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We present a unified framework for the study of late time cosmic acceleration. Using
methods of effective field theory, we show that existing proposals for late time acceleration
can be subsumed in a single framework, rather than many compartmentalized theories. We
construct the most general action consistent with symmetry principles, derive the back-
ground and perturbation evolution equations, and demonstrate that for special choices of
our parameters we can reproduce results already existing in the literature. Lastly, we lay the
foundation for future work placing phenomenological constraints on the parameters of the
effective theory. Although in this paper we focus on late time acceleration, our construction
also generalizes the effective field theory of inflation to the scalar-tensor and multi-field case

for perturbatively constructed backgrounds.
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I. INTRODUCTION AND SUMMARY

The observation of cosmic acceleration has provided a fundamental quandary for particle
physics. The acceleration could be due to a tiny but non-zero vacuum energy density (a cos-
mological constant), but then the fine-tuning problem between the tiny cosmological constant and
the Planck scale must be addressed, either via anthropic arguments or some new dynamics. It is
also interesting to consider, however, that the observed cosmic acceleration may be arising from
new dynamics in the gravity sector.

Experimental results suggest that at solar system scales our world is accurately described by
General Relativity (GR) [1], which is the unique Lorentz invariant theory of spin-2 gravitons at low
energies [2]. In order to explain the observation that the universe is accelerating on much larger
scales, without invoking a cosmological constant, requires that we either add new degrees of freedom
in the stress energy tensor, or that we alter the structure of general relativity (more precisely the
graviton propagator). In the former case, the new dynamics enters through an additional scalar
degree of freedom, for which a new hierarchy problem between the Planck scale and the scalar
mass arises that must be addressed. In the latter case, consistent modifications to GR lead to
an additional scalar degree of freedom as well. As we will elaborate on below, one finds that the
dynamics has an effective description as a scalar-tensor theory for the range of scales relevant for
observations.

To date, most of the theoretical effort on dynamical dark energy models have been phenomeno-
logical in nature. This includes Quintessence [3], K-essence [4], Brans-Dicke theories [5], modifica-
tions of the Ricci scalar (f(R) models) [6], first order phase transitions [7], spontaneous violation
of Lorentz invariance (ghost condensation) [8] and the Dvali-Gabadadze-Porrati (DGP) model [9].
Though on the surface, each appears to be a modification or addition to a different part of GR,
all of these models can be re-written as scalar-tensor theories in a different regime. For example,
Quintessence is a scalar-tensor theory where the scalar enters the action only through its potential
and interactions (and so reduces to ordinary GR plus a scalar sector), while modified gravity theo-
ries come with an additional coupling to matter in the Einstein frame (or curvature in the Jordan
frame).

Thus far, the dominant approach in the literature has been to choose one model and analyze its
effects on the expansion history and the matter power spectrum. Little attempt has been made to
unify these models into one fundamental, theoretical framework. With a single framework in place,

one can analyze the constraints from data on the coefficients of the terms in the effective action, and



more generally determine which classes of models are consistent with the observations and more
clearly see for which reasons. Such an approach should simplify and unify the phenomenological
analysis of models of dark energy. Given the generality of our approach, we will see that many
limiting cases of our action have already appeared in the literature in one form or another.

At first it might seem hopeless to construct a single action that could account for so many
different ideas to address cosmic acceleration. However, as long as we restrict our attention phe-
nomenologically to the long distance (low energy) regime where the theory is valid, we are able to
subsume many theories with different ultraviolet behavior into one theory. An analogous situation
arises in particle physics, where many different theories for electroweak symmetry breaking in the
ultraviolet describe the same low energy phenomenology of the weak and electromagnetic interac-
tions. To obtain the effective theory describing our low energy world, one simply writes down all
the lowest order operators consistent with the symmetries of the theory. Our goal here is to carry
out this procedure to describe the low energy phenomenon of cosmic acceleration.

In doing this, we unify all cosmic acceleration models (and modified gravity alternatives) using
the approach of effective field theory (EFT). We write down the lowest order corrections to the
scalar-tensor theory and show that with these corrections all the models of dark energy described
above can be reproduced. After some work and re-writing of the lowest order terms in the action

(which we discuss in more detail later), the result is remarkably simple!:

a(p)

1 1
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We then proceed to do a perturbation analysis to determine cosmologically relevant parameters
for the evolution of structure formation, such as the anisotropic stress. We show that our analysis
reproduces the existing results in the literature. We leave for a second paper a more concrete ap-
plication to phenomenological analysis of dark energy models, which will be useful for constraining
them.

The outline of our paper is as follows. In the next section we lay out details for arriving at
the effective action (1) and make some comparisons and connections with models already existing
in the literature. In the following section, we connect (1) to observations by deriving observable
quantities, such as the expansion history, the anisotropic stress and the effective Newton constant.
We also discuss how our action again reduces in special cases to existing ideas and models of dark

energy. We then conclude and outline future directions for the application of our framework to

! Throughout this paper we will work with the metric signature mostly plus (=, +,+,4), and with natural units
h =c=1. For a full list of our notation and conventions we refer the reader to the appendix.



data analysis and constraints on dark energy models. To avoid obscuring the presentation, we leave
a number of technical results to the appendices. These include the full derivation of the action
(1), as well as the resulting equations of motion at both the background level and for cosmological

perturbations. Our choice of conventions are summarized in Appendix A.

II. PARAMETRIZING COSMIC ACCELERATION

As mentioned above, if we wish to construct a theory of cosmic acceleration without invok-
ing a cosmological constant, this necessarily requires the addition of an effective scalar degree of
freedom. For the case of additional components in the stress-energy tensor this is not difficult to
understand. Whatever comprises the substance driving the expansion — whether it be a cosmic
fluid, fundamental scalar, or some other more exotic physics — it must result in a single, dominant,
adiabatic mode which respects the homogeneity and isotropy of the background.? Such a fluid can
then always be written as a scalar field with (when necessary) a potential and possibly derivative
interactions.? In the case of modified gravity as general relativity plus a scalar, the situation turns
out to be a bit more subtle.

By a ‘modification of gravity,” we mean that we want to alter the spin-2 structure of the graviton
above solar system length scales. This requires giving the graviton a mass, whether explicitly as
in massive gravity or effectively through symmetry breaking. It is well known that in the small
wavelength limit such a mass term leads to the (in)famous van Dam-Veltman-Zakharov (vDVZ)
discontinuity [11, 12] as one attempts to connect smoothly to the GR limit.* This presents a
challenge for any modification of gravity. In [13], it was pointed out that the physics responsible
for this discontinuity can be traced to the longitudinal component of the graviton, in much the
same way that occurs for massive gauge bosons in gauge theories. The authors then demonstrated
that by elevating the parameter of the broken time symmetry to a field (‘Stueckelberg trick’), one
can non-linearly realize the symmetry as in the analogous case of the Higgs mechanism. This

implies that below the strong coupling scale (set by the graviton mass and Newton’s constant) the

2 Of course at the level of perturbations things could be more interesting.

3 In fact, there is a more elegant way to see the appearance of this scalar as discussed in [10] (see also [8]) The scalar
appearing to parametrize the physics can be thought of as the Goldstone boson of the spontaneously broken time
diffeomorphism of the theory, which is simply the statement that the fluid represents a preferred frame and can
be treated as a ‘cosmic clock’ in this frame.

4 This result was proven for an expansion around flat space-time. On large scales, where such an approximation
would break down in the presence of a positive or negative cosmological constant the situation can change. However
in this paper we are interested in the modification of gravity as a replacement for a positive cosmological constant,
so that flat space-time case is relevant.



effective description is that of general relativity plus a derivatively coupled scalar field. That is, in
this range the modification of gravity is described by a scalar-tensor theory. The strong coupling
scale marks the scale at which the scalar-tensor effective theory breaks down and we must turn
to the UV completion of the theory. For the phenomenologically interesting case of an effective
graviton mass of order the horizon scale today, this strong coupling scale implies a UV cutoff for
the scalar-tensor theory of around 1/(1000 km). It is above this scale, that the UV completion of
the theory will determine whether a consistent connection with general relativity is possible. This
Goldstone approach (where the scalar field in the scalar tensor theory is the Goldstone coming
from the broken symmetry) was utilized for example in [14, 15] to obtain an effective field theory
for DGP models, which exhibit the expected behavior as illustrated in Figure 1. It has also been

used to develop the effective field theory for single field inflation in [16].

