @ �5Dgi = Lw fdq eh vkrzq xvlqj wkh orjlf iurp Skloolsv dqg Prrq

+4<<:, wkdw=

s
Q+�wDGI � �Dgi,, Q+3> �5Dgi,=

Dv Skloolsv dqg Rxoldulv qrwh/ wkh olplwlqj glvwulexwlrq ri wkh DGI whvw vwdwlvwlf lv iuhh ri qxlvdqfh

sdudphwhuv dqg ghshqgv rqo| lq wkh qxpehu ri uhjuhvvruv1 Wkh| surylgh fxw0r� wdlo ydoxhv iru wkh whvw lq

wkh wlph vhulhv fdvh1 Lw lv d phuh h{whqvlrq ri wkh orjlf wr wkhq vlpxodwh wkh prphqwv �Dgi dqg �5Dgi 1

Xvlqj UGQV surfhgxuh lq Jdxvv zlwk 83/333 uhsolfdwlrqv wkh prphqwv zhuh irxqg wr eh �Dgi @ �5=359 dqg
�Dgi @ =;533 lq wkh fdvh ri rqh uhjuhvvru= Dssursuldwh ydoxhv iru wkh phdq dqg vwdqgdug ghyldwlrq iru 4 wr

8 uhjuhvvruv lv surylghg lq wkh Dsshqgl{1 Wdlo ydoxhv duh dovr surylghg iru frpsdulvrq zlwk wkh Skloolsv dqg

Rxoldulv uhvxowv1

615 Dyhudjh Skloolsv ~| Vwdwlvwlf iru Ydu|lqj Vorshv

Dv Skloolsv dqg Rxoldulv +4<<3, vkrz/ fruuhfwlrqv iru dxwrfruuhodwlrq dqg frqwhpsrudqhrxv fruuhodwlrq fdq

hlwkhu eh shuiruphg wkurxjk gl�huhqflqj dqg wkh DGI0w vwdwlvwlf phwkrg ru wkurxjk qrq0sdudphwulf fru0

uhfwlrqv1 Lq dffrugdqfh zlwk wklv lghd/ dqrwkhu whvw fdq eh frqvlghuhg zklfk lv edvhg rq wkh dyhudjh/ dfurvv
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wkh furvv0vhfwlrqv/ ri wkh Skloolsv ]w vwdwlvwlfv1 Wklv vwdwlvwlf lv e| gh�qlwlrq/ iru wkh ydu|lqj lqwhufhswv dqg

ydu|lqj vorshv prgho1

Skloolsv dqg Rxoldulv +4<<3, surylgh h{dfw ghwdlov rq krz wr fdofxodwh wkh Skloolsv ]w whvw1 Wkh �uvw vwhs/

dv lq wkh DGI whvw/ lv wr fdofxodwh wkh hvwlpdwhg uhvlgxdov iurp wkh ruljlqdo uhjuhvvlrq htxdwlrq xvlqj ROV1

Wkhq xvlqj wkh hvwlpdwhg uhvlgxdov/ ahlw/ shuirup wkh iroorzlqj uhjuhvvlrq=

ahlw @ �lahlw�4 . ylw=

Qrwh wkdw wklv lv vlplodu wr wkh DGI whvw/ dowkrxjk khuh zlwkrxw wkh odjjhg whupv/ wkh ylw pd| kdyh vrph

h�hfwv iurp wkhq furvv0fruuhodwlrq dqg dxwrfruuhodwlrq1

Gh�qh=

v5ly @
4

W

W[
w@4

ey5lw
dqg

v5lW o @
4

W

W[
l@4lw

ey5lw . 5

W

o[
v@4

zvo

W[
w@v.4

eylweylw�v=
Wkhvh whupv duh xvhg wr fdofxodwh wkh �qdo vwdwlvwlf=

a]lw @
+a�� 4,
vlWo

+
S

W
w@5 ah

5

lw�4,
4

5

�
4
5+v

5
lW o � v5ly,

vlW o+
4
W 5

SW
w@5 ah

5
lw�4,

4

5

= +46,

Skloolsv dqg Rxoldulv +4<<3, vkrz wkdw wklv w0vwdwlvwlf frqyhujhv lq glvwulexwlrq wr wkh vdph ixqfwlrqdo ri

Eurzqldq prwlrq dv wkh DGI w0vwdwlvwlf1 Wkxv/ iru wkh sxusrvhv khuh/ lw lv frqyhqlhqw wr qrwh wkdw d whvw

edvhg rq wkh ]w whvw xvhv wkh vdph vlpxodwhg prphqwv dv wkh DGI whvw0vwdwlvwlf jlyhq deryh1

Wkh dyhudjh ri wkh furvv0vhfwlrq a]lw vwdwlvwlfv fdq eh gh�qhg dv �]w

�]w @
4

Q

Q[
l@4

a]lw

dqg lw fdq eh vkrzq wkdw=

s
Q+ �]w � �Dgi,, Q+3> �5Dgi,= +47,

Lq klv sdshu/ Shgurql +4<<:, dovr frqvlghuv d yhuvlrq ri wkh dyhudjh ri wkh a]lw vwdwlvwlf1 Klv whvw lv

frqvwuxfwhg dv iroorzv=
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Q[
l@4

SW
w@4+ahlw�4�ahlw � a�l,

+
SW

w@4
aO�544lhah

5
lw�4,

4

5

+48,

zkhuh

a�l @
4

5
+v5lW o � v5ly,

dqg

aO�544lh @ �53xl �
�53x%l
�53%l

lq wkh vfdodu fdvh edvhg rq wkh hvwlpdwhv iru al vlploduo| wr wkh rqh rxwolqhg lq wkh suhylrxv vhfwlrq1

Wkh wzr whvwv duh frqfhswxdoo| txlwh vlplodu6 zlwk wkh h{fhswlrq wkdw wkh irup iurp Skloolsv dqg Rxoldulv

rqo| xvhv wkh nhuqho hvwlpdwh ri aylw iru wkh qrq0sdudphwulf fruuhfwlrqv zkloh Shgurql +4<<:, dovr xvhv al=

Lqwxlwlyho|/ wkh irup e| Skloolsv dqg Rxoldulv +4<<3, lv fohdu/ d w0vwdwlvwlf rq a� lv dgmxvwhg zlwk d qrq0

sdudphwulf frpsrqhqw1 Wr eh frqvlvwhqw zlwk wkh ruljlqdo duwlfoh/ zh iroorz wkh irupdw iurp Skloolsv dqg

Rxoldulv +4<<3,1 Dowkrxjk lw vkrxog eh qrwhg wkdw Shgurql*v vlpxodwhg prphqwv iru wkh fdvh zlwk dq lqwhufhsw

duh 5136 iru wkh phdq dqg
s
3=99 iru wkh vwdqgdug ghyldwlrq0ydoxhv yhu| forvh wr rxu rzq1 Shgurql +4<<:,

dovr surylghv prphqwv iru d prgho zlwkrxw lqwhufhsw dqg rqh lqfoxglqj d wlph wuhqg1

616 Shgurql +4<<:,

Dv vkrzq lq wkh suhylrxv vhfwlrq/ Shgurql +4<<:, dovr sursrvhv vhyhudo whvwv iru wkh qxoo k|srwkhvlv ri

frlqwhjudwlrq lq sdqho gdwd1 Klv whvwv iru khwhurjhqhrxv vorshv dqg lqwhufhswv idoo lqwr wzr fdwhjrulhv1 Wkh

�uvw vhw/ dv glvfxvvhg deryh/ lqyroyhv dyhudjlqj whvw vwdwlvwlfv iru frlqwhjudwlrq lq wkh wlph vhulhv dfurvv furvv0

vhfwlrqv1 Wkh vhfrqg vhw jurxsv wkh vwdwlvwlfv vxfk wkdw lqvwhdg ri dyhudjlqj dfurvv vwdwlvwlfv/ wkh dyhudjlqj lv

grqh lq slhfhv vr wkdw wkh olplwlqj glvwulexwlrqv duh edvhg rq olplwv ri slhfhzlvh qxphudwru dqg ghqrplqdwru

whupv1

Wkh �uvw vhw ri vwdwlvwlfv dv glvfxvvhg lqfoxghv d irup ri wkh dyhudjh ri wkh Skloolsv dqg Rxoldulv +4<<3,

]w vwdwlvwlf1 Shgurql dovr sursrvhv dyhudjlqj wkh ]a��4 vwdwlvwlf1 Klv irup iru wklv vwdwlvwlf lv

�]a��4 @
Q[
l@4

SW
w@4+ahlw�4�ahlw � a�l,

+
SW

w@4 ah
5
lw�4,

+49,

6 Lq idfw ~| fdq eh zulwwhq dv
S

	elw�4�lw3Ab
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�
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5 rlwO

� Xqghu wkh qxoo k|srwkhvlv/ ��| lv htxlydohqw wr {	e�|�
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Wklv irup gluhfwo| fruuhvsrqgv wr wkh vwdwlvwlf sursrvhg e| Skloolsv dqg Rxoldulv1 7

Shgurql vkrzv wkdw

s
Q+W �]a��4 . <=38,, Q+3> 68=<;,

Iru klv vhfrqg vhw ri vwdwlvwlfv8/ Shgurql gh�qhv wkh iroorzlqj dv sdqho yduldqfh udwlr vwdwlvwlfv=

