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Abstract

We study the definition and properties of almost periodic functions on topological
groups. We show the equivalence between Bochner’s and Bohr’s definitions of almost
periodicity. We discuss Weil’s construction of Bohr compactification b(G) and study
its properties. Using Peter-Weyl’s density theorem we show that a function f in
C*(@) is almost periodic if and only if it is the uniform limit of linear combinations of
coefficients of the finite-dimensional irreducible unitary representations of G. We show
the existence of a unique invariant mean on the space of almost periodic functions. We
investigate the Fourier series of almost periodic functions, and show that it extends

the classical Fourier series of 2m-periodic functions.
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CHAPTER 1

Introduction and Preliminaries

1.1. Introduction

We frequently encounter periodic phenomena in our lives. For instance, the recur-
rences of days and nights are repeated periodically every 24 hours due to the rotation
of Earth on its axis. Seasons occur regularly because the period of revolution of Earth
around Sun is roughly 365}1 days.

In nature, however, we also encounter motions that are made of a linear combi-
nation of two or more periodic motions. For example, the motion of Moon around
Sun consists of the motion of Moon around Earth combined with the motion of Earth
around Sun. From a mathematical point of view, such combined motions need not be

periodic any longer.

FIGURE 1. The motion of Moon around Sun

More precisely, if f and g are two periodic functions with periods p and p’, then

f+g is periodic if p/p’ is a rational number, otherwise f+ g need not be periodic. For

1
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example, both functions cost and cos /2t are periodic, with periods 27 and 27/ V2,

respectively. But the function
f(t) = cost + cos V2t

is not periodic since the equation

ft) =2

has a single solution ¢ = 0 (see Example 2.1.6 (b)). If f was periodic, the same
equation would have infinitely many solutions.

The above phenomenon leads us naturally to the concept of ‘almost periodicity’.
A number 7 > 0 is an e-period if |f(x +7) — f(x)| <€, for all x € R. Then, although
the function f above has no period, it can be shown that it has an abundance of
e-periods, for every € > 0 (Theorem 2.2.6).

Almost periodic functions are more general than periodic functions, and therefore,
they form a larger class of functions than periodic ones. Unlike periodic functions,
the sums, products, and limits of almost periodic functions always remain almost
periodic, and therefore, the class of almost periodic functions forms a more suitable
object of study from structural point of view.

This thesis is a survey of almost periodic functions and their properties. These
functions were first introduced by H. Bohr in 1923 [7]. He further developed their
properties in his papers [8-10]. The definition of almost periodicity according to
Bohr depends on the notion of e-periods, and is restricted to functions with a real or
complex variable.

In 1927, Bochner [4] gave an alternative topological characterization of almost
periodicity, which in some respects is easier to study than the original definition given
by Bohr. Bochner’s work motivated further studies and generalizations. In particular,
we can mention von Neumann’s paper [37], in which almost periodic functions were

defined and studied on general groups, using Bochner’s definition of almost periodicity.
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In this thesis, we present a unified study of almost periodic functions in the general
setting of an arbitrary topological group G. If one wishes to study almost periodicity
independent of any topology on the group structure (von Neumann’s point of view),
then all one has to do is to assume the underlying group has discrete topology.

We remark that, in the particular case of G = R (the real numbers), the results
discussed in this thesis cover the major theorems of the classical theory of the almost
periodic functions, such as: approximation by trigonometric polynomials, existence
of invariant means, expansion by Fourier series, and Parseval’s identity.

What makes our study different from the usual expositions of almost periodic
functions, is that we study this subject from several points of view. This allows us to
have a deeper understanding of the subject, and in some cases, give multiple proofs
for the results in this thesis. For example, we discuss two different constructions of
the Bohr compactification b(G); and we give two proofs of the existence of invariant
means on the algebra AP(G) of almost periodic functions.

As is often the case, in modern expositions of almost periodicity (with the notable
exception of Simon [42]), the Bohr’s point of view is abandoned in favour of Bochner’s
more topological definition of almost periodicity. In this thesis, we present the details
of both approaches in Chapter 2. While in Chapter 3, we discuss a third approach to
almost periodic functions via a compactification method due to Weil.

We now give a brief overview of the various sections of the thesis. In the remaining
of Chapter 1, we recall some of the basic definitions and preliminary materials needed
in the later chapters.

In Section 2.1, we introduce almost periodic functions using the topological char-
acterization of Bochner [4]. Bochner’s definition has the advantage of being adaptable
to various generalizations, and for this reason, is commonly accepted as the basic def-
inition of almost periodicity. The fact that almost periodic functions are stable under
addition, multiplication and limits is proved in Theorem 2.1.4.

Section 2.2 is a brief introduction to P. Bohl’s work on e-periodicity [6]. This work

was the original inspiration for Bohr’s theory of almost periodicity.
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In Section 2.3, Bohr’s definition of almost periodicity is presented in the general
frame work of topological groups. The equivalence of Bochner’s and Bohr’s definitions
is proved in Theorem 2.3.6.

In Chapter 3 we present further properties of almost periodicity. Section 3.1 con-
tains Weil’s construction of a compact group b(G) associated to any topological group
G. The group b(G) has the property that almost periodic functions on G are exactly
those that can be lifted to a continuous function on b(G) (Theorem 3.1.1, 3.1.4). This
allows us to deduce many of the properties of AP(G) from the corresponding proper-
ties of C'(b(G)). Following Palmer [39], we call b(G) the ‘Bohr compactification’ of G,
although perhaps, ‘Weil compactification” would have been a more appropriate name.
The group b(G) is also know as ‘almost periodic compactification’ of G' [1].

In Section 3.2, we give an alternative construction of b(G) due to Loomis [34]. In
Loomis’ approach a group structure is defined directly on the spectrum of AP(G).
Loomis’ method has the advantage that b(G) is naturally identified with the spectrum
of AP(G).

Section 3.3 deals with Bohr compactification in the category of Abelian topological
groups. For this class of groups, the Pontrjagin duality theorem provided a simpler
description of b(G), which will be discussed in this section.

In Section 3.4 we establish an isometric isomorphism between the C*-algebras
AP(G) and C(b(G)) (Theorem 3.4.1). Using this isomorphism, it follows immediately
that the spectrum of AP(G) can be topologically identified with b(G) (Corollary
3.4.3).

The main result in Section 3.5 is the approximation Theorem 3.5.2, which is one
of the central properties of almost periodic functions. This result shows that almost
periodic functions are exactly those that can be uniformly approximated to arbitrary
degree, by linear combinations of coefficients of finite-dimensional irreducible unitary
representations of G. More specifically, in the classic setting of G = R, almost periodic

functions on R are exactly uniformly limits of trigonometric polynomials on R.
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Section 3.6 contains a brief study of maximally and minimally almost periodic
groups, which are introduced by von Neumann [37] and von Neumann-Wigner [38].

In Chapter 4, we are concerned with proving the existence of invariant means
on AP(G) (the space of almost periodic functions on G), and showing some of its
applications. In Section 4.1 we prove the existence of an invariant mean by using the
normalized Haar measure on b(G). In Section 4.2 we give an alternative proof of the
existence of an invariant mean using a combinatorial technique due to W. Maak [35].
Uniqueness of invariant means is established in Theorem 4.2.9. Several examples of
invariant means are given in Section 4.3. In the final section of Chapter 4, we show
how we can use invariant means to prove the existence of Fourier series for almost
periodic functions (Theorem 4.4.4). Establishing the existence of such series is another
major result in the theory of almost periodic functions. Also in this section we show
in details, how in the special case of continuous 27-periodic functions, Theorem 4.4.4
gives the classical result of Fourier series expansions.

Chapter 5 contains a brief discussion on recent developments of the subject and
some ideas for future work.

This thesis has three appendices. Appendix A, contains a brief discussion of
uniform continuity in the context of general topological groups, which is needed in
our discussion of Section 2.3.

Appendix B gives a detailed proof of the Stone-Weierstrass Theorem. This theo-
rem is used in the proof of the Peter-Weyl density Theorem 3.5.1. This latter theorem

is an important ingredient of the proof of Theorem 3.5.2.

Author’s contribution. The materials in this thesis are primarily from [17],
[24], [26], [29], [34], [38] and [42]. Additional sources are mentioned in the rele-
vant sections. The author’s main contribution has been to provide full details of the
main results presented in this thesis. Among the results whose proofs have been sub-
stantially expanded, we can mention Theorem 2.1.4, Example 2.1.6, Lemma 2.2.4,

Theorems 2.2.6, 2.3.4, 2.3.6 and 3.1.1, Lemma 4.2.1, Theorems 4.2.8 and 4.4.4.
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1.2. Basic Definitions

DEFINITION 1.2.1. Let X be a metric space with metric d. For a positive € > 0,

an e-mesh in X is a finite set {x1,...,x,} in X such that for every z € X,
min{d(x1, ), ...,d(z,, )} <,

ie.,

n

X = JB(xi,e),

i=1
where B(xz;,¢€) is the open ball in X with center x; and radius e. A metric space X is

said to be totally bounded if it admits an e-mesh for every € > 0.

REMARK 1.2.2. (a) A metric space X is compact if and only if it is complete and
totally bounded.
(b) A subset A of a complete metric space is relatively compact (i.e., the closure of A

is compact) if and only if A is totally bounded.

DEFINITION 1.2.3. Let X and Y be metric spaces, (f,) a family of mappings from
X into Y. The family (f,) is said to be equicontinuous at xg if for every ¢ > 0, there

exists an 1 > 0 such that

d(ZL‘,ZL‘O) < n= d(fa(x)vfa(x())) < C

for all a.

The family (f,) is said to be equicontinuous on X if it is equicontinuous at every
point of X.

The family (f,) is said to be uniformly equicontinuous on X if for every ¢ > 0,

there exists an 7 > 0 such that

d(z,2) <1 = d(fa(2), fa(z) < ¢

for all @ and all x, 2’ € X.
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EXAMPLE 1.2.4. Take X =Y = R. Let (f,) be the family of all differentiable
real-valued functions on R whose derivative is bounded by 1 in absolute value. Then

(fa) is uniformly equicontinuous.

LEMMA 1.2.5. Let X and Y be metric spaces, (fo) an equicontinuous family of
mappings of X into Y. Assume that X is compact, then the family (f,) is uniformly

equicontinuous.

THEOREM 1.2.6 (Ascoli’s theorem). Let X be a compact metric space, Y a com-
plete metric space, &/ an equicontinuous subset of C(X,Y") (the set of all continuous
functions from X toY ). Assume that for each x € X, the set of f(x), where f runs

over &/, has compact closure in'Y. Then &/ has compact closure in the metric space

C(X,Y).

COROLLARY 1.2.7. Let C*(X) be the set of all bounded continuous complez-valued
functions on X. A subset F' of C°(X) is compact if and only if it is closed, bounded,

and equicontinuous.

DEFINITION 1.2.8. A topological space (X, .7) has the finite intersection property
if, for any collection .# of closed subsets of X such that N{F : F' € .7} = @, there
are Fy,..., F, € % such that FiN---NF, =@.

THEOREM 1.2.9. Let (X,.7) be a topological space. Then X is compact if and
only if X has the finite intersection property.

THEOREM 1.2.10 (The Inverse Mapping Theorem). If X and Y are Banach spaces

and A : X — Y is a bounded linear transformation that is bijective, then A~' is

bounded.

THEOREM 1.2.11 (Urysohn’s lemma). Let X be a normal topological space, and
let F' and G be disjoint closed subsets of X. Then there is a continuous function

f:X = R such that f(X) C [0,1], flr =0, and f|e = 1.
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THEOREM 1.2.12 (Heine-Borel theorem). If a set E in R* has one of the following
three properties, then it has the other two:
(1) E is closed and bounded.
(17) E is compact.

(1i1) Ewvery infinite subset of E has a limit point in E.

DEFINITION 1.2.13 (Partition of Unity). If X is a topological space and F C X,
a partition of unity on E is a collection {hq }aca of functions in C'(X, [0,1]) such that
(1) each x € X has a neighborhood on which only finitely many h,’s are nonzero;
(i1) D pen halz) =1forx € E.
A partition of unity {h.} is subordinate to an open cover % of E if for each « there

exists U € % with Supp (h,) C U.

THEOREM 1.2.14. Let X be a locally compact Hausdorff space, K a compact subset
of X, and {U;}7, an open cover of K. There is a partition of unity on K subordinate

to {U;}7, consisting of compactly supported functions.
For the proof of this proposition, we may refer to [11].

THEOREM 1.2.15 (Tychonoft’s Theorem). Let ((K;,7;))icr be a nonempty family

of compact topological spaces. Then their topological product is also compact.

THEOREM 1.2.16 (Hahn-Banach Theorem). Suppose (a) M is a linear subspace
of a real vector space X,
(b) p: X — R satisfies p(x +y) < p(x) + p(y) and p(tr) = tp(x) if v € X,y € X,
t>0,
(¢) f: M — R is linear and f(z) < p(x) on M.
Then there exists a linear function F': X — R such that F(x) = f(z) forx € M
and —p(—z) < F(z) < p(z) forx € X.

DEFINITION 1.2.17. Let X be a vector space and A C X. The convex hull of A,

denoted by co(A), is the intersection of all convex sets that contain A.
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If X is a normed space, then the closed convex hull of A is the intersection of all

closed convex subsets of X that contain A; it is denoted by ¢o(A).

1.3. Banach Algebras and Hilbert Spaces

DEFINITION 1.3.1. Let A be an algebra over C. Then A is a Banach algebra if A

is a Banach space with a norm ||-|| satisfying ||ab||< ||a||||6]|, for all a,b € A.

DEFINITION 1.3.2. An involution on an algebra A is a map x: A — A, a — a*,

that satisfies

(Az)* = Az,
(zy)" = y"a”,
x** =
for all z,y € A and A € C.
If A is a Banach algebra, we shall also assume that ||z*|| = ||z|| for all z € A. A

Banach algebra equipped with an involution is called an involutive Banach algebra or

a *-Banach algebra.

DEFINITION 1.3.3. A C*-algebra is a Banach algebra A equipped with an involu-

tion which satisfies

|z*x|| = ||=|| for all z € A.

EXAMPLE 1.3.4. If X is a topological space, then the set C°(X) of all continuous
complex-valued bounded functions from X, with pointwise operations and supremum

norm, is a C*-algebra.

DEFINITION 1.3.5. If X is a vector space over C, an inner product on X is a
function (-|-) : X x X — C such that for all a, 8 in C, and z,y, z in X, the following

are satisfied:

(a) (ax + Pylz) = a(z]z) + B(ylz),
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(b) (xfoy + BZ) = a(zly) + B(zlz2),
(¢) (x]x) =

(d) (zly) = (ylx)

(e) if (x|z) = 0, then x = 0.

An inner product induces a norm on X by the relation
1
(1.3.1) x| = (z|x)2.

DEFINITION 1.3.6. A Hilbert space is a vector space J over C together with an
inner product (+|-) such that relative to the metric d(x,y) = ||« — y|| induced by the

norm (1.3.1), 4 is a complete metric space.

EXAMPLE 1.3.7. (C",(-]-)) with inner product

(zly) = ; TilY;

is a Hilbert space.

DEFINITION 1.3.8. Let ,% be Hilbert spaces. If A € Z(, %), then the
unique operator B in £ (%, 7) satistying (Ah|k) = (h|Bk) for all h in S and all k
in . is called the adjoint of A and is denoted by B = A*.

ExAMPLE 1.3.9. If JZ is a Hilbert space, A = Z () is a C*-algebra where for
each A in Z(), A* is the adjoint of A.

1.4. Topological Groups

DEFINITION 1.4.1. A topological group G is a topological space which is also a

group such that the maps
GxG— G, (z,y) = zy
and
G — G, z—x !

are continuous.
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LEMMA 1.4.2. If H is a subgroup or normal subgroup of a topological group G,

then its closure H is also a subgroup, or normal subgroup of G.

A locally compact group is a topological group G for which the underlying topology

is locally compact and Hausdorff.

DEFINITION 1.4.3. Let X be a locally compact space and let Zx be the smallest
o-algebra of X that contains the open sets. Sets in Zx are called Borel sets.

A positive measure p on (X, Zx) is a regular Borel measure if
(a) u(K) < oo for every compact subset K of X;
(b) for any open set U € X in By, u(U) =sup{u(K): K CU and K is compact};
(¢) for any E in By, u(E) = inf{u(W): W D E and W is open}.

If 1 is a complex-valued measure on (X, Zx), p is a reqular Borel measure if |

is a regular Borel measure.

Let M(X) be all of the complex-valued regular Borel measures on X. Note that
M(X) is a vector space over C. For p in M(X), let ||u| = |p|(X).

DEFINITION 1.4.4. Let G be a locally compact group. By a left Haar measure on G,
we mean a nonzero positive regular Borel measure m on G such that m(zE) = m(FE)
forallz € G, FE € $x.

The measure m is called the Haar measure for G.

It can be shown that every locally compact group has left Haar measure m which
is unique up to a multiplicative constant. If G is compact then m(G) < oo, and so

by dividing m with m(G), we may assume m is normalized, that is, m(G) = 1.

EXAMPLE 1.4.5 (The Group Algebra). Let G be a locally compact group. The
space L'(G) of all integrable functions on G (i.e., all measurable functions f on G
satisfying || f|li.= [,|f(s)|ds < c0) is a Banach algebra, called the group algebra of G,
with the convolution product * defined by

(f*9)(t) = [, f(s)g(st)ds (f,g € LY(G),s,t € G).
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To show that || fg|l1 < ||f|l1]lg]l1, we observe that

1l = / 1 # g(s)|ds

s)dt| ds
/ / |f(t) s)|dtds
(Fubini’s theorem) / / |f(t) s)|dsdt

5 LS ://|f s)|dsdt
:/G\f(mdt/Glg(S)!dS

= [If1l1llgll-
1.5. Weak Topology

DEFINITION 1.5.1. A topological vector space is a vector space E together with a
topology such that with respect to this topology
(a) the map of £ x F — F defined by (z,y) — x + y is continuous;
(b) the map of C x E — FE defined by («, z) — az is continuous.

