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ABSTRACT
Brauer-Picard groups and pointed braided tensor categories
by
Costel-Gabriel Bontea
University of New Hampshire, September, 2017

Tensor categories are ubiquitous in areas of mathematics involving algebraic structures. They
appear, also, in other fields, such as mathematical physics (conformal field theory) and theoret-
ical computer science (quantum computation). The study of tensor categories is, thus, a useful
undertaking.

Two classes of tensor categories arise naturally in this study. One consists of group-graded
extensions and another of pointed tensor categories. Understanding the former involves knowledge
of the Brauer-Picard group of a tensor category, while results about pointed Hopf algebras provide
insights into the structure of the latter.

This work consists of two main parts. In the first one we compute the Brauer-Picard group
of a class of symmetric non-semisimple finite tensor categories by studying a canonical action
on a vector space. In the second one we use results from the theory of Hopf algebras to prove
an equivalence between the groupoid of pointed braided finite tensor categories admitting a fiber

functor and a groupoid of metric quadruples.

vii



CHAPTER 1

INTRODUCTION

The theory of tensor categories has become an important field of mathematics. It has con-
nections with other mathematical fields (representation theory, Hopf algebras, subfactor theory,
low-dimensional topology), as well as with other areas of science, namely, mathematical physics
(conformal field theory, quantum statistics) and theoretical computer science (quantum computa-
tion).

It is desirable, then, to have a good understanding of tensor categories. More precisely, we
want to have classification results for these objects based on their properties.

A class of tensor categories that arises naturally is formed by those that are group-graded. If C
is such a category, with grading C = ©,4cC,, and if C, is the component associated to the identity
element e of GG, we say that C is a G-extension of C.. Such categories were studied in [ENO10]. It
was shown there that the G-extensions of D are classified by group homomorphisms from G into
the Brauer-Picard group of D, BrPic(D), and additional cohomological data.

Thus, in order to study group extensions of tensor categories, we need to understand Brauer-
Picard groups. This turns out not to be a trivial task. No general descriptions of Brauer-Picard
groups are known, except in a very few cases. For example, if G is a finite abelian group then it
was shown in [ENO10] that BrPic(Rep G) = O(G & (A?), the group of orthogonal automorphisms
of G ® G. The first computations of BrPic(Rep &), for non-abelian G, were obtained in [NR14]
and, furthermore, in [MN16].

Every tensor category has a pointed subcategory, i.e. one whose simple objects are invertible
with respect to the tensor product. Pointed braided tensor categories are fairly well-understood.
One of the earliest classification results in the theory of tensor categories was given by A. Joyal

and R. Street in [JS93], where it was shown that the category of pointed braided fusion categories



is equivalent to the category of pre-metric groups. Every pointed braided finite tensor category
admitting a fiber functor is equivalent to the category of co-representations of a finite dimensional
pointed Hopf algebras with abelian coradical, and the latter are almost completely known.

This thesis contributes to the study of tensor categories by describing the Brauer-Picard group
of a class of symmetric non-semisimple finite tensor categories and by giving a classification result
for pointed braided finite tensor categories admitting a fiber functor.

The tools used come from the theory of Hopf algebras. These objects are intimately connected
with tensor categories. The representation category Rep H of a Hopf algebra H is a tensor category,
and, by Tannaka-Krein reconstruction theory, every tensor category admitting a fiber functor is the
representation category of a Hopf algebra.

Hopf algebras appear in a variety of mathematical contexts. Due to their ubiquity they are the
subject of intense study by researchers. One of the main research efforts is concentrated on the
classification of finite dimensional Hopf algebras. The most impressive and effective program was
developed by N. Andruskiewitsch and H.-J. Schneider for classifying finite dimensional pointed
Hopf algebras [AS02]. Their method, for example, was used to classify all the liftings of a quantum
linear space B(V')#k[['], a certain type of Hopf algebra obtained from an abelian group I' and a
['-graded I'-module V' [AS98].

The first part of this thesis deals with the computation of the Brauer-Picard group of the rep-
resentation categories of Nichols Hopf algebras, F(n), n = 1,2,... [BN15]. These algebras are
quantum linear spaces obtained from the group of order two and the exterior algebra of a vector

space. We show in Theorem 3.8.6 that
BrPic(Rep E(n)) = PSp,, (k) x Z/2Z,

where PSp,, (k) is the projective symplectic group of degree 2n.

This result gives the first description of the Brauer-Picard group in the case of a non-semisimple
tensor category and also solves a long-standing problem in the theory of Hopf algebras. It turns
out that the Brauer-Picard group of Rep H coincides with the full Brauer group of H, BQ(k, H),
as defined in [CvOZ97]. The group BQ(k, H,), where H, is Sweedler’s Hopf algebra, the smallest



non-commutative, non-cocommutative Hopf algebra, was studied in [vOZ01] and [CC11], but its

description eluded experts. Since Hy = E(1), it follows from our work that
BQ(k, H4) = SLy(k) x Z/2Z.

The second part of the thesis deals with a classification result regarding pointed braided fi-
nite tensor categories admitting a fiber functor [BN17]. By Tannaka-Krein reconstruction theory
these categories can be described as co-representation categories of finite dimensional pointed co-
quasitriangular Hopf algebras. Using results from the theory of Hopf algebras, we show that these
algebras are deformations of quantum linear spaces B(V)#k[I']. This allows us to describe, in
Theorem 4.7.3, the aforementioned categories in terms of metric quadruples (I, ¢, V, ), consisting
of a finite abelian group I, a quadratic form ¢ on I', a I'-module V' and an alternating bilinear map
r: V x V — k satisfying certain conditions.

My work can be extended in several ways:

1. One can try to generalize the computation of the Brauer-Picard group of Rep E(n) to the
case of quantum linear spaces B(V)#k[I']. For this, one should use the identification of the
Brauer-Picard group of Rep H with the group of braided autoequivalences of the center of Rep H
and study the action of the latter on a categorical Lagrangian Grassmanian or as symmetries of
the maximal pointed subcategory of the center. For the latter approach, the description obtained in
[BN17], is likely to prove useful.

2. One can try to extend the result of [BN17] to the case of pointed braided finite tensor cate-
gories not necessarily having a fiber functor. Since such categories are equivalent to representation
categories of quasi-Hopf algebras, one approach could start by investigating how much of the
theory of pointed Hopf algebras extends to the *quasi’ case.

3. Another direction of research is to use the description of the Brauer-Picard group of Rep F/(n)
to study various G-extensions of Rep F'(n). These extensions are described by group homomor-
phisms from G — BrPic(Rep E(n)) and by certain cohomological data [ENO10]. The easiest case
to consider would be G = Z/27Z.



CHAPTER 2

PRELIMINARIES

As the title says, this chapter consists of preliminary material. None of this material is new and
it can be found in the literature. We mention only those concepts and results which are needed for
understanding the rest of the work.

A major theme that runs through the chapter is the use of concepts from Hopf algebra theory
to illustrate notions from the theory of tensor categories. This is not coincidental as the tensor
categories that will appear in this work are representation or corepresentation categories of Hopf
algebras.

We point out that both theories are much richer than they might seem from this short exposition.

It is where they intersect that fruitful interaction happens, as the next two chapters will show.

2.1 Bialgebras and Hopf algebras

In this section we recall basic notions and results from Hopf algebra theory. For more details the

reader can consult [Mont93], [DNRO1] or [Rad12].

Throughout, k is an arbitrary field and unadorned ® means ®y.
We begin by recasting the definition of a k-algebra and morphism between algebras in a dia-

grammatic way. The advantages of this will be made clear shortly.

Definition 2.1.1. (1) A k-algebra is a triple (A, m, u), consisting of a k-vector space A and two
linear maps m : A® A — Aand u : k — A, called multiplication and unit, respectively,

such that the following diagrams are commutative:



AAA A

(AR A)® A > A (A® A) AR A
u®id 4 idg ®u
m®idAl lidA®m / \
A®A AR A koA m Ak
A A

where a4 4 4, [4 and r4 are the obvious maps.

(2) An algebra map (or a morphism) between two k-algebras (A, ma,u,) and (B, mp,up)is a

linear map f : A — B making the following two diagrams commutative:

Ava L2 BB

A ! > B
| [mo N
k

Remark 2.1.2. Commutativity of diagram (1) is called the associativity condition, and commuta-

tivity of diagram (2) is called the unit condition.

Remark 2.1.3. The advantage of this definition is twofold. First, it suggests that we can make this
definition in any category for which there exists a notion of a "tensor product”, a "unit object", and
"associativity" and "left and right unit maps". We will make this precise in Section 2.8. Secondly,
we can "dualize" it, that is, consider maps and diagrams with reversed arrows. What we obtain,

when we do this, are the notions of "coalgebra" and "morphism" between coalgebras.

Definition 2.1.4. (1) A k-coalgebra is a triple (C, A, ), consisting of a k-vector space C' and
two linear maps, A : C — C ® C' and € : C — k, called comultiplication and counit,

respectively, such that the following diagrams are commutative:



(Ce®C)xC < C(Cx0) CeC
A@idCT Tidc QA E®'d/ w‘g
Ced CeC k®C A Cok
C C C C

(3) (4)
(2) A coalgebra map (or a morphism) between two k-coalgebras (C, A¢,e¢) and (D, Ap,ep)
is a linear map f : C' — D making the following two diagrams commutative:

coc 2 peD

C ! > D
ac] S DN
k

f

Remark 2.1.5. Commutativity of diagram (3) is called the coassociativity condition, and commu-

tativity of diagram (4), the counit condition.
Let us give some examples of these objects.

Example 2.1.6. Let G be a finite group and let k[G] be the k-vector space with basis {g},cc

consisting of the elements of G. Then k[G] is a k-algebra with multiplication

(Z agg) (Z bhh> =) agpgh=>_ (Z agbh> l

geG heG g,heG leG \gh=l

and unit element 1. This is called the group algebra of G over the field k.

There is also a k-coalgebra structure on k[G]. It is given by:

A:KG] = KG9KG, Al =gy,

e : k[G] — k, e(g) =1,

for all g € G. With this structure, k[G] is called the group coalgebra of G over k.



Example 2.1.7. Another example associated to a group G is the following. Let k¢ be the k-vector

space of k-valued functions defined on G. Then k¢ is an algebra with pointwise multiplication:

(ra)(9) =p(9)alg). p,q€k geq.

The unit element is the function that sends all elements of G to 1y. This algebra is called the
algebra of functions on G.
If G is finite then k¢ admits, also, a k-coalgebra structure. The comultiplication and counit on

the basis elements p,, g € G, where p,(h) = d, 4, for all g, h € G, are given by:

AkC 5 KORKE Apy) =D pu®p,

uv=g

e: k% >k, e(pg) = 414>

where d, j, is Kronecker’s symbol (d, 5, = 1if g = h, and 0, otherwise). With this structure, k% is

called the coalgebra of functions on G.

Example 2.1.8. Let n > 1 be a positive integer and let M, (k) be the k-vector space of n X n
matrices with entries in k. This is an algebra with usual matrix multiplication.

There is a k-coalgebra structure on M, (k), as well. The comultiplication and counit on the
basis elements e;;, 1 < i,j < n, where ¢;; is the unit matrix with 1 in the (¢, j)-th entry and 0

elsewhere, are given by

where ¢;; is Kronecker’s symbol. With this structure, M, (k) is called the n x n matrix coalgebra.



There is an important notation associated with coalgebras, which simplifies computations
greatly. It is called Sweedler’s notation or the sigma notation and is defined as follows. If (C, A, ¢)

is a coalgebra and ¢ € C, then we write

Ale) = Y ey @ ¢,

where the subscripts (1) and (2) are symbolic.
Coassociativity of A allows us to extend this notation to the case when there are more than two

tensorands. We have (A ® id¢)A(c) = (ide ®A)A(c), so

>-(eay)a) ® (cay)e) ® c@) = D ca) ® (c@)a) @ (o) @)-

We denote this element by > c(1) ® c2) ® ¢(3).
In general, if we define A,, to be the composition of the following n maps:

A®idc®(n71)
—

C$C®C%C®C®C_>..._>C®(n) Cent1)

where C®' is the tensor product of C' with itself, 7 times, then one can show that
An = (idc@i ®A ® idc®(n717i)) o Anfl,

forevery i = 0,...,n — 1. This is called the generalized coassociativity law. The element A, (c)

is denoted by Z C(1) (% C(2) (SN Cln+1)-

We saw that some vector spaces have both an algebra structure and a coalgebra structure. In
general, these are independent of each other. When the two structures are compatible, in the sense
that the comultiplication and the counit maps are algebra maps, we say that the object in question

is a bialgebra.

Definition 2.1.9. A bialgebra over a field k is a k-vector space B, together with an algebra struc-

ture (B, m,u) and a coalgebra structure (B, A, ¢), such that A and ¢ are algebra maps.

Remark 2.1.10. It seems that in the definition m and u are ignored and it would not be unreason-

able to require that m and u be coalgebra maps, as well. It turns out that there is no need for this, as



it can be shown that A and ¢ are algebra maps if and only if m and u are coalgebra maps [DNROI,

Proposition 4.1.1].

Example 2.1.11. The group algebra and coalgebra k[G] is a bialgebra. Likewise, the algebra and
coalgebra of functions k“, on a finite group G, is a bialgebra. The algebra of matrices M,, (k), with
the matrix coalgebra structure, is a bialgebra if and only if n = 1. To see this, note that a non-zero

linear map M,,(k) — k must be injective, and this happens only when n = 1.

As with algebras and coalgebras, there is a notion of a morphism between two bialgebras. The

requirements are the ones that one would expect.

Definition 2.1.12. Let B and B’ be k-bialgebras. A bialgebra map (or a morphism of bialgebras)

from B to B’ is a linear map f : B — B’ which is both an algebra map and a coalgebra map.

Hopf algebras are bialgebras admitting a linear version of the "inverse" function from group

theory: G — G, g — g~1. More precisely, we have the following:

Definition 2.1.13. A Hopfalgebra is a bialgebra H for which there exists a linearmap S : H — H,

called an antipode, such that

=
>
™
p
>
c
Il
>
=
N
—
>
c
Il

‘C’:(h)lH’
forall h € H.

Remark 2.1.14. It can be shown that, if an antipode exists, then it is unique. Moreover, the
antipode is an antimorphism of algebras and an antimorphism of coalgebras, thatis, if S : H — H

is an antipode of H, then the following relations hold:

S(gh) = S(h)S(9),



forall g, h € H.

Remark 2.1.15. It can also be shown that if [/ is a finite dimensional Hopf algebra then the

antipode S is invertible. For a proof see [DNRO1, Theorem 7.1.7] or [Rad12, Theorem 7.1.14].
Example 2.1.16. The group bialgebra k|G| is a Hopf algebra. Its antipode is the map

S:k[G] = k[G], S(g)=g"' gea.
We call k[G] the group Hopf algebra of G.

Example 2.1.17. Let G be a finite group. The bialgebra of functions k“ is a Hopf algebra. The

antipode is
S:k% = k% S(py) =p,1, g€G.
We call k¢ the Hopf algebra of functions on G.

Remark 2.1.18. If f : K — H is a bialgebra map between two Hopf algebras K and H, then
it is not hard to check that Sy f = fSk. Bialgebra maps between Hopf algebras are called Hopf

algebra maps, or morphisms of Hopf algebras.

We present next some common constructions with algebras, coalgebras, bialgebras and Hopf

algebras, and provide more examples of Hopf algebras.

Definition 2.1.19. Let k be a field and, for any two k-vector spaces U and V, let 7y : U @ V' —

V ® U be the transposition (or the flip) map: 7y v (v ® v) =v @ u, forallu € Uandv € V.

(1) The opposite algebra of an algebra (A, m,u) is AP = (A, m® = m7y4,u). If A = AP

then A is said to be commutative.

(2) The co-opposite coalgebra of a coalgebra (C,A,¢) is C°P? = (C,A*? = 100cA¢). If

C = C°°P then C is said to be co-commutative.

10



(3) The opposite bialgebra of a bialgebra (B, m,u,A ¢) is B® = (B,m, u, A, ¢), and the
co-opposite bialgebra of (B, m,u, A, ) is B? = (B, m,u, A°P ¢). If B = B then B is

said to be commutative, and, if B = BP then B is said to be co-commutative.

Remark 2.1.20. If A is a Hopf algebra then H°P is a Hopf algebra if and only if the antipode of H

is invertible. The same is true for H°°P. If the antipode of H is invertible then Sy = Spger = Sﬁl.

Definition 2.1.21. Let H be a Hopf algebra with invertible antipode. Then HP is called the
opposite Hopf algebra of H, and H? is called the co-opposite Hopf algebra of H. It H = H®

then H is said to be commutative, and, if H = HP then H is said to be co-commutative.

Example 2.1.22. The group Hopf algebra k[G] is co-commutative. It is commutative if and only
if G is an abelian group. The Hopf algebra of functions k¢ on a finite group G is commutative. It

is co-commutative if and only if G is an abelian group.

