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The Evolution of Management and PERT

In recent years we have seen significant advernces
in technology. The presentc period has often been ca.lecd
the Age of Massive Engineering by many authorities. This
high rate of advancement has been initiated and supported
by tae space race as well as The demands of indusiry. ew
technologies provide the backbone for new and complix de-

's

velopment projects which ir turn end up as management
responsibility for administration.

The importance oi time and efficiency in contro..ing
a project is at the top o management's list. MNMany tizes
the success of a project dependé as much on the time oi
completion as it does on how well the finished product per-
forms its function. Rapid technological change has de-
creased profit margins, increased competition, and proiuced
a shorter lifespan for new products. Factors such as this
put a big responsibility on management's role.

The management process (or method) is the resulzs of
evolution over many generations of trial and error. Tae
present process varies somewhat with different crganiza-

tions and individuals, but there is enough similarity that
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it can be depicted in a general form. This is beg?t i1illus-

trated by Figure- 1.

of ovjectives is the first and most important step. This
provicdes the base of direction for all future effort as
well as the yardstick against which accomplishments are
evaluated. Given the objectives, a plan is developed wiich
shows the interrelationships anid sequence of the objec-
tives. This plan forms a guide and shows the approach
which will be taken to achieve the over-all objective.
After the plan is laid out, the scheduling of resources

and time is implemented. The scheduling function cozsiders
competition for materials and produces a completion date
for the assigned objectives. This schedule then provides a
basis for evaluation of progress. Progress is reported pe-
riodically and should enable detection of problems early
enough for management to find a solution. As the project
progresses changes may be desirable because of a change in
the objectives, plan or schedule. After a careful analysis
of the course of action to be taken, the change is incor-
porated by recycling through the management process. The
cycle is continuously repeated until the objectives are

accomplished.l

lPERT Cooréinating CGroup, PERT Guide TFor Management
Use, U. S. Government Printing Office, Washington, D. C.,
June 1963%, pp. 1-30.
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Objectives
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Figure 1. The Management Process Cycle*

PERT Coordinating Group, PERT Guide for Management Use, U, E.

Government Printing Office, Washington, D. C., Junc 1963, p. 1.



TZe management process becomes very complex and dil-
ficult to execute for large projects. OIiten a project :is
divided among several companies, waich magnifies the prod-
lem of cooriinating the tolal program. This is pointed

out by Xlass.

Toda a weapon systenm requires man arallel
b]

subsystem developments, each usually cerried om 2y a
different contractor, all of which must closely mesi

at various stages in tiie program if it is to meet its
timetable.?

The vast quantity of significant and/or finite
events required in the development of these complex sys-
tems 1s breath-taking without saying anything for the
managing of them. Of particular significance, is the fact
that the planning activity must be done today to identify
all the activities necessary to meet the end objective,
perhaps five years in advance. The difficulty of tiis task
is made evident by considering the nature of research and
development projects.

The programming and evaluation of research and te-
velopment projects are distinguished from other progTams
by three factors. First, research and development programs

contain considerable intellectual and creative activity

which is difficult to schedule or predict. Second, past

2Klass, P. J., "PERT/PEP Management Tool Use
Grows," Aviation Week, Vol. 73, November 28, 1960, p. 88.




experience upon which to base schedules is relativaly us-
available for "one of a kind" or "one time only" prsjects.
Tnird, frequent schedule changes are necessary vecause OF
the unpredictability of speciiic research results.5
Faced with these prodvlems, management continually
has sought more effective methods of fulfilling its re-
sponsibilities. The most recent means is through neswori
analysis. This network is defined as a system, witi sub-

A

systems, where the various parts are interrelzated. A net-

The

work may be illustrated by a flow chart or diagram.
network analysis technique 1s used to recognize and iden-
tify all the interconnecting links in a system or a series
of subsystems. This technique can also be used as a tool
of analysis to identify the performance of any subsystem
for the purpose of design, coordination, and control. The
most revolutionary and sophisticated variations of the
network analysis technigues of management are the Program
Evaluation and Review Technique and the Critical Path
Method.4
The Program Evaluation and Review Technique com-

monly known as PERT was developed in 1958 by a team

5PERT—Summarz Report Phase 1, Special Projects
Office, Bureau of Ordnance, Department of the Navy,
Washington, D. C., July 1958, p. 1.

AJohnson, R. A.; F. BE. Kast; and J. E. Rosenzweig,
The Theory and Management of Systems, McGraw-Hill Book
Company Inc., New York, 1993%.




representing the Special Projects Office of the United
States Navy, in cooperation with representatives of the
Locknheed Missile System Division and the management con-
sulting firm of Booz, Allen, and Hamilton. The research
tear under the direction of Admiral Rayborn set out tc de-
velop an improved method for measuring and controlling
development progress for the Polaris Fleet Ballistic
Missile Program. This program was filled with comp_-exi-
ties, not only because of its size, but also because of
its pioneering nature which is characteristic of research
and development projects.

The research team recognized the inability of con-
ventional production management tools, such as Gantt
charts, to adequately plan and schedule the complex inter-
relationships associated with research and development
projects. Without underestimating the magnitude of the
technical difficulties to overcome, these men correctly
assumed that the resources, human talent, and production
facilities already existed in more than sufficient quan-
tity and quality. The one remaining ingredient necessary
for success at a reasonable cost and a completion in time
to make the weapon usable, was effective management. A
way had to be found to communicate with, and direct, 250
prime contractors and over 9,000 subcontractors, so that

all efforts would contribute to the advance of the total



5

project. The PERT approach to project management was the

outcome of their efforts and tae answer to the problem
they faced.

This approach as outlined in the phase one summary

3 6
report involves:

l. The selection of specific, identifiable
events which must occur along the way to
successiul conclusion of the project.

2. The secuencing of these events and es-
tablishing of interdependencies between
events so that a project network is de-
veloped.

3. The estimate of Time required to achieve
these events together with a measurement
of the uncertainties involved.

4., The design of an arnalysis or evaluation
procedure to process and manipulate tkis
data.

5. The establishing of information channels
to bring actual achievement data and re-
vision data to the evaluation point.

©. The application of electronic data proc-
essing equipment to the analysis
procedure.

The success of PERT as a management tool was evident

when the Navy accredited PZRT as the instrument which

brought the Polaris Fleet Ballistic Missile Program to

5Stires, D. M., and M. M. Murphy, Modern Manage-
ment Methods PERT and CEM, Materials Management Insti-
tute, Boston, 1962, p. 4.

6

PERT-Summary Revnort Phase 1, op. cit., p. 1.
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combat readiness nearly twc years anead of schedule. Agd-
ing to its popularity are cdevelopments and azditions to
the basic PERT which have extended and broadened its use-
fulness. These will be discussed in a later chapter.

Concurrently and independently of the development
of PERT by the Special Projects Office, the Critical Path
Method (CPM) of project management was developed by in-
dustry. The Integrated Zngineering Control Group of
E. I. duPont de Nemours and Company in collaboration with
the Univac Applications Research Center developed the
Critical Path Method of planning and scheduling. The de-
sired purpose of their effort was to overcome the defi-
ciencies of conventional methods of management. The firs%®
major test of their theoretical effort was the construc-
tion of a 10 million dollar chemical plant which proved
the CPM successful.7

As it turned out, PERT and the CPM happened to be
similar approaches to the same problem. The primary d4if-
ference between the two methods lies in the statistical
concepts incorporated in PERT which are not contained ia

the CPM. For this reason, PERT lends itself to research

7As':_ley, W. F., and M. T. Austin, "Case Studies in
Network Planning, Scheduling, and Control of Research and
Development Projects," Operations Research in Research and
Develooment, ed. Burton V. Dean, New York, 1963, pp. 206%-
265.




and development projects wkere uncertainty may fatally un-
dermine effective direction, while the applications of <the
CPM are very common in production and construction prob-
lems. The Critical Path liethod assumes that tae time re-
quired to perform any activity in a project is knowa or
can be estimated with a high degree of accuracy. PZRT as-
sociates a probability with its time estimates because
frequently they may be only rough guesses.

After these methods were exposed, a rash of acro-
nymns such as those that follow, began to appear in litera-
ture devoted to the same basic planning and scheduling
area.

PEP--Program Evaluavion Zrocedure

PRISM--Program Reliability Information System
for Management

IMPACT--Integrated Management Planning and
Control Technicgue

SCANS--Scheduling and Control by Automated
Network Systems

CPS--Critical Path Scheduling
The differences between the approaches arise primarily as
a consequence of the original job for which the metlod was
developed. All of them share in the common procedires of

the PERT and the CPM systems.



Reason and Scope of This Study

The past six years have provided a flood of -publi-
cations devoted to PERT and its family of management tgch-
niques. This has exposed PERT ©tc many potertial yzers szud
as a result it is widely used today. The ILeparzment ol
Defense requires all of its major contractors to use PIERT,
and it must be used on all new projects. It has met with
success in industry and is commonly used by literzlly
thousands of large as well as szall companies. This ex-
perience has shown PERT to be very valuable in managemeznt
and worthy of additional analysis and study.

This study will be devoted primarily to PERT and
will not include the CPM or other similar methods. The
inclusion of these related metnods would only result in
unnecessary duplication because the understanding of the
procedures and applications of one facilitates the under-
standing of the others. DPEZERT was chosen over the others
because it includes a statistical approach which seems to
point towards future activity. The need for additional
study along this line is recognized and suggested by
Murray.

It is apparent that a study should be
made of the present PERT programs and techniques
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in order to update and improve the statistical as-
pects of the method.o

A specific statistical problem which is receilvirg
relatively little attention is pointed out by Pnilligps.

If further emphasis 1s to be ,placed on the
statistics of the PERT Model in project management,
research on methods of compensating for the merge
point bias /a mathematical one of an optimistic
bias in the expected project completion datg7
should be pursued.9

This thesis will begin by providing a general re-
view of PERT. The objectives and common uses of PEET will
be discussed along with acdvantages and disadvantages olf
its application. The basic fundamentals of PERT will be
developed, explained, and applied. This should lay a
foundation for a more detailed and statistical approaci to
the various errors which may be introduced. The recog-
nized problem areas stated above will be pursued in some
detail. DPossible improvements and additional uses will be
suggested. A review of future activity and developnrents
which appear to be receiving attention will be discussed.-

The true value of the PERT technique of management

becomes apparent only to those who understand its

8Murray, J. E., "Consideration of PERT Assump-
tions," IEEE Transactions on Engineering Management, Vol.
EM-10, September 1963, p. 94.

9Phillips, C. R., "Fifteen Key Features ol Com-
puter Programs for CPM and PERT," Journal of Indistrial
Engineering, Vol. 15, January-February 1964, p. l=.




procedures and have applied 1t to a project. Tuis taesisz
is l1imited with regard to simulating actual experience iz
PERT usage but will, hopefully, provide the understanding
of rules and procedures associated with its proper use.
By following the analytical and statistical approach ap-
plied to problem areas and suggested improvements, the
reader will strengthen his grasp of the involved

fundamentals.



CHAPTER II
LITSRATURZ REVIEW

A vacuum existed in the metnods of project manage-
ment and PERT, along with its related technigues, movei in
to fill it. PERT's effectiveness was supporived by Ti.e
success of its first major assignment, the Navy's Polaris
project. As a result, network analysis has risen dramat-
ically to prominence over the past eight years, and ac-
companying it has been an outpouring of material assigned
to the subject. The interested reader can find wvarious
treatments given by reports, proceedings, bulletins, and
Journals. Recently, the literature has been expanded with
a few complete books dealing with the generalized and in-
structive approach.

The government has played an important role in fos-
tering the use of network techniques. This has been in-
dicated by its publishing much of the early work devoted
to PERT. The number of published items during a period
from 1957 to 1962 is tabulated in Table 1 according to the
responsible agency. Inspection of the table reveals that
96 per cent of the items appearing within the period were
issued by military agencies. The Air Force (The National
Aeronautics and Space Administration and The Rand Cor-

poration are included in this category since they work on

189332 SOUTH DAKOTA STATE UNIVERSITY LIBRARY



Table 1, Number of Network Items Published
by Government Agencies 1957-1962*

No
1957 1958 1959 1960 1961 1962 Date Total

Military
Air Force 0 0 0] 7 25 46 12 90
Army 0 0 0 1 1 2 0 i
Navy 0 3 2 11 14 7 2 39
Total 0) p) 2 19 40 55 14 1%%
Non-Military 0 0 0 0 3 5 0] 6
Total ) %) 2 19 43 58 14 1%9

i
|
|
|
J
|
|
l

———

*Source of data: Poletti, G., "The Diffusion of Network Techniques Throughout
Government Publications," IEEE Transactions on Engineering Management, Vol.,
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Air Force type projects) contributed the greatest number
with ©5 per cent of the total. The non-military govern-
ment agencies contributing in 1961 and 1962 were the
Atomic Energy Commission and the U. S. Congress.

Other attémpts nhave been made to measure the ex-
plosive growth of the literature over the first five years,
including the contributions of industry and individuals.
Bigelow identifies 63 major works (those dealing with the
subject on a journalistic level were neglected) in the
area of network analysis in his "Bibliography on Project
Planning and Control of Network Analysis: 1959-1961."2
By mid-196% the U. S. Air Force PERT Orientation and

Training Centver, in its Bibliography: PzZRT and Other

Management Systems and Technigues, cited 702 works in <the
field.5 Martino lists over 600 references in the bibli-

ography of his book Project Management and Control.4 The

1Poletti, G., "The Diffusion of Network Techniques
Throughout Government Publications,” IEEE Transactions on
Engineering Management, Vol. EM-11l, March 1964, p. 44.

2Bigelow, C. G., "Bibliography on Project Planning
and Control by Network Analysis: 1959-1961," Cperations

Research, Vol. 10, September-October 1962, p. 728.

3Bibliograph;[: PERT and Other Management Systems
and Technigues, U. S. Air Force, Bolling Air Force Base,
Washington, D. C., June 1963.

4Martino, R. L., Project Management and Control,
Vol. 2, American Management Association, New York, 1964,
Pp. 16%-184.




16

majority of these are proceedings, monograpns, papers,
transactions and reports waich may not be readily avail-
able to an interested reacer.

An inspection of tnese bibliographies reveals that
there is an enormous amount of duplication and listing cf
techniques which are specialized for a particular need.
Much of this redundancy is in a large part due to, and a
reflection of, the rapid pace at which the field of net-
work analysis has grown. DMany organizations were, un-
knowingly, merely duplicating work already done by others.
They were designing procedures applicable to their par-
ticular needs and could not assume that the users of the
technique had any prior knowledge of similar works. There-
fore, all the fundamentals and basic concepts were repeated
in many publications with very little new work added.

In this mass of written work there is not a single,
detailed publication which completely covers the subject
area of PERT, even after ignoring all the related tech-
niques. At least, there is none which does more than Jjust
make refereance to the different factions. However, most
of the works in this field can be accommodated by three
groupings:

1. Publications which give an original ac-

count of the pioneering contributions

toward the development of PERT and other
techniques in the field.
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2. Publications which focus on the descrip-
tive, both generalized and devailed,
treatment of the PIRT model.

3., Publications which deal with the evalua-
tion and application of PEXT techniques.

The boundaries separating the above groups are ot
distinct, but overlap, so that a particular publication
Zay fall into more than one classification. Generally,
the major emphasis of a publication will direct itself to
only one of the groups listed, and in this way the major-
ity can be categorized.

The three divisions which follow will discuss each
of the above groupings. However, only the third grouping,
applications and their evaluation, will receive an elabo-
ration on its contents, because the introduction of this
thesis contained an account of how PERT came about (first
grouping) and a forthcoming chapter on the stochastic
model will cover a complete descriptive treatment of the

PERT model (second grouping).
Report of Pioneering Work

The early literature devoted to PERT deals with the
subject in its original form. In this, the accent 1is on
the calculation of an expected completion date for a given
project. DParticular attention is not given to other vari-

ables such as cost, manpower requirements, equipment needs,



etc. Tilese are factors which more recent publications
have been devoted to and possibly point the way to what
can be expected in the future.

The terms PEXT/Time or Basic PZRT are employed when
referring to PERT in its original context. The more com-
plex approaches which have evolved are referred to by
their respective labels, such as PERT/Cost and
PERT/Reliability.

The first article to attract attention to the basic
PERT technique is "Application of a Technique for Research
and Development Program Zvaluation," by Malcolm, Rosebocm,
Clark and Fazar.5 This paper describes the PERT approach
to project management. It is a fairly extensive descrip-
tion of the technique as applied to the Polaris project.
The work was done while the authors were in the active em-
ploy of the Special Projects Office of the U. S. Havy and
the management consulting firm of Booz, Allen, and
Hamilton.

An equally comprehensive report summarizing the

work and results of the first phase of the project, PERT,

5Malcolm, D. G., and others, "Application of a
Technique for Research and Development Program LEvaluation,
Operations Research, Vol. 7, September-October 1959,
pp. 646-669.

n
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was written by the Special Projects Office.6 This report
outlines the basic PERT procedures as they were deveioped
and used on the Fleet Ballistic Missile Program. It pre-
sents an analysis of the activity time estimates and the
mathematical computations related to the PERT model. Tiis
article and the preceding one rank among the most useful
and frequently cited works in the PERT literature.

As was mentioned earlier, the CPM is a network tech-
nique closely allied with PERT. The CPM presupposes the
existence of sufficient familiarity (or prior experience)
with the processes involved to permit the use of single
(or deterministic) estimates of time as opposed to the
probabilistic, three time estimates employed in PERT. The
CPM may also employ estimates of the cost of activities
under both normal and crash operating conditions. These
two points differentiate the CPM from PERT and explain
why the CPM is less adaptable to complex research and de-
velopment projects involving uncertainty. A paper dis-

cussing the CPM is authored by _Kelley.7 This work was

6PERT-Summarx Report Phase 1, Special Projects
Office, Bureau of Ordnance, Department of the Navy,
Washington, D. C., July 1958.

7Kelley, J. E., Jr., "Critical Path Planning and
Scheduling: Mathematical Basis," Operations Research,
Vol. 9, May-June 1961, pp. 296-320.
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done while the author was with the Univac Division of
Remington Rand and working with the Du Pont Company on
developing a procedure to cut time and cost off construc-
tion projects.