DEFINITION 1.5.2. A locally conver space is a topological vector space whose

topology is defined by a family of seminorms & such that (. ,{z : p(z) = 0} = {0}.

THEOREM 1.5.3. Suppose &2 is a separating family of seminorms on a vector space

X. Associate to each p € &2 and to each positive integer n the set

Vip.n) = (o p(e) < 2}

Let % be the collection of all finite intersections of the sets V(p,n). Then A is a
convex balanced local base at 0 for a topology T on X, which turns X into a locally
conver space such that

(1) every p € & is continuous, and

(17) a set E C X is bounded if and only if every p € & is bounded on E.
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THEOREM 1.5.4. A topological vector space X is normable if and only if its origin

has a convex bounded neighborhood.

Two important examples of locally convex spaces are as following:

Let X be a normed space. For each z* in X*, define p,«(x) = |z*(x)|. Then p,-
is a seminorm and if & = {p,+ : * € X*}, & makes X into a locally convex space.
The topology defined on X by these seminorms is called the weak topology, and is
denoted by w-topology.

Let X be a normed space. For each z in X, define p, : X* — [0,00) by p.(z*) =
|z*(x)|. Then p, is a seminorm and if & = {p, : x € X}, & makes X* into a locally
convex space. The topology defined on X* by these seminorms is called the weak-star

topology and denoted by w*-topology.

DEFINITION 1.5.5. Let I be a Banach space. The strong operator topology on
Z(E) is the topology defined by the family of seminorms {p, : © € E}, where
pz(A) = ||Az||. Thus if {T,}. is a net of operators in Z(F), then T,, — T in the
strong operator topology if and only if |1,z — Tz|| — 0 for all z € E.

1.6. Representations of Topological Groups

DEFINITION 1.6.1. Let H be a Hilbert space, T a bounded operator on H. Then
T is said to be unitary if T is a linear isometry of H onto H. Equivalently, T is
unitary if 7% =T

DEFINITION 1.6.2. Let G be a topological group and H a Hilbert space. A con-
tinuous unitary representation of G'in H is a homomorphism 7 of the group G into
the unitary group U(H) of H which is continuous with respect to the strong operator
topology. The dimension of H is called the dimension of m and is denoted by dim 7.

And H is called the representation space of 7, and is denoted by H..

REMARK 1.6.3. (a) It follows from the definition that a continuous unitary rep-
resentation of G in H is a mapping 7 of G into the unitary group U(H) of H such
that w(st) = w(s)n(t) for any s,t € G, and for every £ € H, the mapping s — m(s)¢
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of G into H is continuous (for the norm topology of H). We may also note that the

condition 7(st) = 7(s)w(t) implies that w(e) = 1 and w(s7!) = n(s)~! = n(s)*.
(b)The strong and weak operator topologies coincide on the unitary group of H

[17]. However, we do not require a representation 7 to be continuous with respect to

the norm topology because norm continuity is too restrictive to be of much interest.

DEFINITION 1.6.4. Let 7 : G — Z(H) be a continuous unitary representation.
The functions m¢, : G — C, s = 7, (s) = (7(s)&|n), where 7, are fixed elements

in H, are called the coefficients of .
We denote the linear span of all the coefficient functions of 7 by &;.

DEFINITION 1.6.5. Let G be a locally compact group. If m, 7 are unitary rep-
resentations of G, an interwining operator for m; and my is a bounded linear map
T : H, — H,, such that Tm(x) = m(x)T for all x € G. The set of all such

operators is denoted by C(my, m2).

Two representations m; and my are called (unitary) equivalent if C(my,m2) contains
a unitary operator. That is, if there exists a unitary operator 7' : H,, — H,, such

that mo(z) = Ty (x)T* for all z € G.

T
H, — H,,

lﬂ'l (z) lﬂ'g (z)

T
H,, — H,,

F1GURE 2. The diagram of equivalent representations m; and o

DEFINITION 1.6.6. Let GG be a locally compact group. If 7 is a unitary represen-
tation of G and u € H,, the closed linear span M, of {7(z)u: z € G} in H, is called
the cyclic subspace generated by u. If M, = H,, u is called a cyclic vector for w. 7 is

called a cyclic representation if it has a cyclic vector.

THEOREM 1.6.7. Let 7 be a continuous unitary representation of G. The following

conditions are equivalent: (i) the only closed subspaces of H, invariant under w(Q)
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are 0 and H; (ii) the only operators in £ (H) that commute with every w(s) (s € G)
are the scalar operators; (iii) every non-zero vector of H is a cyclic vector for m, i.e.,

if¢ € H, £ #£0, then m(G)E is dense in H.

DEFINITION 1.6.8. If the conditions in Theorem 1.6.7 are satisfied, then m is said
to be topologically irreducible. Topologically irreducible representations are usually

called irreducible, when there is no fear of confusion.

Let G be a compact group. We denote by G the set of equivalence classes of
irreducible unitary representations of G. When G is Abelian, G is a set of continuous

characters on GG, that is, continuous functions y : G — T.

THEOREM 1.6.9 (The Gelfand-Raikov Theorem). If G is any locally compact
group, the irreducible unitary representations of G separate points on G. That is, if

x and y are distinct points of G, there is an irreducible representation m such that

m(x) # m(y).

THEOREM 1.6.10. Let G be a compact group, and (c,) be the family of continuous,

irreducible, finite-dimensional unitary representations of G, then (| Kero, = {e}.
(64

THEOREM 1.6.11. If G is a locally compact Abelian group, then every continuous

unitary irreducible representation of G is one-dimensional.

THEOREM 1.6.12. Let G be a compact group.
(i) Every representation in G is finite-dimensional;

(17) Every continuous unitary representation of G is a direct sum of elements in G.

DEFINITION 1.6.13. Suppose {7, H} and {n’, H'} are unitary representations of
G. Let H® H' be the Hilbert space tensor product of H and H’. The simple tensors
x® 2, with x € H, ' € H', span a dense linear subspace of H ® H'. For s € G,

7(s) ® 7'(s) is the unitary operator on H, ® H,, defined by

m(s) @' (s)(x @ ') = m(s)r @ 7' (s)a’.
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The mapping s — 7(s)®@7'(s) is a continuous unitary representation of G on H, @ H,,

called the tensor product of m and n’ and is denoted by 7 ® 7.

1.7. The Gelfand Representation

DEFINITION 1.7.1. Let A be a commutative Banach algebra and A(A) the set of
all nonzero algebra homomorphisms from A to C. We endow A(A) with the weakest

topology with respect to which all the functions
AA) = C, o) (z€A)

are continuous. A neighborhood basis at g € A(A) is then given by the collection
of sets U(pg, 1, ....xn,€) = {@ € A(A) : |o(x;) — po(z;)|] < €,1 < i < n}, where
e > 0,n € N, and zy, ..., x, are arbitrary elements of A. This topology on A(A) is
called the Gelfand topology. The space A(A), equipped with the Gelfand topology, is
called the spectrum of A or the Gelfand space of A.

DEFINITION 1.7.2. For x € A, we define & : A(A) - C, ¢+ p(z). It is easily
checked that the mapping I' : A — C(A(A4)), =« + & is a homomorphism. We call I
the Gelfand homomorphism or Gelfand representation of A and we often denote I'(A)

by A.

THEOREM 1.7.3. For a commutative C*-algebra A, the Gelfand homomorphism
is an isometric x-isomorphism from A onto Co(A(A)) (the space of all continuous
complex-valued functions on A(A) vanishing at infinity). If A is unital, then A(A) is
compact and A = C(A(A)).



CHAPTER 2

Almost Periodic Functions

In this chapter, we study almost periodic functions using the Bochner’s charac-
terization of almost periodicity. We discuss the notion of e-periods and study Bohr’s
condition of almost periodicity. Basic properties of almost periodic functions are

developed and several examples are discussed.

2.1. Bochner’s Definition and Its Basic Properties

In this section we discuss a definition of almost periodicity which was given by
Bochner in 1927 [4]. Bochner’s definition deals with almost periodic functions on the
real line R. We will however consider the more general case of the functions defined
on the topological groups. Our main reference for this is [26].

For a complex function f on topological group G and a,b € G, we use D,f to
denote the function on G x G = G? such that D,f(x,y) = f(zay) for all z,y €
G. We use ,f (resp. f,) to denote the function on G such that ,f(x) = f(ax)
(resp. fo(x) = f(za)) for all x € G. And we use , f, to denote the function on G such
that ,f,(z) = f(bxa) for all x € G.

THEOREM 2.1.1. Let G be a topological group and f be a function in C*°(G) (the
space of all bounded continuous complex functions on G). Let — denote the closure
in the uniform topology for C*(G). Then the following properties of f are equivalent:
(i) {fa : a € G} is compact in C*(G).

(i1) {of : a € G} is compact in C*(G).
(ii1) {pfa : a,b € G} is compact in C*(G).
(iv) {D.f : a € G} is compact in C°(G?).

17
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PROOF. According to Remark 1.2.2 (b) a subset A of C*(G) is relatively compact
if and only if it is totally bounded. Hence we only need to prove the equivalence of
total boundedness for the sets {f, : a € G}, {.f : a € G}, {4fs : a,b € G} and
{D.f :a€G}.

It is obvious that (7i7) implies (7) and (7). We will prove that (iv) implies (i) and
(47), (i) implies (iv), (i¢) implies (iv), (¢) implies (é#i7), and (i) implies (i77).

First, we prove that (iv) implies (). Let a be an arbitrary element in G. Then
according to the total boundedness of {D, f : a € G}, for any given € > 0, there exists

a finite set {ai,...,a,} in G such that for some a; € {ay,...,a,},

|1 Da, f = Dafllsup <€

Then

Hfa - fai

sup = sup{|f(za) — f(za;)| : © € G}
<sup{|f(zay) — f(vay)| : z,y € G}

= HDaif - Dastup <€,

which proves (7). The proof that (iv) implies (i) is very similar and we omit the
details.

Then we prove that (i) implies (iv). Suppose {f, : a € G} is totally bounded.
Given e > 0, there is a finite subset {ay,aq,...,an} of G such that {f,;}7L, is an
¢/4-mesh in {f, :a € G}. For j =1,2,...,m,let A; = {a € G : || fo— fa,llsup < €/4}.
Consider the family of all sets

(Aparh) N (Apas ) NN (A, ab), for 1;,5€{1,...,m}.

Write the nonempty sets in this family as By, ..., B,, and choose b, € By for k =

m

1,...,n. Let a € G, and consider aay,...,aa,. Since G = |J A;, we can find
j=1

li,....,lm €{1,...,m}sothat aa, € A,,...,aa, € Ay, ie., a€ (A a;)N(ALa;")N

N (A, a1). Therefore, G = |J Bi. Now consider any ¢ € G; let By, be a set in
k=1
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{By} such that ¢ € By,. Let (z,y) € G?, and select jy (jo € {1,2,...,m}) such that
y € Aj,. Then we have

|f(wey) — f(xbe,y)]
< ]f(xcy) - f(xcajo)‘ + ‘f(xcajo) - f(xbk’oajo)’ + ’f(xbkoajo) - f(zbkoy)‘

< ny - faj()Hsup + ”fcajo - fbkoaj()”sup + Hfajo - fstup-

Since y € Ajy, [|fy — faj,lsup < €/4. By our choice of By,, ¢ € By, = (Ayart) N
(Aay’) NN (A, ab), which means ¢ € A, a;,! for some ;. Also, by our choice

of bg,, we have by, € By,. Writing ¢ = aaj’o1 and by, = a’ aj’; where a,a’ € Aljo’ then

chajo - fbkoajOHsup = Hfa - fa/Hsup

< M= Sy o 1y, = Sl < /4 + €/4 = /2.

Therefore, |f(zcy) — f(zby,y)| < €/4+ €/2 4 €¢/4 = €. Since (z,y) is arbitrary, the
functions Dy, f, ..., Dy, f form an e-mesh in {D.f : ¢ € G}. Thus (iv) holds.

The proof that (iz) implies (iv) is very similar to the proof just given and we omit
the details. Thus so far we can say that (i), (i4) and (iv) are equivalent.

Finally, suppose that (¢) holds, we want to show (i77) holds. Since (¢) and (ii) are
equivalent, (i) also holds. Let {fq,}7L, and {s, f};-; be €/2-meshes in {f, : a € G}
and {,f : b € G}, respectively. Then for all x,a,b € G, we have

|f(bxa) — f(bgza;)| < |f(bxa) — f(brza)| + | f(brra) — f(brzas)| < €/2+€/2 =,

for some k and j. That is, {4, fo,}(j = 1,2,...,m;k = 1,2,...n) is an e-mesh in
{bfa:a,bEG}. O

DEFINITION 2.1.2. Let G be a topological group. A function f in C°(G) satisfying
the equivalent conditions (7)-(iv) in Theorem 2.1.1 is said to be almost periodic. The

set of all continuous almost periodic functions on G is denoted by AP(G).
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REMARK 2.1.3. Almost periodic functions can be studied on arbitrary groups
with no underlying topology. This is equivalent to assuming that G has the discrete

topology.
The following theorem shows several basic properties of elements in AP(G).

THEOREM 2.1.4. Let G be a topological group, then
(1) every constant function is in AP(QG).
(i) if f is in AP(G), then also Rf, Sf, and f are in AP(G).
(13i) if f, g are in AP(G), then f+ g and fg are in AP(G).
(iv) if fi, fa,- oy fn,... are in AP(G) and nh_)rrgo | fr. = fllsup =0, then f € AP(G).
(

v) if f is in AP(G) and a,b are in G, then .f, f, and ,f, are in AP(G).

PROOF. The proofs of (i) and (v) are obvious. ((i) can be easily proved using
total boundedness while (v) comes directly from Theorem 2.1.1).

To prove (i7), let f € AP(G). Then we have {f, : a € G} is totally bounded. For
given € > 0 and any a € G, there exist a finite set {ay,...,a,} in G (depending only
on € and f) and jo € {1,...,n} such that

1R fa = Rfas lsup < [ fa = fajq lsup <€

Thus {Rf, : a € G} is totally bounded and therefore compact. This proves that
Rf € AP(G). Similarly, Sf € AP(G) and f € AP(G).

To prove (7ii), consider f + g. Let € > 0 be given. Let {f,;}7; be an ¢/4-mesh
for {f, : a € G} and {g, }}_; be an ¢/4-mesh for {g, : b € G}. Let A; = {a €
G lfa— follsap < €/4} (7 =1,2,...,m) and By = {b € G : |lgy — gu,llsup < €/4}
(k=1,2,...,n). Let the nonempty sets A; N By be written as C, ..., C,, and choose
aeC (I=1,2,...,p). We want to prove {(f + g), },—; is an e-mesh for {(f + g). :
c € G}. For any ¢ € G, there exist jo and kg such that

| fe — fajOHsup <e/4 and g, — gkaHSUP < /4.
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Let Cl, € Olo = Ajo N Bko, then

||sz0 - faj0||sup <e€/4 and ||9010 — Gbg, lsup < €/4.

Therefore

1(f +g)010 — ([ + 9ellsup < H(szO — fe)llsup + ”(9010 = 9e)lsup

< ||f<:zo - fajOHsup + ||faj0 — fellsup + ”9010 — Gby, [lsup + ||9ka = Gellswp <€

Next, we show that fg € AP(G). Suppose || fllsup > 0 and ||g||sup > 0, and we form
an €/(4||g||sup)-mesh for {f, : a« € G} and an €/ (4| f||sup)-mesh for {g, : b € G}. Then,
as above, the sets C; and points ¢; € C) yield an e-mesh for {(fg).: c € G}.

To prove (iv), note that if {(fn)a,,-- -, (fn)a,} is an €/3-mesh for {(f,)a : @ € G},
and || f — fullsup < €/3, then there exists an a, € {ay,as, ..., a,} such that

”faq - faHSUP g”fm; - (fn)aqHSUP + H(fn)aq - (fn>aHsup + H(fn)a - fCLHSUP
<e/3+¢€/3+¢€/3=¢

Therefore {fa,, ..., fa,} is an e-mesh for {f, : a € G}. O

With Theorem 2.1.4, we can immediately get the following consequence.

COROLLARY 2.1.5. If G is a topological group, then AP(G) is a C*-subalgebra of
C*(@).

EXAMPLE 2.1.6. (a) Let G be R. Then every periodic function on R is almost
periodic. Let p > 0 be a period of f. Then {f, : a € R} = {f, : a € [0,p]} is a
compact subset of C®(R) since it is the image of the compact interval [0, p] under the
continuous function a — f,, R — C*(R).

(b) By Theorem 2.1.4 and part (a) above, the sums, products and uniform limits

of periodic function on R are all almost periodic. All linear combinations of periodic
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functions are almost periodic. For example, trigonometric polynomials of the form

n

ft) = Zakei”\’“t (Ar € R).

k=1

In particular, f(x) = cosx + cos/2z is an almost periodic function, since it is the
sum of two periodic functions. However, f(x) is not periodic. We claim that the only
root of the equation f(z) = 2 is = 0. Let cosxz = cos V2x = 1, then z = 2k7
and 2z = 2kom where ki,ko € Z. Therefore, 2kim = %W and the only solution is
ki = ks =0, i.e., x = 0. Similarly, the product g(z) = cosx - cos V2x of two periodic
functions is also not periodic since the only solution for g(x) =1 is = 0.

(c) If we restrict the zeta function ((s) = >  n~® (s € C) to the vertical line
n=1

R(s) = 09 > 1, and write s = gq + it, then

0 o)
C(S) _ Z n*dgnfit _ Z nfaoefit logn.
n=1 n=1

This series consists of terms that are periodic in ¢ with period 2%

oo, therefore its partial
ogn

sums are almost periodic. Since oy > 1, the series is uniformly convergent, and thus
by Theorem 2.1.4 (iv), £(s) is almost periodic on the vertical line s = g + it.

(d) Every uniform limit of trigonometric polynomials is almost periodic.

2.2. Functions with e-Almost Periods

In this section, we discuss the concept of e-almost periods, which was given for
the functions on R by Bohl [6]. However, we generalize the definitions of e-almost

periods to the functions on general topological group as follows.