Example 2.1.23. The smallest non-commutative, non-co-commutative Hopf algebra is Sweedler’s
Hopf algebra H4. It was introduced by M. Sweedler and it is described as follows. Let k be a
field of characteristic # 2. As an algebra, H, is the quotient of the free algebra k{g, z} on two

generators, g and x, by the two-sided ideal generated by g°> — 1, 22 and gz + xg. Thus,

Hy = k{gax}/(g2 - 171;2793: + l’g)

The comultiplication, the counit and the antipode of H, are:

Alg) =9g®y, e(g)=1, Sy =g,

Alz)=1®z+2®y, e(x) =0, S(x) =g ',
A k-basis of Hy is {1,¢g,x,gx}. The antipode of H4 has order 4. It can be shown that, up to

isomorphism, H, is the unique non-commutative, non-co-commutative Hopf algebra of dimension

4. Thus, HP & HP = [,

11



Example 2.1.24. In [T71] E.J. Taft introduced a family of non-commutative, non-co-commutative
Hopf algebras, containing Sweedler’s Hopf algebra as a particular case. The family is defined as
follows. Let N > 2 and m > 1 be two integers. Let k be a field containing a primitive N-th root
of unity £. Then

TN,m = k{glv <5 9my, x}/(gzN - 17 :I"Na 9i9; — 99i, Xgi — ggzx)

is a Hopf algebra with comultiplication, counit and antipode:

A(gi) = 9: ® gi, e(g) =1,  Slg) =g "

Alz)=1®0x+2Q g, e(r) =0, S(z) = —¢ g ta,

foralli =1,...,n. Hy,, is a non-commutative, non-co-commutative Hopf algebra of dimension
N™*1 ak-basis being {g!' - - - gima’ | 0 < iy, ..., %5m,i < N —1}. The antipode of Ty, has order
2N.

T'nm 1s called the general Taft algebra, while T is called the two-generator Taft algebra.

Note that 75 ; is Sweedler’s Hopf algebra.

Example 2.1.25. Another family of non-commutative, non-co-commutative Hopf algebras, con-
taining Sweedler’s Hopf algebra as a particular case, is formed by Nichols Hopf algebras. These
were introduced by W.D. Nichols in [Nich78] and they are defined as follows. Let n > 1 be a

positive integer. Then
E(n) =k{c,z1,...,2,}/(* — 1,23, cx; + mic, v;xj + T0;)
is a Hopf algebra with comultiplication, counit and antipode:

Alc) =c®e, g(e) =1, S(c)=c,

Al) =10z +x;®c, e(z;) =0, S(x;) = ¢ty

foralli = 1,...,n. E(n) is a non-commutative, non-co-commutative Hopf algebra of dimension

2L A k-basis is {c'zp | i = 0,1, P C {1,...,n}}, where, for a subset P = {iy,4y,...,i5} C

12



{1,2,...,n} such that i; < iy < --- < iz, we denote xp = x;x;, - x;,, and xyp = 1. We note

that £(1) is Sweedler’s Hopf algebra.

Note that, if U and V' are two k-vector spaces and U* = Hom(U, k) and V* = Hom(V, k) are

their duals, then the map
puy U@V = (U V), (»peq(udv)=rpug),

forallu € U,v e V,p e U*"and g € V*, is injective. If U or V' is finite dimensional, then py v is
an isomorphism.

Recall, also, that, if f : U — V is a linear map, then its transpose is f* : V* — U*,
f*(p) =pf,forallp € V*.

Using the map p, we can transpose the comultiplication and counit of a coalgebra C' to a
multiplication and unit on C*. Similarly, we can transpose the multiplication and unit of an algebra
A to a comultiplication and counit on A*. For the latter, we need that A be finite dimensional, so

that p is invertible.
Definition 2.1.26. Let k be a field.

(1) The dual algebra of a coalgebra (C, A, ¢) is (C*, A*pc o, €*). Explicitly, the multiplication

of C*, called the convolution product, is

(p*q)(c) =Y plcaya(ce), ceC pqeC
The unit element of C* is €.

(2) The dual coalgebra of a finite dimensional algebra (A, m, u) is (A*, p,,'ym*, u*). Explicitly,

the comultiplication of A* is

A(p)(a®b) = pay(a)pe)(b), a,be A, pe A~

The counit of A* is given by e(p) = p(1), forall p € A*.
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Remark 2.1.27. If B is a finite dimensional bialgebra, then the dual algebra and coalgebra B* is a

bialgebra. It is called the dual bialgebra of B.

Remark 2.1.28. If H is a finite dimensional Hopf algebra, then the dual bialgebra H* is a Hopf
algebra. Its antipode is Sy~ = S};. H* is called the dual Hopf algebra of H. If H* = H, then H

is said to be self-dual.
Example 2.1.29. If G is a finite group then (k[G])* = k¢ and (k%)* = k[G].

Example 2.1.30. The Nichols Hopf algebra F(n) is self-dual. An isomorphism F(n) — E(n)*

maps
c—1*—c¢* and  x;— 2+ (cxy)”,

foralli =1,...,n, where {(c'zp)*}; p is the dual basis of {c'zp}; p.

2.2 The language of categories

In this section and the next we recall basic definitions and results from category theory. For more

details see [P70] or [MacL98].

Definition 2.2.1. A category C consists of

1. A class Ob(C) of objects, which we usually denote by capital letters: X,Y, Z, ... € Ob(C).

2. For each ordered pair of objects (X,Y), a set Hom¢ (X, Y'), whose elements are called mor-
phisms with domain X and codomain Y . These sets are called hom-sets and morphisms are

usually denoted by small letters: f, g, h, ... € Hom¢(X,Y).

3. For each ordered triple (X, Y, Z), a map

Home(X,Y) x Home(Y, Z) — Home (X, Z), (f,9) — gf

called composition.
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These are required to satisfy the following conditions:

(C1) Disjointedness of hom-sets: If (X,Y) # (Z, W) then Hom¢(X,Y) and Hom¢(Z, W) are

disjoint sets.

(C2) Associativity of composition: If f € Hom¢(X,Y"), g € Hom¢ (Y, Z), and h € Home(Z, W),

then (hg) f = h(g/)-

(C3) Existence of identity elements: For every object X there is an element idx € Hom¢ (X, X),
called the identity morphism of X, such that fidy = f, for every f € Hom¢(X,Y), and

idy g = g, for every g € Hom¢ (Y, X).

Example 2.2.2. The category of k-vector spaces, k-Vec, is the category whose objects are vector

spaces over k and whose morphisms are k-linear maps.

Example 2.2.3. Let G be a group. Then the category k-Vec of G-graded vector spaces over k is

the category with:

* Objects: Pairs (V, {V, },ec), where V is a k-vector space and V, g € G, are subspaces of V/

such that V = @@, _, V. We usually write V' instead of (V, {V,},cc).

geG
* Morphisms: f : (U,{U,}sec) = (V.{V,}sec) is a morphism of G-graded vector spaces if

f:U — V is alinear map such that f(U,) C V,,forall g € G.

The fact that G is a group is irrelevant for this example. Later on, we will see that the group

structure of GG turns k-Vec; into a "rigid monoidal” category.

Example 2.2.4. If (A, m, u) is a k-algebra then the category Rep A of finite dimensional represen-

tations of A (or (left) A-modules), is the category with

* Objects: Pairs (V, p), where V' is a finite-dimensional k-vector spaceand p : AQV — V
is a linear map, called the action of A on V, such that the following two diagrams are

commutative:
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QA AV

(A AV » AR (A V)
mid idg ® .
Vl lA ’ KoV X9 Agv
ARV ARV IT l
I P
\ / V—>idv 1%

V

where a4 4,1 and [y are the obvious maps. We usually write V" instead of (V, p).

* Morphisms: [ : (U, py) — (V, pv) is a morphism of A-modules, or an A-linear map, if

f U — V is alinear map such that the following diagram is commutative:

AU 1% Aqv

o | Jev

For a group algebra k[G] we denote Rep k|G| by Rep G. Note that Rep k = k-Vec.

Example 2.2.5. Let (C, A, €) be a k-coalgebra. The category Corep C' of finite-dimensional corep-

resentations of C (or (right) C-comodules) is the category with

* Objects: Pairs (V,¢), where V' is a vector space and § : V' — V ® C' is a linear map, called

the coaction of C on V', such that diagrams

v
/ \ vy
Ve Ve 5| ]
6®idcl lidv ®A Vol e vek
(V80)8C —ee— VB (CBO)

are commutative. We usually denote (V,J) by V.

* Morphisms: f : (U, dy) — (V,0v) is a morphism of C-comodules, or a C-colinear map, if

f U — V is alinear map such that the following diagram is commutative:
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For a group coalgebra k|G| we denote Corep k[G] by Corep G. Note that Corep k = k-Vec.

Remark 2.2.6. Sweedler’s notation extends to comodules. If V' is a C'-comodule, with coaction
6, and v € V then §(v) is denoted by > vy ® v(1). The common element (idy ®A)d(v) =

av,c,c(6 ® ide)d(v) is denoted by D vy ® v1) ® v(2), and so forth.

Definition 2.2.7. A category D is a subcategory of C if Ob(D) is a subclass of Ob(C), Homp(X,Y')
is a subset of Hom¢ (X, Y), for any X, Y € Ob(D), and the composition and identity morphisms
of D coincide with those of C. If Homp(X,Y) = Hom¢(X,Y), forall X, Y € Ob(D), then D is

said to be a full subcategory of C.

Example 2.2.8. The category k-Vec of finite dimensional k-vector spaces is a full subcategory
of k-Vec. Similary, the category k-Vec of finite dimensional G-graded k-vector spaces is a full

subcategory of k-Vecg.

Definition 2.2.9. Let C and D be two categories. A functor F' from C to D, denoted by F' : C — D,

consists of:
1. An assignment Ob(C) — Ob(D), X — F(X).

2. For each pair of objects (X, Y), a function

Home(X,Y) — Homp (F(X), F(Y)), f~ F(f),

satisfying the following:

(F1) F(fg) = F(f)F(g), for all morphisms f and g.
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(F2) F(idx) = idp(x), for every X € Ob(C).

Example 2.2.10. An algebra map f : B — A induces a functor Res; : Rep A — Rep B, called

the restriction of scalars functor and defined in the following way:
* If V € Rep A then Res¢(V) =V, with B-action: b- v = f(b)v, forallb € Bandv € V.
* If f is a morphism in Rep A then F'(f) = f is a morphism in Rep B.

The unit map v : k — A induces the forgetful functor Fy = Res, : Rep A — k-Vec. It is
called forgetful because it takes an A-module (V] p) to its underlying vector space V', "forgetting"

the action p.

Example 2.2.11. Similarly, a coalgebra map f : ' — D induces a functor Exty : CorepC —

Corep D, called the extension of scalars functor and defined in the following way:
» If V € Corep C, with C-coaction ¢, then Ezt (V) =V, with D-action: (idy ®f)0.
e If f is a morphism in Corep C' then F'(f) = f is a morphism in Corep D.

The counit map ¢ : C' — k induces the forgetful functor Fx = Euxt. : Corep C' — k-Vec. It

takes a C'-comodule (V 0) to its underlying vector space V.

Remark 2.2.12. If F : C — Dand G : D — & then GF : C — & is the functor: GF(X) =
G(F(X)), forall X € Ob(C), and GF(f) = G(F(f)), for all morphisms f in C. GF' is called
the composition of G with F'. For example, if f : C' — B and g : B — A are algebra maps then

Resy Resy = Resgp. If f : C' — D and g : D — E are coalgebra maps then Ext, Ext; = Extyy.

Functors between two categories form the objects of a category. Morphisms in this category

are called natural transformations.

Definition 2.2.13. Let ', G : C — D be two functors. A natural transformation p from F' to G,
denoted by i : F' — G, is a family of morphisms p = {px : F(X) — G(X)}xeob(c) such that,

for every morphism f : X — Y in C, the following diagram is commutative:
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F(X) 5 G(X)
F(f)l lG(f)
FY) == GY)
Remark 2.2.14. If C and D are two categories, then the category whose objects are functors from C
to D and whose morphisms are natural transformations between functors is denoted by Fun(C, D).
The composition of two natural transformations p and v is uv = {uxvx}xcobc. The identity
morphism of a functor F is the identity natural transformation of F': idr = {id F( X)} XeObC-

The category End(C) = Fun(C, C) is called the category of endofunctors of C.

Definition 2.2.15. (1) A morphism f : X — Y in a category C is said to be an isomorphism if
there exists a morphism ¢ : Y — X such that gf = idx and fg = idy. Two objects, X and
Y, of a category C are isomorphic, and we write this X = Y/, if there exists an isomorphism

f:X—=>Y.

(2) A functor F' : C — D is an isomorphism if there exists a functor G : D — C such that
GF = idc and FG = idp. Two categories, C and D, are isomorphic, and we write this

C = D, if there exists an isomorphism F': C — D.

(3) A natural transformation p : F© — G is said to be a natural isomorphism if there exists a
natural transformation v : G — F such that vu = idp and purv = idg. Two functors, F' and
G, are said to be isomorphic, and we write this F' = G, if there exists a natural isomorphism

w:F—G.

Example 2.2.16. If G is a group then Corep GG and k-Vec are isomorphic. To see this, note that,
if (V,4) is a corepresentation of k[G], then V' = D, Vy, where V, = {v € V [ 6(v) = v @ g}.
Indeed, if v € V then there exist g1, ...,9, € G and vy,...,v, € V suchthat o(v) = >, v; ® g;.

Since

>2i(0i ® g:) ® gi = aypo(idy ®A)I(v) = (6 @ idii))d(v) = 3, 0(vi) @ g;

it follows that §(v;) = v; ® g;. Moreover,
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v=ry(idy ®e)0(v) =32, vie(g:) = 3, vi

so, V= > 9eG V,. To see that the sum is direct, suppose ¢, ..., g, are distinct elements of ¢
and v; € V,,, 1 = 1,...,n, satisfy vy +--- + v, = 0. Applying ¢ to this relation, we obtain
> Vi ® g; = 0. It follows from this that v; = 0, forall i = 1,...,n. Thus, V = @,V

The association (V,0) — (V,{V,}sec) is an isomorphism from Corep G to k-Vecs. The
inverse functor sends a G-graded vector space V' = P ., V, to (V,6), where 6(v) = v ® g,

for all v € V, and g € G. Both functors leave morphisms unchanged.

Example 2.2.17. If A is a finite dimensional algebra and A* is the dual coalgebra of A, then Rep A
and Corep A* are isomorphic. An isomorphism F': Rep A — Corep A* is given as follows.
Let {e;} be a basis of A and let {e}} be its dual basis. If V' € Rep A then F(V') = V, with

A*-coaction given by
Vi Y ev® e, veV.
The inverse functor takes an A*-comodule V and sends it to V/, with A-action:
av =Y v (a)v), acAvelV,
for all a € A and v € V. Both functors leave morphisms unchanged.

Remark 2.2.18. In a sense, the condition for two categories to be isomorphic is too strong. It
requires, in particular, that there be a one-one correspondence between the objects of the two
categories. Since, in most cases, we are more interested in isomorphism classes of objects, a more
useful notion is that of equivalence of categories. The condition for two categories to be equivalent
ensures that there is a one-one correspondence between the isomorphism classes of objects of the

two categories.

Definition 2.2.19. A functor F' : C — D is an equivalence if there exists a functor G : D — C
such that GF' = id¢ and F'G = idp. Two categories, C and D, are said to be equivalent, and we

write this C ~ D, if there exists an equivalence F' : C — D.
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There is a useful criterion for checking that a given functor is an equivalence. To state it, we

need the following definitions.
Definition 2.2.20. Let /' : C — D be a functor.

1. F is said to be faithful (respectively, full) if for all X and Y € Ob(C), the maps
Home(X,Y) — Homp (F(X), F(Y))

are injective (respectively, surjective).
2. F'is said to be fully faithful if F'is both faithful and full.

3. F is said to be essentially surjective if for any Y € D there exists X € C such that Y =

F(X).

Theorem 2.2.21. A functor F' : C — D is an equivalence if and only if it is essentially surjective

and fully faithful.
Proof. See [P70, Proposition 2.1.3] or [Macl.98, Theorem 1V.4.1]. O

Definition 2.2.22. Let C and D be two categories. The product category C x D is defined by:
Ob(C x D) = Ob(C) x Ob(D) and

Homexp((X,Y), (X', Y")) = Home (X, X’) x Homp(Y,Y”),
forall X, X’ € Cand Y, Y’ € D, with composition induced from C and D.

Definition 2.2.23. A functor from a product category of two categories into another category is

called a bifunctor.
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2.3 Finite k-linear abelian categories

Categories of finite dimensional representations of finite dimensional k-algebras can be described
as those categories that are finite, k-linear, and abelian. Since these requirements are met by the
objects of our study, finite tensor categories, it is useful to review their definition and see their

properties.

Definition 2.3.1. An additive category is a category C satisfying the following axioms:

(1) Every hom-set Hom¢ (X, Y') is equipped with an abelian group structure, written additively,

such that composition of morphisms is biadditive with respect to addition.

(2) C has a zero object, that is, an object 0 such that all hom-sets, Hom¢(0, X') and Hom¢ (X, 0),

X € Ob(C), are singletons.

(3) For any objects X and Y of C, there exists an object B and morphisms ix : X — B,
iy 1 Y — B, pPx B —- X andpy : B — Y such that pXiX = idx, pyiy = Idy and

ixpx +iypy = idp.

Remark 2.3.2. A zero object is unique, up to a unique isomorphism. If 0 is a zero object of C then
every hom-set Hom¢ (X, Y') has a distinguished element, namely the composition X — 0 — Y.
This morphism is called the zero morphism and it is denoted by Ox y or, if it is clear from the
context what the domain and co-domain are, by 0. If C is an additive category then Ox y is the zero

element of the additive group Hom¢ (X, Y).

Remark 2.3.3. The object B of condition (3) is unique, up to a unique isomorphism, with the

stated properties. It is called the direct sum of X and Y and it is denoted by X @ Y.

Definition 2.3.4. Let k be a field. A k-linear category is an additive category whose hom-sets are

k-vector spaces such that composition of morphisms is k-bilinear.
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Definition 2.3.5. Let ' : C — D be a functor. If C and D are additive (respectively, k-linear), then

F'is additive (respectively, k-linear) if the associated maps
Home(X,Y) — Homp (F(X), F(Y))
are morphisms of groups (respectively, k-linear maps).

Next, we recall the definition of abelian categories. These are categories where the notion of

an exact sequence can be defined. We need the concepts of a kernel and cokernel of a morphism.
Definition 2.3.6. Let C be a category with a zero object and let f : X — Y be a morphism in C.