]ayQW
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dqg
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a�l @
4
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+a�5l � av5l ,>

dqg

av5l @
4

W

W[
w@4

e�5lw=
Xvlqj frqvlvwhqw hvwlpdwhv ri l/ wkh orqj0uxq yduldqfh0fryduldqfh pdwul{ jlyhq lq wkh suhylrxv vhfwlrq/

gh�qh aOl wr eh wkh orzhu wuldqjxodu Fkrohvn| frpsrvlwlrq ri al vxfk wkdw lq wkh vfdodu fdvh aO55l @ a�%l dqg

aO44l @ a�5xl � a�5x%l
a�5%l

/ wkh orqj0uxq frqglwlrqdo yduldqfh1

Ohw � dqg # vljqli| wkh phdq dqg yduldqfh iru � @ +
U
T5>

U
TgT> ��

5
,/ d yhfwru ri ixqfwlrqdov ri Eurzqldq

prwlrq1

Gh�qh

�� @

U
YZU
Z 5

>

T @ Y � ��Z>

dqg #+l,> l @ 4> 5> 6 uhihuv wr l { l xsshu vxe0pdwul{ ri #=

7Wkh irupdw iru wklv vwdwlvwlf iurp Skloolsv dqg Rxoldulv lv jlyhq dv 	~k ' A E	k 3 ��3 E�
2
�Er2

A,
3 r2

&
�E

PW
5
	�5w�4
A5

�3�c wkh sdqho

yhuvlrq fdq eh zulwwhq dv
I
�E 7~�nb�fD�I

�D�bH
8Djdlq zlwk wkhvh vwdwlvwlfv/ Shgurql +4<<:, xvhv fruuhfwlrqv zklfk gr qrw iroorz gluhfwo| iurp Skloolsv dqg Rxoldulv +4<<3,1

Lq wkh vlpxodwlrqv/ wkhuhiruh zh dgdsw Shgurql*v ~|
a�QW

e| holplqdwlqj wkh 	u32��� whupv1 Zlwk wkhvh fruuhfwlrqv wkh shuirupdqfh

ri wkh whvw lpsuryhv gudpwlfdoo|1
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Shgurql vxjjhvwhg wkh iroorzlqj uhvxowv=
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dv W $4= Khqfh Shgurql vkrzv wkdw=
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dqg
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dqg
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Shgurql wkxv edvhv klv whvw rq wkh dyhudjh rq wkh qxphudwru dqg ghqrplqdwru uhvshfwlyho|/ udwkhu wkdq

wkh dyhudjh iru wkh vwdwlvwlf dv d zkroh dqg wklv doorzv klp wr ghfrpsrvh wkh olplwlqj udwlr lqwr wkh vhsdudwh

�v1

Ehfdxvh wkh prgho lv edvhg rq ydu|lqj vorshv dqg lqwhufhswv/ hdfk furvv0vhfwlrq lv hvwlpdwhg lqglylgxdoo|1

Lw lv fohdu wkdw wkh dv|pswrwlf glvwulexwlrqv/ wkhq/ duh edvhg rq wkh phdqv ri ixqfwlrqdov ri Eurzqldq prwlrq

dffrxqwlqj iru wkh lqghshqghqfh dfurvv wkh furvv0vhfwlrqdo revhuydwlrqv1 Wkh olplwlqj glvwulexwlrqv duh iuhh ri

qxlvdqfh sdudphwhuv dv wkh prphqwv ri wkh ixqfwlrqdov ri Eurzqldq prwlrq duh lqghshqghqw ri wkh gdwd dqg

fdq eh irxqg e| Prqwh Fduor vlpxodwlrq1 Wkxv/ zlwk wkh Prqwh Fduor uhvxowv wkh dv|pswrwlf glvwulexwlrqv

fdq eh zulwwhq dv=

WQ
6

5]ayQW
� ;=95

s
Q , Q+3> 93=:8,>
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W
s
Q+]a�QW

� 4, . 9=35, Q+3> 64=5:,>

dqg

]w
a�QW

. 4=:6
s
Q , Q+3> 3=<6,=

Qrwh wkdw wkhvh glvwulexwlrqv dsso| wr wkh prgho lqfoxglqj dq lqwhufhsw dqg qrw lqfoxglqj d wlph wuhqg1

Dv|pswrwlf uhvxowv iru rwkhu prgho vshfl�fdwlrqv fdq eh irxqg lq Shgurql +4<<:,1 Wkh lqwxlwlrq rq wkhvh whvwv

zlwk ydu|lqj vorshv lv qrw vwudljkwiruzdug1 Wkh frqyhujhqfh lq glvwulexwlrq lv edvhg rq lqglylgxdo frqyhujhqfh

ri wkh qxphudwru dqg ghqrplqdwru whupv1 Zkdw lv wkh lqwxlwlrq ri uhmhfwlrq ri wkh qxoo k|srwkhvlvB Xvlqj

wkh dyhudjh ri wkh ryhudoo whvw vwdwlvwlf doorzv pruh hdvh lq lqwhusuhwdwlrq= uhmhfwlrq ri wkh qxoo k|srwkhvlv

phdqv wkdw hqrxjk ri wkh lqglylgxdo furvv0vhfwlrqv kdyh vwdwlvwlfv �idu dzd|� iurp wkh phdqv suhglfwhg e|

wkhru| zhuh wkh| wr eh jhqhudwhg xqghu wkh qxoo1

617 Frpphqwv

Wkh duwlfohv e| Ndr dqg Shgurql suhvhqw lpsruwdqw phwkrgv iru whvwlqj frlqwhjudwlrq lq sdqho gdwd xqghu

wkh qxoo ri qr frlqwhjudwlrq1 Wkh| pluuru wkh ghyhorsphqw lq wkh wlph vhulhv olwhudwxuh lq wkdw wkh| suhvhqw

d sdudphwulf dssurdfk/ vxfk dv wkh DGI dssurdfk/ dqg d qrq0sdudphwulf dssurdfk/ vxfk dv wkh Skloolsv dqg

Rxoldulv whvw vwdwlvwlfv/ zklfk fruuhfw wkh gdwd qrq0sdudphwulfdoo| dv wkh whvw vwdwlvwlfv duh fdofxodwhg wkxv

duulylqj dw glvwulexwlrqv iuhh ri qxlvdqfh sdudphwhuv1 Wkh whvwv dv wkh| dsshdu lq wkh ruljlqdo duwlfohv fdq

eh lpsuryhg xsrq1 Prvw ri wkh whvwv sursrvhg qhfhvvdulo| ghshqg rq frqvlvwhqw hvwlpdwhv ri wkh orqj0uxq

yduldqfh fryduldqfh pdwul{ ri wkh uhvlgxdov ri wkh udqgrp zdon surfhvvhv1 Wkh txhvwlrq ehfrphv zkhq lv wkh

ehvw wlph wr fruuhfw iru wkh srvvleoh suhvhqfh ri dxwrfruuhodwlrq dqg zhdn h{rjhqhlw| ri wkh huuru whupv1

Wkh hvwlpdwlrq ri l lv d frpsolfdwhg d�dlu dqg wkh hvwlpdwlrq surfhgxuh uholhv rq qrq0sdudphwulf nhuqho

phwkrgv1

l fdq eh hvwlpdwhg e|
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a�le�3l . 4

W

o[
�@4

'�o

W[
w@�.4

�e�le�3lw�� . e�lw��e�3lw�
,
> +4;,

zkhuh '�o lv d zhljkw ixqfwlrq ru d nhuqho= Xvxdo nhuqhov duh wuxqfdwhg e| wkh edqgzlgwk sdudphwhu o vr

wkdw '�o @ 3 iru � A o=
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7 Whvwlqj iru Frlqwhjudwlrq lq Sdqhov zlwk wkh Qxoo K|srwkhvlv ri

Frlqwhjudwlrq

714 PfFrvnh| dqg Ndr +4<<;,

Lq wklv vhfwlrq/ d sdqho whvw ri wkh qxoo k|srwkhvlv ri frlqwhjudwlrq lv suhvhqwhg1 Whvwv ri wklv qxoo k|srwkhvlv

zhuh �uvw lqwurgxfhg lq wkh wlphv vhulhv olwhudwxuh dv d uhvsrqvh wr vrph fulwltxhv ri wkh qxoo k|srwkhvlv ri qr

frlqwhjudwlrq1 Iru h{dpsoh/ whvwlqj wkh qxoo ri frlqwhjudwlrq udwkhu wkdq wkh qxoo ri qr frlqwhjudwlrq frxog

eh yhu| dsshdolqj lq dssolfdwlrqv zkhuh frlqwhjudwlrq lv suhglfwhg d sulrul e| hfrqrplf wkhru|1 Dovr/ idloxuh

wr uhmhfw wkh qxoo ri qr frlqwhjudwlrq frxog eh fdxvhg/ lq pdq| fdvhv/ e| wkh orz srzhu ri wkh whvw dqg qrw

e| wkh wuxh xqghuo|lqj qdwxuh ri wkh gdwd1

Wkh uhvlgxdo0edvhg whvw iru qxoo ri frlqwhjudwlrq lq sdqho gdwd sursrvhg e| PfFrvnh| dqg Ndr +4<<;,

lv dq h{whqvlrq ri wkh Odjudqjh pxowlsolhu +OP, whvw dqg orfdoo| ehvw lqyduldqw +OEL, whvw iru dq PD xqlw

urrw lq wkh wlph vhulhv olwhudwxuh1 Wklv whvw lv dovr glvfxvvhg lq PfFrvnh| dqg Ndr +4<<;,1 Frlqwhjudwlrq

whvwv ri wkh qxoo ri frlqwhjudwlrq lq wkh wlph vhulhv fdvh kdyh ehhq sursrvhg e| Kduulv dqg Lqghu +4<<7, dqg