DEFINITION 2.2.1. Let G be a topological group, f a bounded continuous complex-

valued function on G and € > 0. An element x € G is called a left e-almost period of

fif

lof = fllsup <€
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An element y € G is called a right e-almost period of f if

||fy - f”sup SE

When G is Abelian, the left e-almost periods are also right e-almost periods. In

particular, when G = R, we give the following definition.

DEFINITION 2.2.2. Let f : R — C be a continuous bounded function and € > 0.

A number 7 > 0 is called an e-almost period if for all z € R,

[f(z+7) = flz)] <e

EXAMPLE 2.2.3. (a) If f is periodic with period p, then p is an e-period for every
e > 0.

(b) If f is uniformly continuous, then for a given € > 0, there exists a 6 > 0 such
that for all z,y € R satisfying |z —y| < 0, we have |f(x) — f(y)| < e. Therefore, every

7 satisfying 0 < 7 < ¢ is an e-almost period.

Bohl showed that a trigonometric polynomial of the form
f(t) _ Z akeM’“t,
k=1

where )\, € R are arbitrary, has infinitely many e-periods for every ¢ > 0. Note that
such polynomials need not be periodic.

In the remaining of this section we verify Bohl’s result for the simple case where
f(x) = e'® + €% First we observe that if a/3 = ¢/p is rational (p,q € Z), then f is

periodic with period o = 2rga~".

f(CC + O') — eia(:c—‘rcr) + 672,8(334—0) _ eiaz+i27rq + eiﬁa:+i27rqﬂ/a
— eiaa:ei%rq + eiﬁmeﬂwp — eiam + 61‘,81 — f(ZL‘)
Therefore o = 2rqa! and all of its integer multiples can serve as e-almost periods

for all € > 0.

So it remains to consider the case when «//f is irrational.
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We want to show the existence of e-almost periods for the function f when a/f
is irrational. The idea is to find e-almost periods in the form of 27wg/a for suitable

q € N. First, we need the following lemmas from the number theory.

LEMMA 2.2.4. If x is a real number and t is a positive integer, there are integers

p and q such that

PROOF. The t + 1 numbers
O-z—1[0-z),1-2—[1 2],... te — [tz]

all lie in the interval [0, 1). Call them, in increasing order of magnitude, ag, vy, . . ., 4.
Mark the numbers ag,aq,...,q; on a circle of unit circumference, that is, a unit

interval on which 0 and 1 are identified. Then the ¢ + 1 differences
Q1 —Qp, Qg —Qy ...y Qp — Oy, 0 — o+ 1

are the lengths of the arcs of the circle between successive a’s, and so they are non-

negative and
(Oél—0)—|—<062—061>+...(1—Oét):1.

It follows that at least one of these ¢ + 1 differences does not exceed (¢t 4+ 1)~!. But

each difference is of the form
g1T — gox — N,

where N is an integer and ¢y, 92 € {1,2,...,t}.
If gy > g9, then N > 0. In this case, we can take ¢ = g, — g2, p = N. Then

P_g‘zum—y»m—ww< 1 1

g a—0 (- wi+D) qt+1)
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If g1 < g9, then we can take ¢ = g — g1, p= —N. Then

xr —

| e L
q 92— G T (gp—g)t+1) q(t+1)

O

LEMMA 2.2.5. For any irrational number x, there are infinitely many distinct

rational numbers p,/q,, n=1,2,..., such that

1

(2.2.2) ’x D

dn

PROOF. According to the above lemma, if x is irrational, then for each positive

integer t, the inequalities

x—glg
q

1 1
<_

2.2.3 0 < :
(2:23) (t+1)q ¢

I<g<st

have suitable p and ¢. Let ¢; be any integer exceeding |z — p/q|™'. Then by Lemma
2.2.4, there exist integers py, ¢; such that

O0< |z ——

q1

]_ _
< = p/Q|<‘x_£'_
(t1 +1)a "0 q

Thus, p1/q1 # p/q. Furthermore, |x — p1/q1| < 1/¢;*>. By this procedure, we can

obtain infinitely many rational numbers p, /¢, with

O< <lo-Drlclpg Dot ] o I8
qn n—1 q1
and
Pn 1
r——|<— (n=1).
’ Wl @ T

O

With the help of the above lemmas, we can find for each € > 0 there are infinitely

many e-almost periods for the function f(x) = e"* 4 52,
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THEOREM 2.2.6. Let f(z) = €' + e, where o, 3 € R are such that a/f3 is

irrational. Let € > 0 be given, and let p/q be a rational number such that ¢ > 1 and

ﬁ_ﬂ'q.
()

2.2.4 2mq
(2.2.4) .

Then T = 2mq/« is an e-almost period for f.

PROOF. The existence of rational numbers p/q satisfying (2.2.4) follows from
Lemma 2.2.5. For given ¢ > 0, we only need to choose n in the lemma large enough

so that 1/¢, < €/2m. Then we have

B Dn

@ n

<1<e
g.?  2mqy’

which means 27q, |8/ — p,/q,| < €. In fact, the lemma shows the existence of
infinitely many such rationals.

Then for every z € R, we have

fa+ Y )| =

|ew¢:c + ez,@xeﬂﬂq,@/a — eglaz _ ezﬂx‘
«

_ ‘6iﬁx(€i2ﬂ'qﬁ/a . 1)’ _ ‘eiQﬂ'q,B/a . 1’

= \/(cos(2nqB/a) — 1)? + sin®(2mgB/a)
= /2(1 — cos(2mqfB/a))

ol mgp

= 2 SIH(T)’

~fsnra(Z - 2))

< 27mq é — ]—9‘ <e€
a q

Since x € R is arbitrary, it follows that ||f; — f||sup < €. Therefore 7 = 27¢/cv is an

e-almost period. 0
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2.3. Bohr’s Definition and Its Generalization

In this section we discuss Bohr’s original definition of almost periodicity and its
generalization to arbitrary topological groups.

Starting in 1923, H. Bohr adopted the results of Bohl on the existence of e-periods’
discussion and used it as the definition of a class of functions which he called almost
periodic functions. He developed the basic properties of almost periodic functions

in [8], [9] and [10].

DEFINITION 2.3.1 (Bohr). A function f : R — C is called Bohr almost periodic if
it is continuous and if for every € > 0, there exists a number [ > 0 such that every

closed interval of length [ contains an e-almost period.

Thus for a function to be Bohr almost periodic, for each €, the number of its e-
almost periods must occur with some regularity in the real line. In other words, the
set of e-periods must be relatively dense in R for every € > 0.

Next we extend the notion of e-periods and Bohr’s condition of almost periodicity

to general topological groups.

DEFINITION 2.3.2. Let GG be a topological group, f a complex-valued function on
G and € > 0. We say that f satisfies the left Bohr’s condition (LBC) if f is continuous
and for every € > 0, there is a compact set K C G so that yK contains a left e-almost
period for all y € G.

Right Bohr’s condition is defined similarly. We say that f satisfies the right Bohr’s
condition (RBC) if f is continuous and for every € > 0, there is a compact set K C G
so that for all y € G, Ky contains a right e-almost period.

We say that f satisfies the Bohr’s conditions, if it satisfies both LBC and RBC.

If G is Abelian, left and right Bohr’s conditions are equivalent. A discussion of

Bohr’s conditions on Abelian group can be found in [42].

REMARK 2.3.3. (a) It is easy to check that when G = R, Bohr’s conditions are

consistent with the Definition 2.3.1. Because if the Bohr’s conditions hold, choose
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[ > 0 large enough so that K C [—[,!], then every interval of length 2! contains an
e-almost period. In fact, if I is such an interval and a is the center of the interval,
then I —a = [—[,l] D K, and hence by assumption there must exist an e-period in
a+ K Ca+(I—a)=1. As for the converse, if every interval of length [ > 0 contains
an e-almost period, then we may take K = [0,1].

(b) Let us note that the inequality ||, f — f||sup < € is equivalent to || -1 f— fllsup < €
where 27! € K~'y~! and K~!is compact. Thus the LBC can be rephrased as follows:
for every € > 0, there is a compact set K C G so that for all y € GG, Ky contains a

left e-almost period. Also, the RBC can be similarly rephrased.

For a discussion of uniform continuity on topological groups we refer to Appendix

A.

THEOREM 2.3.4. (a) Every function satisfying the LBC' is bounded and right uni-
formly continuous.

(b) Every function satisfying the RBC' is bounded and left uniformly continuous.

PROOF. (a) Let f satisfy the left Bohr’s condition, and z € G. For € = 1, there

1 1

exists a compact set K, such that Koz~ contains a left 1-almost period, say kozr™".
Thus [|ggz—1 f — fllsup < 1, and therefore |g,,—1 f(z) — f(z)] < 1, from which it follows
that
F@) < 1+ 1 0o)l <1+ sup (k)
Since K is independent of x, f is bounded.
Next, we prove that f is right uniformly continuous. Given € > 0, we need to find
a neighborhood U of the identity e such that if y 'z € U, then |f(z) — f(y)| < €. For

each y € G, , f is continuous at e, so there exists a neighborhood V,, of e such that if

z € V,, then |, f(2) — ,f(e)| < ¢/4. Therefore if 2, 2" € V,, then

() = f ()] < 5
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Choose a neighborhood U, of e such that U; C V,, then for all 2,2/, 2" € U,,
€
(2.3.5) lyer F(2) = e f(2)] < b
Next, using the assumption that f satisfies the LBC, let a compact set K be chosen so
that for all y € G, there exists w € K such that wy™ € Ky~ with ||yy-1f — fllsup <
¢/4. Then we have

€

(2.3.6) wf — nysup = Hy(wy‘lf - f>HSUP < 4

Since the family {yU,},ex is a covering of K, there exist yi,...,y in K so that
K C U§:1 y;U,,. Put U = ﬂ;.:l U,. Ity € K, then y = y;2; for some z; € U,,,
hence for all z, 2" € U, it follows from (2.3.5) that

(2.37) 0F () =0 F ) = Ly () = 0y F ) < 5.

Now suppose z, y are such that y 'z € U, then with w € K chosen as above, it follows

from (2.3.6) and (2.3.7) that

fy) = f(@)] = Ly fle) = fly~'a)|
< lyf(e) —wfe) +lwfle) —wfly™ o)l
+ ’wf<y71$) - yf(yilx”

<€+E+€
— — — =€
4 2 4

(b) The proof of (b) is similar to (a). We give the details for completeness. Let f
satisfy the RBC. First we prove that f is bounded. For € = 1, there exists a compact
set K’ such that for every x € G, 271 K,/ contains a right 1-almost period, say ~tkq'.
Thus || fo-1, — fllsup < 1, and therefore | f,-14,(2) — f(x)| < 1, from which it follows
that

[f (@) < 1+ f (ko) < L+ sup |F ()]

Since K is independent of z, f is bounded.
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Given € > 0, now we want to find a neighborhood V' of e such that if zy~! € V",
then |f(z) — f(y)] < e. For each y € G, f, is continuous at e, so there exists a
neighborhood U, of e such that if z € U,, then |f,(z) — f,(e)| < ¢/4. Therefore, if
z,2" € Uy, then |f,(2) — f,(2')] < ¢/2.
Choose a neighborhood V] of e such that (\/;/’)2 C U,, then for all 2,2/, 2" € V),
(2.3.8) | famy(2) = fary ()] < €/2.

Since f satisfies the RBC, let the compact set K’ be chosen so that for all y € G, there
exists # € y~' K’ with || fo — fllsup < €/4. Since the family {V]y}yex is a covering of
K, there exist y,...y; € K’ so that K’ C U;Zl V;J’jyj. Put V = ﬂé’:l V;J’j. Ify e K,

then y = z;y; for some z; € Vj/, hence for all 2,2’ € V, it follows from (2.3.8) that

(2.3.9) 1y (2) = fy ()] = [fz0,(2) = fo, ()] < €/2.

Now, suppose x,y are such that zy~ € V’. Since K’ is compact, the RBC implies
that we can find w’ € K’ such that || fy-1, — f|lsup < €/4, and hence

(2.3.10) [ fwr = Syllsup = [[(fy=rur = Fyllsup < €/4.
Hence it follows from (2.3.9) and (2.3.10) that
[f(y) = F(@)] = [ fy(e) = fylzy™)|
< |fyle) = furle)l + | fur(e) = furlwy™ ) + | fur(zy™") = fy(xy™)]

<e€/d+e/2+¢€/d=ce
U

COROLLARY 2.3.5. Fvery function satisfying Bohr’s conditions is uniformly con-

tinuous.

Next we show the equivalence between Bochner’s definition of almost periodicity

and Bohr’s conditions.
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THEOREM 2.3.6. Let G be a topological group and f € C°(G). Then f € AP(G)
if and only if f satisfies Bohr’s conditions.

PROOF. First, suppose f € AP(G). We need to show that f satisfies both LBC
and RBC. To prove f satisfies LBC, given € > 0, by total boundedness of {, f : y € G},
we can pick yi,...,y; € G so that every ,f is within € of some , f (j € {1,2,...,1}).
Let K = {y;",...,y; '}. For a given z € G, pick y; so that ||,f — ,, fsup < €. Then

Hmyj_lf - f”sup = ||:Ef - yijsup < €.

Thus K contains a left e-almost period. Since x is arbitrary, f satisfies LBC.

To prove f satisfies RBC, given € > 0, by total boundedness of {f, : y € G}, we
can pick y1,...,y € G so that every f, is within € of some f,, (j € {1,2,...,{'}). Let
K ={y;",....,y;'}. For a given x € G, pick y; so that || f, — fy,|lsep < €. Then

||fy;1$ B f”sup = ”f:r: - fyszup <€

Thus Kz contains a right e-almost period. Since x is arbitrary, f satisfies RBC.
Conversely, suppose f satisfies both left and right Bohr’s conditions, and we will
show that {,f : y € G} is totally bounded. Given € > 0, we want to find finitely
many y; in G so that every , f, is within € of some ,. f. Since f satisfies LBC, there
exists a compact subset K of G (depending only on €), such that for all y € G, there

is some x € K so that

”ﬂ?y’lf - f||sup < 6/2

Since f satisfies RBC, it is left uniformly continuous, that is, the map, G — C*(G),
x + . f is continuous. Therefore, {,f : € K} is compact in C®°(G). Thus we can
find y1,...,y. € K, so that every . f with x € K, is within €/2 of some ,, f. We note
that the choices of ¥, ...,y, only depends on € and f, since K depends on €. Then

we have

“yf - yjf“sup < Hyf - xf”SUp + fo - yijsup
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This proves that f € AP(G).

COROLLARY 2.3.7. If G is a topological group, then AP(G) C UC(G).
Proor. This follows from Corollary 2.3.5 and Theorem 2.3.6. 0

THEOREM 2.3.8. Let G be a locally compact group and Co(G) be the space of
continuous functions on G vanishing at infinity.
(i) If G is compact, then AP(G) = C(Q).
(i1) If G is noncompact, then AP(G) N Cy(G) = {0}.

PROOF. (i) The statement in (¢) is immediate from the definition of LBC and
RBC. In fact, for each € > 0, we can take K = G and choose the e-almost period to
be 7 =e.

(#7) Suppose G is noncompact, and there exists f € AP(G) N Cy(G) with f(zq) # 0
for some xy € G. Choose € such that 0 < € < |f(xg)|/2. Since f € Co(G), there exits
a compact subset Ky of G such that |f(x)| < e whenever x ¢ K,. Since f satisfies
LBC, there exists a compact set K such that Ky contains a left e-almost period for
all y € G. Since G is not compact and K ~'Kyry' is compact, we can choose a point
Yo € G such that yo ¢ K 'Koxy', and let 7 = kyy € Kyo, (k € K), to be a left -
almost period. Then by our choice of yg, Ty ¢ Ky, therefore |f(7z¢)| < €. However,

the relation ||, f — fllsup < € implies that |f(72¢) — f(x0)| < € and hence

[ (zo)| < e+ [f(Ta0)| < 2¢,

i.e., |f(x)|/2 < € contradicting the choice of e. O

EXAMPLE 2.3.9. (a) On the unit circle T = {z € C : |z| = 1}, all continuous
functions are almost periodic since T is compact.

(b) The function f = e ** (z € R) is in Cy(R), and hence f is not almost periodic.
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ExAMPLE 2.3.10. On the complex plane C, a periodic function need not be almost
periodic. For example, the function f(s) = n=% = e~*!°¢"(n > 2) is periodic on C

with a period

127” because
ogn

2712 27i .
+ 1 —
f <S —e (s logn) ogn _ e slogn—2mi e slogn f(S)

logn
But f is not bounded on C, in fact, for s = = € R, f(z) — oo if x — —o0, and

according to Theorem 2.3.4 and 2.3.6 it is not almost periodic.

REMARK 2.3.11. Let G = R be the real line. Consider the following three classes
functions:
() periodic functions;
(#7) almost periodic functions;
(47¢) functions with e-periods for every € > 0.
Then in this case, each of the above classes of functions is more general than the
proceeding one. In other words, every periodic function is almost periodic. And every
almost periodic function has e-periods for every e. However, the function f(z) = e’
is in the third class (Example 2.2.3 (b)) but is not almost periodic (Example 2.3.9
(b)). And the function f(z) = cosz + cos/2z is almost periodic but is not periodic.

™~

A«:tinns with almost pe@
- N

/ = —

/ -

/ almost periodiefunctions
/ - h \

/ \

| | / V|
| periodic functions | |
| [/
\ I

FiGURE 3. The relationship between three classes of functions



CHAPTER 3

Further Properties of Almost Periodic Functions

Almost periodic functions on topological groups can be studied from the point
of view of theory of continuous functions on compact groups. This point of view is
particularly useful when investigating the approximation properties of almost periodic
functions.

The central idea is to associate a compact group b(G) to a given topological group
G with the property that almost periodic functions on G are exactly those continuous
functions on G which have a unique extension to b(G).

In this chapter, we will present two different constructions of the Bohr compacti-
fication b(G).