The above literature, although relatively complete,
does not present the basic concepts of PERT in an intrc-
ductory manner. The reaacr interested in securing a basic
understanding of PERT s:iouwld acquaint himself with litcra-
ture devoted to explaining the fundamentals of PiRT. This
type of literature, although written chronologically sub-
sequent to the work mentioned above, assumes no prior
knowledge of PERT methodology and therefore lays the
groundwork for a more detailed study. A citing of this
type of literature can oe found in the next grouping under

the subheading of Genera.:.zed Descriptions.

Descriptive Treatments of the PERT Model

A sizable body of the material devoted to PERT will
fall into this grouping. A quick inspection shows that
the material falls into two divisions: that which con-
cerns itself with a generalized description of the PLKRT
methocdology and that which presents an intensive and de-
tailed description of ILLT or a portion thereof. The
format of two subgroups will be followed in order to

emphasize the two levels of detail.
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Generalized Descriptions. This area is undoubtegly

not lacking in receiving its siare of the PZRT publica-
tions. Instead it is plagued by most of the duplication
discussed earlier. Although each item may be useful in
its own right, the coverage and approach taken by many is
sufficiently similar that even the meticulous reader is
unlikely to find that a complete study is Jjustifiable.
With this in mind, the author of this thesis will provide
a severely screened review of literature in this general-
ized area. The actual description and explanation of the
PERT model will be contained in the next chapter.

Recent editions of several management text books
contain either a chapter or section on PERT. Two typical

8 and

examples of this can be found in texts by Moore
Starr.9 Both give a brief introduction to PERT by illus-
trating how it is used. The presentation is very general
and condensed but it is sufficient to serve as the intro-
ductory cause for which it was intended.

Numerous accounts can be found in periodicals.

The parent publications range from weekly news reports to

8Moore, F. G., Manufacturing Management, Richardé D.
Irwin, Inc., Fourth Edition, 1965, pp. 587-598.

9Starr, M. K., Production Management Systems and
Synthesis, Prentice-Hall, Inc., 1964, pp. 115-128.
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technical Jjournals with the variance in article coggent
being Jjust as wide.

An article which presents a step-by-step priner of
the basic elements of critical path (PERT) network plan-
ning is authored by VanKru;el.‘o He outlines the husis
for drawing the network and identifying the activities in
an ordered sequence of relationships along with presenting
a method of network evaluation.

Boehm gives an account of initial efforts devoted
to PERT and the CPM.ll The essential steps in the method
are demonstrated by an example which should give the
reader at least a nodding acquaintance.

A general article dealing with the leading features,
current progress, and basic requirements of the PERT model
is presented by Miller.12 In addition, the article points
out difficulties yet to overcome in advancing PERT as a
new management control tool.

There are many more published items which treat the

description of PERT in the same generalized manner. None

lOVanKrugel, E., "Introduction to CPM," Architec-
tural Record, Vol. 1%6, September 1964, pp. 337-344.

llBoehm, G. A. W., "Helping the Executive to Make
up his Mind," Fortune, Vol. 65, April 1962, pp. 128-131.

12Miller, R. W., "How to Plan and Control with
PERT," Harvard Business Review, Vol. 40, March-April 1962,

pp. 95-104.
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of these will satisfy the reader whose interest is more
than at an introductory level. All of the above provide
only a broad treatment, either omitting or covering at
only a shallow level such topics as the probabilistic time
element. DMost rely to a considerable extent on grap:aic
presentation to highlight basic features of the network
technique. They do, however, serve to provide an indi-
vidual with a brief indoctrination into the subject.

Detailed Descriptions. In their handbook, Stires

and Murphy present a very detailed approach to the basic
techniques involved in PER’I‘.l5 The PERT method is applied
to simulated planning and scheduling problems to illus-
trate its use. Therefore the reader will not only famil-
iarize himself with the concepts and methodology of the
technique but also gain a little proficiency in its use.

A two-volume book authored by Martino explains what
PERT and the CPM are and how to use them profitably to

14 The first volume is devoted to explain-

solve problems.
ing the fundamentals and detail work of both PERT and the

CPM. The second volume deals with the use of these basics

3stires, D. M., and M. M. Murphy, Modern Manage-
ment Methods PERT and CPM, Materials Management Institute,
Boston, 1962.

14Martino, R. L., Project Management and Control,
Vols. 1 and 2, American Management Association, New York,
1964.
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in project management and control, extending the subject
into PERT/Cost and resource allocation and scheduling.
The statistical aspects of PERT are not discussed because
the activity times are assumed to be deterministic, i.e.,
contain no variance.

Moder and Phillips, in their text, provide a droau
comprehensive approach to critical path technology and izn-
clude an explanation of the efficient use of both PZRT and
the CPM.15 The statistical approach to PERT is discussed
and an introduction to network cost control is given.

In his book, Evarts presents in detail the PZRT
fundamentals at a level requiring only an elementary under-
standing of statistics.l6 Bvarts extends his discussion
into the use of computers to facilitate the calculations.
This publication is a good place to start for an initial
inquiry into the details of PERT.

The U. S. government PERT Orientation and Training
Center has prepared a self-instructional course in the

fundamentals of PERT.17 It is presented in programmed-

15I"Ioder, J. J., and C. R. Phillips, Project Manage-
ment with CPM and PERT, Reinhold Publishing Corporation,
Hew York, 19o4.

l6Evarts, H. F., Introduction to PERT, Allyn and
Bacon, Inc., Boston, 1964.

17PERT Fundamentals, Vols. 1, 2, and 3, PERT Ori-
entation and Training Center, Washington 25, D. C., 1963.
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instruction format to enab.e the student to proceed at his
own pace without the aid of an instructor. The material
requires approximately six hours for completion.

Another source whicii concerns itself witn specific
instruction on how to use and implement PERT is the lavy's

PERT Data Processing Lesson Plan Handbook for Techni-

cians.l8 It presents an outline for a plan of stucy along
with the suggested time to be spent on each section. The
total required time is approximately 17 hours. Some of
the lessons are set up to be used with a computer in run-
ning problems.

There is also a certain amount of specialized work
on the concepts and methodology of network analysis. Much
of this is comprised of short papers which have attacked
and defended PERT's distinguishing feature, the probabil-
istic time estimates. All agree that there are some sta-
tistical assumptions made which may introduce error, but
the significance or amount of this error is difficult to
determine exactly.

The discussion covers primarily two areas. One
deals with the reliability of an event time as calculated

by the application of the Central Limit Theorem. The

18PERT Data Processing Lesson Plan Handbook for
Technicians, revised November 1960, Special Projects
Office, Dept. of the Navy, Washington, D. C.
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other area of discussion centers around the assumption
that the beta distribution can be employed to calculate g
valid "expected time" for an activiiy based on estimatesg
of the "optimistic," "pessimistic," and "most likely"
times that an activity will take for completion.

Examples of the literature devoted to these proo-
lem areas include articles such as "Consideration of PLET
Assumptions," by Murray;19 "Attempts to Validate Certain
PERT Statistics or 'Picking on PERT,'" by Grubbs;2o
"Activity Subdivision and PERT Probability Statements," by
Healy;21 "Expected Critical Path Lengths in PERT Networks,"

by Fulkerson;°<.and An Analytical Study of the PERT As—
2%

sumptions, by MacCrimmon and Ryavec.

lgMurray, J. E., "Consideration of PZERT Assump-
tions," IEEE Transactions on Zngineering Management, Vol.
EM-10, September 1963, pp. 94-99.

2OGrubbs, ¥F. ., "Attempts to Validate Certain PERT
Statistics or 'Picking on PERT,'" Operations Research,
Vol. 10, November-December 1962, pp. 912-915.

21Healy, T. L., "Activity Subdivision and PzRT
Probability Statements," Operations Research, Vol. 9,
May-June 1961, pp. 341-348.

22Fulkerson, D. R., "Expected Critical Path Lengths
in PERT Networks," Operations Research, Vol. 10,
September-October 1962, pp. 808-817.

23MacCrimmon, K. R., and C. A. Ryavec, An Analvyt-
ical Study of the PERT Assumptions, Research Memorandum
Rm-3408-PR, The Rand Corporation, Santa Monica, Califor-
nia, December 1962.
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Some authors, such as Donaldson, have even pre-
sented an alternate method of calculating the mesn and
variance of a PERT activity time.24 However, these al-
ternate methods are also based on assumptions and it is
difficult to see the significant advantage, if any, that
would result in their adaptation.

Many of these articles have received published com-
ments, both pro and con, which point out additional con-
siderations and areas of conflict. Thus, the reader must

assess the material and analyze the result with his par-

ticular interests in mind.

Applications and Their Evaluation

The need for a better management tool on the Polaris
Project was pointed out in the introduction. This same re-
quirement exists in many projects. Traditional technigues,
although highly successful in many instances, rely largely
on the skills of individual managers and do not assure
that the many complex interrelationships existing in large
projects are adequately considered. Furthermore, bar
charts and Gantt charts, the traditional methods of plan-

ning and scheduling do not reflect a thorough analysis of

24Donaldson, W. A., "The Estimation of the Mean and
Variance of a 'PERT' Activity Time," Operations Research,
Vol. 13, May-June 1965, pp. 382-385.
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a project and do not contain the capability for evaluation
of project status. Thus, not only may the details of ini-
tial planning be incomplete, but unexpected delays or
changes may not be handled effectively.

The inability of conventional management techniques
to direct and control complex programs has been recog-
nized. A published study conducted by Peckx and Scnerer of
the Harvard Business School indicates that overruns in
time and cost are not uncommon.25 An analysis of twelve
major weapons programs shows that the average cost over-
run is 3.2 times original estimate and the average time
span is 1l.%6 times original estimate. DPeck and Scherer
also studied the cost and time variance factors for com-
mercial programs that involve a significant amount of de-
velopment effort. The results are summarized in Table 2.
The average cost factor increase is found to be 1.7 and
the time factor increase is l.4.

PERT represents a significant step toward an im-
proved management system which is capable of handling the
variables of time, resources, and technical performance.
This brings original estimates of project duration and

cost closer to the actual case. Consequently, the

25Peck, M. J., and F. M. Scherer, The Weapons
Acquisition Process: An Economic Analysis, Division of
Research, Graduate School of Business Administration,
Harvard University, 1962, p. 22.
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Table 2. Development Cost and Time Variance Factors
in Five Advanced Commercial Developments

Program Development Cost Development Time
Code Factor** Factor**~

Q 2.0 1.5

R 1.8 1.9

S 1.1 1.1

8] 1.8* 1.5*

\Y 1.9* l.3%*
Average 1.7 l.4

*Istimate before project was completed and therefore
may have increased.

**Actual cost = original estimate.

***Actual time = original estimate.

#Source of data: See footnote 25.

benefits of the PERT system have been stated in numerous
publications, and its use is gaining in momentum. Cor-
respondingly the application of PERT principles are many
and varied, extending into all sorts of areas.

The Merrimack Valley Works of The Western Electric
Company first used PERT in March of 1962. The first can-
didate for an application of PERT was the receiver por-
tion of a data transmission system. This project was

chosen because the "ship date" was less than two months
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away and a problem of parts shortage had set in. The work
was kept under close surveillance by updating the project
network every two weeks. The data receiving system was
shipped on the scheduled date.26

More recently PERT lias been applied to Western
Electric's projects in earlier stages of completion, with
similar success. An example of this was the microwave
project while it was still in development. The network
analysis directed attention to several design decisions
which had been previously overlooked. The problem areas
were taken care of and engineering effort, which would
otherwise have been delayed, was allowed to progress. As
the project moved forward the PERT network indicated that
the expected '"ship date" was a year away, while the sched-
uled "ship date" allowed only six months. The project was
reviewed and various orders were expedited along with some
plan changes. The actual "ship date" proved to be within
one week of the PERT prediction, after updating, and the
27

scheduled date was met.

PERT was used as the prime management tool by the

Air Force to closely control the installation of

26Viehmann, N. J., "PERT As a Means for Control in
a Multi-Project System," The Western FElectric Engineer,
October 1963, pp. 43-44.

27
71bid., p. 44.
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engineering and "state of the art" changes on Atlas "E"
and "F'" series missiles. PERT was very effective in this
application because it showed relationships between ac-
tivities, acted as a scheduling device and status indica-
tor, provided a communication tool by having identical
PERT networks maintained with one in the field and one in
the main office, and helped eliminate later changes with
its preplanning capabilities.28
Another Air Force application was the C-141 sub-
sonic aircraft program. Upon integration of the eflorts
of three contractors working on the propulsion system, it
became apparent that the scheduled completion date would
be delayed %6 weeks. Network analysis indicated that in
the near future one contractor would have to wait for re-
ceipt of a production engine from a second contractor be-
fore he could proceed with the design of the engine cover-

ing. A mockup engine was supplied and constant monitoring

of the interdependent effort reduced the delay from 36 to

28Newnham, D. E., and others, "A PERT Control
Center for Management of Major Ballistic Missile Modi-
fication Programs," Journal of Industrial Engineering,
Vol. 16, July-August 1965, pp. 274-276.
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8 weeks, representing a substantial reduction in extra

29

expense.

A new project scheduled for completion this year is
the Stanford Linear Accelerator project at Palo Alto,
California. Network planning and scheduling techniques
are being used in all phases of the project which in-
volves a building two miles long and a $114 million
budget .20

The network technique was used by the Army Corps of
Engineers to interface the assistance of the Navy, Air
Force, Coast Guard, U. S. Public Health Service, Red Cross
and the Mississippi National Guard in locating and re-
moving a sunken barge. The barge which contained four
large cylinders of deadly chlorine gas had sunk into thae

51

mud of the Mississippi River.

29Mlller R. W., Schedule, Cost, and Profit Control
with PERT, McGraw—Hlll Inc., 1963, p. 167 (citing Cost
Reductlon through Better Management in the Federal CGovern-
ment, Executive Office of the President, Bureau of the

Budget, April 1963).

3OPERT Coordinating Group, PERT Guide For Management
Use, U. S. Government Printing Office, Washington, D. C.,
June 1963, p. A.2.

Sl1pid., p. A.4.
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Automobile manufacturers now use PERT for com-

structing new plants as well as for the tooling up oI new

32

models. In fact, industry in general is using it more

since the Department of Defense requires all of its major
contractors to use it. The major contractors, in turn,
make similar demands on their various subcontractors,
thereby increasing the use of PERT. An explanation for
this requirement is pointed out in the following

statement.

In the determination of contract awards for
today's development projects, the management capa-
bility of the contractor is just as important a
consideration as his technical capability. This
is particularly true when no advance in the tech-
nical state of the art is required and when com-
peting contractors have essentially equal techni-
cal capability. Emphasis then shifts to the con-
tractors ability to manage the project, in terms
of achieving the objectives on time and within
reasonable cost. By employing PERT, the con-
tractor can_demonstrate . . . /his/ management
capability.33

In a recent survey, it was revealed that approxi-
mately 67 per cent of all companies using PERT were using
it on defense projects, 19 per cent were using it on pri-

vate commercial work, and 15 per cent were using it on a

32Moore, op. cit., p. 596.

55PER‘I‘ Coordinating Group, PERT Can Benefit the
Industrial Contractor, Technical Paper #2, Special Pro-
jects Office, Dept. of Navy, October 1, 1964, p. 3.
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combination of defense and private commercial Jjobs.
This study indicated the effect of the defense depart-
ment's requirement on industry. A summary of the commexr-

cial applications is presented in Table 3.

Table 3. Distribution of PERT Uses*

—

Area of Use Per cent
Research and development 25
Construction programs 24
Programming of computers 12
Preparation of bids and proposals 12
Maintenance planning 12

Installation of computer systems
Distribution planning
Cost reduction programs

£ v W ©

Miscellaneous

*Source of data: See footnote 34.

The table presents the percentage of the companies
surveyed who used PERT in the various areas. The totals
do not add up to 100 per cent because some of the com-

panies use PERT techniques in several of the areas. We

54Pocock, J. W., "PERT As an Analytical Aid for
Program Planning--Its Payoffs and Problems," Operations
Research, Vol. 10, November-December 1962, pp. 895-904.
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should remember, however, that this breakdown will change
as new developments in PERT's applicability add to its
versatility and increase its use.

The present trend seems to indicate that the poten-
tial applications of PERT techniques are virtually limit-
less and its use will continue to grow with an increased
awareness of areas in which this tool can make a contri-
bution. Some potential uses being considered include
marketing programs, merger or acquisition programs, intro-
duction of new products, advertising programs and staffing
of plants.55 In these potential uses most are one-time
ventures requiring the integration of the efforts of many
departments. Historically, this has been the type of task
environment where PERT functions best.

The benefits of PERT have been shared by many.
Statements such as the inspection that used to take 56
hours now requires only 24.5 hours; PERT assisted greatly
in achieving ahead of schedule completion records; a time
reduction of 25 per cent; are not uncommon in studies oI

project improvements and savings attributable to PERT.56

551bid., pp. 893-904.

36PERT Coordinating Group, PERT Guide For Manage-
ment Use, op. cit., pp. A.l-A.4.
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Several general benefits and advantages are common to nmcst
successful applications of PERT. From a study of varicus
reports, the following points stand out as being the most
frequently cited and indicative of the possible avail in
the prudent use of PERT.

l. The provision of an effective method of
communicating plans and their substance.