1. Scalar-Tensor Effective Field Theory

We have argued above that in order to account for cosmic acceleration in the absence of a
cosmological constant requires an additional, effective scalar degree of freedom in addition to the
spin-2 graviton of general relativity. Thus, we take as our starting point the action of a scalar-tensor
theory

m2 1
So = /d4:v\/—g {;Qg(w)R — 5%0(¢)9" Dupdup — Uo(sr?)} + Spm, (2)

where m, = 1//87rGy = 2.43 x 10'® GeV is the reduced Planck constant, guv is the space-time
metric, and S, represent any matter fields that are present, which includes the standard model
fields and cold dark matter. By a conformal transformation (see Appendix F), we can move from
the Jordan frame where matter is not coupled to the scalar, to the Einstein frame where the graviton
(Ricci curvature) is canonically normalized. We will perform our calculations in the Jordan frame,
as it is in this frame that lengths and times correspond to those measured by laboratory rulers
and clocks — e.g., measurements of supernovae will be most easily interpreted in this frame. We
stress, however, that this is only for convenience, as any conclusions drawn from experimental
measurements will not depend on the choice of frame. Because of the presence of a new scalar
force mediated by ¢, the effective coupling for the force measured in a Cavendish type experiment
between two test masses is now given by [18§]

Zo + 8m2Qy?

Gog = Gy 220 220
T e+ em2ay?

(3)



Length Scale
5D Theory

(Need consistent embedding)

Scalar Tensor Theory

(Goldstone is “brane bending mode”)

A4 ~ 1000 km

General Relativity

(Model may be sick -- need UV completion)

FIG. 1: In DGP gravity it is posited that our universe is a 3-brane embedded in a higher dimensional
Minkowski space-time. It is then argued that a weakening of gravity on large scales in our 3+ 1 dimensional
world could offer an alternative explanation for observations of cosmic acceleration. For scales smaller than
the cosmological horizon, but larger than around 1000 km, one finds that the physics is described by a scalar-
tensor theory. The Goldstone boson discussed in the text is geometrically realized as the so-called ‘brane
bending mode’. Although this effective description in terms of a scalar-tensor theory is valid cosmologically,
for locally bound objects of higher than average density, classical non-linearities can become important

before reaching the strong coupling scale Ayy — this is the Vainshtein effect [26].

which only reduces to the usual Newtonian constant in the special case 25 = 1.
We are interested in constructing the most general theory of a scalar, graviton, and matter
within an effective field theory approach. This means that to the tree level action we add the

leading corrections consistent with the symmetries. Working at the level of four derivatives and



after identifying terms that are equivalent up to a boundary term we find

« 14 14
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where «;, b;, ¢;, d; and e; are all dimensionless functions of ¢/A. We have written the matter
contribution to the action (dark matter plus standard model fields) in terms of the stress energy
tensor T} = diag(—p,p) with p and p the energy density and pressure, respectively. The Weyl
tensor is Wyype = Ruvpe — % (GupRvo — GuoRup — GupRuc + guoRyp) + % (9up9vo — Gvp9us), and
A and A,, are the cutoffs where the scalar ¢ and scalar-matter effective theories break down,
respectively. The cutoff, Ay, for the gravity sector is implicitly assumed. The above theory becomes
invalid as we approach the lowest of the three cutoffs — we will comment more on this below.
Given the full action, S = Sy + AS, valid up to the four derivative level, we now must eliminate
any higher derivatives appearing in the action using the equations of motion at the two derivative
level, i.e. those coming from Sy alone. Failure to do this can lead to spurious results, such as the
appearance of ghosts in the theory coming from higher order time derivatives [19]. We find when
we do this, as shown in detail in Appendix B, that the most general effective action at the four

derivative level is reduced to

m2 1
- /d“x\/fg{;’Q?(@)R — 52(9)g" 0updvp — U(v)

a(®) b1() oy b2(#) v
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+di (SO)WWAPWWAP + da(p )EWAPWMVQBW/\paﬁ (5)
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+op T Ty + & A v UT}+ S,

with A a combination of A, A, and Ag4. All the contributions from the reduction process are
absorbed into the redefinitions of U(y), the scalar potential and Z, «, b;, ¢; and f, which are all
dimensionless functions of ¢. This is our main result, and generalizes the results for the effective
theory of inflation in [19] to the scalar-tensor case.” However, for the purpose of addressing late

time cosmic acceleration this result can be simplified still further by a judicious choice of the

5 This also generalizes the results of [16], but to make contact with that work we must refer to our perturbative



relevant terms. For explaining dynamics of the universe today with critical density p ~ (1073eV)?
we are interested in an effective theory far below the mass of the electroweak gauge bosons and the
scale of quantum gravity. Thus, we expect that the UV cutoff of the scalar sector should be far
below that where corrections to the standard model and/or quantum gravity become important,
i.e. Ay, Ag > A. With this hierarchy among the scales, we recover our proposed action

a(p)

A " 0,00, 0)° }+Sm~ (6)

5= /d%r{ pQ2 (P)R— %Z(sO)g“”@u@@wP—U(@)

From this action there are immediately some familiar cases of dark energy proposals. For
example, ordinary Quintessence is recovered for the choice Q> =1, Z = 1, and o = 0. The EFT
of Quintessence is then characterized by allowing these coefficients to receive corrections, which
will come with inverse powers of the cutoff. This reproduces the results of [17] if we consider the
equations of motion coming from (6) linearized in perturbations and demand that the background
admits a perturbative expansion (see Appendix C for the full equations). We will discuss the
correspondence with dark energy models more in the next section when discussing constraints
from observations. However, we would like to discuss the connection with modified gravity, which

may not be apparent at the level of the action (6).

2. Connection with Modified Gravity

First, let us consider f(R) theories of modified gravity as effective field theories. f(R) theories
appear to be a modification of the GR action which, unlike Quintessence, does not involve a light

scalar degree of freedom. The f(R) action is given by

2
Str) = % /d‘lx\/fg{R +m2f(R)} + S, (7)

where f(R) is an arbitrary function of the Ricci scalar. If we now instead consider the action (6)
with the choices Z = 0, Q*(p) = 1+ m,f’, and U(p) = m,/2 (¢f — f) then the variation of (6)

with respect to ¢ gives m,p = R and we recover the original action (7) as long as f(¢) = & f and

=35

1" () are both non-vanishing. Thus f(R) theories are scalar-tensor theories, with the departure

analysis appearing in the Appendices, since their EFT is done for the perturbations and not the background.
However, one naively expects these two approaches are ultimately the same, since the goldstone field 7 is equivalent
(non-linearly) to our scalar perturbation d¢ for the particular choice of comoving matter gauge. The possible
exceptions to this come from models with non-perturbative (not EFT) backgrounds, around which one studies the
EFT of the fluctuations. In those cases one would need to perform a non-linear field redefinition to demonstrate
the equivalence at the level of fluctuations. Such models are of interest because of their prediction for low sound
speed and a high level of non-Gaussianity, but in the approach of [16] this also requires us to give up the ability
to determine the background which must be specified a priori from a UV complete theory.
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from GR being solely captured by the scalar field with a specific choice for a potential and a direct
coupling to the Ricci scalar. Although this class of theories can be captured by our action (6),
they are of little interest from an effective field theory point of view, where the generic form of the
corrections would be f(R) = co+c1R+c2R?/A+. .., where A is the high energy cutoff and should
be the scale where classical gravity breaks down (near the Planck scale). This is of course a UV or
small wavelength modification of gravity, and does not help to address cosmological observations.
Thus any f(R) theory which describes cosmic acceleration is not well described as an EFT. On the
other hand, the authors of [6] suggested a non-local form f(R) = u*/R for the correction. Such
a correction will have other theoretical problems, such as the non-unitary scattering of low-energy
gravitons. For these reasons, we do not consider f(R) theories further, though they are in fact
scalar-tensor theories. In Appendix D we discuss in detail how the poor behavior of f(R) as an
EFT is manifest in the scalar-tensor picture.

As discussed above, we are more interested in modifications that, while preserving the successes
of general relativity at small length scales, would alter the propagator of the spin-2 graviton at
larger scales. One proposal for such a theory is DGP gravity [9], where the modification comes from
restricting all fields but gravity to a 3-brane embedded in five-dimensional Minkowski space-time.
The model then attempts to account for the cosmological observations of an accelerated expansion
—even in the absence of vacuum energy — by the weakening of gravity on large scales [33]. Although
DGP in its original form is most likely ruled out as an explanation for cosmic acceleration by both
experimental [29-31] and theoretical considerations [14], it still offers a valuable example of how
modifications of gravity can be described and scrutinized using the methods of effective field theory.