In the first section, we will show a construction given by Weil [45], which uses the
finite-dimensional continuous unitary representations of topological group G. Weil’s
construction is also discussed by Dixmier [17], which is our main reference for this

section. In Section 3.2, we discuss an alternative construction due to Loomis.

3.1. Weil’s Construction of the Bohr Compactification

THEOREM 3.1.1. Let G be a topological group, then there exist a compact group X
and a continuous homomorphism o : G — X satisfying the following properties:
(1) a(G) is dense in X;
(13) for every compact group X' and every continuous homomorphism o : G — X,
there exists a unique continuous homomorphism 3 : X — X' such that o/ = o a.

The pair (o, X) is determined up to isomorphism by these properties.

PROOF. Let (m;);e; be the family of all finite-dimensional, continuous, unitary

representations of G. We denote the representation space of m; by H,,. For every

34
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G —— X
N
Z‘/
FI1GURE 4. Universal property

dimension n, there exists at least one such representation given by m(s) = Icn for
every s € G.

Let U; be the unitary group of H,, that is, the group of all unitary operators on
H... Since H,, is finite-dimensional, we may put dim H,, = n;. Here we claim that
Z(H,,) can be identified with C™” and the strong operator topology can be identified
with norm topology. To prove the claim, we will show that Z(H,,) with the strong
operator topology is normable if dim H = n < co. According to Theorem 1.5.4, we
only need to show the zero operator of Z(H,,) has a convex bounded neighborhood.
We consider the open set V = {T € L(H,,) : ||[Te;]] < 1:i=1,2,...,n}, where
{e1,...,e,} is basis of H. It is easy to check that V' is a convex neighborhood of the
zero operator. Next we show it is bounded. By Theorem 1.5.3 (ii), we only need to

prove that every seminorm pe(§ € H), pe(T) = ||T€]], is a bounded function on U.
Letting & = ) aye;, then for every T € U, we have |pe(T)| = ||T¢|| < > |ayl||Te;i]] <
i=1 i=1

n zn: |a;| < oo. Therefore, Z(H,,) with the strong operator topology is isomorphic
tol_(é"i2 with the norm topology.

According to Heine-Borel theorem (Theorem 1.2.12), U; is compact in .Z( H,) with
respect to strong operator topology since Uj; is a closed bounded subset of Z(H,,).
Let U = [] U; be the product of U;, then U is a compact topological group (compact-
ness follolfv; from Tychonoff’s Theorem (Theorem 1.2.15)). Let a be the continuous

homomorphism (the continuity follows from ([31], page 91))

and let X' be the closure of «(G) in U, which is a compact subgroup of U. We will
show that («, X) satisfies the properties of the theorem.
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Let X’ be a compact group and o' : G — X’ be a continuous homomorphism.
Since «(G) is dense in Y| any continuous homomorphism § : X — X’ such that

o/ = foa is unique. The reason is as follows: suppose there exists another continuous

homomorphism /' : X' — Y’ such that o/ = §’ o a. Since X = «o(G), for any t € X,
there exists a net (sg)r € G such that lim a(sy) = ¢t. Then

B'(t) =lim 3 o a(s) = lim 5 o a(sy) = B(¢),

which means 3’ = (3. This proves the uniqueness of the continuous homomorphism /.

Next we prove the existence of 5. We recall that the intersection of kernels of con-
tinuous unitary representations of finite-dimension of X" is equal to e (Gelfand-Raikov
Theorem 1.6.10). Hence X’ can be identified, as in the case of ¥, with a subgroup
of the group of II;V;, where each Vj is the unitary group of a finite-dimensional
Hilbert space. More precisely, let (0;);es be the family of continuous, unitary, finite-
dimensional representations of ¥', then the identification of ¥’ with a subgroup of

I1;V; is given by
o: Y = oX), yw—ILo(y).

Since X' is compact, 0;(X') is compact for each j, and hence by Tychonoft’s theorem,
o(X’) is also compact. Since kero = (\kero; = {e}, o is injective. It is trivial that
o is surjective onto its image. Therefojre, 0 is a homeomorphism. Thus we may put
o/ = p where p : s — []; p;j(s), where each p; is a continuous homomorphism of G
into V.

Since p; is equivalent to one of the representations ;, there exists a continuous
homomorphism Tj; : U; — V; such that p; = Tj; om,. Let pr; : X — U, be the

canonical projection, and define

B =Tj0opri: X — V.
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N lTﬁ
Vi
FIGURE 5. Tj; satisfying p; = Tj; o m;

Then

(8j 0 a)(s) = Bjla(s)) = Tj; o pri(a(s)) = Tji(mi(s)) = p;(s),
for s € GG.

We define 8 : ¥ — [V}, by B(t) = [I; B;(t). Since each j; is a continuous

homomorphism, 3 is a continuous homomorphism. Moreover,
Boa(s) = Bla(s)) = [[ Bilals)) = [[ pi(s) = &/(s), for alls € G,
J J

and hence o/ = foa and f(X) C ¥
The uniqueness up to isomorphism of the pair (X, «) is an easy consequence of
the universality property. In fact, let (X}, a;) be another solution, then there exist

continuous homomorphisms
622-}21, ﬁ1121—>2

such that oy = foa, a = froay, then o = (B100) o, hence ;0 is the identity map
on Y. Similarly, 5o f; is the identity map on X', thus 5 : X — X is an isomorphism

which transforms « to o;. O

DEFINITION 3.1.2. The group X' in the above theorem is called the Bohr compact-
ification of G, and will be denoted by b(G). The mapping « is called the canonical
homomorphism of G into b(G).

The group b(G) is also called the almost periodic compactification of G.
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G —— G

\i

FIGURE 6. p satisfying m = po «

THEOREM 3.1.3. For every finite-dimensional, continuous, unitary representation
p of b(G), let p' = po«, which is a finite-dimensional, continuous, unitary represen-
tation of G. Then
(1) the map p — p' is a bijection between the set of all equivalence classes of finite-
dimensional, continuous, unitary representations of b(G) and the set of all equivalence
classes of finite-dimensional, continuous, unitary representations of G,
(17) p is topologically irreducible if and only if p' is so;
(iid) if &;m € Hy = Hy, then pe, = (p o Q)en = peq © a.

PROOF. (i) Let p' be equivalent to p) so that for some unitary operator T', p'(s) =
T*p'(s)T for all s € G. Since a(G) = b(G), it follows that p(z) = T*py(z)T for all
x € b(G). Thus p is equivalent to p;. Therefore, the map p — p’ is injective.

If 7 is a finite-dimensional, continuous, unitary representation of GG, then we can
view 7 as a continuous homomorphism of G into the compact group of unitary op-
erators on H,, and it follows from Theorem 3.1.1 (i7) that there exists a continuous
unitary representation p of b(G) on H, such that m = p o a, thus the map p — p’ is
surjective. (ii) If p is irreducible, then there are no proper subspace W C H which
is invariant under the action of {p(s) : s € b(G)}. Therefore p' = poa: G — L (H)
is also irreducible since «(G) is dense in b(G). If p is irreducible, then there are no
proper subspace V' C H that is invariant under the action of {p/(t) : t € G}. There-
fore p: G — ZL(H) is also irreducible since a(G) C b(G).

(73) For any s € G, we have

Pen(8) = (po)en(s) = (poa(s)én) = (p(als))én) = pey o als).

Therefore, (po a)e, = pey 0 . O
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In Theorem 2.1.1, we used total boundedness and e-meshes to prove the equiva-
lence of compactness of left and right translations. Now with the useful tool of “Bohr
compactification”, we have an another proof of this equivalence. The theorem also
characterizes almost periodic functions as those continuous functions which can be
lifted to a continuous function on b(G). This latter property is the main reason behind

the usefulness of the Bohr compactification.

THEOREM 3.1.4. Let G be a topological group, b(G) the Bohr compactification, «
the canonical homomorphism of G into b(G), and f € C®(G). Then the following
conditions are equivalent:

(i) The set of of (s € G) is relatively compact in C*(G).
(i) The set of f; (t € G) is relatively compact in C*(G).
(iii) The set of of; (s,t € Q) is relatively compact in C*(G).

(iv) There exists a unique complez-valued continuous function g on b(G) such that

f=

PROOF. (iv) = (iii): Let g € C(b(G)) and f = g o «. Since b(G) is compact, g is
uniformly continuous, and hence the map (o,¢) = ,g, of b(G) x b(G) into the Banach
space C'(b(@)) is continuous (Theorem A.0.6). Hence the set of all ,g, is compact
since b(G) x b(G) is compact. The image of this set in C®(G) by the isometric map

h — hoa is compact and contains the set of s f; (s,t € G) because for x € G, we have
a(s)9a(t) © AT) = a(s)Ja( ((2))
=g(a(s)a(r)alt)) = glal(szt)) = f(szt) = fi(z).
(74i) = (7) and (ii) are obvious.
(
¥(s)g =4-1g. Then 1(s) is a linear isometric map of C*(G) onto C*(G), and 1 (ss’) =
P(s)P(s’). Let A be the set of all ;f (s € G), it is clear that every 1 (s) induces

i) = (iv) ((i1) = (iv) is similar): For every g € C%(G) and every s € G, let

a bijection from A onto A, hence also a bijection ¢(s) of A onto A. Each ¢(s) is

isometric, and A is compact if we assume (i) holds. Hence o(G) is relatively compact
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in the set C'(A, A) of continuous functions from A into itself, equipped with the
topology of uniform convergence, according to Ascoli’s Theorem (Theorem 1.2.6).
Hence the closure of p(G) in C(A, A) is a compact group I" of homeomorphisms of
A.

The mapping ¢ is a homomorphism of GG into I, next we show that it is continuous.
It suffices to prove that, when s — e, ¢(s) converges to ¢(e) in the topology of uniform
convergence on A. Let g € A and V be an open neighborhood of g in A, then A — V
is compact. If h € A —V, we have |g(u) — h(u)| > 0 at at least one point u € G.

We claim that there exist an open neighborhood Vj, of h in A and a neighborhood
Wy, of e in G such that ¢(s)g ¢ V}, for s € Wj. Let r = |g(u) — h(u)| > 0. Define
Vi, = B,a(h), the open ball with center at h and radius 7/2 in A. In other words,

Vi={keA:|k—hlsp <7/2}.
Let W}, be a symmetric neighborhood of e such that if s € W), then

lg(s™u) — g(u)| <r/2

(such a neighborhood exists since g is continuous at u). We claim that ¢(s)g ¢ V, for
all s € Wy,. In fact, if p(s)g € V}, for some s € W), then ||¢(s)g — h||sup < r/2, and in
particular, |g(s™tu) — h(u)| < r/2. Thus,

l9(w) = h(u)| < lg(w) — g(s 7 u)| + [g(s ™ u) — h(u)| <r/2+7/2 =7,

which contradicts to the definition of r.

We may cover A — V by a finite number of neighborhoods V;,,, ..., V4, then for
s €Wy, N~ NW,, , we have p(s)g & Vi, U--- UV, hence ¢(s)g € V and thus we
have shown that ¢ is a continuous homomorphism from G into I

By Theorem 3.1.1 (i), there exists a continuous homomorphism g : b(G) — I’

such that ¢ = Boa. The complex-valued function g : o — (3(c™') f)(e) is continuous
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on b(G), and

f(s) = (e(s™)f)(e) = (Bla(s™1))f)(e) = (Blals) ) f)(e) = g o als).
This proves (iv). O

Combining Theorem 2.1.1, Definition 2.1.2, Theorem 3.1.3 (i7i) and Theorem 3.1.4,

it is easy to get the following corollary.

COROLLARY 3.1.5. Let G be a topological group and f € C°(G). Then
(1) f € AP(G) if and only if there exists a unique complex-valued continuous function
g on b(G) such that f = go a.
(17) The coordinate functions of finite-dimensional continuous unitary representations

of G are almost periodic.

3.2. Loomis’ Alternative Construction of Bohr Compactification

In this section, we discuss another construction of Bohr compactification given by
Loomis [34]. We follow the exposition given by Kaniuth [29].

Let A(AP(G)) denote the spectrum of AP(G). The idea is to define a group
structure on A(AP(G)) and show that the resulted compact group can serve as a
model for Bohr compactification.

According to Theorem 1.7.3, the Gelfand homomorphism is an isometric *-isomorphism
from AP(G) onto C(A(AP(G))). For each x € G, we define an element ¢, €
A(AP(G)) by ¢.(f) = f(x) where f € AP(G).

LEMMA 3.2.1. The mapping ¢ : © — @, from G into A(AP(Q)) is continuous and

has dense range.

PROOF. First we show ¢ is continuous. Let x, — . We need to show ¢,k — ¢,
in A(AP(G)). Since A(AP(G)) carries the w*-topology, it suffices to show that
Oz (f) = @o(f) for each f € AP(G). This follows immediately from continuity of f,

since g, (f) = f(za) = f(x) = 0o (f).
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Suppose that there exists a nonempty open subset U of A(AP(G)) such that

U ¢(G) = @. Then by Urysohn’s Lemma (Theorem 1.2.11), there exists a continu-
ous function g on A(AP(G)) such that g # 0 and g|aap))\v = 0. Since the Gelfand
homomorphism is an isometric x-isomorphism from AP(G) onto C(A(AP(G))), we
have g = f for some f € AP(G). However, f(z) = ¢.(f) = f(2) = g(pz) = 0 for
all x € G, contradicting f # 0. Thus ¢(G) is dense in A(AP(G)). O

REMARK 3.2.2. It is worth to point out that the second part of the proof works
for any unital Banach subalgebra A C C®(X), where X is any topological space. The
argument shows that the map G — A(A), z — ¢, has dense range in A(A).

Let ¢,¢ € A(AP(G)). For neighborhoods U of ¢ and V of ¢ in A(AP(G)), let
Ayyv = {¢uy : z,y € G such that ¢, € U and ¢, € V}.

Then Ayy # @ since ¢(G) is dense in A(AP(G)). Let U and V be the set of all
neighborhoods of ¢ and ), respectively. Because Ay, ; € Ay, y, whenever U; C
Us, Vi C Vi, the collection of all closed subsets Ay of A(AP(G)), where U € U
and V € V, has the finite intersection property (Definition 1.2.8). Since A(AP(G))

is compact, according to Theorem 1.2.9 the set
ANy =(WBuy:U U,V eV}
is nonempty.

LEMMA 3.23. Let Cp ={.f :a € G}, Dy ={fs:a € G}, o, f € A(AP(G)) and
feAP(G). Let e >0 and let {,, f,...,s,f} be an e-mesh for C; and {fy,,..., fy.}
an e-mesh for Dy. Define neighborhoods U and V' of a and 3, respectively, by U =
U, fyrs - fymr€) = {7 € A(AP(G)) : [{a =7, fy,)| < e forj=1,....m} and
V= UBrarf o oanfr€) = 11 € AGAP(G)) : [(B = 7,0 /)] < € fori=1,....n}. If
z,a,y,b € G are such that p,, p, € U and ¢y, pp € V, then o, (f) — va(f)| < 8e.
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ProoF. Choose j € {1,...,n} and k € {1,...,m} such that ||, f — 4, f[[sup < € and

1fs — fuullsup < €. Then we have
|02y (f) = Pan(f)]
< |f(zy) — fab)| + | f(2b) — f(ab)]
= o/ () = S O)] + |fo(z) — fola)l
< af (W) = o, FO+ Loy @) = 2, FO) + |2, £ (B) — o f(B)]+
fo(@) = fu (@) + [y (@) = Sy (@)l + | fy.(a) = fo(a)]
< 2laf = fllsup + oy F @) = 2, SO+ 20 fo — fy llsupt
|y (2) = fu(a)]

g de + |90y(xjf) - Sob(l'jf)| + |90x(fyk) - ‘pa(fyk”'

Now, since ¢, ¢, € U and ¢, ¢, € V,

[0 (fy) = Palfy)] <26 and oy (a; f) — @ola, )] < 26
O

COROLLARY 3.2.4. For each pair of elements ¢, of A(AP(G)), Ay is a sin-
gleton.

PRrOOF. Let o, f € A, and f € AP(G), we want to show that |a(f) —B(f)| < 6
for each § > 0. Fix § and let ¢ = §/24. Let U and V' be the neighborhoods of «
and 8 defined in Lemma 3.2.3. By definition of Ay, a,8 € Apyy, so there exist

z,a,y,b € G such that ¢,, ¢, € U, p,, o, € V, and

| (f) = @ay ()] < 0/3 and [B(f) — @as(f)] < /3.

Now, by Lemma 3.2.3 we have

() = BUOI < [e(f) = ay (N + @2y () = Pan(H)] + lar(f) = B
<0/3+8/3+8=4.
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The group structure of A(AP(G)) is given by the following theorem.

THEOREM 3.2.5. Let G be a topological group. For ¢,v € A(AP(G)), let oy

denote the unique element of A, .. Then the map
A(AP(G)) x A(AP(G)) — A(AP(G)), (¢, 0) — @b
turns A(AP(G)) into a compact group. Furthermore, @, 0, = @gy for x,y € G.

Proor. It follows from definitions that ¢., € A,, o, . According to Corollary
3.2.4, we have A, o = {¢ay}, and thus p,p, = @, for z,y € G.

We show that multiplication on A(AP(G)) is continuous. Let o and 8 be two
elements of A(AP(G)). It suffices to show that given § > 0 and fi,..., f, € AP(G),
there exists neighborhoods U of o and V' of 5 in A(AP(G)), respectively, such that
lo(f;) —aB(fj)| <dforall p € Uandy € Vand j =1,2,...,n. Let e =9/10 and
for any p € A(AP(G)), let

W, = {7 € A(AP(@)) : W(fy) — p(fy)] < e for 1 <j <.