1. A kernel of f is pair (K,i), where i : K — X is a morphism such that fi = 0, and, if

i K' — X satisfies fi’ = 0, then there is a unique & : K’ — K such that ik = 7'.

2. A cokernel of f is a pair (C,p), where p : Y — C'is a morphism such that pf = 0 and, if

p Y — (' satisfies p’' f = 0, then there is a unique ¢ : C' — C” such that cp = p/'.

Remark 2.3.7. If they exist, the kernel and cokernel are unique, up to a unique isomorphism. The

kernel of f is denoted by Ker(f) and the cokernel by Coker( f).

Definition 2.3.8. An abelian category is an additive category C with the property that, for every

morphism f : X — Y, there exists a sequence

such that f = vu, (K, 1) is a kernel of f, (I, u) is a cokernel of 4, (1, v) is a kernel of p, and (C, p)

is a cokernel of f. The object I is called the image of f and is denoted by Im(f).

Example 2.3.9. If A is a k-algebra then Rep A is a k-linear abelian category. Similarly, if C' is a

k-coalgebra then Corep C' is a k-linear abelian category.

Next, we recall the notion of a simple object in an abelian category. For this, we need the

concept of subobject.
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Definition 2.3.10. Let C be an abelian category. A morphism f : X — Y is said to be a monomor-

phism if Ker(f) = 0, and an epimorphism if Coker(f) = 0.

Definition 2.3.11. Let C be an abelian category and Y an object of C. A subobject of Y is a pair
(X,7), where i : X — Y is a monomorphism. A quotient object of Y is a pair (Z,p), where

p:Y — Z is an epimorphism.

Remark 2.3.12. It is common to omit mentioning the monomorphism ¢ when saying that (X, 7) is
a subobject of Y. Thus, we say X is a subobject of Y and we write X C Y. The cokernel of the

monomorphism ¢ : X — Y is denoted by Y/ X.
Definition 2.3.13. Let C be an abelian category.
(1) A nonzero object X in C is simple if 0 and X are its only subobjects.
(2) Anobject X in C is semisimple if it is a direct sum of simple objects.
(3) C is semisimple is every object of C is semisimple.
The Jordan-Holder theorem holds in abelian categories.

Definition 2.3.14. Let C be an abelian category. An object X of C is said to have finite length if X

admits a composition series (or a Jordan-Holder series), that is, a filtration
0=XoCX;C---CX,,1CX, =X

such that X;/X; ; is simple, for all ¢ = 1,...,n. The objects X;/X;_; are called the factors of

the composition series, and n is called the length of the composition series.

Theorem 2.3.15 (Jordan-Hoélder). Let C be an abelian category. If X € Ob(C) has finite length,

then all composition series of X have the same length and isomorphic factors, up to order.

It follows from Jordan-Holder theorem that the number of factors in a composition series of an
object X is independent of the composition series. This number is called the length of X.

As we previously said, abelian categories allow definition of the notion of exact sequence.
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Definition 2.3.16. Let C be an abelian category. A sequence of morphisms in C
fi—1 fi
"'_>Xi—1 —>Xz_>Xz+1_>

is exact in degree i if Im(f;_1) = Ker(f;). The sequence is exact if it is exact in every degree.

An exact sequence 0 -+ X — Y — Z — 0 is called a short exact sequence.
Definition 2.3.17. Let C be an abelian category and let X and Y be objects of C.
(1) An extension of Y by X is a short exact sequence S : 0 — X LELY o

2) A morphismfrom S :0 - X 5 EBY 5 0t05:0 =X 5B %Y 5 0isa

morphisms f : F — E’ making the following diagram commutative:

Remark 2.3.18. The set of isomorphism classes of extensions of Y by X is denoted by Ext' (Y, X).
It is an abelian group with the following operation. Let S : 0 — X L ELY - 0and
S0 X 5 E' %Y — 0be two extensions of Y by X. Theimage N of (i, —i') : X — EGFE’
is a subobject of the kernel M of ppr — p'pr : E® E' — Y, where pg and pgr are the projections
of £ & E' to its summands. The sum of the isomorphism classes of S and S’ is the isomorphism

class of the exact sequence

0—x 9% MNPy g

This operation is called the Baer sum. The zero element of Ext'(Y, X) is the class of the split
extension() - X - XY —-Y — 0.
If C is a k-linear abelian category, then Ext'(Y, X) is a k-vector space. The multiple of the

classof 0 > X 5 ELY -0 by the non-zero scalar A\ € k* is the class of

A1 P
0—-X—FE=>Y —0
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One can check that if A, 1 € k¥, then0 — X 25 E 2 Y 5 0and0 — X X5 BB Y -0
are isomorphic.

Definition 2.3.19. Let C and D be two abelian categories. An additive functor F' : C — D is left
exact (respectively, right exact) if given any short exact sequence inC,0 - X - Y — Z — 0,

the sequence
0— F(X)— F(Y)— F(Z) (respectively, F(X)— F(Y)— F(Z) — 0)
is exact in D. A left exact and right exact functor is said to be exact.

Example 2.3.20. If X is an object of an abelian category C, then the functor Hom¢ (X, —) from C

to the category of abelian groups is left exact.

Example 2.3.21. If A and B are finite dimensional k-algebras and P is a (B, A)-bimodule, then

P ®4 (—) : Rep A — Rep B is right exact.
Definition 2.3.22. Let C be an abelian category.
(1) An object P of C is projective if the functor Hom¢ (P, —) is exact.

(2) A projective cover of X € Ob(C) is a projective object P(X) in C, together with an epimor-
phism p : P(X) — X such that, if g : P — X is an epimorphism from a projective object

P to X, then there exists an epimorphism h : P — P(X) such that ph = g.
We are now ready to state an intrinsic characterization of finite k-linear abelian categories.
Definition 2.3.23. Let k be a field. A k-linear abelian category C is finite if:
(1) C has finite dimensional hom-sets.
(2) All objects of C have finite length.
(3) There are finitely many isomorphism classes of simple objects.

(4) Every simple object has a projective cover.
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Theorem 2.3.24. If C is a finite, k-linear, abelian category then there exists a finite dimensional

k-algebra A such that C is equivalent to Rep A.

Proof. See [E11, Theorem 9.6.4]. ]

Since functors between representation categories of finite dimensional algebras will play an
important role in our work, we close this section by making a few observations concerning them.

First, if /' : C — D is a functor between two k-linear categories, then End(F'), the set of
functorial endomorphisms of F', is a k-algebra with addition, scalar multiplication and product

given by:
(W+v)x = px +vx, (M)x =Aux, (Uv)x = pxvx

forall X € Ob(C), A € k, and u, v € End(F).

Functorial endomorphisms of forgetful functors have a nice description.

Lemma 2.3.25. Let A be a finite dimensional k-algebra and F, : Rep A — Vec the forgetful

functor. Then
¢ End(Fa) = A, @(p) = pa(l), p€End(Fa)
is an isomorphism of k-algebras, with inverse
ol A—End(Fy), ¢ Y a)y(v)=av, veV cRep(A),ac A
Proof. Straightforward. ]

Remark 2.3.26. Let ¢ : End(F4) — A be the isomorphism of the previous Lemma and let
Res, : Rep A — Rep End(F4) be the restriction of scalars functor associated to . If V' € Rep A
then Res, (V') = V with End(F4)-action given by 1 - v = py (v), forall v € V and p € End(Fj4).
In other words, py (v) = ¢(u)v = pa(1)v, for all v, V and p. Indeed, consider for v € V the A-

linear map f, : A =V, f,(a) = av, for all a € A. From the naturality of ;z we have py f, = fopia.

Thus, MV(U) - ,U/va(1> - fv,uA(l) = /vLA(1>rU'
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Restriction of scalars functors preserve forgetful functors. The converse is also true, as we next

show.

Proposition 2.3.27. Let A and B be two finite dimensional k-algebras and let F 4 : Rep A — Vec
and Fg : Rep B — Vec be the forgetful functors. If F' : Rep B — Rep A is a k-linear functor such

that Fy F' = Fp then there exists an algebra map f : A — B such that F' = Resy.

Proof. Let ¢4 : End(F4) — A and ¢p : End(Fp) — B be the algebra isomorphisms from

Lemma 2.3.25. Define

g9 : End(Fa) — End(Fp) = End(FuF), g(n)v = prev)
forall V € Rep B and 1 € End(F4). It is easy to check that ¢ is a well defined algebra homomor-
phism.

Let f : A — B be the algebra map f = ¢pge,'. We claim that F' = Res;. Since Res; =

Res o7t Resg Res,,,, it suffices to show that the following diagram is commutative:

Rep B a > Rep A

Reszl lRestA

Rep (End(Fp)) T Rep (End(Fa))

Let V' € Rep B. Taking into account Remark 2.3.26, we have that Res,,, F'(V') is V with End(F}4)-
action given by p1-v = pip(v)(v), while Res, Res,,, V is V with End(F4)-action p-v = g(p)v (v) =
prevy(v). Thus, F' = Resy. O

Functors that are natural isomorphic to restriction of scalars functors can be described as those

functors that preserve dimensions.

Proposition 2.3.28. Let A and B be two finite dimensional k-algebras. A functor F' : Rep B —
Rep A is isomorphic to Res f, for some algebramap f : A — B, ifand only ifdim F'(V) = dim V,
forall V € Rep B.

Proof. Suppose dim F'(V)) = dim V/, for all V € Rep B. For each such V' choose an isomorphism

of k-vector spaces uy : F(V) — V. Then on V there is a unique A-module structure such
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that py is A-linear. Denote this A-module by G(V'). For a B-linear map f : U — V define
G(f) = vy F(f)u,!. Itis easy to check that, with these choices, G is a functor from Rep B to
Rep A and it = {uy } is an isomorphism from F' to G. Since G preserves the forgetful functors, it
follows from Proposition 2.3.27 that G = Resy, for some algebra map f : A — B. The converse

is trivial. O

2.4 Rigid monoidal categories

In this section we present the categorical counterpart of the monoid from group theory, namely, the
monoidal category. We also talk about rigidity in monoidal categories and, at the end, introduce

the main objects of our study, finite tensor categories.

Definition 2.4.1. A monoidal category is a sextuple (C,®, 1, a,l,r) consisting of a category C, a
bifunctor ® : C x C — C, called tensor product, an object 1 € C, called a unit object, and natural

isomorphisms:

a = {axyz: (X®Y)®Z = X® (Y ®2)}xyzconc),
I = {lx:1®X — X}xeob(0):

r = {rx: X®1—= X}xeope)

called, respectively, the associativity, left unit and right unit constraints, satisfying the pentagon

axiom, i.e. diagram

WeX)eo(Y®Z)

(WeX)oY)eZ We(Xel o)
aW,X,Y®ile Tidw ®ax,y,z
WeXoY)eZ — s W (X0Y)®2)
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commutes for all W, X, Y, Z € Ob(C), and the triangle axiom, i.e. diagram

ax1y

(Xo)eY » X®(10Y)
Txm A@ly
X®Y

commutes for all X, Y € Ob(C).

Remark 2.4.2. If (C, ®, 1, a, [, r) is a monoidal category then we say that (®, 1, a, [, ) constitutes
a monoidal structure on C. If this structure is clear from the context then we write C instead of

(C,®,1,a,l,r). This will be the case with the next examples.

Example 2.4.3. The category k-Vec is a monoidal category. The tensor product is the usual tensor

product of vector spaces, ® = ®y, the unit element is k, and a, [ and r are the obvious maps:

avvw: (U@V)oW U (VeW), (uv)dw—u® (vew),
ly  k@V =V, A®uv— v,
ry:Vek—=V, v®A— v,

foralue U,veV,we W, xek,and U, V, W € k-Vec. The same data defines a monoidal

structure on k-Vec, the category of finite dimensional k-vector spaces.

Example 2.4.4. If B is a bialgebra then the comultiplication and the counit of B make Rep B a

monoidal category. Namely, if U, V € Rep Bthen U ® V = U ®y V/, with action of B given by
b- (u®v) =) bayu® by, beB,ucUvelV.

The unit object is k, on which B acts viae: b-A = ¢(b) A, forall b € B and A € k. The associativity

and the left and right unit constraints are the same as for k-Vec.

Example 2.4.5. Again, let B be a bialgebra. Then the multiplication and the unit of B give Corep B

a monoidal structure. If U, V' € Corep H then U ® V = U ®y V, with co-action of B given by
U®UHZU(0)®U(0)®U(1)U(1), uwelU, veV.
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The unit object is k, with the trivial coaction: A — A ® 1y, for all A € k. The associativity and

the left and right unit constraints are the same as for k-Vec.

Definition 2.4.6. Let (C,®,1,a,l,r) be a monoidal category. The monoidal category opposite to

CisCP = (C,®,1,a,...), where X ®*PY =Y ® X and a¥ y , = ayy x-
Example 2.4.7. Given a bialgebra B, (Rep B)° = Rep BP.

Definition 2.4.8. Let (C,®,1,a,l,r)and (C',®',1',d’,I',r") be two monoidal categories. A monoidal
functor from C to C' is a triple (F, J, ), where F : C — C’ is a functor, ¢ : 1" — F(1) is an iso-

morphism, and
Jxy : F(X)® F(Y) > F(X®Y)

is a natural isomorphism, such that the following diagrams are commutative

(F(X) &' F(Y)) ® F(Z) 22100 poxy o (F(Y) @' F(Z))
Jx y®'idp(z) lidF(X) ®'Jy,z
F(X®RY)® F(Z) F(X)® F(Y ® Z) 2.1)
Ixev,z lJX,Y(@Z
F(X®Y)® 2) e y F(X @ (Y ®2))
I r
1'® F(X) — 5 F(X) F(X)&'1! — 5 F(X)
‘P®idF(X)l TF(ZX) idp(x) ®<Pl TF(TX) (2.2)

F(1) ® F(X) T F1®X) F(X)®" F(1) T F(X®1)

The pair (J, ) is called a monoidal structure on F.

Remark 2.4.9. Monoidal functors can be composed. If (F,.J, ) is a monoidal functor from
(C,®,1) to (C',®',1), and (F’,J’,¢’) is a monoidal functor from (C’,®’,1’) to (C", ®",1")
then the composition of (F', J',¢’) with (F, J, @) is (F'F, J'F'(J), F'(p)¢'), where J' F'(J) is

the natural transformation given by the composition:
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To(x),F(v) F'(Jxy)
BEELELLEN BELCLEN

F'F(X)®"FF(Y) FI(F(X)® F(Y)) FF(X®Y),

forall X, Y € C.
The following results provide some examples of monoidal functors.

Lemma 2.4.10. Let K and H be two bialgebras and f : K — H an algebra map. The set of
monoidal structures on the restriction of scalars functor Resy : Rep H — Rep K, with ¢ = idy,
is in one-to-one correspondence with the set of invertible elements T € H ® H satisfying the

following conditions:

(f® HA@) = T'A(f(2))T, forallz € K, (2.3)
(A®idg)(T(T®1) = (dg@A)T)(1T), (2.4)
(e®idy)(T) = (idg®e)(T) = 1. (2.5)

The monoidal structure corresponding to T is (J*,idy), where
Joy UV UV, u®ve T(u®wv).
Proof. Straightforward. 0

Remark 2.4.11. We will denote the monoidal functor (Res¢, T, idq) by (f,T'). It is easy to check
that the composition of (f’,7") with (f,T)is (ff",T(f ® f)(T")).

Remark 2.4.12. The tensor functors ( f, T") have been studied by A. Davydov in [Dav10]. We will

say more about them in Section 2.10.

Corollary 2.4.13. Let H be a bialgebra. The set of monoidal structures on the forgetful functor
Fy : Rep H — Vec, with ¢ = idy, is in bijection with the set of invertible elements T' € H @ H

satisfying conditions (2.4) and (2.5).

Definition 2.4.14. Let H be a bialgebra. An invertible element 7' € H ® H satisfying conditions
(2.4) and (2.5) is called a (right) twist on H.
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Corollary 2.4.15. Let H be a bialgebra. The set of monoidal structures on the identity functor
idreprr : RepH — Rep H, with ¢ = idy, is in bijection with the set of twists on H satisfying
TA(z) = A(x)T, forall x € H.

Definition 2.4.16. A twist 7" on a bialgebra H is invariant if TA(x) = A(z)T, forallxz € H.
Lemma 2.4.17. Let K and H be two bialgebras and f : H — K a coalgebra map. The set of
monoidal structures on the extension of scalars functor Fxty : Corep H — Corep K, with ¢ = idy,

is in one-to-one correspondence with the set of convolution invertible elements 0 : H ® H — k

satisfying the following conditions:

f@)fly) = o za),y0)f(Teye)o(Ts), ye), (2.6)
0(53(1)?/(1)7 Z)U(I(2)> ?/(2)) = 0(537 y(l)Z(l))U(y(2)> Z(2))a 2.7
o(x,1) = o(l,z)=e(x), (2.8)

forall x, y, = € H. The monoidal structure corresponding to o is (J°,idy), where

Jov UV =UV, u®uvw a(uw),va))io @ Vo)
Proof. Straightforward. [
Remark 2.4.18. We will denote the monoidal functor (Exty, J?,idy) by (f, o). The composition
of (f',0") with (f,0)is (f'f, o x (o' o (f ® [))).
Corollary 2.4.19. Let H be a bialgebra. The set of monoidal structures on the forgetful functor

Fy : Corep H — Vec is in bijection with the set of convolution invertible elements 0 : H Q@ H — k

satisfying (2.7) and (2.8).

Definition 2.4.20. Let H be a bialgebra. A convolution invertible element ¢ : H ® H — k

satisfying (2.7) and (2.8) is called a (right) 2-cocycle on H.