2. The simulation of alternate plans and
schedules.

3. The prediction of time and uncertainties
of performance.

4. The provision of thorough and frequent
project status reports.

5. The early detection and warning of trouble
spots and critical jobs.

6. The identification of areas where re-
sources may be reallocated.

7. The identification of the objectives of
the project and their interrelationships.

8. The provision of visible proof that a
planning job has been done.

9. The easy adaptability to a variety of jobs.

10. The simplicity with which complex jobs can
be displayed.

The literature relating to PERT is filled with suc-
cess stories. These clearly indicate the enthusiasm many
users have for the network technique. It is very diffi-
cult to find reports of failure or situations where PERT

did not benefit the user. Perhaps, its sudden popularity
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can be compared to the plight which computers faced in tae
last decade. A circumstance wlere some uses were usnjusti-
fied and menial, but bacause tie computer was a symbol of
progress and advancement, its use was shown to be beneli-
cial. In view of this, some problems may arise which are
due primarily to the unwua:ranted use of PERT. E. D.
Dwyer, Chief of the Navy llanagement Office, issued some
words of caution relating to tane indiscreet use of PERT.
We Jjust can't zo applying PERT to every
management problem in Navy. We have to make in-
telligent application of these tecnniques where
they can and should be usec, and only there.
Again we have to be ca.vious. Private groups are
sprlnglng up all arouna trying to sell training
sessions and applications of these tools. I am
sure this can be very useful. But we have some
smooth salesmen, and whether it may be electronic
computers, PERT or patent medicine, we ought to
be sure that the proposed remedy is really going
to help us.37
Considering the nhaste with which PERT came into
use, there are bound to be situations where it has met
with misfortune. The problem may very well have been its
misuse. But the fact remains that it did not work, at
least not as effectively as it was expected. Some of the

problems which have been encountered in varying degrees

include:

57Poletti, OP. Cit., P. 46 (citing "Navy Must Con-
tinue to Advance in Sciencific Management," p. 9, by
E. D. Dwyer, Navy Managerent Review, Aprll 1962).
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l. Difficulty in obtaining valid time esti-
mates, upon which the quality oi the
technique depends.

2. Difficulty in constructing a network which
accurately depicts the project, especially
when there are alternate times for accom-
plishing an activity or where there is
little interconnection between the dif-
ferent activities pursued.

5. Difficulty in determining the appropriate
level of detail for project control.

4, Difficulty in receiving frequent and ac-
curate updating.

5. Difficulty in providing the appropriate

means of processing data for a variety of
projectse.

Another objection which may arise occasionally is
the additional cost involved in PERTing a project. The
cost of managing by PERT is frequently said to be twice
the cost associated with conventional methods. More spe-
cifically the cost is dependent on several factors which
include the degree of detail required, the degree of plan-
ning capability already available, the present effective-
ness and homogeneity of the organization, and the amount
and quality of PLRT indoctrination given.58 Those that

have used PERT effectively are quick to point out that the

resulting savings offset the increased cost.

58Miller, R. W., "How to Plan and Control with
PERT," op. cit., p. 98.
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The subscribing factor which brought recognition
to PERT was the credit attributed to it in the success of
the Polaris development program. The enthusiastic recep-
tion of PERT by the military services is evident in its
current requirement for PERT type planning and control as
a prerequisite for the granting of new contracts. If no
other Jjustification for the adoption and written report of
the system existed, this would exert sufficient pressure
for the general adoption of the concept.

As an addition to knowledge, the Program Evaluation
and Review Technique represents an important contriobution
in the area of management science. In fact, it is one of
the most widely used methods of managing "one-time-
through" programs. Unfortunately, the model has occa-
sionally been misused, but this can be expected consider-
ing the rapid pace with which it has come into existence.
Considering all aspects, it has been received well and
based on present extensions it is very likely to continue

receiving its share of published literature.
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COoAPTER IIT
THE LTUCHASTIC MOD&L

This chapter deals with presenting the fundamentals
of the PERT model. The approach taken exemplifiey the
significance of the basic terms and the supporting mathi-
matics. Graphical illustrations are used during the pres-
entation to help explain certain aspects. An example
problem finalizes the discussion of the stochastic model.

The material is precsented in 'a fashion which pre-
supposes no past exposure to the PERT model and therefore

may seem quite elementary at times,
Network Terminology

The network is the foundation of PERT. It repre-
sents a graphical description of a particular project and
is used as a common comaunication tool for all interestad
parties. Simply stated, it represents the plan of attack.

A network consists of various activities with dis-
tinguishable milestones marking the beginning and end of
the activity. An activit is a specific job which re-
quires the expenditure oI resources such as time, labor,

1

and material. It is represented in the network by an

1see Appendix A for a definition of activity and
all network terms.
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arrow as exemplified in Figure 2. The arrow need ncs be
of any particular length and the direction in which it
points is also immaterial. The only rule accompanying
this designation of an activity is that the tail of the

arrow must represent the beginning of the job and the head

must signify the completion.

Prepare Prepare
drawings drawings Prepare
> —_— drawings

Figure 2. Equivalent Representation of
the Activity "prepare drawings."

The activity is preceeded and succeeded by a par-
ticular point in time which is recognizable. In other
words, we can determine or detect the time at which a par-
ticular activity, such as prepare drawings, begins and
ends. It is much more difficult to identify the status
of the activity once action has begun and the job is in
the process of being accomplished. If we are concerned
with an intermediate point of completion, say the half-
way point, the proper activity representation is given by

breaking the activity down into two more detailed
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activitics. For example, the two activities could be:
prepare detailed componcnt drawings and prepare assembly
drawings, By this additional breakdown we can detect the
comp-etion of the detailei drawings and the start of the
preparation of the assemb.y drawings.

In a PERT network, the point in time between the
completion of one activity and the beginning point of the
next is called an event. The event is graphically repre-
sented by a circle.2 It merely represents a junction
point and consumes no time or resources.

A combination of many events and activities, con-
structed in a manner whici shows their relationship to
each other, is called @ network. An entire Jjob can be
graphically shown in this form. Figure % shows the form
of a small network.

In practice, the word "event" is not written in the
circle; instead, a number is generally placed there. The
events are numbered in a sequencial manner. The beginning
event is labeled "number one" and each succeeding event
contains a number larger than its predecessor. The num-
bers are used only for reference and serve no other pur-

prose. The advantages in numbering the events in an

2Some authors represent an event by a square or
rectangle, however, the circle is by far the most common
uisignation.
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Activity
Activity

Activity

Figure 3. The General Form of a PERT Network.

increasing succession are significant. First, a particu-
lar activity can be referred to in an abbreviated form as
activity (5,6) rather than "assemble test unit" or what-
ever the description may be. Secondly, the sequence is
evident. For instance, it is easy to recognize that ac-
tivity (4,5) precedes (5,6). Finally, the communication
is simplified. It is easier to find an activity labeled
job (35,36) than it is to pick out the descriptive title,
especially in a large network.

The worded description of the individual activity
may be deleted from the network to avoid cluttering. For
reference purposes, a record of each activity could be
kept in an attached legend which would associate the lit-

erary description with the numeric one obtained from the
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network. This procedure keeps the graphic representation
within limits of visual clarity and leaves room for the
insertion of activity time estimates. The estimates are

discussed later in this chapter.
Network Development

The event-activity relationship is the fundamental
component of a PERT network. This relationship is deter-
mined in the process of developing the network. Network
development and construction begins with the identification
of objectives. The over-all objectives of the program
must be carefully determined. After these primary objec-
tives are clearly resolved, the identifying of secondary
or sub-objectives must take place. The secondary oobjec-
tives are obtained from breaking down the program objec-
tives into successively lower levels of detail. Complex
development programs may require a considerable amount of
detail or activity break down; therefore, a table or out-
line may be useful in helping to identify and organize the
objectives before the network is started. The result is
commonly known as the work breakdown structure and may ap-
pear similar to the one shown in Figure 4.

The level of detail required depends on the com-
plexity of the project. The detail represented in Figure

4 is not nearly enough for a project of its scope and is
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Figure 4. Work Break Down Structure of a Missile Progranm.
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intended only to illustrate the graphical procedure in-
volved. A large program may have to be broken down into
several smaller projects to keep the size within reason.
The particular nature of each item determines the number
of levels to be subdivided. FIor any item, the subdivision
of the work break down structure is continued until it
reaches a level at which the lowest item in the subdivi-
sion becomes a manageable unit.

Once the objectives have been defined and organized,
the PERT network is constructed. The defining and listing
of activities is the first step. This is similar to de-
fining the project objectives except that it takes place
at a much more detailed level. Next, the sequence and
organization of the activities are determined and put in
a graphical form. This results in the network. The above
procedure is only one of many general methods of network
construction. Any logical, workable procedure may be
employed.

To keep the network at a controllable level, it
should be recognized that moderate size projects may be
properly represented by one large network, whereas com-
plex projects, such as the one introduced in Figure &4,
require separate networks for each subdivision. These
networks are then joined together at interface events in

representing the total program.
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The construction of the PERT network involves cer-
tain technicalities or rules which must be conformed to in
order to obtain a network which can be processed anc ana-
lyzed correctly. These regulations are explained in the

next section on network logic.
Network Logic

PERT networks conventionally start at the left and
proceed to the right. Therefore, in constructing the net-
work, we should try to keep the head of the activity ar-
row to the right of its tail. The network begins with an
initial event commonly called the network beginning event.
There must be only one such event with all succeeding
events stemming from it. We then proceed from this start-
ing point.

Activities beginning at a particular event can
either be in a series, series-parallel, or parallel ar-
rangement. The parallel condition represents activities
which occur concurrently. An illustration of this is the
construction of a house where the interior is being deco-
rated concurrently to the painting of the exterior. This
concurrent activity should not be represented graphically
as two activities between the same two events. A funda-
mental rule of arrow networking states that between two

events there can be only one activity. To handle a
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situation where two activities begin and end at similap
times, we use a dummy activity represented by a dasned

arrow. Its proper use is demonstrated in Figure 5.

Wrong Correct
Paint exterior
_ Painvt
~~
@r 3
Decorate interior Decorate interior

Figure 5. The Use of a Dummy Activity for Concurrent Jobs.

The dummy activity represents no time or resource
expenditure but is used to keep the network logic in
order. The reason for not allowing more than one activity
between events should be apparent. Without the dummy ac-
tivity, any reference to job (1,3) would not necessarily
mean the interior decoration but could also represent the
painting of the exterior. This situation could become
very acute if there were several activities beginning and
ending at the same events. Another purpose for this rule
is realized when the procedure for using a computer to

make the network calculations is considered.



Activities in series bring out the rule that no a
tivity can begin until its predecessor or predecessors
have occurred. This requires clear event and activity
definition and, in addition, a depth of analysis to un-
cover and portray on the network the restraints of the
program. Its effect is best realized during the consid-

eration of the network portion illustrated in Figure 6.

Figure 6. A Simplified Portion of a Network.

We can see from Figure © that the project will be
completed when event 4 is reached, i.e., activity (3,4)
has been accomplished. However, activity (3,4) cannot b
started until both (1,3) and (2,3) have been completed.
And, of course, activity (2,3) cannot start until job
(1,2) is finished. Thus, we can see how the start of an
activity depends on its predecessor being accomplished.

The various events and activities of a PERT net-
work form paths that lead from the network beginning eve

to any specified event. A number of different paths may
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situation where two activities begin and end at similar
times, we use a dummy activity represented by a dashed

arrow. Its proper use is demonstrated in Figure 5.

Wrong Correct
Paint exterior
_ Painv
P exterior
7~
@r 3
Decorate interior Decorate interior

Figure 5. The Use of a Dummy Activity for Concurrent Jobs.

The dummy activity represents no time or resource
expenditure but is used to keep the network logic in
order. The reason for not allowing more than one activity
between events should be apparent. Without the dummy ac-
tivity, any reference to job (1,3) would not necessarily
mean the interior decoration but could also represent the
painting of the exterior. This situation could become
very acute if there were several activities beginning and
ending at the same events. Another purpose for this rule
is realized when the procedure for using a computer to

make the network calculations is considered.



49

Activities in series bring out the rule that no ac-
tivity can begin until its predecessor or predecessors
have occurred. This requires clear event and activity
definition and, in addition, a depth of analysis to un-
cover and portray on the network the restraints of the
program. Its effect is best realized during the consid-

eration of the network portion illustrated in Figure 6.

Figure 6. A Simplified Portion of a Network.

We can see from Figure © that the project will be
completed when event 4 is reached, i.e., activity (3,4)
has been accomplished. However, activity (3,4) cannot be
started until both (1,3) and (2,3) have been completed.
And, of course, activity (2,3%) cannot start until job
(1,2) is finished. Thus, we can see how the start of an
activity depends on its predecessor being accomplished.

The various events and activities of a PERT net-
work form paths that lead from the network beginning event

to any specified event. A number of different paths may



be possible in reaching a desired event. In Figure ©
there are two paths which one may take in going from event
1 to event 4 (1l-3-4 or 1-2-3-4). An event may occur along
more than one path, but for any given path an event can
occur only once. This means that no path of activities
can return to one of its events or that no closed ioops
are permitted. A closed loop refers to the situation
where an activity is both a predecessor and successor to
another activity. This is both illogical and impossible.
To continue the discussion of network paths, we
must consider the time reguired for the completion of an

activity. This follows in the next section.
Activity Distribution

It was mentioned earlier that an activity requires
a certain amount of time for its accomplishment. After a
network has been constructed for a particular project, all
the necessary activities are identified. If we can then
get an estimate of the time each activity will require,
the time estimate will provide us with more information to
help control the project. Fortunately, a PERT network in--
cludes the capability of incorporating time estimates and
uses them to supply additional information to the manager.

The estimating of the time required for the accom-

plishment of the various activities can be difficult in
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jobs for which little previous experience exists. In
fact, some work depends primarily on intellectual activ-
ity which is difficult to measure. To obtain a fairly
accurate indication of the time required for the execution
of a specific job, the PERT methodology uses three time
estimates.

The three time estimates are obtained from engineers
or technicians responsible for the job in question. Time
estimates are based on the assumption that existing re-
sources will remain constant throughout the duration of
the activity. The amount of manpower, machines, and mate-
rial available should be known and should remain stable
throughout the period of time spent on the job. An opti-
mistic, most likely, and pessimistic time estimate is ob-
tained for each activity.

The optimistic time is that amount of time which
would be required if everything went exceptionally well
and no difficulties were encountered. The chance of fin-
ishing the job in less time than this is approximately one
in a hundred.

Another more realistic time estimate is the most
likely time. It represents an estimate of the time re-
quired under normal conditions. If the activity were to
be repeated under exactly the same conditions, this 1is the

length of time the job would require most often.
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A pessimistic estimate of the time required is per-
haps self explanatory by now. It is the amount of time
required if conditions were such that all things delayed
the completion of the job. A fresh start may be neces-
sary after initial failure, and this is considered in ce-
termining the time estimate. The effect of unexpected,
unforeseen events such as strikes, floods, and storms are
not to be weighed in the pessimistic estimate. These fac-
tors are classified as "acts of God." There should be
about one chence in a hundred that the time required for
completion will be more than estimated.

Based on these three estimates and various assump-
tions, a statistical description of the activity time can
be obtained. This analysis will be beneficial in deter-
mining the expected time required for an activity or even
the complete project. The statistical assumptions made in
this thesis are consistent with those generally held in
the original and historic PERT literature.

To accommodate the three time estimates, an assunp-
tion regarding the distribution of the activity time is
made. A beta distribution is considered to be representa-
tive of the actual situation. The most likely time es-
timate is considered the mode of the beta distribution
while the range is the interval between the optimistic and

pessimistic times. A mathematical derivation of the



activity expected completion time will follow. The de-

rived expected time has special significance in that it
represents the mean rather than the mode of the time dis-
tribution. There is about a 50-50 chance that the ac-
tivity will require more or less than the calculated
expected time.

The three time estimates for an activity performz-
ance time are indicated in Figure 7 which is shown belcw.
The points a, m, and b correspond respectively to the op-

timistic, most likely, and pessimistic estimates.

d
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Figure 7. Distribution of Estimated Performance Time

The curve represents the frequency of occurrence of

various times which it is assumed would occur if the
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activity were to be performed a large number of times. Xo
assumption is made about the position of the point = rela=-
tive to a and b. It may take any position between the two
extremes, depending entirely on the estimator's Jjudgment.

The beta density curve is defined as follows:

f(x) = KxP(1-x)94 when 0<x<1 (3.1)

= 0 elsewhere

Where X = a constant (to be determined).

The function represents a two parameter family of
distributions where the parameters p and q must both be
greater than minus-one. A few examples of possible beta
distributions with different parameter combinations are

shown in Figure 8.

Figure 8. Examples of the Beta Distribution.
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A value was used for the constant K that would i ake
the relative size of the three curves approximately equul.
This was done so that it is readily seen that the beta
distribution can assume nearly any shape. With equeal
facility, it can portray cases where the most likely time
is midway between the extremes or close to either end of
the range (skewed).

We know that the probability of x falling between
the boundaries of the density function is one, i.e., X
must occur. ‘This can be expressed as

Pr(0<x<1l) = 1.

Also, the probability of x occurring between two arbitrary
points a and b is given by the area under the curve (not

by the value of the function). This can be represented by
‘ b
Pr(a¢x<b) = j f(x)dx.
a

From this it follows that
i
Pr(0<x<1l) =f f(x)ix = 1
0
and after substituting for f(x), obtained from equation
(3.1), we get
1
Pr(0¢x<l) = K\JN xP(1-x)%x = 1. (3.2)
o)
The integral in equation (3.2) is called the beta
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cumulative function and can be expressed in the following

notation:
1
Blp+l, gel) =§ xP(1-x)%x. (3.3)
0

To determine the value of the constant in the beta
density, we use a function known as the gamma function,

written as follows:

T (n+l) =‘);°;'Xxndx. (3.4)
Utilizing the Laplace transform, it is possible to evalu-
ate the gamma function and show that

T (n+l) = n! when n 2 O. (3.5)
Appendix B shows the detailed derivation :of this equation.
Also, a relationship between the beta and gamma functions

is calculated in Appendix C. The relationship is

B(p,q) = —LSRp-Tlal . (3.6)

By substituting equation (3.3) into equation (3.2) and
solving for K, we find

l ‘e
B(p+1l, q+1)

K =

After replacing p and q by p+l and q+l respectively in
equation (3.6) and substituting into the above equation,

we come up with
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X - T (p+g+2)
T (p+1) T (g+1)

Evaluation of this based on equation (3.5) yields

(p+q+l)!

K= P! q!

when p,q=20.