For each j = 1,2,...,n, Lemma 3.2.3 provides neighborhoods U; of a and V; of 3 such
that |@.,(f;) — goab(fj)| < 8¢ whenever z,a,y,b € G are such that ¢,, ¢, € U; and
0y, b € V. Let U = ﬂ Ujand V = ﬂ V;, since aff € Ayy, we have Apgy (Was #

7j=1 7=1
@. Now, let ¢ € U and ¢ € V' be arbitrary. Then Ay (| W,y # @ and hence there

exist x,y € G such that ¢, € U, ¢, € V, and ¢,, € W,y. Therefore we have

lab(fi) —aB(fi)l <€ and  |ou(f;) —@o(fj)| <e for j=1,....n

Because Yz, Pa € U and Yy, Py € V7 |(10$y(f]) - Soab(f]” < 8e fOI'j = 1727"'7n'

Combining these inequalities gives

[ (f5) — aB(f))]
< [t (fi) = Cay (F)] + |9y (f5) — @an(f5)| + [wan(fi) — aB(f5)]



3.2. LOOMIS’ ALTERNATIVE CONSTRUCTION OF BOHR COMPACTIFICATION 45

< 10e = 6.

Thus the multiplication on A(AP(G)) is continuous.

Next, we want to show the existence and continuity of inverses in A(AP(G)). Let
¢ € AP(G) and let (x,), be a net in G such that ¢,, — ¢ in A(AP(G)). We show
that the limit does not depend on the choice of the net (z,) in G but only on the
fact that ¢,, — ¢. Let f € AP(G) and € > 0. Then there exist ay,...,a, € G such
that the functions g, fo;, 1 < 4,7 < n, form an ¢/3 -mesh for the set of all two-sided

translates , fy, a,b € G. Define a neighborhood U of ¢ in A(AP(G)) by

U= {6 € MAPG)) : [$(ufu) = #lafu)| < ¢/3,1 <ij < n}.

If z and y are elements of G such that ¢,, ¢, € U, then |f(a;za;) — f(aya;)| < €/3
(1 < 4,7 < n), and hence |f(axb) — f(ayb)| < € for all a,b € G. Taking a = ™! and
b = y~', this becomes |f(y~') — f(z7!)| < e. This shows that, for each f € AP(G),
the net (p,-1(f))a = (f(z;"))a forms a Cauchy net in C and that limp,1(f) =
lién goy?(f), where (y3)s is another net in G such that ¢,, — ¢ in A(A(;’(G)). Thus
we can define a map ¢! : AP(G) — C by ¢~ '(f) = 1i£ng0$51(f) (f € AP(G)) by
taking (7,)a to be any net in G such that ¢, — ¢. It is clear that ¢! € A(AP(G))
and that o ! = ¢,-1 for every € G. Since multiplication in A(AP(G)) is continuous
and @., = @a.pp for all a,b € G, it follows that

Spgp_l = hl’n (pwa . hIIl (,0;&1 - hm(ﬁpxax;l) - 806’

Consequently, A(AP(G)) is a group and ¢! is the inverse of (.

Finally, the map ¢ — ¢~! from A(AP(G)) into A(AP(G)) is continuous. Let
v € A(AP(Q@)), f € AP(G) and 6 > 0. Define g € AP(G) by g(z) = f(x™'). If
¢ € A(AP(G)) and z,y € G are such that

lo(g) —¥(9)] <96, lpa(g) —w(g)] <d and |p,(g9) —¥(g)| <,
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then |1 (f) — wy-1(f)] = lwz(g9) — ¢y(g)| < 36 and hence

o™ (f) =T DI < L™ () = womr (D] Loy (f) =7 ()] + 36.

N

As we have shown above, ¢,-1 and p,-1 — ¢! whenever ¢, — ¢ and ¢, — .

Hence it follow that ¢ — ¢! is continuous. 0

We have thus achieved making A(AP(G)) a compact group having the following
properties:
(i) The map ¢ : G — A(AP(G)) is a continuous homomorphism with dense range.
(i7) A bounded continuous function f on G is almost periodic if and only if there

exists a function f € C(A(AP(G))) such that f(z) = f(¢(z)) for all z € G.

REMARK 3.2.6. Let A = A(AP(G)) and suppose that A’ is a second compact
group and ¢’ is a homomorphism satisfying the analogous properties (i) and (7).
Then f' — f is an algebraic isomorphism of C(A’) onto C(A). Let § : A — A’ be

the associated homeomorphism; that is, 8(¢)(f) = ¢(f) for ¢ € A and f € AP(G).
Then

~

8(¢(2))(f") = o(x)(f) = f(a) = ¢/(2)(J) forallz € G and f € AP(G).

Thus ¢ extends the homomorphism ¢' o ¢~ : ¢(G) — ¢'(G). Because § is a homeo-

morphism and ¢(G) is dense in A, it follows that ¢ is a topological isomorphism.

It follows from the universal property of the Bohr compactification that A(AP(G))
is exactly the group b(G) we defined in Section 3.1, and the homomorphism ¢ : G —
A(AP(G)) with dense range is the canonical homomorphism of G into b(G).

3.3. Bohr Compactification of Abelian Groups

If G is a locally compact Abelian group, then according to Theorem 1.6.11 ev-
ery continuous, unitary, irreducible representation of G is one-dimensional. In other
words, it is a continuous homomorphism v : G — T. This leads to the following

definition.
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DEFINITION 3.3.1. Let GG be a locally compact Abelian group, a character of G is a
continuous group homomorphism from G into the circle group T = {z € C : |z| = 1}.

The set of all characters of G is denoted by G.

REMARK 3.3.2. This definition of G is in agreement with the one in Chapter 1
(see Definition 1.6.8) in the case when G is Abelian, since a character of an Abelian

group is indeed a continuous unitary irreducible representation of the group G on C.

If v and v/ € G, then vy € G and v = 1g where 1¢ is the identity character.
Thus G forms a group under the pointwise product of characters. If we equip G with
the topology of convergence on compact sets, then G turns into a locally compact
Abelian group. We call G the dual group of GG. For the proof of this result, and
the following additional results on the dual group, we refer to sections 4.1 and 4.3 of
Folland [24].

IfxreGand€e @, we use the notation

<JJ, £> = f(l’)

for the reasons of symmetry. The elements of G are characters on G, but we can
equally regard elements of G as characters on G. In other words, each € GG defines

a character ®(z) on G by

(€, @(x)) = (2,8).

~

The following famous result states that GG can be identified with G:

THEOREM 3.3.3 (The Pontrjagin Duality). The map ® : G — G defined above

s an isomorphism of topological groups.

Using the Pontrjagin duality theorem, one can prove the following result, relating

the topologies of G and G:

THEOREM 3.3.4. Let G be a locally compact Abelian group. Then G is compact if
and only ZfCA; is discrete. And G is discrete if and only zf@ s compact.
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If H is a subgroup of GG, we define the annihilator of H by
H'={¢eG:(z,6)=1forallz € H}.
LEMMA 3.3.5. H* is a closed subgroup of G.

PROOF. For any &, & € HY, we have (z,&) = 1 and (z,&) = 1 for all z € H,
then (z,6&) = &(2)&(x) = (2,&) - (1,&) =1, ie., &€& € HE. Let {£,} be a net in
H* such that &, — £ for some € in CA}’, then for every x € H, £,(z) — £(z). However,
Eo(z) =1forall a, so &(z) =1, 1ie., £ € H-. If € € HY, then clearly ¢ ' = € € HL.
Therefore, H* is a closed subgroup of G. O

The following theorem identifies the dual of a subgroup H and its quotient group
G/H.

THEOREM 3.3.6. Let G be a locally compact Abelian group. Suppose H is a closed
subgroup of G. Define ® : (G/H) — H* and U : @/Hl — H by

d(n)=noq,  V(EH)=¢E|u,

whereq: G — G/H, s — sH is the canonical quotient map, and &|y is the restriction
of € to H. Then ® and V are isomorphisms of topological groups. In other words,
H=~G/H* and (G/H) = H*

COROLLARY 3.3.7. If H is a subgroup of G such that H+ = {15} (the identity
element of G), then H = G.

PROOF. Suppose on the contrary that H # G. Then H is a proper closed sub-
group of G, and thus G/H is a nontrivial group. By Theorem 3.3.6, o = (G/H).
But since G//H has more than one elements, so does (G/H) and o according to

Pontrjagin Duality. But this is impossible since H+ = {15} implies H = {1¢}. O

DEFINITION 3.3.8. Let GG, G’ be two locally compact groups, and let ¢ be a
continuous homomorphism from G to G’, then we define @ : G -G by v — yop

and we call @ the dual map of ¢.
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In fact, @ is also a continuous homomorphism. Since

P(n12) = (M) o = (mow)(reow) =o(1)o(r2),

© is a homomorphism. If v, — v in 6:7, then 7, — v on compact subsets of G'. Now
we want to show that @(7,) = 7. 09 — 70 » = P(7) on compact subsets of G. If
K C G is compact, then ¢(K) C G’ is compact, so 7, — 7 uniformly on ¢(K), i.e.,
Yo © @ — 7y 0 ¢ uniformly on K.

Now we are ready to give an alternative description of b(G) for a locally compact

Abelian group G.

THEOREM 3.3.9. Let G be a locally compact Abelian group, G be its dual group.
Let G’ be the compact Abelian group whose dual G is CA}’d, (CAJ equipped with the
discrete topology). Let ¢ : G — G’ be the continuous homomorphism whose dual
P : G = Gy — G is the identity map. Then G’ can be identified with the Bohr

compactification b(G), and ¢ with the canonical homomorphism from G to G'.

REMARK 3.3.10. With the help of Pontrjagin duality theorem, we can specify G’

and ¢ more directly. In fact, G’ = (éd) and ¢ = I where I : Gy — G is the identity

mapping.

PROOF. To prove this theorem, we will use the uniqueness result in Theorem 3.1.1.
To prove that p(G) = G', we observe that if 2’ € G' = G, is trivial on ©(G), then

~

p(z") = 1g, because for all s € G,

p(a')(s) = 2'(p(s)) = 1,

and thus ' = 1g, since @ = [ is the identity map. It follows from Corollary 3.3.7
that o(G) = G'.

Next, suppose H is a compact group and ¢ : G — H is a continuous homomor-
phism.

We need to prove that there exists a unique continuous homomorphism 3 : G/ — H

such that ¥ = o .
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G —25 G = (Gy)
L
H

FIGURE 7. B satisfying ¢ = B o

Replacing H with ¢(G), we may assume H is a compact commutative group.

Then
@:ﬁe@,vao@b

is a continuous homomorphism. Since H is discrete, 1) : H — (G is also a continuous
homomorphism.

It remains to show there exists a unique homomorphism
B\ : f[ — G\d

such that 1/#\ =po B . However, this is evident since @ is the identity map from @d to

~

G, and so we may define B\ = QZ O

So we have shown that the pair (¢, G') satisfies the universal property in Theorem

3.1.1, and therefore (¢, G') = (o, b(G)).

3.4. Some Applications of Bohr Compactification
Let G be a topological group. For f € AP(G), let f € C(b(G)) be the unique

function such that foa = f (Theorem 3.1.4).

THEOREM 3.4.1. The C*-algebra AP(G) is isometrically isomorphic to C(b(Q)),
under the map

o~

k: AP(G) — C(b(G)), f—f.
PROOF. k is an algebra homomorphism, since

(hif)oa=(fica)faca)=fifo=fifsoa,
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and since a has a dense range in b(G), it follows that ]71?2 = #if>. This map is
injective since f: 0 implies that fo a = 0 and hence f = 0. The map is surjective
since if g € C(b(G)) then f = goa € C*G), and moreover, f € AP(G) and f = g
by Theorem 3.1.4. Finally, s is isometric since

| llswp = sup [ F(@)] = sup |f(a(t))] = jgg|f(t)| = [[fllsup-

zeb(G) teG

The following is a general result on Banach algebras.

THEOREM 3.4.2. Let A and B be two Banach algebras and k : A — B be an

isomorphism. Then mapping
0:A(B) — A(A), Y= K (Y)=1vok
is a homeomorphism between the spectrum of the algebras.

We recall that an isomorphism between two Banach algebras is a continuous bijec-
tive algebra homomorphism. The inverse of such a map is automatically continuous
by the inverse mapping theorem (Theorem 1.2.10). The map «* : B* — A* is the

adjoint map, and so 6 is just the restriction of k* to A(B).

PROOF. By the definition of x*, we have k*(¢p) € A*. To show that x*(¢) is in
A(A), let ad’ € A, then

Thus 0(¢) is multiplicative on A and hence (1)) € A(A). Since k is a bijection, it
follows easily that 6 induces a bijection between A(B) and A(A). It remains to show

that 6 and 6! are continuous with respect to the induced w*-topologies on A(B) and
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A(A). If o — ¢ in A(B), then for each a € A, we have

i (0(va), a) = lim(x"(¢a), @) = Him (g, K(a))

Thus we have shown that 6(¢,) — 6(¢), proving the continuity of . The continuity
of 671 is shown similarly. Let ¢5 — ¢ in A(A), then for each b € B, we have

(871 (65).) = Him((6°)(6).) = im(. 1 (6)
= (0,571 (0)) = ((71)"(0),b) = (07"(¢),]).
Thus we have 07 (¢5) — 071 (). O

COROLLARY 3.4.3. If G is a topological group, then A(AP(G)) is homeomorphic
to b(G), in other words, A(AP(G)) = b(G).

PROOF. It is well-known [24, Theorem 1.16] that for any compact set X, the
spectrum of C'(X) is homeomorphic to X, under the mapping

7: X — A(C(X)), T —> Ty,

where 7 is the evaluation functional defined by 7,.f = f(z). By Theorem 3.4.1 the

mapping

~

k: AP(G) — C(b(Q)), f=f

is an isometric isomorphism. It follows from Theorem 3.4.2 that AP(G) and C'(b(G))
have homeomorphic spectrum and this homeomorphism 6 is given by the restriction

of the adjoint map x* to A(C(b(G))), that is,
0 = K" acee)  AC(M(G))) — A(AP(G)).

Since for z € b(G) and every f € AP(G):

~

(0(72), ) = (72, 6(f)) = f(x) = (rz 0 5, [),
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it follows that 6(7,) = 7, o k. Thus b(G) = A(AP(G)) via the map z — 7,0k, O

REMARK 3.4.4. Since b(G) can be identified with the spectrum of AP(G), the
map

~

k: AP(G) — C(b(G)), f=f
can be identified with the Gelfand transform of AP(G).

3.5. Approximation Theorem for Almost Periodic Functions

In this section we will prove that almost periodic functions can be approximated
uniformly by linear combinations of coordinate functions of finite-dimensional repre-
sentation (Theorem 3.5.2).

The proof of the result depends on the Peter-Weyl density theorem, which we shall
prove first.

Recall if G is a topological group, then G denotes the set of all (equivalence classes)

of topologically irreducible continuous unitary representations of G.

THEOREM 3.5.1 (Peter-Weyl). Let G be a compact group and &g be the linear
subspace of C(G) spanned by the coordinate functions of representations in G. Then

&z is norm dense in C(G).

Elements of &z are sometimes called trigonometric polynomials on G. Thus, in
analogy with Weierstrass’ theorem B.0.7, we may rephrase the theorem by saying that

trigonometric polynomials are dense in C'(G), if G is compact.

PROOF. We prove this theorem using the Stone-Weierstrass theorem B.0.6. Since
the identity representation 1¢ : G — Z(C), 15(s) = 1, belongs to G, it follows that
&7 contains all the constants. If s # ¢, by Gelfand-Raikov Theorem (Theorem 1.6.9),
there exists m € G such that 7(s) # m(t), it follows that for suitable vectors z,y, we
have 7, ,(s) # 7myy(t). Therefore &5 is a linear subspace of C(G) and the relation
gy = Ty, Where T € G is the conjugate representation of m, shows that &% is closed

under complex conjugation.
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So all that remains to apply Stone-Weierstrass theorem is to show that the product
of the coordinates is again a coordinate function. Let 7., and 7}, , be two coordinate

functions. The tensor product
T G— L(HH)

is a continuous unitary representation of G. The product m,,m’, , is a coordinate

!
Y

function of 7 ® 7', in fact for all s € G:
(re'(s)(z®@a’)|(y®y))
(3.5.11) =(r(s)z@'(s)'|(y ®y'))

=(m(s)zly) (7' (s)2"ly)-

If 7 ® 7’ was topologically irreducible, we had nothing left to show since then
Ty, € &g But m @ 7' may not be irreducible, however, since G is compact, we

can write
7T®7T/:0'1@"'@0-n and H®H/:H1@@H’n7

with {oy, Hx} € G for k = 1,...,n. The vectors x ® 2’ and y ® ' in H ® H' can be

decomposed into corresponding direct sums

JJ®ZE,:Z1EB”'EBZ7L, y®y,:w1@@wn
Then for s € G,
(ra'(s)(z@2)|(yxy))

=(01(8)z1 B - B on(8)zn|wr & - - B wy,)

=(o1(8)z1|w1) + -+ + (o0(8) 2 |wy).

Thus by (3.5.11),

(m(s)aly)(x'(s)|y')
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=(o1(8)z1|w1) + -+ + (o0(8) 2 |wy).

/

2, 18 a sum of coordinate functions of representation in GG, and hence

That is, m, 7

/
ﬂ-w,yﬂ-x’,y/ S (bﬁé O

THEOREM 3.5.2. Let G be a topological group. Then f € AP(G) if and only if f
is the uniform limit on G of linear combinations of coefficients of finite-dimensional

representations in G.

PROOF. First, We assume that f € AP(G). Then according to Theorem 3.1.4 f =
goa, where g € C(b(G)). It follows from Peter-Weyl Theorem that ¢ is a uniform limit
on b(G) of linear combinations of coefficients of continuous topologically irreducible
unitary representations of b(G). Such representations are finite dimensional since b(G)
is compact. If 7 : b(G) — U(H) is topologically irreducible, then so is 7’ = 7o« :
G — U(H) since «(G) is dense in b(G). If §,n € H, then m, = m¢, o a since for
s € G,

e n(s) = (7' (s)&n) = (w(a(s))Eln) = mep(als)).

—_

Thus if u,, is a linear combination of coefficients of representations in b(G), then u, o«
is a linear combination of coefficients of finite-dimensional representations in G. Also,
if u,, — g uniformly on b(G), then u,oa — goa uniformly on G. Hence f is a uniform
limit on G of linear combinations of coefficients of finite-dimensional representations
in G.