Corollary 2.4.21. Let H be a bialgebra. The set of monoidal structures on the identity func-

tor idcorepr : Corep H — Corep H is in bijection with the set of 2-cocycles on H satisfying

0(93(1), y(l))w(Q)y(Q) = 93(1)y(1)0($(2), y(z))-
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Definition 2.4.22. An invariant 2-cocycle on a bialgebra H is a 2-cocycle o satisfying
o(z), ¥Y1)T@Y@) = T0)Y0)o(T@), Y@);
forall x,y € H.

Definition 2.4.23. Let (F, J,p) and (F”, J', ¢') be two monoidal functors from (C, ®,1) to (C’, ®',1').
A natural monoidal transformation from (F, J, ¢) to (F',J',¢') is a natural transformation f :

F — F” such that the following diagrams commute:

FX) & F(Y) 2% P(X @)

F(1) a > F'(1)
ux®'wl luxeay \ % 2.9)
)

X,y

A natural monoidal isomorphism is a natural monoidal transformation that is a natural isomor-

phism.

Remark 2.4.24. Suppose (F, J, ) is a monoidal functor from (C, ®,1) to (C',®",1'). If F' : C —
C'is a functor, and i : I — F” is a natural isomorphism, then there is a unique monoidal structure
on F” such that 1 becomes a natural monoidal isomorphism. Namely, this structure is (J', '),

where J’ and ¢’ are defined by diagrams (2.9).

Lemma 2.4.25. Let H and K be two bialgebras, and (f,T) and (f',T") two monoidal functors
from Rep H to Rep K. The set of natural monoidal transformations from (f,T) to (f',T") is in

bijection with the set of elements w € H satisfying the following conditions:

uf(z) = f'(v)u, forallxe K, (2.10)
T'(u®u) = A(u)T, (2.11)
c(w) = 1. (2.12)

The natural monoidal transformation corresponding to u is ", where
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py V=V, ve—=u, veV eRepH.
The transformation u* is a natural monoidal isomorphism if and only if u is invertible.
Proof. Straightforward. 0

Corollary 2.4.26. Let T and T' be two twists of a bialgebra H and let Fy; : Rep H — k-Vec be
the forgetful functor. Then (Fy,T) and (Fy,T") are monoidal natural isomorphic if and only if

there exists an invertible element u € H such that £(h) = 1 and
T'=AwT(u'@ut),

Definition 2.4.27. Two twists, 7" and 7", of a bialgebra H are gauge equivalent if (Fy,T) and

(Fy,T") are monoidal natural isomorphic.

Lemma 2.4.28. Let H and K be two bialgebras and (f, o) and (f', c’) be two monoidal functors
from Corep H to Corep K. Then the set of natural monoidal transformations from (f, o) to (f',0”)

is in bijection with the set of linear maps o : H — k satisfying the following conditions:

f’($(1))a(m(2)) = oz(x(l))f(x@)), forallx € H, (2.13)
a(zmyya)o(re),ye) = o (Ta),ya))alre)a(ye), (2.14)
a(l) = L (2.15)

The natural monoidal transformation corresponding to « is p®, where
py V=V, v Yy alvay)ve, veV e CorepH.
u® is a natural monoidal isomorphism if and only if o is convolution invertible.

Corollary 2.4.29. Let o and o' be two 2-cocycles on the bialgebra H and let Fy : Corep H — k-
Vec be the forgetful functor. Then (Fy, o) is natural monoidal isomorphic to (Fy, o') if and only

if there exists a convolution invertible linear map « : H — k such that a(1y) = 1y and
o'(z,y) = a(ryya))o (), Yoo (zE)a (ye)-
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Definition 2.4.30. Two 2-cocycles, o and ¢/, on a bialgebra H are gauge equivalent if (Fy, o) and

(F'y, 0') are natural monoidal isomorphic.
Next, we discuss rigidity in monoidal categories.

Definition 2.4.31. Let (C, ®, 1) be a monoidal category and X an object of C. In what follows we

suppress the unit constraints [ and r.

(1) An object X* of C is a left dual of X if there exist morphisms
evy : X*®X -1 and coevy:1— X ®X*
called evaluation and coevaluation morphisms, such that the compositions

X coevy ®idx (X@X*)(X)X ax xX* X X@(X*(XJX) idxy ®evyx X,
-1

X*®(X®X*) Axx x x* (X*(X)X)@X* evx ®idyx* X

idx* ® coevy

X*
are the identity morphisms.

(2) An object *X of C is a right dual of X if there exist morphisms
evy : X® "X —-1 and coevy:1— *X®X

also called evaluation and coevaluation morphisms, such that the compositions

1
Ax *X, X

X® (X oX) 25 (X @ X) e X)

. , , .
idx ® coev'y ev’y ®idx

X X,

o RPN (y g X) @ X IR, g (X @ X)) DO ey

are the identity morphisms.

Definition 2.4.32. An object of a monoidal category is rigid if it has both left and right duals. A

monoidal category is called rigid if all of its objects are rigid.
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Example 2.4.33. The category k-Vec of finite dimensional k-vector spaces is rigid. The left and
right dual of a finite dimensional vector space V" are V* = Hom(V, k). If {e;} is a basis of V' and

{e}} is its dual basis, then the evaluation and coevaluation morphisms are given by:

evy V'@V =k, (p,v)+— pv),

coevy : k> V@ V*, 1'—>Z€i®€fa

eV, VeV =k, (v,p) —p),

coevy, : 1 = V@V, 1»—>Zef®ei.

The category k-Vec, of all k-vector spaces, is not rigid, as can easily be verified.

Example 2.4.34. Let H be a Hopf algebra and Rep H the category of finite dimensional represen-

tations of H. If V' is an H-module then V*, with H-action given by
(h-f)v) = f(S(h)v), veV, feV* heH,
is a left dual of V. If the antipode of H is bijective, then V*, with H-action given by
(h- f)v) = f(Sfl(h)v), veV,feV* he H,

is a right dual of V. The evaluation and coevaluation morphisms are the same as for finite dimen-

sional vector spaces.

Example 2.4.35. Let H be a Hopf algebra and Corep H the category of finite dimensional corep-
resentations of H. If V' € Corep H and {e;} is a basis of V/, with dual basis {e}}, then V*, with

H-coaction given by

V' V@H, [, f((e)o)e@S((e)q).

is a left dual of V. If S is invertible, then V*, with H-coaction:
VF=s Ve H, [, f((e)o)e @S ((e)))
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is a right dual of V. The evaluation and coevaluation morphisms are the same as for finite dimen-

sional vector spaces.

2.5 Pointed finite tensor categories and pointed Hopf algebras

We introduce in this section the main objects of our study, namely, pointed finite tensor categories.
Since pointed Hopf algebras provide examples of such categories, we introduce more concepts

from Hopf algebra theory that pertain to their study and which will be of use in this dissertation.

Definition 2.5.1. (1) A finite tensor category is a rigid, monoidal, finite, k-linear, abelian cat-
egory C such that the tensor bifunctor ® : C x C — C is bilinear on morphisms and

Endc(1) = k.
(2) A fusion category is a finite tensor category which is semisimple.

(3) A tensor functor between two finite tensor categories, C and D, is a monoidal functor (£, J) :

C — D such that I is exact, faithful and k-linear.

Example 2.5.2. If H is a finite dimensional Hopf algebra then Rep H and Corep H are finite tensor

categories. If, moreover H is semisimple then Rep H and Corep H are fusion categories.

The (co)-representation categories of finite dimensional Hopf algebras are those finite tensor

categories that admit a fiber functor.
Definition 2.5.3. A fiber functor on C is tensor functor from C to k-Vec.

Theorem 2.5.4. If C is a finite tensor category and F' : C — k-Vec is a fiber functor then H =
End(F) is a finite dimensional Hopf algebra and C ~ Rep(H ).

Proof. See [UIb90] and the references therein. O
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Remark 2.5.5. The procedure of obtaining the Hopf algebra End(F’) from a fiber functor F' is
called Tannaka-Krein reconstruction. This is because, in the case of a Hopf algebra H we recover

H from the forgetful functor /' : Rep H — k-Vec: End(F) = H.

We will be interested in those finite tensor categories that are pointed, i.e. those tensor cate-

gories whose simple objects are invertible.
Definition 2.5.6. Let C be a finite tensor category.

(1) An object X of C is invertible if evy : X* ® X — 1 and coevy : 1 — X ® X* are

isomorphisms.
(2) C is pointed if every simple object of C is invertible.

Example 2.5.7. Let H be a finite dimensional Hopf algebra. Then the invertible objects of Rep(H )
are the 1-dimensional representations of H. Similarly, the invertible objects of Corep H are the 1-

dimensional co-representions of H.

Definition 2.5.8. Let H be a finite dimensional Hopf algebra. H is said to be basic if Rep H is

pointed. H is said to be pointed if Corep H is pointed.

Example 2.5.9. Let G be a finite group. Then k[G] is a pointed Hopf algebra. To see this, recall
that the objects of Corep G can be equivalently described as GG-graded vector spaces: if V &
CorepG then V' = @,eaV,, where V, = {v € V | 6(v) = v ® g}. Thus, the simple objects of

Corep G are the 1-dimensional G-graded vector spaces 04, g € G, with the grading of ¢, given by

k if h=g
(5g>h =
0 if h#gyg

If G is abelian then k[G] is also basic.

There is an equivalent way of describing pointed Hopf algebras. For this, we have to introduce

additional notions from Hopf algebra theory.

Definition 2.5.10. Let (C, A, ¢) be a coalgebra.
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(1) A subcoalgebra of C is a subspace D of C' such that A(D) C D ® D.
(2) C'is said to be simple if 0 and C are its only subcoalgebras.

(3) The coradical of C'is the sum of all simple subcoalgebras of C'. It is denoted by Cj.

Remark 2.5.11. If D is a 1-dimensional subcoalgebra of C' then there exists a non-zero element
g € C such that D = kg and A(g) = g ® g. Conversely, if g is a non-zero element of C' and

A(g) = g ® g then kg is a 1-dimensional subcoalgebra of C'.

Elements such as ¢ play an important role in the theory of Hopf algebras. Because their co-
multiplication resembles the comultiplication of the group elements of a group coalgebra, they are

said to be group-like.

Definition 2.5.12. A non-zero element g of a coalgebra C'is group-like if A(g) = g ® g. The set

of group-like elements of C' is denoted by G(C).
Remark 2.5.13. If g is a group-like element then g = £(g)g, so e(g) = 1.

Remark 2.5.14. It is easy to see that G(C') is a linearly independent subset of C'. Moreover, the

subspace k|[G(C)] generated by G(C') is contained in the coradical Cj of C.

Remark 2.5.15. If H is a Hopf algebra then G(H) is a group. Indeed, since A is an algebra map,
we have A(ly) = 1y ® 1y, and, if g, h € G(H), then A(gh) = A(g)A(h) = gh ® gh. The
inverse of g € G(H) is ¢! = S(g), since, by the defining property of the antipode, we have

95(9) = S(g9)g = €(9)1u = 1n.

Theorem 2.5.16. Let H be a finite dimensional Hopf algebra. The following are equivalent:
(1) H is pointed, i.e. every simple corepresentation of H is 1-dimensional.
(2) Every simple subcoalgebra of H is 1-dimensional.

(3) Hy = K[G(H)].
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Remark 2.5.17. The classification of finite-dimensional Hopf algebras is the subject of ongoing
research. The effort is focused on two cases: 1) H = Hy, which is equivalent to / being semisim-
ple, and 2) Hy, = k[G(H)], i.e. H is pointed. Of the two cases, the second one is the better
investigated thanks to the program initiated by N. Andruskiewitsch and H.-J. Schneider in [AS98].
Their method has led, for example, to the classification of all finite dimensional pointed Hopf alge-
bras H such that G(H ) is abelian and the only prime numbers that divide |G(H)| are greater than

7 [AS10].

We end this section by mentioning a few more concepts that arise in the theory of pointed Hopf
algebras. These will be important when we will study homomorphisms between such objects.

If C'is a coalgebra then the coradical Cj is the bottom piece of a filtration of C":

CoCCiCCyC - (2.16)

called the coradical filtration. The (j + 1)-th piece is
Ciy1={ceC|A(c) e C;®C+ C® Cy}.
The graded coalgebra associated to this filtration is
gr(C) = B,50 Cn/Chn1,
where C_; = 0.

Remark 2.5.18. If H is a pointed Hopf algebra (more generally, if H, is a Hopf subalgebra of
H) then (2.16) is, also, an algebra filtration and gr H is a graded Hopf algebra. A Hopf algebra L

isomorphic to gr H is called a lifting of H.

Definition 2.5.19. Let g and h be group-like elements of a coalgebra C'. An element x € C is
called (g, h)-primitive if A(z) = g @ x + 2 ® h. When (g, h) = (1, 1) we say that x is a primitive

element, otherwise, x is a skew-primitive element.
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Remark 2.5.20. The set of all (g, h)-primitive elements of C' is denoted by P, ,(C'). It is a sub-
space of C. Notice that k(g — h) C P, ;(C).

Remark 2.5.21. If f : C' — D is a morphism of coalgebras and g € C'is a group-like element
then f(c) is a group-like element. Moreover, if x € C'is a (g, h)-primitive element then f(x) is an

(f(9), f(h))-primitive element.

Remark 2.5.22. It can be shown that any Hopf algebra generated by group-like elements and
skew-primitive elements is pointed. The converse is a conjecture posed by N. Andruskiewitsch

and H.-J. Schneider in [ASOO].

Conjecture 2.5.23. Any finite dimensional pointed Hopf algebra over an algebraically closed field

of characteristic zero is generated by group-like elements and skew-primitive elements.

Remark 2.5.24. The conjecture holds in all known examples and was verified in various cases.
The most general one is due to I. Angiono who showed in [Ang13] that the conjecture is true when

the group of group-like elements is abelian.

A categorical way of thinking about group-like elements and skew-primitive elements is giving

by the following.

Proposition 2.5.25. Let H be a finite dimensional Hopf algebra. Then the group-like elements of

H* can be identified with the 1-dimensional representations of H. If v, n € G(H*) then

P’YW(H*)/k(,}/ - 77) = EXt}?epH(”a ’7)

Proof. Tt is easy to check that v € G(H*) if and only if v : H — k is an algebra map, hence the
first assertion.

For the second one, let 0 — RN HREN 1n — 0 be an extension of 77 by v and let ey, es € E be
such that e; = i(1) and p(eg) = 1. Then {ey, es} is a k-basis of E such that h - e; = y(h)e; and

h-ey =&(h)er +n(h)ey, forall h € H and some § € H*. In fact, £ € P, ,(H"), since
(hl) - €2 = h-(§(l)ex +n(l)ez) = (y(R)E() + E(h)n(l))er + n(hl)es
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implies that £(hl) = v(h)E(1) + £(h)n(l), for all h, I € H, whence A(§) = 7R &+ @ .

If €}, and ¢ are such that p(e}) = 1 and h - €, = &'(h)ey + n(h)ey then & — & € k(y — n).
Indeed, there exists a € k such that ey — €, = aey, and action of o € H on this relation yields
{—¢&=aly—n).

Similarly, the equivalence class of £ modulo k(v — 7) remains the same if we pass to an
extension equivalent to . Thus, the map Exthep(H)(n, )3 [E]— €€ P, ,(H*)/k(y—mn), where

E denotes the class of &, is well defined and is easily seen to be a k-vector space isomorphism. []

2.6 Braided monoidal categories

If tensor categories should be thought of as the categorical counterparts of rings, then braided
tensor categories should be thought of as the counterparts of commutative rings. The identification

of the two ways of tensoring two objects is realized by a braiding.

Definition 2.6.1. Let C be a monoidal category. A braiding, or a commutativity constraint, on C is

a natural isomorphism ¢ = {cxy : X ®Y — Y ® X } x yec, such that the two hexagonal diagrams

—1
Ax 7y

CX,Y®RZ
—_—

Y ®(Z®X) (2.18)

)® Z
Cx,m %@CX,Z

YeX)9Z — YR (X® 2)

ay,X,Z
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are commutative for all X, Y and Z in C.

Definition 2.6.2. A braided monoidal category is a pair (C, ¢) consisting of a monoidal category

C and a braiding c on C.

Remark 2.6.3. When talking about a braided monoidal category we usually write C, instead of

(C, ¢), with the understanding that there is a fixed braiding on C.

Remark 2.6.4. If ¢ is a braiding on C then

¢ ={x : XY =Y ®X}xver (2.19)

is also a braiding on C, called the reverse braiding of c¢. The braided monoidal category (C, c"®) is
called the reversed category of (C, ¢) and is denoted by C"".
If ¢ = ¢, thatis, if cy x o cxy = idxgy, forall X, Y € C, then cis said to be symmetric. In

this case, C" = C and C is said to be a symmetric (braided) monoidal category.
The following results provide examples of braidings and braided monoidal categories.

Lemma 2.6.5. Let H be a Hopf algebra. The set of braidings on Rep H is in bijection with the set
of elements R =Y R' ® R? € H ® H, satisfying the following conditions:

(A®idy)(R) = RYR®, (2.20)
> e(RHR® = 1, (2.21)
(idg ®A)(R) = R“RY (2.22)
> R'e(R’) = 1, (2.23)

A(h)R = RA(h), (2.24)

forall h € H. Above, by R*?, R' and R*, we mean > R'@ R?> ® 1, . R* ® 1 ® R? and

> 1® R' @ R? respectively. The braiding corresponding to R is:
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coy UV =2VeU, uev—y Rve R
We denote by Rep(H, R) the braided monoidal category Rep H with braiding afforded by R.
Proof. See [Mont93, Theorem 10.4.2] or [Maj95, Theorem 9.2.4]. ]

Definition 2.6.6. (1) Let /7 be a Hopf algebra. An element R € H ® H, satisfying conditions

(2.20)-(2.24), 1s called a (universal) R-matrix, or a quasitriangular structure, of H.