Vklq +4<<7,1 Xqghu wkh qxoo/ wkh dv|pswrwlfv qr orqjhu ghshqg rq wkh dv|pswrwlf surshuwlhv ri hvwlpdwlqj

vsxulrxv uhjuhvvlrq/ udwkhu wkh dv|pswrwlfv ri wkh hvwlpdwlrq ri d frlqwhjudwhg uhodwlrqvkls duh qhhghg1 Iru

prghov zklfk doorz wkh frlqwhjudwlqj yhfwru wr fkdqjh dfurvv wkh furvv0vhfwlrqdo revhuydwlrqv/ wkh dv|pswrwlfv

ghshqg phuho| rq wkh wlph vhulhv uhvxowv dv hdfk furvv0vhfwlrq lv hvwlpdwhg lqghshqghqwo|1 Iru prghov zlwk

frpprq vorshv/ wkh hvwlpdwlrq lv grqh mrlqwo| dqg wkhuhiruh wkh dv|pswrwlf wkhru| lv edvhg rq wkh mrlqw

hvwlpdwlrq ri d frlqwhjudwhg uhodwlrqvkls lq sdqho gdwd1

Iru wkh uhvlgxdo edvhg whvw ri wkh qxoo ri frlqwhjudwlrq/ lw lv qhfhvvdu| wr xvh dq h!flhqw hvwlpdwlrq

whfkqltxh ri frlqwhjudwhg yduldeohv1 Lq wkh wlph vhulhv olwhudwxuh d ydulhw| ri phwkrgv kdyh ehhq vkrzq wr

eh h!flhqw dv|pswrwlfdoo|1 Wkhvh lqfoxgh wkh ixoo| prgl�hg +IP, hvwlpdwru ri Skloolsv dqg Kdqvhq +4<<3,

dqg wkh g|qdplf ohdvw vtxduhv +GROV, hvwlpdwru dv sursrvhg e| Vdlnnrqhq +4<<4, dqg Vwrfn dqg Zdwvrq

+4<<6,1 Iru sdqho gdwd/ Ndr dqg Fkldqj +4<<:, vkrz wkdw erwk wkh IP dqg GROV phwkrgv fdq surgxfh

hvwlpdwruv zklfk duh dv|pswrwlfdoo| qrupdoo| glvwulexwhg zlwk }hur phdqv1

Wkh prgho suhvhqwhg doorzv iru ydu|lqj vorshv dqg lqwhufhswv=

|lw @ �l . {
3

lw�l . hlw> l @ 4> ===> Q> w @ 4> ===> W> +4<,

{lw @ {lw�4 . %lw +53,

hlw @ �lw . xlw> +54,
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dqg

�lw @ �lw�4 . �xlw= +55,

Wkh qxoo ri k|srwkhvlv ri frlqwhjudwlrq lv htxlydohqw wr � @ 31

Wkh whvw vwdwlvwlf sursrvhg e| PfFrvnh| dqg Ndr lv wkh iroorzlqj=
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4

QW
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W
w@4ah
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lw =

+ a'5
4=5 lv gh�qhg dv d frqvlvwhqw hvwlpdwru ri �5y> wkh orqj0uxq frqglwlrqdo yduldqfh xqghu wkh K3 dqg lv xvhg

lq sodfh ri v.
5

li wkh uhvlgxdov duh hvwlpdwhg xvlqj wkh IP hvwlpdwru1, Wkh IP hvwlpdwru qrq0sdudphwulfdoo|

fruuhfwv iru wkh srvvleoh vhuldo fruuhodwlrq dqg zhdno| h{rjhqrxv uhjuhvvruv lq d frlqwhjudwhg uhjuhvvlrq1 Wkh

GROV hvwlpdwru xvhv odjjhg dqg ixwxuh gl�huhqfhv ri {lw wr fruuhfw iru wkhvh h�hfwv1

Wkh dv|pswrwlf uhvxow iru wkh whvw lv=

s
Q+OP � �y,, Q+3> �5y,> +57,

zkhuh �y @ =4495 dqg �5y @ =343< dqg duh gh�qhg lq PfFrvnh| dqg Ndr +4<<;,1 Wkh frqvwdqwv �y dqg �5y

duh prphqwv ri d frpsoh{ ixqfwlrqdo ri Eurzqldq prwlrq/ zklfk ghshqg rqo| rq wkh qxpehu ri uhjuhvvruv

dqg fdq eh irxqg wkurxjk Prqwh Fduor vlpxodwlrq1

Wkh olplwlqj glvwulexwlrq ri OP lv wkhq iuhh ri qxlvdqfh sdudphwhuv dqg urexvw wr khwhurvnhgdvwlflw|1 Iru

wkh Prqwh Fduor uhvxowv/ wkh ixoo| prgl�hg hvwlpdwlrq phwkrg lv xvhg1

715 Frpphqwv

Wkh dv|pswrwlfv ri wkh sdqho whvwv wdnh dgydqwdjh ri wkh vhtxhqwldo olplw wkhru| zklfk doorzv iru lqglfhv

dfurvv wkh wzr glphqvlrqv ri W dqg Q1 Iru wkh sdqho OP whvw dq dgglwlrqdo glphqvlrq lv dgghg wr fuhdwh

wkh sduwldo vxpv ri wkh uhvlgxdov1 Wkh idfw wkdw wkh prgho khuh doorzv iru ydu|lqj lqwhufhswv phdqv wkdw

hdfk furvv0vhfwlrq lv dfwxdoo| hvwlpdwhg lqglylgxdoo|/ wkxv wkh dgglwlrqdo glphqvlrq lv pdqdjhdeoh lq wkh

dv|pswrwlfv1

4;



8 Wkh Prqwh Fduor Ghvljq

Wkh xowlpdwh jrdo ri wklv Prqwh Fduor vwxg| lv wr frpsduh wkh vl}h dqg srzhu ri gl�huhqw uhvlgxdo edvhg

whvwv iru frlqwhjudwlrq iru wzr prghov= ydu|lqj vorshv dqg ydu|lqj lqwhufhswv dqg frpprq vorshv dqg ydu|lqj

lqwhufhswv1 Iru wkh frpprq vorshv prgho/ wkh wzr whvwv wr eh frqvlghuhg duh erwk ghulyhg xqghu wkh qxoo ri

qr frlqwhjudwlrq/ vr wkh frpsdulvrq lv txlwh vwudljkwiruzdug1 Wkh DGIw iurp Ndr dqg wkh fruuhfwhg DGIw

duh frpsduhg1 Krzhyhu/ iru wkh ydu|lqj vorshv prgho d wrwdo ri �yh whvwv duh frqvlghuhg= DGI �> SR�w > SR
�
�>

DSJ� dqg OP�1 Wkh �uvw irxu vwdwlvwlfv duh frqvwuxfwhg xqghu wkh qxoo ri qr frlqwhjudwlrq dqg wkh odvw

xqghu wkh qxoo ri frlqwhjudwlrq1 Zh �uvw frpsduh wkh irxu whvwv ri wkh qxoo ri qr frlqwhjudwlrq iru vl}h dqg

srzhu dqg wkhq vhohfw wzr ri wkhvh whvwv wr frpsduh zlwk OP�1 Wr frpsduh wkhvh wkuhh whvwv/ wkh vwxg|

iroorzv Kduulv dqg Lqghu +4<<7, zkr vxjjhvw whvwlqj wkh delolw| ri wkh whvwv wr surshuo| lghqwli| wkh xqghuo|lqj

qdwxuh ri wkh gdwd xvlqj wzr gl�huhqw Gdwd Jhqhudwlqj Surfhvvhv1 Wkxv/ hdfk qxoo k|srwkhvlv lv uhsuhvhqwhg

lq wkh �qdo h{shulphqw1 Wklv hqwdlov d wzr0vwhs surfhgxuh rxwolqhg ehorz1 Wkh vlpxodwlrqv zhuh shuiruphg

lq JDXVV xvlqj wkh sdfndjh FRLQW 5131

814 H{shulphqwdo Ghvljq

81414 Ydu|lqj Vorshv dqg Ydu|lqj Lqwhufhswv

|lw @ �l . {
3

lw�l . hlw> l @ 4> ===> Q> w @ 4> ===> W= +58,

Dv glvfxvvhg lq Vhfwlrq 914/ diwhu wkh suholplqdu| frpsdulvrqv ri vl}h dqg srzhu ri doo irxu whvwv ri wkh

qxoo k|srwkhvlv ri frlqwhjudwlrq/ wkuhh whvwv/ DGI �> DSJ�> dqg OP�> duh vhohfwhg iru frpsdulvrq dfurvv

erwk wkh qxoo ri frlqwhjudwlrq dqg qxoo ri qr frlqwhjudwlrq1 Wr frpsduh wkh whvwv zlwk ydu|lqj lqwhufhswv/

wkh vwxg| frqvlghuv wkh wzr gl�huhqw gdwd jhqhudwlqj surfhvvhv +GJS,=

GJS0D/ qxoo ri qr frlqwhjudwlrq=

|lw @ �l . �l{lw . hlw>

dqg

hlw @ �hlw�4 . ylw=

Xqghu wkh qxoo k|srwkhvlv ri qr frlqwhjudwlrq/ � @ 41 Wkh vwxg| lqfoxghv wkh iroorzlqj srvvleoh ydoxhv

iru � =

� 5 i4> 3=<8> 3=;8> 3=:8j=

4<



GJS0E/ qxoo ri frlqwhjudwlrq=

|lw @ �l . �l{lw . hlw>

dqg

hlw @ �
w[

n@4

yln . ylw=

Xqghu wkh qxoo k|srwkhvlv ri frlqwhjudwlrq � @ 3/ l1h1/ xqghu wkh qxoo wkh huuru whup grhv qrw uhphpehu

sdvw huuruv dqg froodsvhv wr d vwdqgdug qrupdo udqgrp yduldeoh1 Wkh vwxg| lqfoxghv wkh iroorzlqj ydoxhv iru