Next, we assume that f is the uniform limit on G of linear combinations of coef-
ficients of finite-dimensional representations in G. Suppose for every n, there exists
a linear combination f, of coefficients of finite-dimensional continuous unitary topo-
1

logically irreducible representations of G such that ||f — fullsup < =

n

There exists
a function g, on b(G), a linear combination of finite-dimensional continuous uni-
tary topologically irreducible representation of b(G) such that f,, = g, o . One has
|gm — gnllsup = || frn — frllsup = O when m and n tend to oo, hence the g, converges

uniformly to a continuous function g on b(G), and one has f = go a. O
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3.6. Maximally and Minimally Almost Periodic Groups

Now, we may have a question on how big the space AP(G) is, i.e., if there are
enough almost periodic functions to separate the points of G. This question is closely
connected to the injectivity of the canonical homomorphism « from G into its Bohr

compactification b(G). First, let us see the following equivalent conditions.

THEOREM 3.6.1. For a locally compact group G, the following conditions are
equivalent.
) The algebra AP(G) separates the points of G.
b) The canonical homomorphism o : G — b(QG) is injective.
)

(a

(

(¢) There is an injective continuous homomorphism of G into a compact group K.
(d) Continuous homomorphisms of G onto compact groups separate the points of G.
(

e) Finite-dimensional representations in G separate the points of G.

PROOF. (a) = (b) : If s # t are two elements of G, choose f € AP(G) such that
F(t). Let f € C(b(G)) be such that foa = f. Then f(a(s)) # f(a(t)), hence
a(t).

) #
) #
= (c) is trivial since b(G) is compact.

f(s
a(s
(t)
(¢) = (d) is obvious.

(d) = (e) : Suppose s, t € G are two distinct points of G and suppose that v : G — K
is a continuous homomorphism into K such that v(s) # ~(t). Since K is compact,
according to Theorem 1.6.12 (i) all representations in K are finite-dimensional. And
by Gelfand-Raikov theorem (Theorem 1.6.9), we know that K separates the points
of K. Hence for some representation o € K, o(v(s)) # o(v(t)). The map oo~ is
finite-dimensional continuous unitary representation of GG, and according to Theorem
1.6.12 (i7) hence it is a direct sum of irreducible unitary representations, that is,
oo~ = &N, m, where m; € G. It follows that for at least one i, m(s) # m(t), as we
wanted to show.

(e) = (a) Suppose s # t and 7w € G is such that 7(s) # 7(t). Then for some &, € H,
(m(s)€|n) # (w(t)€|n), or mey(s) # me,(t). However, since 7 is finite-dimensional,
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according to Theorem 3.5.2, we have 7, € AP(G). It follows that AP(G) separates
the points of G. O

The following definition was given by von Neumann [37].

DEFINITION 3.6.2. A locally compact group is maximally almost periodic, or is

called MAP-group, if the equivalent conditions in Theorem 3.6.1 hold.

REMARK 3.6.3. MAP-groups are also called groups injectable into compact groups.
If G is a topological group and N is the kernel of the canonical mapping o : G — b(G),
then N is a closed normal subgroup of G and G/N is a MAP. The following locally
compact groups are MAP-groups:
i) subgroups of MAP-groups;
i1) products of MAP-groups;

(
(
(77i) Abelian groups;
(iv) compact groups;
(

v) free groups.

DEFINITION 3.6.4. A minimally almost periodic group is a group for which the

only elements of AP(G) are the constant functions.

As an example of a minimally periodic function we can consider the set of all 2 x 2

matrices
u v
G = cu,v,w, 2 € Quz —ovw #0 p,
woz

where the group operation is the matrix multiplication. Minimally almost periodic

groups were studied by von Neumann and Wigner in [38].



CHAPTER 4

Invariant Means on Almost Periodic Functions

In this chapter we discuss the existence of means on AP(G) and study some of its
applications, in particular, its application in the approximation problems.

We give two proofs of the existence of a mean. In Section 4.1 we prove the
existence of a mean using Bohr compactification 6(G). This proof is short and consists
essentially of lifting an almost periodic function to b(G) and integrating with respect
to the normalized Haar measure on b(G). In Section 4.2 we give another proof of the

existence of mean by using a combinatorial result called the Marriage Lemma.

4.1. Bohr Compactification and Invariant Means

In this section, we use b(G) to introduce a mean on AP(G). Our main reference

for this section is [17]. First we define what we mean by a mean on AP(G).

DEFINITION 4.1.1. An invariant mean M on AP(G) is a continuous linear func-
tional such that
(i) M(f) > 0 for f > 0:
(12) M(1lg) = 1;
(1ii) M (sf) = M(fs) = M(f), for all f € AP(G) and all s € G.

In the above definitions, properties (i) and (i7) is what defines a mean. Property
(#37) is the invariant property of the mean. It follows from general properties of means

that if M is a mean, then |[M|| =1 ([17, Proposition 2.1.9]).

THEOREM 4.1.2. Let G be a topological group and f € AP(G). Let K be the closed

convex hull in C*°(G) of the set of the .f, where s runs over G. Then K contains a

58
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unique constant M(f). ]ff is the function corresponding to f on b(G), we have
M(f)= [ Js)ds
b(@)

where ds denotes the normalized Haar measure on b(G).

PRrOOF. Since AP(G) is isometrically isomorphic to C'(b(G)) (Theorem 3.4.1), we
may consider the case G = b(G), i.e., consider f € C(b(G)), where f is identified with
f in Theorem 3.4.1.

Let f € C(b(G)) and € > 0. Since f is uniformly continuous, there exists a
neighborhood V' of e in b(G) such that st™' € V implies |f(s) — f(¢)] < e. Let
(V's;)1<i<n be a finite cover of b(G) and according to Theorem 1.2.14 let (h;)1<i<n be
a partition of unity subordinate to this coverings.

Set

Oi = / hi(s)d87
b(G)

and let ¢ € b(G) be arbitrary but fixed, then because

/( f(s)ds = o f(st) ds-/b(G) (;hz(s)) f(st)ds

we have

n

= hi(s st)ds — hi(s)f(s;it)ds
/b(G)<Z <>>f<t> Sy BRCIIEY

i=1 i=1 Y (@)

f(s)ds — Z Cif(sit)

(@)

=D /b hi(s)[f(st) — f(sit)]ds

i=1 J(@&)
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:E/b(c) (ih,(s)) ds:efb(c) ds =e.

=1

On the other hand, )  C; = 1. Hence the constant fb(G) f(s)ds belongs to K be-
i=1
cause fb(G) f(s)ds belongs to the closure of the set of convex combinations of functions

sf € K.

Finally, every translation of f has the same integral on b(G) (translation invariance
of Haar measure). Hence every function in K has the same integral on b(G). If a
constant is in K, its value is hence necessarily fb(G) f(s)ds, in other words, if g(s) = k
for all s € b(G), g € K, then k = fb(G)g(s)ds = fb(G) f(s)ds. This shows that the
only constant function in K is M(f) = fb(G) f(s)ds. O

THEOREM 4.1.3. The map
M: AP(G) — C, f— M(f)

is an invariant mean on AP(G).

~

ProOF. All this follows from the equality M (f) = fb(G) f(s)ds of the theorem. [

4.2. The Marriage Lemma and Its Application

In this section, we give a second proof for the existence of mean on AP(G) which
does not use the Bohr compactification b(G). The proof relies on the following com-

binatorial result. Our main reference for this section is [26].

LEMMA 4.2.1 (The Marriage Lemma). Let P and Q) be nonempty sets. Let p be a
function that maps P into the family of nonempty subsets of Q). Suppose that

U o)

pEP

(4.2.12) > | P

for all finite subsets Py of P. Suppose also that P is finite or that p(p) is finite for
all p € P. Then there is an injective function o : P — @ with the property that

a(p) € p(p) for allp € P.
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PrRoOOF. We consider two cases.
Case 1: P is finite. We use induction on |P|. Let |P| = n. If n = 1, the result
is trivial. Since there is only one element p in P, we only need to let o(p) be any
element in p(p). Suppose, as induction hypothesis, that the lemma holds whenever
1 < |P| <n—1. Suppose |P| = n. We face two alternatives to consider.

The first one is that

U »(p)

peEP

>|P1|ifP1CPand0<|P1|<n.

Choose any py € P and let o(pg) be any element of p(py). Then P—{po}, @ —{p(po)}
and the function p — p(p) N {o(po)}¢ satisfy the inductive hypothesis. Here p(p) N
{o(po)}¢ # @ since if we let P, = {p}, according to (4.2.12) we have |p(p)| > |p| = 1.
Also, |P — {po}| = n — 1. Hence, o can be constructed in this case.

The second alternative is to suppose that there is a Py C P such that 0 < |Fy| < n

and | J p(p)| = |FPo|- Then Py satisfies the inductive hypothesis and so o can be
pePo

defined on Py so as to be injective, and such that o(p) € p(p) for all p € P,. Note

that o(Fy) = U p(p). o(Py) € U p(p) is obvious since o(p) € p(p) for all p € B.
peEP peER
Since o is injective,

o (Fo)l = || =

U o)

pEPR

Since all sets are finite, o(Py) = |J p(p). Now, let us look at the set PN Ps. If there
pePy
is a subset P of P N Py such that

U p(p) No(B)| < [P,

PEP>

then we would have

U »(p)

pPEPYUP,

a(Po)u | »(p)

peEP:

U olp) na(Ry)

pEP;
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That is, (4.2.12) would fail for Py U P,. Hence we can apply the inductive hypothesis
to P N P§ and the mapping p*(p) = p(p) No(Fy)¢, and define o on P N PS. We may
note that p*(p) # @ for all p € PN F§. In fact, if for some p’ € PN P, p*(p') = @,

we would have p(p') C o(Py) = | p(p), which means
peP)

Py U{p'} > |Po| =

= U »@)

pePyU{p'}

U o(P)

pePy

contradicting to (4.2.12).
Case 2: P is infinite and all p(p) are finite. We handle this case by a compactness
argument. With the discrete topology, each p(p) is compact, and so the Cartesian

product X = [] p(p) is compact. For a finite nonempty subset F' of P, let Hr be
peEP
the set of all (g,),ep € X such that all g, are distinct for p € F. By the first case,

Hp is nonempty. We claim that Hp is also closed. To prove it, we want to show that
Hf, is open. Let (g,)pep € Hf, then there exist py,ps € F such that g,, = gp,. Let
U =[] U, where

peEP

p(p) if p & {p1,pa2}
U, =

{9} ifp€{pp2}.
Then U is an open subset of X and (g,) € U C Hf.. Therefore, Hf. is open. Since
fv’]F1 N HF2 n---N HFn D) HFluFQUmUFn;
the intersection

ﬂ{]—] r : Fis a finite nonempty subset of P}

is nonempty. Choose any point (g,) in this intersection, and let o(p) = g, for all

p € P. Therefore, this o has all of the required properties. 0

REMARK 4.2.2. Intuitively, we can view P and () as two sets of people separated
by genders, i.e., P is a set of men and @) is a set of women. For each man p € P,

there is a subset p(p) of @ corresponding to him. The Marriage Lemma states that if
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for each group of men P;, the number of men |P,| is less than or equal to the number
of all assigned woman [|J,cp, p(p)|, then we can pair up each man p with exactly one

woman chosen from the set p(p).

The Marriage Lemma can be used to establish a useful fact about metric spaces

as follows.

COROLLARY 4.2.3. Let X be a metric space with metric d, and suppose that
{x1,...,2,} is an e-mesh in X for some € > 0, such that the number n of elements of
the mesh is as small as possible for the given €. Let'Y be any subset of X such that
for each x € X there is a y € Y such that d(x,y) < €. Then there are an injective
mapping o of {x1,x9,...,x,} into Y and a sequence {z,...,z,} of elements of X

such that d(zg, zi) < € and d(zx,0(xy)) < € where k =1,2,...,n.

REMARK 4.2.4. If we remove the middle points z;, we can say that there exists
an injective mapping o from {zi,...,z,} to Y such that d(xy,o(zg)) < 2¢ for k =
1,2,...,n. As a result, if x € X, then for some k, d(z,0(zy)) < 3e€ because for
some k, d(xz,zr) < e. So an e-mesh {z1,x9,...,2,} with minimum cardinality n
can be replaced with a 3e-mesh {y1,...,y,} with points yx € Y and with the same

cardinality.

PRrROOF. For every k=1,2,...,n, let

pley) ={y €Y :d(xy, z) < eand d(y, z) < € for some z € X}.

Note that all of xq,xs,...,x, are distinct. Consider an arbitrary nonempty subset
{zj,...,z;.} of {z1,...,2,} and if there are remaining elements, we write them as
Ty 25, We will prove that

(4:2.13) o) U-e Uplay)| > 7

If the set p(xj,) U--- U p(x;,) is infinite, there is nothing to prove. Suppose that it is
finite, we write p(xj,) U---Up(x;.) = {v1,...,ys}, where y; (1 <1 < s) are distinct.
For the set A = {y1,...,Ys,2j,,1,.--,%j,}, we have |A| < s+n —r. We claim that A
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is also an e-mesh. If z € X and d(z,x;,) > e forp=r+1,...,n, then d(z,z;,) < ¢ for
some p = 1,...,r. There is also a y € Y such that d(z,y) < €, and by the definition
of p, we have y € p(x;,), i.e., y =y for some I = 1,2,...,s. This proves that A is an
e-mesh. By the choice of n, we have s + n —r > |A| > n, so that s > r. This proves
(4.2.13).

Now apply the Marriage Lemma 4.2.1 with P = {z1,...,2,} and Q@ =Y. So there
exists an injective mapping o : P — Y, x; — o(xy) such that o(zx) € p(xg). By
definition of p(xy), we can find z; € X such that d(xy, 2z) < € and d(o(zg), 2x) < €.

Note that here the Marriage Lemma is only used for the case that P is finite. 0

To construct an invariant mean on AP(G), we show a couple of preliminary results.

THEOREM 4.2.5. Let G be a topological group, f a function in AP(G), and € > 0.
Let{D,, f,..., Do, f} and {Dy, f,..., Dy, [} be e-meshes in{D,f : a € G} both having

the least cardinal number n among all e-meshes. Then

1 o 1 <

= Daf=—> Dy f
k=1 k=1

REMARK 4.2.6. Recall that D,f is the function on G x G = G? such that
D.f(xz,y) = f(zay). According to Theorem 2.1.1, f € AP(G) ifand only if { D, f : a € G}
is compact in C®(G?). Since for f € AP(G), {D.f : a € G} is totally bounded, there-

(4.2.14) < 2.

sup

fore it has a finite e-mesh for every € > 0.

PROOF. We apply Corollary 4.2.3 to the e-meshes {D,, f} and {D,, f} in the
metric space {D,f : a € G}. Thus we can find ¢, ¢o, ..., ¢, € G and an injective map

o of {1,...,n} onto itself such that

[Dar f = Dey fllsup < € [Depf — Do, fllsup < € (k=1,2,...,n).

Therefore we have

(4.2.15) 1Day f = D fllsup < 2€.
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Adding the inequalities (4.2.15) from 1 to n, dividing by n, using elementary properties
of the norm, and noting that o carries {1,...,n} onto itself, we obtain the required

inequality. U

THEOREM 4.2.7. Let G be a topological group, f a function in AP(G), and € > 0.
Let {Dgy, f,...,Da, [} be e-meshes in {D,f : a € G} having the least cardinal number
n among all e-meshes. Then
1 < 1 <

f(ak) - _ZDakf

n
k=1 k=1

< 2e.

sup

PROOF. Let u,v be arbitrary elements of G. Then {Dya,of,..., Dy, of} is an
e-mesh in {D,f : a € G}. The reason is that given a € G, we have

HDu—lav—lf - DakaSUP <€

for some k € {1,2,...,n}, so

| Daf = Duayo fllsup = sup{|f(zay) — f(zuarvy)| : x,y € G}
Ly=vTly) =sup{|flautavly) - flrary)| z,y € G}
= sup{|Dy-14v-1 f(2,y) — Dy, f(z,y)| : z,y € G}

= HDu—lav—lf - Dakf”sup < €.

(let = zu~

For the two e-meshes {D,, f} and {Dy, f} with by = uayv, we consider the inequality
(4.2.14) at the point (e,e) € G2 We have

l Z Dakf(ea 6) - l Z Dbkf(ea 6)

n k=1 n k=1

=15 ) — > Flua)
k=1 k=1

1 & 1 &
= ﬁZf(ak)—ﬁZDakf(Uav)
k=1 k=1

< 2e¢
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Since (u,v) € G? was arbitrary, by taking supremum over G?, we obtain

1 & 1 &
ﬁ;f(ak>_E;Dakf

< 2e.

sup

O

Now we are ready to give our second proof of the existence of a mean on AP(G).

THEOREM 4.2.8. Let G be a topological group. There is a complex linear functional
M on AP(G) such that
(i) M(pfa) = M(f) for f € AP(G) and a,b € G;
(i) M(f) >0if f € AP(G), f >0 and f # 0;
(1ii) M(1g) = 1;
(i) M(F) = M().

In particular, M is an invariant mean on AP(G).