(2) A quasitriangular Hopf algebra is a pair (H, R), formed with a Hopf algebra H and a quasi-

triangular structure R of H.
Remark 2.6.7. If R is an R-matrix of H then R is invertible and
R = (S®idy)(R).

Moreover, T(R_l) is an R-matrix of H, where 7 denotes the transposition map.
If ¢ is the braiding of Rep H afforded by R, then ¢ is the braiding of Rep H afforded by
7(R™'). We have ™ = cif and only if R~' = 7(R). In this case we say that R is a triangular

structure.
In finding quasitriangular structures on a Hopf algebra H, the following observation is useful.
Remark 2.6.8. If V' is a vector space then the map
¢y : V@V = Hom(V*, V), ¢v(R)(p) = (p®@id)(R),

forall R € V ® V and p € V*, is injective. When V is finite dimensional, ¢y, is an isomorphism,

with inverse
¢y Hom(V* V) = VeV, ¢ (f)=> e fle),

where {e;} is a basis of V and {e]} is its dual basis.
Now let H be a Hopf algebra and R € H ® H. Then R satisfies (2.20) and (2.21) if and only
if ¢ (R) is an algebra map, and, when H is finite dimensional, R satisfies (2.22) and (2.23) if

and only if ¢y (R) is a coalgebra anti-homomorphism. Thus, in the finite-dimensional setting, the
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set of elements of H ® H satisfying (2.20)-(2.23) is in bijection with the set of bialgebra maps
H*? — H.

Example 2.6.9. Let G be a finite group. It was shown by A. Davydov in [Dav97] that quasitriangu-
lar structures on k|[G] are parameterized by triples (A, B, §), where A and B are two isomorphic
normal abelian subgroups of G and f : Ax B — k¥isa non-degenerate, bi-multiplicative,

G-invariant form. The R-matrix corresponding to (A, B, f3) is

Rowno = o 2 2 A OX(@Eb aeb

a€A ycA
beB ¢cB

Example 2.6.10. The R-matrices of Sweedler’s Hopf algebra H, were described by D. Radford in

[Rad93]. They are parameterized by the base field k. The R-matrix corresponding to A € k is
1 A
Ry = 5(1®1+1®g+g®1—g®g)+§(:U®ac+x®gx+gx®gx—ga:®x).

Example 2.6.11. The R-matrices of Nichols Hopf algebra F/(n) were described by F. Panaite and
F. van Oystaeyen in [PvO99]. They are parameterized by the set of n X n matrices with coefficients
in the base field k. For a matrix A = (a;;) € M, (k) and two subsets P = {iy,1s,...,4,} and
F = {j1,52,-- .5, of {1,2,...,n} such that iy < iy < -+ < d,and j; < Jo < -+ < Jp,
let [A]p  denote the » x r minor of A found at the intersection of rows iy, ..., %, with columns

J1,- -, Jr- Then the R-matrix of F(n), corresponding to A, was described in [PvO99, Remark 2]

as:

1 1 [PI(IP|=1)
RA:§(1®1+1®C+C®1—C®C)+— Z(—l) “[Alprx
| P|=|F|
x (xp @ dPzp + cap @ dPap +2p @ Moy — cap @ ey,
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where the sum is over all non-empty subsets P and F' of {1,...,n}. We will use the following

equivalent expression for R 4:

n

i(i—1)
Ri=3 Z(—UT > A[A]P,F@p ® Tp + Tp ® crp+
=0 |P|=|F|=i
+ (=Dlcxp @ 25 + (—1)"cxp ® crp)
where the sum is over all subsets P and F' of {1,...,n} and the convention is that [A]sy = 1.

Notice that for n = 1 we recover the R-matrices of Hy = F/(1) from Example 2.6.10.
G. Carnovale and J. Cuadra have showed in [CC04b] that the quasitriangular structure R, is

triangular if and only if A is symmetric.
The notion dual to R-matrix is that of r-form. It corresponds to a braiding on Corep H.

Lemma 2.6.12. Let H be a Hopf algebra. There is a bijective correspondence between the set
of braidings on Corep H and the set of linear maps r : H ® H — k, satisfying the following

conditions:

T’(ZEy,Z) = 7"(?[7, Z(l))r(yaz@))? (2.25)

r(l,z) = e(z), (2.26)

’l"(f,yZ) = 7"(1'(1),2)7“($(2),y)7 (2.27)

r(z,1) = e(z), (2.28)
sy e, ) = Y, 10)YeTe), (2.29)

forall x, y, z € H. The braiding corresponding to r is
Cuy - UV —=>VxU, U®Ul—>ZT(U(l),U(l))U(O)@)U(O).

We denote by Corep(H, r) the braided monoidal category Corep H with braiding given by r.
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Definition 2.6.13. (1) Let H be a Hopf algebra. A coquasitriangular structure, or an r-form,

on H is alinear map r : H ® H — k satisfying conditions (2.25)-(2.29).

(2) A co-quasitriangular Hopf algebra is a pair (H, ), formed with a Hopf algebra H and an

r-form r on H.

Remark 2.6.14. Let H be a finite dimensional Hopf algebra. Let {¢;} be a basis of H and {e}} its

dual basis. Then the map
Vi (H@H)" = H @ H*, (r)=>3 1(eie;)ef ®e¢j

is invertible, with inverse given by ¥ '(a ® 8)(z ® y) = a(x)B(y), for all a, 3 € H* and z,
y € H. Itis straightforward to check that  is an r-form on H if and only if /() is an R-matrix of

H*.
The following two remarks mirror Remark 2.6.7 and Remark 2.6.8.
Remark 2.6.15. If r is an r-form on H then r is convolution invertible and
rl=ro(S®idg).

Moreover, r~!7 is an r-form on H, where 7 is the transposition map.

rev

If ¢ is the braiding of Corep H corresponding to r, then ¢ is the braiding of Corep H cor-

1 1

responding to v~ 7. We have ¢ = c if and only if »=—* = 77. In this case we say that r is a

triangular structure.
Remark 2.6.16. If V' is a vector space then the map

pv: (V@V)" = Hom(V, V"), o(r)(v) =r(v,-)
for all v € V/, is invertible, with inverse

e~ :Hom(V. V") = (Ve V)", ¢ (f)lvew) = f(v)(w)
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forallvandw € V.

If H is a Hopf algebra and » : H ® H — k is a linear map, then r satisfies (2.25) and (2.26)
if and only if wy(r) is an algebra homomorphism, and r satisfies (2.27) and (2.28) if and only if
wp(r) is a coalgebra antihomomorphism. Thus, the set of elements r : H @ H — k satisfying

(2.25)-(2.28) is in bijection with the set of bialgebra maps H — H* P,

Example 2.6.17. Let G be a finite group. Then k[G] admits a co-quasitriangular structure if and
only if G is abelian. In this case, restriction to G X (G establishes a one-one correspondence between

r-forms on k[G] and bicharacters of G.

Definition 2.6.18. Let (C,¢) and (D, d) be two braided monoidal categories. A monoidal functor

(F,J) : C — Dis said to be braided if the diagram

F(X)® F(Y) "S5 py) @ F(X)
JX,Yl ljy,x (2.30)
FIX®Y) —— F(Y @ X)

F(ex,y)

commutes for all X, Y € C.

Definition 2.6.19. A braided monoidal equivalence of braided monoidal categories is a braided

monoidal functor which is also an equivalence of categories.

Example 2.6.20. Let (H, Ry) and (K, Rx) be two quasitriangular Hopf algebras. Consider the
monoidal functor (f,7") from Lemma 2.4.10. Then (f,T") is a braided monoidal functor from

Rep(H, Ry) to Rep(K, Hg ) if and only if (f ® f)(Rk) = 7(T")RyT.

Example 2.6.21. Let (H,ry) and (K, 7x) be two co-quasitriangular Hopf algebras. Then the

monoidal functor (f, o) from Lemma 2.4.17 is a braided monoidal functor from Corep(H,ry) to

Corep(K, r) if and only if 7 (f ® f)(z,y) = o~ (y), 21))7(v(2), Y2)) o (2(3), Y(3)) for all z,
y € H.

Definition 2.6.22. Let C be a braided tensor category with braiding c.
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(1) The centralizer D' of a tensor subcategory D C C is the full tensor subcategory of C consist-

ing of all objects Y such that cy x o cxy = idxgy, forall X € C.
(2) The symmetric center of C is Z,,,(C) = C'.

Example 2.6.23. If (H, R) is a quasitriangular Hopf algebra then Z;,,,,(Rep(H, R)) = Rep Hyy,,
where H,,,, is the following quotient Hopf algebra of H. Let Ry; = 7(R), where 7 is the transpo-

sition map, and let
drp: H* — H, Or(p) = (p®idy)(Ra R), p e H*.

Let K = ®r(H*) and K™ = K NKer(e). Then HK* = {hk | h € H,k € K*} is a Hopf ideal
of H,and Hyy,, = H/HK™.
The fact that Z,,,,(Rep(H, R)) = Rep H,,,, was shown by S. Natale in [Nat06, Theorem 4.4].

Example 2.6.24. This example is the dual version of the previous one. The symmetric center of
Corep(H, ), where (H,r) is a coquasitriangular Hopf algebra, is Z(Corep(H,r)) = Corep Hyyp,,

where H,,, 1s the following Hopf subalgebra of H. Let
¢, H — H", P, (2)(y) = r(yay, z))r(z@), Ye), z,y € H.

Then Hy,,, = (H*®,.(H)")*, where, for a subset I of H* we denote by I+ its annihilator, i.e.

It ={r e H| f(x) =0forall f € I}. Explicitly,

Hsym = {.T €EH | (L’(l)T(I(Q), y(l))r(y(Q)a 13(3)) = E(y)l’, for all (TS H}, (231)

Equivalently, H,,, consists of all z € H such that the squared braiding c%[’ g HoH - H®H

fixesrz ®y, forall y € H.

Example 2.6.25. This is a particular case of the previous example. If I" is a finite abelian group

andr : ' x I' — k* is a bicharacter, then
Zgym(Corep(T', 1)) = Corep(I'*, 7|p1),
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where 't is the radical of T relative to the bicharacter b : I' x I' — k*, b(g, h) = r(g, h)r(h, g),
g, hel.

Remark 2.6.26. A braided tensor category is symmetric if and only if Z,,,(C) = C. Symmetric
tensor categories have been described by P. Deligne. It is shown in [Del02] that any symmet-
ric finite tensor category is equivalent to the representation category of a finite supergroup. As
explained in [AEGO1], any such category can be realized as the representation category of a mod-
ified supergroup Hopf algebra AV x kG, where G is a finite group with a fixed central element u
such that u? = 1 and V is a finite dimensional representation of GG on which u acts by —1. The

coalgebra structure of AV x kG is determined by
Alg)=g®g,e(g)=1,9€G,  A@)=10v+vQu e(w)=0,veV,

and the antipode is given by S(g) = ¢!, S(v) = —wv. This category is semisimple if and only if
V=0.

Any symmetric finite tensor category has a unique, up to isomorphism, super-fiber functor (i.e.,
a braided tensor functor to the category sVec of super vector spaces). This functor is identified with

the forgetful tensor functor
Rep(AV x kG) — sVec.
To the opposite extreme of symmetric categories are the factorizable categories.
Definition 2.6.27. A braided tensor category is C is factorizable if Z,,,(C) ~ Vec.

We close this section by talking about ribbon structures. These are used to construct knot

invariants and 3-manifold invariants.

Definition 2.6.28. Let C be a braided tensor category with braiding c. A ribbon structure on C is a

natural isomorphism § = {0y : X — X'} xcop(c) such that

9X®y = (HX ® Qy) @) CY,X ©) CX7y, (232)

(Ox)" = Ox-, (2.33)
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forall X,Y eC.

A ribbon tensor category is a braided tensor category together with a ribbon structure on it.

Lemma 2.6.29. Let (H, ) be a coquasitriangular Hopf algebra. The set of ribbon structures on
Corep(H, ) is in bijection with the set of ribbon elements of (H,r), i.e. convolution invertible

central elements o € H* such that « o S = o and

a(zy) = aza))a(ya))(ra * 1) (Te), Ye),
forall x, y € H. The ribbon structure associated to the ribbon element o is
(9V V= V, V= Za(v(l))v(o).

Proof. Straightforward. ]

1 — r,,, then the set of ribbon

Remark 2.6.30. If (H,r) is a triangular Hopf algebra, i.e. if 7~
elements of (H,r) is the set of involutive central group-like elements of H*: {a € G(H*) N

Z(H*) | o = ¢}

Example 2.6.31. Let [ be a finite abelian group and r : I' x I' — k> a bicharacter on I'. Then a

ribbon element of (k[I'], ) is the same thing as a function «v : I' — k* satisfying:

s algh) =a(g), forallg € T,

COER) L  y ). forallg heT

a(g)a(h)
Such a function is an example of a quadratic form on I' (see Definition 4.1.2). The ribbon structure

on Corep(I", ) associated to « is
Oy : V=V, v algy, velV,.

If (k[I'],r) is triangular, then the set of ribbon elements of (k[I'],r) is the set of involutive

characters of I': {x € T' | x2 = 1}.
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Remark 2.6.32. The ribbon elements of (H,r) can be determined in the following way (see
[Rad94, Proposition 2] where the result appears in dual form). Let n be the Drinfeld element
of (H,r),ie.n: H—k,n(h) =r(hz),S(hq))), forall h € H. Then 7 is convolution invertible,
with inverse ™' (h) = r(S?(h)), hq)), forall b € H, and the element (7o S)«n~" is a group-like

element of *. The map

Ty EN

establishes a one-to-one correspondence between the set of group-like elements v € H*, satisfying
¥2 = (noS)xntand S%.(p) = v L xpx~, forall p € H*, and the set of ribbon elements of
(H,r).

Remark 2.6.33. Any symmetric fusion category C has a canonical ribbon structure § [EGNOI1S5,

Section 9.5]. It differs from the trivial ribbon structure by a tensor automorphism of the identity

endofunctor of C. This give rise to a (possibly trivial) Z/27Z-grading:
C=CiaC_, (2.34)

where C, is the maximal Tannakian subcategory of C [Del02]. In terms of the canonical ribbon

structure 0, one has 0x = £+ idy when X € C...

Example 2.6.34. Let I" be a finite abelian group and » : I' x ' — k* a bicharacter on I'. If

Corep(I', ) is symmetric then the canonical ribbon structure of Corep(I’, r) is
Oy V=V, v—=r(g,9)v, veV,

In this case, the objects of Corep(I, r) . (respectively, of Corep(I, r)_) are those I'-graded vector

spaces with support contained in {g € I' | (g, g) = 1} (respectively, {g € I' | 7(g,9) = —1}).
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2.7 The center construction

An important construction in the theory of tensor categories is the center construction. It associates

to a tensor category C a braided factorizable category Z(C). It is defined as follows.

Definition 2.7.1. Let (C, ®, 1, a, [, r) be a monoidal category. The center of C is the category Z(C)

constructed as follows:

* Anobject of Z(C)is apair (Z,v_ z), where Z is anobjectof Candy_ z = {yx 7z : X®Z —

Z ® X} xec is a natural isomorphism, making the following diagram commutative:

XoY)oZ X% 70 (X®Y)

XY ®2) (ZeX)®Y

idx m %,Z@idy

X®((ZoY) — (X®2)®Y

ax 7y

forall X,Y €C.

* A morphism f : (Z,v_ ) = (Z',y- z)in Z(C) is a morphism f : Z — Z' in C such that

the diagram

X0z 22X 70X

idx ®fl lf@idx

X7 = 7'® X
X,Z’
is commutative for all X € C.

Remark 2.7.2. Z(C) is a braided monoidal category. The tensor product of two objects (Y, v_y)
and (Z,v- z) is

(Y7 7—73/) ® (Z> 7—,2) = (Y @ Za 7—,Y®Z)>

where 7x ygz, for X € C, is the morphism defined by the following commutative diagram:
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’Yx,m %X,Z

YoX)Z — Y ®(X®Z2)

ay,x,7

The braiding of Z(C) is given by
Txy (X, x) @ (Yir-y) = (Voo y) @ (X, 7- x).
Remark 2.7.3. There is an obvious forgetful monoidal functor
F:20C)—C, (Z,v-z)—Z.

If C is a finite tensor category then Z(C) is a finite tensor category. In particular, given
a finite dimensional Hopf algebra H, Z(Rep H) is a finite tensor category. Moreover, there

is a fiber functor F' : Z (Rep H) — Vec, namely, the composition of the forgetful functors

Z(RepH) — RepH — Vec. By Tannaka-Krein reconstruction, D(H) = End(F') is a Hopf
algebra and Z(Rep H) ~ Rep D(H). This Hopf algebra is called the Drinfeld double of H. It can
be constructed explicitly as follows.

Let H* be the dual of . Then H* is an H-bimodule with the following actions:

h—p=po(h)pay and p—h=pa)(h)pe),
forallh € H and p € H*.

Definition 2.7.4. The Drinfeld double of a finite dimensional Hopf algebra H is the Hopf algebra

D(H) with underlying vector space H* ® H, product
(p@h)(p @N) =plhay = p — S~ (k) @ hl' (2.35)

and the tensor product coalgebra structure of H*“P? @ H.
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Remark 2.7.5. The canonical braiding of Z(Rep H) corresponds to the braiding of Rep D(H)

associated to the [2-matrix
R=2(1®e)x (1),
where {¢;} is a basis of H and {e} is the dual basis.

It is well known that a representation of a Drinfeld double D(H) is the same thing as a (left-
right) Yetter-Drinfeld H-module. We recall this equivalent definition and the connection between

the two notions.

