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ABSTRACT

In this thesis, we consider inference problems about the drift parameter vector
in generalized mean reverting processes with multiple and unknown change-points.
In particular, we study the case where the parameter may satisfy uncertain restric-
tions. As compared to the results in the literature, we generalize some findings in
five ways. First, we consider a statistical model which incorporates uncertain prior
information and the uncertain restriction includes as a special case the nonexistence
of the change-points. Second, we derive the unrestricted estimator (UE) and the
restricted estimator (RE), and we study their asymptotic properties. Specifically, in
the context of a known number of change-points, we derive the joint asymptotic nor-
mality of the UE and the RE, under the set of local alternative hypotheses. Third,
we derive a test for testing the hypothesized restriction and we derive its asymptotic
local power. We also prove that the proposed test is consistent. Fourth, we construct
a class of shrinkage type estimators (SEs) which includes as special cases the UE,
RE, and classical SEs. Fifth, we derive the relative risk dominance of the proposed
estimators. More precisely, we prove that the SEs dominate the UE. The novelty of
the derived results consists in the fact that the dimensions of the proposed estimators
are random variables. Finally, we present some simulation results which corroborate

the established theoretical findings.
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Chapter 1

Introduction and contributions

Nowadays, Ornstein-Uhlenbeck (O-U) processes are applied in different fields, such
as physical sciences (Lansky and Sacerdote (2001)) and biology (Rohlfs et al. (2010)).
The O-U process is also called the mean reverting process since the mean reverting
level is the component which has large effect on it. For the classical O-U processes,
the mean reverting level is constant. However, the classical O-U processes do not fit
well to data whose mean reverting level may change with the time. This is partic-
ularly the case for some phenomena which heavily depend on factors which change
with the time. For instance, government policy is one factor which affects the stock
price. Thus, if the government policies are changed in different time periods, the
mean reverting level of the stock price may change. As a result, the stock price is
changed. To overcome such a problem, Dehling et al. (2010) proposed a stochas-
tic process which has a time-dependent periodic mean reverting function. This is
the so called generalized Ornstein-Uhlenbeck process. Further, to take into account
some unconventional shocks of the process, Dehling et al. (2014) and Nkurunziza and

Zhang (2018) considered inference problems in generalized O-U processes. To give



a closely related reference, we quote Chen et al. (2017) who proposed a method for
detecting multiple change-points in generalized O-U process. In this thesis, we study
the inference problem in generalized O-U processes with multiple unknown change-
points where the drift parameter is suspected to satisfy some restrictions. We also
revisit the conditions for the main results in Chen et al. (2017) to hold. In particu-
lar, we show that the results in Chen et al. (2017) hold without their Assumption 2.
Nevertheless, the authors of the quoted paper omitted an important condition about
the initial value of the SDE for their main results to hold. In the subsequent section,

we highlight the main contribution of this thesis.

1.1 Main contributions

In this section, we present the main contributions of this thesis. Briefly, we generalize
the methods in Chen et al. (2017) as well as that in Nkurunziza and Zhang (2018).
In particular, the proposed method generalizes the work of Chen et al. (2017) in five

ways.

1. We consider a statistical model which incorporates the uncertain prior knowl-

edge.

2. We derive the unrestricted estimator (UE) and the restricted estimator (RE)

for the drift parameter.

3. For a known number of change-points, we derive the joint asymptotic normality

of the UE and the RE under the set of local alternative hypotheses.

4. We derive a test for testing the hypothesized restriction and we derive its asymp-

totic power. The proposed test is also useful for testing the absence of change



points.

5. We construct a class of shrinkage estimators (SEs) which includes as a special
case the UE, the RE and classical SEs. The proposed SEs are expected to be

robust with respect to the restriction.

The novelty of the derived results consists in the fact that the dimensions of the
proposed estimators are random variables. To overcome the difficulty due to the
randomness of the dimension, we establish two asymptotic results which are of interest

on their own.

1.2 Organization of the thesis

The remainder of this thesis is organized as follows. In Chapter 2, we introduce
the statistical model and assumptions. In Chapter 3, we study the joint asymptotic
normality of the UE and the RE in the case of known change-points. In Chapter
4, we study the joint asymptotic normality of the UE and the RE in the case of
unknown change-points. In Chapter 5, we present inference methods in the case of
unknown change-points and unknown number of change-points. In Chapter 6, we
construct a class of SEs and test the restriction. In Chapter 7, we compare the
relative performance between estimators. In Chapter 8, we present some simulation
results, and Chapter 9 gives some concluding remarks. Finally, for the convenience

of the reader, some technical results and proofs are given in the Appendix A and B.



Chapter 2

Statistical model and regularity

conditions

In this section, we present the statistical model of the generalized Ornstein-Uhlenbeck
process which is mainly studied in this thesis. Two assumptions are presented. Un-
der these assumptions, we derive the log-likelihood function. In Chapter 3 and 4, we
use this log-likelihood function to derive the Mazimum Likelihood Estimator (MLE)
without restriction and with restriction.

The inference problem studied in this thesis was mainly inspired by the work in
Chen et al. (2017) where the authors proposed a method for detecting multiple
change-points in generalized O-U processes. To give some other references about
inference problem in generalized O-U processes, we quote Dehling et al. (2010),
Dehling et al. (2014), Nkurunziza and Zhang (2018). To introduce some notation,
let {W;;t > 0} be a one-dimensional standard Brownian motion (Wiener process)
defined on some probability space (€2,§, P) and let ¢ > 0. The change points are

denoted by 7; = ¢;T, where j = 1,...,mand 0 < ¢; < --- < ¢, < 1. We let



To = 0 and 7,01 = T to simplify the notation. Let T denote the transpose of a
matrix, let 0 = (6],...,0) )" with 6; = (p1j,... ppja;)" for ;o1 < t < 7
where, for j = 1,...,m+ 1 and k = 1,...,p, p; is real value and a; > 0. Let
o(t) = (p1(t), p2(t), ..., p(t)). Let I;y be an indicator function, and let I, be the
p-dimensional identity matrix. As in Chen et al. (2017), we consider the stochastic

differential equation (SDE) given by

where the drift coefficient, S(0,t, X;), is as follows

m+1 D
5(9, t, Xt) = Z ( ,LLkJQDk(t) — CLth> H{Tj_1<t§7'j}' (22)
k=1

Jj=1

In the SDE given in (2.1) and (2.2), m represents the number of unknown change-
points (m > 1), while 71, 79, ..., 7, are the locations of change-points. In this thesis,
the parameter of interest is # while m, 7, 79, ..., 7, are the unknown nuisance pa-
rameters.

Sometimes, there exists a prior knowledge, called prior information, so that we might
use both the non-sample information and the sample information to estimate the
parameters. In this thesis, the prior information is considered as a form of a linear
constraint on @ for a given m, 7, 7, ..., Ty,. Then, when 7, 7, ..., 7, and m are
known, the maximum likelihood estimator, which is derived based on linear restric-
tions, is called the Restricted Maximum Likelihood Estimator (RMLE). In particular,

we consider the scenario where the target parameter may satisfy the restriction
Hy:BO=r (2.3)

where B is a known ¢ x (m + 1)(p + 1) full rank matrix with ¢ < (m+1)(p+ 1), r

is a known g-column vector, and 6 is the vector of parameters. This restriction leads



to the hypothesis testing problem
Hy:BO=r vs Hy:DBO #r. (2.4)

Particularly, if we choose r = 0 and

Ijyi =Ly O ... 0 0
Lol 0 B b 00 .
0 0 0 ... Ly —Iy

the restriction in (2.3) corresponds to the case where there are no change points.
Thus, the testing problem in (2.4) includes as a special case testing the absence of

change points.

Assumption 1. The distribution of the initial value, Xy, of the SDE in (2.1) does
not depend on the drift parameter 6. Further, Xy is independent of {W; : t > 0} and

E[|Xo|"] < oo, for some d > 2.

Assumption 2. For any T > 0, the basis functions {py(t), k =1, ...,p} are Riemann-
integrable on [0,T] and satisfy
(1) Periodicity: ¢(t + v) = @(t) where v is the period in the data.

(2) Orthogonality in L*([0, v]1d\): / ()" (t)dt = vip.
0

Remark 1. Assumption 2 corresponds to a similar assumption in Chen et al. (2017).
Assumption 1 is not explicitly given in Chen et al. (2017), but their results require the
Assumption 1 to hold. For ezample, if E[|Xo|?] = oo, the relation (3.8) in Chen et al.
(2017) does not hold. Further, if the distribution of Xy depends on 6, by Theorem 1.12
in Kutoyants (2004), the likelihood function given in Section 3.1 of Chen et al. (2017,

see p. 220/) does not hold.



Since, for k =1, ..., p, vi(t) is bounded on [0, T] and is periodic, this implies that
wk(t) is bounded on R;. Without loss of generality, as in Chen et al. (2017), we
assume that v = 1.

The following proposition shows that the SDE (2.5) admits a strong and unique

solution.

Proposition 2.1. The SDE

m+1 p
X, =) (Z i, 5pr (1) — ant) Lry s <tzryydt + odW (2:5)
j=1 \ k=1

0 <t <T admits a strong and unique solution that is L*-bounded on [0,T), i.e.,

sup E[X?] < oo.
0<t<T

Proof. 1t suffices to check whether the coefficients of SDE satisfy both space-variable
Lipschitz condition and the spatial growth condition. For more details, see the proof

of Proposition 3.2 in Chen et al. (2017). O

Lemma 2.1. The solution of SDE in (2.5) has the explicit representation

m+1

Xi =Y X0, y<rsryys X(8) = e Xo + hy(t) + 2(D), (2.6)
7=1

where
P t t
h;(t) :e_ajtz,uk,j/ e"Ppp(s)ds, zi(t) :ae_“jt/ e dWs. (2.7)
k=1 0 0

Further, sup E[| X¢|?] < oc.
>0

The proof is given in Appendix B.

Note that process {Xt}{Tj_1<t§Tj} is not stationary. Because of that we cannot apply
the ergodic theorem for stationary processes. However, we can introduce some

stationary stochastic processes associated to {X; : ¢t > 0}.

7



We define, for 7,1y <t <715, 7 =1,...,m+1,
X;(t) = hy(t) + 2(t) (2.8)

where

R P t t -
h;(t) = e“jtz,ukJ/ e pi(s)ds, Zi(t) = ae“jt/ e%*d B, (2.9)
k=1 o

—00

where {B,},cr denotes a bilateral Brownian motion. i.e.
B, = ByIg,(s) + B_,JIz_(s)

with {Bs}s>0 and {B_,}s0 being two independent standard Brownian motions.

Let ¥; be a (p+ 1) x (p + 1) non-random matrix as, for j =1,...,m + 1,

I A,
5= (2.10)

T )
Aj wj

where
2

1 1
Aj:—/ R ()t w, :/ B2yt + 2
0 0

)
2aj

P t
hi(t) = e %" Z,uk,j/ e pr(s)ds.
k=1 e
Proposition 2.2. Suppose that Assumptions 1-2 hold, then, for k=0,1,...,
(1) E[X;(t + k)] = hy(t);
2

(2) Cou(X;(t), X;(t + k)) = e—aik 9

ZCL]‘ '
The proof is given in Appendix B. From Proposition 2.2, we derive the following

lemma which shows that our introduced processes are stationary and ergodic.

8



Lemma 2.2. Fort € [0,1], for j = 1,2,...,m, the sequence of random variables

{X;(k + ) }ren, is stationary and ergodic.
The proof is given in Appendix B.

Remark 2. From Proposition 2.1, we have P </T S%(0,t, X, )dt < oo) =1, for all
0 <T < oo and elements 0; of 0 involved in S(Q?t,Xt) given by equation (2.1). In
passing, it should be noticed that this condition is given as a required assumption in
Chen et al. (2017, Assumption 2). Thus, here we show that the results in Chen et al.

(2017) hold without their Assumption 2.
This condition is useful in deriving the likelihood function of the SDE in (2.1).

Proposition 2.3. If Assumption 1-2 hold, then the log likelihood function is

m—+1 m—+1

~ 1
log L(0, X)) = — Z@T (1) ~ 53 > 0/ Qe (2.11)
j=1
where
T T T T
7::(-,-],7177-],) = (/ gpl(t)dXt,,/ Spp(t)dXta_/ Xtht) (212)
and
/' QA(t)dt ... / o1 (), (t)dt —/ 01 X, dt
Tj,1 Tj,1 Tj71
Qurjorimy) = : : : : . (213)

—/ o1 Xpdt ... —/ 0pXdt / XZ2dt
L Tj—1 Tj—1 Ti—1

J— J— J

The proof is given in Appendix B. The following proposition shows that the matrix

Q (¢, m) is positive definite. By using Proposition 2.3, we derive in the next section



the UMLE for 6. To introduce some notation, let ¢ = (¢1,...,¢,)". Let

Q(om) 0 0
) ) ) 0 Qumy ... 0
R(¢,m) = (Fom)s s Tmm) | QUoym) = | | ’ | ' . (2.14)
0 0 . Quum

Proposition 2.4. Suppose that Assumption 1-2 holds. Then, if

1
T > ————, Qu,_,r) 18 positive definite for j =1,...,m+ 1. Further, if
(05 — &j-1)
T> - , Q(p,m) is a positive definite matriz.
Juin (5 — @)
<j<m+1

The proof of this proposition is similar to that of Proposition 3.2 of Shen (2018, p. 32).

Further, for the convenience of the reader, we also give the proof in Appendix B.

10



Chapter 3

Estimation in the case of known

change points

3.1 The unrestricted estimator

In this chapter, we assume that the change point 7; = ¢;T" is known, j = 1,...,m.
Then, some preliminary results related to the Mazimum Likelihood Estimator (MLE)
of drift parameter are developed. In this chapter, all the estimation problems are
studied on the basis of the sample information. Hence, the derived MLE is called the
Unrestricted Mazimum Likelihood estimator (UMLE). We also derive the asymptotic

normality of the UMLE.

3.1.1 The UMLE 0(¢, m)

The UMLE é((b, m) is derived based on Proposition 2.3 along with the positive defi-

niteness of Q(p, m).

11



By relation (2.11) in Proposition 2.3, we have

log L(0, X;) = %QTR(@ m) — T;QTQ(QS, m)0. (3.1)

Next, from Proposition 2.4, we derive the UMLE which is given in the following

lemma.

Lemma 3.1. Suppose that Assumptions 1-2 hold, and let R(¢,m) and Q(¢,m) be as

defined in (2.14). Then the UMLE of 0 is

The proof is given in Appendix B. Let

R((b, m) = (7‘(0771), cey T(Tm’T))T (3.2)

o= ( [, [ aoav - [ xan)

for 0 < a <b< T, and Q(p,m) defined in (2.14). From Lemma 3.1, we derive

and

the following proposition which is useful in deriving the asymptotic normality of the

UMLE.

Proposition 3.1. Suppose that Assumptions 1-2 hold. The UMLE of 6 can be

rewritten as

0(¢,m) =0+ 0Q " (¢, m)R(¢,m). (3.3)

The proof is given in Appendix B.

By Lemma 3.1, we can rewrite the UMLE of the drift parameter

0= Q7 (6,m) (9, m) = TQ™ (6,m) 1 R(6.m) = (£Q(6m)) ™ 7 Rlo.m). (3.4)

12



Thus, in order to study the convergence of é(gb, m), we study first the convergence of

1
(TQ(QS, m))~'. To introduce some notation, let r , d , L , —2 5 denote
T—o0 T—o0 T—o0 T—o0

convergence in probability, in distribution , in LP-space and almost surely respectively,

as T tends to infinity.

Proposition 3.2. If Assumption 2 holds, then, for 0 < ¢;_; < ¢; <1,

4 1o -
j=lom+l = /¢le P ()dt ——— (¢; — d;1)Ip.

The proof is given in Appendix B.

Proposition 3.3. Suppose that Assumptions 1-2 hold. Then, 0 < ¢;1 < ¢; <1
where 7 =1,...m+1,

1 [%T P L

7| e o 0- 00 [ o

¢j-1T

The proof is given in Appendix B.

Proposition 3.4. Suppose that Assumptions 1-2 hold. Then, 0 < ¢;_1 < ¢; < 1,
j=1..m+1,
1 (9T P 1 o2
T Xidt —— (6 — dj-1) [/0 (hj(t))dt + S—1|.

;T 2a;

The proof is given in Appendix B. Let

_¢1E1 0 0 ]
5 0 (p2—1)%s ... 0
0 0 (= 6

Proposition 3.5. Suppose that Assumption 2 holds. Then, ¥; is a positive definite

matriz for j = 1,....m+ 1. Further, X is a positive definite matriz.

13



The proof is given in Appendix B. By combining Propositions 3.2-3.4, we derive

the following proposition.

Proposition 3.6. If Assumptions 1-2 hold, then, for 0 < ¢;,1 < ¢; < 1, j =

-1 LN 1 N1 -1 SRS 3
l,..,m+1, TQ(Tj—17Tj) T—o00 ij _ijfl (E]) - Further, TQ (¢,m) T—o00 X

The proof is given in Appendix B. It should be noticed that in Nkurunziza and

Fu (2018), we prove a stronger result. Indeed, we prove that the above convergences

hold almost surely.

3.1.2 Asymptotic normality of the UMLE é(¢, m)

1
In this subsection, we study the convergence of ﬁR(qﬁ, m). Then, based on that

convergence, we establish the asymptotic normality of the UMLE é(gb, m).

1
The following proposition gives the limiting distribution of — R(¢, m).

VT

Proposition 3.7. Suppose that Assumptions 1-2 hold. Then,

1 d .
ﬁR(Q m) m T~ Mm+1)(p+1)(0a 2).

The proof is given in Appendix B. From Proposition 3.7, we derive below a
proposition which gives the asymptotic normality of the UMLE. To simplify some

mathematical expressions, let pr (¢, m) = VT(6(¢,m) — 6).

Proposition 3.8. Suppose that Assumptions 1-2 hold. Then, the UMLE é(qﬁ, m) is

asymptotically normal, i.e., pr(¢p, m) TL> P~ Nt 1) (0, a?xh.
—00

The proof is given in Appendix B.

3.2 The restricted estimator

In this section, we derive the restricted maximum likelihood estimator (RMLE).

14



Proposition 3.9. Suppose that Assumptions 1-2 hold along with (2.3) and let

G=Q Y¢,m)B"(BQ ' (¢,m)B")~t. Then, the RMLE of 0 is
00, m) = 0(6,m) = G(BI(9,m) — 7). (3.5)

The proof is given in Appendix B.