The five dimensional action for the model is
Spor =2M3 | CaV=GRG)+ M} | dlay=gRlg) - M} [ dlav=gK(g) ()
M 0 oM

where Gy is the five dimensional metric, g, is our four dimensional metric restricted to the

M

boundary or brane denoted dM, and K is the extrinsic curvature of the brane. The low energy
(infrared) cutoff of the theory is Ajp = 2M53 /M f, and for experiments probing energies above this
scale, gravity on the brane looks effectively four dimensional. Using DGP to try and account for
the observed cosmic acceleration then suggests setting the IR cutoff at the scale of the present
horizon AI_}% ~ H, 1~ 10% cm. Interestingly, this IR cutoff is related to the UV cutoff Ay =
(mpA% R) 13 <1 /(1000 km), above which the theory becomes strongly coupled.

Working within the regime Ajp < E < Ayy, it was shown® in [14] that the modification to

5 The presence of the scalar ¢ was first shown for DGP in [14] by considering the model in the limit that 4D gravity
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general relativity in the DGP model can be accounted for by adding an additional scalar degree
of freedom ¢ — the so-called brane bending mode — to Einstein’s theory of a massless spin two

graviton. The DGP action in the Einstein frame and in the presence of matter is
Soir = [ dlay/=5 (T2 R= L3w0,00,0 - L 50,00,000 + —— T8 ) + S (9)
DGP = xz g 9 29 uPOov A3g POy PLIQ Qmpsp n ms

where S,, is the action for any matter present, A = Ayy, and the term involving the trace of the
matter stress-tensor shows the non-minimal coupling in the Einstein frame (which we denote by a
tilde). The form of the coupling to matter is a result of linearizing around a flat background, but
holds in curved backgrounds if ¢ is small, as is required for the theory is to be phenomenologically
viable.

Now we demonstrate that the action (9) can be reproduced as a special case of our action (1).
To show this simply requires a bit of rearranging. The transformation to go to the Jordan frame

where matter is minimally coupled to the metric is given by
__ %
Q=e Yo, (10)

where (2 is the conformal factor taking us from the Jordan frame to the Einstein frame, i.e. g,, =

QQgW. Using the rules presented in Appendix F , we find

m2
Spap = /d4a:\/ -9 (;92}3 + Lder> + Sm, (11)

where S, is the minimally coupled matter action, there is no explicit kinetic term for ¢, and
Lger represents derivative interactions arising from transforming the derivative interactions in (9).

Transforming the Einstein frame derivative interactions to the Jordan frame we have
-1 _,, ~ 1 —9 _ 2 pe—
—V=9339" Oupduellp. — — (2*/=9) e (272g") D (220 + 202" Q0 10,Q0,¢)
1 2 2 4
—v—g|-—= Op + —— 12
V=9 | =13 (Oup) Uy + NGINX (Oup)”| (12)

where in the last step we have used the form of the conformal factor for DGP. If we compare this
with (2) and (4) we see that DGP is a scalar-tensor theory with Q2 = e=22/V6ms 7 — 0 and where
only the first two higher derivative corrections in (4) are considered with a1 = 2 and ay = —1
and all other terms in (4) set to zero. Thus, the simplified action (6) includes the DGP model

decoupled from the theory, which lead to later criticism, see e.g., [34]. However, recently this result was shown

(using different methods) to a be locally exact, and to hold even without taking a decoupling limit for the graviton
[35].
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as a specific choice of parameters, but also allows for its generalization which could lead to more
phenomenologically viable possibilities. It is noteworthy that because of our procedure for finding
the higher derivative equations of motion in a way that is perturbatively built up from the lower
order equations of motion, the resulting EFT (6) will automatically be ghost free” and no new

states will appear in the theory.® [19, 37]

8. The Effective Field Theory of Inflation

Before moving on to observations, we would again like to emphasize that this same framework
can be used for analyzing early universe acceleration, i.e. inflationary models. If we are interested
in considering cosmic inflation, then we can simply decouple the matter sector (i.e. send A,, — 00)
and choose Ay &~ A ~ m,;,. In this case field redefinitions can be used to eliminate the conformal
factor Q?(p) and Z(¢), and we reproduce the effective field theory of inflation that was presented
in [19]. In this paper the main conclusion was that the leading correction to the scalar sector comes
from the terms of the “DBI or K-essence type,” a result that can be read off from (5), since the
term containing () survives in the limit that we decouple matter. However, if we instead keep
the matter sector (e.g., choosing it to be a another scalar field), and set A,, ~ m,, this generalizes

the results appearing in that paper to the two field case [20].

III. CONSTRAINTS FROM OBSERVATIONS

In this section we connect the proposed action for parametrizing cosmic acceleration and mod-
ified gravity (6) with observations to see what phenomenological constraints we can place on the

parameters appearing in the fundamental Lagrangian.

A. Background Evolution

Observations of the cosmic microwave background suggest that at high redshifts (z ~ 1100) the

universe was described to very good accuracy by a homogeneous and isotropic background. Thus,

7 Of course, this assumes that all coefficients are taken positive.

8 A similar conclusion was reached in a very different way in [35], where a special symmetry (Galileon symmetry)
was invoked to get a subset of operators that are also ghost free, even when one wishes to not treat the theory as
an EFT. The form of the equations for DGP in (9) are an example of such a ‘special’ Galileon theory. However,
as an EFT, the method followed here is adequate to ensure the absence of ghosts in the regime where the EFT
remains valid.
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we consider the Jordan frame metric

2

ds? = —dt? + a2(t) < +7r2d6? + 12 sin® 0 d¢2> : (13)

1 — kr?
where k is the spatial curvature which can be negative, positive, or zero, and the expansion is
measured in terms of the Jordan frame Hubble parameter, H = % Ina(t). In what follows we will
consider the spatially flat case (k = 0), though non-trivial curvature can easily be included. The
equations of motion coming from the action (6) are derived in detail in Appendix B and C. Using
(B12) for the choice of metric above we find the modified Einstein equations

3#() (124 H F)) = my? (04 32608 4 U0+ 1ra(0)5) . (10)

Fo) (20~ H P + F@F() ) = =my? (0 40+ 2008 + gratelet) . (9

where we introduce F' = Q? as the conformal factor appearing in (6) to simplify the equations.
As we have argued above, these equations are general enough to give an adequate parametrization
of scalar-tensor theories, a cosmological constant or dark energy (F = 1), and modified gravity
(F #1). For example, if we take the conformal factor Q? = F' = 1, then we recover the equations
describing a universe with a perfect fluid characterized by its pressure p and energy density p, in the
presence of a minimally coupled scalar field . In this special case, we see that if the contribution
from the fluid is negligible, then the scalar field must roll very slowly to account for a period of
cosmic acceleration, i.e. ¢ ~ 0 if we want a de Sitter like phase H ~ 0.

We would like to connect the background equations (14) and (15) directly with observations.
The first question to ask is — given a particular choice of parameters appearing in these equations
(corresponding to a particular choice of model to address cosmic acceleration), does such a model
reproduce the observed cosmic expansion history? To answer this question it is more convenient

to cast the equations above in terms of cosmic redshift 1 + z = ag/a instead of cosmic time,

d
F | H? - H*(1 —InF
3 ( (+z)dzn >

_ 3 . 1 .
= my? (HE + 2P0 + a0 0) + 3202 00P +U)). (10
2 d 2 d
2F —1InH ) 0,F — —1InH|F
0.F + 1+z+dzn 0 1+zdzn
m;Q 317209(0) .2 2 4 4 4
TS E 3(1+2)°HoQy) + Z(9)27(020)" + Fa(@z (0:0)" ), (17)
where we note that 2 = —(1 + 2)H(z) and we are free to set ag = 1. We have assumed that

radiation is negligible compared to matter, so that p oc 1/a® and p = 0, and we can express the
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matter density in terms of the relative abundance, i.e. Qp, = pm/pe = (Ho/H)? Qgg)(l + 2)3, with
pe=3H ng the critical density.

There are several ways to proceed to see if a given model is viable for reproducing the expansion
history (see e.g., [21]). Following the approach discussed in [18], and requiring a given theory to
agree with the observed expansion history as derived from ACDM, we can obtain a constraint on
the underlying parameters of the theory. Thus a given model must reproduce the recent expansion

history
12 (z) = H (o) + 201+ 2)%), (18)

with the measured values QE\O) = 0.7344+0.029, Hyp = 71.0£2.5 km/s/Mpc, and €2, = 0.222+0.026
[22]. Consider as an example Quintessence, which corresponds to setting FF =1,Z =1 and a =0
in (16) and (17). We can then invert these equations to find expressions for the evolution of the

scalar and potential

de myp 5 d 3 1/2

— = +—F—(2(1 H“—InH — 3Hy(1 Qm , 19
Ulp) 2 3 3772 5 d

m;% = 3H —5(1—#2) HOQm—(1+z)H glnH, (20)

which reproduces the so-called reconstruction equations found e.g. in [23]. If we then use the
expression (18) in these equations we see that the ACDM prediction can be mimicked by a specific
choice of scalar field dynamics.? This is an example of the well known fact that expansion history
alone cannot distinguish between different models.