� =

� 5 i3> 3=38> 3=48> 3=58j

Qrwhv iru erwk GJS0D dqg GJS0E zh dvvxph wkdw ylw lv glvwulexwhg Q+3> 4, dqg

{lw @ {lw�4 . %lw>

zkhuh %lw lv glvwulexwhg Q+3> �5l ,=

Lq wkh vwxg|/ rwkhu sdudphwhuv duh dovr frqvlghuhg wr whvw wkh  h{lelolw| dfurvv GJSv1 Lq sduwlfxodu dqg

lq dffrugdqfh zlwk Skloolsv dqg Oruhwdq +4<<4,/ wkh vwxg| orrnv dw sdudphwhuv doorzlqj iru d prylqj dyhudjh

frpsrqhqw lq wkh huuru whup dqg zhdn h{rjhqhlw|1 Rqo| wkh vshfldo fdvhv zkhuh � @ 3=:8 ru � @ =58 dqg

Q @ W @ 83 duh frqvlghuhg1

Gh�qh �/ wkh prylqj dyhudjh frpsrqhqw +dxwrfruuhodwlrq, lq ylw/ � 5 i�3=;> 3> 3=;j

ylw @ y�lw . �y�lw�4

dqg �/ furvv0fruuhodwlrq lq y�lw dqg %lw> � 5~0318/ 3/ 318�/ zlwk3C y�lw

%lw

4D � Q

3C57 3

3

68 >
57 4 ��l

��l �5l

684D =

Xqohvv rwkhuzlvh vshfl�hg/ wkh vwxg| frqvlghuv wkh iroorzlqj glphqvlrqv iruQ dqg W = Q 5 i4> 48> 58> 83> 433j
dqg W 5 i48> 58> 83> 433j dqg wkh qxpehu ri uhsolfdwlrqv iru hdfk glphqvlrq lv 43> 3331 Wkh fkrlfh ri Q dqg W

iru wklv h{shulphqw xqghuolqhv dq lpsruwdqw srlqw= wklv whvw lv qrw uhdoo| dssursuldwh zlwk vhyhuho| xqedodqfhg

gdwd vhwv/ iru h{dpsoh h{wuhpho| odujh Q dqg vpdoo W 1

�l/ �l dqg �l duh jhqhudwhg xvlqj wkh ghidxow xqlirup udqgrp qxpehu jhqhudwru lq JDXVV/ l1h1/ �l �
X ^3> 43`> �l � X ^3> 5`> dqg �l � X ^3=8> 4=8`=
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81415 Wzr Vwdjhv ri wkh H{shulphqw

Ehfdxvh wkh whvwv duh qrw doo ghulyhg xqghu wkh vdph qxoo k|srwkhvlv/ lw lv gl!fxow wr frpsduh wkhlu shuiru0

pdqfh gluhfwo|1 D wzr vwdjh surfhgxuh lv xvhg khuh wr pdnh vxuh wkh uhvxowv duh frpsdudeoh1 Wkh �uvw vwdjh

lv wr frpsxwh 8( dqg <8( fulwlfdo ydoxhv xqghu wkh qxoo ri hdfk GJS/ D dqg E1 Wkhvh fulwlfdo ydoxhv duh

xvhg wr vhw wkh suredelolw| ri uhmhfwlqj wkh qxoo ri wkh sduwlfxodu GJS wr 3=38 iru doo wkuhh whvwv1 Iru wkh whvwv

ri wkh qxoo k|srwkhvlv ri qr frlqwhjudwlrq/ zlwk GJS0D/ wklv 8( lv vlpso| wkh ydoxh zklfk ohdgv wr vl}h htxdo

wr 3=38= Iru wkh wklug whvw ri wkh qxoo ri frlqwhjudwlrq/ wklv 8( fulwlfdo ydoxh zlwk GJS0D grhv qrw/ vwulfwo|

vshdnlqj/ uhodwh wr wkh vl}h ri wkh whvw exw udwkhu lv vlpso| d suredelolw| ri uhmhfwlrq1 Zlwk GJS0E wkh orjlf

lv mxvw wkh uhyhuvh1 Wkh 8( fulwlfdo ydoxh ri wkh whvw ri wkh qxoo k|srwkhvlv lv wkh ydoxh zklfk ohdgv wr d vl}h

ri 3=38 zkhuhdv iru wkh rwkhu wzr whvwv lw grhv qrw kdyh wklv h{dfw lqwhusuhwdwlrq1 Wkh vl}h lv gluhfwo| uhodwhg

wr wkh qxoo k|srwkhvlv ri wkh whvw qrw wkh GJS ri wkh h{shulphqw1 Wr vxppdul}h=

GJS0D +jhqhudwhg xqghu wkh qxoo ri qr frlqwhjudwlrq,/ fkrrvh fulwlfdo ydoxhv vxfk wkdw

Whvw 4 Whvw 5 Whvw 6

Su +uhmhfw qxoo, @ Su +uhmhfw qxoo, @ Su +uhmhfw qxoo, @ 3=38

Vl}h Vl}h

=

GJS0E +jhqhudwhg xqghu wkh qxoo ri frlqwhjudwlrq,/ fkrrvh fulwlfdo ydoxhv vxfk wkdw

Whvw 4 Whvw 5 Whvw 6

Su +uhmhfw qxoo, @ Su +uhmhfw qxoo, @ Su +uhmhfw qxoo, @ 3=38

Vl}h

=

Wkh fulwlfdo ydoxhv duh jlyhq Wdeohv 4 dqg 51 Wkh hpslulfdo uhmhfwlrq udwhv/ xvlqj d rqh0vlghg Q+3> 4,

glvwulexwlrq duh jlyhq lq Wdeoh 61 Wkhvh fulwlfdo ydoxhv duh frqvwuxfwhg wr lqvxuh wkh wdlov ri doo wkuhh whvwv

kdyh htxlydohqw ghqvlw|1

Wkh vhfrqg vwdjh lv wr fdofxodwh uhmhfwlrq udwhv iru wkh dowhuqdwlyh ydoxhv ri wkh sdudphwhuv iru GJSv D

dqg E1 Lq rwkhu zrugv/ wkh vhfrqg vwhs lv xvhg wr fdofxodwh wkh delolw| ri wkh whvwv wr surshuo| uhmhfw wkh qxoo

k|srwkhvlv ri wkh GJS edvhg rq fulwlfdo ydoxhv irxqg lq wkh �uvw vwdjh= Wkh lqwxlwlrq ehklqg wkhvh wzr vwhsv

lv dqdorjrxv wr �qglqj wkh srzhu ri d whvw diwhu dgmxvwlqj wkh fulwlfdo ydoxhv iru wkh vl}h ri wkh whvw1 Djdlq/

wkh vwulfw frqfhswv ri vl}h dqg srzhu pxvw eh xvhg zlwk fdxwlrq lq wklv h{shulphqw dv wkh qxoo k|srwkhvlv

xvhg lq wkh GJS lv qrw qhfhvvdulo| wkh qxoo k|srwkhvlv xvhg wr frqvwuxfw wkh whvw1

Ohw fnm +Q>W , eh wkh fulwlfdo ydoxh fdofxodwhg lq Vwdjh 4 iru whvw m @ 4> 5> 6 dqg GJS 0n> n @ D ru E iru d

jlyhq Q dqg W 1

GJS0D jlyhq d vshfl�f � ? 4 +gdwd jhqhudwhg xqghu wkh dowhuqdwlyh ri frlqwhjudwlrq,=
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Whvw 4 Whvw 5 Whvw 6

Su +whvw4 ? fD4 +Q>W ,, Su +whvw5 ? fD5 +Q>W ,, Su +whvw6 ? fD6 +Q>W ,,

Srzhu +Vl}h@3138, Srzhu +Vl}h@3138,

=

Lq doo fdvhv wklv lv wkh suredelolw| ri fruuhfwo| uhmhfwlqj wkh qxoo k|srwkhvlv ri qr frlqwhjudwlrq1

GJS0E jlyhq d vshfl�f � A 3 +gdwd jhqhudwhg xqghu wkh dowhuqdwlyh ri qr frlqwhjudwlrq,=

Whvw 4 Whvw 5 Whvw 6

Su +whvw4 A fE4 +Q>W ,, Su +whvw5 A fE5 +Q>W ,, Su +whvw6 A fE6 +Q>W ,,

Srzhu +Vl}h@3138,

=

Wkhvh suredelolwlhv uhsuhvhqw wkh suredelolw| ri wkh whvw fruuhfwo| uhmhfwlqj wkh qxoo k|srwkhvlv ri frlqwh0

judwlrq1 Wkhvh frpsdulvrqv ri wkh whvwv* delolw| wr surshuo| uhmhfw wkh qxoo k|srwkhvlv ri GJSv D dqg E duh

jlyhq lq Wdeohv 7 dqg 81

81416 Frpprq Vorshv dqg Ydu|lqj Lqwhufhswv

Lq wklv fdvh/ erwk whvwv duh ghulyhg xqghu wkh qxoo ri qr frlqwhjudwlrq vr wkh iroorzlqj vshfl�fdwlrq lv xvhg=

|lw @ �l . �{lw . hlw

hlw @ �hlw�4 . ylw

Xqghu wkh qxoo k|srwkhvlv ri qr frlqwhjudwlrq/ � @ 41 Wkh vwxg| lqfoxghv wkh iroorzlqj srvvleoh ydoxhv

iru � =

� 5 i4> 3=<8> 3=;8> 3=:8j=

�l dqg �l duh jhqhudwhg xvlqj wkh ghidxow xqlirup udqgrp qxpehu jhqhudwru lq JDXVV=

�l � X ^3> 43`

dqg

�l � X ^3=8> 4=8`

Xqolnh lq wkh suhylrxv vhfwlrq/ � lv dvvxphg frqvwdqw dfurvv wkh furvv0vhfwlrqv dqg lv vhw htxdo wr 5= Wkh

rwkhu dvvxpswlrqv duh wkh vdph dv lq wkh suhylrxv prgho1
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815 Whvw Vwdwlvwlfv