Definition 2.7.6. Let H be a finite dimensional Hopf algebra. The category ;YD of finite-

dimensional (left-right) Yetter-Drinfeld H-modules (or crossed H-bimodules) is the category with

* Objects: finite-dimensional vector spaces V' endowed with a left H-module structure’- " and

a right H-comodule structure ¢ such that:
O(h-v) =3 hey - vo) @ hgray S~ (b)),
forallh € Handv e V.

* Morphisms: linear maps that are H-linear and H-colinear.

Remark 2.7.7. The category of Yetter-Drinfeld modules is braided and monoidal. The tensor
product of two objects, V', W &€ HyDH , 1s the vector space V ® W with H-action and H-coaction

given, respectively, by

h-(U@QU) = Zh(l)-v@)h@)-w,

d(vew) = Z V(0) @ W(0) ® Wa)v().-

The unit object is k with trivial H-action and trivial H-coaction. The associativity and the left and

right unit constraints are the same as for the category of vector spaces. The braiding of ;D is:

cov: UV = VaU, u®vl—>ZU(0)®v(1)~u, (2.36)
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forallu € U,v € Vand U,V € zYD".

Proposition 2.7.8. Given a finite dimensional Hopf algebra H, there is a braided isomorphism
Rep(D(H),R) = pyD".

Proof. Let (F,J) : Rep(D(H),R) — zYD* be the monoidal functor defined as follows:

e If V € Rep D(H), then F(V) =V, with H-action and H-coaction given, respectively, by

h-v = (1xh)v, (2.37)

v Y (el @e, (2.38)

forall h € H and v € V, where {e;} is a basis of H and {e}} is the dual basis.
« If f is a morphism in Rep D(H) then F(f) = f is a morphism in zg)D".

s Jyv : FU)@FV)=>FU®V), uuv—u®v, uelUvelV.

It is easy to check that (F,.J) is well defined and is an isomorphism of braided categories. For

more details see [Mont93, Proposition 10.6.16] or [Kas95, Theorem IX.5.2]. O

Remark 2.7.9. There is also a notion of a left-left Yetter-Drinfeld H-module. Namely, such an

object is a vector space V' together with a left H-action’ - " and left H-coaction 9, such that
0(h-v) = > hayvnS(he) © hey - vo),
forallh € Handv e V.
Finite dimensional left-left Yetter-Drinfeld modules form a braided monoidal category denoted

ZJJD. The tensor product of two objects V., W & ZJJD is the vector space V' ® W with H-action

and H-coaction given, respectively, by

h-(U@U)) = Zh(l)-v®h(2)-w,

dv@w) = Y venwn ® v ® we).

The braiding is given by
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coy UV =2 VoU, u®v— Y ucy-v& o),
foralu e U,veVand U,V € ZyD.

Remark 2.7.10. If GG is a finite group then a left-left (or a left-right) Yetter-Drinfeld k(G-module is
the same thing as a G-graded vector space V' = @4V}, together with a G-module structure, such
that i -V, C V.1, for all g, h € G. We denote YD by SYD.

If G is abelian then the simple objects of SYD are {§(,.,)} where d(,,) = k with

geG,xea’

G-action h -1 = x(h), h € G, and G-coaction 1 — g @ 1. If V € &YD then

V= @ Vy= @ EB = @ dim(V{)d(g.)-

geG ge@ xE@ gEG,xG@

where VX = {v € V; | h-v = x(h)v, forall h € G}.

Remark 2.7.11. A group homomorphism « : G — G’ induces a functor ind,, : §YD — & VD.

If V e SYD, then ind, (V) = V with action - and coaction §’ given by
' o=a (W) v and §(v) = (e ®id)d(v),
forallv € Vand ¢ € G'.

Remark 2.7.12. If C is a braided monoidal category, with braiding c, then there exist canonical

braided embeddings
C—=Z(C): X (X,c.x) and C® <= Z(C): X — (X,cx). (2.39)
The intersection of the images of C and C™" in Z(C) is equivalent to Z,,,,,(C), the symmetric center

of C.

Example 2.7.13. Consider a finite abelian group I" and a bicharacter » on I'. We have Z(CorepI") =
LYD. Using the description of the objects of L)D given in Remark 2.7.10, the image of Corep(T", )
in L VD consists of those I'-graded vector spaces V = @,erV,, with [-action given by: h - v =

r(h,g)v, forallv € V,and g, h € T..
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Now (Corep(T', 7)) = Corep(I',7~* o 1), so the image of (Corep(I",))™ in LYD consists
of those I'-graded vector spaces V' = @ crV,, with [-action given by: h - v = r~*(g, h)v, for all
veVyandg, h el

Thus, the intersection of Corep(I",r) and (Corep(I',))™ in LYD consists of those I'-graded

vector spaces V' = @gerV, with ['-action given by
h-v=rh,g)v=r"g,h)v,

forall v € V, and g, h € I'. In particular, if V, # 0 then r(g, h)r(h,g) = 1, for all h € I'. Thus,
V = @®ereV, € CorepI't = Z,,,,(Corep(T', 7)) (see Example 2.6.25).

Remark 2.7.14. The braided monoidal category 1.)D has a canonical ribbon structure 6, given by

Oy :V =V, Oy (v) = x(g9)v, ve VX

2.8 Module categories

Just as modules are useful in studying algebras, so too module categories are useful in studying

tensor categories.

Definition 2.8.1. Let (C,®,1,a,l,7) be a finite tensor category. A (left) C-module category is
a quadruple (M, ®,m, ), consisting of a finite, k-linear, abelian category M, a bifunctor ® :

C x M — M, called the action (or module product) bifunctor, and two natural isomorphisms

m = {mxym: (XQY)@M - XY ®M)}xyecobc,meob(Mm);

I = {lu:1®M — M} yeobm)s
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called the module associativity and module unit constraints, respectively, satistying the pentagon

and the triangle axioms:

(XoY)® (Zo M)

MXQY,Z,M MX\Y,ZQM

((X@Y)@Z)@M X@(Y@(Z@M))
ax,y,z®idMl Tidx ®my,z m
XeYeZ)oM » X (Y®Z) 0 M)

Mmx,y®z,M

mx.1,M

(X®1l) oM » X ®(1® M)
Txm /X@M
XM

Remark 2.8.2. There is also a notion of a right module category, defined in a similar way. Equiv-

alently, a right C-module category is the same thing as a left C°’-module category.

Example 2.8.3. Let G be a finite group. If H is a subgroup of G and vy € Z*(H,k*) then the
category Rep,, H, of projective representations of H with Schur multiplier +, is a left Rep G-

module category. The module product is
W®V:=Resh(W)®@V, W ERepG, V €Rep, H,
where Res$, : Rep G — Rep H is the restriction functor.

Definition 2.8.4. Let C and D be finite tensor categories. A (C, D)-bimodule category is a (locally)
finite k-linear abelian category M together with a left C-module category structure (®,m,[), a

right D-module category structure (®, n, ), and a natural isomorphism
b={bxmy: (XOM)®Y = X®(M®Y)}xec,memyep

called the middle associativity constraint, such that the diagrams
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(XoY)®(M® Z)

(XeY)oM)® Z XY o(M®2Z)
mX,Y,M®ile Tidx ®by, M,z
XYMz rY— » X (YeoM)® Z)

(XoM)® (W 2Z)

-1
bx Mmwez NXQM,W,Z

XM (W 2Z) (XeM)eW)®Z

idx ®n]VI,W,Zl Tb;(,lM,W@)idZ

X@(MoW)® Z) — »r(X@(MeoW))®Z
X, MQW,Z

commute forall X,Y € C, Z,W € Dand M € M.

Remark 2.8.5. It can be shown that a (C, D)-bimodule category is the same thing as a left CXID°P-

module category.

Definition 2.8.6. Let (M, ®,m,l) and (M’ &', m/ ") be two module categories over a finite

tensor category C. A C-module functor from M to M’ is a pair (F), s), where F' : M — M'’isa

functor and

sxar: F(X® M) = X @ F(M)

is a natural isomorphism, such that the following diagrams are commutative:

(X®Y)® F(M)

/
SX®Y,M \mx‘Y’F(M)

F(X®Y)o M) X (Y& F(M)
F(mX,Y,]W)l Tidxl ®sy, M
FX® (Y ®M) Sy > X @ F(Y ® M)
F(1® M) L y 1@ F(M)
Fm /F(M)
F(M)



forall X,Y € Ob(C) and all M € M.

Definition 2.8.7. Let (F,s), (G,t) : M — M’ be two C-module functors. A morphism of C-
module functors from (F, s) to (G, t) is a natural transformation x : F' — G such that the following

diagram commutes for all X € C and M € M:

F(X® M) =2 X @ F(M)

l,ltX@M lidx Runr

G(X @ M) X X @ G(M)
Remark 2.8.8. C-module functors from M to M’ and morphisms of C-module functors form a

category, denoted by Func (M, M').

Module categories over a finite tensor category C can be studied by studying algebras in C. It
can be shown (see Proposition 2.8.16) that every C-module category is equivalent to the category
of modules in C over an algebra A in C.

In Remark 2.1.3 we pointed out that the notion of an algebra can be defined in any category
equipped with a tensor product, a unit element and associativity and left and right unit constraints.

We make that precise now.

Definition 2.8.9. Let (C, ®, 1, a, [, r) be a monoidal category. An algebra in C is a triple (A, m, u),
consisting of an object A in C and two morphisms m : A® A — Aand u : 1 — A, called

multiplication and unit, respectively, such that the following diagrams are commutative:

(A A)® A A L AR (A®A) A® A
m®idAl lidA ®m WV w@m
A®A A® A 1A m A1
A A

where a4 4 4, [4 and r4 are the obvious maps.

Example 2.8.10. An algebra in k-Vec is a usual k-algebra.
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Example 2.8.11. Let B be a bialgebra. Then an algebra in Rep B is a finite dimensional k-algebra

(A, m,u) together with a B-action, such that m and v are B-linear, that is

b-(xy) = > (bay-x)(be - v),
b'lA = 6(b)1A,

forallb € B and x, y € A. Algebras in Rep B are called (left) B-module algebras.

Example 2.8.12. Let B be a bialgebra. Then an algebra in Corep B is a finite dimensional k-

algebra (A, m, u) together with a B-coaction 4, such that m and u are B-colinear, that is

Sey) = > Ty DTy,

(1) = 1a®1p,

for all x, y € A. Algebras in Corep B are called (right) B-comodule algebras.

Example 2.8.13. If C is a monoidal category and X € C has a left dual X*, then X ® X* is an
algebra in C with multiplication m = idx ® evy ® idx+ and unit u = coevx (notice that we have
suppressed the associativity and the left and right unit constraints). Similarly, if X has a right dual

*X then *X ® X is an algebra in C with multiplication m = id«x ® ev’y ® idx and unit u = coeVv'y.
Accompanying the notion of an algebra A in C is the notion of A-module in C.

Definition 2.8.14. Let (A, m, u) be an algebra in a monoidal category (C,®,1,a,l,r). Then the

category Cu, of (right) A-modules in C, is the category with:

(1) Objects: Pairs (M, p), where M is an object of C and p : M ® A — M is a morphism in C

such that the following diagrams commute:
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M@ (A® A) ar L (Mo A)e A
idar ®ml lp@idA M 2 1 idy ®u M 2 A
M A M® A 1
T&T lﬂ
\ / M idas s M

(2) Morphisms: [ : (M, py) — (N, pn) is a morphism of A-modules in C if f : M — N is a
morphism in C such that the following diagram is commutative:

MoA I8 Ne A

o | I

Proposition 2.8.15. Let A be an algebra in a monoidal category (C,®,1,a,l, ). Then the tensor
product, the associativity constraint and the left unit constraint induce a C-module structure on

Ca. More precisely, the module product bifunctor is

CxCa—Ca (X,(M,p))r— (XM, (idx ®p)ax.a)
the module associativity is {ax yu } x,yec,mec,, and the module unit constraint is {ly} prec ,-
Proof. Straightforward. [

Proposition 2.8.16. Let C be a finite tensor category. If A is an algebra in C then C 4 is a finite k-
linear abelian C-module category. Conversely, if M is a finite k-linear abelian C-module category

then there exists an algebra A in C such that M = C4 as C-module categories.
Proof. See [Ost03, Theorem 3.1] and [EO04, Theorem 3.17]. O

Definition 2.8.17. Two algebras, A and B, in a finite tensor category C are Morita equivalent if

and only if C4 and Cp are isomorphic as left C-module categories.

Remark 2.8.18. When C = k-Vec we recover the classical notion of Morita equivalence for k-

algebras.

64



The class of module categories most useful to study is that formed by exact module categories.

These should be thought as the counterparts of projective modules from ring theory.
Definition 2.8.19. Let C be a finite tensor category.

1. A C-module category M is exact if, for any projective object P € C and any object M € M,

the object P ® M is projective in M.
2. An algebra A in C is exact if C4 is exact.

Example 2.8.20. A k-algebra A is exact, as an algebra in k-Vec, if and only if A is semisimple.
Indeed, since k is a projective object of k-Vec, (k-Vec)4 = Rep A is exact if and only if every

A°P-module M = k ® M is projective.

2.9 2-cocycles and Galois objects

We will see in the next section that tensor functors between representation, respectively corepre-
sentation, categories of Hopf algebras are completely determined, up to monoidal natural isomor-
phism, by morphisms and twists, respectively 2-cocycles, of Hopf algebras. Describing the latter
turns out to be an involved task. One way to achieve this is with the help of Galois objects. We

present in this section left 2-cocycles and discuss their connection to Galois objects.

We begin by recalling the definition of right 2-cocycles and introducing their left counterpart.
Definition 2.9.1. Let H be a Hopf algebra.

(1) A right 2-cocycle on H is a convolution invertible map o : H ® H — k such that o(1,z) =

o(x,1) =e(x), forall z € H, and

0($(1)y(1), Z) U(I(z), y(2)) = U(xa y(1)z(1)) U(?J(2), 2(2))
forall x,y, z € H.
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(1) A left 2-cocycle on H is a convolution invertible linear map o0 : H ® H — k such that

o(l,z) =o(z,1) = e(z), forall x € H, and

U(f(n, y(1)) 0(90(2)?/(2), z) = U(y(1)7 2(1)) o(x, y(z)Z(z))
forall x,y, z € H.

Remark 2.9.2. The set of right 2-cocycles on H is denoted by Z>(H), while the set of left 2-
cocycles on H, by Z}(H). If 0 : H® H — k is a convolution invertible map then o € Z*(H) if

and only if o' € Z7(H). Thus, it suffices to know, and work with, only one type of 2-cocycles.
Gauge equivalence for left 2-cocycles is as follows (compare with Definition 2.4.30):

Definition 2.9.3. Two left 2-cocycles o and ¢’ are gauge equivalent if and only if there exists a

convolution invertible map « : H — k such that a(1y) = 1 and

o'(z,y) = oz (ya))o(z@), ye))o(@@)ys)
forall z,y € H.

The condition for a left 2-cocycle to be invariant is the same as for right 2-cocycles (see Defi-

nition 2.4.22).

Definition 2.9.4. A left 2-cocycle o on H is invariant if and only if

a(z), Y)TeYe) = 20Y0)o(Te), Ye) (2.40)

forall x,y € H.

Remark 2.9.5. An invariant left 2-cocycle is an invariant right 2-cocycle, and vice versa. The set

2

: (H). It is a group with convolution product.

of invariant 2-cocycles of H is denoted by Z

Remark 2.9.6. If H is a cocommutative Hopf algebra then Z}(H) = Z*(H) = Z;,,(H). For

example, if G is a group then the notions of right and left 2-cocycles on k|G| coincide. In this
case, the restriction to G x G of a 2-cocycle on k[G] is a usual 2-cocycle on G. Thus, Z3,(k[G]) =

nv

Z*(G,k*).

66



Remark 2.9.7. If « : H — k is a convolution invertible map such that «(ly) = 1x and

rayo(re)) = a(z@))zs, forall z € H, then 0(«) : H ® H — k defined by

0(@)(x) = 04—1(I(l))a_l(yu))@(m(my(z)), r,ye H

is an invariant 2-cocycle on H. Such 2-cocycles are called 2-coboundaries. The set of 2-coboundaries

is a central subgroup of Z2, (H), denoted by B, (H).

nv nv

Remark 2.9.8. Two invariant 2-cocycles o and 7 are gauge equivalent if and only if there exists a

2-coboundary O(«) such that o = 9(«)7. We also say, in this case, that o and 7 are cohomologous.

Definition 2.9.9. The second invariant cohomology group of H is the quotient group

M2, (H) = Z2,(H)/ B2, (H)

nv nv nv

Remark 2.9.10. The second invariant cohomology group was introduced by P. Schauenburg in
[Sch02] in his generalization of Kac’s exact sequence [Kac68]. J. Bichon and G. Carnovale have
given a comprehensive study of the group in [BC06]. Their motivation came, primarily, from the
study of the biGalois group BiGal(H) of a Hopf algebra H, but also from the interplay of invariant
cohomology with Brauer groups and projective representations. If the elements of BiGal( H ) can be
thought of as isomorphism classes of k-linear monoidal autoequivalences of Corep H, then Bichon

and Carnovale showed in [BC06, Theorem 3.8] that the elements of H?2

nv

(H) can be identified with

those classes of autoequivalences that are isomorphic, as functors, with the identity functor.
As we said at the beginning, 2-cocycles can be studied by studying Galois objects.

Definition 2.9.11. Let 4 be a Hopf algebra. A right H-Galois object is a non-zero right H-
comodule algebra A such that {a € A | §(a) = a ® 15} = kl4, and the following composition is

bijective:
A A A Ae H 2499 Ag 0

A morphism of right H-Galois objects is an algebra map which is right -colinear.
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Remark 2.9.12. The set of isomorphism classes of right H-Galois objects is denoted by Gal(H).