As another example of a model with F' = 1, we can consider ‘K-essence like’ models [4] where
higher derivative terms are used to construct a viable model. For these models it is standard
to compare the scalar terms with those of a perfect fluid, where one finds that by defining X =
—g"" 0,0, ¢ and noting that for F' = 1 the scalar terms in (6) give the Lagrangian £ = %Z ()X +
a(p)X?/A* — U(p), the energy density and pressure are

B oL B . 1 .2 i -4
p = 2Xo5 —L=52(0)¢" + 70(0)¢" + Ulp), (21)
1 | .
p = L=52(0)¢" + 170(0)¢" — U(9), (22)

9 It should be noted that requiring a given model to reproduce the predictions of ACDM is actually an overly
stringent requirement, since for a given set of observations at low redshift, the behavior at higher redshift can
actually be much less restrictive. Regardless, we will see that even given this more stringent constraint, it is
possible for a large range of theoretical parameters to exactly reproduce the ACDM history.
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respectively. Then the condition for a viable model of cosmic acceleration can be imposed on the

equation of state

o 228+ ralp)@t — Uly) (23)
32()9? + Fralp)et + U(p)’
where the current bound on a constant equation of state today is wo = —0.97 £ 0.08 [24].

A related case is derived when the field possesses a shift symmetry ¢ — ¢+ ¢, so that the scalar
is only derivatively coupled and we have U(yp) = 0, and Zj and ag are both constants. This is the
particular limit of our action corresponds to that considered in ghost condensation [8]. The scalar
equation of motion can be written

% <a3gb8'g<;()> =0, (24)

meaning that as a — oo either ¢ — 0 or IxL(X) — 0. In addition, the stability of fluctuations in
such a model requires 8% £(Xo) > 0. The case ¢ — 0 does not lead to a viable model of acceleration
in the absence of a potential (as can be seen from (23)). Considering the other case for the EFT

above we find

6£ 1 20&0
82£ 2a0
oxz — A1 0 (26)

where in general ag and Zj should be order one coefficients. The second condition (26) is in fact
a general expectation derived from causality, that theories with a UV completion give positive
contributions to the low energy effective action [25]. As a result, cosmic acceleration and the
condition (25) implies the field is a ghost (Zp < 0). Such theories stretch the validity of the EFT
expansion, since the cosmic acceleration implies (»?) ~ A%, unless Zy and o are less than one.
This means that as the universe begins to accelerate, the irrrelevant operators in the theory, which
are normally suppressed by higher powers of ((?)/A?, are beginning to become equally important.
This is an important caveat that must be kept in mind in applying our theory to existing dark
energy models.

Another connection we would like to comment on is the relation to the EFT of Quintessence
appearing recently in [17], where the authors extended previous work using Goldstone methods
to construct an EFT for inflation [16]. The authors construct an effective field theory for the
fluctuations around a fixed, accelerating background. It was shown in [19], for the case of inflation,
that this approach yields the same final results as the methods we are taking in this paper if both

the background and perturbations are treated within the EFT. For the sake of completeness, we
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do a similar comparison in Appendix E, where we find that by expanding the action in quadratic
fluctuations about the background values we recover the EFT of Quintessence presented in [17].

We can see from (14) that we can also reproduce the background expansion qualitatively as in
DGP. Recalling F' = 6_2“’/(\/6”“’), a =0, Z =0, and that there is no potential term in DGP, we
find

2¢ P
H? - H = : (27)
\@mp 3mg

which qualitatively reproduces the well known DGP result at leading order
H? - — =" (28)

with the identification 2¢/v/6 = m, /7.
The examples above demonstrate the ability of multiple theories to give indistinguishable results
from that of a simple ACDM model at low red-shift. As a more general example, combining (14)

and (15) to eliminate Z(y), we find

d 4 6 2 d
2 JE— P — J— JE—
6ZF+<dzlnH 1+Z>8ZF+<(1+Z)2 szzlnH)F
my” 2 .4 4 3 17205(0)
- 2172 A4 z 0%%m |+
= S 20 + A a(p)2*(0.¢)" +3(1 4+ 2)°HgQ (29)

In special cases, e.g. vanishing scalar potential, by enforcing the expansion history (18) in (29),
one can solve this equation to find an F'(p) that reproduces the observed expansion history. The
function F' is further constrained by fifth force experiments, fixing a boundary condition on the
derivative of F. This is not sufficient, however, to uniquely determine the form of F. Another
approach is to have a fundamental theory that provides a specific form for the function F', such as
DGP where F = ¢~2¢/(V6ms)  Then (29) provides a constraint on the model if it is to adequately
reproduce the cosmic expansion history (18). A caveat, however, is that the condition on the
derivative of F' coming from fifth force experiments need not be enforced if a period of strong
coupling for the scalar appears before reaching solar system scales. Examples of such strong
coupling behavior are exhibited by the Vainshtein effect [26], or the ‘Chameleon mechanism’ [27, 28].

We see that whether one is looking to reconstruct a theory given the data, or whether we are
interested in testing a particular model, distance measures alone are not adequate to distinguish
dark energy models from modified gravity. Instead we must combine this constraint with the

growth of structure as we now discuss.
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B. Evolution of Density Perturbations

We saw in the previous section that the expansion history of the background alone is not enough
to distinguish different models for addressing cosmic acceleration, even though it can constrain some
of the free parameters. This degeneracy can be confronted if we complement these considerations
with probes of the growth of cosmic structure. In this section we discuss how additional constraints
can be placed on the effective theory (6) by considering the growth of structure in the linear regime.

We are interested in the growth of structure coming from the evolution of density perturbations.
In Appendix C we present the equations describing the evolution of perturbations at the linear
level coming from the effective theory (6) in full generality. Here, for simplicity, we will work
directly in longitudinal gauge, where we fix the gauge freedom appearing in (C10)-(C13) by the

choice £ =0, B = 0, so that the metric for scalar density perturbations is given by
ds? = — (1 +2¢) dt* + a*(t) (1 — 2¢) §;;dz"da?. (30)

We will denote the background value of quantities by a bar, and so the scalar field is then (¢, %) =
o(t) + dp(t,Z). In the matter part, we are interested in the growth of structure in the matter
dominated regime where the contribution from radiation is negligible, and we have p,, « 1/a® and
Pm = 0. The perturbations of the fluid are then given by dpy, (¢, ), dpy = 0, and pd;du = —5T7,
with du the matter peculiar velocity potential.

It is useful to introduce the gauge invariant density contrast

0pm

0y =
" pm + Pm

— 3Hdu, (31)

which, working in longitudinal gauge and in the period of matter domination, allows us to write

the perturbed conservation equations (C5) and (C6) as

Om = —112+31/}—3i<Ha ) (32)
™ a2 dt w
6 — —ou, (33)
where we work with the comoving wave number defined through k% = —82-2, and we have assumed

that matter has negligible shear (i.e. 7 = 0 in (C5) and (C6)). However, for the scalar-tensor
and modified gravity cases, working in the Jordan frame we will have a non-zero anisotropic stress
arising from the contribution of the non-trivial coupling Q? = F # 1 appearing in (6). Indeed,

from the non-diagonal components of (C13) we find

/

0
Y —¢=270p, (34)
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where we see that €2 # 1 implies anisotropic stress, which we note would be absent in the Einstein
frame where 2 = 1. Note that in DGP, for example, 2 = e*“’/(*/gmp), so that ¢ — ¢ = _%% R~

a’ 90 where (C10) is used to get the last equality. Note that this result matches onto the

B 3m2
expressions in, e.g., [30], in the limit 8 = 1. We leave for future work the exact matching in the
limit 8 # 1, which we arises from super-horizon corrections, at energy scales below the infrared
cut-off of the EFT. We leave the exact matching to DGP including these super-horizon corrections
for future work. The presence of this anisotropic stress can then be measured by the fact that
gravitational redshifts and weak lensing depend on the combination ¢ + v, whereas the dynamics
of non-relativistic matter depend on ¢ alone as we will now see.!”
Combining the conservation equations (32) and (33), we find

6 + 2HS AN —6Hd H§ 3d2 HS 35

which is the generalization of Newtonian fluid mechanics to a cosmological background. For obser-
vations of growth we are interested in modes which are far inside the Hubble radius, i.e. k > aH
where A\, = a/k is the physical wavelength. In this limit the equations (C10)-(C13) dramatically
simplify, and we find

Sng ~ —47Get POm, (36)
where Geg is given by (3). This approximation reduces to that found in [32] for the case @ =1
and to the scalar-tensor case found in [18]. The fact that the small wavelength approximation
agrees with the scalar-tensor case is an important check, since after using the equations of motion
at the two derivative level we found that our more general Lagrangian only differs from a scalar-
tensor theory by the higher derivative correction ¢*/A*, which on small time scales should be
negligible. We see that the result agrees with this expectation. In the case of modified gravity,
similar behavior has been noted for Ghost Condensation, where it was pointed out that the effect
of the higher derivative correction would only now begin to become important [8]. Thus the key
observable coming from this expression is the dependence of the effective Newton constant Geg on
the conformal factor Q@ = Q(p). By using the approximate expression for the metric perturbation

in (35), we find the equation describing the evolution of the density contrast

bm + 2H by, — AT Gegpom =~ 0, (37)

10 For an overview with references see e.g. [29].
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which again is the result obtained in [18]. It is notable that this result is remarkably simple. That
is, we regain the well known equation for growth, but with the simple observation that the effective
Newton constant can vary from that of the usual GR case. Indeed, the growth of fluctuations as
given by (37) gives an important way to distinguish various theories predicting differing values for
G, since theories predicting larger (smaller) values of Geg will result in structure forming faster
(slower) than the standard ACDM scenario.