PROOF. Let f € AP(G) and let € > 0. Let E. be the set of all complex numbers

z such that for some sequence {cy,ca, ..., c,} of elements of G, the inequality

1 p
e==> Do f
P

holds. If €; < €, let zg € E,, then we have

20 — % ZDcnf
n=1

Therefore, 2y € E,,. This indicates that E., C E.,. Theorem 4.2.7 shows that E. is

(4.2.16) <e

sup

< € < € for some sequence {c,ca,...cpn}in G.

sup

nonempty. Suppose that z; and z are in E.. Then for all (x,y) € G?, we have

1
(4.2.17) i Z f(zey)| <e,
P
and
1
(4.2.18) 29 — — Z flzdry)| < €
k=1
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Setting z = e and y = dj in (4.2.17), adding over k = 1,...,q, and dividing by ¢, we

obtain

a- S feyds)| < e

k=1 j=1

and setting y = e and x = ¢; in (4.2.18), we obtain similarly

2 - piq SN Fegd)

< €.
j=1 k=1
Hence we have
(4.2.19) |21 — 22| < 2e.
If z € E., then for some sequence {ci,ca,. .., ¢y}, we have

<e€ for any a,b € G.

z— lz f(ac;b)
P

which means

p

1
2_92 f(ac;b)

J=1

2] < e < || fllsup + €

Let F. = E. be the closure of E, in C, which is compact since E, is bounded. We
note that F,, C F., whenever €; < €. Since F} is compact and F, C F} for all € < 1,

the relation

Fel N---N Fem D Fmin{el,...,em} 7é 1%}
shows that the family {F.}.~o has finite intersection property. Thus by Theorem
1.2.9 N F. is nonempty. If z,w € F, = E., then we can find 2/,w’ € E. such that

e>0
|z — 2| <€, |lw—w| < e Thus by (4.2.16), we have

|z —w| < |z =2+ [ =W+ |w —w| < e+ 2+ € =4e.



4.2. THE MARRIAGE LEMMA AND ITS APPLICATION 68

It follows that (1) F. contains exactly one point. This number we take as M (f). Also,
e>0
we have F, C Eo for all €, ¢ satisfying 0 < e < €. It follows that M (f) is the unique

point lying in all E.. Thus we have that M(f) is the unique complex number such

that for every e > 0, there is a sequence {ay,...,a,} of elements in G for which
1 n
(4.2.20) ||M(f) —=> Do f| <e
i sup
Thus for all x,y € G,
1 n
(4.2.21) ‘M(f) - > flaagy)| <€
k=1

Now, we are going to check the properties in the theorem.
First, M(af) = aM(f) for all f € AP(G) and all @ € C. Let ¢ > 0, and choose
by, b, ..., by € G such that

1 m
‘ - — E f(xbry)| < €/ for all z,y € G.
m
k=1

Then we have

- %kg xbky

Hence we have M (af) = aM(f) according to the uniqueness of M («af).

Second, we have M (,f,) = M(f) forall a,b € G. Let € > 0 and choose ay, ..., a, €
G satisfying (4.2.21), then for all z,y € G,

< €.

M(f) - - > falzagy)

k=1

= ‘M(f)—% f(bzragya)

| 3

Thus, M (pfa) = M(f).
Third, M(1g) = 1. Let f = 1 and € > 0. Choose an arbitrary a from G and
note that for all z,y € G:

11 —1g(zay)| =11 —-1] <e.
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Thus, M(1g) = 1.
Next we are going to prove that M (f +g) = M(f)+ M(g) for f,g € AP(G). For

e > 0, apply (4.2.20) to choose sequence {a1,...,a,} and {by,...,b,} of elements of
G such that

(4.2.22) HM(f) — %Z Dy fl| <e¢/2
J=1 sup

and

(4.2.23) HM(g) — % > Dyl <e/2
k=1

sup

From (4.2.22) we see that

1 m
‘M(f)—EZf(zajbky) < €/2 for all z,y € G.
j=1

Summing over k and dividing by n, we get

1 n m
M - j .
| (f) . Zf(xa]bky) <€/2 for all 7,y € G
k=1 j=1
That is,
(4.2.24) M(f) L sy D 9
4. - m : ajbkf < E/ .
k=1 j=1 sup
Similarly we find
1 m n
(4.2.25) H - %ZZDG gl <e/2
7=1 k=1 sup
Adding (4.2.24) and (4.2.25), we have
1 n m
HM(][‘)—’_M _%kllea]bk f+g < €.
= ]:

sup
Since € is arbitrary, the characterization of M (f+g) from (4.2.20) shows that M (f)+
M(g) = M(f +9g).
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Similarly, to prove (iv), according to (4.2.20), we have

<€ for some sequence {aq,...,a,r € G
) ) ) )

HM(f) - %ZD%]‘?
k=1

sup

which means

< €.

|M<f)_%ZDak7
k=1

sup

Therefore, M (f) = M(f).

Next, we establish (ii). Suppose f # 0 and f > 0. First we show that M(f) > 0.
To get a contradiction, we suppose M (f) < 0. Let zp € G be such that f(z¢) > 0.
Let 0 < e < —M(f). Choose ay, as, . ..ay so that (4.2.21) holds. Let y = e and choose
x such that za; = x¢, so that f(za1y) = f(xa1) = f(xo) > 0. Then

M) = =3 fleay)| = =M() + = S flea) > ~M(f) > e

which contradicts the assumption. Therefore M (f) > 0.
It remains to show that M(f) > 0. Let {D,, f,..., Da, f} be an f(z()/2 -mesh in
{D,f : a € G}. Then for all z,y,a € G, we have

fzayy) + - + f(rany) 2 max(f(zary), ..., f(zany)] > f(ray) — f(zo)/2.
Setting y = e and a = 7'z, we obtain
flzay) + -+ f(xa,) > f(x)/2 for all z € G.
Hence we have
M(fay + -+ + fa,) =nM(f) = f(0)/2 >0,

as we wanted to show. O

The linear functional M constructed in Theorem 4.2.8 is uniquely determined by

properties (i)-(iv) in Theorem 4.2.8.
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THEOREM 4.2.9 (Uniqueness of Invariant Mean). Suppose that G is a topological
group and that M’ is any complex linear functional on AP(G) such that
(i) M'(of) = M'(f) for alla € G and f € AP(G)
or
(1) M'(fo) = M'(f) for alla € G and f € AP(G),
(ii) M'(f) >0 for all f € AP(G)*,
(1ii) M'(1g) = 1.
Then M'(f) = M(f) for all f € AP(G).

PRrOOF. Since M and M’ are linear on AP(G), we only need to prove M'(f) =
M(f) for real-valued f € AP(G). By (4.2.20),

1 n
(4.2.26) —e < M(f) — - Zf(xaky) <e€ for all z,y € G,
k=1

where € > 0 is arbitrary and aq, ..., a, are appropriate elements of G. If M’ satisfies

(i), we set x = e in (4.2.26), and obtain

(4.2.27) e < M(f) - %if <e
k=1

Applying M’ to (4.2.27), and using property (¢), (i4) and (éiz) of M’, we get

M(—e) < M) == 37 Mo f) < M'(e),

which means

n

—e<SM(f) =Y M(f)<e o —e<M(f)-M(f)<e
k=1

Since € > 0 is arbitrary, M'(f) = M(f) for f € AP(G). The case in (i)’ is similar. [J

REMARK 4.2.10. As we saw in Theorem 4.1.3 that the mean M(f) = fb(G) f(s)ds
given in Section 4.1 satisfies the conditions (7)-(i77) in Theorem 4.2.9. Therefore the

mean constructed in Section 4.1 is identified with the mean constructed in this section.
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4.3. Examples of Invariant Means

In some cases, the mean value M on AP(G) has a particularly simple form.

THEOREM 4.3.1. Let G be a locally compact group with a left Haar measure \.
Suppose there is a sequence {K,}22 | of subsets of G such that 0 < A\(K,) < oo for
all n and such that for each x € G,

Az ) N KL

(4.3.28) Jim S =0
Then for every f € AP(G), we have

, 1
(4.3.29) M(f) = nh_g)lo NEL /Kn f(z)dx.

Before we give a proof let us give an example.

EXAMPLE 4.3.2. Consider the additive group R. For f € AP(R), we have
1 n

This follows from Theorem 4.3.1, by taking K,, = [—n,n]; note that if x € R, z > 0,
then

(x+ K,) NK; =[-n+z,n+z|N((—00,—n) U (n,00)) = (n,n+ ],

and thus

)\((x+Kn)ﬂKg)_£_>0 as n — 0o
MK, 2 ‘

So the condition of Theorem 4.3.1 are satisfied.

Now, we will prove Theorem 4.3.1.

PROOF. First, we prove that for f € C'(G) and b € G, we have

1

(4.3.30) ti s /Kn(bf(:c) — f(2))dz = 0.
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Knbf(x)dx—/Kn f(z)dz| = /bKn f(:c)d:c—/Kn f(z)dz

(4.3.31) g/ |f(x)|dx (because |1y, — 1k, | = Lk, AK,)
(bKn) A,

Clearly, we have

< fllsup[AOK, M KR + MK, N (0K)%)].
We also have
(4.3.32) MK, N (bK,)%) = M~ K, N (bK,)9)) = AM(b'K,) N K;).

Substituting (4.3.32) in (4.3.31), dividing the result by A\(K,,) and applying (4.3.28),
we obtain (4.3.30).

We shall use (4.3.28) to establish (4.3.29). It obviously suffices to prove (4.3.29)
for real-valued f € AP(G). For such f, let

p(f) = T / e

It is evident that p(f + g) < p(f) + p(g) and p(af) = ap(f) for @ > 0, in other
words, p is a sublinear functional. By Hahn-Banach Theorem 1.2.16, there is a linear

functional My on AP(G)g (real almost periodic continuous functions) such that
(4.3.33) —p(=f) < Mo(f) <p(f)  forall f e AP(G)g.
By (4.3.30) we have

pef —f)=—p(=f +f)=0  forall fe AP(G)r,b € G.

This and (4.3.33) shows that My(f) = Mo(pf). It is also clear that My > 0 and
My(1g) = 1. Then from Theorem 4.2.9 we infer that My(f) = M (f) for f € AP(G)g.
Now if there were a function f € AP(G)g such that

_p(_f):gﬂlm([(n) an( z)dr < lim
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then the proof of the Hahn-Banach theorem shows the existence of two distinct func-
tionals My and M; both satisfying (4.3.33). They would both be equal to M on
AP(G), and a contradiction would result. Consequently the limit in (4.3.29) exists
and (4.3.29) is established. O

ExXAMPLE 4.3.3. (a) Consider the additive group R. For f € AP(R), we have

. /_ bT F(w)da

M(f)= lim —/ f(z)dz = hm / f(z)dz = hm
T—a

T—oo 27T

where a and b are arbitrary real numbers.

(b) Consider the additive group Z. For f € AP(Z), we have

) 1 .
M<f)_$13iozm+1,z f(j):nioom—aﬂzf mﬁoom+b+1zf

(¢) Let G be a compact group. For f € AP(G) = C(G), we have M(f) = [, f(z)dx

where dz is the Haar measure.

4.4. Fourier Series of Almost Periodic Functions

A central result in the theory of Fourier series is that every continuous 27-periodic
function (more generally, every square integrable 2m-periodic function) on R has a

Fourier series expansion

Z f eine
€z
where the convergence is in the mean space norm || - || and
fin) =5 [ sla)e e
n x.
o

Moreover, the coefficients f(n) satisfy the Parseval’s identity

[ It@as =171 =22 3 Fo

- ne”L
In this section, we will discuss the existence of a similar ‘Fourier Series’ expansion

for the case of almost periodic functions on topological groups. We will derive the
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~

Fourier series expansions of almost periodic functions using the isomorphism AP (G)
C(b(@)) and the fact that coordinate functions of representations in b@) form an
orthonormal basis for C(b(QG)).

We start with some general results in theory of Hilbert spaces. Let E be a vector
space with inner product (-|-). We call E an inner product space, or a pre-Hilbert
space. An orthonormal family {e;};cr in E is called an orthonormal basis for E if the

set of all linear combinations of the ¢; is dense in E. The following is a standard result

on orthonormal basis.

THEOREM 4.4.1. Suppose that {e; }icr is an orthonormal basis for an inner product
space E.
(1) If x € E and \; = (z|e;), then

x = E Ai€i, (Fourier series)

i€l

and

l|z]|? = Z |\if2. (Parseval’s identity)

iel
(i1) If z,y € E and \; = (zle;), u; = (yle;), then
(zly) = Z Aif;.
icl

REMARK 4.4.2. The above result is usually stated for Hilbert spaces, however, as
the theorem shows, the completeness of F is not needed in this result. Since the index
set I need not be countable, the sums in the above theorem are not ‘series’ in the
traditional sense. Consider the case © = Zie ; Aiei. Here the equality means that for
every € > 0, there exists a finite subset J, of I such that whenever J is a finite subset

of I containing J., then ||z — >, ; Aie;|| <.

Other sums in the above theorem are to be interpreted similarly. Although these
sums are not series as they stand, the Parseval’s identity [z]|* = > .., [\|* implies

that all but a countable number of A\; must be zero. So if we are willing to discard the
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zero terms and change the index set accordingly, the above sums will turn into series.
The countable index set thus obtained would of course depend on z. For a proof of
the above theorem and a general discussion of uncountable sums, we refer to Chapter
IX of [18].

The proof of the existence of Fourier series for almost periodic functions given
in this section relies on an important result in the representation theory of compact

groups known as Peter-Weyl Theorem.

THEOREM 4.4.3. Let G be a compact group. For m € G, let {e1,...,€eq,} be an
orthonormal basis of Hy, and let m;;(x) = (w(x)e;le;) be the corresponding coordinate

functions, where i,7 € {1,2,...,d;}. Then the set

{Vdmij € @,1 <1,7 <dg}
is an orthonormal basis for L*(G).

It follows from this theorem that the coordinate functions /d.m;; satisfy the or-

thonormality relations

\/dﬂ\/dg/ i (2) TR (x)dr = 8700i101.
G

And if f € L*(GQ) (in particular, if f € C(G)), then

dr
[ = Z Z dr (flmi5) 5,

reG Hi=1
where (f|m;;) f o x)7; (z)dx and the convergence of the sum is in L?-norm.

Moreover,

dr
1= dal(flmis)?

re@ b=l

We know from Theorem 3.4.1 that the map

k: AP(G) — L*(b(@)), k(f) =1,
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o~

is an isometric isomorphism. Recall that for each f € AP(G), f is the unique con-
tinuous function on b(G) such that f = fo a. We can use the isomorphism x to
transfer the canonical inner product of L?(b(G)) to the space AP(G). In other words,
we define an inner product on AP(G) by putting
(119) = (s(s(o) = [ Feli@de = M(J5) (9 € AP(G).

where M is the mean on AP(G) (see Theorem 4.1.2). With this inner product on
AP(G), we may view k as an isomorphism between AP(G) and L?(b(G)) preserving
inner products.

Let G’ be the set of all (equivalence classes) of finite-dimensional, continuous,
unitary irreducible representations of G (thus G’ C @; this inclusion may be strict
since G may contain infinite-dimensional representations). We know from Theorem

3.1.3 that the map
b(G) — G, prpoa=/
is a bijection and moreover if §,n € H, = H,, then
Plg,n = Py O QL.
In particular, if {es,...,eq} is an orthonormal basis of H, = H, and
ps(@) = (p@)esle),  oly(2) = (F(@)esler),

then p; = pij o c.

The following is the main theorem of this section.

THEOREM 4.4.4. Let G be a topological group and G’ be the set of all finite-
dimensional, continuous, unitary, irreducible representations of G. If for every o’ €
G’ we choose an orthonormal basis {ey, . .. s€d,,} in Hyr and put o;(s) = (0'(s)ejle;)

(s € G), then the set

{dPol 0’ € G'1 <0, j < dor}

o./
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is an orthonormal basis in AP(G). In particular, every f € AP(G) has a Fourier

series erpansion

d,
f: Z Zda’<f‘gz{j)gz{j7

o'eGrig=1
where (floj;) = M(fa3;) and the convergence is in L*-norm. Moreover, the Parseval’s

identity

If1I3 = M(IfP) Z})ﬁﬂ%

o.eG/'Lj 1

holds.

PROOF. Let 0 € b@) be such that o o a = ¢’. Then by Theorem 4.4.3 we know
that

(&0, 10 € b(G),1< 4,7 < dy}

is an orthonormal basis for L*(b(G)). Since each a;; € C(b(G)) C L*(b(G)), it follows
that the above set is also an orthonormal basis of C'(b(G)). Using the equality d, = d,,

we have

k(dy) o)) = Ay k(o 0 a) = dY%oy;.

Therefore, by the definition of the inner product of AP(G):

(2ol |d P mly) = doPdl? (k(oly) () = dy2dy (03] m) = Gondikii.

g s
This proves the orthonormality of the functions d},{ 201/7..
So it remains to show that {d1/2 ol 0 € G 1<i,j< d,} spans a dense linear

subspace of AP(G). Let f € AP(G) and € > 0. Then x(f) = f € C(b(G)) and
hence there exist functions ¢, ..., ¢, € {d},/ ‘00 € b@), 1 <14,j < d,} and scalars
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A, ..., A, € C such that

Hf— anm <e
=1 2

We choose ¢, € {d1/2 o e Gl i,7 < dy} such that ¢; = @ Then
Hf—ZWé = [r(F =D i) =) k()| = Hf—ZAigbi <e
i=1 2 i=1 i=1 i=1 2

This completes the proof of the theorem. O

Next we apply the above theorem to almost periodic function on R. Note that R
consists of 1-dimensional representations = + ¢%*, R — T, where ¢ € R. Therefore in
this case, the coordinate functions are exactly {e®® : ¢ € R}. We recall from Example

4.3.3 (a) that the mean on AP(R) is given by

Now we can state the following corollary.

COROLLARY 4.4.5. FEvery almost periodic function on R has a Fourier series

expansion
F=Y f©ee
¢€R

where

Fl&) = M(fe %) = Jim / f(x)eeeda,

and moreover,
M%) =D 1)
£ER

In the special case that G = T, Theorem 4.4.4 reduces to the classical result on
the Fourier series expansion of 27-periodic functions on R. We recall that functions

on T = R/27x7Z can be identified with 27-periodic functions on R. And since T is
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compact and AP(T) = C(T), it follows that almost periodic function on T are just
continuous 27-periodic functions on R. We know T = Z., which means that irreducible

unitary representations of T are exactly the homomorphisms
¢n T —s T, (bn(eit) — (eit)n — eint’

where n € Z. The coordinate function of each ¢, is equal to ¢, itself, and if we

identify ¢,, with a 27-periodic function on R, we can view ¢,, as the function
bn :R—T, ¢p(z)=em".

The usual inner product on C(T) induces the following inner product on the space of

continuous 27-periodic functions

(o) = 5= [ g,

where the factor 1/27 is from the assumption that Haar measure on T is normalized.