Therefore, the beta density can be written as

£Go) L2l P10 where p,q20.  (3.7)

To represent the time distribution of an activity
by the beta distribution, we must find the appropriate
values of the parameters. We can obtain the values of p
and q for any particular activity time by setting the most
likely time estimate (signified by the symbol m) equal to
the mode of the beta distribution, and by assuming that
one-sixth of the range is the standard deviation. This
assumption is reasonable for most unimodal frequency dis-
tributions. It follows from Tchebycheff's inequality that
at least 89 per cent of any distribution lies within three
standard deviations of the mear and for unimodal frequency
distributions where the mean is the same as the mode, at
least 95 per cent of the distribution will fall within the
six standard deviation range.5 Of course, if the distribu-

tion approaches that of the normal distribution, this

3Grant, Eugene L., Statistical Quality Control,
Third Edition, McGraw-Hill Book Company, 1964, pp. 59-60.




58

percentage is 99.7 per cent. ZFollowing the above course
we tnen proceed with the determination of p and q.

If f(x) denotes vhc density function, the first
moment about the origin which is also known as the ex-
pected value, mean or average, is defined as

M = E(x) =\5.“;f(x)dx (3.8)

o0
where x i1s continuous ia the entire interval. The second
moment about the origin by definition is

E(x)2 =by x2f(x)dx. (3.9)

-0

Equation (3.9) gives us tae second moment about the origin.
Lowever, we are interestci. i1n knowing the second moment
about the mean since this represents the variance and
thereby the standard dewviition.
Because of the analogy between bodies of unit mass

density functions, we can apply the parallel axis
theorem of mechanics tc cur cause. Following the theorem
the second moment about the mean, the moment of inertia,
i1s equal to the second moizent about any other point minus
the square of the distance between the two points. From

this we can postulate that

g - E(>c)2—,a.2 (3.10)

whereo‘2 is the second moment about the mean. The wvalue
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of the mean or A is also the distance between the Two
points in consideration, the origin and the mean, because
A (one point) minus zero (the other point) equals « .
Now using the above equations for the mean and the
variance in addition to an equation which represents the
mode of the beta aistribution, we can find general equa-
tions in terms of p and q which represent the same things.
We start with the mean, equation (3.8), but integrate only
over the interval from zero to one since our density func-
tion is zero ‘everywhere else. Substituting equation (3.7)

into equation (3.8) results in

1.
E(x) = %95—}2—1- jxp+l(l-x)qu.
)

After replacing the integral by its equivalent in beta

notation we obtain

E(x) = %?%-}H B(p+2,q+L).

After evaluation of the above representation of the mean
by using the beta-gamma relationship, equation (3.6), then

subsequent gamma function evaluation yields
+q+1)! +3.) L.l |
E(x) = p! q! p+q+2) !

After simplification the result is

E(x) = nﬁ% . (3.11)
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A similar procedure applied to equation (3.9)

yields

5(x)” %Ef%%E (_4q+37
A combination of the above equation and the value obtaired
in equation (3.11) used with the relationship presented by
equation (3.10) will result in a determination of the var-

iance. This calculation is shown below:

o2 = B(x)%-4P= B2 [E(0)] °

) ée:il{?a?;L___ - %2:;23 2
p+a+2) (p+q+3) p+q+2)

_ (p+1) §q+l) . (3.12)
(p+q+2)° (p+q+3)

To find an analytical representation of the mode
for the beta distribution, we must first recognize that
the density function will be a maximum at this point. The
maximum is found by setting the first derivative of the
function equal to zero and solving for the variable x.
Following this procedure, the derivative of equation (3.7)
is

f'(x) = ﬁ%?ﬂé%li [;qxp(l—x)q-l+pxp—l(l—x)q dx.

Setting £'(x) equal to zero and solving for x yields

x = -
p*rq

or using the notation for the mode, we have
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m= =2 . (3.13)

Since we know the most likely time or the mode and
have made the assumption that the standard deviation (G )
is one sixth of the range, we can determine the parame-
ters p and q for any distribution from equations (3.12)
and (3.13). These parameters when inserted in equation
(%3.11) enable us to calculate the expected completion date
for an activity which was what we set out to do.

In order to further study the relationship between
E(x) and the three time estimates, we will consider the
range to be equal to that of the standardized beta dis-
tribution, 1. This does not restrict the generality of
the analysis since any beta distribution can be reduced to
a corresponding one containing a range of 1. Each point
can be transferred from one system to the other by the

linear relationship

ct
o)

(3.14)

X = ;

o
D

where:

X = a variable in the system comprising the
standard’ form of the beta distribution.

t = a variable in a system which contains
an arbitrary range.

a = the left-hand end of the arbitrary range.

b = the right-hand end of the arbitrary range.
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Proceeding with the analysis, we set the expression
for the variance or standard deviation squared equal. to

the square of the assumed standard deviation. Thus,
2
== i}zﬂl_igr_ll__ =(%) - '5_16 .
(p+q+2)° (p+q+3)

Since we can obtain the numeric value for the mode (most

likely time estimate) which in equation (3.13) is ex-

pressed in terms of p and q, we now have two equations in

two unknowns, the unknowns being the parameters p and q.

Solving for p, we proceed by eliminating q from one of the

two equations. ¥rom equation (3.13) we obtain

q = R-m) |

m
After substituting for q in the equation representing the
standard deviation squared, we obtain a cubic equation as

follows:

[P*l] £BL%:22 # 1] 1
[p N Eﬁ%z&) . 2] e [% . Ei%:&l . %} e

36(p+l) (p—pm+m)m2 = (p+2m)2 (p+3m)

(56m2—36m5)p2+36m2p+56m3 = p5+7mp2+16m2p+12m5

2

p3+(36m3-36m2+7m)p2-20m p-24m3 = O.

To study the relation between E(x) and m, the pa-
rameter p in the above equation should be replaced by its

equivalent in terms of E(x) and m. We proceed by first
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replacing the parameter q in equation (3.11) and then re-
arranging the terms in the resulting equation to find p.

A sketch of the procedure follows:

E(x) = D+l = m(p+1)
e pﬁi—m} + D pm+p(l-m)+2m
_ n(p+l)
" p+2m

Rearranging terms yields

_ m(1-2E(x))
p = E(x)-m

Next, we substitute this value for p in the previous cubic
equation. A conglomerate of algebraic steps is involved
in the substitution. A brief outline of the general
method followed in obtaining an equation containing E(x)

and m is presented below.

Substituting for p yields

n?(1-2E(x))> | 361113_56mz+7m] I'm2g1-2ng%)21
(E(x)-m)? | (B(x)-m)

2 [m(1-2EG))] _ ouud o
After expanding and dividing through by ma, we get

1-6E(x)+12E(x)%-8E(x)> A
(E(x)-m)” (E(x)-m)°
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where A = 144E(x)°n°-144E(x)%n-144E(x)n°+285(x)%+36n°
+144E(x)n-288(x)-3%6m+7.

Multiplication by (E(x)-m)5 to get rid of the denominator

in all terms results in
1-6E(x)+12E(x)2-8E(x) 2 +A(E(x)-n)-20(1-25(x)) (E(x)-
m)2-24(E(x)—m)3 = 0

Expansion and collection of terms according to powers of

E(x) yields
(144m°-1440+36 ) E(x) 2 +(-144m7+108m-36) E(x) Z+(144m -
—14Om2+32m+l)E(x)+(—l2m3+16m2-7m+1) = O.

After dividing the above equation by the coefficient of

E(X)B, factoring and simplification results in

E(x)?~(a+1)E(x) P+ (mrge) B(x)=(5 - 35) = 0. (3.15)

Given the mode, equation (3.15) enables us to cal-
culate E(x). This expected activity time, symbolized by
E(x), is the quantity we have been seeking, but in cal-
culating its numeric value a cubic equation must be solved.
The necessity of going through this laborious calculation
is questionable since the method is based on various
assumptions.

To determine if a more simple connection exists be-
tween the mode and the mean, a study is made of the rela-

tionship between the two. Numerical calculation with the
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use of equation (3.15) gives the value of the mean for
various modes. Appendix D contains the computer program
and procedure which was developed to handle the ponderous
calculations. A graphical presentation of the resulting
data is contained in Figure 9. Here the mean of the dis-
tribution is plotted as a function of the mode to show any
relationship which may exist between the two.

Inspection of Figure 9 reveals that the relation
between these variables is approximately linear. To de-
termine the straight line which approximates the curved,
cubic relation, we may employ the method of least squares
approximation. This procedure determines the linear re-
lation in such a manner that the sum of the squared de-
viations between the E(x) values for the true curve and
the approximated line are as small as possible. A straight
line located by the equation E(x) = .183 + .635 m is ob-
tained by this method. However, PERT methodology uses the
less accurate linear approximation of E(x) = .167 + .667m

enabling it to be written in the simple fractional form of

4m+1
E(x) = ﬁ,%__l .

This simplified relationship between E(x) and m should
contain sufficient accuracy and be acceptable after con-
sidering that prior computation is based on assumptions of
distribution and variance, and requires among other opera-

tions the solution of a cubic equation.
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Using the linear relation x = %ES, the range of the
beta distribution can be transformed from (0,1) to (a,b).
Transforming the linear approximation for the mean from
the standardized x system to the general t system entails

the following procedure. Using the transformations

B(x) = Zlt)-a

b-a

m,_-a
W

X = b-a

)

We get after substitution

m, -a
t )+l

4(b-a
o

E(t)-a _
b-a -

Simplifying yields the following equation which represents
the linear approximation of the expected elapsed time of

an activity with a time range between a and b:

E(t) = 2£3BL0 . (3.16)
The equation is conveniently referred to in PERT method-
ology by the symbol tee

Critical Path Analysis

Based on formula (3.16), the expected elapsed time
for each activity in the network can be calculated from

the time estimates. The value obtained represents the
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mean of the activity distribution. It is used when making
network calculations to determine the entire project com-
pletion date. The earliest expected completion date for
any particular event in the network is calculated by sum-
ming expected elapsed times between the network beginning
event and the event in question. The determined date can
either refer to a time period measured in hours, days,
weeks, etc., or a calendar date. A conversion from one
representation to the other can be made by preparing a
special calendar containing only a numbering of the work-
ing days.

If more than one path exists in determining the.
earliest expected date, the largest value is the correct
one for that particular event. An analogy will help in
understanding this point.

Suppose that a reunion is planned among several in-
dividuals. They have planned to meet on a Friday evening
after work at a location convenient for all. Because they
live in different areas, the time of the event will be de-
layed until all arrive at the selected meeting place. As-
sume that the calculated travel time for the individuals
ranges from one to four hours and that they all start at
five o'clock. Based on this along with the requirement

that the event cannot take place until all have arrived,
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the earliest expected time of the event is nine o'clock.
Thus, the larger value sets the expected time.

An example of the determination of the earliest ex-
pected date of different events is presented in Figure 10.
The expected time for each activity has been calculated
using formula (3.16) and the three time estimates obtained
from the group doing the actual work. This value is pre-
sented with its arrow representation of the activity.
Time units are not included since they add nothing to the
purpose of the example. TE represents the symbol for the
expected completion date of an event with the first event

assigned a TE value of O, representing the starting time.

Figure 10. Event Expected Completion Dates.

We recall that TE is calculated by summing the ex-

pected elapsed times of the appropriate activities leading
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to it. In referring to Figure 10, the expected completion
dates of events 2 and 4 should be evident. But in deter-
mining TE for event 3, we must consider two paths. Sum-
mation of the expected elapsed times along path 1-2-3%
yields a TE value of 6 for event 3. However, path 1-3
yields a value of 8 which is larger. Therefore, this is
the correct value to assign as the expected completion
time for event 3. Similarly in determining TE for event
5, we consider three paths 1-2-3-5, 1-3-5, and 1-4-5.
Summation of the expected times along these paths yields
8, 10, and 9 respectively. Again we choose the larger
value, 10, as the proper TE for event 5.

Analysis of Figure 10 shows that the activities
along a path starting at the network beginning event and
leading to the event in question need not be considered
repeatedly in the calculations. In determining the TE of
an event, we add to the TE value of the event immediately
preceding the event in question, the expected time of the
activity between these two events. All paths (preceding
activities) must be considered and again the larger value
chosen. For instance, the TE of event 5 can be found by
considering two values representing the immediate paths
leading to it. One value is obtained by adding the te of
activity (3,5) to the expected completion date of event 3.

This gives a time requirement of 10. The other path
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yields a value of 9 which is found by adding to the TE of
event 4 the te of activity (4,5). Comparison of these two
quantities results in a selection of 10 as the TE of event
5. This condensed procedure is very time saving in

larger networks and follows the procedure employed in com-
puter programs set up to handle the calculations.

The largest TE value, considering all events, on
any network will always be associated with the network
ending event. We recall that this TE value was obtained
by summing the expected elapsed times of activities on a
particular path leading to the ending event. Understand-
ably, this path represents the longest route based on the
expected time required for the accomplishment of its ac-
tivities. The name given to this path is descriptive of
the fact that any delay along the path results in a longer
required time for the completion of the project. Appro-
priately named, this longest path is called the critical
path.

Inspection of -the network in Figure 10 indicates
that its critical path lies along 1-3-5. Therefore, a de-
lay in activity (1,3) or (3,5) will affect the expected
completion date of event 5 by a like amount. A severe
time delay in any of the activities not on the critical
path may extend the TE of the network ending event past

10 units (a slippage of two units along path 1-2-3-5 or
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one unit along path 1-4-5) and thereby change the location
of the critical path. This indicates the need for a fre-
quent updating and review of the information represented
by the PERT network to reflect any slippage in expected
times. Replanning will be discussed in greater detail in
a later section.

After determining the TE for the network ending
event, we can obtain a latest allowable date for each
event in the network. Defined, the latest allowable date
or time represents the longest amount of time that can
elapse between the network beginning event and any given
event without delaying the occurrence of the network end-
ing event. TL is the abbreviation used to signify this
date.

The T; value for each event is calculated by a
procedure similar to‘that used to find TE, except now we
proceed backwards. Beginning with the network ending
event, the TL value for it is set equal to TE. Then pro-
ceeding backward, the TL value for each event is calcu-
lated by subtracting from the known TL value of the suc-
ceeding event the time required for the activity between
the two events under consideration. When two or more net-
work paths yield different values for TL’ the smaller

value 1is taken as the true TL. The understanding of this
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procedure is facilitated by the consideration of an ex-

ample such as the one presented in Figure 1l.

Figure 11. Event Latest Allowable Dates.

We begin by assigning the TL value of event 5 equal
to its expected date. Then working backwards, the TL
value of event 4 is calculated to be equal to 4, 10 minus

6. Similarly, the T. of events 2 and 3 are determined.

L
When calculating the value for event 1, we are confronted
with three possible values. These values are 2, O, and 1
and are obtained by considering the three activities stem- -
ming from event l1l. The path containing activity (1,2)

gives 2, activity (1,3) gives 0, and activity (1,4) gives

1 as the TL value. However, the smallest value is the

true latest allowable date and so O is the TL of event 1.
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The significance of using the smallest value becomes evi-
dent after assuming one of the other values as the TL
value.

Assuming TL to be equal to 2 would in effect say
that the event need not begin until two units of time have
passed. This would mean that event 3 could be assured of
attainment only after 10 units of time have elapsed, 2
plus 8. Event 5 would correspondingly be finished after
a total time of 12 units have elapsed, resulting in the
delaying of the project by two time units. Thus, the sig-
nificance of using the lower value as the true TL is illus-
trated, and if this true TL value is exceeded for any rea-
son, the date of occurrence of the network ending event
will be delayed. Using 2 as the TL value of event 1,
would not have delayed the project if only path 1-2-3-5
had been considered. Therefore, some latitude may be
present for the completion of some events. This brings
us into a consideration of another term called slack.

For any event on a PERT network, the slack, sym-
bolized by S, is equal to the latest allowable date minus
the earliest expected date. The numeric value of the
slack in time units represents the amount by which a par-
ticular event may be delayed without affecting the time
of occurrence of the network ending event. Each event

along the critical path has the same amount of slack which
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is less than the slack of all other events. Of course,
this is expected to be the case when considering the
nature of the critical path.

An illustration of slack values is found in
Figure 12. This figure is a combination of the networks
found in Figure 10 and 11 with their respective values
shown together. Subtracting the two previously calculated
times, we obtain the amount of slack available for each

event.

Figure 12. Event Expected Slack.

Recalling that the critical path for the network

shown in Figure 12 is 1-3%-5, we see that the slack along
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here is equal and has a value of 0. This condition should
be expected since the critical path determines the re-
quired time of the project and therefore does not contain
any flexibility in the time required for the accomplish-
ment of its associated events. The remaining events do
not influence the expected completion time of the project
and as a result contain some slack or variation in their
required completion time. For example, event 2 may be
completed any time between two and four units after the
start of the project and still not effect the outcome of
the ending event.

The slack calculated for a particular event can be
used in delaying either its preceding or succeeding ac-
tivity, or it can be divided in any ratio between the two.
In other words, the start of either activity (1,2) or
(2,3) could be delayed by two units of time, or each could
be delayed by one unit of time resulting in a total slip-
page of two units. Of course, if neither were delayed
there would be an expected time interval of two units be-
tween the finish of activity (2,3) and the occurrence of
of event 3, since event 3 is also dependent on the ac-
complishment of activity (1,3).

A situation may arise where a predetermined calen-
dar date is set as the time by which an event is to occur.

This date is called the scheduled completion date of the
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event and is symbolized by TS. It is independent of the
expected or required time to complete a project and may be
either longer or shorter in duration than TE. In making
the network calculations discussed above, the latest al-

. lowable date (TL) of the event is set equal to the sched-
uled completion date (TS), since this is when the project
must be done. Generally, a scheduled completion date is
used only for the network ending event, but its use is not
restricted to this event and can be used on any interme-
diate event.

When the TL of the network ending event, obtained
from the scheduled completion date, is greater than or
equal to its TE value, the slack values are positive or
zero. This was the case in the example shown in Figure
12. However, if the TL value is less than its TE value,
the slack values on the critical path are negative. A
project containing negative slack values is expected to
require a longer period of time for accomplishment than
is allowed. This is a very undesirable situation and
something must be done to alleviate the problem. Either
the scheduled completion date must be extended, or the re-
quired time for the project must be reduced through

replanning.
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Replanning and Simulation

The procedure for reducing the expected completion
date of a project is known as replanning. All individuals
involved in the original construction of the PERT network
should participate in the replanning process. In this way
the revisions which are made will be consistent with and
not result in a disruption of the project objectives.