Making use of the redshift relation a = 1/(1 4 z), we can cast this in the more observationally

relevant form

d 1 3 HZ\ Geg(2)
2 — — ~ — =0 e
O20m + <2dz nH — - Z) 0.0m 5 (1+2) < 2) Cn Q. (38)

This equation for growth, along with the variation of the Newton constant, and the constraint (29)
coming from the expansion history, can be used to place stringent constraints on the parameters
of the effective theory (1). Such an approach has already been used in the specific cases of DGP
and f(R), where it was found that these theories are not observationally viable — see e.g. [29] and

references within.

IV. CONCLUSIONS AND OUTLOOK

In this paper we have derived a formalism for combining existing proposals for dark energy and
modified gravity into a single framework. We find that the effective field theory analysis of scalar-
tensor theory provides a compelling framework to accomplish such a task. We have constructed
the most general, local and unitary action, and calculated the leading corrections to fourth order
in derivatives for all of the fields. We find that we can reproduce the results of many different
models of dark energy with this framework.

We have seen that the effective theory (1) can capture the crucial physics of modified gravity
theories for intermediate scales between the horizon and the solar system. However, there remain
several challenges to obtaining an even more complete discussion. It would be interesting to see
if our approach could be pushed to super-horizon scales, where measurements like those of the
cosmic microwave background could allow further constraints. This has been done through a more
phenomenological approach — the so-called PPF formalism of [29], however it is not clear whether
the approach we have taken here can be pushed to such scales in a similar fashion. The PPF

formalism makes the crucial assumption that in models like DGP, above the horizon where the
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model becomes intrinsically five dimensional, if four dimensional energy /momentum conservation
holds one can still proceed. If one takes all fields into consideration, this seems a reasonable
assumption, even though a given sector (like that of the scalar ¢) will not be separately conserved.
We leave extending our methods to super-Horizon scales to a future publication [20].

A more challenging problem is that of small scales, as perturbations evolve into the non-linear
regime. This offers an important test of these theories, especially in the case of modified gravity,
for it is in this regime that one expects the strong coupling of the scalar to reduce to GR. Moreover,
we have focused on cosmological applications, but in the presence of clustered and dense objects,
we expect that something like the Vainshtein effect [26] could become relevant and our effective
theory will break down. This breakdown is not due to the the strong coupling at the scale Ay,
but is instead a purely classical effect and could be crucial in understanding how effective field
theories in the case of modified gravity can be connected to GR in the appropriate limit.

Within the regime of validity of our EFT, below the horizon size but above the length scale
of the solar system, we have argued that these theories are appropriately described by GR plus
a non-minimally coupled scalar field. This fact was already well known in the case of DGP and
f(R) theories, but we argued here that this can be extended to all other consistent modifications
as well. Within our EFT framework, we have seen that strong observational constraints can be
placed on these theories. These constraints come from observations that restrict the expansion
history and the growth of structure. We saw that the choice of parameters in the effective theory
can determine whether growth can be either faster or slower depending on the value of the effective
Newton constant. In addition, modified gravity theories result in a non-negligible anisotropic
stress, which, by combining measures of structure growth with e.g. weak lensing, can be used to
distinguish these models from those of dark energy. Such an approach can be carried out in a
similar way to that accomplished in the literature for the special cases of DGP and f(R) (see
e.g. [29] and references within). We plan to continue this approach in a future publication [20], to
demonstrate generally which are the features of a theory of modified gravity necessary to produce

the observed acceleration and structure growth.
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Appendix A: Notation and Conventions

Throughout the paper, we work with metric signature (—,+,+,+) and with natural units

h =1,c=1. Our conventions are such that

1
Fﬁp = igua(augpa + 8pgyo - aogup) ,
Ry, = O, —0,0p\ + 5,13 — Ty

VK

WUO':RVO'_
nrp Hvp 6

T, = 2 95m
SNCTT

with S,, the matter action.

Appendix B: Effective Field Theory Analysis of a Scalar-Tensor Theory

We start with the tree level scalar-tensor theory written in the Jordan frame:

m2 1
So = /d“xv—g{;%(@)fi - §Zo(<ﬁ)g“”3usoau<p - Uo(w)} + Sm -

Variation with respect to g gives

1
RI_UJ — ig‘w,R =

1

1
[Tpu + ZOa,u(PaV(P — Guv (§Z09a/88a908,390 —+ UO)] + 02
0

2002
meO

Taking the trace of this equation we find

1 3

R=——[-T + Zog" 0,00, + AU, 002,

so that (B2) in its trace-reduced form is

1
mI%Q%

1 1 1
R;w = Tuu - §g,uuT + ZOG,LLSO&JSO + g,uzzU0:| + 02 (Vuvl/ + 2.g,LLI/|:|> Q(2) .
0
If we vary (B1) with respect to ¢ we find the scalar equation of motion

1
ZOD(P + 5269’“/5#90&/@ = U(/) — mIQ,QOQaR .

S, gives the stress-energy tensor, (A4), whose details become relevant later.

1 R
5 (g,u,pRz/cf - g,lLO'Rl/p - gupRua + gl/ch,up) + = (gp,pgua - gypg,uo) >

(A1)
(A2)
(A3)

(A4)

(V.Y — ).

(B2)

(B3)

(B4)

(B5)
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We add to (B1) the leading EFT corrections with four derivatives:

« v v
AS = /d4xvg{/\fl(g“ updyp)® + e Dsog“ OupOup + AQ( ©)’

b1
A2A2

P) ijaﬂ(p&,@ +

b3
+-55 1" 0,000 + 55 19" 0,00, + AAZ ——TOy

RDap (B6)

by

AZA2,
g

—l—A AQ 2 Ryg Oup0yup + S A

+dy WHAPT 0, + dge’“”\"W VO PWpap + dsR™ R, + dyR?

v 2 v
+A—4T“ Ty + ATT A2 S R T + ATRT}

where «;, b;, ¢;, d; and e; are algebraic functions of ¢, W is the Weyl tensor and A and A,, are
the cutoffs for ¢ and the matter, respectively, and the gravitational coupling A, ~ m,, is implicit
given the standard normalization of the graviton.

Next, we use the tree level (second order in derivatives) EOMs, (B2-B5), to eliminate the higher
order time derivatives in (B6) as discussed in e.g., [19] (see also [37]). This procedure is equivalent
to solving Sy + AS and then expanding the results in powers of the EFT cutoffs, and guarantees
the absence of ghost degrees of freedom, which would appear if the fact that the EFT terms are
small were not taken into account. Before we apply this reduction process, note that on the right

hand side of (B2-B5) there are still double derivatives acting on the fields. Using
V.V X(p) = X"0,00,0 + X'V, Ve, OX(p)=X"g"0,p0,p+ XDy,
we can solve (B3) and (B5) for R and Cyp in terms of quantities with at most one derivative.

m2Q5 (Zo + 6m2Q%°) R = —ZoT + 4ZUp + 6m2Q0QU;
+{Z0(Z0 + 6mE(%? + ) - 322 g OupOup,  (BT)
1

(Zo + GmIQ,Q’ Q)Dgo + §Z(’)g“”3u<p&,<p

Q/
_UO——O

{4U0 —T+ (Z() + 6m (Q/ + QOQ”))g“”augo&,(p}. (BS)
We can rewrite the right hand side of (B2) to get

MR = T + (Zo + 2m2 (9% + Q090)) 0updue + 2moQ0Q VYV, Vo

_ Z
g (Zo + 6m2?) 1{ (70 +2m200°) T + (Zo + 2m2Q%%) Up + m2Q09%Up
1
+m12,Qo (Q{)/ZO — QQBZ{))Q“”@“go&,cp} ) (B9)