It follows that for every continuous 27-periodic function on R,

~

(60) = 5= | sele o = Fin).

Now we can state the following result which is the classical Fourier series expansion

of continuous 27-periodic function.

COROLLARY 4.4.6. If f is a 2m-periodic continuous function on R, then

F=>_fn)én,
nez
where the convergence is in || - ||2 and

1713 =D 1F )l

nez



CHAPTER 5

Further Developments and Future Work

The theory of almost periodicity was started by the papers of Bohr [8-10] and
continued with works of many researchers including Bochner [4], von Neumann [37]
and Weil [45]. This phase of the theory has been discussed in details in this thesis.

The second phase can be identified with various generalizations and modifications
of the definition of almost periodicity. Here we can mention Stepanoft’s generalization
of almost periodic functions S? [43,44], Weyl’s almost periodic functions W7 [46] and
Besicovitch almost periodic functions B? (p > 1) [2,3]. In all these variations, almost
periodic functions are defined as the closure of trigonometric polynomials under a

particular norm. For example, Stepanoft’s norm is defined by

1 T+r 1/10
Il =sup (7 [ tsrias)
zeR r x

For different values of r these norms give the same topology and so the same space
SP is obtained.

A more interesting development is Weyl’s paper [47], in which he introduced the
notion of almost periodic vectors for unitary representations. In this paper Weyl uses
Bochner’s characterization to define almost periodic vectors, and uses his method
of ‘integral equations’ (or in modern terminology, spectral theory of compact opera-
tors) to study almost periodic vectors. In this paper Weyl develops a Fourier series
expansion for almost periodic vectors and establishes the Parseval’s identity.

Almost periodicity has been studied in topologies other than the norm topology.
For example, one can consider functions whose left translations form a relatively
compact set in the weak topology of C°(G). Such functions are called weakly almost

periodic (WAP). Since weak topology is weaker (coarser) than the norm topology,

81
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WAP(G) is a larger class of functions than AP(G). For a detailed study of W AP-
functions we refer to Burckel [12]. Almost periodic functions on semigroups were
studied by Maak [36].

Almost periodicity has also been studied for vector-valued functions, an early such
study goes back to von Neumann and Bochner [5].

More recently, almost periodicity has been studied for functionals on Banach al-
gebras, or more generally, for elements of a Banach module. If A is a Banach alge-
bra, then a continuous linear functional f € A* is called almost periodic if its orbit
{a-f :a € A, ||a]| < 1} isrelatively compact in A*. Weakly almost periodic functionals
are defined similarly. Some of the early properties of such functionals were developed
by Young [48], Lau-Wong [32], Duncan-Ulger [19]. For additional developments we
can mention Chou [13-15], Dunkl-Ramirez [20], Eberlein [21], Hartman [25], Kai-
jser [28]. And almost periodic functionals on Fourier algebras of locally compact
group G has been studied by Hu [27].

A complete characterization of weakly almost periodic functionals on Banach al-
gebras is given in Filali, Neufang and Monfared [22]. More precisely, it is shown
that weakly almost periodic functionals on a Banach algebra A with a bounded ap-
proximate identity, are exactly the coordinate functionals of representations of A on
reflexive Banach spaces.

Recently Filali and Monfared [23] introduced an analogue of Bohr compactification
in the category of Banach algebras. Starting with a Banach algebra A, one can find a
Banach algebra U(A) with the property that U(A) has ‘sufficiently many’ irreducible
finite-dimensional representations, in the sense that such representations separate the
points of A. In addition, U(A) has a universal type property, as well as a lifting
property for almost periodic functionals. These characteristics of U(A) make it a
natural analogue of the Bohr compactification b(G), for almost periodic functionals.

A future project of study is the investigation of conditions under which almost
periodic functionals are exactly the norm closure of the coordinate functionals of

finite-dimensional representations. This amounts to finding natural conditions under
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which the analogue of approximation theorem by trigonometric polynomials holds for
AP(A). Another interesting question is the study of invariant means on AP(A). Asin
the group case, invariant means are important tools in the study of various properties

of AP(A), including the approximation problem mentioned above.



APPENDIX A

Uniform Continuity

For a set X, we denote by .#°(X) the set of all bounded complex-valued functions
on X. Equipped with the supremum norm, .#°(X) is a Banach algebra, under the

usual pointwise operations.

DEFINITION A.0.1. Let f be a function on the topological group G, and y € G,
we define the left and right translates of f by

Lyf(z) = f(y~z), Ryf(z) = f(ay).

THEOREM A.0.2. Let G be a topological group and f € F°(G). Then the following
are equivalent:
(1) For every € > 0, there exists a neighborhood U of e such that if s,t € G and
ts~t e U, then |f(s) — f(t)| <e.

(ii) The map G — F°(G), s — Lyf is continuous.

A function satisfying these conditions is called left uniformly continuous.

PROOF. Suppose (i) holds. For a given ¢ > 0, let U be a neighborhood of e
satisfying the condition in (). Then for s € U and t € G, we have

Lo f(t) — f(&)| = |f(s7) — f(O)] <

Since t € G is arbitrary, it follows that ||Lsf — f||sup < €. Therefore the map s +— L, f
is continuous at e. Then we prove the map is continuous at an arbitrary a € G. The
set V' = Ua is a neighborhood of a, which means every t € V is of the form t = sa

for some s € U. Thus for t € V, we can write

||Ltf - Laf”sup = HLCL(Lta—lf - f)”sup = HLSf - f”sup < €.

84



A. UNIFORM CONTINUITY 85
This proves (i).
Next, suppose that (i) holds. For given € > 0, let U be the neighborhood of e
such that a € U implies that ||L,f — f|lsup < €. If 5,¢ € G are such that ts™* € U, we
have st™! = (ts7')~! € U, then

[f(s) = F(O)] = [f(s) = (L= [)($)] < NI = List=1 fllsup <€
This proves (7). O
Cramm A.0.3. Every left uniformly continuous function is continuous.

PROOF. Let a € G and € > 0. Let U be a neighborhood of e such that ts=! € U
implies that |f(s)—f(t)| < e. Then V = Ua is a neighborhood of @ and for s = ta € V,
the relation (ta)a™' =t € U implies that

1f(s) = fla)| = |f(ta) — f(a)] <e.
Thus f is continuous at a. ]

THEOREM A.0.4. Let G be a topological group and f € F°(G). Then the following
are equivalent:
(i) For every € > 0, there exists a neighborhood U of e such that if s,t € G and
st e U, then |f(s) — f(t)| <e.

(i) The map G — F°(G), s — R, f is continuous.

A function satisfying these conditions is called right uniformly continuous.

PROOF. Suppose (i) holds. For a given ¢ > 0, let U be a neighborhood of e
satisfying the condition in (). Then for s € U and t € GG, we have

[Rof(t) — f()] = |f(ts) — f(2)] <e.

Since t € G is arbitrary, it follows that ||Rsf — f|lsup < €. This proves that the map
s — R f is continuous at e. Next, we prove that the map is continuous at an arbitrary

a € G. The set V = alU is a neighborhood of a, then every t € V is of the form ¢ = as
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for some s € U. Thus for ¢t € V we can write

||Rtf - Raf”sup = ||Ra(Ra*1tf - f)“sup = ”Rsf - f”sup <€

This proves (i).

Next, suppose that (i7) holds. For given € > 0, let U be the neighborhood of e such
that a € U implies that ||R,f — f|lsup < €. Thus if s,¢ € G are such that s™'t € U,
then

[f(s) = F(B)] = [£(s) = (Beref) ()] < f = Ls-refllsup <€
This proves (i). O
Cram A.0.5. Every right uniformly continuous function is continuous.

PROOF. Let a € G and € > 0. Let U be a neighborhood of e such that s7't € U
implies that |f(s)—f(t)| < e. Then V = aU is a neighborhood of a@ and for s = at € V,
then relation a'(at) =t € U implies that

|f(s) = fla)| = |f(at) — fa)] <e.
Thus f is continuous at a. =

We denote the set of all left (right) uniformly continuous functions by LUC(G)
(RUC(G)). We call

UC(G) = LUC(G)[ |RUC(G)

the set of uniformly continuous functions. All three spaces LUC(G), RUC(G) and
UC(G) are Banach subalgebras of C*(G).

THEOREM A.0.6. If f € UC(G), the map G x G — C*(G), (s,t) = L R.f, is

continuous.

PROOF. Suppose (Sq,ts) is a net in G x G such that (s.,t,) — (s,t). Then

HLsaRtaf - Lthf”sup < HLsaRtaf - Lthastup + HLthaf - Lthstup



A. UNIFORM CONTINUITY 87

= [[Bro (Lo f = Lsf)llsup + | Ls(Bro f = Bif)llsup

= HLsaf - LSfHSUP + HRtaf - RtfHSUP'

Since f is both left and right uniformly continuous, it follows that the right hand side
tends to 0 as (Sa,ta) — (s,1). O



APPENDIX B

Stone-Weierstrass Theorem

In this appendix we state and prove the Stone-Weierstrass approximation theorem.
This result is used in Section 3.5 of this thesis. Our reference for this appendix is

Rudin [41].

LEMMA B.0.1. If f is a continuous complex function on [a,b], there exists a

sequence of polynomials P, such that

lim P (z) = f(x)

uniformly on [a,b]. If f is real, the P, may be taken real.

ProoOF. Without loss of generality, we assume that [a,b] = [0,1] and f(0) =

f(1) = 0. For if the theorem is proved for this case, consider

g9(x) = f(z) = f(0) —z[f(1) = f(O)] (0O<z<1T).

It is trivial that ¢g(0) = ¢g(1) = 0. We define f(x) to be zero outside [0, 1]. Then f is

uniformly continuous on the whole line. We put
Qn(z) = (1 —2?)" (n=1,2,3,...)
where ¢,, is chosen so that
1
(B.0.34) Qn(z)dr =1 (n=1,2,3,...).
—1

Since

/_1 (1— 22 de = 2 /1(1 — )rda

1 0

88
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o
> 2/ (1 —2*)"dx
0

1y
> 2/ (1 —nz®)dx
0
_ 4 o
\/_ \/_
it follows from (B.0.34) that
(B.0.35) ey < /.
For any 6 > 0, (B.0.35) implies
(B.0.36) Qu(z) <Vn(1-0%)"  (6<f2] <),

so that @, — 0 uniformly in 0 < || < 1. Now, set
1
(B.0.37) Py () = / faDnmd (0<z<1).
-1
Given € > 0, we choose § > 0 such that |y — x| < ¢ implies

f(y) = f(o)] <e/2.

Let M = sup|f(x)|. Using (B.0.34) and (B.0.36), and the fact that @, (z) > 0. We
see that for 0 < x < 1,

o) - 50 =| [ 16+ - s@lQuera
< / 1+ 0) = F@)Qu 0

-0 1) 1
<o [ Qut)d @t +20 [ 0n)d
<9 /_1Q(t)t+e/2/_5Q(t)t+2 /6Q(t)t
<AMyn(l —8*)"+¢€/2 <€

for all large enough n, which proves the theorem. 0
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COROLLARY B.0.2. For every interval [—a, a], there is a sequence of real polyno-
mials P, such that P,(0) =0 and such that

lim P,(z) = |z|
n—oo
uniformly on [—a,al.

PrOOF. By Lemma B.0.1, there exists a sequence { P’} of real polynomials which
converges to |z| uniformly on [—a,a]. In particular, Pf(0) — 0 as n — oo. The

polynomials
Po(x) = Pi(z) = F;(0)  (n=1,23,..)
satisfy the conditions. O

DEFINITION B.0.3. Let A be a family of functions on a set F. Then A is said to
separate points in E if to every pair of distinct points x1, 2o € E there corresponds a
function f € A such that f(z1) # f(x9).

If to each x € FE there corresponds a function g € A such that g(z) # 0, we say
that A vanishes at no point of E.

If A is an algebra and has the property that f € A whenever f, € A (n =
1,2,3,...) and f,, — f uniformly on E, then A is said to be uniformly closed. Let
B be the set of all functions which are limits of uniformly convergent sequences of A.

Then B is called the uniform closure of A.

THEOREM B.0.4. Suppose A is an algebra of functions on a set E, A separates
points on E, and A vanishes at no point of E. Suppose x1,xo are distinct points of
E, and c1,cy are constants (real if A is a real algebra). Then A contains a function

f such that

f(x1) =c1,  f(x2) = co.



B. STONE-WEIERSTRASS THEOREM 91

PROOF. the assumptions show that A contains functions g, h and k such that
9(x1) = g(22),  h(z1) #0,  k(zz2) # 0.
Let
u=gk—g(z)k, v=gh—g(z)h.

Then u,v € A, u(z1) = v(xe) =0, u(x2) # 0, and v(z1) # 0. Therefore

c1v CoU

satisfies the properties. O

THEOREM B.0.5. Let A be an algebra of real continuous functions on a compact
set K. If A separates points on K and if A vanishes at no point of K, then the

uniform closure B of A consists of all real continuous functions on K.

PrOOF. The proof has four steps.
Step 1: If f € B, then f € |B].

Let
(B.0.38) a =sup|f(z)] (r € K)
and let € > 0 be given. By Corollary (B.0.1) there exist real numbers ¢, co, ..., ¢,
such that
(B.0.39) iciyi —ly|| <€ (—a<y<a).
i=1

Since B is an algebra, then function

n

gzzcz‘fi

i=1

is a member of B. By (B.0.38) and (B.0.39), we have

g(x) = [f(2)ll <e  (x€K).
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Since B is uniformly closed, this shows that |f| € B.
Step 2: If f € B and g € B, then max(f,g) € B and min(f,g) € B.

As we know,

_f+g+|f—g|

max(f,g)— : 5 : _f+g_|f_g|’

m1n<f7 g) - 2 2
Therefore if fi,..., f, € B, then

max(f1,...,fn) € B and min(fi,..., f,) € B.

Step 3: Given a real function f, continuous on K, a point z € K, and € > 0, there

exists a function g, € B such that g,(z) = f(z) and
(B.0.40) gz(t) > f(t) — ¢ (t € K).

Since A C B and A satisfies the hypotheses of Theorem B.0.4 so does B. Hence,

for every y € K, we can find a function h, € B such that
(B.0.41) hy(x) = f(z),  hy(y) = fy)-
By the continuity of h, there exists an open set J,, containing y, such that
(B.0.42) hy(t) > f(t) — € (teJy).
Since K is compact, there is a finite set of points such that
(B.0.43) KcJ,U---Ud,,.
Let
gy = max(hy,,...hy,).

gz € B, and g, has the other properties according to Step 2 and (B.0.41) to (B.0.43).

Step 4: Given a real function f, continuous on K, and € > 0, there exists a function
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h € B such that
(B.0.44) |h(z) — f(z)] <€ (x € K).

Since B is uniformly closed, this statement is equivalent to the conclusion that B
consists of all real continuous functions on K. Let us consider the functions g,, for
each x € K, constructed in step 3. By the continuity of g,, there exist open sets V,

containing x, such that

(B.0.45) gz(t) < f(t) +¢€ (teVy).

Since K is compact, there exists a finite set of points x4, ..., z,, such that
(B.0.46) KcV,u---uVv, .

Let

h =min(gs,, .-, ga,,)-
By step 2, h € B, and (B.0.40) implies
(B.0.47) h(t) > f(t) — ¢ (t € K),
whereas (B.0.45) and (B.0.46) imply
(B.0.48) h(t) < f(t)+e€ (t € K).

Finally, (B.0.44) follows from (B.0.47) and (B.0.48). O

We say that an algebra A is self-disjoint if for every f € A, its complex conjugate
f also belongs to A, where f is defined by f(z) = f(x).

THEOREM B.0.6 (Stone-Weierstrass). Suppose A is a self-adjoint algebra of com-
plex continuous functions on a compact set K, A separates points on K and A vanishes
at no point of K. Then the uniform closure B of A consists of all complex continuous

functions on K. In other words, A is dense in C(K).
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PROOF. Let Agr be the set of all real functions on K which belong to A. If f € A
and f = u + iv, with w,v real, then 2u = f + f, and since A is self-adjoint, we see
that uw € Ag. If 1 # x9, there exists f € A such that f(x;) = 1, f(x2) = 0; hence
0 = u(zy) # u(xy) = 1, which shows that Ag separates points on K. If x € K, then
g(x) # 0 for some g € A, and there is a complex number A such that Ag(z) > 0; if
f=2Ag, f =u+iv, it follows that u(x) > 0; hence Ag vanishes at no point of K.

Thus Apg satisfies the hypotheses of Theorem B.0.5. It follows that every real
continuous function on K lies in the uniform closure of Ag, hence lies in B. If f is
complex continuous function on K, f = u+1iv, then u € B,v € B, hence f € B. This

completes the proof. O

Stone-Weierstrass theorem implies the classical Weierstrass trigonometric approx-
imation theorem. Recall that a trigonometric polynomial on R is a function of the

form

n

Z(ak cos kx + by sin kx),

k=0
where ay, b, are complex numbers. Using the identity e** = coskx + isinkx, a

trigonometric polynomial can be written as

n

§ : ckezkz7

k=—n
where ¢, € C.
With the help of the Stone-Weierstrass theorem, it is easy to drive the following

trigonometric approximation theorem due to Weierstrass.
THEOREM B.0.7 (Weierstrass). Trigonometric polynomials are dense in C(T).

Since elements of C(T) are identified with continuous 27-periodic functions on
R, we may also say that every such function can be uniformly approximated by

trigonometric polynomials.
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n
PROOF. Trigonometric polynomials > ce?*® form a subalgebra of C(T) con-
k=—n
taining the constants and closed under complex conjunction. Also, the function e*®

separates the points of T. Thus Stone-Weierstrass theorem applies the result. U

Since T 2 7 consists of the 1-dimensional representations e — e** k € 7, the

kx

n
trigonometric polynomials Y c¢,e™® can be viewed as the coordinate functions of

k=—n

representations in T. From this point of view, we may regard Peter-Weyl theorem as

generalization of the trigonometric approximation theorem of Weierstrass.
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