Uhvxowv iurp wkh iroorzlqj irupv ri wkh whvwv duh uhsruwhg1 Gh�qh wkh iroorzlqj vwdqgdugl}hg vwdwlvwlfv iru

ydu|lqj vorshv dqg ydu|lqj lqwhufhswv=

DGI � @

s
Q+�wDGI . 5=359,

=;5
>

SR�w @

s
Q+ �]w . 5=359,

=;5
>

SR�� @

s
Q+ �]� . <=38,s

68=<;
>

DSJ� @ +
	Q
l@4	

W
w@5+ahlw�4�ahlw � a�l,t

��5QW +	
Q
l@4	

W
w@5ah

5
lw�4,

. 4=:6
s
Q,@

s
=<6>

dqg

OP� @

s
Q+OP � =4495,s

=343<
>

zkhuh

��QW @
4

Q

Q[
l@4

+a�l,
5=

Gh�qh Ndr*v vwdqgdugl}hg DGI/ DGIN> dqg d eldvhg fruuhfwhg DGI/ DGIVP > iru frpprq vorshv dqg

ydu|lqj lqwhufhswv dv=

DGIN @
wDGI .

s
9Qa�y
5a�ryt

a�5ry
5a�5y

.
6a�5y
43a�5ry

dqg

DGIVP @

u
8

7
+
a�y
a�ry

+wDGI �
s
Q�

vy
s
�;W

, .

s
4=8Q a�y
vy

,=

816 Lqwhusuhwlqj wkh uhvxowv

Xowlpdwho| wkh jrdo ri vlpxodwlrqv zlwk ydu|lqj vorshv lv wr vhh krz zhoo wkhvh wkuhh whvwv fdq glvwlqjxlvk

ehwzhhq wkh wuxh fkdudfwhu ri wkh GJS dqg lwv dowhuqdwlyh1 Iru hdfk ri wkhvh whvwv xqghu wkh wzr gl�huhqw

GJSv/ wkh iroorzlqj suredelolw| lv ghvluhg=

Su
GJS�KD

+Uhmhfwlqj wkh GJS mK3,/
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l1h1/ wkh suredelolw| ri uhmhfwlqj wkh qxoo ri wkh GJS zkhq wkh dowhuqdwlyh lv wuxh1

Fdoo wklv suredelolw| uhmnm / wkh uhmhfwlrq udwh ri whvw m xqghu GJS n =

uhmDm @ uhmDm +Q>W> �,

dqg

uhmEm @ uhmEm +Q>W> �,=

Hdfk ri wkhvh lqglylgxdo h{shulphqwv fdq eh frqvlghuhg dv wkh vxp ri Ehuqrxool udqgrp yduldeohv zkhuh

[l @

;?= 4 li uhmhfw

3 rwkhuzlvh

dqg wkh sgi lv jlyhq=

s[+[, @

;AAA?AAA=
s{+4� s,4�{ { @ 3> 4> ===

3 rwkhuzlvh

zlwk H+[, @ s dqg Y du+[, @ s+4� s,1

Lq wklv h{shulphqw/ hdfk sDm dqg sEm lv hvwlpdwhg e| �qglqj wkh phdq ri wkhvh Ehuqrxool udqgrp yduldeohv=

uhmDm @
	43>333
l@4 [D

ml

43> 333

Jlyhq wkdw hdfk h{shulphqw lv llg zh rewdlq=

H+uhmDm , @
4

43>333 � 43> 333 �H+[D
ml, @ sDm

dqg

Y du+uhmDm , @
4

+43>333,5 � 43> 333 � Y du+[D
ml, @

sDm +4�sDm ,
43>333

=

Wkxv wkh vwdqgdug huuru iru hdfk uhmhfwlrq udwh lv htxdo wrt
sDm +4� sDm ,s
43> 333

=

Wkh vwdqgdug huuru uhdfkhv d pd{lpxp dw wkh uhmhfwlrq udwh ri 3=8 zlwk d vwdqgdug ghyldwlrq ri 3=3381

Iru d uhmhfwlrq udwh ri 3=<</ wkh vwdqgdug ghyldwlrq zrxog eh 3=333<<81
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Krz derxw frpsdulqj uhmD4 dqg uhmD5 B Frpsdulqj wkh uhmhfwlrq udwhv dfurvv wzr whvwv iru wkh vdph

GJS +l1h1/ wr dqvzhu wkh txhvwlrq= zklfk lv ehwwhu dw fruuhfwo| uhmhfwlqjB, lv htxlydohqw wr hydoxdwlqj wkh

vljql�fdqfh ri wkh gl�huhqfh ri wzr udqgrp yduldeohv=

Y du+uhmD4 � uhmD5 , @ Y du+uhmD4 , . Y du+uhmD5 ,� 5Fry+uhmD4 > uhm
D
5 ,

zkhuh wkh fryduldqfh lv jlyhq e|

43>333[
l@4

+[D
4l � uhmD4 ,+\

D
5l � uhmD5 ,

43> 333
=

Wkh lqwxlwlrq khuh lv wkdw wkh fryduldqfh lv phdvxulqj zkhwkhu wkh whvwv zloo uhmhfw iru wkh vdph gdwd ru

qrw1 Wkh vwdqgdug huuru ri frpsdulvrq lv jlyhq e|=t
Y du+uhmD4 , . Y du+uhmD5 ,� 5Fry+uhmD4 > uhm

D
5 ,=

Wklv uhdfkhv d pd{lpxp zkhq wkh whvwv duh dvvxphg lqghshqghqw dqg hdfk kdyh d uhmhfwlrq udwh ri 3181

Lq wkdw fdvh wkh vwdqgdug ghyldwlrq iru frpsdulvrq zrxog eh =33:3:41 Lq wkh uhvxowv/ d whvw lv frqvlghuhg

�vljql�fdqwo| ehwwhu� li wkh gl�huhqfh ehwzhhq wkh wzr uhmhfwlrq udwhv lv dw ohdvw dv odujh dv wzr wlphv wkh

vwdqgdug ghyldwlrq ri frpsdulvrq1

Wkh deryh glvfxvvlrq dovr dssolhv wr wkh vlpxodwlrqv zlwk frpprq vorshv dowkrxjk wkh shuirupdqfh zlwk

rqo| rqh GJS lv frpsduhg1

9 Uhvxowv

914 Ydu|lqj Vorshv dqg Ydu|lqj Lqwhufhswv

Lq Wdeoh 4 zh vkrz d suholplqdu| frpsdulvrq ri wkh irxu whvwv ri wkh qxoo k|srwkhvlv ri qr frlqwhjudwlrq lq

whupv ri hpslulfdo vl}h1 Ri wkh irxu whvwv/ DGI � vhhplqjo| shuirupv wkh ehvw1 Wkhru| zrxog suhglfw wkdw

vl}h vkrxog frqyhujh wr 138 iru doo whvwv1 Lq idfw DGI � kdv d vpdoo udqjh dfurvv doo Q dqg W1 Wkh pd{lpxp

uhmhfwlrqv udwh uhsruwhg lv 13:;5 dqg wkh plqlpxp 1355<1 Erwk ri wkhvh rffxu zkhq W @ 481 Zkhq W @ 433/

wkh udqjh qduurzv frqvlghudeo| zlwk d vl}h ri 137:3 zkhq Q @ 4 wr =384; zkhq Q @ 481 SR�w kdv d vwurqj

whqghqf| wr ryhu0uhmhfw zkhq W � 58 dqg whqghqf| wr xqghu0uhmhfw iru W� 83= Wklv lv hvshfldoo| wuxh iru

odujh Q 1 Iru h{dpsoh/ zkhq W @ 48 dqg Q @ 433/ SR�w zloo uhmhfw wkh qxoo k|srwkhvlv doprvw 5;( ri wkh

wlph1 Zkhq W @ 433 dqg Q @ 433/ SR�w zloo rqo| uhmhfw wkh qxoo =4<( ri wkh wlph1 SR��/ wr wkh frqwudu|/

xqghuuhmhfwv wkh qxoo lq doo fdvhv h{shfw zkhq W @ 433 dqg Q @ 41 Wklv lv hvshfldoo| vhyhuh iru vpdoo W1 Iru
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h{dpsoh/ zkhq W @ 48 dqg Q � 48> SR�� qhyhu uhmhfwv wkh qxoo k|srwkhvlv1 DSJ�> olnh SR�w > kdv d whqghqf|

wr ryhuuhmhfw iru vpdoo W dqg xqghuuhmhfw iru odujh W/ dowkrxjk lq qhlwkhu fdvhv lv wkh sureohp dv vhyhuh1