3.2.1 Asymptotic normality of the RMLE 0(¢, m)

In this subsection, we study the asymptotic property of the RMLE §(¢, m) based on

the asymptotic normality of the UMLE é(gzﬁ, m). Based on Proposition 3.9, we have

VT (6(¢,m) = 0) = VT[Gr + (Ipns1yp1) — GB)O(¢,m) — 0]

= VT(Gr = 0) + VT (It pr1) — GB)O(o,m).
This gives
VI(8(¢,m) = 0) = (Lmrypin) — GBIVT(0(¢,m) — 6) = VTG(BO — ).
Now, we define ¢ (¢, m) = VT (0(¢,m) — 6). We have
Cr(d,m) = (Lgnsnpin) — GBIVT(0(d,m) —0) = VTG(BO—7).  (3.6)

Consider a continuous function g(X) = X BT (BX B'")~! where X is a positive definite

matrix. We have
g(TQ™H(¢,m)) =G =TQ ' (p,m)B" (BTQ (¢, m)B)™".
By combining Proposition 3.6, and the continuous mapping theorem,

G LG =x"'BT(BE BT,

T—o0

15



and

P *
Iy = GB ——— Limynpn) — G B. (3.7)

To study the asymptotic normality of the RMLE §(¢, m), we consider the following

set of local alternative restrictions,

Hop:BO—1=-> T>0 (3.8)

VT

where rq is a fixed ¢g-column vector. Then,

VTG(BO — 1) = \/TG% = Grg =" G"ro. (3.9)

Proposition 3.10. Suppose that Assumptions 1-2 hold along with the set of local
alternatives in (3.8). Then RMLE 6(¢,m) given in (3.5) is asymptotically normal,

i.@., gT(gbv m) L> C ~ Mm+l)(p+1)( - G*T[)) 0-2(2_1 - G*BE_I))

T—o0

The proof is given in Appendix B.

3.3 Joint asymptotic normality of é(gb, m) and 6(¢, m)

In this section, we establish the joint asymptotic normality of UMLE é(qﬁ, m) and
RMLE é(gb, m). This property is the foundation of developing a test for the testing
problem in (2.4) as well as its power. The established result is also useful in construct-
ing shrinkage estimators and their asymptotic efficiency. The following proposition

presents the asymptotic property of
. _ T
(o7 (6,m), GF (6,m)T = VT ({86, m) = )7, (B(6,m) — 0)T) .

Proposition 3.11. Suppose that Assumption 1-2 hold along with the set of local

16



alternatives in (3.8). Then, (pg(p,m), ¢} (¢, m))" %) (p",¢T)T, where
—00

0 0 ) o »_ GrBY!
~ No(m+1)(p+1) N
¢ ~G*ry Sl G*BEl Nl PRy

Proof. We observe that

VT (6(p,m) — 6) VT (0(¢,m) — 0)
VT(0(¢,m) - 0) (Imtyp1) — GBIWT(0(¢,m) — 0) — VTG(BO — 1)

Tt 1)(p41 A 0
— (m+1)(p+1) VT((p,m) — 0) +
Ioms1yper) =GB —Gro
From (3.7), we get
Tm41)(p+1) - Tm41)(p1) (3.10)
—00
](m+1 (p+1) — GB ](m-‘rl )(p+1) - G'B
where all the elements in (3.10) are non-random. Similarly, by (3.9), we have
0 - 0
— . (3.11)
—GT() 0 —G*T’O

Then, by combining Proposition 3.8 and the relations (3.10) and (3.11) along with

Slutsky’s Theorem,

ﬁ@(@ m) —0) d Tm41)(p+1) 0 P
: T e -
VT (6(¢,m) —6) Iy p1) — G*B —G"ry ¢
Then, by Proposition A.2 in Appendix A, (p.(¢,m), (} (¢, m)) " ﬁ) (p",¢")T with
-
P 0 Tan+1)(p+1 Tty (p41
~ N o e | (m+1)(p+1)
q —G"rg Itms1ypr1) — G*B Itms1yp+1) — G*B

17



Note that

.
2 Limy1)p+1) o1 Limy1) (1)
Im+1)p+1) — G*B Imiyp+1) — G*B
2—1 2—1 o E—IBTG*T
= 0’2

Y !l-GrBYt ¥ -¥IBTGT - G*BY '+ G*BY BTG

By the proof of Proposition 3.10, we know
G*BY'B'G*T =x7'BTGT, (3.12)
and, since G* = X" 'BT(BY1BT)~ 1
YUBTGT =7 BY(BE BT TIBY T = G*BY L (3.13)

Therefore, by (3.12) and (3.13),

.
2 Tmt1)(p+1) o1 Imt1)(p+1)
Imsnyp+r) — G*B Imi1)p+1) —G*B
-1 Yyl -G*Bx!
= 0‘2
Yy l-@Bxt ¥l -—GrBY !
Finally, we have (pf.(6,m), ¢7 (¢, m))" % (p",¢")T, where
—00
P 0 ) »-1 -1 By
~ Nam1)p+1) o
¢ —G*rg NGByl vl - *BY!
This completes the proof. n

Now, we define &7(¢, m) = VT (0(¢, m)—0(¢, m)). Next, we study the asymptotic

distribution of (pF (6.m). €F (6.m))T = VT ((8(6.m) — 0)T. (6(m) — 6(6m))T) "
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Proposition 3.12. Suppose that Assumptions 1-2 hold along with the set of local

alternatives in (3.8). Then, (pg(p,m), &7 (¢, m))T SN (p",ENT, where

T—o0
p 0 [ o GBx
~ Na(m1)(p+1) 0
& G*rg G*BX!' G*Bx!
Proof. We have
VTO(@,m)=0) | [ Tmeneey 0 VT (0(¢,m) - 6)
\/T<é<¢7 m) - é(gbv m)) I(m—i—l)(p-i—l) _I(m+l)(p+1) \/T(é(gbv m) - 9)
We know
Im1)(p41) 0 P L) 0
T— ’
T+ — L+ p+1) Imsyp+1)  —Lms1)p+1)

and, by Proposition 3.11 and Slutsky’s Theorem, we have

VT (6(¢,m) - 0) [ Loy 0 VT(0(p,m) —0)
VT(0(6,m) — (¢, m)) Insnyery —lminwry | \VT(0(6,m) — )
a [ Loy 0 Py _ [P
"7 Ty ~ Loy ) \¢ £
Note that
Tm41)(p1) 0 O _( 0
Iy —Lmineny ) \=G'ro G|

19



and

Tm+1)(p+1) 0 ) ¥t Yyl -GrBx!
g
Imnyps) —Imen@ey) S -GBYTh N - @By
y T+ Lmtnpry)
0 —](m+1)(p+1)
_ >t ¥l-G'Bx! Imanpr)  Lme)prn)
G*BY ! 0 0 —I(m+1)(p+1)
»t G*BY !
= 0'2
G*BX"! G*BX!

Therefore, by Proposition A.2 in Appendix A,

pr(om)\ . (o o) ,[ = @B
m ~ Nz(m+1)(p+1) 0 )
(o, m) 3 G*rg G*BY! G*BY!
this completes the proof. O]

From Proposition 3.12; we have following corollary.

Corollary 3.1. Suppose that Assumptions 1-2 hold along with the set of local alter-

natives in (3.8). Then, &r(o,m) % & ~ Nint1)p+1)(G*ro, 0 G*BE™1).
—00
The proof follows directly from Proposition 3.12. Further, we study the asymptotic
- . _ T
property of (¢ (¢,m), &1 (9,m))” = VT ((0(é,m) = )T, (0(6,m) — 6o, m))") .
Proposition 3.13. Suppose that Assumptions 1-2 hold along with the set of local

alternatives in (3.8). Then, ((} (¢, m), &F(p,m))T # (CT,€M)T, where

¢ ~G'ro| (= -G BE 0
~ No(ms1)p+1) o
¢ G*rg 0 G*BY !
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Proof. We observe that

ﬁ(é(¢7 m) - 9) - 0 I(m+1)(p+l) \/T(é(¢v m) - 9)
VT(0(p,m) — (¢, m)) Ins ey — Loy | \VT(0(¢,m) — )
(3.14)
Further,
0 Timi1)(p+1) P 0 Tm41)(p41)
T— ’
Tmanyp+1)  —Lm+1)(p+1) Tty —Laman)p+1)
and
pT((ba m) d P
T—
Cr(o,m) ¢
0 ) »1 Yl G*BY !
~ Ng(m+1)(p+1) ,O . (3.15)
—G*ry oGB! oyl GgrBY!

Then, by combining (3.14) and (3.15) and Slutsky’s Theorem, we get

Cr(¢,m) d 0 Iima1)(p+1) p ¢
T— -
Er(¢,m) Ty —Imane+n ) \C §
Note that
0 Lm+1)p+1) 0 )} [—Gro
I p+1)  —Lmt1)(p+1) —G"ry G*ro
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and

0 [(m+1)(p+1) 2 -1 -1 _Ggxpy-t
Iy —leminmy X - GBET XTI - GrBYT
0 Tmt1)(pr)
X
It y+1)  —Lms1)(p+1)
_ e yl-Ggrpyt ¥t -G*Bx! 0 ](m+1)(p+1)
G*BY! 0 I+ 1yo+1)  —Lms1)(p+1)
Yl —GrBY ! 0
= 0‘2
0 G*BY !

Therefore, by Proposition A.2 in Appendix A, (¢} (¢, m), & (¢, m)) " TL> ¢, ent
—00

with
¢ —G*ry ) Y1 -G*BY ! 0
~ Nami1)pt1) o
13 G*rg 0 G*BY 1
This completes the proof. O
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Chapter 4

Estimation in the case of unknown

change points

4.1 The unrestricted estimator

In the previous chapter, the locations of change-points, 7 = (71,...,7,)', and the
number of change points, m, are assumed to be known. Nevertheless, in practice,
the change points are also unknown. Thus, the change points have to be estimated
from the data. In this chapter, we assume that the number of change points, m, is
known but the locations of change points are unknown. We show that the asymptotic
property, in the case of known change points, holds when we replace change points
by their consistent estimators. Let qgj be a consistent estimator of the parameter ¢;,
j =1,...,m, and for convenience, let ¢y = 0 and Gms1 = 1. Let ¢ = (gzgl, bo, ... ,ggm)T.
First, for estimating the locations of change points, we recall the least sum of squared
errors (LSSE) method, which is similar to that in Chen et al. (2017). We partition

the time period [0, T] into n parts, i.e., 0 =ty < --- < t,, = T. The time increments,
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Ay = t; 1 — t;, are exactly the same for i = 0,...,n — 1. Moreover, we define Y; =
X1 — Xy, and z; = (01(ti), .oy op(ti), = X3, ) Ay

The exact value of the drift parameters # may be different with the value of their
MLE because of the uncertain location of estimated change points. For instance, if
7; > Tj, then for all ¢; € (7;,7;], it is obvious that the corresponding true value of
the drift parameters is 69+, However, in the same condition, the MLE of the drift
parameters is 09 for all ¢; € (7;,7;]. Therefore, we let 6; = Z;’:El 0;ll(r,_ <t;<r;} be
the true value of the drift parameter at ¢;. Also, éz = Z;n:ll éjﬂ{+j71<ti§+j} , where
g, = Q(;i_ﬁj)f(%j_h%j) for j = 1,....,m + 1, is set up to be the MLE of the drift

parameters at t;. By the Euler-Maruyama discretisation method, we have

where ¢; is the error term o+/A;w;, and w; is the ith independent draw from a standard

normal variable. From (4.1), the estimators for the m change points, 7, are given by

# = argmin SSE([0, T], 7, 0(7)) (4.2)
where
SSE([0,T],7.0(7)) = > (Yi—2z0,)"(Y; — z6;) (4.3)
tiE[O,T]

Assumption 3. For every 5 = 1,...,m, there exists an Ly > 0 such that for all

. . 1 T 1 T
L > Ly the minimum eigenvalues of T Z z; z; and of T Z Z; % as
tie(rj,m5+L] . ty€(rj—L,7j]
well as their respective continuous-time versions ZQ(TJ.J].JFL) and ZQ(Tj_L7Tj)’ are all
bounded away from 0.
. F
Remark 3. For the estimators of ¢;, we can directly obtain ¢; = Tj’

j=1,....,m+1. The consistency of ggj to @; is proved in Proposition B.1 in Appendix
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B. Clearly, the estimator gzgj is Fr-measurable and ggj € [0,1] for j =1,...m+ 1.

Further, there exists o9 > 0 such that gzgj —¢; =O0p(T~) for j=1,...m

We introduce another method to estimate the locations of the change points. This
is based on the Maximum log-likelihood. By Theorem 7.6 of Lipster and Shiryaev

(2001), the log-likelihood function is given by

1 [t 1 (7
log L(r.0) = / (6,1, X,)dX, — —— / S2(0,4, X,)dt,
0

2
204 ),

where 7 = (71,7, ..., Tm). Note that, by (B.16),

T m+1 p
- / (0,1, X,)dX, = / Z (Zpk,jgpk(t) - ant> Lr,  <ter1d Xy
m—+1
Z / (Zuwk —aJXt>H{T asnd X

This gives

m+1

/S@tXtht 022/ (ZMM —a]Xt>dXt

Further, by the proof of Proposition 2.3,

1 1 7 [ m+1 p 2
27‘_2 52(9, t, Xt)dt 20_2 [ Z ( Z ,uk’jgok(t) — ant> H{Tj1<t<fj}] dt
=1 k=1

0
T m+1 p 2
202 Z <Z'u’f]90k - ant> Lir,  <t<rydt
7=1
m+1

2
= 552 Z/ <Zﬂk]90k ant> Iir,_ <t<rydt.

This gives

m+1

2
202/ 52 0,t, X;)dt = 2022/7 (Zﬂlw@k —a]Xt) dt.
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Therefore, for the change points 71, ..., 7,,, the log-likelihood function for SDE (2.1)

is given by

m+1 m~+1 7

log L(7,0) = 022/ S(0;,t, X,)dX, — —Z S(0,,t, X,)%dt  (4.4)

7i—1

where S(0;,t, X;) Zuk]cpk — a;X;. From (4.4), when the number of change

point, m, is known, the estlmator of 7 is
# = argmaxlog L(t,0(7)) (4.5)

where é(T) is the MLE of 6 by using the given change points 7. Auger and Lawrence (1989)
introduced a numerical method to approximate the integrals inside the log-likelihood
function. In this case, we use this method to calculate log L(7,6(r)) in (4.5). Divide
0,77 into n parts, i.e. 0 =t5 < --- <ty =T with A} =t; | — ;. By the Riemann

sum, the log-likelihood function in (4.5) is approximated as

m+1

log L*([0, T, 7, 0(r Z S0V (X, — Xee)
J=1 t* G(TJ 1 Tj]
m+1

Z S BTv))a; (4.6)

J=1 tre(rj—1,75]

where V(t) = (o1(t),. .., pp(t), —X;)". Then, the estimator of 7 is given by
# = arg maxlog L*([0, T], 7, 0(r)). (4.7)

For convenience, let $0 = 0and qgmﬂ = 1. In order to study the asymptotic properties

of the estimators of 8, we derive first the following preliminary results.

Lemma 4.1. Let {Y;,t > 0} be a stochastic process {Fi,t > 0}-adapted and L?-
bounded. Suppose that éj and éj,l are §r-measurable and consistent estimators for

¢; and ¢;_y respectively, j =1,...m+1, and 0 < ngﬁl <. < ggm <1 a.s.. Then,

1 ;T 1 &;T o
—/ Yidt — — Y,dt —— 0.
T ¢j-1T T ¢j—1T T—o0
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The proof is given in Appendix B.

Lemma 4.2. Let {Y;,t > 0} be a RP-valued deterministic and bounded function.
Suppose that ngSj and ggj_l are §r-measurable and consistent estimators for ¢; and
¢j—1 respectiwvely, 3 =1,...m+1, and 0 < $1 <. < QASm <1 a.s.. Then,

1 [T 1 [T

— Y dW; —
\/T ¢j1T o

The proof is given in Appendix B. By using Lemma 4.1, we establish Proposi-

L2
ﬁ - Y, dW, E} 0.

tions 4.1 and 4.2.

Proposition 4.1. If Assumptions 1-3 hold, then, 0 < ¢;_1 < ¢; <1,j=1,...,m+1,

1 ;T
7 R O s om0yl

The proof is given in Appendix B.

Proposition 4.2. Suppose that Assumptions 1-3 hold. Then, 0 < ¢;—1 < ¢; < 1,

j=1...m+1,
1 (o7 1 (4T p
(i) T/ Xyp(t)dt — —/ Xip(t)dt —— 0;
¢ji1T ) ¢j71T T—o00
I 1 [T
(ii) = X2dt — — X2dt —— 0.
T J’jflT T ngilT T—00

The proof is given in Appendix B. By using Proposition 4.2, we derive Proposi-

tions 4.3 and 4.4.

Proposition 4.3. Suppose that Assumptions 1-3 hold. Then, for 0 < ¢;_; < ¢; <1,

. 1 [T 1
& 0

T Q;j—lT
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Proof. We have

L = (27 xpwa— 2 [ S0
= Xip(t)dt = —/ chtdt——/ Xypo(t)dt
T/¢3j1T ' T ¢j—1T t T ¢j1T '

¢;T
+ = Xyp(t)dt
T ¢j—1T
By Proposition 4.2
1 [T ;T P
L xpmar— L / Kip(t)dt — 0.
¢j 1T ¢j—1T T—o0
By Lemma 4.1,
1 ¢;T 1 [%T
(Zgj—lT T d)j—lT —00

which implies that
— Xip(t)dt — = Xip(t)dt —— 0.
T Js, r e (D)t = /%,_IT wplt)dt 7=
As in the proof of Proposition 3.3, we have
1 [T 1 [T p
— Xip(t)dt — — Xyp(t)dt —— 0.
T ¢j71T tgp( ) T/(;le tgp( ) T—o0
By Proposition 3.3,
1 [%T P 1
2 X L 0 0 [ 0o
$; 1T —00 0
Finally, combining (4.8), (4.9), (4.10) and (4.11),
1 (%7 » L
2 Xt L 0 0m) [ et
$iaT —»00 0

and this completes the proof.
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Proposition 4.4. Suppose that Assumptions 1-3 hold. Then, for 0 < ¢;_1 < ¢; < 1,

1 (4T p I o2
=1,... 1, — X2dt —— (¢; — &5 hi(t))dt + —
R A = U 1>[/0<j<>> + o

Proof. We have

: /éjT 2 I N L

= X/ dt = —/ th——/ X/ dt

T ¢j—1T ' T $j—1T ' T $j1T :
1 A. .

By Proposition 4.2
1 [T 1 (%7
—/ X2t — — X2dt - 0.
T ¢j1T T ¢j1T T=o0
By Lemma 4.1,
1 &;T 1 [T
—/ X2dt — — XZ2dt L,
¢;j1T ¢j—1T =00
which implies that
1 T 1 (9T
—/ X2dt — —/ X2t — 0.
$j1T T ¢j—1T T—o0

As in the proof of Proposition 3.4, we have

1 &;T 1 (9T p
—/ XPdt — —/ X}Pdt —— 0.
T ¢j—1T T ¢j—1T T—o00
By Proposition 3.4,
1 o7

1 2
- X2dt - (6 — & / hi(8)2dt + 2|
T byaT t Too ( J J 1) o ( ]( ))

Finally, combining (4.12), (4.13), (4.14) and (4.15),

ngT 1
1 X2t L5 (6, — d;0) / (s ()2t + 2|
0

T ng—lT T—00

this completes the proof.
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By combining Proposition 4.1, Proposition 4.3 and Proposition 4.4, we derive the
following propositions which give the same results as in Proposition 3.6 in case the
change points ¢; and ¢;_; are replaced by their consistent estimators éj and éj,l

respectively.