A network may be replanned by one or more of the
following methods:

1. Changing a chain of series connected ac-

tivities into a series-parallel arrange-
ment. ,

2. Changing resources applied to activities.

3. Changing the requirements or lowering
the specifications of various activities.

The procedures involved and the resulting effects
of replanning by using the above methods are illustrated
by applying them to the overly simplified network in

Figure 13. Let us assume that the number below the

Design Build Test Revise Design
Machine Model Model & Begin Production
<:> 10 4 4 €><:> 4 :

Figure 13. A Simplified PERT Network.
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activity description represents the expected time (te),

in weeks, for each activity and has been obtained from
proper calculations involving valid time estimates. The
network is simplified to the point that it contains no
functional value for project control, but its purpose here
is to serve only as a replanning example.

Inspection of Figure 15 shows that the expected
completion date of the project is 22 weeks. By applying
the first replanning method, we can reduce the expected
completion date of the project. To do this, we shall re-
duce part of the series-connected activities to a series-
parallel arrangement. It is very likely that the build-
ing of the model could begin before some final parts of
the machine have been designed. This possible replanning
is then incorporated, and the resulting network is shown

in Figure 1l4.

Initial Start Finish Test Begin
Design Building Model Model Pro-
Model duction

3 n n

Figure 14. Network Replanning by
Series-Parallel Arrangement.
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Notice the use of a dummy activity in Figure 14 to
maintain proper network logic. This prevents the occur-
rence of two activities between the same two events. The
project TE has now been reduced to 21 weeks by replanning
the initial network. We can still further reduce the time
requirement by using other replanning methods. If we in-
crease the manpower at the initial design stage, the pro-
ject duration will be decreased. Assuming this addition
of resources, the revised network may appear similar to

the one presented in Figure 15.

Initial Start Finish Test Begin
Design Building Model Model Pro-
Model duction

O

Figure 15. Network Replanning by
Addition of Resources.

Further replanning may result in lowering the spec-
ifications of any activities. For illustration purposes
let us assume that the testing of the model need not be

as complete and therefore not require as much test time
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as was originally determined. Lowering the testing re-
quirement by one week results in the revised network pre-

sented in Figure 16.

Initial Start Finish Test Begin
Design Building Model Model Pro-
Model duction
G 6 3 3 4

Figure 16. A Replanned Network.

This network contains all of the previous replan-
ning changes. The resulting network has an expected com-
pletion time of 18 weeks and represents a reduction of &
weeks over the original network in Figure 13. Thus, we
can see the time reduction possible through the effective
use of replanning methods. Again, the example discussed
here is simplified to the point to which it has no merit
as a project control technique, but serves only to illus-

trate the three replanning methods introduced earlier.
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After replanning, the time required by the original
critical path may be reduced to such an extent that some
other path becomes critical. Therefore, the true effect
of any replanning work can only be realized after the ex-
pected completion date for the entire project is recalcu-
lated. Determination of the expected impact from project
replanning which is done prior to the time of actual im-
plementation is called simulation. Simulation can be an
effective technique for reflecting the outcome of tenta-
tive replanning proposals and alternate courses of action.
This makes it a very vital aid in formulating a decision.
The use of a computer is necessary for simulation work in
large complex projects. A computer's speed handles the
necessary calculations associated with each tentative plan
with efficiency and does not hinder the use of simulation

because of the additional time needed.
Probability Concepts

All time estimates involve varying degrees of un-
certainty. Consequently, all the calculated times (te,
TE, etc.) must also be inexact and will contain the same
uncertainty inherent in the original time estimates. A
statistical measure of these uncertainties and £he re-
sulting probabilities is of great interest and value, for

it tells the odds of completing a group of activities or
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an entire network within the calculated expected time.
Various assumptions are made in determining probabilities.
Their effect will be considered in somewhat more detail in
a later chapter.

An assumption made in the derivation of the ex-
pected time for an activity is that the standard deviation
(0°) of an activity is one-sixth of the range. Thus we
can obtain the standard deviation for each activity in the
network since the optimistic and pessimistic time esti-
mates determine the range (see Figure 7). After finding
the individual standard deviations, we may be interested
in determining the standard deviation for the entire pro-
ject or for a particular event. This calculation is based
on the Central Limit Theorem.

The Central Limit Theorem states that the sum of a
large number of random variables (in our case activity
distributions) will be approximately normally distributed
regardless of the distribution of the individual random
variables. The mean of this resulting normal distribution
will be equal to the sum of the means of the specific ac-
tivities i.e., TE, and the variance (0'2) will be equal to
the sum of the individual variances. The means and vari-
ance which are summed must be those of activities which
lie on the critical path leading to the event in

consideration.
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Thus, for any event on the network, there is an
event standard deviation (CFTE) equal to the square root
of the sum of the squares of the activity standard devia-
tions on the most critical path leading to that event.
Also the distribution of the event expected time will be
approximately normal with a mean equal to the sum of the
te's along the same critical path. There should be at
least four activities in the path for the Central Limit
Theorem to apply. If the activity distributions are
severely skewed, the minimum number of activities consid-
ered should be 10. The above statements in equation form

appear as follows:

- o o (] L] 2
TE = tel + te2 + te3 + t . when n 4
and,
2 2 2

2
CrTE = (0,7 + gy Tz ke - g,7)

1/2

where n is the number of activities in the critical path
leading to the event in question.

Since the normal distribution has been extensively
tabulated, we can obtain probability statements regarding
the random variable TE by using these tables. A condensed
table of the normal distribution function is given in

Appendix E.



85

Adopting the standardized normal random variable

(Z) to the context of PERT, we obtain the equation:

7 = 1~k .
T

™

=

Using this formula we can obtain the probability
that an event will occur by its latest allowable date or
the scheduled completion date. TL is set equal to TS SO
the two can be used interchangeably. The calculated value
of Z is entered in the table in Appendix E and the result-
ing probability of accomplishing an event by a particular
time is read out. It should be noted that Appendix E does
not contain negative values of Z. Such values are ob-
tained by recognizing that the standardized normal dis-
tribution is symmetric about the value O. Thus the prob-
ability value for a negative Z is equal to 1 minus the
value read for a positive Z of the same magnitude.

In Figure 17, the shaded area represents the prob-
ability of completing a project before the time TL. This
probability is obtained by subtracting from 1 the quantity
read from the tables using the calculated Z. Had the
value of Z been positive, the probability (shaded area)

could have been obtained directly without subtracting.
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Figure 17. The Standardized Normal Distribution.

Computer Operations

All of the calculation procedures in PERT have
been explained so that they can be performed by "hand."
However, performing many of these calculations on realis-
tic projects may get to be a very tedious job. For this
reason, digital computers have been employed to make the
necessary calculations. Without the advent of the com-
puter the PERT technique of management would be very im-
practical in many projects, and its effectiveness would be
severely restricted. However, speed in calculation is
not the only factor to which a computer caters. The forms

of computer output can be varied to suit most requirements
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and thereby are of value in themselves. Printouts pro-
duced by the computer depend upon the program used and, of
course, the input. Another factor which determines
whether computer usage is desirable is the frequency of
updating computations. A network may not contain over 100
activities but if updating calculations are necessary
every week then the computation becomes excessive and a
computer would be beneficial.

Since PERT was first developed, over 60 computer
programs have been developed.4 Although details differ
considerably, computer programs generally require certain
common input data, perform a number of common calculations,
and print out data ip more or less standard formats. The
functions which are common to all programs are indicated
in the following definition of a critical path program.

A 'critical path program' is a computer
routine that performs the forward pass, backward
pass, and slack computations associated with a
CPM, PERT or similar network technique.?2

Cecil R. Phillips discusses some of the compara-

tive features and points on which programs may differ.6

“Pnillips, C. R., "Fifteen Key Features of Com-
puter Programs for CPM and PERT," Journal of Industrial
Engineering, Vol. 15, January-February 1964, p. 19.

2Tbid., p. 14.

©Tbid. , pp. 14-17.



Several of the important features include:

l.

Capacity--The capacity of critical path
programs expressed in terms of the number
of activities permitted ranges from a few
hundred to 75,000 activities.

Event Numbering--A few PERT programs re-
quire that events be numbered in ascend-
ing order, which is a restriction that
may inhibit flexibility and cause event-
number bookkeeping problems. Therefore,
a majority of the recent programs permit
random numbering of events. This re-
quires the computer to perform a re-
numbering function which is challenging
to the best computer programmers.

Multiple Initial and Terminal Events--
Many PERT programs permit multiple be-
ginning and ending events. This feature
is very beneficial in large projects
which contain separate networks that
must be merged for a single critical
path computation.

Scheduled Dates--Most PERT programs ac-
cept scheduled completion dates for the
network ending event.  This means that
slack figures will be related to the
scheduled ‘dates, and the critical path
may have a positive, zero, or negative
slack.

Calendar Dates--Instead of presenting
the time requirements in units most
PERT programs can use actual calendar
dates in the input and output phases.
In large projects this convenience
saves a great deal of clerical effort.

Output Sorts--The way in which output
is arranged should depend on manage-
ment's requirement. Some of the cur-
rent sorts include:

a. By slack
b. By event number

88
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c. By expected date

d. By latest allowable date

e. By responsibility identificatiqn
code

f. By key-event code

7. Updating Facility--A network may be re-
vised by additions, deletions, and
changes in any part of the input data.
A few programs present a revised compu-
tation by entering only a few revision
cards rather than the whole deck of
cards for the network.

8. Error Detection--Critical path programs
vary widely in their capability to de-
tect network errors such as loops, non-
unique activities, improper time esti-
mates, and excessive terminal events.
Some PERT programs will not detect a
loop and will continue to run in a vain
effort to perform the topological sort.

9. Activity versus Event Orientation--The
distinction refers to the input and out-
put data where descriptions may be as-
sociated either with activities or with
events. Often the difference between
the two 1s simply the tense of the verb
in the description, for example, "per-
form test" versus "test performed."
Activity orientation predominates the
programs now available.

10. Statistical Analysis--Some programs
permit the use of three time estimates
in the input and calculate the expected
elapsed time but do not make any sum-

mation of variance or computations of
probability.

Thus, certain features of existing computer pro-
grams have been identified and defined. Some of the
latest critical path programs include advanced features

and more flexibility. The trend of programs follows new
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developments and additions to the PERT technique. Ixten-
sion into the areas of cost control and resource alloca-
tion features are receiving a great deal of attention.
These trends are discussed in a later chapter.

Appendix F contains a simple network problem which
is solved by both "hand" computation and computer progran
methods. An IBM 1620 computer program (1620 Progran
Library No. 10.3.006) was used in running the problem.
The illustration serves to point out the PERT fundamen-
tals, network calculations, and computer output involved
in the application of the PERT technique for project
management. The simplicity of the network should not

hinder its instructive value.
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CHAPTER IV
ANALYTICAL ERRORS

Several assumptions which are made in PZRT method-
ology have been pointed out in the previous chapter.

Thnese assumptions all contribute toward making the PERT
calculated network times and probabilities vary from their
actual counterparts. However, it is not the intent, nor
possible, for PERT or any other technique to be exact in
its projections. Improvement, though, is always possible
and for this reason a study of the areas which may con-
tribute to the error is in order. The areas investigated
in this thesis will include the time estimates, the activ-
ity distribution, the linear approximation of te, and the
network assumptions.

When the effect of a particular assumption is ana-
lyzed all other assumptions are set aside and considered
independent of the one being studied. This allows one to
study the error contributed by each assumption without
the effect of the others interfering. However, in actual
situations there will be a certain amount of error can-
cellation among the various assumptions so that the total
network error will not be merely a sum of the individual

eIr'TroTrsSe.



Time nmstimates

The three time estimates obtained from the techni-
cian or engineer involved in accomplishing an activity are
the basis for all future analytical calculation. Here is
where the human element has its entrance with an extremely
important role. All further information derived by vari-
ous analytical calculations is no more accurate than these
estimates of time. The importance of accurate and realis-
tic time estimates should be apparent and result in a
painstaking attempt to get estimates which portray the
actual situation.

In order to determine the magnitude and direction
of possible errors caused by inaccurate time estimates, it
is assumed that a, m, and b are the actual values of the
activity distribution. Let the estimate of these values
be ta’ tm’ and tb with possible error within the limits of
0.8a Stas l.1la, O.9m$tm$ l.1lm, and O.9bstb$ l.2b. These
intervals are based on actual experience with the PERT

technique.1

The susceptibility of the PERT expressions for the

mean and standard deviation to these incorrect time

lMacCrimmon, K. R., and C. A. Ryavec, An Analytical
Study of the PERT Assumptions, Research Memorandum Rm-
5408-PR, The Rand Corporation, Santa Monica, California,
December 1962, p. 12.
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estimates can be seen from the calculated data presented

in Table 4.

Table 4. Results of Imprecise Time Lstimates

E_——_—— i .. — . - - ————

Worst Possible ZLrror--% Net Error--%
Standard Standard
Mode Mean Deviation Mean Deviation
a 9.2 607 107 3’5
b-a . .
at+—— 10.8 &.7 1.7 5.3
a+252
5 11.4‘ t-ilq? 107 3‘5
b-a = G
a+=s— 12.5 6.7 1.7 Fald
asl g‘a 13.6 5.7 1.7 3.3
a+§i£:§2 14.2 6.7 1.7 363
b 15.8 6.7 1.7 DS

All results are expressed as a per cent of the
range with the assumption that b = %a. The worst absolute

error of the mean was found by determining the error to be

1 nax l]g.8a+§.6m+.9b2-§a+4m+b2

b-a o

2

l.la+4.4m+1.2b)-(a+4m+
| [ ['

]
()
O
o
|
D
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The worst net error of the mean (sum of worst positive and

worst negative errors) was found

o1 [-.2a-.4m-.1b+.la+.4m+. 20| el
b-a [_ [S) | T &l

The worst absolute error of the standard deviation as a

proportion of the range is

= === max
b—-a

1 _Ig.ab-l.la)-(b-a) (1.2b-.8a)=(b=a)
2=t , [Q2emafeo(emn))

. —2ta
- 30(b-a) °’

and the worst net error of the standard deviation is

1 [(.9b-1.1a)-(b-a)+(1.2b-.8a)=(b-a)]
T b-a [ 6 ]

_ b+a
= 60(o-a)

Hence, the value of the mode affects only the absolute
error of the mean.

Although the worst possible error in the mean runs
between 9.2 and 15.8 per cent of the range for b = 3a,
some cancellation within the time estimate errors can be
expected. Maximum cancellation occurs in the situation
indicated by the net error. Here, the error ‘is only 1.7
per cent of the range.

MacCrimmon and Ryavec conducted a similar analysis

with b = 2a which resulted in errors that were 2 to ©
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per cent higher.2 The author of this thesis felt that a
range larger than this (2a-a = a) would existlbetween the
two endpoints of the activity distribution, and therefore,
used b = 3%a instead. This value was found realistic after
inspecting several networks and calculating an average re-
lation between a and b.

If the time estimates are greater in error than
considered above, then the error of the mean and standard
deviation will be increased. However, as was pointed out,
some cancellation should occur and its effect is signifi-

cant in keeping the error at a minimum.
Activity Distribution

Although the beta distribution is assumed to be
representative of the form of the activity distributions,
the true distributions are unknown. The major deterrent
to an empirical study for determining the actual form of
distributions is the nonrepetitive nature of the activi-
ties.5 The beta distribution does contain the features
of continuity, unimodality, and two non-negativé abscissa

intercepts which are expected properties of the actual

°Ibid., pp. 12-13.
5Ivid., pp. 6-7.



activity distributions. So the beta distribution is at
least correct with regard to its general shape.

To determine a unigue beta distribution for each
activity, the endpoints a and b, the mode, and the den-
sity function exponents p and q must be determined. These
parameters are obtained from the three time estimates and
the assumption that the standard deviation of the dis-
tribution is one-sixth of its range. This standard de-
viation assumption seriously restrains the inherent
flexibility of the beta distribution, but is made in order
to provide two equations for use in solving for the un-
knowns p and q.

We can see the effect of the standard deviation as-
sumption by considering the case where the mode is midway
between the distribution endpoints. A standard range of
45,£7 is considered since any range can be transformed
into this case. From equation (3.13) we obtain

21

p+q 2
Hence, p must equal gq. Replacing q in equation (3.12) by
its equivalent in terms of p results in |

§Q+l)2 _ 1

(2p+2)%(2p+3)  4(2p+3)

Setting this equal to the assumed variance of (1/6)2, we

get
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1 1
4(2p+3) ~ 36

or p = 3.

Therefore, when the mode lies in the center of the
range, the parameters p and q must equal 3 in order for
the standard deviation to be equal to one-siéth of the
range. This restraining of the flexibility of the beta
distribution occurs for all mode locations. A few ex-
amples of the density function using different modes are
plotted in Figure 18. The required values of p and q are
indicated for each distribution. We can see that the only
combinations of p and q that are possible are those which
satisfy the cubic relation resulting from setting equation
(3.12) equal to 1/36. For this reason the beta distribu-
tion resulting from, for example, @ = 1 and p = 3 is not
possible in PERT activity distributions.

Several suggested methods of restoring the flexi-
bility of the beta distribution have been proposed.
Donaldson presents an alternate method of estimating the
standard deviation (variance) of a PERT activity time
given that one of the initial estimates is the mean

rather than the mode.4 His method allows considerable

4Donaldson, W. A., "Estimation of the Mean and
Variance of a PERT Activity Time," Operations Research,
Vol. 13, May-June 1965, pp. 382-385.
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variations in skew withiz tThe assumptions of a beta dia-
tribution tangential to the x-axis at each end. Muprray
suggests that a set of four time egstimates should be con-
sidered.5 This set is composed of the limits of the dis-
tribution, a and b, and two iatermediate quantiles of t:e
distribution, such as the cuartiles or four points wiich
are all at intermediate points oil the distribution. He
suggests that the solution of The resultant setv of zimul-
Taneous equations be done using special-purpose nomogranms
developed on a digital computer. This revision would nore
fully utilize whatever experience the estimator has and
would make it possible to remove the constraint that

g = (b-a)/6.