Now let us perform the reduction of (B6):
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e a1, by, by, di, do, e1 and ey terms do not have two time derivatives and do not need to be

reduced.
e With (B8), as term is made to contribute to Zy, c; and bs.
e a3 contributes to Zy, Uy, aq, be, ez, and it also generates a term like f(p)UyT.
e b3 contributes to be, ex and f(p)UyT.
e ¢ is nontrivial due to V,V,¢ in (B9). But since

V=9 f(@)V,VypVHeV e = %x/?g VOV L (VFedup)
= —%Jjg{f’(v“wauw)Q + fOeVFe0up}

it reduces itself to a; and ag types. Therefore, ¢; contributes to Zy, o, by and bo.
® ¢y Zpy, aq and bs.
e c3: Zy, Uy, aq, ba, €2 and f(p)UpT.
e d3: Zy, Uy, ai, by, ba, €1, ez and f(¢)UpT.
o dy: Zp, Uy, a1, b, e and f(p)UpT.
e e3: by, by, e1, eg and f(p)UpT.
e ¢4 by, eg and f(p)UpT.
In summary, the EFT corrected action has the form of

m?2 1
S = /d4$\/jg{7p92(tp)R - §Z(<P)g“l/3u905u¢ - Ulp)

b b
+OZ(()0) (gl“/au,@a/ﬂp)z + 1(‘)0) T’“’@H@&,tp+ 2(90) Tgl“/au,@auﬁp

A4 A2AZ A2AZ
v v a €1 v €2 f((p)
+d WH A”WwAp + doet /\PWW ﬂWApag + ATTN Ty + X T2 + e UT} + Sm , (B10)

where A* ~ M*(1 + m2|V'[?) with M* = A%, A%AZ A*m2, AZm? or m;‘;. All the contributions
from the reduction process are absorbed into the redefinition of Z, U, «, b;, e; and f.

So far, we have not assumed any hierarchy among A, A,, and m,. In the early Universe where
A may not be much different from m,,, all the EFT corrections can be of a similar size and we have

to take all of them into consideration. However, for the purpose of addressing late time cosmic

acceleration this result can be simplified still further by a judicious choice of the relevant terms.
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For explaining dynamics of the universe today with critical density p ~ (1073eV)* we are interested
in an effective theory far below the mass of the electroweak gauge bosons and the scale of quantum
gravity. Thus, we expect that the UV cutoff of the scalar sector should be far below that where
corrections to the standard model and/or quantum gravity become important, i.e. A,,, Ay > A.
Thus, b, d, e and f terms can be neglected compared to . Then, the EFT corrected action for

the dark energy analysis is

m2 1 o
S = /d“x\/—g{;QQ(w)R = 52(#)9" e = Ulp) + %(9"”%@8&)2} + Sy, (B11)

and the corresponding EOMs are

1 1
m2Q?Rl = TV — 30T + 29" 0pp0,p + 04U + m2(V*V, + 5555)92

(gpaﬁpcpﬁggp)Q(élg“”&ng@y«p — 5{,‘9""\8,1903)\@) , (B12)

(6
A
1
ZOp = U' —m2QQ'R - 52’9’“’8#90&,4,0
/

o 4o
+F(g“”3mp8u<p)2 + 17 (99" 0upOup + 20,0050 VIV ) (B13)

Appendix C: Cosmological Perturbations

In this section, we obtain the perturbative expansion of the full EOMs, (B12-B13). For cosmo-
logical perturbations we work with coordinate time, assume negligible spatial curvature (this can

easily be included), and parametrize the metric and scalar perturbations as

ds* = —[1+2¢(t, Z)] dt* + 2a(t)0; B(t, ¥)dtdz’
+a(t)?[ (1 — 20(t, %)) 65 + 20,0, E(t, T)]|da*da’ (C1)
e(t, ) = @(t) + dp(t, ), (C2)

respectively, where bars indicate background quantities. Matter perturbations are given by
T) = —p—6p, T? = (p+D)0idu, Ti=0ip+08;;0p+9;0;m, T =—p+3p—dp+30p+d2m.(C3)
The matter satisfies the conservation equation, VMT# = 0, whose zeroth order piece is
p+3H(p+p) =0, (C4)
and first order parts are

0i[3p + 927 + (5 + P)oul + 3H (5 + P)du+ (+p)9] = 0, (C5)

Il
o
—
Q
D
=

30+ 3H(Gp+0p) + 02— LB+ PP su s Hr) + (p-+ ) (—30 + O2E)
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The zeroth order EOMs obtained from (B12-B13) are
0O/

—,  Q _ 9% L
Q U’+5(—ﬁ+3p—4U) (3H<p+ap5)(z+69’2)+—8t[ 2(Z +6Q'?)]

o
+12HE® F + at[ga4A4} 0, (C7)
. pt3p 2, ITNO2 L 25 P Yeto), 220092 1 Q" a0
00 : S== = U +3(H? + N+ $*Z + 3(Hp + 9 +3¢°(@° +00") +3¢' 15 =0, (C8)
o LR U BHR 4 IO + (BHG + )00 + Q%+ 007) - 5 =0, (C9)

where F/ = dgi(@ , = mpQ(p) and an overdot implies a time derivative. They determine
vl
the expansion history of a model, or we can use them to constrain a model to give the observed

expansion history of the universe.
The first order EOMs, slightly simplified by using (C7-C9), are

. o 2 2 19 O 3 dep 2 2
¢ o (—op+30p+0Pm) = (24602 + 45 ) {75 (af—a E)}
_ _ . a . L.
- (Z 602 + 12@2F) (6p — $0)
+{2U’+ 29/(—*+3;5—4U)+(3HL+2:)(Z+6§72’2) 12H¢ 6¢ a }&D (C10)
o (=7 ¢ +2¢ cpA4 Nz
Y o 3) 4 (30HE) + 2651 )(Z + 60%) + [3(Z + 60%)] + 120, [H 120 0¢
+{5 7+ 39) + (30.0H3] + wﬁy F60%) 4 QIBZ + 60%)] + 120 B g + 120,66 151} 7
o _ .3 @ . a
— 4 —(—p N — — 53 N —
2{U" + 5 (—p+3p — 40) = 120G 5 — 015" 1]
2 . — —
00 : ——5p+35§+8i” =207 (8¢ — p9) + (§° 2" - U’)6<p
N2 a2¢ 2 2 2 2 27
—Q{ +3H¢ + 6(H +H)¢+3¢+6Hzp+a——8E+H(a——QaiE)} (C11)

+QQ’{ - 8;# + 300 + 3Hbp + 6(H? + H)bp — 3¢(¢p + ) — 6(Hp + @) — é(@fg - 83E)}
+3(Q02 + Q{2460 + (H¢ + @)oo — 2920} + 30° (3 Q" 4+ QQ")dp
112570 (0 — o) + 38 i,
0i : (p+Dp)didu=0; [m (Q&D — Hép — 2¢¢) —202(Ho + ) + (@Z 2007 4+ 2600 + 4@3%) &p} ., (C12)

1
Z] : 8iajw— 55”(—6[)4‘5]7"‘81377')

— 90, [Q?(“iﬂ - H(2§ _3E) - g i) o ( - %w - z@(g - 5))]

o A2 2 81%7/1 h ; 2 B 27
+03; [ — U5+ ( HY —2(H +3H)¢ + 5 — i — 6HY — H(0F— — 8kE)) (C13)
. 9p . , L. L. . oB .
+00 (= ZE5E 4 S+ 5HEp + 23H2 + H)dp — p9 — 25Hp + §)6 — 560 — (0 — — 6E))
+(Q% + Q") {2560 + (5H¢ +@)0p — 2020} + (3 Q" + QQ")p
;33 _ y -
+g" 15 (=00 + 99) — ¢t A 590}

These EOMs can be used to further specify or constrain a model. By solving (C11) and the trace
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of (C13) for ?¢ and 9?9 and using the zeroth order EOMs together with (C12) and (C5), we can

get the Poisson equations for the gravitational potentials:

07

;¢

a2 3@2 2 ~2 77 00/ 4407
S0P — 5ga H (P + P)ou+30° 65 w—ﬁ( $*Z — GHPOW + 126" 17)¢
2

Q’2 a -5 2g O\ = : 2 A g O
+ﬁaz— dp + W@(Z—}— 12¢ F)égp— ﬁ{goZ—?)(QH-I—H QY +12¢ @F}égo

+a(H o )(32 — ad?E), (C14)
a? 9a? QO H\. a2 - S _ e

— —H — =07 — — ) — —=($*Z — 3H(¢QY — HQ?) + 12¢* —

20200~ g (P P)u 9281”4“3” ( ") 2)¢ o0z (97 —3H(p ) +120°57)¢
Q/ 2 2 -2 3 a/ e =N\ - 2N A -2 B = @

—ﬁa Sp + 2QQ¢(Z +12¢ p)é@ - @{(2@ —3H$)Z — 3(2H — 5H*)QQ + 1252 (2% — Hw)p}aw

/
—Ha(9?B — 2a0%E) — QT a(9?B — ad?E) — ad?B + d*0’E (C15)

the latter of which can be used to give the effective Newton constant. The anisotropic stress

follows from the i # j component of (C13). Working in Longitudinal gauge with £ = B = 0 and

for ordinary matter m = 0 we find

v-o=206 (C16)

We note that there is no anisotropic stress in the GR limit where Q = 1.