First, we define

Jj— Jj—1 j—1

Jj— j—1 J

/ ei(t)dt ... / ©1(t) g, (t)dt —/ 01 X, dt

Qeyorty) = (4.16)

where 7A'j = gng, 7A'j_1 = ng_lT for j = ]_, M+ 1.

Proposition 4.5. Suppose that Assumptions 1-3 hold. Then, for 0 < ¢;_1 < ¢; < 1,

. ~1 P 1 A
] — ]_, ...,m + 1; TQ(%J*]-?%J) T—00 ¢] . ¢]_1 (E]) ‘

Proof. By Proposition 4.1, Proposition 4.3 and Proposition 4.4, we have

1 P .
TQ(fj,l,fj) P (¢j —0j—1)%, j=1,..,m+ 1

By combining Propositions 2.4, 3.5, and the continuous mapping theorem, we get

1 P 1
TQ(fjflfj)

T—o0 (b] — (bj*l

(3;)"". This completes the proof. ]

Now, we define

Q0,41) 0 o 0
~ 0 Q(.;-hfz) PN 0
Q(p,m) = ' (4.17)
0 0 ... Qunr
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Proposition 4.6. Suppose Assumptions 1-3 hold. Then, for 0 < ¢;_1 < ¢; < 1,

j=1..m+1, TQ_l((/g, m) TL> » L
—00

The proof is given in Appendix B.
Next, we derive some results which generalize Proposition 3.7 and Proposition 3.8.
The results show that similar propositions hold with the change-points replaced by

their consistent estimators. Let 7; = QASjT, j=1,...m+1, and let

R(CE, m) = (T(O,ﬁ), ooy T(i—m,T))Ta (4-18)

r(a,b) = (/ab gol(t)th,...,/ab gop(t)th,/abXtth>T,

for0<a<b<T.

4.1.1 Asmptotic normality of the UE é((ﬁ,m)

In deriving the asymptotic normality of the UE, we use the following lemma.

Lemma 4.3. Let {Y;,t > 0} be a solution of SDE

m—+1
dY, =Y fue, Yolir, y<crzrpdt + 0dWy, 0<t < T (4.19)

k=1

where f(0,x) is a real-valued function such that the processes {Y;,t > 0} and
{£(0,Y;),t > 0} are L*-bounded. Suppose that éj and qgj,l are §r-measurable and
consistent estimators for ¢; and ¢;_1 respectively, j =1,...m+1, and

0< ggl <. < gzgm <1 a.s.. Further, assume there exists oy > % such that
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lglaéx (|¢j ¢j|) - OP(T_(SO)' Then, fOT 0 < ¢j—1 < ¢] < 1;
<j<m

1 &;T 1 ¢;T
j=1. . om+1, —— YydW, — ——
VT ¢j 1T e VT ¢j1T

The proof is given in Appendix B. Lemma 4.3 yields Lemma 3.3 in Nkurunziza

Y dW, —2— 0.
T—00

and Zhang (2018) for which m = 1.

Proposition 4.7. Suppose that Assumptions 1-3 hold. Then, for 0 < ¢;_; < ¢; <1,

j=1,..,m+1, \/_< (¢, m)—R(o, m)) ﬁ 0, where R(¢,m) is defined in (4.18)
and R(¢,m) is defined in (3.2).

The proof is given in Appendix B. By using Proposition 4.7, we derive the following

proposition which shows the limiting distribution of —R(gzg m).

7

Proposition 4.8. If the conditions in Proposition 4.7 hold, then, for

‘ d .
0<¢;1<¢; <1, 7=1,...,m+1, R(¢,m) oo N1 1) (0, 2).

\/_

Proof. By Proposition 3.7 and Proposition 4.7, we have

1
ﬁR(ﬁb )EW ~ Nim41)(p11)(0, )

and
1

VT

Hence, by Slutsky’s Theorem,

<R(¢3, m) — R(¢, m)) LN}

T—o00

1 - 1 A 1
—R(p,m) = —=(R(¢p,m)— R(p,m) | + —=R(¢, —— 1" ~ N, 0,%
TR m) = = (R(Gm) = Blgm) ) + = R(6,m) 1~ Ny (0 2)
This completes the proof. n
Now, let 7; = ¢2jT, j=1,..m+1, and
R(é) m) = (7:(0,?1)7 ceey (ﬁ(?m,T))Ta (420)
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o= ([ oot [ s [ xax)

for0<a<b<T.

Further, let é(qg, m) = Q‘l(é, m)}?((ﬁ, m) be the plug-in estimator where Q(¢E, m) and
R(¢, m) are defined in (4.17) and (4.20). Now, we define pr(¢,m) = vT(0(¢, m)—0).
By combining Propositions 4.6 and 4.8, we derive the asymptotic normality of UE
é(q& m) in the following proposition.

Corollary 4.1. Suppose that the conditions in Proposition 4.7 hold. Then,
pr(®.m) —— p~ Nimi1)p)(0,0757).

The proof is given in Appendix B.

4.2 The restricted estimator

In the previous chapter, we studied the asymptotic property of the Restricted Es-
timator (RE) in context of known multiple change points. In this section, we give
the Restricted Estimator (RE) in context of unknown multiple change-points. The
estimator of the rate of change point ngSj, which is consistent, will be involved instead

of the known rate of change point ¢;, j =1, ..., m.

Proposition 4.9. Suppose that Assumptions 1-3 hold along with (2.3) and let

J=Q Y (¢,m)BT(BQ ' (¢,m)BT)"L. Then, the RE of 0 is

~ A A

0(d,m) = 0(d,m) — J(BO(p,m) — 7). (4.21)

This proof follows from the similar steps of the proof of Proposition 3.9. Since we

consider the case of unknown change points, we just replace R(¢, m) and Q(¢p,m) by

~ A ~

R(¢,m) and Q(¢p, m), respectively.
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4.2.1 Asymptotic normality of the RE (¢, m)

In this section, we derive the asymptotic normality of the RE é((ﬁ, m) based on the
asymptotic normality of the Unrestricted Estimator (UE) 6(¢, m). We show that the
RE 6(¢, m) has the same limiting distribution as the RMLE (¢, m). The established
result is similar to that in Perron and Qu (2006), Chen and Nkurunziza (2015),
Nkurunziza and Zhang (2018) among others.

Based on Proposition 4.9, we have
VT(6(6,m) = 0) = VTIIr + (Lpnsr)prr) — JB)O(S,m) — 6]
= VT(Jr = 0) + VT Lims1yprry) — T B)O(S, m),
this gives
VI(0(6,m) = 0) = (Lmiypin) = JBIVT(O(d,m) — 6) = VTJ(BO — ).
Now, we define (7 (¢, m) = VT(8(¢,m) — 6). Then,
VT(0(d,m) =) = Uniyper) — JBWVT(0(6,m) — 6) —=VTJI(BI —r).  (4.22)

Consider a continuous function g(X) = X BT (BX B")~! where X is a positive definite
matrix. We have g(TQ (¢, m)) = J = TQ (¢, m)BT (BTQ (¢, m)BT)~!

By combining Proposition 4.6 and the continuous mapping theorem, we get

J =TQ " (¢,m)BT(BTQ ' (¢,m)BT) " —Y— x'BT(Bx'B")~! = ¢,

T—o00

and

[(m+1)(p+1 JB —> [(m+1 Y(p+1) — G*B. (4.23)

Under the set of local alternatives in (3.8), we have

VTJ(BO - 1) = \/TJ% = Jro =" G'ry, (4.24)
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Corollary 4.2 which shows the asymptotic normality of the RE é(q@, m) is given in the

next section.

4.3 Joint asymptotic normality of é(gﬁ, m) and QN(@, m)

In this section, we present the joint asymptotic normality of UE é(gﬁ, m) and RE

é(qg, m). First, we study the asymptotic distribution of
T( A4 T(4 T (A T (A(A T T
(07 (&, m), G (6, m)T = VT ((8(6,m) = )7, (B(b,m) — 0)T) .
Proposition 4.10. Suppose that Assumptions 1-3 hold along with the set of local

alternatives in (3.8). Then, if ro # 0, (pp(d,m), Gf (6, m))T SN (p",¢N)T and if

T—
d
07 (p CT ¢7 )) :) (pg,CJ)T, where
0 ) »-! Yl —-GrBY!
~ Ny (m+1)(p+1) , O 7

—G*rg Yy 1lo@BYy !t ¥t -—GrBY!

Po 0 »1 Y1 —-GrBY !

~ Nom+1)(p+1) 0
Co 0 Y 1l-G*BY ! 2t -—GrBY!

Proof. We can observe that
VT (6(¢,m) - 6) VT (6(

QA57 m) - 0)
VT(0(6,m) — 0) (Zms1yper) — JBWVT(6(

b,m) —0) —VTJ(BO —r)
(Imsvyprr) — JBWVT(0(d,m) — 0) — Jrg

Tmt1)(p+1) 0

= VT (0(h,m) —0) +
I 1yp+1) — JB —Jrg

By (4.23), we know
P .
Lonsypr1) = JB ——— Lmnsnyprn) — G'B.
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Then,

Iim Iim,
(m41)(p+1) TP (m+1)(p+1) (4'25)
—00 "
Insyp+1) — B Imsyp+1) — G™B

where all the elements in (4.25) are non-random. Similarly, by (4.24), we have

0 b 0
— . (4.26)
_JTO o0 _G*TO

By combining Corollary 4.1 and the relations (4.25), (4.26) along with Slutsky’s

Theorem,
PT(QE, m) Ity (p1 A 0
U= T | V@6 m) - 0) +
CT(¢> m) I(m+1)(p+1) - JB —Jrg
d [(m+1)(p+1) 0 p
T P -
Liminper) — G*B —G"ro ¢
Then, by Proposition A.2 in Appendix A,
~on T—00
.
0 Im+1)(p+1) Tmnt1)p+1)
~ NZ(m+1)(p+1) ) o’ g x!
—G"ro Liminyp+1) — G*B Iy — G*B
Note that, from the proof of Proposition 3.11, we get
=~ 0 T—o00
VT (0(p,m) - 0) ¢
0 ) »-t Y1 - G*BY !
~ NQ(m—l—l)(p—i—l) O )
—G*ry Yy 1-G*BX! ¥ !-G*BY!
and this completes the proof. O]
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By using Proposition 4.10, we derive the following corollary which shows that the

RE is asymptotically normal.

Corollary 4.2. Suppose that Assumptions 1-3 hold along with the set of local alter-

natives in (3.8). Then, Cr(¢,m) TL> ¢~ Nonsyps1) (— G*ro, 0? (571 = G*BE ™).
—00

The proof follows from Proposition 4.10.
Now, we define fT(qg, m) = \/T(é((ﬁ,m) — é(qg, m)). Next, we study the asymptotic

distribution of (p;(gzg, m),&%(qﬁ, m))T =T ((é(ﬁg, m) —0)7, (é(§g7 m) — 5(9{57 m))T>T-

Proposition 4.11. Suppose that Assumption 1-8 hold along with the set of local
alternatives in (3.8). Then, if 1o # 0, (ph(d,m), &L (d,m))T SN (p", &N and if

T—o00
ro =0, (pF(dym), &F (&, m))T —= (pg,&])T, where

T—00
p 0 [ = GBY!
~ Nz(m+1)(p+1) O )
& G*rg G*BY' G*BY!
Do 0 »-1  GrBx-!
~ No(m+1)(p+1) ,0°
& 0 G*BY! G*BY!
Proof. We have
VT(0(¢,m) —6) | Tmsner 0 VT(0(¢,m) — )
\/T(é(qg, m) — é(éa m)) It p+1) L) p+) \/T@(é, m) —0)
We know
Tmt1)(p+1) 0 P [ Lmrneey 0
T—00 ’
Imt1ypr1)  —Lman)p+1) Tty — L+ p+1)
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and

\/T<é<qga m) - 6) d p

T
~00 —00
VT (0(¢,m) —0) ¢
0 ) DI Y1 -G*BY!
~ Na(m+1)(p+1) .0
—G*ry yl-grBYt ¥l -G*BY!
Then, by Slutsky’s Theorem,
VT(0($,m) — 0) Tmi1)(p+1) 0 VT (0(h,m) —0)

VT(0(6,m) — (¢, m)) Imsvery —lminwry | \VT(0(6,m) - 6)

a | Loty 0 p
T
—00
Tnsnyory —Iminerny ) \C
Note that
Lm1)(p41) 0 01 _[ ©
Ity — iy ) \ =G0 G*ro
and
[(m+1)(p+1) 0 - -1 -1 _ gyl
Lty —Lmtn)pe) 2 -GBETh X - GrBy
. Imt1)p+1)  Lmr1)p+1)
0 —Im41)p+1)
) S ST =GBE N [T Lontnpen
=0
G*BY ! 0 0 —L(m11)(p+1)
y-1  G*BR!
= 0'2
G*BY-' G*BY!
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Therefore, by Proposition A.2 in Appendix A, (pf(¢, m),&F (¢, m))T TL> (p",eNT
—00

0 »-1 G*BY !
with (pT,gT)T ~ NQ(m+1)(p+1) o . This com-
G*rg G*BY' G*BY !
pletes the proof.

From Proposition 4.11, we derive the following result which gives the limiting

~

distribution of &7(p, m).

Corollary 4.3. If Assumptions 1-3 hold along with the set of local alternatives in

(3.8), then, &r(6,m) — € ~ Nimsnypen(G*ro, *G*BE ).

The proof follows from Proposition 4.11. We also derive the asymptotic

~

distribution of (G(gﬁ, m),f}(q@, m))’ = VT ((é(q@,m) —0)7, (é(& m) — é(¢am))T>T~

Proposition 4.12. Suppose that Assumption 1-3 hold along with the set of local

alternatives in (3.8). Then, (C;(é,m),é‘;(gg, m)) " TL> (CT,€NT, where
—00

¢ —G*ry ) Yyl -GrBx! 0
~ N2(m+1)(p+1) , O
& G*ry 0 G*BY !

Proof. We have

VT(0(6,m) — 0) 0 Imsnpin | [ VT(O(d,m) —6)

\/T<é<¢> m) - é(¢v m)) [(erl)(erl) _[(m+1)(p+1) \/T(é(¢v m) - 9)

Further, we have

0 Tm+1)(p+1) p 0 Tm+1)(p+1)
e

T—o0
Iy (p+1)  —Lm+1)(p+1) Ims 1) Lm0
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and

\/T<é<qga m) - 6) d p

T
=, 0 — 00
VT(0(¢,m) — 0) ¢
0 , »-1 -l By
~ Nagmr1)pr1) 0
—G*ry »-l_ @Byl %! - *BY!

Then, by Slutsky’s Theorem,

VI((6,m)—0) | 0 Iy | [ VT(0(d,m) —0)
\/T<0(¢7 m) - é(gbu m)) I(m—i—l)(p-‘rl) _I(m-i-l)(p-i-l) \/T(é(gbv m) - 6)
d 0 Tmt1)(p+1) p
T
—0o0
Ty o+ —Lms1)(p+1) ¢
Note that
0 [(M+1)(p+1) 0 - —G"ry
Ity —Lmanyp+y | \—Gro G*ro
and
0 Iy | ! y!—G*BY!
g
Imsyp+1)  —Lmsn)(p+1) ¥y 1-G*By! ¥l -G*BYT!
0 ](m+1)(p+1)
X
It 1yo+1)  —Lms1)(p+1)
02 yl-_Grpy—t ¥ t-G*Bx! 0 I(m+1)(p+1)
G*BE! 0 L)ty —Lomsn)pr1)

Y1 - G*BY! 0

0 G*BX!
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Therefore, by Proposition A.2 in Appendix A,
. ~n T—o0
VT(0(¢,m) = 0(d,m)) 3
—G*rg ) Y1 - GgrBy! 0
~ Na(m 1) (p+1) X

G*ro 0 G*BX!

This completes the proof.
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Chapter 5

The case of an unknown number of

change points

In Chapters 3 and 4, we suppose that the number of change points, m, is known.
However, for some data sets, m is unknown. Thus, in this chapter, we solve a more

general problem where the nuisance parameter m, 7, 7o, ..., T, are unknown.

5.1 Estimating the number of change points

In this section, we consider detecting the unknown number of change points. We use
similar methodology as introduced by Chen et al. (2017). In Chen et al. (2017), they
treated estimating the number of change points as selecting the best fitting model.
Thus, for models with different possible numbers of change points, we choose the
model which fits the data best. To choose the best fitting model, we are looking for

the one which minimizes the log-likelihood-based information criterion

IC(m) = —2log L(7,8) + (m + 1)h(p)Y(T) + AT (Bf —r) (5.1)
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where log L(7, ) is defined in (4.4); 7 is established by (4.5) corresponding to each
m; h(p) = p+ 1 if there is no change in o or h(p) = p + 2 if there is a change in o;
T(T') is a non-decreasing function of T, the total time period of the data set; and m
is the potential number of change points to be set; B and r are defined in (2.3).

From the asymptotic property of Riemann sum approximation of log L(r, é), the

information criterion is given by
IC(m) = —2log L*([0, T}, 7,6(7)) + (m + 1)h(p)Y(T) + X" (BO — r) (5.2)

where log L*([0,T],7,0(r)) is defined in (4.6); and 7 is established by (4.7) corre-
sponding to each m.

It should be noticed that the term (m~+1)h(p)Y(T') is fixed when the number of change
points is known. Then, the approach involving (5.2) is the same as the maximum log-
likelihood method introduced in Section 4.1. It is obvious that (5.2) represents the
well-known information criterion called Akaike information criterion (AIC) Akaike
(1973) when Y(7') = 2. However, as mentioned in Chen et al. (2017), due to the
problem of the consistency of AIC, one uses the Schwarz information criterion (SIC)
as proposed in Schwarz (1978). In SIC, Y(T') is set as the logarithm of the sample
size. In Schwarz (1978), the authors used the SIC successfully in change-point anal-
ysis.

By Proposition B.2 in Appendix B, as T is large, IC(m) given in (5.2) reaches its
minimum value when m = m° where m° is the exact value of the number of change
points. Hence, detecting m" is the same as finding the IC(m) in (5.2) which reaches
its minimum. Then, its corresponding m is the number of change points we would

like to estimate.
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5.2 Computational algorithms

In this section, we introduce an algorithm which is useful in finding 6, 7 and m. In
particular, the algorithm is based on (5.2). Let m be the estimator of m, let 7(7)
be the estimator of 7(m). For estimating 7(m), we apply the LSSE method or the
Maximum log-likelihood method in Section 4. Note that some steps of the algorithm
are based on the dynamic programming algorithm from Bai and Perron (1998),

Perron and Qu (2006).

Algorithm. Let Hi(r,T,) be either Hy(r,T,) = min, SSE([0,T}],7,0(r)), the least
sum squared error for (4.2) or Hy(r,T,) = max, log L*([0,T,],7,0(r)), the maximum
Riemann sum approximation of log-likelihood for (4.7) computed based on the opti-
mal partition of time interval [0, 7,] that contains r change points. Also, let Hy(a,b)
be the SSE for (4.2) or Riemann sum approximation of log-likelihood for (4.7) com-
puted based on a time regime (a,b]. Further, let h = ¢T" be the minimal permissible
length of a time regime. Then, (4.2) or (4.7) with m change points can be computed
as follows.