In addition to the restriction which the standard
deviation assumption places upon the beta distribution,
the assumption is false for some unusual cases of activ-
ity distribution. For example, the standard deviation of
an activity distribution that approaches a rectangulgr
form is (b-a)/24 3. Since most distributions such as this
are very unlikely, the problem may not occur too fre-

quently.

5Murray, J. E., "Consideration of IERT Aissulp-
tions," IEEE Transactions on Engineering Management,
Vol. &EM-I0, September 1963, pp. 94-99.
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A probiem which may occur more often was roticed by

o C .. .
He recognized thet the mechanics of subdividing

Healy.
or summing activities in z RERT network can influerce the
computed probabilities for accomplishing events as sched=
uled. The problem is best understood by considering two
activities each defined over the interval /a,b/. Ike
standard deviation assumption indicates the standara de-
viation to be (b-a)/&. By statistical theorems, The
standard deviation of the sum of these twc activities is

YV 2(b-a)/6. However, if the two activities were merged
into only one activity with a new range interval from 2a
to 2b, the standard deviation is assumed to be (2b-2a)/6.
Hence, a discrepancy may arise depending on the amount of
activity subdivision.

Thus, not only may tvhe complete family of beta dis-
tributions be unable to represent a particular activity
distribution, but also its inherent flexibility is still
further restricted by the assumption that = (b-a)/6 in
all cases. There appear to be many avenues open to im-
prove the rigor and accuracy of the statistical aspect of
the activity distribution. These problems and possible

improvements will not be dealt with in any length since a

6Healy, T. L., "Activity Subdivision and PERT
Probability Statements," Onerstions Research, Vol. 9,
May-June 1961, pp. 341-3%48.
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deep and sophisticated statistical analysis is beyond the

intended scope of tiis tiesis.
Lineer Approximation

Working within the restrictions on the beta dis-
tribution set by the standard deviation assumption, we caxn
determine the difference between the actual mean anc the
PERT calculated mean. Cases wizere the parameters, p and g,
define a distribution with a variance other than 1/36 will
not be considered since tie derivation of the linear ap-
proximation of the mean is based on a variance of 1/36.
The error discovered in the othier cases would stem pri-
marily from the standard ceviation assumption rather tiz:
the linear approximation. The error caused solely by tiie
linear approximation is represented by the difference be-
tween the actual curve and the straight line in Figure 9.

Table 5 gives values of the variance for various
values of p and m (q can be determined by using equation
(%3.13)). The variance was calculated through the use of
equation (3.12). ©Note that .028 is the decimal equivalent
of 1/%6, the restricted PERT variance.

From Table 5 we can obtain the proper values of
m and p corresponding to a distribution variance of 1/36.
Then using equations (3.11) and (3.13) we can calculate

the actual mean for the distribution. Equation (3.16)



Table 5.

Variance Determined From the Mode and p

Mode X 0 .29 1/2 .70 3/4 1 1.21 1.82 2 3 6
1/2 .083 .06% .056  .050 .036  .028* ,017
1/3 .083 . 054 .046  ,040 .028* .026 .019 .01l
1/4 .08% . 047 .0%38 .0%2 .028* .019 .01%  .007
1/6 .08% .0%35  .028* .026 .021 .011 .008  .004
1/12 .083 .028* ,017 .011 .008 .004 .002 .00l

*Only those combinations of the mode and p which correspond to this value of
variance are possible in the PERT model.

cOT
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allows us to calculate the FERT mean based on the linear
approximation. Table 6 shows the FEET mean and the actual
mean at each mode with the error of thke linear approxima-

tion expressed as a per cent of the range.

Table 6. PERT Mean Vs Actual Mean

PERT Actual Error
Mode Mean Mean (% of range)
1/2 . 500 . 500 0.0
1/3 .389 <379 1.0
1/4 333 .325 1.0
1/6 .278 274 O.4
1/12 222 235 -1.3

Table © indicates thiat the error caused by tie
linear approximation averages aobout 1 per cent. From
Figure 9 we can see that the area between the two curves,
a representation of the error, is symmetrical about the
midpoint, 1/2. Therefore, when the mode takes on values
from 1/2 to 1 the error will be the same as that indicated
by Table 6. This error is considerably less than that
caused by the standard deviation assumption and the time

estimates. In fact, it is zero when the mode and mean are
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equal to each other and many times this is nearly the
actual case.,
This close relatiorn between the mode and mean was
experienced in the Nike-Zius missile application.
A comparison of the value of m (most likely
time estimate) and the calculated te (expected
time) for a large number of activities indicated
that the summation ol te, as performed by the com-
puter, produced a project time only 2.38 per cent
greater than that indicated by summing the m values
supplied by the estimates. This difference con-
_stitutes approximately six days in a one year pro-
gram. It was concluded that requesting three time
estimates improves the quality of the m estimate,
but the use of m without the calculation of tg
would prove adequate.’
Hence, we are safe in concluding that the error produced
Dy the linear approximation of the expected or mean time

is negligible when compared to other error introductions.
Network Assumptions

Up to this point, only the individual activities
within a PERT network have been considered. Attention
will now be directed to the network as a whole. After
the mean and standard deviation of each activity have been
computed, they can be used to determine the effect of all
activities taken togethi:r and to aid in the estimation of

the project's time distribution.

?Frantz, R. A., Jr., and L. B. Nothern, "An Intro-
duction to PERT," The Wesvern Electric Engineer, October

1963, p. 41.
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As has been siown, the pozsible errors :n thke in-
dividual activities couli, by themselves, cause eprc™s in
the calculation of a project mean and standard deviatiog.
Generally, the magnitude and direction of these errors
might be difficult to determine. However, even if tie
mean, standard deviation, and distribution obtained for
each activity are correct, significant errors can still be
introduced into the calculation of a network mean and
standard deviation.
The main assumptions used to justify the PERT pro-
cedure for network calculations are the following:
l. A critical path is assumed to be enough
longer than any other path so that the
probability of another path being critical
is negligible.

2. The critical path has enough activities so
that the Central Limit Theorem applies.

Thus, whenever the network contains one very much
longer path, the only PERT errors that can occur will be
on the level of the individual activities. To illustrate
what can happen when these assumptions are not_satisfied,
we consider the simple network shown in Figure 19.

The configuration shown in Figure 19 contains
various paths in going from A to D. The PERT procedure
will take as the mean and standard deviation of the pro-
ject, the sum of the means and the square root of the sum

of the variances along tinat path with the largest mean.
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Figure 19. A Basic Network Example.

However, if the other paths have a mean very close to the
first (they could be equal), the activities on these other
paths will also be a major determinant of the project com-
pletion time and distribution. All activity distributions
are assumed to be known exactly. This allows for the de-
termination of the errors made by PERT on the network
level alone, without confounding them with possible errors
made in the activities. To get a feeling for the errors
PERT makes in its network assumptions, the network.in
Figure 19 is analyzed both analytically and according to
the PERT procedure.

Analytical calculation of project mean and variance

will follow the procedure outlined by Clark.8 Although

8Clark, C. B., "The Greatest of a Finite Set of
Random Variables," Operations Research, Vol. 9, March-
April 1961, pp. 1l45-162.




107

the formulas presented in Clark's paper were derivei frog
normally distributed random variables, the author (Clarik)
shows that they can be used with adequate accuracy in
cases involving non-norial distributions. For simplicity
of calculation, the mean and variance of all activities
are taken to be equal to 1 and the distribution is taken
as normal. It should be noticed that the critical path,
ABCD, has a duration half again as long as the duration cf
either of the other two paths; therefore, the network con-
sidered will not present a worst case condition (all paths
with equal duration) but rather will represent aan inter-
mediate and more common situation in terms of possible
error. The details of the calculations (Clark's proce-
dure) are found in Appendix G, and the results are given

in Table 7.

Table 7. Summary of Results for Figure 19

Conventional Corrected Per cent

PERT Values Zrror
Mean %00 3.483 - =14.0
Standard Deviation 1.73 1.47 +18.0

Table 7/ indicates that the error caused by the netT-
work assumptions is significant, especially when the vari-

ance of the activities is large, which was the case here.
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In this particular example, the variance was egual to one-
half the range and played the largest role in contributiiz
toward the error since the critical path was consicerably
longer than the rest. The possible error in PERT net-
works depends on the parvicular network configuration; so
generalization is difficult to make, and the magnitude of
the error indicated in Table 7 has little value if a dif-
ferent network is being considered. The basic network
example does, however, indicate the potential sources ol
error and provide an indication of the magnitude and di-
rection of the possible error.

The PERT-calculated mean will always be biased
optimistically. This should be evident when considering
that the PERT procedure favors an early completion date,
by taking into account only thosée activities which are on
the critical path and neglecting all others, some of which
may have a high probability of delaying the project. The
more parallel paths of approximately equal length that
there are through a network, the larger will be the
errors. But 1f the paths share a large number of common
activities (high correlation), the errors will tend to be
lower. The variance as calculated by PERT may be biased
in either direction, depending on whether the activities
considered had a high or low variance with respect to the

others.
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Thus, we recognize that the assumptions made in thre
PERT model, with regard to botir individual activities &and
the entire network, are possible sources of error. The
sources of error considered were the imprecise time esti-
mates; the beta distribution and standard ceviation as-
sumption; the approximation formula for the mean; and the
calculations underlying the project mean, standard devia-
tion, and probability statements. The place for the
largest error appears to exist in the time estimates ob-
tained from the technical personnel involved in the proc-
ject. The possible error here, especially on research and
development projects, will very likely be the largest con-
tributor to the error of the system. We have shown that
the linear approximation for the mean contributes very
little error, while the error caused by the remaining as-
sumptions depends almost entirely on the particular ac-
tivities and network configuration. An error of 30 to 40
per cent 1s possible in networks containing unusual ac-
tivity distributions and parallel paths of neaply the same
duration.

The following quotation from Western Electric's
Zeus Project Organization brings out the problem of the
inherent error in the PERT probability calculations.

Initially the designers of the PERT tech-

nique placed a great deal of emphasis on the
"probability of meeting schedule" as calculated
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by PERT. However, the many assumptions neces-
sary to produce PS make its use questionable from

a technical point of view, auna the concept proved
c¢f little value in our application.9

Possible modifications and improvements in the

PERT model are discussed in the next chapter. The odjec-

tive, of course, being to minimize the error while re-

taining or increasing the flexibility of the PERT modeil.

9Frantz, R. A., op. cit., pp. 41-42.



111

CHAPTER V
IMPROVEMENTS AND CONSIDERATIONS

The possible sources of error pointed out in the
previous chapter were analytical, in that they pertained
to the calculations involved in the PERT model. But in
addition to these error sources, there are errors or prob-
lems of application. We shouid realize that even if the
PEZRT model produced exact results, there still could be
errors involved in its usage or application. Hence, the
suggestions and considerations discussed in this chapter

will pertain to both areas.
Network Improvements

Different means of improving PERT assumptions are
suggested by various authors, but their recommendations
are based on additional or other assumptions. Included
are suggestions that it is easier to get estimates of =
to 3 odds rather than end points on the frequency distri-
bution curve and that a different number of time esti-
mates should be obtained. This would change the PERT
calculation procedures considerably, and it is difficult
to tell in advance Jjust how much, if any, improvement

woula result.
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From an analysis of the assumption that the beta
distribution represents the activity distribution, we
were made aware of the seriousness of tke restrictions
placed on the beta distrivbution. The effect of the re-
straints was such that for an arbitrary modal value and
set of end points, there is one particular beta distribu-
tion which is forced to represent the activity distribu-
tion. Considering this existing restriction along with
the hypothesis that an activity approaches a normal dis-
tribution, we raise the question of whether or not the
normal distribution may represent the actual activity dis-
tribution Jjust as accurately as the beta distribution.
Only empirical studies could ascertain this. We have
based the hypothesis on the reasoning that since each ac-
tivity may possibly be broken down into a number of
smaller, more detailed activities, the original, more
general activity, should approach a normal distribution
according to the Central Limit Theorem. In fact, the
phase one summary report issued by the Navy's Special
Projects Office (the group which applied PERT to the
Polaris Project) is inconsistent about whether the acti-

vity durations are normally or beta distributed.l

lPERT-Summarz Report Phase 1, Special Projects
Office, Bureau of Ordnance, Department of the Navy,
Washington, D. C., July 1958, pp. A.l-A.4 and B.1l-B.7.
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Quoting from Appendix A of that report, we present the
following statements: "Each activity has a time. The time
is stochastic and normally distributed."2 However, Appen-
dix B discusses the beta distribution as a model of the
distribution of the activity time. Here we discover that
"the choice of the beta distribution was dictated by in-
tuition because empirical evidence is lacking.”5

An attempt should be made to determine the actual
form of activity distributions. This is a difficult task
and if, at best, only inconclusive results are obtained it
still would help the PERT model considerably. By now the
quantitative usage of PERT should be adequate to permit an
attempt at a study of this nature. However, as was point-
ed out earlier, it may be nearly impossible to determine
the distribution for activities associated with research
and development projects. The severity of this problem is
best understood after the study has progressed past the
initial stage.

In the event that the normal distributiop repre-
sents the actual distribution as well as, or better than,
any other distribution, the PERT model could be improved

upon in a number of ways. For one thing, all that would

°Tbid., p. A.l.

5Tbid., p. B.4.
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be needed to completely describe an activity distribution
is an estimate of the mean and variance. This could Dbe
obtained from two estimates. For example, one value ob-
tained could be the mean; the other estimate, signifying
the interval, could be determined by plus and minus 1, 2,
or 5 standard deviations. As a result, the errors and re-
strictions made by the standard deviation assumption axnd
the linear approximation of the mean could be eliminated.

The network, as a whole, could be improved upon by
utilizing Clark's bias correction procedure for expected
time and variance calculations.4 The procedure, outlined
in Appendix G, could very possibly be incorporated in com-
puter programs designed to handle the PERT calculations,
thereby making the correction procedure very practical.
Without the computer's contribution, the calculation of
the linear correlation coefficients could be very time
consuming.

Graphically, the corrections can be represented by
the insertion of fictitious activities in the network.
These correction activities require a mean and variance
equivalent to the difference between the PERT calcula-

tions and the more inclusive, analytical calculations.

4Clark, C. E., "The Greatest of a Finite Set of
Random Variables," Operations Research, Vol. 9, March-
April 1961, pp. l45-l1l62.
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The correction activity is located immediately after the
event which is affected by correlation factors.

An illustration using correction activities is
shown in Figure 20. The network is the same one wiich was
analyzed in Appendix G, and the results were presented in

Table 7.

t,=.203

0°=-.226

Figure 20. A Network Incorporating
Correction Activities.

By incorporating the correction activitigs in the
network, the effect on the project duration and variance
is clearly shown, and the application of conventional PZERT
calculations to the modified network gives the corrected
values for the event expected time and variance. To in-
corporate the correction activities, we must determine the

variance, expected time, and location of each. A
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correction activity is not needed when the sum of the max-
imum times along one path is less than the sum of the min-
imum times along a parallel path leading to the same
event. In this situation, the shorter path will not in-
fluence the terminal event calculations and can be elimi-
nated from consideration. Of course, when there is only
one activity leading to an event no bias correction is
needed.

In Figure 20, the correction activity C'-C was as-
signed a mean time, te = 2.20%3-2.00 = .20%, and a variance
cr2 = 1.774-2.00 = -.226. These values are merely the
corrected values minus the values obtained by using con-
ventional PERT. By a similar procedure, one obfains for
the correction activity D'-D a mean time, te = 3.48%-3%.203%
= .280, and a variance, T2 = 2.162-2.774 = -.612. The
modified network then has an expected completion time of
3.,48% and a variance of 2.162. The importance of the cor-
rection activities is realized when considering that the
probability of completing the project in 3.25 time units
was 56 per cent before the bias corrections were incor-
porated and 44 per cent after the correction activities

were inserted.
Hence, the magnitude of the correction activity is
the allowance that should be introduced to account for the

fact that the path with the shorter duration occasionally
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occurs after the finish time of the path with the longest
time duration. The correction activity itself does not
represent any task or job, but the completion of the ac-
tivities leading to it is synonymous with the occurrence
of the correction activity.

Regardless of what the individual activity distri-
butions turn out to be, we still can improve the accuracy
of PERT output by paying special attention to the network
critical path. After the initial network has been con-
structed to accurately portray the project program, then
the time estimates on the critical path should be reviewed
and changed if necessary. If as a result of the review
the critical path changes to include other initial or
first estimates, then the new critical path should be re-
viewed again. Also, it may be well to review the order or
sequence of activities. ©Some times they can be organized
in more than one way with a possible reduction in time re-
sulting from a particular arrangement.

Before attempting any replanning procedures, it is
best to identify paths which are nearly critical by con-
sidering the means, variances, and common activities of
the various paths. This will help prevent premature
withdrawal of resources from nearly critical paths when
performing the replanning function. In general, any one

of a number of paths could be critical, depending on the
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particular realization of the random activity durations
that actually occurs.

Richard Van Slyke discusses in a Rand Corporation
memorandum the improved computational accuracy resulting
from the application of Monte Carlo, or random variable,
techniques to the PERT management system.5 He explains
that the Monte Carlo technique applies the longest path
algorithm to a long series of realizations, each one ob-
tained by assigning a sample value to every activity drawn
from its proper distribution. Also, in order to gain
extra accuracy, the Monte Carlo approach depends on know-
ing the exact shape of the distribution which may be beta,
normal, triangular, uniform, or discrete in form. There-
fore, the method requires a distribution and standard de-
viation assumption similar to PERT's, but contains greater
accuracy in the network calculations.

In Figure 21 a normal distribution with a mean of
66.00 and a variance of 60.27 is compared with the dis-
tribution obtained by the Monte Carlo method. The curves
pertain to the same network as that presented in Appendix

F. The Monte Carlo method used 10,000 realizations in

>Slyke, R. V., Uses of Monte Carlo in PERT,
Research Memorandum Rm-3%%67-PR, The Rand Corporation,
Santa Monica, California, February 1963, pp. 8-21.
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with the company management, we follow the total program
interests and results.