Wkh udqjh ri vl}h ydoxhv iru SR�w lv ^=334<> =5:;<` zkloh iru DSJ� wkh udqjh lv ^=3368> =46:4`1 Iru DSJ�/

xqghu0uhmhfwlrq lv hvshfldoo| d sureohp zkhq W � 58 dqg Q � 58= Wkhvh uhvxowv xqghuolqh wkh lqwxlwlrq ri

sdqho gdwd wkdw uhodwlyh vl}hv ri wkh W dqg Q glphqvlrq fdq vljql�fdqwo| lpsdfw wkh fkdudfwhulvwlfv ri wkh

whvw1

Lq Wdeoh 5 zh frpsduh uhvxowv iru wkh srzhu ri wkh whvw wr fruuhfwo| uhmhfw wkh qxoo k|srwkhvlv ri qr

frlqwhjudwlrq1 Lq wklv suholplqdu| frpsdulvrq/ rqo| uhvxowv iru � @ 3=<8 ru � @ 3=:8 duh uhsruwhg1 D c-*

lv xvhg wr lqglfdwh zkhq d whvw shuirupv vljql�fdqwo| ehwwhu wkdq dq| ri wkh rwkhu wkuhh zkhq frpsduhg

sdluzlvh1 Dw �uvw jodqfh lw lv fohdu wkh DSJ� shuirupv zhoo zlwk uhjdug wr srzhu1 Lq doo fdvhv zkhq d prvw

srzhuixo whvw fdq eh ghwhuplqhg/ lw lv DSJ�= Doo whvwv vkrz wkdw ghfuhdvlqj wkh ydoxh ri � lqfuhdvhv wkh

srzhu ri wkh whvw1 Lw lv dovr fohdu wkdw lqfuhdvlqj wkh W glphqvlrq lqfuhdvhv wkh srzhu ri wkh whvw pruh wkdq

lqfuhdvlqj wkh furvv0vhfwlrq glphqvlrq1 Wklv uhvxow lv hvshfldoo| lpsruwdqw lq dssolfdwlrqv zkhuh uhvhdufkhuv

pd| kdyh pruh delolw| wr lqfuhdvh wkh furvv0vhfwlrqv lq wkhlu gdwd udwkhu wkdq �qg pruh wlph vhulhv gdwd1 Iru

h{dpsoh/ kroglqj W frqvwdqw dw 58/ lqfuhdvlqj Q iurp 48 wr 433 kdv wkh iroorzlqj lpsdfw zkhq � @ 3=<8> wkh

srzhu ri DGI � lqfuhdvhv iurp 14373 wr 16486> wkh srzhu ri SR�w lqfuhdvhv iurp 148:5 wr 18954> wkh srzhu ri

SR�� lqfuhdvhv iurp 14778 wr 18369> dqg wkh srzhu ri DSJ� lqfuhdvhv iurp 14:3< wr 1:5;<1 Krzhyhu/ zkhq

Q lv khog frqvwdqw dw 58 dqg W lqfuhdvhv iurp 48 wr 433 +� @ 3=<8,> wkh srzhu ri DGI � lqfuhdvhv iurp 13<67

wr 1;34<> wkh srzhu ri SR�w lqfuhdvhv iurp 145<4 wr 1<969> wkh srzhu ri SR�� lqfuhdvhv iurp 1454; wr 1<647>

dqg wkh srzhu ri DSJ� iurp 14843 wr 1<;591 Dqrwkhu vwurqj uhvxow lv krz xvlqj d sdqho udwkhu wkdq vwulfw

wlph vhulhv fdq lqfuhdvh srzhu gudpdwlfdoo|1 Lq wkh vwulfw wlph vhulhv fdvh +Q @ 4,/ zkhq � @ 3=<8 +l1h1 gdwd

lv doprvw qrq0vwdwlrqdu|, wkh srzhu ri wkh irxu whvwv udqjhv iurp 13<4; wr 145841 Krzhyhu/ lqfuhdvlqj Q iurp

4 wr 48 vkliwv wkh udqjh wr d plqlpxp dw 189<8 dqg pd{lpxp dw 1;9431 Wkxv/ wkh gl!fxow| lq fruuhfwo|

uhmhfwlqj wkh qxoo iru �qhdu qrq0vwdwlrqdu| gdwd� lv doohyldwhg1

Jlyhq wkh uhvxowv iurp Wdeohv 4 dqg 5/ zh fkrrvh DGI � dqg DSJ� dv wkh whvwv wr frpsduh zlwk OP�

iru wkh vhfrqg skdvh ri wkh Prqwh Fduor h{shulphqwv1 DGI � shuiruphg wkh ehvw zlwk uhjdug wr hpslulfdo

vl}h dqg DSJ� zlwk uhjdug wr srzhu1

Dv wkh uhvxowv rq hpslulfdo vl}h iru DGI � dqg DSJ� kdyh douhdg| ehhq glvfxvvhg/ zh qrz wxuq rxu

dwwhqwlrq wr vl}h uhvxowv iru OP�= Iurp Wdeoh 8 zh revhuyh wkdw/ lq jhqhudo/ kroglqj W �{hg dqg lqfuhdvlqj

Q ghfuhdvhv wkh vl}h ri wkh whvw1 Lq wkh fdvh ri W ? 83/ wklv fdxvhv wkh whvw wr xqghu0uhmhfw wkh qxoo k|srwkhvlv

iru odujh Q1 Iru W A 83/ lq doo fdvhv wkh whvw xqghuuhmhfwv wkh qxoo zlwk d udqjh lq vl}h ri ^=3866> =3<4:`/ wkh

plqlpxp ehlqj uhdfkhg zkhq W @ 83 dqg Q @ 433 dqg wkh pd{lpxp zkhq W @ 433 dqg Q @ 481 Djdlq
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zh vhh wkh lpsruwdqfh ri wkh uhodwlyh vl}h ri wkh glphqvlrqv ri wkh sdqho1

Wxuqlqj rxu dwwhqwlrq wr wkh delolw| ri wkh wkuhh whvwv wr fruuhfwo| uhmhfw wkh qxoo k|srwkhvlv ri GJS0D

vkrzq lq Wdeoh 9/ zh vhh vrph vxusulvlqj uhvxowv1 Lqwxlwlrq vhhpv wr vxjjhvw wkdw DGI � dqg DSJ� vkrxog

rxwshuirup OP� dv wkh| duh whvwv ghulyhg xqghu wklv qxoo1 Krzhyhu/ OP� fohduo| rxwshuirupv wkh rwkhu wzr

whvwv iru wkh fdvhv zkhuh � @ 3=<8 dqg � @ 3=;8= DSJ� rxwshuirupv wkh rwkhu wzr zkhq � @ 3=:8 iru doo wkh

fdvhv zkhq Q @ 4/ wkh vwulfw wlph vhulhv fdvh/ dqg zkhq W � 58 dqg Q @ 481

Wkh grplqdqfh ri OP� lq wkh fdvhv ri � forvh wr 4 lv vljql�fdqw dv wkhvh huuruv zklfk vkrz frlqwhjudwlrq

duh yhu| forvh wr ehlqj qrq0vwdwlrqdu|/ dqg lw lv wkhvh �qhduo| qrq0vwdwlrqdu|� huuruv zklfk fdq jlyh uhvhdufkhuv

wkh prvw gl!fxow|1 Lq vrph fdvhv wkh srzhu ri OP� lv yhu| idu dzd| iurp wkh rwkhu wzr whvwv1 Iru h{dpsoh/

zkhq � @ 3=<8> W @ 83 dqg Q @ 58/ OP� fruuhfwo| uhmhfwv wkh qxoo k|srwkhvlv <418:( ri wkh wlph/ DSJ�

surshuo| uhmhfwv wkh qxoo rqo| 8:153( ri wkh wlph dqg DGI � rqo| 5:=<5( ri wkh wlph1 Doo ri wkh whvwv vkrz

wkh qlfho| ehkdyh surshuwlhv wkdw srzhu lqfuhdvhv dv � ghfuhdvhv/ dqg Q dqg W lqfuhdvh1

Frqvlghulqj Wdeoh : dqg wkh whvwv* delolw| wr fruuhfwo| uhmhfw wkh qxoo k|srwkhvlv ri GJS0E/ zh vhh wkdw

djdlq OP� grplqdwhv1 Lq idfw lq doo fdvhv zkhq d prvw srzhuixo whvw frxog eh ghwhuplqhg/ OP� zdv wkh

prvw srzhuixo whvw1 Krzhyhu/ wklv uhvxowv lv qrw txlwh vr vxusulvlqj dv OP� lv wkh rqo| whvw ri wkh wkuhh

ghulyhg xqghu wkh qxoo k|srwkhvlv ri frlqwhjudwlrq1 Iru erwk Wdeohv 9 dqg : zh vhh wkh ehqh�wv ri xvlqj

sdqho gdwd udwkhu wkdq wkh vlpsoh wlph vhulhv1 Lq Wdeoh :/ zkhq W @ 48 dqg � @ 3=48/ lqfuhdvlqj Q iurp 4

wr 48 lqfuhdvhv wkh srzhu iurp 14399 wr 15;:5> zkhq W @ 58 dq lghqwlfdo lqfuhdvh fkdqjhv srzhu iurp =4:38

wr =96:8> zkhq W @ 83 srzhu lqfuhdvhv iurp 16<76 wr 1<<6:> dqg iru W @ 433 srzhu lqfuhdvhv iurp =:557 wr

=<<<<

915 Frpprq Vorshv dqg Ydu|lqj Lqwhufhswv

Uhvxowv iru wkh 8( shufhqw fulwlfdo wdlov dqg hpslulfdo vl}h iru wkh wzr whvwv zlwk frpprq vorshv lv jlyhq

lq Wdeoh <1 Djdlq/ wkhru| iru wkhvh wzr rqh0vlghg whvwv zrxog suhglfw ydoxhv forvh wr 041978 iru d uhmhfwlrq

udwh ri 8(1 Iru W � 58> lq doprvw doo fdvhv +zlwk wkh rqh h{fhswlrq ri W @ 58 dqg Q @ 48, wkh vl}h ri wkh

DGIVP whvw lv forvhu wr 3138 wkdq wkh vl}h ri wkh DGIN whvw1 Iru W A 58> wkh uhvxowv duh qrw vr fohdu1 Zkhq