Step 1: Compute and save Hj(a,b) for all time periods (a, b] that satisfy b —a > h.
Step 2: Compute and save Hy(1,7}) for all T} € [2h,T — (m — 1)h] by solving the
optimization problem

mingep, 1, —p) [H2(0, a) + Hy(a, Ty)]  for (4.2)
H1<17 Tl) ==

max,epn, 1 —n [H2(0,a) + Hy(a, Tv)]  for (4.7).
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Step 3: Sequentially compute and save

mingepn 1, —p [Hi(r — 1,a) + Hy(a,T,)]  for (4.2)
Hl (T7 TT) -

maXefrhr,—n [Hi1(r —1,a) + Hy(a, T,)] for (4.7).
forr=2,.... m—1,and T, € [(r + 1)h,T — (m — r)h].

Step 4: Finally, the estimated change points are obtained by solving

MiNgemp,r—p[Hi1(m — 1,a) + Hy(a,T)]  for (4.2)
H1 (m, T) =

MaXeimn,r—n) [Hi1(m — 1,a) + Hy(a,T)]  for (4.7),
and Hy(m — 1,a) = Hy(0,a) if m = 1.
Step 5: Follow steps 1-4 to search for the optimal locations of the m estimated change
points then store the computed value of (5.2) for m = 0,1,2. Note that the results
of Hs(a,b) for all (a,b] such that a — b > h as well as the optimization results of
Hy(r,T,) forallr =1,...,mand T, € [(r + 1)h,T — (m — r)h] need to be stored for
future use.
Step 6: For m = 3,... , Muyay, first let r =m — 1 and T, € [(r + 1)h, T — (m — r)h]
then compute and store Hy(r,7,). Next let r = m and the estimated change points
are obtained by solving Hy(m,T), where Hy(r,T,) and Hy(m,T). Finally, based on
the estimated m change points, compute and store IC(m).

Step 7: 7 is obtained from m = 1,. .. My that returns the smallest value of (5.2).

To find m, at first, we need to find the range of m, 0 < m < mya where
0 < Mumax < [[T/h]]. The mupax can be determined by observing and analyzing the
given process. By Proposition B.2 in Appendix B, m is a consistent estimator

provided m® € [0, Muyax)-
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5.3 Asymptotic properties of the UE and the RE

In this section, we derive some asymptotic properties of é(&,m) and é(&,m) As
compared to the results of Chapter 3-4, the problem studied here is very challenging.
The main difficulty consists in the fact that the dimensions of 6(¢,m) and (¢, i)
depend on m which is random variable. To overcome this difficulty, we establish a
lemma and a proposition which are of interest in their own.

Let m be a consistent estimator for m. The UE and RE are obtained as in

Section 4, by plug-in i.e. by replacing , in é((ﬁ, m) and é((ﬁ,m), m by m. Thus, the
UE is given by 6(¢,7) and the RE is given by 0(¢,h). Below, we derive a result
which is useful in establishing a test for the testing problem in (2.4), as well as in
studying the relative efficiency of the UE and the RE. As a preliminary result, we

prove the following lemma.

Lemma 5.1. Let m be non-negative integer valued random variable and let m be a

nonrandom integer number such that m TL m. Let Xp(m), Xr(m) and X (m) be
—00

q-column random vectors such that Xp(m) TL> X(m). Then, Xr(m) SN X(m).

—00 T—o0
Proof. For the sake of simplicity, for g-column vectors a and b, we write a < b to
stand for a; < b;, 7 =1,2,...,q. Let = be a point of continuity of the cdf of X (m).

We have

lim P(Xr(m) <z) = lim P(Xr(m) <z,m=m)+ lim P(Xr(m) < z,m #m).

T—o00 T—o0 T—o0

lim P(Xr(m) <z) = lim P(Xy(m) <z,m=m)+ lim P(Xy(m) <z,m #m).

T—00 T—o00 T—00

Since lim P(m = m) = 1, then,
T—o00

lim P(X7(m) <z)= lim P(Xp(m) < xz,m =m), (5.3)

T—o0 T—o0
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lim P(Xr(m) <z) = lim P(Xr(m) < x,m=m). (5.4)

T—o0 T—oo

By combining (5.3), (5.4) and lim P(Xr(m) < z) = P(X(m) < z), we have

T—o0

lim P(Xp(m) < z) =P(X(m) < z). This complete the proof. O

T—o00

By combining this lemma with Proposition 4.10 and Proposition 4.11., we establish
the following proposition. Let pT(é, m) = \/T(@A(QAS, m) —0), let
Cr(p,m) = VT (0(, ) — 0) and let & (¢, 1) = VT (0(¢, 1) — (¢, 11)).
In the following proposition, let ¢ : R(mTD@+H) x R+ D+ _y R he a continuous

function, where ¢ does not depend on m.

Proposition 5.1. Suppose that Assumption 1-3 hold along with the set of local
alternatives in (3.8). Then, if ro # 0, g(pT(é,rh),CT(é,m)) ﬁ 9(p,C), and
g(,oT(gg, m),gT(gﬁ, m)) ﬁ 9(p, &), where p, ¢ and & are defined in Proposition 4.10
and Proposition 4.11. Moreover, if rq = 0, g(pT(é,m),CT(é,m)) # 9(po, Co), and

g(pr(d,m), Ex(d,m)) TL> 9(po, &), where py, (o and & are defined in Proposition
—00

4.10 and Proposition 4.11.

The proof follows directly from Proposition 4.10 and Proposition 4.11. Proposi-
tion 5.1 is useful in constructing a test statistic for the testing problem in (2.4). It is
also used to derive the local power as well as the asymptotic distribution risk of the

proposed estimators.
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Chapter 6

Shrinkage estimators

In this chapter, we construct a test for testing the restriction and derive a class of
shrinkage estimators which includes as special cases the UE, the RE, the shrinkage
estimator (SE) and positive-part shrinkage estimator (PSE) for . As compared to
the results in statistical literature, the novelty of the established results consists in the
fact that, the distributions of the RE and the UE are random, as they are functions

~

of m.

6.1 Testing the restriction

In this section, we develop a test for testing Hy : B = r versus H, : BO # r. First,
note that, in the continuous time observation, the diffusion coefficient (i.e. o?) is
considered as known as it is equal to the quadratic variation of the process. Let &2
be the discretized version of quadratic variation of the process, and note that 2 is a
consistent estimator for 0. Let x2()) be the chi-square random variable (r.v.) with

g-degrees of freedom (df), and non-centrality parameter \; let x§ be the chi-square
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r.v. with q df. Also, define A = %TOT(BZ_IBT)_ITO where 7 is given as in (3.8),
and let ' = %BT(BTQ*(Q%, m)BT)'B, T = %BT(BE‘lBT)‘lB.

From Proposition 5.1, we derive the following corollary. This corollary is the founda-
tion to test Hy : BO = r versus H, : B0 # r. Let ¥p(in) = &p(o, ) T0ér(¢, ), let

P(m) = ETTE, and let y(m) = & .

Corollary 6.1. Suppose that the conditions of Proposition 5.1 hold. Then, if ro # 0,

Yp (1) LN Y(m) ~ x2(A). Moreover, if ro = 0, then () # Yo(m) ~ x;.

Proof. We first give the proof for the case when rq # 0. By Proposition 5.1,

we have g(pr(¢, ), &r(9, M) —— g(p,€), where (p7.€7)T are given by
—o0
Proposition 4.11, for any function g : RO»+*D@+D » Rm+Dp+) _ Ra,

Take g(z,y) =y ' T'y. We get

&1 (9, )Dér (1) —— €'TE. (6.1)

Further, from lemma 5.1, we have

L . 1
['= =B (BTQ '($,m)BT)'B LT =—B"(BL'BT)"'B. (6.2)
02 T—o00 o2

Then, combining (6.1) and (6.2) with Slutsky’s Theorem,
. O NTRe % ooy d
Yr(ih) = &n(d,0) Der (b, 1) — w(m) = €TTE

It suffices to apply Theorem 5.1.3 in Mathai and Provost (1992) (see also Theorem
A.5 in the Appendix A) to prove that £ TT¢ ~ XZ(A). Namely, it suffices to show that
(i) trace(l'o?G*BY 1) = g and (G*ry) 'TG*rg = A

(ii) 0?G*BY'T0?G*BY " 'T'0?G*BY ™! = 02G*BY " 'T'0?G*BY !

(111) (G*To)TFO2G*BZ_1FG*T0 = (G*T(])TFG*TO
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(iv) (G*ro) T (T'o?G*BY ™12 = (G*rp) 'To?G* B!
For the statment in (i), since we defined G* = X"'BT(BX"!BT)~1,
(G*r9) 'TG*ry = rOT(BE‘lBT)‘lBE‘l%BT(BE‘lBT)‘lBZ‘lBT(BZ‘lBT)‘lro
= %TOT(BElBT)lro = A,
and
[o’G*BY ! = %BT(BE‘lBT)‘lBJQZ‘lBT(BZ‘IBT)‘lBZ‘l
=B (B 'BT)'Bx,
which implies that
trace(I'o?G*BY ™) = trace(BT (BX'BT)™'Bx™)
= trace((BY'B")"'BY'BT) = ¢,
this proves the statement in (i).

For the statement in (ii), we have

1
o’G*BY ' To*G*BY ' To*G*BY ! = 6’S ™' B (BY'BT) "B ' B (BY'BT)'B
g

x oSBT (BB B Te?GFBY .

This gives
o*G*BY ' To*G*BY 'To*G*BY ! = 0?27 ' BT (B 'BT) ' BY 'To*G*BY
= o?G*BY " 'T'o?G*BY !,

this proves the statement in (ii).

For the statement in (iii), we have

1 1
Fo*GTBY T = BT (BX'BT) ' Bo*s BT (BY T BT) ' BY T BT (BY'BT) 1B,
g o
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This gives

[o’G*BY T = %BT(BElBT)lB =T,
which implies that

(G*ro) "To*G*BE'T'G*ry = (G*ro) "TG*ro,
this proves the statement in (iii).
For the statement in (iv), since we have ['o*G*BY~'T =T,

(G*ro) " (To?G*BY )2 = (G*ry) 'To*G*BY ™,

this proves the statement in (iv).

Similarly, in the case of ryp = 0, we have

(i) —=— o(m) = & T ~ x;,

this completes the proof. n

Then, let x2., be the ath-quantile of a x? where 0 < o < 1. From Corollary 6.1,

we propose a test for the hypothesis testing problem in (2.3). We suggest

~

£(9.T) = Lyr(iy>nz g3 (63)
The following corollary shows that the test x(¢, T) is consistent.

Corollary 6.2. Suppose that the conditions of Corollary 6.1 hold. Then, the asymp-

totic power function of the test in (6.3) is given by II(A) = P (x2(A) > x2,,)-

The proof follows directly from Corollary 6.1.

It is obvious that 79 = 0 under the null hypothesis in (2.3). It implies that A = 0.
Then, by Corollary 6.2, the asymptotic power of the test is equal to aw. Moreover, the

asymptotic power tends to 1 as A tends to infinity.
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6.2 A class of shrinkage estimators

Usually, the RE should dominate the UE if the restriction holds. In contrast, when the
restriction is wrong, the UE is more efficient than the RE. As a comprising estimation
method, we construct shrinkage estimators (SEs) by combining the RE and the UE
in the optimal way. To this end, by following Nkurunziza (2012b), we consider the

following class of shrinkage type estimators

~

6°(h) = 8(6,10) + h([10(6, 1) — (0, 11) | £)(0(, 11) — O(o, 1), (6.4)
where ||z]|a = 2" Az, h is continuous real-valued function on (0,4o00). It should be
noticed that although (6.4) looks like some existing results in literature, this is not
the case. Indeed, the dimensions of the random vectors in (6.4) are random, as they
depend on m. Because of that, the derivation of the asymptotic distributional risk
does not follow from the results in literature. In particular, if h(z) = (1—22), z > 0,

we get the shrinkage estimator (SE) given by

=
ASe
>
S~—
|
™
—~
ASe
>

6° = G(d i) + 1 (q — 20 (1) ') (6.5)

where 2 < ¢ = rank(B) < (m + 1)(p + 1), and 9¥r(m) is given as in Corollary
6.1. Further, let at = max{0,a}, and let h(z) = (1 — £2)*, z > 0. We get the

positive-part shrinkage estimator (PSE) given by
0" = 6(¢,m) + [1— (¢ — 2)¢r(i) ' (6(¢, ) — B(, 1)) (6.6)

Note that the proposed class of estimators includes also the UE and the RE by taking
h =1 and h = 0, respectively. Further, note that the SEs in (6.5) and (6.6) have the
same form as that in Saleh (2006), Sen and Saleh (1987) among others. Nevertheless,
the dimensions of ¢ and §** are random variables. Thus, the derivation of the relative

efficiency does not follow from the results in literature.
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Chapter 7

Comparison between estimators

In this chapter, we derive the asymptotic distributional risk (ADR) functions of the
proposed class of estimators as well as that of SEs, UE and RE. We also compare the

performance of these estimators.

7.1 Asymptotic distributional risk

In this section, we derive the ADR functions based on Theorem 2.1-2.3 of Nkurunziza
(2012) along with Proposition 5.1. Let Q be the (m+1)(p+1) x (m+1)(p+1) positive
symmetric semi-definite weighting matrix. First of all, we introduce the quadratic loss

function in the form of
L (éo, 0; r) = T(fy — 6)TQ (b, — 0), (7.1)
where f, represents an estimator such as 6%, 65, 8(¢, ) and 6(¢, ).
The ADR of an estimator éo is defined as
ADR (éo, 0, Q) — BleTQe], (7.2)

where ¢ is the random vector such that T'(6y — 6)TQ(0, — 0) TL> e Qe.
—00
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Proposition 7.1. Suppose that Assumptions 1-3 hold along with the set of local

alternatives in (3.8). Then, the following two conditions hold.

(i) (0°G*BX™YE is an idempotent matriz;

(ii) Z2(0?G* B H)ZEG*rg = ZG*ry.

Proof. To prove the statement in (i), we observe that

(c*G*BY H=Z = (020*321%2 = G*B.

Then, we have

(0*G*BY"HZE(0*G*BY 1= = G*BG*B.

Note that, since G* = S 'BT(BX1BT)71,
G*BG*B=Y"'B"(Bx'B")'Bx'B"(BX'B")'B
=2"'BY(BE'B")'B =G*B.

This gives

(0*G*BY"HE(0*G*BYHE = (0*G*BYY)E,

this proves the statement in (i). To prove the statement in (ii), we have

1 1
=" G BYT)EG T = —N(o* ST BT (BRI BT) T BT e T BT (BYT BT
9 o
1
= ?EZ_lBT(BZ_lBT)_lTO — :G*TO7
this proves the statement in (ii). ]

Let A22 = 2_1 - G*BZ‘l.

Theorem 7.1. Suppose that Assumptions 1-3 hold. Then,
ADR(6°(h),0,Q) = o?trace(Qs) + 1§ G*TQG g — 2E[A(x2, 5(A))]rg G*TQG Ty

+ 0?E[h? (X2, o(A))]trace(QUE ! — Agg)) + E[R* (X2 4(A))]rg G*T QG 1.
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The proof follows from Proposition 5.1 and Theorems 2.1-2.3 of Nkurunziza (2012b)
by taking L1 = B, Ly =1, 51 = %BT(BE*IBT)AB, 6= G*ry, XF = 02(X71 = Ay),
p = 1. By using Theorem 7.1, we derive the ADR functions of UE and RE in

Theorem 7.2 and Theorem 7.3.

Theorem 7.2. Suppose that Assumptions 1-3 hold. Then, the ADR of the UE é(gzg, m)

is given by ADR (é(g&, m), 0, Q) = otrace(QX1).

The proof follows from Theorem 7.1 by taking h = 1. We also give an alternative

proof in the Appendix B.

Theorem 7.3. Suppose that Assumptions 1-3 hold along with the set of local alter-

natives in (3.8). Then, the ADR of the RE 0(¢, 1) is
ADR (é(és, ), 0, Q) — ADR (é(é, ), 0, Q) — o2trace(QGFBEY) + 1] GFTQGH .

The proof follows from Theorem 7.1 by taking h = 0. We also give an alternative
proof in the Appendix B.

In this section, the ADR function of the shrinkage estimator is derived based
on the Theorem 3.1 in Nkurunziza (2012b) (see also Theorem A.8 in Appendix A).
First, we prove the conditions in Theorem 2.2 and 2.3 in Nkurunziza (2012b) (see
also Theorem A.6 and Theorem A.7 in Appendix A).

By Proposition 5.1, we have g(CT(é, m), §T(<§, m)) ﬁ g(¢, &), with
13 G*ro G*BY! 0

~ Nz(m+1)(p+1) Lo
¢ —G*rg 0 »-l-G*BY!

1
Now, we define = = ;E. By the way, by Proposition 3.5, one can prove that it is
positive definite. Now, the ADR of the shrinkage estimator is shown in the following

1
theorem. Before that, we recall that A = —QTOT(BE_lBT)_er.
o
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Theorem 7.4. Suppose that the conditions of Proposition 7.1 hold. Then, the ADR

of the shrinkage estimator 0° is

ADR (9 0, Q) — ADR (é(qB, ), 0, Q> +(q+2)(q — 2r] GG B[ 1, (A)]

— (g = 2)0’trace(QG"BI ™) (2E[x, {2 (A)] — (¢ = 2)E[x2(A))).
Proof. Let L1 = B, Ly = 1, k = 1, Z; = %BT(BE*IBT)*IB, 0 = G*rg and
¥* = 0?G*BX!. Since the conditions (i) and (ii) in Proposition 7.1 hold, we can

apply Theorem 3.1 in Nkurunziza (2012b) by taking the measurable function

h(z) = [1 — 2], x> 0. We have

ADR (9 0, Q> — trace [0S — 0°G*BS )] + 1] GTOG"
— 21y G*TQG*rE[l — (¢ — Q)Xq_f2(A)]
+ o?trace(QG*BYHE[(1 — (q — 2)X;22<A>)2]

1 GG TE[(L — (g — 2)x; L (A)).
Then, we have

ADR (9 0, Q) = otrace(Q5 1) — o?trace(QG*BE L) + 1] G T QG T
—2rg G*TQG 1o + 2(q — 2)rg G* T QG 1 E[x 75 (A)]
+ o*trace(QG*BY ) — 2(q — 2)0’trace(QG* B E[x, 5 (A))]
+ (¢ — 2)%0”trace(QG*BEE[x, 15 (A)]
+ 1y G*TQG*ry — 2(q — 2)TOTG*TQG*T0E[X;E4(A)}

+ (¢ — 2)27’()TG*TQG*TOE[X;f4(A)].
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This gives that

ADR (9 0, Q) = o%trace(QN 1) + 2(q — 2)r] G*T QG (B[, %(A)] — Elx; 2, (A)])
— (¢ — 2)0’trace(QG"BE ) (2E[x, 75(A)] — (¢ — 2)E[xg12(A)])

+ (¢ — 2)QTJG*TQG*TOE[X;f4(A)].