In receiving condensed PERT networks showing only
the major events or milestones, upper management can fol-
low the "management by exception'" approach. They can en-
ter the picture when an important schedule date seems to
be in jeopardy. For this vertical management system to
work as required, the proper level of detail must exist
for each management level. The developing of networks at
a different level of detail for each level of management
is called the "pyramid" approach. These levels may be de-
fined by a work breakdown structure as illustrated in
Figure 4, with the networks at a higher level consisting
of the condensed or integrated networks of the lower
level.

There are many factors involved in determining the
most appropriate level of detail. Thus far very little
has been said about the required detail, and the example
networks which were discussed did not lend any informa-
tion, because they were extremely condensed for economy of
presentation. To help in grasping a basic understanding
of network detail, Moder and Phillips have presented a

set of guiding questions with regard to expanding,
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condensing, or eliminating activities.7 They are:

1. Who will use the network, and what are
their interests and span of control?

2. Is it feasible to expand the activity
into more detail?

5. Are there separate skills, facilities,
or areas of responsibility involved in

the activity which could be cause for
more detail?

4., Will the accuracy of the logic or the

time estimates be affected by more or
less detail?

We can see that there are no exact rules to follow
in determining the most effective level of detail. Exper-
ience is the best guide to follow because after working
with two or three networks a person acquires a sense of
proper network detail. Figure 22 contains an illustration
of a typical PERT network chosen to help the reader get a
grasp of the level of detail commonly used in reporting to
upper management. A more detailed network designed for
lower level control may be more informative, but space
does not permit such an illustration here.

It is difficult to know when and how much PERT to

use for program management. Some situations do not even

lend themselves to PERTing. By this we mean that there

7Moder, Jo Jo, and C. R. Phillips, Project Manage-
ment with CPM and PERT, Reinhold Publishing Corp.,
New York, 1964, p. 42.
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may be no one particular time or sequence when a group of
activities should occur, and the sole consideration is the
amount of manpower available. An area such as this should
be handled outside the network if one exists for a related
portion of the project. In other cases, the decision of
whether to use PERT or not may not be as easy to make.
For this reason, there have been some applications where
a poor decision has been made and PERT has fallen short of
its mark.

Based on an analysis of 22 case studies, Francis
Sando finds a similar pattern of implementation in most
successful projects.8 He has formulated his analysis into

two broad categories--preplanning and operations. The two

categories contain the following points:

Preplanning Stage (plan before project is launched)

l. Orientation of client.

2. Thorough training of key personnel such
as project managers and project
coordinators.

3. Training and orientation of other pro-
ject personnel who will work with the
system.

8Sando, F. A., "CPM: What Factors Determine its
Success?" Architectural Record, Vol. 135, April 1964,
pp. 211-21l6.
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4, Arrangement for computer equipment
required.

5. Establishing the proper organization to
conduct network planning and control.

Operations

1. Develop accurate arrow diagrams using
the logic of project manager and key
personnel.

2. Implement and use only network planning,
not bar charts.

5. Update regularly.
4. Hold planned meetings for project review.

5. ©Stick to the logic of arrow diagram if at
all possible.

Sando also indicates some pitfalls to avoid in im-
plementing network techniques. They include factors such
as too general diagrams, lack of education and know how,
lack of updating, and lack of computer orientation.9

The above discussion indicates the importance of
education and feedback in using PERT. Adequate education
and training for all personnel involved in the supplying
of time estimates and/or the management of the project is

a must. PFailure to understand the relation between the

three time estimates and the activity distribution could

9Sando, op. cit., May 1964, pp. 202-204.
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result in serious network errors. The author's first ex-
posure to PERT in industry involved the supplying of time
estimates which were seriously in error. Without knowing
the statistical definition of the terms optimistic, most
likely, and pessimistic as they applied to PERT, the time
estimates given by the author represented an arbitrary
range with the most likely time being the midpoint. This
resulted in frequent updating of estimates with the ini-
tial estimates in some instances being changed twice.
This unfortunate experience indicates the value of feed-
back in changing time estimates which were initially in-
accurate or have changed because of unforeseen compli-
cations.

There has been little application of PERT to manu-
facturing areas. This is partly due to the fact that
manufacturing and production are concerned more with
quantities rather than time. Nevertheless, the use of
PERT in pilot model construction and early phases of pro-
duction can be very effective in supplying information
with regard to time per production unit. It should be
noted that many programs of the space industry never
leave the preliminary manufacturing stage or at least
never enter into mass production. Therefore, an effort
should be made to integrate the techniques of PERT with

some of the methods of production control to bring in the
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quantity factor. Perhaps the technique could be applied
in a manner similar to the one described below.

The PERT network follows the structure of the
various subassemblies associated with the product. It is
assumed that the product is past the development stage so
that all the detailed parts have been designed and pro-
duction is about to begin. We know that each part which
is contained in a particular assembly must be manufactured
by a certain series of operations. We also can determine
the procedure for any part and from past time studies we
can estimate the time required for each operation. Then
based on the part's required operations, we obtain a manu-
facturing time requirement for the part.

Each part is represented as an activity in the PERT
network with the time duration determined and set by the
above procedure. All assembly and transportation opera-
tions are also represented by activities in the network
logic. After the PERT network has been constructed to in-
dicate the flow of parts and manufacturing effort for the
entire product, then the expected project completion time
can be calculated by conventional PERT methods. Elec-
tronic processing of data yields information pertaining to
subassembly or part completion time by analysis of the
proper event. Events signifying completed parts can be

differentiated from other events by assigning to them a
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two digit number as opposed to a three digit number for
events merely separating manufacturing operations. The
information obtained from identifying the critical path is
valuable in planning production capacities.

Experience gained through working with various PERT
applications is invaluable in attempting to improve upon
or extend the PERT applications. A lack of this experience
has restrained the practical evaluation of the suggested
improvements and modifications presented in this thesis.
Their value to the PERT technique can only be determined
through a testing procedure using actual applications.
Also, through experience in PERT usage, new ideas which

may improve the techriique are generated.,
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CHAPTER VI
FUTURE TRENDS

A considerable amount of research is being put into
extending the usefulness of PERT to include the resource
and performance factors of a program. Generally speaking,
the status of a development program is a function of three
variables. The variables include the resources available
(manpower, material, and facilities), the technical per-
formance of systems and components, and the time required
to accomplish the objectives. The ultimate objective, of
course, is to enable PERT to determine trade-off relation-
ships between the cost, time and performance objectives.
Since the time variable has been the forerunner, PERT/Time
has received a majority of the development effort. The
present work in the cost and performance areas has been
done under the labels of PERT/Cost and PERT/Reliability.

A brief introduction to the basic concepts of each is
presented below.

PERT/Cost involves estimating the cost associated
with accomplishing an activity or group of activities.

For each activity, two different estimates are made. One
is the minimum time estimate and its cost, and the other
is the minimum cost estimate and its time. Both estimates

depend on the available or obtainable resources. The
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minimum time estimate represents the time required when
the job is expedited as much as possible. This estimate
is commonly called the crash point. The minimum cost
estimate corresponds to the normal job time. This normal
time-cost point is the one usually used for planning and
scheduling. It does not assume the use of overtime labor
or special time saving materials and equipment.

The cost estimates obtained represent only the
direct cost of material, equipment and labor; therefore,
in order to obtain the optimum operating point (minimum
total cost) we must consider indirect costs as well. In-
direct costs may include, in addition to overhead costs,
the consideration of penalty costs or bonuses associated
with the project completion time. The total indirect
costs are assumed to increase linearly with time.

Figure 23 portrays the assumed relationship be-
tween time and costs. The "u" shaped curve representing
the direct costs results from the assumption that costs
will increase when the project is accelerated or delayed
from a particular time point. This minimum cost point
may or may not correspond to the normal operating point.
Difficulties other than those associated with obtaining
accurate time-cost estimates, arise in determining the
shape and location of the curves. However, Miller points

out that in some industrial applications data developed
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in the form of "outage" costs or loss-of-profit oppor-
tunities is presently used as the basis for improved de-
cision making.l This information in conjunction with in-
formation obtained from accounting procedures should
assist in making indirect cost calculations.

From Figure 23, we can see that the optimum time-
cost point does not correspond ta the normal project dura-
tion. To achieve this optimum operating point, activities
on the critical path must be accelerated. Reducing the
project duration will increase the direct cost; therefore,
to keep the cost increase at a minimum, those activities
which have the lowest time-cost slopes should be operated
on.

The Department of Defense and the National
Aeronautics and Space Administration have been very active
in advancing PERT/Cost. In addition to outlining a recom-
mended procedure to follow in using PERT/Cost, they indi-
cate how the use of PERT/Cost eliminates unnecessary man-
power costs and premium payments for expedited materials
and services. To accomplish this, monthly manpower re-
quirements are totaled by skills and examined to minimize

unnecessary overtime and unnecessary hiring caused by

IMiller, R. W., "How To Plan and Control with PERT,"
Harvard Business Review, Vol. 40, March-April 1962, p. 102.
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manpower peaks followed by lay-offs. The manpower
"smoothing" is accomplished by rescheduling slack activ-
ities to periods when the skills are not required by
critical activities. Rescheduling slack activities can
also eliminate or reduce premium payments for materials
and services. Other reports can be set up to reflect the
manpower load in each department.2

Like any other new development PERT/Cost has many
problems associated with the extension of its use. A
major problem is the interdependency of resource levels.
For example, the decision to add machines to speed up or
crash one activity may automatically affect the resource
levels of other activities. This results in a false in-
dication of the optimal operating point. Perhaps future
developments and refinements will incorporate this aspect
as well as other problems facing project management and
PERT/Cost.

In the area of PERT/Reliability there are only a
few available publications. Donald Malcolm has authored

one of the first contributions in this area.3 He

2DOD and NASA Guide, PERT/Cost, U. S. Government
Printing Office, Washington, D. C., June 1962, pp. 1-5
and 58-65.

5Malcolm, D. G., "Reliability Maturity Index (RMI)
--An Extension of PERT into Reliability Management,"
Journal of Industrial Engineerin Vol. 14, January-

February 1963, pp. 2-12.
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mentions two approaches which may be taken in developing
reliability information. One provides a prediction in the
form of a probability statement for fraction successful of
the eventual operational reliability of the end item. The
second approach is discussed in greater detail. It pro-
vides a running measure of the compliance with planned re-
liability by analyzing information on the progress and
quality of reliability programs.

The compliance to the planned reliability of a pro-
ject is checked by incorporating reliability events into
the network. These events indicate the start or comple-
tion of an activity resulting in the documentation of a
design, a design review, a test, etc., required in the de-
velopment plan in order to enhance the reliability of the
end item. A reporting of information concerning both the
schedule compliance and technical quality of the documen-
tation is made to management. This assures that the re-
liability aspect of a project will be monitored, evaluated,
and controlled according to specifications.4

Monitoring the compliance of the development plan
to predetermined requirements does not provide a numerical

forecast of the eventual operational reliability of the

4. .
Iblda: ppo 6-8.
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end item. Since a prediction of the eventual reliability
to be experienced when the item is put into actual opera-
tion is desirable, this is the direction toward which
PERT/Reliability should move. In order for PERT/Relia-
bility to be effective, the following areas in reliability

must be developed:

1. Analytical methods to predict the reject
and failure rate.

2. Methods for synthesizing the effort of
component reliability into the total
system.

3. DMeans for rapid collecting, analyzing,
and reporting of information to management.

The areas of PERT/Cost and PERT/Reliability will
become more widely used and include many more variables as
computers become more easily available and increase in
capacity. The inclusion of Jjust the early extensions of
PERT into cost and performance functions has increased the
data-processing load by about 20 times that associated
with the basic PERT.? Thus, integrating the time, cost,
and performance aspects of a complex project requires a
computer which is high in capacity and efficiency. Pres-

ent advancements in the computer industry should enhance

5Malcolm, D. G., "Integrated Research and Develop-
ment Management Systems,'" Operations Research in Research
and Development, ed. Burton V. Dean, New York, 1963,

pP. 155.
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the use and utility of the PERT extensions. This will re-
sult in a change in the management tools of the next few
years.

It is difficult to forecast if the PERT extensions
will receive as much published literature as the present
PERT/Time has received. Norton points out that:

The study of resource consumption and net-
work schedules involves the conduct of engineering
work, internal organization, and bookkeeping, so
that a number of companies have understandably de-
cided that publication is against their best pro-
prietary interest, even though they may be actively
working in the area.

In addition to the extensions of PERT into new
management areas, the author visualizes the merging of the
CPM and PERT techniques. The CPM, as it exists now,
could be handled by the PERT calculations with the prob-
ability concepts omitted. This general critical path
technique, as it could be called after the union 1is made,
could incorporate all parts of the CPM and PERT exten-
sions, thereby creating a common network language familiar
to all users. This would help eliminate the concurrent

development of network management which is being directed

from two ends.

6Norton, P. V., "Resource Usage and Network Plan-
ning Techniques," Operations Research in Research and
Development, ed. Burton V. Dean, New York, 1963, p. 15l.




137

CHAPTER VII

CONCLUSIONS AND RECOMMENDATIONS

The Project Evaluation and Review Technique, called
PERT, provides a method of utilizing computers to plan and
control a project. PERT's value lies in systematizing all
the many steps or activities involved in the completion of
the project. Those which must be completed in series and
those which can proceed in parallel are distinguished and
arranged in a network to show their proper relationship to
each other. When time estimates are assigned to each ac-
tivity, a computer can compute the series of activities,
leading from beginning to end, which will require the
longest total time for completion, i.e., the critical
path. The time estimates also support PERT's capability
to provide probabilistic information relating to the pro-
ject completion.,

In using PERT, we must remember that it is not a
panacea for all management problems. Besides realizing
that PERT does not make decisions for management but only
presents information upon which to base decisions, we
should bear in mind that the method is based on various
assumptions. The assumption that the beta distribution
represents the distribution of the activity duration is

questionable. The matter is more questionable when
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considering that its inherent versatility is restricted by
the standard deviation assumption.

Analysis of some of these assumptions shows that
they can be very detrimental to the accuracy of PERT's
output information. The magnitude and direction of the
error is dependent on the particular network under con-
sideration so that it is difficult to make general statve-
ments pertaining to the same. Perhaps the only generality
that has any validity is the statement that the PERT cal-
culations, by themselves, will contain an optimistic bias
with regard to the project completion time.

After the analytical analysis of the errors asso-
ciated with PERT, several potential improvements are sug-
gested. These suggestions take the form of proposed
changes that could simplify and/or improve the accuracy of
the PERT model. Their true value can only be determined
through empirical studies. An empirical investigation
will also be conducive in the identification of additional
improvements, whatever form they may take.

This thesis has laid the groundwork for future
study of the PERT model. This has been done in part by an
extensive survey of literature and the development and
presentation of the existing PERT/Time methodology.
Further, the identified and analytically analyzed areas

of potential error should provide a starting point for
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additional work. Therefore, it is recommended that this
study pe followed by one which involves research pertain-
ing to actual data. The participation of industry in
this next stage of study is invaluable in providing a
source of empirical data and the seriously needed exper-
ience in the use of PERT. Industrial contacts should be
made well in advance of any contemplated work in this
direction to ensure full cooperation between researcher

and industry.
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APPENDIX A

Glossary of Symbols and Terms

Symbols:
a = Optimistic time estimate
b = Pessimistic time estimate
m = Most likely time estimate
te = Activity expected completion time
TE = Karliest expectved event completion time
TL = Latest allowable event completion time
TS = Event scheduled completion time

S = Event slack time
Z = Standardized normal random variable

O = Standard deviation associated with the
activity expected completion time

cr2 = Variance associated with the activity ex-

pected completion time

C7'T = Standard deviation associated with the
E event expected completion time

Terms:

Activity. A time consuming element in a program
plan which is represented by an arrow connecting one event
to the next event. An activity cannot be started until

the event preceding it has occurred and it represents work



145

to be done or a description of a relationship between two

events.

Beginning fvent. An event which signifies the be-

ginning of one or more activities of a network.

Critical Path. The sequence of interconnected

events and activities extending from the network beginning
event to the ending event which will require the most time
to accomplish. It is the path that has the least alge-

braic slack.

Dummy Activity. A non-time consuming activity used

to illustrate event dependency. It is not descriptive of

work.

Ending Event. The event which signifies the com-

pletion of one or more activities. The ending point in
time of an activity.

Bvent. A specific, definable accomplishment or
milestone of progress in a program plan. An event is rep-
resented on a network by a circle and is not time

consuming.

Expected Activity Time. A statistical mean time

(te) which an activity is expected to require for comple-

tion. It is calculated from the three time estimates by
the equation £ = a+4m+b
e 6

Expected Event Time. The earliest time (Ty) at
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which an event is expected to occur. The 'I'E value for a
given event is equal to the sum of the expected activity
Times along the longest path from the network beginning

event to the given event.

Interface Event. An event which is common to more

than one related network. It signals the transfer of re-
sponsipility or the Jjoint responsibility between networks.

Latest Allowable Event Time. The latest time (TL)

av which an event can be completed without causing the
network ending event or project completion to be delayed.

Most Likely Time. The most realistic estimate of

the time required to complete an activity assuming no un-
expected problems will develop. This time would be ex-
pected to occur most often if the activity was to be
repeated several times under exactly the same
circumstances.

Network. A graphical representation of a program
plan showing the sequence and interrelationship of all ac-
tivities and events which must be accomplished to achieve
the stated objectives of the program.

Optimistic Time. The estimated, minimum time re-

quired to complete an activity if everything goes better
than expected. The activity has no more than one chance

in 100 of being completed within this time.
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DERT. Program Evaluation and Review Technique.

Pessimistic Time. An estimate of the longest time
that an activity could reguire for completion if every-
thing went exceptionally slower than expected. It has no
more than one chance in 100 of being realized.

Scheduled Completion Time. A specified date or

time by which the accomplishment of an event must be

realized.

Slack. The difference between the latest allowable
event time and the expected time (S = TL-TE). It repre-
sents the maximum time that an event may be delayed with-
out delaying the completion of the entire project.