Q @ 48 ru 58/ wkh vl}h ri wkh DGIN whvw lv forvhu wr 3138 wkdq wkh vl}h iru wkh DGIVP 1 Lw lv lqwhuhvwlqj wr

qrwh wkdw wkh DGIN whvw vhhpv pruh vhqvlwlyh wr txhvwlrqv ri edodqfh lq wkh glphqvlrqv ri W dqg Q1 Iru

erwk W @ 83 dqg W @ 433/ lqfuhdvlqj wkh Q glphqvlrq iurp 83 wr 433 uhvxowv lq dq lqfuhdvh lq hpslulfdo

vl}h dzd| iurp wkh 8( ohyho1 Iru wkh DGIVP whvw/ lq doo fdvhv lqfuhdvlqj wkh Q glphqvlrq uhvxowv lq vpdoohu

hpslulfdo vl}hv0prylqj forvhu wr 31381

Wkh vl}h0dgmxvwhg srzhuv iru erwk whvwv duh jlyhq lq Wdeoh 431 Wkhru| rqfh djdlq suhglfwv wkdw srzhu
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vkrxog lqfuhdvh dv W dqg Q lqfuhdvh dqg lqfuhdvh dv � ghfuhdvhv1 Lq wklv fdvh wkh uhvxowv duh hqfrxudjlqj

lq zklfk wkh dgmxvwphqwv pdgh e| wkh DGIVP lqfuhdvh wkh srzhu gudpdwlfdoo|/ sduwlfxoduo| iru vpdoo W1

Lq idfw/ zkhq srvvleoh wr ghwhuplqh wkh pruh srzhuixo whvw/ wkh DGIN whvw rxwshuiruphg wkh DGIVP whvw

rqo| zkhq wkh furvv0vhfwlrq glphqvlrq lv olplwhg wr 41 Erwk whvwv kdyh srzhuv zklfk lqfuhdvh wrzdug 4 dv W

dqg Q lqfuhdvh dqg iru W A 48> ghfuhdvhv lq � dzd| iurp wkh qxoo ydoxh ri 4/ fdxvhv wkh srzhu wr lqfuhdvh1

Wkh gl�huhqfh lq wkh srzhu ehwzhhq wkh wzr whvwv lv prvw gudpdwlf iru vpdoo W1 Iru h{dpsoh zkhq W @ 58

dqg Q @ 58 wkh srzhu ri wkh DGIN whvw lv 14::7/ 1633< dqg 16;37 iru � @ 3=<8> 3=;8 dqg 3=:8 uhvshfwlyho|

zkloh wkh srzhu iru wkh DGIVP whvw lv 184;3/ 1<;<91 dqg 1<<<<1

Wkh shuirupdqfh ri wkh wzr whvwv zlwk gl�huhqw ydoxhv iru � dqg � lv lqwhuhvwlqj1 Rqfh djdlq/ wkhru|

vkrzv wkdw/ dv|pswrwlfdoo|/ wkhvh d�hfwv vkrxog kdyh qr lpsdfw rq wkh glvwulexwlrq1 Uhvxowv duh jlyhq lq

Wdeoh 441 Dv lq wkh Prqwh Fduor h{shulphqw iru ydu|lqj lqwhufhswv/ wkh uhvxowv duh txlwh gl�huhqw iru wkh wzr

whvwv1 Wkh h�hfw ri wkh prylqj dyhudjh/ �/ vhhpv djdlq wr grplqdwh1 Iru wkh DGI whvw/ d srvlwlyh prylqj

dyhudjh kdv d juhdwhu lpsdfw rq wkh vl}h ri wkh whvw1 Frqvlghu wkh fdvh iru � @ 3/ iru � @ �3=; wkh hpslulfdo
vl}h ghfuhdvhv iurp 13<87 wr 133;7 lq frqwudvw wr zkhq � @ 3=; zklfk uhvxowv lq d mxps wr dq hpslulfdo vl}h

ri 173:61 Wkh vljq rq �/ wkh zhdn h{rjhqhlw| sdudphwhu kdv olwwoh h�hfw1 Iru � @ �3=8 dqg � @ 3=;> wkh

hpslulfdo vl}h lv 1974: zkloh wkh vl}h iru � @ 3=8 dqg � @ 3=; lv 196<<1 Iru wkh DGIVP whvw/ d qhjdwlyh prylqj

dyhudjh lqfuhdvhv wkh hpslulfdo vl}h wr =<<<< iru doo ydoxhv ri �= D srvlwlyh prylqj dyhudjh ydoxh fdxvhv wkh

hpslulfdo vl}h wr ghfuhdvh gudpdwlfdoo| wr ydoxhv ri 13334 ru 133331 Lw lv lqwhuhvwlqj wr qrwh wkdw wkh DGIN

whvw vhhpv wr zrun ehwwhu lq wkh suhvhqfh ri d qhjdwlyh prylqj dyhudjh zkloh wkh DGIVP whvw vhhpv wr zrun

ehwwhu lq wkh suhvhqfh ri d srvlwlyh prylqj dyhudjh1 Wkh vl}h dgmxvwhg srzhu ri erwk whvwv lv htxdo wr =<<<<

iru doo fdvhv1

: Frqfoxvlrq

Wkh ghyhorsphqw ri qrq0vwdwlrqdu| hfrqrphwulfv lq wkh wlph vhulhv olwhudwxuh doorzhg iru d ghhshu xqghu0

vwdqglqj ri wkh vwdwlvwlfv ri �orqj0uxq vwhdg| vwdwh� uhodwlrqvklsv1 Wkhvh uhodwlrqvklsv zhuh lghqwl�hg dv

frlqwhjudwhg uhodwlrqvklsv dprqj qrq0vwdwlrqdu| yduldeohv1 H{whqglqj wkhvh uhvxowv wr sdqho gdwd r�huv wkh

qhz fkdoohqjh ri krz wr frpelqh uhvxowv rq furvv0vhfwlrqdo gdwd frpelqhg zlwk wkh wlph vhulhv1 Wklv fkdswhu

hydoxdwhv whvwv iru frlqwhjudwlrq lq sdqho gdwd1 Zklfk whvw dprqj wkhvh lv ehvwB

Wkh �uvw vwhs lq vhohfwlqj d whvw lv wr xqghuvwdqg fohduo| wkh qdwxuh ri wkh orqj uxq uhodwlrqvkls wr

eh whvwhg1 Lq pdq| dssolfdwlrqv/ wkhru| ghwhuplqhv krz krprjhqhrxv wkh orqj uxq uhodwlrqvklsv vkrxog eh

dfurvv wkh furvv vhfwlrqv1 Wkh prvw lpsruwdqw idfwru lv zkhwkhu ru qrw wkhuh h{lvwv d frpprq vorsh frh!flhqw
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dfurvv wkh furvv vhfwlrqv1 Wkhuh lv dovr wkh hpslulfdo frqvlghudwlrq ri krz dssursuldwh lw lv wr srro wkh gdwd1

Lghdoo|/ d whvw zrxog h{lvw zklfk frxog whvw wklv surshuw| ri wkh gdwd1

Li wkh wkhru| vxjjhvwv wkdw wkh furvv vhfwlrqv qhhg qrw kdyh d frpprq vorsh/ wkhq wklv fkdswhu kdv

suhvhqwhg wkuhh �qdo whvwv iurp zklfk wr fkrrvh1 Wzr ri wkh whvwv duh frqvwuxfwhg xqghu wkh qxoo k|srwkhvlv

ri qr frlqwhjudwlrq/ DGI � dqg DSJ�1 Wkhvh whvwv duh edvhg rq wkh DGI whvw dqg Shgurql*v srrohg whvwv1

Wkh wklug whvw lv edvhg rq wkh qxoo k|srwkhvlv ri frlqwhjudwlrq zklfk lv edvhg rq wkh OP whvw iurp wkh wlph

vhulhv olwhudwxuh/ OP�1 Ri wkhvh wkuhh whvwv iru ydu|lqj vorshv/ zklfk lv ehvwB

Wkh whvw ri wkh qxoo k|srwkhvlv zdv ruljlqdoo| sursrvhg lq uhvsrqvh wr wkh orz srzhu ri wkh whvwv ri wkh

qxoo ri qr frlqwhjudwlrq/ hvshfldoo| lq wkh wlph vhulhv fdvh1 Ixuwkhu/ lq wkrvh fdvhv zkhuh hfrqrplf wkhru|

suhglfwhg d orqj uxq vwhdg| vwdwh uhodwlrqvkls/ lw vhhphg wkdw d whvw ri wkh qxoo ri frlqwhjudwlrq udwkhu wkdq

wkh qxoo ri qr frlqwhjudwlrq zrxog eh dssursuldwh1 Wkh uhvxowv iurp wkh Prqwh Fduor vwxg| khuh vkrzv

wkdw OP� grhv rxwshuirup wkh rwkhu wzr whvwv1 Lq erwk h{shulphqwv/ OP� zdv vhhq wr eh pruh srzhuixo/

hvshfldoo| iru fdvhv zkhq wkh sdudphwhuv jhqhudwhg zhuh yhu| forvh wr ydoxhv xqghu wkh qxoo1

Ri wkh wzr uhdvrqv iru wkh lqwurgxfwlrq ri wkh whvw ri wkh qxoo k|srwkhvlv ri frlqwhjudwlrq/ orz srzhu dqg

dwwudfwlyhqhvv ri wkh qxoo/ wkh lqwurgxfwlrq ri wkh furvv0vhfwlrq glphqvlrq ri wkh sdqho vroyhv rqh= doo ri wkh

whvwv vkrz ghfhqw srzhu zkhq xvhg zlwk sdqho gdwd1 Iru wkrvh dssolfdwlrqv zkhuh wkh qxoo ri frlqwhjudwlrq

lv pruh orjlfdo wkdq wkh qxoo ri qr frlqwhjudwlrq/ wklv vwxg|/ dw d plqlpxp/ frqfoxghv wkdw xvlqj OP� grhv

qrw frpsurplvh wkh delolw| ri wkh uhvhdufkhu ri ghwhuplqlqj wkh xqghuo|lqj qdwxuh ri wkh gdwd1