Since

then,

ADR (6°,0,2) = ADR (0(d, 1), 0,9) + (g +2)(q — 2)r] &7 QG roE[x, 4(A)]

— (g — 2)0trace(QG"BE ™) (2E[x 22 (A)] — (¢ — 2)E[x 2 (A))),
this completes the proof. O]

The following theorem shows the ADR function of the positive-part shrinkage

estimator.

Theorem 7.5. Suppose that Assumptions 1-3 hold along with the set of local alter-

natives in (3.8). Then, the ADR of the positive-part shrinkage estimator s+ is

ADR (és+, 0, Q) — ADR (9 0, Q)
+2rg GG 0E[(1 — (¢ — 2)xg12(A) e, ,a)<q-2)]
— o*trace(QG"BETE[(L — (¢ = 2)x,22(A)) Lz, a)<q-2)]

— 1] GTOGTOE((L — (0 — 22 () e, ay<g 2]
Proof. To begin this proof, we redefine the measurable function
q—2

h(l’) = |:1 — T:| ]I{qu—Q}a x> 0.
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Then, by Theorem 3.1 in Nkurunziza (2012b), we have
ADR (éSt 6, Q) = trace [Q(0?5 ! — 0?G*BE )] + 1] G*T QG g
=21 G*TQGE[(1 = (¢ — 2)x2(A) 2, (a)2g—2)]
+ o?trace(QG* B HE[(1 — (g — 2)Xq_f2(A))zﬂ{x§+2(A)2q—2}]
+ TOTG*TQG*TOE[(I — (g - 2)X¢;—E4(A))Q]I{X§+4(A)Zq—2}]‘

Note that

E[(l - (q - 2)X¢;—EQ(A))H{X§+2(A)2q—2}] = E[(l - (CI - 2)Xq_f2(A))]

= E[(1 = (¢ = 2x; Q) e, a) <2

E[(1 = (g = 2)X72(8) Tz, ya)2g-2) = El(1 = (¢ = 2)x,2(A))7]

—E[(1 = (¢ = 2x;72(A) I (a)<q-23)s

E[(1 = (¢ = 274 (8) Tz a)20-27] = EI(1 = (4 = 2)x4(A))7]

—E[(1-(¢— Q)X;f4(A))2H{X§+4(A)<q_2}].
This gives

ADR (és+’ 0, Q) = trace [Q(c°S ™! — 0’G*BE )] 4+ rg G*T QG
— 21 G*TQG [l — (q — 2)x; 5 (A)]
+ o?trace(QG*BYHE[(1 — (¢ — 2)X;f2(A))2]
+ 1 GTQG* T E[(1 — (¢ — 2)Xp14(A))?]
+ 215 GG 0E[(1 = (¢ = 2)xg 22 (A)) e, (a)<g-2)]
— o?trace(QG*BYHE[(1 — (q — 2)X;JE2(A))Q]I{x§+2(A)<q—2}]

— 70 GG 0E[(1 — (0 — 2)xg24(A)) T2, (a)<g-23);
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which implies that

ADR (é8+, 0, Q) — ADR (0 0, Q>
+2rg GG 0E[(1 — (0 — 2)xg 22 (D)2 (a)<g-2)]
— o’trace(QG"BETE[(L — (¢ — 2)x;72(8) T2, (a)<q-2)]

— 1 G*TQGTE[(1 — (0 = 2)x 74 (D)) Iz, a)<q-2)]-

This completes the proof. n

7.2 Risk Analysis

In this section, by using the ADR function derived in Section 7.1, we compare the

performance of the proposed estimators. To this end, let A\; denote the smallest eigen-
value of the matrix [(G*'TG*)7'G*TQG*] and let A, denote the largest eigenvalue
of it. First, we compare the relative efficiency of the UE and the RE by the following

proposition.

Proposition 7.2. Suppose that Assumptions 1-3 hold along with the set of local
alternatives in (3.8). If A < (0trace(QG*BX 1)) /A, then the 0(¢,m) dominates
the O(¢,m), and if A > (o2trace(QG*BY 1)) /Ay, then the 0(¢, 1) dominates the
6(, ).

Proof. By Theorem 7.3, we have

A A

ADR (é(&, ), 6, Q) — ADR (e(¢, ), 0, Q) — 2trace(QGHBEY) + 1 GTOG

which implies that

~ A~

ADR (9(¢, ), o, Q) _ ADR (é(gz}, ), 6, Q) = 1l QG — o*trace(QG*BE Y.
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We observe that, since G* = S 'BT(BX'B") ' and I'= 5B (BX'B")™'B,

1 1
G*'IG* = (B 'B") ' B ' =B (Bx'B")'BE'BT(BE'B") ' = (B 'BT) !,
o

T o?
which is positive definite for o > 0.
Then, by Theorem 2.4.7 in Mathai and Provost (1992), we have

rd G*TQG*r

M < <

LSl GTTGr gy
1

Note that, since A = —rj (BES™'B")'rg, (BE™'BT)™! is positive definite, A =
o

1 _ _

;7{(32 BN > 0.

If A > 0, from the proof of Corollary 6.1, we have A = rJ G*"T'G*rg, then

~ A

MA — o%trace(QG*BY 1) < ADR (9(¢, ), 0, Q) ~ ADR (é(gz}, ), 0, Q) . (7.3)

and

ADR (0(¢, ), 0, Q) ~ ADR (é(gz}, ), 0, Q) < AA — oPtrace(QGFBEY).  (T.4)
By (7.3), if
MA — o*trace(QG*BY 1) > 0,
then, ADR (é(os, ), 6, Q) > ADR (é(qB, ), 0, Q)
Similarly, by (7.4), if
A — o*trace(QG*BY ) <0,
then, ADR (é((ﬁ, m), 0, Q) < ADR <9A(<£, m), 0, Q) This completes the proof. ]

Next, we present the following proposition to show the dominance between é(é, m)

and 6°.

Proposition 7.3. Suppose that Assumptions 1-3 hold along with the set of local
alternatives in (3.8). If o%trace(QG*BX"1) /N, > (q+2)/2 with q € (2, (m+1)(p+1)),

then the shrinkage estimator 0° dominates the UE 0(¢, ).

60



Proof. By Theorem 7.4, we have

ADR (9 0, Q) — ADR (é(&, ), 0, Q> +(q+2)(g — 2)rd G TG 1B, 14 (A)]
— (g — 2)0”trace(QG"BY ) (2E[x, 12(A)] — (¢ — 2)E[x {5 (A))).
Then, by the identity in Saleh (2006, p. 32), we have
AE[x,14(A)] = Elxg22(A)] = (¢ = 2)E[x 5(A)],

this gives

ADR (°,6,9) = ADR (8(6,1),6,9) + (g +2)(q — 2)r] G*T QG roBlx, ,(A)]

— (¢ — 2)0"trace(QG"BE ™) (2AE g1 (A)] + (0 — 2)E[1(A)]).

1
Note that, since A = —QTOT(BE_lBT)_lro, (BX'BT)7! is positive definite and,
o
1
A= —QTOT(BEABT)ATO > (0. Then, A =0 if an only if 7y = 0.
o

If A =0, we have
ADR (és, g, Q) = ADR (é(g?), m), 0, Q) — (q — 2)%0*trace(QG*BE " )E[x, 5],
this gives
ADR (9 6, Q) _ ADR (é(és, ), 6, Q) = —(q — 2)%0trace(QG" BS)E[x; %)
Since QG*BX~! is positive definite, we have
trace(QG*BY 1) > 0. (7.5)
Further, since X} is a non-negative random variable, by (7.5), we have

ADR (0 0, Q) — ADR (é(gfs, ), 0, Q) = — (g — 2)%0trace(QG*BY B[y, 4] <0,
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which implies that ADR (és, 0, Q) < ADR (é(q@, m), 0, Q) . If A >0, we have

ADR (6°,0,2) = ADR (0(d, 1), 0, 2) + (q+2)(q — 2)rj G"TQG" ToE[x; 14(A)]

— (g = 2)0’trace(QG"BI ™) (2AEx, {4 (A)] + (¢ = 2)E[x 12 (A))),

then,

ADR (9 0, Q) _ ADR (é(qB, ), 0, Q) = (g — 2)0*trace(QG* BYY)

) CE 2)rd G*TQG*rg B 4

< [pampG ) (1 - SR B ) + - DB ()

Now, let
e (1_ (q+2)rg G*TQG*rg
2Actrace(QG*BE-1) )7

we have

A A

ADR (9 6, Q) — ADR <e(¢, ), 6, Q>

= —(q — 2)o*trace(QG*BX 1) [2AE[X;f4(A)]H + (¢ — 2)E[X;f2(A)H :

From (7.5) with the fact that X;fQ(A) and X;f4(A) are non-negative random variables,
we have, ADR (és,e, Q) _ ADR (é(é, m),e,Q) <0 for all A > 0 given that ¢ > 2

and
T,yxT *
(q + 2)rg G*TQG*r - (7.6)

H—=1-—
2A0?trace(QG*BY 1) —

Then, by Theorem 2.4.7 in Mathai and Provost (1992), we have

\ < TJG*TQG*TO
1

= 0,
= g G LG,

This gives, from the proof of Corollary 6.1, we know that A = rJ G*"T'G*r,

B (¢ +2)\A 1 (q+ 2)rg G*TQG*r,
2Ac%trace(QG*BYX~1) — 2A0?trace(QG*BY-1)’
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and

B (¢ +2)MA 1 (q+ 2)rg G*TQG*r,
2Ac%trace(QG*BYX~1) — 2Ac?trace(QG*BX-1)

Then, the relation in (7.6) holds if

B (g +2)\A
2Ao%trace(QG*BX1)

> 0,

and this holds if and only if

o?trace(QG*BY ™) S 4t?2
An - 2

this completes the proof. n

Finally, we compare the relative performance between 6% and 6° in the proposition

below.

Proposition 7.4. Suppose that Assumptions 1-3 hold along with the set of local
alternatives in (3.8). Then, the positive-part shrinkage estimator 05+ dominates the

shrinkage estimator 6s.
Proof. By Theorem 7.5
ADR (ésﬂ 0, Q) — ADR (9 0, Q)
£ 2] GG O~ (g — 20, 2(A) Tz o)< 2)]
— o*trace(QG"BETE[(1 — (¢ — 2)x;22(A)) e, (a)<g-2)]

- TJG*TQG*TOE[(l — (¢ — 2)x;f4(A))2H{X3+4(A)<q72}]-
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This gives
ADR (9 0, Q> _ ADR (éSt 0, Q)
= —2r G*TQGTOE[(1 — (¢ = 2)x 72 (A) e, (a)<q-2)]
+ o *trace(QG"BETE[(L — (¢ — 2)xg72(A)) Lz, a)<q-2)]
+ 719 G*TQG*TE[(1 — (¢ — 2)X;-E4(A))zﬂ{x3+4(A)<q—2}]'
Note that €2 is positive semi-definite matrix, rJ G*TQG*ry is a non-negative real
number. Also, we observe that (1 — (¢ — Z)X;fQ(A))]I{X3+2(A)<q,Q} < 0, then
E[(1 — (g = 2)xg2(A)) L2, (a)<q-2)) < 0. Hence,
2] GG OE((1 — (0 — 2 BA) e, ayeq 2] = 0. (7.7)
Since QG*BY.7! is positive definite, trace(Q2G*BX™1) is a non-negative real number.
Also, we observe that (1 — (¢ — 2)X;f2(A))QI[{XgH(AKq,Q} > 0, then
E[(1 = (g = 2)xg£2(A))’ L2, (a)<q-2)) = 0. Hence,
o*trace(QG*BYHE[(1 — (¢ — 2)X;f2(A))Q]I{X§+2(A)<q_2}] > 0. (7.8)
We observe that (1 — (¢ — Z)X;f4(A))Q]I{XSM(AK(J_Q} > 0, then
E[(l—(q—2)Xq’f4(A))Q]I{X3+4(A)<q,2}] > 0. Hence, since rJ G*TQG"ry is a non-negative

real number, we have
rg G*TQG*roB[(1 — (¢ — 2)X¢;-E4(A))2H{X§+4(A)<q—2}] > 0. (7.9)
Therefore, by (7.7)-(7.9), we establish that
ADR (9 0, Q) _ ADR (éSt 0, Q) >0,

this gives
ADR (9 6, Q) > ADR (és+, 6, Q) ,

this completes the proof. ]

64



Chapter 8

Numerical study

In previous chapter, we derived the UE, RE, SE and PSE. In this chapter, we estimate
the number of change points by using the algorithm introduced in Section 5.2. We
also estimate the positions of change points, and compare the relative performance

of these estimators.

8.1 Simulation study

We illustrate the performance of the proposed method by using the simulation stud-
ies. We use Monte-Carlo simulation to generate the generalized O-U process. Two
cases are reported here: 1. The case of two change points; 2. The case of three change

points. For both cases, we generate the O-U process with a periodic two-dimensional

incomplete set of basis functions {1, V2 cos (%)} where A = t;,1 — t; is the time

increment in time period [0, T]. Thus, the process is given as

m

2t
dX, =) (m,j + pia V2 cos (Ai> — ant) Lry_ymydt + odW, (8.1)
t

J=1
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where j = 1,...,m (m is the number of change points), ¢, 1T < t < ¢;T and
Xo = 0.05. To simplify, we take o = 1. In each case, 500 iterations are performed.
In each iteration, the positions of change points and the number of change points
are estimated. Moreover, we take Q = Iyt 1)(mt1)x(p+1)(m+1), and we also compare

the relative performance of estimators via empirical ADR. To estimate o2, we use

o 1
02 = f ;(th — Xti,1)2'

8.2 Performance comparison

First, we consider the case of two change points so that we let m = 2, with ¢; = 0.35
and ¢, = 0.7. In order to evaluate the effect of time period T', we generate the O-U
process with T' = 20 and T = 50, with the time increment of A = 0.001. Table 8.1
shows the value of coefficients which are used to generate the process. To set a linear

restriction, we take the matrix B which is given as

B=[(I5,0)", (=13, I5)", (0, —1I3)"]. (8.2)

Table 8.1: Two change points (¢; = 0.35, o = 0.7)

coefficient | j=1|57=2|7=3
IR 10 5 15
2, 5 2 8
a 3 1 4

We also consider the case of three change points. Let ¢; = 0.25, ¢ = 0.5 and

¢3 = 0.75. The value of coefficients is given in the Table 8.2. In this case, we choose
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the linear restriction as

B = [(137 07 0)T7 (_137 137 0>T7 (OJ _137 I3)T7 (07 07 _13)T]' (83)

Table 8.2: Three change points (¢; = 0.25, o = 0.5, ¢35 = 0.75)

coefficient | j=1|7=2|7=3|/=4

1, 10 ) 15 20
H2,j 5 2 7 10
a; 3 1 3 5

For the two cases considered, we estimate the number of change points based on the
algorithm in Section 5.2. To estimate the number of change points, we take m, .. = 6.

From 500 iterations, the cumulative frequency (CF) and the relative frequency (RF)
500

are shown in Table 8.3. The CF and RF are defined as CF = Z Ii,=m) and
1=1

500

1
F=— | - 1 .
R 500 ; (;=m) X 00%

Table 8.3: Cumulative frequency and relative frequency of 500 iterations

T=20|T=20|T=50|T=50

case CF RF CF RF

m=2| 497 99.4% 200 100%

m =3 492 98.4% 200 100%

From Table 8.3, the cumulative frequency and relative frequency become larger when

we change T" from 20 to 50. Thus, it seems accurate to estimate the number of change

points when 7' is large.
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From 500 iterations, we also estimate the locations of change points based on LSSE

method in (4.2). The mean of these locations are recorded in Table 8.4 and Table

8.5.

Table 8.4: Mean of estimates of ¢y, ¢ (m = 2)

T=20|T=50
61 | 0.3522 | 0.3492
bs | 0.6996 | 0.7

Table 8.5: Mean of estimates of ¢y, ¢, ¢35 (m

T=20|T=50
61 | 0.2519 | 0.2501
bs | 0.4995 | 0.5002
b3 | 0.7497 | 0.7502

= 3)

From Tables 8.4 and 8.5, it is obvious that, as T' becomes large, the estimated

locations of change points are closer to the pre-assigned values. In other words, the

method is more accurate as 1" increases. Further, under the case of two change points,

we estimated ¢; and ¢ in 100 replicates as T' = 20, 35, 50 where ¢ = (0.35,0.7). In

Figure 8.1, all the histograms are quite symmetric and unimodal with the mode

which corresponds to the exact value. As T increases, the estimates become closer to

the pre-assigned values. In the case of three change points, we also estimated qg as

T = 20, 35,50 in 100 replicates where ¢ = 0.25,0.5,0.7. From Figure 8.2, we observe

the similar results as in the case of two change points.
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Figure 8.1: Histogram of estimates of ¢, m =2, T = (20, 35,50), ¢ = (0.35,0.7)
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Figure 8.2: Histogram of estimates of ¢, m = 3, T = (20, 35, 50), ¢ = (0.25,0.5,0.75)
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As in Nkurunziza and Zhang (2018), we compute the relative mean squared efficiency
(RMSE) by
RMSE(6y) = ADR(0(¢, 1), 0; Q) /ADR(6y, 0; Q) (8.4)

where 6, represents an estimator such as 6%, 65+, é(qg, m) and é((ﬁ,ﬁl) We compute
A by using A = %TOT(BZ”BT)ATO. We take rg = 0.5nr, n=1,2,3,4,5,6.

RRRRRR

RMSE

Figure 8.3: RMSE of UE, RE, SE, PSE versus A (m =2, T' = 20)

For the two change point case, from Figures 8.3 and 8.4, near A = 0, RMSE of
RE is higher than the RMSE of UE, RMSE of SE and RMSE of PSE. It means that,
near the restriction, RE is more efficient than other three estimators. These figures
also show that the efficiency of RE decreases as one moves far away from the null
hypothesis. Further, PSE and SE outperform than UE, and PSE is more efficient

than SE.
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Figure 8.4: RMSE of UE, RE, SE, PSE versus A (m =2, T = 50)
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Figure 8.5: RMSE of UMLE, RMLE, SE, PSE versus A (m =3, T = 20)
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Figure 8.6: RMSE of UMLE, RMLE, SE, PSE versus A (m =3, T = 50)

For the three change points case, from Figures 8.5 and 8.6, near Hy, the perfor-
mance of the RE is better than that of UE, SE and PSE. However, as A increases,
RE performs worse. Both figures show that although the efficiency of SE and PSE
decreases as A increases, they are more efficient than UE. Also, PSE is more efficient
than SE. In conclusion, the numerical results of both cases are in agreement with the
theoretical results established in Section 7.2.

From Figures 8.7-8.12, it is obvious that the empirical power tends to 1 as A increases
to infinity. Also, as T inceases, the empirical power also increases. It means that the
numerical results coincide with the theoretical results which show that the test in

(6.3) is consistent.
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Figure 8.8: The empirical power of the test versus A and T' (m = 2)
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Chapter 9

Conclusion

In this thesis, we considered the inference problem in generalized O-U processes with
unknown multiple change-points. In particular, the target parameter is the drift
parameter whereas the number of change-points and the locations of the change-
points are the nuisance parameters. In summary, we generalized the methods in
Chen et al. (2017) as well as in Nkurunziza and Zhang (2018). More precisely, we
generalized the main results in Chen et al. (2017) in five ways. First, we considered
the statistical model which incorporates uncertain prior information and the uncer-
tain restriction includes as a special case the nonexistence of the change-points. We
derived the unrestricted estimators (UE) and the restricted estimators (RE). Sec-
ond, in context of a known number of change-points, we derived the joint asymptotic
normality of the UE and the RE. Third, we developed a hypothesis test for testing
the restriction and we derived its asymptotic power. Fourth, we derived a class of
shrinkage estimators (SEs) which encloses as special cases the UE, the RE as well as
the classical SEs. Fifth, we derived the asymptotic distributional risk (ADR) func-

tions of the UE, the RE, the SEs, and compared their relative risk efficiency. From
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the simulation study, we found that the simulation results corroborate the derived
theoretical results.