Standard Deviation of an Activity. A measure of

variance about the expected completion time for an activ-

ity. It 1is computed from the formula o = b=a) .

Standard Deviation of an Event. A measure of vari-

ance associlated with the expected event completion time.
It is calculated by computing the square root of the sum
of the squares of the activity standard deviation on the
longest time path leading to the event under consideration.

Standardized Normal Random Variable. A calculated

value (Z) associated with the standardized normal density

function (which has a mean of zero and variance of one)
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and used to specify an area or mrobability determined

through the equation 2 = T.-To/gv .
- L} —
L
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APFENDIX B

By definition the gamma function is
-0
- -X.n

T (n+l) = JoeTx dx (n>-1).

i4

also, the Laplace transform is defined as
oSO
n -st. n.,
L Jt*Jr = f e SVtlat when n = 0.
'= 0

Introducing a new variable of integration in the Laplace

Ttransform by setting st = x, we nave

1) n co
row -X X X - 2
L () - £ Ay [T e
N 0 S 0

After substituting the gamma function into the above it

can be written as

T -’tn"' = M
- 'L ,il - SI++1

Using Laplace transform tables, we find that

n n!
- {t_} = Sn+l ‘

Whence,

T (n+l) = n! when n 2 0.
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RZPENDIX C

The beta function of p and q is defined by tae

intagpral :
’ l p_-l G_T
B(p,q) = jﬁ X (l-x) T dx (p,q>0).
0
e 2 . . -
By wrilting x = cos @ , we can obtain an equivalent Tform:

/2
2b/‘ cosep_l€>sin2q_l®-de .
0

From the definition of the gamma function we know

B3(p,q)

that

e : )
T (X)) = f e tt¥Lag (k>0)
o)

then by setting t = x
= -x2 2k-1
T (x) = 2\]~ e™¥ x=%*ax.
0

Based on this form of the gamma functions, we can repre-

sent T (p) T'(q) as

(2 J —-X 2p ldX)

2
<2f e~ y22-1gy)

v(~ _y. —(x2+y ) 2p-1 2q laxdy.

To change to polar coordinates set

T (p) T (a)

1
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rdrde will be the new differentizl element after the

change of variables.

Then,
Py oo 2
== (W r - = . -
T (p) T (q) = 4J /2 | e T (v cose)2p l(r s:Ln~€3~)2q 1
0 =0
rdrdo
/2 had 2 -
= 4“S~ 4 ;g\ e~ T r2pf2q-Lcos2p—le-
v 9) 0
sin2q_le drde

Il

(V] 2 .
(2hg" o~ T r29+2q-ldr)
0

/2
(25 cos?P e sin®%1ls ge ).
0

7ne first ractor on the right we can recognize as 7' (p+q),
and ©Tre second is the derived equivalent form of the beta

function. Therefore, we conclude that

()T il o) _ B(p,a).
T (p+a)
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To solve the culic eguation

5

for values of m from O to 1 a computer program was wris-

o 5_ . - 2 /o _;_ N/ m 1
u(X) (m-i-l)E(X) +\+ 6);4\‘{)—(?2' - 5—6) = Q0

ten. Lhe program is written in I"ORTRAN language and fol-
lows lewton's method for the numerical solution of the
equation. The source program contains the following
statenents:
c C A CUBIC EQUATION SOLUTION BY NEWTONS METHOD
1 FORMAT (3F10.5)
2 FORMAT (2HP=,F4.2,5X,2HE=,F6.4)
DIMENSION E(25),F(25),FD(25)
% EREAD 1,P,DP,FP
43 =1
B(1) = (4.*P+1.)/6.
5I-=4d
F(I) = E(I)**32.-(P+1.)*E(I)**2.+(P+1./36.)
*E(I)-(P/12.-1./3%6.)
FD(I) = 3.*B(I)**2.-2.*(P+1.)*E(I)+(P+1./36.)
J = I+l -
E(J) = E(I)-F(I)/¥FD(I)
IF (E(J)-E(I)) 10,15,12
10 17 (E(I)-E(J)-.00005) 15,15,5
12 Ir (E(J)-2(I)-.00005) 15,15,5
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15 FUNCH 2,P,E(J)
Ir (FP-P) 3,3,16

L5 P = P+DP
GO TO 4
mlND
0.0 0.05 1.00

Txie punchied output is tabulated below with P rep-
resenting the mode and E representing the value of E(x)
or the mean.

c C A CUBIC EQUATION SOLUTION BY NEWTONS METHOD

P=0.00 E= .2052
P= .05 E= .2223
P= .10 E= .2425
P= .15 BE= .2661
P= .20 E= .2929
2= .25 B= .3228
P= .30 E= .3552
P= .35 E= .3897
P= .40 E= .4256
P= .45 E= .4626
P= .50 E= .5000
P= .55 B= .5574
P= .60 E= 5744
P= .65 E= .6103
P= .70 E= .6448
P= .75 E= .6772
P= .80 E= .7071
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<7339
-7575
L7777
.7948
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Table of Values of the Standard Normal Distribution Function

e —— 1 - =
——— o e = = ——— e S e

Z 0 1 2 3 4 5 6 2 8 9
.0 . 500 . 504 .508 .512 .516 . 520 . 524 .528 .5%2 . 536
.1 . 540 . Sl . 548 .552 . 556 . 560 . 564 . 568 571 . 575
.2 579  .58% .587  .591  .595  .599 .603 .606  .610  .614
¢35 .618 .622 . 626 .629 655 .657 o411 . 644 . 648 .652
S . 655 .659 .663% . 666 .670 674 677 .681 . 684 .688
«5 .692 .695 SISk .702 .705 .709 712 .716 .719 722
'6 '726 0729 '752 '756 '759 '71L? "745 0749 0752 0755
o'/ .758 .761 . 764 . 767 .770 773 .776 779 .782 . 785
.8 .788 . 791 . 7Oh .797 . 800 .802 . 805 . 808 .811 .81%
9 .816 .819 .821 . 824 . 826 .829 832 854 .83%7 .829
1.0 841 . 844 . 846 849 .851 .853 855 .858 . 860 .862
1.1 .864 .867 .869 871 875 875 877 .879 .881 .88%
1.2 .885 .887 .889 .891 .893% .89¢% 896 . 898 . 900 . 902
1.5 .90% .905 .907 .908 .910 SoNE2 .913% 915 . 916 .918
1.4 SORES) .921 .922 .924 . 925 .927 .928 .929 Ll .93%2
1.5 .93%  .9325 .96 .937 .9%8 .939 .94l 942  .945  .944
1.6 <45 .946 . O47 .o4u8 .950 .951 . 952 .955% . 954 . 955
1.7 .955  .9%  .957 .958 .959 .960 .961 .962  .963  .9653
1.8 . 964 . 965 . 956 . 966 .067 .968 . 969 . 969 .970 > Al
109 9971 * 0972 0975 0975 0974‘ .9’74’ -975 u976 0976 -97|"I
2.0 .977 .978 .978 . 979 . 979 .980 . 980 . 981 .981 . 982
2.1 .982 .983% .985 .985 . 984 . 984 . 985 . 985 . 985 . 986
2.2 . 986 . 986 . 987 .987 . 987 . 988 . 988 . 988 . 989 . 989

I



Table of Values . . . (Continued)

L] * L] ” L] L3 L)

]wmmmmmmm
I 00NN\ W

.989 . 990 SN0 - 990 . 990 SOINL el SISl S . 992
.992 .992 .992 .993 .99 .993 .993 .993 .993 .99

- 994 - 994 -995 - 995 .995
-995 - 996 - 996 -996 - 996
.997 - 997 . 997 .997 - 997
. 997 -998 - 998 - 998 -998
-998 -998 - 998 - 999 <999

-999 - 999 -999 <999 1.000

|

9461
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The networx logic shown is assumed to be representative of

the actual program.

Tlle three time estimates are pre-

sented above their respective activities in the order of

optimistic (a), mostly likely (m), and pessimistic (b).

The expected time for each activity is calculated by

the equation.

. _ a+4m+b
Ye T 5

and vhe standard deviation by the relation

_ b=a
T= 232,

The calculated values for expected time, standard devia-

tion and variance are tabulated below.

Activity
1-2
1-3
2-4
3_4
3-5
4-5
2-6
4-7
5=7

t
e

14.00
11.%5
21.17
15.%5
16.17

0.00
15.00
15.17
14.00

=N
4.00
2.00
6.17
1.33
2.17
0.00
5.67
3.17
2.33

ag @

16.0

38.0
1.8
4.7
0.0

32.1

10.0
S5.4



8-10-20

12-15-20

8-17-21

Ixample Network Problem.

84T



Activity

6-7
6-8
5-9
7-9
8-9

Next, the expected event completion
latest allowable event completion time are

making a forward and backward pass through

+~
v
e

11.50
1.00
50.8%
9.17
8.83

o

2.50
0.00
2.50
0.83%
0.83

159

O
O.
time and the

Tound by

the network and

using the above calculated values of the activity expected

time. The slack is also determined from TL—TE. The cor-

responding values for each event are:

Event

1

o NN 0O v F W

9

T

&

o)
14.00
11.53
35.17
5517
29.00
49.17
50.00
©66.00

Ir,

0
14.00
19.00
35.17
35.17
45.33
56.83
57.17
66.00

16.33
7 .66
27.17

o)

ote that the latest allowable time of event 9 was set

ecual to its expected completion time, 1l.€.,

date was assumed to be equal ©

.LEO

the scheduled
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L3¢ critical path or path with minimum slack lies
along 1-2-4-5-9. We use the activities and events along
this path and the formula

T, =T

L= %
G

o

1% determining the probability of completing the projecw
in Tthe scheduled or latest allowable time. We find the

calculated value of G, to be 7.8. Therefore,

E
66.0-66.0
& = wemm—pelw = O

and from the table in Appendix E the probability of accom-
plishing the project as scheduled is read as 50 per cenv.
This same network was rum on a 1620 computer uti-
lizing a program (10.%.006) supplied by the International
Business Machines Corporation. The form of the input and
output is shown below. The output data shown contains
only tiat pertinent to the problem. Omitted were: the
TS value for every event which the computer assigns equal
to TE if not instructed to do otherwise, and the resulsing
probability of accomplishment (.500); the calculated
values for TS-TE; the program's capability of including a

cost estimate for each activity.



Sample Problem Input

70
60

Activity a m b
1-2 6.00 12.00 50.00
1-3 8.00 10.00 20.00
3-4 12.00 15.00 20.00
2=-4 3.00 21.00 40.00
2-6 6.00 11.00 40.00
4=-7 6.00 12.00 25.00
4-5
3-5 8.00 17.00 21.00
©6-8 1.00 1.00 1.00
67 5.00 12.00 18.00
5-7 7.00 14,00 21.00
8-9 6.00 9.00 11.00
%—9 7.00 9.00 12.00
5-9 25.00 30.00 40.00

(First assigned project completion time)

(Second assigned project completion time)

lel



Sample Problem Output (Assigned project completion time of 70.00)
Activity e a m b s Fp Var Ty o s
1 2 14,00 6.00 12.00 30.00 16.00 14.00 18.00 4,00
1 3 11.%3% 8.00 10.00 20.00 4,00 11.%% 23%.00 11.67
3 4 15.%% 12.00 15.00 20.00 1.77 26.66 39.17
2 4 21.17 3,00 21.00 40.00 57.95 35.17 39.17 4,00
2 © 15.00 6.00 11.00 40.00 32.04 29.00 49.3% 20.3%3
4 9 13.17 6.00 12.00 25.00 9.99 48.%4 60.83%
4 5 35.17 329.17 4,00
3 5 16.17 8.00 17.00 21.00 4,67 27.50 329.17
6 8 1.00 1.00 1.00 © 1.00 0.00 3%0.00 61.17 31.17
6 7 11.50 3,00 12.00 18,00 6.25 40.50 60.8%
5 7 14,00 7.00 14,00 21.00 5.5 49,17 60.85 11.66
8 O 8.83 6.00 9.00 11.00 0.69 38.8% 70.00
7 9 9.17 7.00 9.00 12.00 0.69 58.%4 70.00
5> 9 30.8% 25.00 30,00 40.00 70.00 .692 6.25 66.00 70.00 4,00
PROJECT COMPLETION 66.00 PROJECT SLACK 4,00

c9ot



Sample Problem Output (Assigned project completion time of ©60.00)
Activity e a n b s P Var TE T, s
1 2 14,00 6.00 12.00 30.00 16.00 14.00 8.00 - -6.00
1 3 11.33 8.00 10.00 20.00 4,00 11.%3% 1%.00 1.67
3 4 15.3% 12.00 15.00 20.00 1.77 26.66 29.17
2 4 21.17 3.00 21.00 40.00 37.95 35,17 29.17 -6.00
2 6 15.00 6.00 11.00 40.00 32.04 29.00 39.3%3% 10.33
4 7 1%5.17 6.00 12.00 25.00 9.99 48.%4 50.83
4 5 35.17 29.17 -6.00
3 5 16.17 8.00 17.00 21.00 4.7 27.50 29.17
6 8 1.00 1.00 1.00 - 1.00 0.00 3%0.00 51.17 °21.17
6 7 11.50 3,00 12.00 18.00 6.25 40.50 50.83
5 7 14.00 7.00 14,00 21.00 5.43 49,17 50.83% 1.66
8 9 8.85 6.00 9.00 11.00 0.69 38.8% 60.00
7 9 9.17 7.00 9.00 12.00 0.69 58.3%4 60.00
5 9 30.83% 25.00 30.00 40.00 60.00 274 6.25 66.00 60.00 -6.00
PROJECT COMPLETION 66.00 PROJECT SLACK -6.00

¢9o1
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APPENDIX G

Analytical calculation of project mean arnd variance
for the network below, all distrivutions being normally

cistributed, by Clark's procedure.

E(a)=E(b)=E(c)=E(d)=E(e)=1
V(a)=V(b)=V(c)=V(d)=V(e)=1

Event A:
v(a) = crA2 = O, by definition for the initial
event of any network.
Event B:

E(B) = lUg = E(A+b) = E(A) + E(b) =0+ 1 =1

2

V(B) =0g = V(A+b) = V(A) + V(b) =0+ 1 =1
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Bvent C:
Time of C = max(a,B+c) = a:B+c
and,
2(a) =, =1 E(Brc) =My . = E(B) + E(e) = 2
V(a) =0,% =1 V(Bse) =Ty 2 = V(B) + V(c) = 2

The correlation coefficient Ya,B+c = 0O, since these two
paths are independent of each other.

2 2 2

& =04 *+Tpic = 29:%Bc fa,Brc
=1+2-0
=5
(4 —pty )
& = a Brc” _ 1 - 2 - .
g = 577

B [max(a,B+c):| = (’é(a:Bﬁ-c)l =’aa?é(c&) +’“B+c§(_°<)

+ g0 (x)
Where:
2
Normal density function =¢ (o) = exp(- o< /2)/*\[2_1‘?

. Z
Normal distribution function =@ () = f o (t)dt
- 00

(M poo)y = 8(=577) + 23(.577) + 430 (-.577)
- (.2820) + 2(.7180) + 43 (.3377)
= 2.20%
(/’(a:B+c>2 = (/aa2 +<Tag>§ (o) + (IUB+§ +Q-qug)§ (=)

T ('aa +'1"B+c) g(b(tx)
6.627

)
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Then,

E(C) = (K ,.5,07)1 = 2-203

V(C) = (U4 p,.0)p = (My,5,005 = 6.627 - (2.203)°

= 1.774

fZvent D:

Time of D = max(B+e, C+d) = B+e:C+d
and,

E(B+e) = E(B) + E(e) = 2

E(C+d) = E(c) + E(d) = 3.203

V(B+e) = V(B) + V(e) =2

V(C+d) = V(C) + V(d) = 2.774

9 _ %89 7’B.C
Bre, C+d = Og,o Og.q

where:

7°B,C = 7°b, max(a,b+c) =7’b,a:b+c'
S %9 fop . A1 AT (1)

= O = =
o, = 9 Yo,ore = T o0 T
= 0702
aF) fa,b§(°<) * Oyp.c \fb+c,b§(-°‘)
7o,a:bve = Ta:b+e

A1(0) B (-.577) + 13(.7202) B (.572)
A1.774

«239
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y _ A1 aac.539)
B C e, - 050
+e, C+d ﬁ 12.774 55
2 2 2
& =0Ugte * 90,4 = 295,%9¢.a TBre, C+d

2 Y2 42.774(.3055)

(T
W
L[]
W+
W
@
L]
~J
~J
£
I

(Mpie:ceal =HBre 8() + 4o g T(-00) + 8O ()

1

20 (-.658) + 3.2038 (.658) + 43.338 ¢ (-.658)
3.,4832

(’uB+e:C+d>2 - ('aB+§ +O‘B+§>§(u) M ('acﬂai +JC+§)§(—«)

v (Ug,e *Hg,q) B8 ()
14.29%

Then,
B(d) = (Up,e:0eq)1 = 3-483
2

V(D) = (/4B+e:C+d)2 - (A(B+e:C+d>l = 14.293 -

(3.483)° = 2.162

By conventional PERT procedures the critical path
ABCD would yield a mean of 3, and a variance of 3 or

standard deviation of 1.73% (43). Hence, we recognize a

difference in the results of the two methods.
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yielding a mean of 67.00 and a variance of 42.3%9. In both
cases (the normal curve was obtained from applying the
Central Limit Theorem in PZRT procedures) activity dis-
tributions were assumed to be beta distributed with the

standard deviation taken as one-sixth of the range.6

Application Considerations

A large factor which determines the success of the
PERT model is the application. It should be realized that
the application sets the pace by setting the output re-
quirements from which the effect of PERT can be measured.
The analytical areas discussed above actually play a back-
seat role to the implementation of PERT and its effect on
the final judgment. We should realize that even without
any time estimakes, PERT still contributes to the manage-
ment and control of a project.

To be effective, PERT should be administered by the
group directly responsible for the project schedule.
Viewing this responsibility from management's point of
view and further considering the project structure, we
find that it follows a vertical slice of the total com-

pany organization. By keeping the PERT control consistent

®Ibid., pp. 18-19.
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