Every 2-cocycle gives rise to a Galois object in the following way. If o is a left 2-cocycle on a

Hopf algebra H, then the vector space H, with the product

T ey = U<x(1)7y(1))x(2)y(2)7 T,y € H’

and right coaction given by the comultiplication A of H, is a right H-Galois object and it is denoted
by ,H. If ¢’ is another left 2-cocycle on H then ,.H is isomorphic to ,H if and only if ¢’ and o are
gauge equivalent.

The H-Galois objects of the type ,H are the ones with the normal basis property, i.e. those
that are isomorphic to H as H-comodules. If A is a right H-Galois object with the normal basis
property and if ¢p : H — A is a right H-colinear isomorphism with ¢(1) = 1, then A = ,H,

where

olwy) = (v (BN W)),  wyeH

It is known that all H-Galois objects are cleft if either H is finite dimensional [KC76] or H
is pointed [G99]. In these cases, we see, from this discussion, that the set of gauge equivalence

classes of 2-cocycles on H is in bijection with Gal(H).

Example 2.9.13. The set Gal(E(n)) was described in [PvOO00]. Using this description, invariant 2-
cocycles on E(n) were studied in [CC04b] and [BCO06]. It was shown in [BC06] that H?

nv

(E(n)) =
Sym,,(k), the additive group of n x n symmetric matrices with entries in k. The cohomology
class corresponding to M = (m;;) € Sym, (k) is represented by the invariant 2-cocycle oy :

E(n) ® E(n) — k defined by:
ou(lc®c) =1, oy(z;,@z;) =my;, 4,j=1,...,n,
ov(zp @ 2q) = op(crp @ 2g) = (—1)/FPloy(rp @ crg) = (—1)Floy(crp @ cxg),

forall P,Q C {1,...,n},om(zp @ xg) = 01if | P| # |Q|, and some recurrence formula allowing

to compute o/ (2p, xg) when |P| = |Q).
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Given a left 2-cocycle o on a Hopf algebra /{, we can deform the multiplication of [ to obtain

a new Hopf algebra H°. This procedure was introduced by Y. Doi [D0i93].

Definition 2.9.14. Let o be a left 2-cocycle on a Hopf algebra H. The o-deformation of H is the

Hopf algebra 7 with the coalgebra structure of // and the product

T oy =0(za), Y1) Ty (Te), Ye), x,y € H.

Remark 2.9.15. A left 2-cocycle ¢ on H is invariant if and only if the o-deformation does not

change the multiplication of /7; in other words, if /7 = H as Hopf algebras.

Remark 2.9.16. Let o be a left 2-cocycle on H. If 7 is an r-form on H, then 7° = (o7) *r x 01,

is an r-form on H?. Explicitly,

7 (z,y) = o(yay, 2)r (@), Ye)o " (2@), Y@), x,y € H. (2.41)

We close this section by considering the dual version of 2-cocycles, namely twists. We mention

only those results which will be used later.

Definition 2.9.17. Let H be a Hopf algebra.

(1) A right twist on H is an invertible element 7' € H ® H such that (e ®id)(T") = (id ®e)(T) =

1 and
(Aid)(T)(T®1)=({dRA)(T)1x1T).

(2) A left twist on H is an invertible element 7" € H ® H such that (¢®id)(7) = (id®e)(T) =1

and
(TR 1DARId)(T)=(1xT)(idA)(T).

(3) A left, or right, twist T is invariant if TA(x) = A(z)T, forallx € H.
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Remark 2.9.18. Let H be a finite dimensional Hopf algebra. Consider the invertible map:
77D(];‘,(8‘[—‘[)*_>‘[{>k(®]—‘[*7 w(a):Zi,jg(eiuej)6:®e;7

where {e;} be a basis of H and {e}} is the dual basis. It is easy to check that o is a left (right)

2-cocycle on H if and only if ¢)(0) is a left (right) twist on H*.

Remark 2.9.19. An invariant left twist is the same thing as an invariant right twist. We call these,
simply, invariant twists. Just as with cocycles, we can define a second invariant cohomology group
of H by considering cohomology classes of invariant twists. By the previous remark, this group is

H2 (H").

nv

The following is the twist analogue of the o-deformation.

Definition 2.9.20. Let 7" be a left twist on a Hopf algebra H. The twist deformation of H by T is

the Hopf algebra HT with the algebra structure of H and the comultiplication
AT(z) = TA(z)T, r e H.

Remark 2.9.21. If T is a left twist on H and R is an R-matrix on H then RT = 7(T)RT ! is an

R-matrix on HT.

2.10 Autoequivalences of finite tensor categories

To better understand tensor categories it is important to know their symmetries. In the case of the
(co)-representation categories of Hopf algebras, these symmetries are determined by morphisms
and twists (2-cocycles) of Hopf algebras. We make this precise in the present section and provide
examples of tensor auto-equivalences of tensor categories. The results presented here are based on

the exposition of A. Davydov in [Dav10].

Given a finite tensor category C we denote by Aut®(C) the group of monoidal isomorphism

classes of tensor auto-equivalences of C.

70



Recall from Lemma 2.4.10 that, if f : K’ — H is an algebra map between two Hopf algebras

and 7' € H ® H is aright twist of H satisfying

(f® HA@) =T A(f(2))T, (2.42)

forall z € K, then (f,T) : Rep H — Rep K is a tensor functor.

We can rephrase this in a slightly different form. Notice that 7! is a left twist of H and
AT (z) = T~'A(z)T, z € H, is the comultiplication of the twist deformation H 77" Condition
(2.42) is then equivalent to requiring f : K — H T tobea coalgebra map.

The following concept was introduced and studied by A. Davydov in [Dav10].

Definition 2.10.1. Let /7 and K be Hopf algebras. A twisted homomorphism from K to H is a

pair (T, f), where T is a right twist of H and f : K — HT ' is a Hopf algebra map.

We see from the above discussion that every twisted homomorphism (7', f) : H — K gives
rise to a tensor functor (f,7) : Rep H — Rep K.

Any tensor functor Rep H — Rep K is monoidal isomorphic to a functor ( f, 7"). To see this, let
us assume for now that a tensor functor (F,.J) : Rep H — Rep K preserves dimensions. Then, it
follows from Proposition 2.3.28, that F' is isomorphic to Res, for some algebramap f : K — H.
Using Remark 2.4.24, there exists a monoidal structure J’ on Resy such that (F,J) is natural
monoidal isomorphic to (Resy, J'). According to Lemma 2.4.10, J' = J*, for some right twist 7
on H, satisfying (f ® f)A(x) = T7'A(f(2))T , forall x € K. Thus, (F,J) = (f,T).

We have proved the following:

Proposition 2.10.2. Let H and K be two Hopf algebras. If (F,J) : Rep H — Rep K is a tensor

functor then there exists a twisted homomorphism (T, f) : K — H such that (F,J) = (f,T).

Remark 2.10.3. The fact that a tensor functor F' : Rep H — Rep K preserves dimensions follows
from a more general fact in the theory of tensor categories. Namely, any object X in a finite

tensor category C has a Frobenius-Peron dimension. It is defined as the largest non-negative real
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eigenvalue of the matrix N = (N;;)1<; j<n, Where N;;, 7 = 1,...,n, are the multiplicities with
which the simple objects of C, X7, ..., X, appear in the decomposition of X ® X;: X ® X; =
> ; Ni;X;. If V is a finite-dimensional representation of a finite dimensional Hopf algebra H then
its Frobenius-Perron dimension equals its dimension as a vector space. It can be shown that tensor
functors between finite tensor categories preserve Frobenius-Perron dimensions (see [EGNO15,

Proposition 4.5.7]).

Since we are interested in equivalences of tensor categories, we can ask when is (f,7") an

equivalence. The following should come as no surprise.

Proposition 2.10.4. Let H and K be Hopf algebras and (f,T) : Rep H — Rep K a tensor functor.

Then (f,T) is an equivalence if and only if f : K — H T" is an isomorphism.
Proof. Straightforward. 0

Corollary 2.10.5. If Rep H and Rep K are tensor equivalent then K = H L for some right twist
T on H.

Let Autyy,,(H) be the set of rwisted automorphisms of H, i.e. the set of those twisted homo-
morphisms (T, f) : H — H, with f an invertible homomorphism from H to H” ', There is a

group operation on Auty, ¢(H ), namely

(T fUT ) = (T'(f @ f)T), £11), (T, ) (T f') € Autyope(H).

The inverse of (T, f)is ((f~' @ f~1)(T~1), f~!) and the identity element is (1 ® 1,idg).
It follows from Proposition 2.10.2 and Proposition 2.10.4 that there is a surjective group ho-
momorphism

—

o Autio(H) = Aut®(Rep H), (T f) — (f,7)7,

—

where (f,T') denotes the isomorphism class of (f,T).
The kernel of ¢ is given as follows. Let H be the set of invertible elements v € H with

¢(u) = 1. Then there is an injective group homomorphism
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0: HX — Aut(H), I(u) = (A(w)u ' @u™t, “(—)),

where “(—) : H — H is the conjugation automorphism: “(z) = uxu™', z € H. The kernel of
coincides with the image of 0.
Thus, we have the following description of the group of symmetries of the tensor category

Rep H:
Proposition 2.10.6. The sequence

1— B2 Aut (H) % Aut®(Rep H) — 1

Hopf

is a short exact sequence of groups.
Corollary 2.10.7. If H is a commutative finite dimensional Hopf algebra then

Aut®(Rep H) = H2 (H*) x Autgo,(H).

nv

Proof. By Proposition 2.10.6, Aut®(Rep H ) is isomorphic to the quotient group Autyy, (H)/O(H).

Since H is commutative, the elements of J(H*) have the form (A(u)(u™! ® u™t),idg), with

u € HX. Moreover, any twist of H is an invariant twist, and, if (7, f) € Aut}vlvopf(H ) then
OHX)NT, f) = {(Alw) (™ @u™)T, f) | u € HX}.

Thus, the map

Autilo, () /O(H) = H2 (H) X Autuope(H),  O(HX)(T, f) = (T, f),

is well defined and is a bijection. The same map is easily seen to be a group homomorphism

between Autyy, :(H)/9(H) and the semidirect product HY,,(H*) Xt Autyops(H ) with respect to the

nv

left action of Autyer(H) on H2 (H*): f5T = (f @ f)(T). O

nv
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Remark 2.10.8. There are two group homomorphisms:

AUtHOPf(H) — Aut?ﬁ)pf(H), f= (1 ® 1, f),

H2(HY) — Autiy (H), T (T,idg).

nv

Composing these with the map ¢ : Autyy, (H) — Aut®(Rep H), we obtain the following group

homomorphisms:

—_—

Autpepr(H) — Aut®(RepH), fr— (f1,1®1),

—_—

H2 (H*) — Aut®(RepH), T — (idy,T-).

nv

If (H, Ry) and (K, Ry ) are quasitriangular Hopf algebras, a natural question to ask is when
(f,T) : Rep(H,Ry) — Rep(K, Rg) is a braided tensor functor. The answer is given by the

following:

Proposition 2.10.9. The tensor functor (f,T) : Rep(H, Ry) — Rep(K, Ry) is braided if and

onlyif f : (K,Rg) — (HT ', RL™") is a morphism of quasitriangular Hopf algebras.
Proof. It follows from Example 2.6.20. 0

For future reference, we end this section by providing the dual versions of some of the previous

results.

Proposition 2.10.10. Let H and K be two Hopf algebras. If (F,J) : Corep H — Corep K is a

tensor functor then:

(1) There exist a left 2-cocycle o on H and a Hopf algebra map f : H° — K such that
(F,J) = (f,07h).

(2) F'is an equivalence if and only if f is an isomorphism.
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(3) If ry and ri are r-forms on H and K, respectively, then (F,J) is a braided functor from
Corep(H,ry) to Corep(K,rg) if and only if f : (H?,ry) — (K,rg) is a morphism of

coquasitriangular Hopf algebras.

Corollary 2.10.11. If Corep H and Corep K are tensor equivalent then K = H?, for some left

2-cocycle o on H.
Corollary 2.10.12. If G is a finite group then Aut®(Corep G) = H?(G, k*) x Aut(G).

Remark 2.10.13. The previous two results were proved for the first time by P. Schauenburg in

[Sch96], using the concept of BiGalois object.
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CHAPTER 3

THE BRAUER-PICARD GROUP OF A FINITE SYMMETRIC TENSOR
CATEGORY

In this chapter we compute the Brauer-Picard group of the representation category of Nichols

Hopf algebra E(n). If C,, = Rep(E,,), we prove in Theorem 3.8.6 that
BrPic(C,) = PSp,,(k) x Z/2Z,

where PSp,, (k) is the projective symplectic group of degree 2n.

Our method relies on a canonical representation of the group of braided autoequivalences of
Z(C,,) on the space of extensions of two simple objects, as well as on a description of the group
of braided autoequivalences of Z(C,) trivializable on C,, with a symmetric braiding, obtained in
[CCO4b].

The material is organized as follows.

In Section 3.1 we define the Brauer group of a braided finite tensor category based on the
more general construction of [vOZ98]. At the end we give a short review of the literature on the
computation of Brauer groups of Hopf algebras.

In Section 3.2 we define the Brauer-Picard group of a finite tensor category and the Picard
group of a braided finite tensor category. The latter is a subgroup of the Brauer-Picard group and
it coincides with the Brauer group defined in Section 3.1.

In Section 3.3 we review the properties of Nichols Hopf algebra F/(n). We recall the description
of the quasitriangular structures, the invariant 2-cocycles and invariant twist from Chapter 2, and
describe its Drinfeld double.

In Section 3.4 we show that Z(C,,) has precisely two invertible objects, € and x, and the group
of braided tensor autoequivalences of Z(C,,) acts projectively on the space Ext'(, £) of extensions

of x by €. We prove that this space is 2n-dimensional.
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In Section 3.5 we show that the action of Section 3.4 preserves a symplectic form on k?*. This
allows us to view the Brauer-Picard group of C, as a symplectic group.

In Section 3.6 we show that the sets of subcategories of Z(C,,) which are tensor, respectively
braided, equivalent to C,,, are parametrized by the sets of n-dimensional subspaces and Lagrangian
subspaces, respectively, of k**. We show that there is a one-to-one correspondence with the n-
dimensional subspaces of Ext'(y; ¢).

In Section 3.7 we describe two ways of constructing elements of the Brauer-Picard group.
One induces braided autoequivalences of Z(C,,) from tensor autoequivalences of C,,. The other
one induces invertible Z(C,,)-module categories from invertible D-module categories, where D
is a tensor subcategory of Z(C,). In this way We construct various group homomorphisms into
BrPic(C,,).

In the final section we put together the information from the previous sections to compute
BrPic(C,).

The results of this chapter appeared in [BN15].

3.1 The Brauer group of a braided finite tensor category

We recall here the classical definition of the Brauer group of a field and show how it generalizes to

the case of a braided finite tensor category.

Definition 3.1.1. Let k be a field.

(1) A central simple k-algebra is a k-algebra A which is simple, i.e. it has no proper non-zero

ideals, and central, i.e. Z(A) = k.
(2) An Azumaya k-algebra is a finite-dimensional central simple algebra.
Remark 3.1.2. We collect here some facts about central simple algebras:

(1) The algebra M,,(k), of n x n matrices with entries in a field k, is an Azumaya k-algebra.
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(2) If Ais a central simple algebra then AP is a central simple algebra.
(3) If A and B are central simple algebras then A ® B is a central simple algebra.

(4) Ais an Azumaya k-algebra if and only if A is finite-dimensional and the map

A® AP —» End(A), (a®0b)(x)=axb

is an isomorphism of algebras.

There is an equivalence relation on the set of Azumaya algebras. It was introduced by R. Brauer

in 1929 in his study of division rings.

Definition 3.1.3. Two Azumaya k-algebras, A and B, are equivalent, and we write this A ~ B, if

there exists an isomorphism of k-algebras:
A® M,,(k) = B® M,(k),
for some integers m and n. The equivalence class of an Azumaya k-algebra A is denoted by [A].

Remark 3.1.4. The above equivalence is the Morita equivalence: A and B are equivalent if and

only if Rep A ~ Rep B.

Definition 3.1.5. The set of equivalence classes of Azumaya k-algebras, with respect to *~’, is a

group with the following operation:
[A]-[B] = [A® B]
This group is denoted by Br(k) and is called the Brauer group of k.

Remark 3.1.6. Br(k) is a commutative group. The inverse of [A] is [A°P], and the unit element is

(K]
Example 3.1.7. If k is an algebraically closed field then Br(k) = {0}. Thus, Br(C) = 0.

Example 3.1.8. Br(R) = 7Z/2Z, where the non-zero element is represented by the algebra H of

quaternions.
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The construction of the Brauer group of a field was extended, over time, to various contexts. It
was defined for commutative rings, for commutative rings graded by abelian groups, for schemes,
for commutative and cocommutative Hopf algebras over a commutative ring, etc. An important
step in this sequence of extensions was made by B. Pareigis who, in 1975, defined the Brauer
group of a symmetric monoidal category [P75]. After A. Joyal and R. Street introduced, in 1993,
the concept of a braided monoidal category [JS93], F. Van Oystaeyen and Y. Zhang extended, in
1998, Pareigis’ definition of the Brauer group [vOZ98] to such categories. This is the most general
definition of the Brauer group, encompassing all known instances of the construction.

Since the definition of the Brauer group in its greatest generality exceeds the purpose of this
exposition, we will restrict our attention to the case of finite braided tensor categories. The gen-
eralization to this context will be more clearly understood if we recast the definition of Azumaya
algebras and its accompanying equivalence relation in terms only of finite dimensional vector
spaces. This means that we work in the category k-Vec.