On the top of these contributions, we derived two asymptotic properties which are of
interest on their own. Further, we waived the conditions for the results in Chen et al. (2017)
to hold. More precisely, we showed that Assumption 2 in Chen et al. (2017) is not

required for their results to hold.
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Appendix A

Theoretical Background

Lemma A.1. (Bessel’s Inequality) Let H be a Hilbert space. If {p; 11 =1,...,p} is

P
a finite orthonormal set in H, then for any x € H, Z |(x, o) |* < [|=||*.
i=1

Definition A.1. (Weakly Stationary) A stochastic process { Xy }res is weakly sta-
tionary if it has finite first and second moments and
(i) E(Xy) is a constant, i.e., it does not depend on k

(i1) Cov(Xy, X;) is a function of |j — k.

Definition A.2. (Strongly Stationary) A stochastic process {X}res is (strongly)
stationary if for any finite integer a, the joint distribution of { X }tres is equal to

the joint distribution of {Xkia}res-

Note: These two definitions of strongly and weakly stationary come with the case
of Gaussian process. For more detail, we refer to Koralov and Sinai (2007, p.234).

Let C[0,T] be a space of continuous function from [0,77] to R.

Proposition A.1. (Wiener integral) If f € C[0,T], then the process defined by
t
Y= [ f)iB,  te o
0
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15 a mean zero Gaussian process with independent increment and with covariance

function
min(s,t)
Cov(Xs, Xy) = / 2 (u)du.
0

Moreover, if we take the partition of [0,T] given t; = % for 0 <7 < n and choose t;

to satisfy t;_q <tF <t; for all1 <i <mn, then we have

n T
Jim 32 A (B~ Bu) = | ran.
where the limit is understood in the sense of convergence in probability.
For the proof of this result, we refer to Steele (2001 Proposition 7.6, p.101).

Theorem A.1. Let (2, 4, P,7) be a measure-preserving dynamical system. Further,
suppose that a stationary Gaussian process { X, tnen, with correlation coefficient R,

satisfies lim R, = 0. Then, T is weakly-mizing.
n—oo

For the proof of this result, we refer to Lemma 5 and Theorem 5 of Chapter II in

Gikhman and Skorohod (2004). Also, we refer to Stout (1974, Example 3.5.2, p.185.)

Theorem A.2. (Q, A, P,7) is ergodic if and only if for all A ;B € A, the measure

preserving transformation Tis weakly-mizing.

Definition A.3. Let X = {X;}ies be a stochastic process where the indez set S could
be R, N, Ny, Z and so on. Then, the stochastic process is X is called ergodic if

(Q, 4, P,T) is ergodic.

Theorem A.3. Let {X;,i > 1} be stationary ergodic and let ¢ be a measurable
function ¢ : R>® — R Let Y; = ¢(X;, Xit1,...) and define {Y;,i > 1}. Then,
{Y;,i > 1} is stationary ergodic.

The proof of this result is given in Stout (1974 Theorem 3.5.8, p.182).
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Theorem A.4. (Stout, 1974, Theorem 3.5.7, p.181) Let {X;,i > 1} be a stationary

and ergodic process with E[|X;|] < co. Then, £ 37 X; == E[X,].
n—oo

n

Theorem A.5. (Mathai and Provost, 1992, Theorem 5.1.3 ) If X ~ N,(u, ) and
is positive semidefinite, then a set of necessary and sufficient conditions for X T AX ~
Xa(A) is

(i) tr(AY) = q and p" Ap = A,

(i) SALAY = X AY,

(iii) p" ASAp = p' Ap,

(iv) p" (AX)? = p T AX.
The proof is referred to Mathai and Provost (1992 Theorem 5.1.3, p.199).

Proposition A.2. Let X ~ N, (u,2). If A is n X m-matriz and B is n-column
vector, then AX + B ~ N(Au+ B, AXAT).

A.1 Identities in Shrinkage method

Theorem A.6. (Nkurunziza, 2012b, Theorem 2.2) Let

X M, T ® A 0
~ N2q><2k )

Y M, 0 Yoo @ Ao

where Aqq is positive definite matriz, and Y11, Yoo and Agy are non-negative definite
matrices with rank p < k. Also, let = be a symmetric and positive definite matrix
which satisfies the following two conditions:

(i) Y11= is an idempotent matriz ;(i1) ZY11=2My = ZM;.

Then, for any h Borel measurable and integrable function, and any non-negative def-
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inite matriz A, we have
E[h(trace(A;] X "TEY11EX))Y TAX] = E[h(x ), (trace(A] My EY11EM))))| My AM;.

Theorem A.7. (Nkurunziza, 2012b, Theorem 2.3) Let X ~ Ny (M, YT ® A), where
A is a positive definite matriz and Y is a non-negative definite matriz with rankp < k.
Also, let A and Z be positive definite symmetric matrices and assume that = satisfies
the following two conditions:

(i) Y= is an idempotent matriz ;(ii) ZYEM = =M.

Then, for any h Borel measurable and integrable function, we have

E[h(trace(A' X TEYEX))trace(X " AX))]
= E[h(X}gso(trace(A"' M TEYEM)))]trace(AY )trace(A)

+ E[h(x} 4 (trace(A™ M TEYEM)))trace(M T AM).

Theorem A.8. (Nkurunziza, 2012b, Theorem 3.1) Let ¥ = A=!, ¥* = AL (L1AL] )71 LiA,
and 6 = AL] (LiALT)"Y(L\0Ly — d). Then, the risk function of the estimator 0 is
given by

~

R(0,0,Q) = trace(Q(X — X%))trace(Ly Ly) + trace(d' Q6)
— 2E[h(x§q+2(trace((L;Lg)_léTElé)))]trace(éTQ(S)
+ E[hQ(X;qH(trace((LQTLg)_15T515)))]trace(QE*)trace(L;Lg)

+ E[R* (X5 a(trace((Ly Ls) "6 T E416)))]trace(d ' €0).
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Appendix B

Some Technical Results and Proofs

Proposition B.1. Suppose that the conditions in Proposition 4.1 hold. Then, g5 8 a
consistent estimator for ¢. Further, for every e > 0, there exists a C > 0 such that

for large T, P(T max |qz§] —¢j| >C) <e.
1<j<m
The proof is similar to that given for Proposition 4.2 of Chen et al. (2017).

Proposition B.2. Under Assumption 1-4. we have that for large T,
(i) IC(m°) < IC(m) a.s. V. m <m® and (ii) IC(m°) < IC(m) a.s. V. m > m" .

The proof is similar to that given for Proposition 5.1 of Chen et al. (2017).

Proof of Lemma 2.1. Consider the SDE without change-point,

p
dU; = <Z ppn(t) — aUt> dt+odW,;, 0 <t <T. Let g(t,z) = ez and Y; = g(t,U;)
k=1
By Ito’s lemma,

dg dg

dY, = = (t,U;)dt + —=(t, U;)dU,
t at(7 t) +8Ut(7 t) t+

1 9%

§W(t’ Un)d(Uy, Uy).
t

p
Since dU, = (Z ek (t) — aUt> dt + odW,, then,
k=1

p
dY, = ac"Uydt + €' dU, = e > pupi(t)dt + e od WV,
k=1
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Integrating both sides from 0 to ¢, we get

t
U =e %Uy+e® Zuk/ e“pr(s)ds + oe” “t/ e*dW.
0

Further, we have

m+41 2
[|Xt - (ZX (75— 1<t§Tj)>

By convexity of the quadratic function,

mil 2 mil
( m—HXj<t)H(Tj_l<t<TJ ) ; (7—] 1<t<7—J))2.

j=1
Then,

m+1 2 m+1

(Z Xj(t)ﬂ(rjlagq)) < (m+1)Y E(X;0)) L, <r<n] »
j=1 j=1
m+1
and then, sup E[|X,|*] < (m + 1) Z sup E[|X;(#)|?]. Now, it is sufficient to prove
>0 20

sup E[|X;(t)]*] < 00, j = 1,2,...,m + 1. Then, from the convexity of the quadratic
>0

function, (a + b+ ¢)? < 3a? + 3b* + 3¢?, then,

B[|IX;(0)[*] = Elle™"Xo + hy(t) + 2;(1)["] < 3e7*"E[| Xo[*] + 3E[h5 ()] + 3E[2 (1)].
(B.1)
p
Let Z i < K, < ooand |gg(t)| < K, <ooforallj=1,...,m+land k= 1,...,p,

k=1
t > 0. By Triangular Inequality and Jensen’s Inequality, we have

2
t
E[hz() = ( —agt Z’U/kj/ or(s )ds> < eZ“ftKin,/O e ds.
Then, for ¢t > 0

1 1 K2K?
E[R:(t)] < —2agtK5KZ2a (€2t — 1) = KﬁKiTq-(l _ ety < 2,;@‘
J J

(B.2)
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Also, we have

By using Ito’s Isometry, we have

t
1
B3] = o | [ ] = oot L 1),
0

j a
Then, for t > 0

2

B[22(t)] = 02%%(1 ety < 2"7] (B.3)

Finally, by combining (B.1), (B.2) and (B.3), we establish

K2 2 2
sup B[|X;(1)]?] < 3E[|Xo[?] + 3—2—¢ + 3.7 < oo,
t>0 26Lj 2(lj
this completes the proof. O

Proof of Proposition 2.2. We have
E[X;(t + k)] = E[h;(t + k)] + B[Z;(t + k)] = hj(t + k) + E[Z(t + k)].

Let r = s — k and by Assumption 2,

. P 4k
hi(t+k) = e N "y 5 / e p;(s)ds
i=1 -
p t B
=S g [ ey <Ry
i=1 —o0
Therefore, h;(t 4 k) does not depend on k and is a constant for every t € [0, 1].

0 B t+k
E[Z(t + k)] = ge P B {/ e‘”sdB_s} +E {/ ea‘jsst]
0

—0o0

t+k
Since Ito’s integral is martingale, we have E {/ e“deBs} =0, and

0 [e'S) U
E {/ e“jsdB_S} =E {/ e_aj“dBu} =E [ lim / e_aj“dBu} =E [ lim IU] )
o 0 U—o0 0 U—oo

[e=]
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By (B.11), Iy UL—2> I. This implies that Iy UL—1> I.. Then, by the martingale
—00 —00

property, E[ lim Iy = lim E[ly] =0, and then,
U—oo U—o0
BZ(t+k)] =0, k=0,1,.... (B.4)
Therefore,
E[X;(t+ k)] = h;(t + k) + E[5(t + k)] = hy(t), k=0,1,..., (B.5)
which is a constant. For Cov(X;(t), X;(t 4 k)), since E[Z;(t + k)] = 0, we have

Cov(X;(t), X;(t + k) = Cov(Z(t), % (t + k) = BIZ(£)%(t + k).

We have

t B t+k ~
E[Z)zt+ k)] =E [(Ut?_ajt/ eadeBs> <ae_af(t+k)/ e“deBs)]
t o\ 2 t _ pttk R
= e “'E (ae“”t/ e“deBs) + o2 2HRE [/ e“deBs/ e‘”sst}
—00 t

= e “"E[Z}(t)]

since, by the independent increments of Wiener process, we have

t N t+k 5 t N t+k N
o [ v, [ ovan] <[ enan] e[ [ van] <o
—00 t [e'e] t

2
then, by (B.13), E[:?:?(t + k)] = ;— for k = 0,1,2,..., and then, we can establish
a
o? - J o?
E[Zf(t)] =5 Then, Cov(X;(t), X;(t+k)) = e_ajk%, this completes the proof. []
J J

Proof of Lemma 2.2. First, we prove for all k and t, E[|X;(k +1)]?] < .

Since (a + b)? < 2a* + 2b%, we have

B[|X;(k +1)]%] = E[|hy(t + k) + Z;(t + k)|*] < 2E[R2(t + k)] + 2E[Z2(¢ + k).
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p

Let Z]u”| < K, < oo and |pi(t+k) < K, <ooforall j =1,..,m+1 and
i=1

k=1,..,p,t > 0. By Triangle Inequality and Jensen’s Inequality,

p 2tk
E[h?(t + ]{)] < e~ 2a;(t+k) (Z |Mi,j‘) / (eajSKSD)2dS
i=1 —o0
(t+5) t+k
—2a;(t+ 2712 2a;s
<e KMK¢/_ e“%%ds.
Then,
~ 9. e2aj(t+k) K2K2
E[R2(t + k)] < e 2R K22 =Y o k=01, ... (B.6)

2aj 2aj

Since By and B_; are independent,

0 R t+k ~ 2
B 0] = e ([ a1 ea, )
0

0 - 2 0 B t+k
</ e“deB_s) + 2E [/ e“jsdB_S} E [/ eajsst}
oo —c0 0

t+k 2
( / eajsst)
0
Then,
0 - 2 t+k
E[Z2(t + k)] = o2 20 | g ( / e“deB_s) ( / 6‘”56“95)
e 0

t+k
since [to’s integral is a martingale, E [/ e"fsst} = (. Then, we have
0

0 - 2 t+k
(/ e“jsst> (/ eajsst)
oo 0

t+k 1
=E [/ ezaisds] = (2R 1), (B.8)
0 2a;

— g2e2a;(t+k) [E

+E

2
+E

)

2

E[22(t + k)] = 0% 24 (Hh) [E +E - (B.7)

From (B.7), by Ito’s Isometry,

t+k
( / e“deBS)
0

From (B.7), by using substitution with s = —u,

0 2 0o 2
o ( van. | e ([ coean
—00 0

2

E

—E . (B.9)
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U
Now, we define Iy = / e %"dB,. By Ité’s Isometry,
0

E[IZ]=E [( /0 ) e“j"dBu)2

which is bounded for all U > 0. Thus, by L?-Bounded Martingale Convergence

U
1
=E {/ e2aj“du] = 2—(1 — e 2ul) (B.10)
0

@;

Theorem,

Iy SN I :/ e %"dB, and E[I2] < . (B.11)
0
Then, we have

_B[2] = lim B[] = —. (B.12)

U—oo 2@3

o[ )

By (B.7), (B.8) and (B.12), we have

2

g
=—< kE=0,1,.... (B.13
QCL]- o0, P ( )

1 1
E[ijz(Hk)} = g2e20i(tHh) [g(‘?%j(t%)_l)‘{'g
j J

Since E[ﬁ?(t + k)] < oo and E[Z7(t + k)] < oo, it implies

E[|X;(k +1)%] < 2E[R3(t + k)] + 2BE[Z}(t + k)] < o0.

Now, we will start to prove E[X;(¢ + k)] is a constant. From Proposition 2.2,

{X;(t + k) }ren, is weakly stationary.

For every t € [0,1] and k € Ny, we have X;(t + k) = h;(t) + 2;(t + k). By some
algebraic computations, one can verify that {X ;(t+k)}ren is Gaussian process. This
implies that the weekly stationary Gaussian process { X;(t 4 k) }ren, is also strongly

stationary. Now, for ¢ € [0, 1] and k& € Ny, the correlation coefficient function is

_ Cov(X, (1), X,(t + k)

Rk )
Var(X; (1))
~ ~ ~ ~ ~ 2
where Var(X; (1)) = BIX()] — BLX; (8))” = 3(6) + E[2(6)] - B2(t) = BIZ}(1)] = 3.
J
N B 2
and Cov(X;(t), X;(t + k)) = e‘“jk%. Then, R, = e %* and then, Ry — 0 as
J
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k — oo. By Definition A.3, Theorem A.1 and Theorem A.2, we have {X;(t + k) } ren,

is ergodic, this completes the proof. O

Proof of Proposition 2.3. From Remark 2, we apply Theorem 7.6 of Lipster and

Shiryaev (2001). Then, the likelihood function is

1 /T 1 [T
0

a? Jo

Then, the log-likelihood function is

T
0

202
By (2.2), we have
1 T T m+1 p
= S(0,t, X;)dX;, = / Z <Z,uk,j§0k(t) — ant> Lir, <t<ryd Xy
0 j=1 =

m+1

Z/ (Zﬂk]S@k _a']Xt>H{T _1<t<Tj ydXi.