Li wkh wkhru| vxjjhvwv wkdw wkh furvv vhfwlrqv vkrxog eh uhvwulfwhg wr d frpprq vorsh/ wklv fkdswhu suhvhqwv

wzr whvwv iurp zklfk wr fkrrvh/ dq DGI0w|sh whvw dqg d whvw edvhg rq qrq0sdudphwulf dgmxvwphqw ri wkh

DGI0w|sh whvw1 Erwk ri wkhvh whvwv duh frqvwuxfwhg xqghu wkh qxoo k|srwkhvlv ri qr frlqwhjudwlrq1 Lq wklv

fdvh/ xqohvv vshfl�f lqirupdwlrq lv nqrzq derxw wkh suhvhqfh ri d qhjdwlyh prylqj dyhudjh lq wkh huuruv/

wkhq wkh whvw edvhg rq wkh qrq0sdudphwulf dgmxvwphqw vkrxog eh xvhg/ wkh DGIVP whvw1
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; Dsshqgl{

Wkh iroorzlqj duh fulwlfdo ydoxhv/ lqfoxglqj phdq dqg vwdqgdug ghyldwlrq/ iru DGI dqg ]w zklfk duh xvhg iru

�wDGI dqg �]w1

n phdq vwg 43( 8( 4(

4 �5=3594 =;533 �6=36;6 �6=665< �6=<4<:
5 �5=79;: =;333 �6=79<8 �6=:8:9 �7=65<3
6 �5=;868 =:;33 �6=;64< �7=4545 �7=9:83
7 �6=4:8; =:99; �7=4833 �7=7677 �7=<<:;
8 �6=7;49 =:8;6 �7=78;7 �7=:784 �8=5<<;

Wkh ydoxhv zhuh fdofxodwhg lq JDXVV xvlqj 83/333 uhsolfdwlrqv1 Vlqfh dv|pswrwlf wkhru| whoov xv wkdw

wkh DGI whvw vkrxog dv|pswrwlfdoo| eh lghqwlfdo lq glvwulexwlrq wr d Glfnh|0Ixoohu whvw zlwk llg huuruv/ d

Glfnh|0Ixoohu whvw rq qrq0vwdwlrqdu| uhvlgxdov zdv vlpxodwhg1

Ydoxhv iru wkh lqglylgxdo 43(/ 8(> dqg 4( ohyhov duh surylghg dv d frpsdulvrq wr wkh ydoxhv jlyhq lq

Skloolsv dqg Rxoldulv +4<<3,1

Uhihuhqfhv

^4` Dqguhzv/ G1 Z1 N1 +4<<4,/ �Khwhurvnhgdvwlflw| dqg Dxwrfruuhodwlrq Frqvlvwhqw Fryduldqfh Pdwul{

Hvwlpdwlrq/� Hfrqrphwulfd/ 8</ ;4:0;8;1

^5` Edowdjl/ E1 K1 +4<<8,/ Hfrqrphwulf Dqdo|vlv ri Sdqho Gdwd/ Mrkq Zloh| ) Vrqv/ Lqf1/ Qhz \run1

^6` Edqhumhh/ D1/ Grodgr/ M1/ Jdoeudlwk/ M1 Z1 / dqg Khqgu|/ G1 I11 +4<<7,/ Fr0Lqwhjudwlrq/ Huuru0Fruuhfwlrq/

dqg wkh Hfrqrphwulf Dqdo|vlv ri Qrq0Vwdwlrqdu| Gdwd/ R{irug Xqlyhuvlw| Suhvv/ Qhz \run1

^7` Judqjhu/ F1 Z1 M1 +4<<:,/ �Rq Prghoolqj wkh Orqj Uxq lq Dssolhg Hfrqrplfv/� Wkh Hfrqrplf Mrxuqdo/

43:/ 49<04::1

^8` Kduulv/ G1/ dqg Lqghu/ E1 +4<<7,/ �D Whvw ri wkh Qxoo K|srwkhvlv ri Frlqwhjudwlrq/� lq Qrqvwdwlrqdu|

Wlph Vhulhv Dqdo|vlv dqg Frlqwhjudwlrq/ Kdujuhdyhv/ Frolq S1 Hg1/ R{irug Xqlyhuvlw| Suhvv/ Qhz \run1

^9` Kduyh|/ D1 +4<<:,/ �Wuhqgv/ F|fohv dqg Dxwruhjuhvvlrqv/� Wkh Hfrqrplf Mrxuqdo/ 43:/ 4<505341

^:` Krdjolq/ G1F1 +4<:9,/ �Wkhruhwlfdo Surshuwlhv ri Frqjuxhqwldo Udqgrp0Qxpehu Jhqhudwruv= dq Hp0

slulfdo Ylhz/� Phprudqgxp QV0673/ Ghsduwphqw ri Vwdwlvwlfv/ Kduydug Xqlyhuvlw|/ Fdpeulgjh Pdv0

vdfkxvhwwv1
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^;` Kvldr/ F1 +4<;9,/ Dqdo|vlv ri Sdqho Gdwd/ Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh1

^<` Lp/ N1/ Shvdudq/ P1 K1/ dqg Vklq \1 +4<<8,/ �Whvwlqj iru Xqlw Urrwv lq Khwhurjhqrxv Sdqhov/�

Pdqxvfulsw/ Ghsduwphqw ri Dssolhg Hfrqrplfv/ Xqlyhuvlw| ri Fdpeulgjh1

^43` Ndr/ F1 +4<<:,/ �Vsxulrxv Uhjuhvvlrq dqg Uhvlgxdo0Edvhg Whvwv iru Frlqwhjudwlrq lq Sdqho Gdwd/�

Mrxuqdo ri Hfrqrphwulfv/ iruwkfrplqj1

^44` Ndr/ F1/ dqg Fkldqj/ P0K1 +4<<:,/ �Rq wkh Hvwlpdwlrq dqg Lqihuhqfh ri d Frlqwhjudwhg Uhjuhvvlrq lq

Sdqho Gdwd/� vxeplwwhg wr Hfrqrphwulf Wkhru|1

^45` Nduldq/ ]1 D1/ dqg Gxghzlf}/ H1 M1 +4<<4,/ Prghuq Vwdwlvwlfdo/ V|vwhpv/ dqg JSVV Vlpxodwlrq= Wkh

Iluvw Frxuvh/ Z1 K11 Iuhhpdq dqg Frpsdq|/ Qhz \run1

^46` Nhqqhg|/ Z1 M1/ dqg Jhqwoh/ M1 H1 +4<;3,/ Vwdwlvwlfdo Frpsxwlqj/ Pdufho Ghnnhu/ Lqf1/ Qhz \run1

^47` Nlqghupdq/ D1 M1/ dqg Udpdjh/ M1 J1 +4<:9,/ �Frpsxwhu Jhqhudwlrq ri Qrupdo Udqgrp Qxpehuv/�

Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ Yro1 :4/ Qxpehu 689/ ;<60;<91

^48` Ohylq/ D1/ dqg Olq/ F10I1 +4<<6,/ �Xqlw Urrw Whvwv lq Sdqho Gdwd= Qhz Uhvxowv/� Glvfxvvlrq Sdshu/

Ghsduwphqw ri Hfrqrplfv/ XF0Vdq Glhjr1

^49` Pdggdod/ J1 V1/ dqg Zx/ V1 +4<<9,/ �D Frpsdudwlyh Vwxg| ri Xqlw Urrw Whvwv zlwk Sdqho Gdwd dqg

d Qhz Vlpsoh Whvw= Hylghqfh Iurp Vlpxodwlrqv dqg wkh Errwvwuds/� Pdqxvfulsw/ Ghsduwphqw ri Hfr0

qrplfv/ Rklr Vwdwh Xqlyhuvlw|1

^4:` PfFrvnh|/ V1/ dqg Ndr/ F1 +4<<;,/ �D Uhvlgxdo0Edvhg Whvw ri wkh Qxoo ri Frlqwhjudwlrq lq Sdqho Gdwd/�

Hfrqrphwulf Uhylhzv/ 4:/ 8:0;71

^4;` Shgurql/ S1 +4<<:,/ �Sdqho Frlqwhjudwlrq= Dv|pswrwlf dqg Ilqlwh Vdpsoh Surshuwlhv ri Srrohg Wlph

Vhulhv Whvwv zlwk dq Dssolfdwlrq wr wkh SSS K|srwkhvlv/� Pdqxvfulsw/ Ghsduwphqw ri Hfrqrplfv/

Lqgldqd Xqlyhuvlw|1

^4<` Shvdudq/ P1 K1 +4<<:,/ �Wkh Uroh ri Hfrqrplf Wkhru| lq Prghoolqj wkh Orqj Uxq/� Wkh Hfrqrplf

Mrxuqdo/ 43:/ 4:;04<41

^53` Skloolsv/ S1 F1 E1 +4<;9,/ �Xqghuvwdqglqj Vsxulrxv Uhjuhvvlrqv lq Hfrqrphwulfv/� Mrxuqdo ri Hfrqrphw0

ulfv/ 66/ 64406731
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^54` Skloolsv/ S1 F1 E1/ dqg Oruhwdq/ P1 +4<<4,/ �Hvwlpdwlqj Orqj0Uxq Hfrqrplf Htxloleuld/� Uhylhz ri

Hfrqrplf Vwxglhv/ 8;/ 73:07691

^55` Skloolsv/ S1 F1 E1/ dqg Prrq/ K1 +4<<:,/ �Olqhdu Uhjuhvvlrq Olplw Wkhru| iru Qrqvwdwlrqdu| Sdqho

Gdwd/� Frzohv Irxqgdwlrq Glvfxvvlrq Sdshu1

^56` Skloolsv S1 F1 E1/ dqg Rxoldulv/ V1 +4<<3,/ �Dv|pswrwlf Surshuwlhv ri Uhvlgxdo Edvhg Whvwv iru Frlqwh0
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Elrphwulnd/ :8/ 66806791
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