Appendix D: f(R) Models as Effective Field Theories

Next we turn to a brief discussion of f(R) theories as effective field theories. While this class

of theories seem to belong to the class described by our master action Eq. (1), we will see that

a systematic expansion of the potential does not give rise to a valid EFT for cosmic acceleration

today. In this Appendix only, we rescale the scalar ¢ to be dimensionless.

We reviewed in Sec. II-2 that f(R) is a scalar tensor theory with

4
m
P =1+1(p), Z=0, U="2(pf'~ 7). (1)
and R = mIQ)gp.
Let us next look at a general form for f(R):
f(p) = eng™ (D2)

The potential is then [38]

eV/Bx _ 1)n/<n—1>6f2¢gx

ney,

m4
Ulp) = Sealn—1)( , (D3)
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2
where we have made the definition e\/;x = 1+ f'. When xy < 1, the scalar potential can be
treated as an effective field theory. Carrying out the expansion in the leading power of x, we find

the scalar potential

where

i (n—1) 4
2(ncn)n/(n71) my, -

(D5)

We immediately see that a sensible EFT for the scalar is obtained at the level of the effective
potential only for n > 1 or n < 0. To determine whether suitably sub-Planckian vevs can also be

obtained, we derive the evolution of the scalar as a function of time, by including the coupling of

n/(n—1
o /(n—1) 5
U~p 3X —\/ 3XPm- (D6)

Note that except for special points, neither n > 1 nor n < 0 give rise to stable potentials in general,

the scalar field to matter:

with the contribution from the matter coupling balancing against the ordinary potential.'’ Dark
energy behavior in these potentials must arise from a Quintessence-like slow roll at late times.

The equation of state is thus

2T x>
YT TRV T s (b7)
and using the equation of motion x = U’ / 3H, we get
2772
w+1= n (D8)

3(” - 1)2p%otX2 ‘
Since U ~ prot in the accelerating epoch, in order to achieve the observational requirement of
w ~ —1 we require super-Planckian vevs (x > 1), implying an inconsistency in this theory as an

EFT for dark energy.!?

1 An exception is n = 2, which gives rise to a stable potential.
12 The models with potentials with 0 < n < 1, although not making sense in terms of an EFT expansion in powers
of x/myp, have stabilized minima. But the equation of state for x is

wa1— 2ol (D9)
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Appendix E: Comparison with the EFT of Quintessence

Our master action (1) can reproduce generic Quintessence type models with EFT corrections:

m2
5= [dlav=g{" 2R+ L)} (BD)

where we ignore the matter contribution in order to concentrate on the scalar degrees of freedom,

and we take the background

1 a(e)
L(p) = P(p, X) = 52(0)X = Ulp) + — 7 X+, (E2)
with X = —¢"0,00,¢ and --- representing terms higher in the derivative expansion. Again,

in this paper we will focus only on those backgrounds that admit such an expansion dropping
higher order terms since they will be further suppressed by the cutoff. The expansion of the action
with respect to the metric and ¢ perturbations, (C1) and (C2) respectively, can be obtained by
straightforward algebra. Imposing the background EOMs

1 - oL 1 _ .
HQ:—(—E 27):7 — P+ 2Py E3
gz L 25gm) = g (- P20, (E3)
. 3 1 = 1 -
H+H>=———(=——"_P E4
+ 2 2m? 2m2" (E4)
P, — 28t(PXg5) — 6HPX<,5 =0, (E5)
Since the potential has the minimum of
0 = (=) () o)
pt n/ -’
we get _
—_ o &U) _ nadpm _mns
wl= 3(Uy da 3 pm da 3’ (D11)

where we use pn, o< a”®. Thus, significant deviations from w &~ —1 does occur in this case too.
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we get

m? 2 4 . . . 2 8L
_ p 4 3|1 29,02 _ = 9. ly 2 _ 2 2
Siessence = 5 / d'za® | Z5(00)? = 501000 — 607 — 12Hov —2(H +3H o G 5900)2)¢

2
(L )+ )

RN A N 52 52 2L\
+2/d va [5¢25¢ T S apaa, 0P di0e T <5¢2 3H 5o at(agp(sga))é*”
5L 2L 5L 5L
YRR DY i 405
+( 5400550 T 12H 5 0550+ 40 (5 g555)0 + 45 w550
5L PL 00 3L,
—2—.(¢—3¢)+4590i58j¢ 2550 E)sg]

_ /d4ﬂfa —5(0)" - 2 0i0u) — 692 — 12H ) — 2(fr + 302 - %PXX&)&
a mp

~a(EB o2y + 1) (E6)

1 . -2 2 . .
+5 / d*z a® [ (4Px x> + 2Px)dp — EPX(&»&O)Q + (Ppy — 6HPx @ — 20,(Px$)) 6
+4{( — Px,@® + 6H(Pxx @ + Px¢) + 20,(Pxx¢° + Px9)) ¢

2E) Jop |,

82
+(2Pxx @ + Px$)¢ + 3Px ¢y + PX‘P(

etc. We ignore the

where the variations of £ are evaluated at the background and Px = BX ’ 0

irrelevant zero-th order pieces, whereas the first order terms are eliminated by the background
EOM’s.
We can compare this with the literature. For example, [17] used L(¢) = P(X) and perturbed

the scalar by

. 1.
p=F+gmEpri (ET)

to obtain the scalar action quadratic in 7

) o . o;m)?
S literature = /d49€ ag[(QPXXS54 + Pxp?)i? —PX@Q( 2 ) + 3H Px $? 2] . (E8)

On the other hand, with P = P(X) and the obvious identification of
kA 1 = 9
5g0:<p7r+§g07r + e (E9)

the O(n?) part of our (E6) is

—\2
S = /d4xa3[(2PXX¢2+PX)(¢ff+95”)2_PX¢2(6£) ]

;)2 .
2 W) — (BHQp$ + Qoo + Qpp)n? |, (E10)

= /d4xa (2Pxx $* + Px3*)7? — Px@?
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where Q = 2Px x> + Py. Taking the time derivative of (E5)

0= 0,(2Pxx$*$ + Px$ + 3HPx3) = Qp + Q3 + 3HQE + 3HPx &, (E11)
we get,

S o= [ d%sd®| (2Pxx &' + Px3)i2 — P 2 (0im)” 3H Py 52 E12

w2 = fw[( Xx @+ Px )" = Px™— 53—+ X@W}v (E12)

which agrees with the result appearing in (ES).

Appendix F: Conformal Transformations

We take the action in the Jordan frame,

m2
5= [ aPoy=g{"2 PO)R - Jh() (00)" ~ U(o) + Ll ™) (F1)

and transform it to the Einstein frame by introducing a new metric
gm/ = QQQWM (F2)

which depends explicitly on ¢ — demonstrating that in the new frame matter couplings depend
on the evolution of the scalar and the motion of particles does not follow geodesics. Under this
transformation we find

V=g = 0P/, (F3)

R = QQ{R+2(D—1)ﬂlnﬂ—(D—2)(D—l)gW8“g¢}, (F4)

so that the Einstein frame action becomes

9 .
- - ~ Q0,0
§ = /dDa;\/?gQD {”;PQ?F(@ (R+2(D-1)0mQ - (D-2)(D - 1)5*”%)
1 ~ 2 o
5O B0)” = V() + Ll )} (F5)
We see a canonical gravity term is possible by choosing Q2 = F2/(P=2),

Specializing to D = 4 the Einstein frame quantities are related to the Jordan frame ones by

V _g = 94\/jga
Oo = Q2 (DU + Qg“”Q_lﬁuflaya) ,

R =072 <R—6Dan—6(8§2)2>. (F6)
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and with Q2 = F we find

2

3m2F'? 4+ 2hF

5= / dizy/=5 {”;pR 3 T (Bue) — FU() + F ™ Lon(tom, ngm} . (F7)

where a prime denotes the derivative with respect to .