Then,
m+1 p Tj Tj
/ S(0,t, X,)dX, = Z( / 150 (1) d X, — / antht) (B.16)
j=1 k=1 Ti—1
This gives
1 T m+1
=g S(0,t, X,)dX, = Ze ey 1,
where

J— J—

j Tj T !
F(T]’_l,T]‘) = (/ §01<t)dXt, ,/ QOP(t)dXt, —/ Xtht>

Further, from (2.2), we have

1 T 1 T [ m+1 p 2
W 52(Q, t, Xt)dt = @ / Z Z /ﬁk,j@k(t) — CLth H{Tj,1<t§7j} dt.
0 k=1
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Note that

k=1

ml(
J=1

m+1

j=1

M
: EM”@

1753 =1
This gives
m+l / p 2 m4l [/ op 2
> <Zﬂk,j<ﬂk(t) - ant) Lry 1<t ] =y (Zﬂkﬂ?k aJXt> Lr, i<tz
j=1 j=1 \ k=1
m+1 p p
=> (Zﬂmwk + Zukg% ) tig,jpq(t) = 2 ) pijou(t)a; Xe + CL?X3> Lry i<tz
j=1 k#q k=1
Hence,
1 1 T m+1 p p
o¥e 52(9 XAt = o5 ) ( wrson(®)? Y ik okt g 0q (1)
0 0 =1 \ k=1 k+q
P
- 92 Z umgok(t)ant + G?XE) ]I{Tj_1<t§7—j}dt
k=1
m—+1
202 <Z/ ,kapk )2dt + Z/ i1, Pk () g P (T)dt
Jj=1 k#q ¥ T
7j 7j
k=1 Y Ti-1 Tj—1
Then,
1 1 m+1
2 o7
207 ), S(OtXt)dt 222 Qury 1m0
where
ff:]—-j_l @%(t)dt T fTZJ;l 901 (t)(pp(t)dt - fT:j_l 901 (t)Xtdt
Qryory) =
=7 e®)Xedt o = [T op(t) Xedt S Xt

m—+1 p 2
[Z <Z/Lk]§0k - ant> H{Tj_1<t§7'j}]

2
Mk ](Pk - anXt> H{Tj_1<t§7'j}

p
pripr(t) — aiXt> Lir y<t<ny ( Z fkjPr(t) — ant> Lir; 1 <t<ry}-
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Finally, we can conclude that

m—+1 m—41

log L(6, X;) = Ze Flryoriry) — 2229 Qeryrirp)0

This completes the proof. O

Proof of Proposition 2.4. Let a = (a] ,a3)" where a; is p-column vector and as

is scalar. Then, we have

= (a; / () (t)dt — &2/ o' (t)X,dt, —alT/ Xpp(t)dt + ag/ XZdt)(a] ,as)"

Jj— Jj—

Tj Tj Tj
= alT/ ()" (t)dta; — 2a2a1T/ Xep(t)dt + ag/ XZ2dt

j—

= / (a] p(t) — apXy)?dt >0 for all t on (Tj-1,75),

j—

and then, /Tj (a] o(t) — asX;)?dt = 0 iff a] o(t) = ayX,. Taking expected value and
variance in lT)Jotlh sides, we have a{ E[p(t)] = aoE[X,] and a] Var(¢(t))a; = a3Var[X;].
Since Var(¢(t))=0, we have a3Var[X;] = 0. We know Var[X;] # 0, then ay =
0. Then, af E[¢(t)] = 0 which implies a] ¢(t) = 0. From Assumption 2, we have
orthogonality of ¢(¢). This implies the linear independence of ¢(t). Then, we have
a; = 0. Therefore, we can conclude that aTQ(Tjil,Tj)a > 0 for all ¢t on (7;_1,7;) and
for all a # 0, this completes the first part of the proof. Further, we have Q,_, -,
is positive definite, for j = 1,...,m + 1. Since Q(¢, m) is a Block diagonal matrix,

Q (¢, m) is positive definite, this completes the proof. H

Proof of Lemma 3.1. First, taking first derivative of log L(, X;) respect to 6

0 1 ~ 1
5105 L(6, X1) = = R(6,m)

50 (¢, m)0.

o2
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1 - 1 R
Then, setting %log L(0, X;) = 0, we get — R(¢,m) = —Q(¢,m)0. Then,
o

= Q (¢, m)R(¢,m)

since, by Proposition 2.4, Q(¢, m) is positive definite, which implies that Q(¢, m) is

invertible. Next, taking second derivative of log L(6, X;) respect to 6

82 1 T 1
. i T 1
since, by Proposition 2.4, Q (¢, m) is positive definite, and o > 0, we have — =T (¢, m)
is negative definite, which completes the proof. O

Proof of Proposition 3.1. We have

m+1 p
aXi=3 (Z g pi(t) — ant> Lz <ty dt + odWW.

j=1

For fixed j, j=1,....m+1

- - m+ p
/ wi(t)dX, = / @it [Z (Z [k, pn(t) — ant> ]I{Tj1<tgrj}] dt

j—

Then,

/ wi(t)dX; _/ <Zﬂka%pk aJXt) dt+0/ wi(t)dWs,

or(t)dt — a; / o) Xodt + 0 / o)A,
—1 T4 T

Jj—1 Jj—1

and then,

[~

(t)dX, = Zuk,/

Further, we have

7 7 mil [P
/ XdX; = / X; [Z (Z L, jPr(t) — ant> ]I{Tj1<t<fj}] dt
Tj—1 Tj—1

J=1

+ O'/ Xtth.
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Then,

T P
/ X dX,; = / Xt<2ukjg0k()—ant>dt+a/ X, dW,

Tj— k=1

— Z Mk, / XtQOk dt —aj / XZdt + U/ Xtth.

Tj—

Hence, we observe that

j Tj Tj i
7:«(7—]._1’7_]_) = (/ gOl(t)dXt, ,/ @p(t)dXt, —/ Xtht>

J— J—

= Q1,0 T 0Ty 7))

Then,

Finally, we have
0 =Q 7 (¢, m)R(¢,m) = Q"' (¢, m)Q(¢,m)0 + Q' (¢, m)o R($, m)
=0+ 0Q (¢, m)R(¢,m).
This completes the proof. O

Proof of Proposition 3.2. We have, for v € (0,1),

1 12 [vT] VT

1
— t)p t)dt + — t)p' (t)dt.
[ e ﬁ§j it o [ eeT0
By Assumption 2,
1)
T a.s.
§ / t)dt = L”TJ L% I as T — oo. (B.17)
14

Also, by Jensen’s Inequality, property of periodic function and substitution,

1 vT - 1 vT . 1 \_I/TJ+1 -
— w(t)p tdtHg—/ p(t)p tdtg—/ w(t)p (t)||dt
7 ), A0 VTWﬂU(N 7)., e ol

14

/ng t)||dt £25 0 as T — oo,
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which implies

1 vT . s
— t t)dt —— 0. B.18
7 ], e 0 2 (B.18)
By (B.17) and (B.18), we have
1 vT
— B (B)dt —> 1
Therefore, we have
L et = vt [ oo (0t vl
7] ebe =vor ) el vl
Finally, for 0 < ¢;_; < ¢; <1 where j =1,...,m+ 1,
1 %7 - 1 [oT - 1 [%i—T -
— t t)dt = — t t)ydt — — t t)dt
p ) eoeTa=g [T e wa g [T e
= (& — ¢-1)]-
This completes the proof. O

Proof of Proposition 3.3. By Markov Inequality, we have, for £ > 0 and

Ti—1 <t <7y,

1 (4T
) E[ T /qu_lT(Xt — Xi)p(t)dt
>&| < ¢

|

By Assumption 2, let |px(t)] < K, < 0o, t > 0. Then, by Jensen’s Inequality, for all

1(/@T G-t [ X
— Xgotdt——/ Xyp(t)dt
T ¢j—1T ' T ¢j—1T '

j=1,..,m+1,
1 o; T 1 &;T 1
Bl [ (5= x| = 2| [ (- Xoetar
¢j—1T L[| Y ¢i—1T |
1 [ peT - |
<E| [ 1%~ Xoe(o)a
[ /5T 1
1 [ a7
2B [ %= Xl
| Y ¢i1T
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Then,

&5T
7 e Xoeta

1T

E

;T _
< i/ B[ X, — X,[]dt.
¢
By Triangle Inequality, for 7;_; <t < 75,
E[|(X, = X)) = Ellhy (1) + () — e™"Xo — hy(t) — 2 (1)]]

< E[h(t) = hi (0] + E[|Z(t) — 2(0)]] + Elle™" Xo].

|

p
Now, let Z || < K, <ooforall j=1,..,m+ 1. We have,
k=1

0
—o0

4 0
—a;t a;s
<oty gl [ e,
k=1 —o°

E[|h;(t) — h; ()] = E[

p
S [
k=1

then,

Bl (1) — by (1)] < e KK (B.19)

and then, by Cauchy Schwartz Inequality,

1
2

0 \?
ge %t / e"°d B,
—00

2

E[1%(1) — %(0)] < B[I% () — % ()] = E[

[\3/—\

Since, for s € (—00,0), B, = B_,,

E[(/_: eaa'scu%s>2 (/_(; e“deB_s>2 :E[(/Ooo e‘“ﬂ‘“déu>2 .

U
Now, we define Iy = / e “"dB,. By (B.10) and (B.11), we have E[I2] < co. Let
0

E [(/_(; e“deB’S)Q

—E (B.20)

§K1<OO,




By (B.19) and (B.21), we have

& ot Ell(X, — X,)|dt < & ot “GIRI X “ut KK l —utK | d
[1(Xe — X3)[ldt < e “'E[| Xol] +e WKo— +oe L | dt
T ¢j—1T ¢j—1T a;

K 1 T
= —@<E[|X0|] + KNK‘P_ + O'Kl)/ eiajtdt
T a; G5
J
_ Kﬁﬂ 1 1 —aj¢;—1T —a;j¢;T
=7 (E[| Xo|] + K“Kwaj + aKl)aj (e e ).
Then,
K ¢;T .
i/ E[|(X; — Xy)|]dt -0 as T — oo.
¢j—1T
Therefore,

1 o; T 1 ¢;T
o< Jm P / Kepltyit — / X, (t)dt
o ?

j—1T

) -0

which implies

1 [T 1 47T
lim P —/ Xgotdt——/ Xyp(t)dt
T—o0 T quflT t ( ) T ¢j71T t ( )

Then, we have

1 (9T 1 [T P
— Xipo(t)dt — = Xyo(t)dt . B.22
F X T/¢ eyt 0 (B.22)
Further, we have
1 &;T 1 o;T
— Xipt)dt = (¢ — dj— —/ Xpp(t)dt
T ¢j_1T t () ( J J 1)<¢j _¢j—1)T ¢j_1T t ( )
1 [#;T] i
=) 7 D Xep(t)dt
(6= 00T _ 2= i
1 [¢j—1T]+1
+ (9; — @j— —/ Xpp(t)dt
( J 7 1)(¢] _ (bel)T by 2T t@( )
1 &5 |
+ (¢ — ¢j-1) Xip(t)dt.

(95 = &i-0)T Jig,1)
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Now, we define Y; = Xyp(t)dt, and let u = t —i+ 1 € [0,1]. According to
i1
Assumption 2, ¢(u + i — 1) = p(u). Then, we have

i 1 1
Y, = / Xip(t)dt = / Xuricap(u+i—1)du = / Xuric1p(u)du.
i—1 0 0

According to Lemma 2.2, {Xu+i_1}ieN is a stationary and ergodic process. Since Y;
is measurable function of the stationary and ergodic process {Xuﬂ-,l}ieN, by

Theorem 3.5.8 in Stout (1974) (see also Theorem A.3), {Y;}ien is stationary and
ergodic process. By Birkhoff Ergodic Theorem (see also Theorem A.4), and since

{Y;}ien is stationary and ergodic process,

[¢;T] i
1 -
(6; — dj) 7= D Xup(t)dt
(6 =0T _ = i
1 L9 T
= (¢ —j1) 70—+ Z Yi
((bj N (ﬁj*l)T i=|¢;—1T|+1
1 [(¢j—¢j—1)T]

= (¢, - ¢j—1)m > v

i=1

T—o00

s (¢j - ¢j71)E [/01 Xt@(t)dt] )

which implies

[#;T) i 1
1 ~ P ~
= Qi) —————————— g Xip(t)dt —— i — Qi E Xep(t)dt| .
(¢J gb] 1)(¢j gbj_l) i=|¢;—1T|+1 i1 (t) t T (¢ ’ 1) [/0 (t) t]

(B.23)
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By Jensen’s Inequality,

|

1 [¢j—1T]+1
‘(ﬁbj - ¢j—1)m/¢ Xyp(t)dt

|

j—1T
1 [¢j—1T]+1
<E (¢j_¢j_l)m/¢, . |Xt|||90(t)||dt]
1 [¢j—1T]+1
< (gb] - ¢j—l)mE /¢ . |Xt|K4pdt]
K l¢;-1T]+1 R
= (¢; — ¢j1)M/q5 . E[| X:|]dt.
J J— 1

By (B.27), E[|X,|?] < K’ < o0, t > 0 (in the Proof of Proposition 3.4).
By Cauchy Schwartz Inequality, E[| X;|] < E[|X,|%2, which implies E[| X,|] is bounded.

Then, we have

1 [6j—1T]+1 I
s ) —— X
(05 — &; 1)(@_%1)7, /@_J wo(t)dt ——0,
which implies
1 ¢j—1T]+1 P
= Qi) —— Xppo(t)dt —— 0. B.24
(d)] d)] 1) ((bj _ (bel)T /(17]._1'1“ t(p( ) T—oo ( )

Similarly, we also have

1 N Lt
O — Qi 1) Xyp(t)dt —— 0,
(% ’ 1)(¢j — @)1 L5 T wel?) T—o0
which implies
1 EE P
O — Pj1) = Xyp(t)dt —— 0. B.25
( J J 1)(¢] o ¢]_1>T |_¢jTJ 3 ( ) T—oo ( )
By (B.23),(B.24) and (B.25),
1 4T P L
o[ Rt T 0 - 08| [ Tupttae]. (B.26)
¢; AT T—o00 0

We know

D [ / 1 mwdt] - / BIX e ()t
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and, for 7;_; <t < 7y,

We observe that
0 - ¢
E[z(t)] =E ae“jt/ e¥*dB_ +ae“jt/ e**d By
- 0

[e%s) t
= ge Y'E [/ e YUdB, | + oe %'E [/ e“°d B,
0 0

By L?-Bounded Martingale Convergence Theorem, (B.9) and (B.10), Iy TL—2> I =
—00

/ e %"“dB,, which implies I TL—1> I = / e %"“dpB,. Then, by the Martingale
0 —00 0

of 1to’s integral,

and

Hence, E[Z;(t)] = 0. Then, E[X;] = h;(t). By (B.26),
1 [T P L.
T/ Xip(t)dt ——— (6 — ¢j—1)/0 h; () (t)dt.
Also, by (B.22), we have
1 [T 1 [oT p
— Xyp(t)dt — —/ Xyp(t)dt —— 0.
$; 1T T Jy, 1 T—o0
Therefore, we establish
1 [T Py - 1
F e o 6,0 [ et

This completes the proof. O
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Proof of Proposition 3.4. By Markov Inequality, for { > 0 and 7,1 <t < 7,

1 o;T 1 ;T
P T/ det—:?/ XZdt
¢j—1T ¢j—1T

By Jensen’s Inequality,

1 [T -
B||L / (X, — X)(X, + X,)dt
@

T )y, ]
> < .
DE :

1 (5T 1 ¢5T

|1 / (X, — X,)(X, + X)dt / _ X)X+ X))de
T ;1T T
1 ;T

<lg / (X, — X)(X, + X)|dt| = E / X, — XX, + X,ldt |
T d’] 1T qu 1T

Then, by Triangle Inequality,

1 ¢;T - -
E / E[|X, — X,|| X, + X,|]dt
@

j—1T

1 [T
f/ (X — Xt)(Xt + X;)dt
¢j—1T

’ﬂ

1 (o7 - 1 (9T -
<= [ EIRIK - Xide+ ?/ E[|1 X[ X; — X[Jdt.
¢j—1T ¢j—1T

Then, by Cauchy Swartz Inequality,

1 (%7 -
|1 / (X, — X)(X, + X,)dt

T ¢;1T
1ot S orl O 971 17 2l v 271
T (bjflT T (ﬁj,lT

We know the unique strong solution X; is bounded in L?, i.e., sup E[| X;|?] < oo.
Since (z +y)? + (x — y)? = 222 + 2y* and (v — y)? > 0, (z +y)? < 22% + 2y*. Then,

for m;_ <t < 15,
E[|X.[*] = E[(hy () + 2(1))] < 2E[(h;())°] + 2E[(3,(t))°].
By (B.6) and (B.13), we have

E[|X,*] < K' < o0, Vt>0. (B.27)
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By Lemma 2.1, sup E[X?] < co.

>0

Now, we denote sup{E[Xf]%, E[X2]2} < K, < oo. Then,

>0

;T - K. ¢;T -
/ BIX, - XPJ2de+ =2 [ BIX - Xt
¢

j—1T ¢j—1T

1 [T -

?/ (Xt — Xt)(Xt + Xt)dt
¢;j1T

< K2

- T

B 2K,

T

E

¢;T N L
/ E[|X; — X;[*]2dt.
¢

1T

From the convexity of the quadratic function, (a + b+ ¢)? < 3a® + 3b? + 3¢2. Hence,

2K, [P s 2K, (BT
T ¢j 1T T éj 1T

We have

E[[h;(t) + 2(t) — e Xo — hy(t) — 2(t)]°]

< 3E[|hy(t) — by (1)*] + 3E[1Z(t) — 2 ()] + 3E[le™ " Xo ).

|

We observe that

E[|h;(t) — hi(1)]"] = E[

p 0
e it Z Lk.j / e pr(s)ds
k=1 >

» 2 0 2
Se%it(Zuk,j) Ki(/ e“jsds> )

k=1
Then,
) e 1
E[|h;(t) — hi(t)]?] <e™? JtKiKiy. (B.28)
J
Also, we observe that
0 1\ 0 1\
Bl|%() — (O] = B| [ g / e5dB, | | = 0% 2tE / esdB, | |.
o\
Then, from (B.9)-(B.11), let E (/ e“fsdBS) < K,
ElI5 () — 2()) < 0% 2K (.29)



Hence, by (B.28) and (B.29),

2K, [%T 1
<=2 (3e 29 K2 K2 — 4 30% 24! K2 4 3¢ 2% B[ X2])2dt
T 65T Kot ?
_ 2K 1 [T
T2(3K§K3; 2 + 30K} + 3E[X¢])? / e~ Ytdt
¢] lT
2K2 2 12 2 12 ot 1 ajpj 1T _ —a;$;T
7 (3KuK¢—j2+30 K} + 3E[X] ])za(e L ).
Then,
2K, [4T
—2/ E[|X, — X;?]2dt —» 0 as T — oc.
T ¢j—1T
Therefore,
1 [T 1 47T
0< lim P —/ XPdt — — XPdt| > €] <0
T=oo \ [T Jo, 1 T Jg; \r
Then, we have
1 [T 1 [oT
lim P —/ X,?dt——/ XPdt| > ¢ | =
T=o0 T ¢;j1T T ¢;j1T

which implies that

1 ¢>J ¢jT P
— X2t — — X}Pdt —— 0.
¢j—1T ¢j—1T =00
Further,
Y S I— " %
— t=(¢; — ;1 —/ t
TJo v TG — 00T Jgy
1 [#;T] i
= (0 = dj-1) 00—+ Xpdt
(pj — ¢j—1)T o) i1
1 l¢j—1T]+1 s
— ) —————— X2dt
(0= 1)(¢j — ¢j-1)T /@_J '
1 o,
+ (P — Q1) X dt.
((bj & 1)(¢j—¢j—1)T LT | !
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According to Lemma 2.2, {Xqui_l}ieN is stationary and ergodic process. Let Y; =
i

det which is a measurable function. Then, by Theorem 3.5.8 in Stout (1974)
i—1

(see also Theorem A.3), {Y; };en is stationary and ergodic process. By Birkhoff Ergodic

Theorem (see also Theorem A.4),

1 (4,7 i
(6; — dj) 7—————= D Xdt
65— 00T _ 2= i
1 [(¢j—¢;—1)T]

DY S if(%z
Rl e DD ji—l a

liﬂ@—@Aml[Xm+

T—o0
which implies

1 [#;T] i

MO,

1
T—o0 0

|

i=|¢;_1T]+17 1

By Jensen’s Inequality,

|

1 [¢j—1T|+1 .
(¢; — ¢j1)m/¢ Xidt

1T
66— [ 2
<E|(d; — 6, / '
J j—1 (¢]_¢]_1)T 6y 1T t
1 [#j—1T]+1 -
=0 — ;1) 77— E[X?]dt.
wj¢ﬂ%@_@ﬂTA“T X2
Since E[|X,|?] < K’ < 0o, t >0, E[X?] is bounded.
Hence,
( ) 1 [¢j—1T|+1 - I
¢; — bj- —/ X2dt —— 0,
J j—1 (gb]—gb]_l)T by AT t T—soo
which implies
1 [¢j—1T|+1 - P
((bj - (bjfl)m /qu_lT Xt dt E} 0. (B.32)
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Similarly, we also have

(5 — ¢j—1)m L::J XZ2dt ﬁ 0. (B.33)
By (B.31), (B.32) and (B.33),

L X2dt —— (¢; —gbj_l)E[/lf(fdt]. (B.34)

Ty, 1 T—o0 0

We know that, for 7;_; <t <7y,
I 1
B| [ Xpdt| —E| [ (e + 50070,
0 0
2

By the Proof of Proposition 3.3, we have E[Z;(#)] = 0. Also, by (B.13), E[Z}(t)] = 7

QCL]'
Then,
1 1 N
B| [ &2at| =E| [ (yte)? + 20s03,0) + (0%
0 0
1 1 2 1 2
= [ (h;(t))%dt + U—dt:/ R2(t)dt + ——.
[ sz [ Ti= [z 7
Hence,

1 o7 1 2
:7/¢ detﬁ(@—qu_l)(/o h?(t)dt+0—>.

N
j—1T

Also, by (B.30), we know

1 o;T 1 ;T
—/ X2t — — X2t —Z 0.
¢

T T ¢; 1T T—o0

Combining these two results, we establish that

¢;T 1
0

this completes the proof. O
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Proof of Proposition 3.5. To check the positive definiteness of X;, by Schur Com-

plement Theorem, we need to show that w; — A(j)Tlllej > (. Then, we just need to

/1 R2(t)dt + % - i (/1 ﬁj(t)gok(t)dt> > 0.

By Bessel’s Inequality (see also Lemma A.1),

/ R(t)dt >y ( / Bj(t)gok(t)dt)
0 1 0

/1 h3(t)dt — zp: (/1 Ej(t)gpk(t)dt> >0,

show

k=1

1~ 02 p 1~ 2 02
h2(t)dt + — — h:(on(t)dt | > — .
[ =S [ a2 50

Therefore, 3; is positive definite. Further, since X is block diagonal matrix whose

then,

block components matrices are positive definite, it is also positive definite matrix,

this completes the proof. n

Proof of Proposition 3.6. By Proposition 3.2,

1 ;T T a.s.
T @-,JSO(t)SO (t)dt T (b5 — dj—1)1)p,

which implies

&;T
7 0T O s (0= 0y

T T—o0
j—

and combining Proposition 3.3 and Proposition 3.4, we have

1 P
7@ 7o (¢j — ¢j-1)%;

By Proposition 2.4, we have, for ' > 0 and 7 = 1,....m + 1, %Q(Tj_mj) is positive

definite and, by Proposition 3.5, ¥; is also positive definite. Then, by continuous
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mapping theorem,

-1 P \ 1 N1
TQ(Tj,l,‘rj) Tﬁoo/ ¢j _ ¢j—1 (EJ) )

this completes the first part of proof. Further, by Proposition 2.4, we have, for

T >0and j =1,...m+1, Qu,_, ) is positive definite and, by proposition 3.5,

Y; is also positive definite. Then, the block diagonal matrix (¢, m) and ¥ are

positive definite so they are invertible. Hence, since TQ ) SN ()"
(Ti-173) Tosoo 5951 ¢’J

for j=1,2,...,m+ 1, we have

TQ (¢, m) —2— v

T—o00

This completes the proof. n

Proof of Proposition 3.7. By Proposition 1.21 in Kutoyants (2004), it is a special

case of Proposition 1.21 for which d; = (m + 1)(p+ 1) and dy = 1. Then, we have,

T 1

Tj T
; ﬁ p(t )]I{T] 1<t<TJ}\/— (t)I[{Tj71<t§Tj}dt - T/le p(t)p (t)dt, (B.35)

T 1 1
/O (ﬁs@(tﬂ{fjm«j})(— Nidkats 1<t<n} =7 / (8)X,dt, (B.36)

T
1 1
/0 ( - ﬁXt]I{Tj—1<tSTj}> ( - ﬁXﬁH{T] 1<t<7—j} dt /] det B 37)

Then, we can see that (B.35),(B.36) and (B.37) are the elements of $Q(r,_,.r,)-

By Proposition 3.6,

1 P
f@(rj,l,rj) m (ij - ¢j—1)23

Also, for i # j,

T 1 1
/O ﬁ@(t)]l{n,lqgn}ﬁcpT(t)]I{ijKtSTj}dt =0,
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T
1 1
/0 (ﬁgp(t)]l{ﬂ‘1<t§ﬂ'}> ( - ﬁXt]I{Tj1<t§Tj}>dt =0,

and

T 1 1
/0 < - ﬁXtﬂ{n1<t<n}> ( - ﬁXtH{le<t<Tj}>dt =0

since Iy, <<, 1<t<r,y =0for i #j,0< ¢ 1 <@ <lTand 0 < ;1 < ¢ < 1.

Therefore, i i
0121 0 0
0 Oy — P1)2 0
v (¢2 1)%2
0 0 oo (1= m)Zmn

Further, one can prove that, for T'> 0, 7 =1,..m + 1,

T 1 2
p /O <ﬁ<p(t)]l{7j_1<t§7-j}) dt < oo =1,

T 1 2
P /0 (- ﬁXtI[{TjKKTj}) dt < oo =1.

This completes the proof. n

and

Proof of Proposition 3.8. From Proposition 3.1, we have
0(¢,m) = 0+ 5Q (¢, m)R(¢,m). Then,

VT (0(¢,m) — 0) = oVTQ ™ (¢, m)R(¢,m) = 0TQ™ (6, m)%ﬁ’(oz m).

By Proposition 3.6,

oTQ (o, m) SN

T—o00

By Proposition 3.7,

1 d .
ﬁR(@ m) T Nim+1)p+1) (0, Z).
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Then, by Slutsky’s Theorem,

VED(6:m) = 0) = Q™ (6.m) = Ridm) s 57" =

We see that ¥ is non-random and symmetric. Hence, by Proposition A.2 in

Appendix A, we have p ~ Nni1yp+1)(0,0%571), and then,
VI(B(6.m) = 6) —= p~ Nmsiypin) (0,0°S 7).
This completes the proof. n

Proof of Proposition 3.9. Let log L(0, X1) be the log-likelihood function of the
stochastic process Xp = {X;,0 <t < T}, which satisfies the SDE (2.5).

By introducing the Lagrange Multiplier A into the log-likelihood function

1 ~ 1
logL(gaXt> = EGTR<¢7 m) - T‘_QQTQ<¢7 m)e

We have

1 ~ 1
log L(8, ), X0) = —07 R(6,m) — 5 07 Q(6,m) + T (B8 — 7).

First, taking the first derivative with respect to € and A respectively, we have

0 1 - 1 T
M08 L(0, 0, X;) = — (6, m) = —Q(6,m)9 + B A
and
21 L0, \, X;) = B0 —
a/\ 0og » 7Y t) — T.
.0 0
Then, setting %log L(0, A, X;) and i log L(0, A\, X;) equal to 0,
1 - 1 ~ .
BO(¢,m) —r = 0. (B.39)
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By (B.38),
QUm0 m) =~ R(6,m) + BTA,
which shows that
6(¢,m) = Q7' (¢, m)R(¢,m) + 0°Q " (¢, m)B\. (B.40)
Taking (B.40) into (B.39),
BQ (¢, m)R(¢,m) + Bo*Q (¢, m)BTA =r
o*BQ (¢, m)B"A = r — BQ™'(¢,m)R(¢, m)
= (BQ (6.m)BT) N — ~5(BQ™(6,m)BT) " BQ (6, m) (6, m).
Taking A into (B.40),
6.m) = Q™6 m) (6, m) + 0*Q™" (6. m)BT 5 (BQ(6,m)BT) ™
Q7 (6 m) BT 5(BQ (6, m)BT) " BQ™ (6. m)R(6, m)
Then,
0(¢,m) = Q" (¢,m)R(¢,m) + Q" (¢,m)BT(BQ™"(¢,m)B") 'r
—Q (¢, m)BT(BQ™(¢,m)BT) ' BQ™ (¢, m)R($,m),
this gives

6(¢,m) = 6(¢,m) + Gr — GBO(¢,m)

where, (¢, m) = Q" (¢, m)R(¢,m) and G = Q™' (¢,m) BT (BQ~"(¢,m)BT)™".

Finally,
0(¢,m) = O(¢,m) + Gr — GBI(p,m) = (¢, m) — G(BO(¢p, m) — 1),

this completes the proof. O]
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Proof of Proposition 3.10. By (3.6),
V@6, m) = 0) = Unsayper) — GBWT(O(6,m) — 0) — VTG(BO — 7).
By Proposition 3.8, we have
VT (0(¢,m) - 0) ﬁ p ~ Nims1yp+1)(0,0°57),
and by combining (3.7), (3.9), and Slutsky’s Theorem,
VI (0(6,m) = 0) —“= (Iminypi) = G B)p — Gro = €.

Then, by Proposition A.2 in Appendix A,
d * £ —_ *
Cr(9,m) —— ¢~ Nnt1) 1) (=G0, 0* L1y i) =G B)Z ™ L1y ey —G™B) ).
Note that
0*(Im+1)p+1) — G B)E Tmrypey — G B)
=X -2'BTGT - G*BY M+ G*BY BTG,
And, since G* = X 'BT(BX'BT)™!, we get
G*BY'B'G*T =y BB !B By = 27IBTGrT.
Hence,
0* (I pr1) = G*B) S Lns1yper) — G*B)'
— 0_2(2—1 o E_lBTG*T . G*BE_I + E_IBTG*T)
=o' - G*BX ).
Finally, we get

CT(qb, m) L) ¢~ Mm+1)(p+1)(_G*TO7 02(2_1 — G*BZ‘l)).

T—00

This completes the proof. n
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Proof of Lemma 4.1. We have
1 /éjT 1 (9T
= Y,dt — —/ Yidt
T ¢j1T T ¢j—1T

1 ¢;T 1 o;T 1 ¢j1T 1 ¢j1T
= | = Yidt — — Yidt | — | = Yidt — — Y.dt
T /0 T /0 ! T /0 T /0 !

By Lemma 3.1 in Nkurunziza and Zhang (2018), and since ngSj and ngﬁj_l are consistent

estimators for ¢; and ¢;_,

and
1 $j-—1T 1 ¢j—1T I
f/0 Yidt — ?/o Yidt —— 0. (B.42)

Therefore, by (B.41) and (B.42), we have

1 ;T 1 o;T I
— / Y,dt — — Y,dt —— 0.
$j1T ¢j—1T T—o0
This completes the proof. O
1 é;T &;T 2
Proof of Lemma 4.2. Let I} = TE / Y, dW, — / Y, dW, ]I(J>j>¢j) and
0 0
1 ¢;T ;T 2
I, = ?E /0 Y, dW; — /0 Y, dW, H(ébjsqu) . Then, we have
1 ;T &;T 2
—FE / Y, dW, — / Y, dW, =1 + 1. (B.43)
T 0 0
For Iy, by Jensen’s Inequality and Ito’s Isometry,
L) e ’ 1 é/T ’ A
I, = =E YidWi|| I, =_—FE |E YidWi|| I, ;
=7 /¢>jT R N(d>¢5) T /¢>jT Wi\l Ig,50,)| %
1 | péiT - 1 1 ¢;T .
= 7B _ /@T V.Y, dt H((,;jwj)_ < B /j Yoy [ dt Ty op |- (Bd4)




Let [|V;Y;"|| < Kj for all ¢ > 0. From (B.44),

1 .

L < 2B [(65 = )T Kl | (B.45)
Similarly, we have

1 .

I < 2B | (95 = 6)TKal g, <] - (B.46)
By (B.43), (B.45) and (B.46), we establish that
1 (Z)jT ¢;T 2 .
B / Y,dW, — / Yiawy|| | < KsE [\qu _ qu\] Then, by Lebesgue’s

0 0

1 é;T 1 #;T 2
dominated convergence theorem, ﬁ / Y, dW, — ﬁ / Y, dW, # 0. Sim-
0 0 o0

1 (gjflT 1 ¢j,1T 12
ilarly, we have — Y, dW; — — Y, dW; —— 0. By combining these
VT /0 VT Jo T—=o0

two conditions, this completes the proof. O

Proof of Proposition 4.1. We have, for 0 < ¢;_1 <¢; <1,j=1,...m+1,

1 <ZA5jT - 1 qng - 1 o;T -
o[ et =g [ et w1 [ p0sT 0
¢j—1T ¢j—1T ¢j—1T
1 ¢;T -
+T o(t)p' (t)dt.
¢j—1T

1 &;T 1 (9T
By Lemma 4.1, T/ ()" (t)dt — ?/ ()" (t)dt TL> 0. Further, by
¢;‘5—7le ¢j—1T 0

1 i
Proposition 3.2, —/

T ¢j—1T

combining these two conditions, for 0 < ¢, < ¢; < 1,57 =1,...m+1,

e(t)p" (t)dt —— (¢ — ¢;-1)I, Then,

1 [oT . P
T qgjilTSO(t)SO (O)dt ——— (65 — ¢j-1)Ip-
This completes the proof. n

Proof of Proposition 4.2. ForT'> 0,0 < ¢;_1 < ¢; <1 where j =1,....,m + 1,
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we have

1 ¢;T 1 ¢;T -

bj1T bj1T

L et =[xt
T éj1T T ¢i—1T

1 [T 1 [%T
bl [ Xty - o / Ko (1)t

T ¢j—1T ¢j—1T
1 [T 1 o7

+ | = Xyp(t)dt — = / Xip(t)dt |. (B.47)
T ¢j—1T T éj_1T

By Lemma 4.1, we have

1 [T 1 (%7 o
¢

ngilT T i 4T T—o0
and
RS ROV L A
— X(ptdt——/ Xp(t)dt —— 0,
Ty, oo TJo o Too
which implies that
1 ¢;T 1 [T P
L™ xpmar— L / Xp(t)dt —— 0, (B.48)
T ¢j1T T ¢j—1T T—o0
and
L1 St — 2 (7 ot - (B.49)
— Xgotdt——/ Xp(t)dt —— 0. B.49
T ¢;j1T : T bj—1T ' T—o0
Also, by the Proof of Proposition 3.3,
1 [oT 1 o7 . p
= Xyp(t)dt — —/ Xyp(t)dt —— 0. (B.50)
T (z)j—lT T ¢j—1T T—o0

Hence, combining (B.47), (B.48), (B.49) and (B.50),
1 (Zng (]AﬁjT

1 ~ P
— X(ptdt——/ Xp(t)dt —— 0.
T ¢j1T () T ¢j1T () T—=o0
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Similarly, we observe that

1 /J)JT ) 1 (lng = 1 (f;jT 9 1
- X2dt — X2dt = —/ X2dt —
T ¢j1T T ¢j1T T ¢j1T T ¢j—1T
1 /¢jT ) 1 (o7
Ny
(T ¢;j1T T ¢j—1T
1 /¢jT ~y 1 &;T
(L )
(T ¢j—1T T ¢j1T

By Lemma 4.1, we have

¢;T ¢;T

1 1 1
—/ X2t — — X2t 20,
T ¢j-1T T ¢j-1T T=ro0

and
1T 1 o7
—/ det——/ X2dt 20,
T <ZA5j71T T—o0

which implies that

&T 1 [T p
—[ X2dt — — X2dt — 0,
é

T T ¢; 1T T—o0

and

1 [T 1 (4T

—/ X2dt — = X2t —2 0.

¢j—1T ¢j T T=o0

Also, by the Proof of Proposition 3.4,

1 [T 1 (4T

- X2t — — Xzt L 0.

T ¢j—1T ¢j—1T T—=o0
Hence, combining (B.51), (B.52), (B.53) and (B.54),

1 ¢;T 1 &T

—/ X2dt — —/ X2t —2 0.

TJs

T T—o0
j—

This completes the proof.
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Proof of Proposition 4.6. By Proposition 2.4, Q;,_, 7,) is positive definite and,
by Proposition 3.5, ¥; is also positive definite. Then, the block matrix = Q(gb, m) and

] are positive definite so they are invertible. We have

(?Q(éa m))_l = TQ_I(QASv m)
Hence, by Proposition 4.5,
Q (¢7 ) T—> Z_l
—00
which completes the proof. O

Proof of Lemma 4.3. We have

1 /@T ;T
T = }/des - }/des
\/T ¢j1T ¢j—1T

1 ¢;T ;T 1 ¢j1T ¢;1T
= — Y. dW, — / Y.dW, | — — / Y.dW, — / Y.dW, | .
\/T A 0 \/T 0 0

Then, by Lemma 3.3 in Nkurunziza and Zhang (2018), we get

1 ;T 1 ¢;T
— Y dWs — — Y, dW L, 0,
\/T ¢j1T \/T ¢j—1T T—o0
this completes the proof. O]

Proof of Proposition 4.7. We know that qgj and ggj_l are consistent estimators for

¢; and ¢;_1 where j = 1,...,m + 1. By Lemma 4.3, we have, for 0 < ¢;_; < ¢; <1,
¢;T 1 ;T

1
\/_ b1 T \/_ ¢j—1T
¢;T

&;T
we also have — / YdW, —
1T

X dW, TL> 0. Then, by Lemma 4.2,
— 00

o(t)dWy —L 5 0. Combining these two

\/_ ¢; 1T T—o0

conditions completes the proof. O]
Proof of Corollary 4.1. From Proposition 3.1, we know

0(¢,m) =0+ 0Q (¢, m)R(¢,m).
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Similarly, we have
6(d,m) =0 +0Q" (6, m)R(d,m).

Then,

VI(0(6,m) - 6) = oVTQ™ (&, m)R(d,m) = oTQ (9, m)—=R(d, m).

5~

By Proposition 4.6,

oTQ (o, m) TL> ox L.
By Proposition 4.8,

~

d *
R(p,m) —— 1" ~ Mm+1)(p+1)<07 2).

T—o00

5~

Then, by Slutsky’s Theorem,

VEO(6m) = 0) = 0TQ™ (Gum) = R(dm) s 57" =

We see that ¥ is non-random and symmetric. Hence, by Proposition A.2, we have

p ~ Nimt1)p+1)(0,02571), then

~

\/T(é((ba m) - 9) L -/\[(m+1)(p+1) (07 02271)7

T—o00

this completes the proof. O]
Alternative Proof of Theorem 7.2. From (7.2) and Proposition 5.1, we have
ADR (é((ﬁ, m), 0, Q) = E[p'Qp] = E[trace(p' Qp)] = E[trace(Qpp")] = trace(QE[pp])

= trace(Q(var(p) + E(p)E(p) ")) = trace(Qvar(p)) + E(p) ' QE(p).

A A

From Corollary 4.1, we have ADR (9(¢,m),9,9) = o%trace(QX 1), this completes

the proof. n
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Alternative Proof of Theorem 7.3. By Proposition 5.1, we have

~ A
A~

ADR <e(¢, ), 0, Q) — E[¢T0(),

where ¢ ~ Niir)ypr1) (—Gro,0?(X71 — G*BX™1)). Following similar steps of the

proof of Proposition 7.2, we have

~ A~

ADR (e<¢, ), 0, Q) = B[¢TO¢] = trace(Qvar(C)) + E(C)TQE(().
This gives
ADR (é(qé, ), 0, Q) = trace(Qo2(S7! — GBI + (—G*ro) TQ(—G*ro).
Then, we have

ADR (é(qg, m), 0, Q) = o’trace(QX ') — o?trace(QG*BY Y + v G QG .

Therefore, by Theorem 7.2, we establish that

ADR (9(05, ), 0, Q) — ADR (é(é, ), 0, Q) ~ 2trace(QG*BEY) + 1 GTQGH

This completes the proof.
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