1]
2]
3]

T. Damour, “Experimental tests of gravitational theory,”

S. Weinberg, “Infrared photons and gravitons,” Phys. Rev. 140, B516 (1965).

C. Wetterich, “Cosmology and the Fate of Dilatation Symmetry,” Nucl. Phys. B 302, 668 (1988);
B. Ratra and P. J. E. Peebles, “Cosmological Consequences of a Rolling Homogeneous Scalar Field,”
Phys. Rev. D 37, 3406 (1988).

T. Chiba, T. Okabe and M. Yamaguchi, “Kinetically driven Quintessence,” Phys. Rev. D 62, 023511
(2000) [arXiv:astro-ph/9912463]; C. Armendariz-Picon, V. F. Mukhanov and P. J. Steinhardt, “A
dynamical solution to the problem of a small cosmological constant and late-time cosmic acceleration,”
Phys. Rev. Lett. 85, 4438 (2000) [arXiv:astro-ph/0004134].

C. Brans and R. H. Dicke, “Mach’s principle and a relativistic theory of gravitation,” Phys. Rev. 124,
925 (1961). For more recent studies see e.g. J. C. B. Sanchez and L. Perivolaropoulos, “Evolution of
Dark Energy Perturbations in Scalar-Tensor Cosmologies,” arXiv:1002.2042 [Unknown]; P. P. Fiziev
and D. A. Georgieva, “Inflation and oscillations of universe in 4D dilatonic gravity,” Phys. Rev. D
67, 064016 (2003) [arXiv:gr-qc/0211016]; P. P. Fiziev, “Basic principles of 4D dilatonic gravity and
some of their consequences for cosmology, astrophysics and cosmological constant problem,” arXiv:gr-
qc/0202074.

S. M. Carroll, V. Duvvuri, M. Trodden and M. S. Turner, “Is Cosmic Speed-Up Due to New Gravita-
tional Physics?,” Phys. Rev. D 70, 043528 (2004) [arXiv:astro-ph/0306438].

D. Stojkovic, G. D. Starkman and R. Matsuo, “Dark energy, the colored anti-de Sitter vacuum, and LHC
phenomenology,” Phys. Rev. D 77, 063006 (2008) [arXiv:hep-ph/0703246]; E. Greenwood, E. Halstead,
R. Poltis and D. Stojkovic, “Dark energy, the electroweak vacua and collider phenomenology,” Phys.
Rev. D 79, 103003 (2009) [arXiv:0810.5343 [hep-ph]].

N. Arkani-Hamed, H. C. Cheng, M. A. Luty and S. Mukohyama, “Ghost condensation and a consistent
infrared modification of gravity,” JHEP 0405, 074 (2004) [arXiv:hep-th/0312099].

G. R. Dvali, G. Gabadadze and M. Porrati, “4D gravity on a brane in 5D Minkowski space,” Phys.
Lett. B 485, 208 (2000) [arXiv:hep-th/0005016].

S. Dubovsky, T. Gregoire, A. Nicolis and R. Rattazzi, “Null energy condition and superluminal prop-
agation,” JHEP 0603, 025 (2006) [arXiv:hep-th/0512260].

H. van Dam and M. J. G. Veltman, “Massive And Massless Yang-Mills And Gravitational Fields,”
Nucl. Phys. B 22, 397 (1970).



[12]

[13]

[26]
[27]

[28]

[29]

[30]

[31]

32

V. L. Zakharov, “Linearized gravitation theory and the graviton mass,” JETP Lett. 12, 312 (1970)
[Pisma Zh. Eksp. Teor. Fiz. 12, 447 (1970)].

N. Arkani-Hamed, H. Georgi and M. D. Schwartz, “Effective field theory for massive gravitons and
gravity in theory space,” Annals Phys. 305, 96 (2003) [arXiv:hep-th/0210184].

M. A. Luty, M. Porrati and R. Rattazzi, “Strong interactions and stability in the DGP model,” JHEP
0309, 029 (2003) [arXiv:hep-th/0303116].

A. Nicolis and R. Rattazzi, “Classical and quantum consistency of the DGP model,” JHEP 0406, 059
(2004) [arXiv:hep-th/0404159].

C. Cheung, P. Creminelli, A. L. Fitzpatrick, J. Kaplan and L. Senatore, “The Effective Field Theory
of Inflation,” JHEP 0803, 014 (2008) [arXiv:0709.0293 [hep-th]].

P. Creminelli, G. D’Amico, J. Norena and F. Vernizzi, “The Effective Theory of Quintessence: the
w<-1 Side Unveiled,” JCAP 0902, 018 (2009) [arXiv:0811.0827 [astro-ph]].

G. Esposito-Farese and D. Polarski, “Scalar-tensor gravity in an accelerating universe,” Phys. Rev. D
63, 063504 (2001) [arXiv:gr-qc/0009034].

S. Weinberg, “Effective Field Theory for Inflation,” Phys. Rev. D 77, 123541 (2008) [arXiv:0804.4291
[hep-th]].

Wenjuan Fang, Dragan Huterer, Sam McDermott, M. Park, S. Watson and K. Zurek, Work in progress.
V. Sahni and A. Starobinsky, “Reconstructing Dark Energy,” Int. J. Mod. Phys. D 15, 2105 (2006)
[arXiv:astro-ph/0610026].

E. Komatsu et al., “Seven-Year Wilkinson Microwave Anisotropy Probe (WMAP) Observations: Cos-
mological Interpretation,” arXiv:1001.4538 [astro-ph.CO].

D. Huterer and M. S. Turner, “Revealing Quintessence,” Phys. Rev. D 60, 081301 (1999) [arXiv:astro-
ph/9808133].

R. Amanullah et al., Astrophys. J. submitted.

A. Adams, N. Arkani-Hamed, S. Dubovsky, A. Nicolis and R. Rattazzi, “Causality, analyticity and an
IR obstruction to UV completion,” JHEP 0610, 014 (2006) [arXiv:hep-th/0602178].

A. 1. Vainshtein, “To the problem of nonvanishing gravitation mass,” Phys. Lett. B 39, 393 (1972).
D. F. Mota and J. D. Barrow, “Varying alpha in a more realistic universe,” Phys. Lett. B 581, 141
(2004) [arXiv:astro-ph/0306047].

J. Khoury and A. Weltman, “Chameleon Fields: Awaiting Surprises for Tests of Gravity in Space,”
Phys. Rev. Lett. 93, 171104 (2004) [arXiv:astro-ph/0309300].

W. Hu, “Acceleration from Modified Gravity: Lessons from Worked Examples,” Nucl. Phys. Proc.
Suppl. 194, 230 (2009) [arXiv:0906.2024 [astro-ph.CO]].

I. Laszlo and R. Bean, “Nonlinear growth in modified gravity theories of dark energy,” Phys. Rev. D
77, 024048 (2008) [arXiv:0709.0307 [astro-ph]].

F. Schmidt, “Self-Consistent Cosmological Simulations of DGP Braneworld Gravity,” Phys. Rev. D 80,
043001 (2009) [arXiv:0905.0858 [astro-ph.CO]].



[32]

[38]

33

A. A. Starobinsky, “How to determine an effective potential for a variable cosmological term,” JETP
Lett. 68, 757 (1998) [Pisma Zh. Eksp. Teor. Fiz. 68, 721 (1998)] [arXiv:astro-ph/9810431].

C. Deffayet, G. R. Dvali and G. Gabadadze, “Accelerated universe from gravity leaking to extra di-
mensions,” Phys. Rev. D 65, 044023 (2002) [arXiv:astro-ph/0105068].

G. Gabadadze and A. Iglesias, “(De)coupling limit of DGP,” Phys. Lett. B 639, 88 (2006) [arXiv:hep-
th,/0603199].

A. Nicolis, R. Rattazzi and E. Trincherini, “The galileon as a local modification of gravity,” Phys. Rev.
D 79, 064036 (2009) [arXiv:0811.2197 [hep-th]].

K. Koyama and R. Maartens, “Structure formation in the DGP cosmological model,” JCAP 0601, 016
(2006) [arXiv:astro-ph/0511634].

J. Z. Simon, “Higher derivative lagrangians, nonlocality, problems and solutions,” Phys. Rev. D 41,
3720 (1990); “The Stability of flat space, semiclassical gravity, and higher derivatives,” Phys. Rev. D
43, 3308 (1991); F. J. de Urries and J. Julve, “Ostrogradski formalism for higher-derivative scalar field
theories,” J. Phys. A 31, 6949 (1998) [arXiv:hep-th/9802115].

T. Faulkner, M. Tegmark, E. F. Bunn and Y. Mao, Phys. Rev. D 76, 063505 (2007) [arXiv:astro-
ph/0612569].



	A Unified Approach to Cosmic Acceleration
	Recommended Citation

	tmp.1323721448.pdf.5VDm8