Notice first that, if V' is a k-vector space of dimension n, then there exist isomorphisms of

algebras:
M,(k) ZEnd(V) =V V",

where V' * is the dual vector space of V. Here, the product of V@ V*is (v®p)(w®q) = p(w)v®q,
forall v, w € V and p, ¢ € V*. The isomorphism End(V) — V ® V* maps f to > . f(e;) ® e,
where {¢;} is a basis of V and {e} is its dual basis.

An Azumaya k-algebra is then an algebra (A, m, u) in k-Vec such that, if {e;} is a basis of A,

then the map
F:AR AP > AR A%, Fa®b) =), aeb®e],

which makes the following diagram commutative,

A® A% r s A® A*

«| [masie

ARAP @k — > AQRAP R AR A* —>id4®A®A°p®A* st AR AP R A*

id ® coev 4 id®ca,A®
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is an isomorphism of algebras.
Two Azumaya algebras, A and B, are equivalent if and only if there exist finite dimensional

vector spaces, U and V', such that
ARQURU* 2BV ® V*.

We see from the above that the Brauer group can be defined for a category which has a tensor
product, a braided structure, and whose objects admit duals. This is the case with braided finite
tensor categories.

Recall that, given a braided finite tensor category (C, ®, 1, ¢), the opposite algebra A°? of an
algebra A in C is A with multiplication macy 4. If A and B are algebras in C then A ®¢ B is the
algebra with underlying object A ® B and multiplication (m4 ® mp)(id4 ®cp 4 ® idg). Also, if
X is an object of C with left and right duals, X™* and *X, respectively, then X ® X* and "X ® X

are algebras with multiplication idy ® evy ® idx+ and id-y ® ev'y ® idx, respectively.

Definition 3.1.9. Let (C,®, 1, ¢) be a braided finite tensor category. A C-Azumaya algebra is an

algebra A in C such that morphisms
F:A®RAP - A A* and G :APR:A— AR A

making the following diagrams commutative,

A® AP r s A A*

r;é}Aopl TmAQZ)id

AvAT Ok e AvAT e A0 A T oA AT A g Av AT e A

AP 2 A ¢ > AR A

lzgp@;Al Tid Rma

k@ AP A —— *A®A®A"P®4’—> _ZA®A°P®A®A — 5 AR AP R A
|®CA‘Aop®|

coev’, ®id id®@m 4

are isomorphisms of algebras in C.

Remark 3.1.10. The reason we consider both morphisms F' and G is that, in general, A ®. A

and AP’ ®¢ A are not isomorphic as algebras in C.
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Remark 3.1.11. It can be shown that an algebra A in C is C-Azumaya if and only if the following

two functors are equivalence functors (see [VOZ98, Theorem 3.1]):

C — A®CA“"C7 Xl—>A®X,

C = Carpon, XXX

Remark 3.1.12. The following hold true in a braided finite tensor category C:
(1) X ® X*is aC-Azumaya algebra for every X € C.
(2) If Ais aC-Azumaya algebra then AP is a C-Azumaya algebra.
(3) If A and B are C-Azumaya algebras then A ®¢ B is a C-Azumaya algebra.
(4) Any C-Azumaya algebra is exact.

Definition 3.1.13. Let C be a braided finite tensor category.

(1) Two C-Azumaya algebras A and B are equivalent, and we write this A ~ B, if there exist

two objects, X and Y, in C and an isomorphism of C-algebras

ARc (X @ X*) 2 B®c (Y @Y™).

The equivalence class of A is denoted by [A].

(2) The set of equivalence classes of C-Azumaya algebras is a group with the operation

[A] - [B] = [A ®¢ B.

This group is denoted by Br(C) and called the Brauer group of C. The inverse of [A] is [A°P],

and the identity element is [1].

Remark 3.1.14. It can be shown that the equivalence relation on the set of C-Azumaya algebras is

the Morita equivalence, that is A ~ B if and only if C4 ~ Cp as C-module categories.
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Example 3.1.15. It is obvious that Br(k-Vec) = Br(k).

Example 3.1.16. Br(k-sVec) is called the Brauer-Wall group of k and is denoted by BW (k). This
group was introduced by C.T.C. Wall and it classifies equivalence classes of finite dimensional

7/27-graded central simple algebras [Wall64]. We have BWW (C) = Z /27 and BW (R) = Z/8Z.

Example 3.1.17. For a quasitriangular Hopf algebra (H, R) the group Br (Rep(H, R)) is denoted
by BM(k, H, R). If (H,r) is coquasitriangular, then Br ( Corep(H, 7)) is denoted by BC(k, H, ).
Since Rep(H, R) is braided equivalent to Corep(H*, R*), where R* is the r-form dual to R, we
have BM(k, H, R) = BC(k, H*, R*).

These groups were studied by a number of Hopf algebraists. The first explicit computation was

performed by F. van Oystaeyen and Y. Zhang in [vOZ01], who showed that
BM(ka H4a RO) = (k7 +) X BW(k)

In [CO1] G. Carnovale showed that the groups BM(k, Hy, R)), where R), A € k, are the R-
matrices from Example 2.6.10, are all isomorphic. She used, in fact, the self-duality of H,, and
worked with the groups BC(k, Hy,r\) = BM(k, Hy, R)). Other examples were considered in

[CCO03] and [CCO4a]. For a symmetric n x n matrix A, it was shown in [CC04b] that

BM(k, B(n), Ra) = Sym, (k) x BV (k), 3.1)

where Sym,, (k) is the additive group of symmetric n X n matrices with entries in k. If A is not
symmetric, then the description of BM(k, E(n), R4) is still possible, but is a bit more involved.
Finally, BM was computed for a large class of triangular Hopf algebras, called modified super-
group algebras, in [C06]. Taking into account [EG01] this yields computation of BM for all finite

dimensional triangular Hopf algebras.

Example 3.1.18. Let ;YD be the category of Yetter-Drinfeld modules over a finite dimensional
Hopf algebra H. Then Br(z)D™) is denoted by BQ(k, H) and is called the full Brauer group

of H. This was introduced in [CvOZ97]. The justification for the name comes from the fact that
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BQ(k, H) contains BM(k, H, R) and BC(k, H, ) as a subgroups, when (H, R) is quasitriangular
and/or (H,r) is co-quasitriangular.

Notice that, since yYD" is braided equivalent to Rep (D(H),R), we have BQ(k, H) =
BM(k, D(H),R).

Before the systematic study of tensor categories was initiated, the full Brauer group was known
only for some special classes of group Hopf algebras of abelian groups, e.g. kZ /nZ, with n square-
free and k algebraically closed with of characteristic { n [Lon74], or n a power of an odd prime
number and some mild assumptions on k [BC89].

A major step in advancing our knowledge on the subject was made when it was realized that
the Brauer-Picard group BrPic(C) of a finite tensor category C coincides with the Brauer group
Br(Z(C)) of the center of C [DN13]. Thus, if H is a finite dimensional Hopf algebra and k
is an algebraically closed field of characteristic 0, BrPic(Rep H) = BQ(k, H). In particular,
BrPic(Rep k[G]) = BQ(k, k[G]), for any finite group G. This allowed for the use of methods
from the theory of tensor categories to compute the full Brauer group. For example, it follows
easily from this theory that, if A is a finite abelian group, then BrPic(Rep A) = O(A @ A), the
orthogonal group of A & A with respect to the canonical quadratic form on g : A & A - Kk,
q(a,x) = x(a), foralla € Aand x € A. The first descriptions of BrPic(Rep GG), when G is not
abelian, were obtained by B. Riepel and D. Nikshych in [NR14], and furthermore by 1. Marshall
and D. Nikshych in [MN16].

An interesting problem that remained unsolved was to describe BQ(k, H;) where H, is Sweed-
ler’s Hopf algebra, the smallest non-semisimple Hopf algebra. Athough attempts were made (see
[vOZ01] and [CC11]), the answer seemed to be out of reach. In this chapter, I will present
my contribution to the problem of computing Brauer groups by computing BrPic(Rep E(n)) =
BQ(k, E(n)), where { E(n)} are the Nichols Hopf algebras. Since H, = E(1), this solves, in

particular, the problem of describing BQ(k, Hy).

83



3.2 The Brauer-Picard group of a tensor category

In this section we give the definition of the Brauer-Picard group of a finite tensor category C,
mention its equivalent description as the group of braided autoequivalences of the center of C, and,
when C is braided, discuss an important subgroup, the Picard group of C. We show that the Picard
group of C coincides with the Brauer group of C, as defined in the previous section. This creates
a bridge between the theory of tensor categories and the theory of Brauer groups, and allows for
the application of results from one field to the other. Throughout, the base field k is assumed to be

algebraically closed of characteristic 0.

Recall the definition of the Picard group of an algebra A. An A-bimodule P is invertible if there
exists an A-bimodule ) such that P ® 4 () and () ® 4 P are isomorphic to A as A-bimodules. The
Picard group of A, denoted by Pic(A), is the set of isomorphism classes of invertible A-bimodules,

with the group operation induced by the tensor product over A:

[P]-[Q] = [P ®ad],

where [P] and [()] denote the isomorphism classes of the invertible A-bimodules P and (), respec-
tively.

The counterpart of the Picard group of an algebra in the theory of tensor categories is the
Brauer-Picard group of a finite tensor category. To define it, we need to introduce the tensor

product of two module categories.

Definition 3.2.1. Let M be a right module category and A a left module category over a finite
tensor category C. Let A be a k-linear abelian category. A bifunctor F' : M x N — A, additive

and k-linear in each argument, is said to be C-balanced if there is a natural isomorphism
b= {byxn: F(M®X,N)—= F(M,X®N)}memxec,NeN

making the following diagram commutative
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by, xov,N

F(M&(X®Y),N) » F(M,(X®Y)® N)
F(M&X)®Y,N) F(M,X® (Y @ N))

bm /M,X,Y@,N

F(M®X,Y ® N)

forevery M € M, N € N and X,Y € C.

Definition 3.2.2. Let C be a finite tensor category. A fensor product of a right C-module category
M and a left C-module category N is a k-linear abelian category M X N/, together with a C-

balanced bifunctor
Buyn : M x N = MK N,

which is right exact in each variable and which induces, for every k-linear abelian category A,
an equivalence between the category of C-balanced, right exact in each variable, bifunctors from

M x N — A and the category of right exact functors from M X N to A:
Funparre(M X N A) ~ Fun,.(M Ke N, A).

Remark 3.2.3. The subscripts bal and re indicate that the functors in question are balanced, re-

spectively, right exact.

Remark 3.2.4. It was shown in [ENO10, Section 3.2] that the tensor product of a right C-module
category M and a left C-module category A exists, and that there is an equivalence of abelian

categories:
./\/l &CN ~ Func7re(./\/l°p,./\/‘).

Remark 3.2.5. If M and N are C-bimodule categories, then the left C-module structure of M and

the right C-module structure of A/ induce a C-bimodule structure on M X N.

Remark 3.2.6. It was shown in [DN13, Proposition 2.10] that for two exact C-bimodule categories,

M and N, the tensor product M X A is an exact C-bimodule category.
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Definition 3.2.7. Let C be a finite tensor category.

(1) An exact C-bimodule category M is invertible if there exists an exact C-bimodule category

N such M X, N and N Ko M are equivalent to C as C-bimodule categories.

(2) The Brauer-Picard group of C, denoted by BrPic(C), is the set of equivalence classes of
invertible, exact, C-bimodule categories, with the group operation induced by the tensor

product over C:

(M] - [N] = MK N,

where [M] and[N] denote the equivalence classes of the invertible, exact, C-bimodule cate-

gories M and V.

Remark 3.2.8. The definition of the Brauer-Picard group justifies the inclusion of Picard’s name.

Brauer’s name is included because BrPic(k-Vec) = Br(k).
Given an algebra A, there is a homomorphism
¢ : Pic(A) — Aut(Z(A)),

where Z(A) is the center of A, defined as follows. For an invertible A-bimodule M and z € Z(A),
¢(M)(z) is that element of Z(A) such that the endomorphism of M given by left multiplication
with ¢(M)(z) is the same as the endomorphism given by right multiplication with 2.

There is an analogue of homomorphism ¢ at the categorical level. Consider a finite tensor cat-
egory C and an invertible C-bimodule category M. Then Z(C) can be identified with the category
of C-bimodule endofunctors of M in two ways: via the functors Z — Z ® —and Z — — ® Z.
We can define a braided autoequivalence @, of Z(C) in such a way that there is an isomorphism

of C-bimodule functors

()0 —-2-® Z,
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forall Z € Z(C).
The next result was established for fusion categories in [ENO10] and extended to tensor cate-

gories in [DN13].

Theorem 3.2.9. Let C be a finite tensor category. Then

® : BrPic(C) — Aut”(Z(C)), M Oy, (3.2)

is a group isomorphism.

Remark 3.2.10. Much of the progress on computing Brauer-Picard groups relies on Theorem
3.2.9. This is because, in practice, it is much easier to work with functors than with module
categories. Moreover, Aut™(Z(C)) can be viewed as a classical orthogonal group, which allows
for important geometric insights. For example, the computations of the Brauer-Picard groups in
[NR14] and [MN16], were achieved by studying the action of Aut™(Z(C)) on categorical ana-

logues of Grassmannians.
Example 3.2.11. Let A be a finite abelian group. It follows from Theorem 3.2.9 that
BrPic(Rep A) = O(A @ A, q),

where O(A & fAl, q) is the group of automorphisms of A @ A preserving the canonical quadratic

formq: A® A — k*, g(a,x) = x(a), foralla € A, and x € A.

If C is a braided tensor category then BrPic(C) contains the Brauer group Br(C) as a subgroup.
We close this section by discussing this relationship.

Suppose ¢ = {cxy : X ®Y — Y ® X} xyec is a braiding on C. Then, just as modules over
a commutative ring become bimodules over that ring, so too, modules categories over C become

C-bimodules. If (M, ®,m, 1) is a left C-module category then M is a C-bimodule category with
» Right action: M ® X := X ® M, forall M € M and X € C.

* Right module associativity constraint given by
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NM, XY

(MeX)®Y R(X®Y).

VRXOM)fm (Y OX)OM = (X®Y)®
* Right unit constraint r = [.

* Middle associativity constraint given by

bx, My

R (MRY) XoM)®Y .

® (Y @ M) X@Y)OM—o (YO X)@ M —=Y ® (X M)

mx, YM(
mYX M

Definition 3.2.12. Let C be a braided finite tensor category.

(1) A C-bimodule category is said to be one-sided if it is equivalent to a C-bimodule category

constructed, in the manner presented earlier, from a left C-module category.

(2) The Picard group of C, denoted by Pic(C), is the subgroup of BrPic(C) consisting of equiv-

alence classes of invertible, one-sided, exact, C-bimodule categories.

Let Aut™(Z(C); C) be the subgroup of Aut™(Z(C)) consisting of braided autoequivalences of

Z(C) trivializable on C. The following result was proved in [DN13].
Theorem 3.2.13. The image of Pic(C), under the isomorphism (3.2.9), is Aut” (Z(C); C).

Remark 3.2.14. The Picard group of a braided finite tensor category C is nothing but the Brauer
group of C. To see this, recall that every exact left C-module category is equivalent to a category
Ca, of right A-modules in C, for some exact algebra A in C. It can be shown that C, is invertible
if and only if the two functors from Remark 3.1.11 are equivalences, i.e. A is a C-Azumaya
algebra. Recall also that the equivalence relation on the set of C-Azumaya algebras is the Morita
equivalence: A ~ B if and only if C4 ~ Cp.

Thus, the map
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Pic(C) — Br(C), [Ca] — [4]

where [C4] and [A] denote equivalence classes, is well defined and is a bijection. Moreover, it is
an isomorphism, since, for two exact algebras, A and B, in C there is an equivalence of C-module

categories C4 X Cp ~ Cagp (see [DN13, Proposition 3.4]).
Remark 3.2.15. It follows from [ENO10] that
BrPic(C) = Pic(Z(C)).
Thus, if H is a finite dimensional Hopf algebra, we have
BrPic(Rep H) = Pic(Z(Rep H)) = Br( z YD) = BQ(k, H).

Example 3.2.16. Let k be an algebraically closed field of characteristic # 0. Let R, be the R-

matrix of £(n) associated to the zero n x n matrix. Taking into account (3.1), we have

Pic(Rep(E(n), Ro)) = BM(k, E(n), Ro) = Sym, (k) x Z/2Z. (3.3)

3.3 A finite symmetric tensor category

In this section we recall the definition and properties of the Nichols Hopf algebra F(n). We review
the quasitriangular structures, the invariant 2-cocycles and invariant twists. At the end we describe

the Drinfeld double D(E(n)).

Recall Example 2.1.25. The Nichols Hopf algebra FE(n) is :
E(n) =k{c,z1,...,x,}/(* = 1,27, cx; + zic, vixj + x05).

with comultiplication, counit and antipode given by:

Alc) =c®e, g(e) =1, S(c)=c,

Alz;) =1®@x; + 2; @ c, e(z;) =0, S(z;) = ¢ tay,

foralle=1,...,n.
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E(n) is a pointed Hopf algebra with coradical k[C5|, where Cy = (c). A k-basis of E(n) is
{ctxp | i=0,1, P C{l,...,n}}. The comultiplication of a basis element is given as follows.

For asubset /' = {i;,,...,i;,} of P = {iy,42,...,is} C {1,2,...,n}, let

(Gi+-+j)—r(r+1)/2 if F#£0
0 if F=40.

S(F,P) =

If we denote the number of elements of F' by |F|, then
Azp) = Y pcp(—1)*FPap @ cflzpp.

The group of Hopf automorphisms of F(n) was computed in [PvO99]. We have
Autpopt(E(n)) >~ GL,(k), (3.4)

with the automorphism corresponding to 7" = (¢;;) € GL,(k), being given by ¢ — c and z; —
> tjixj, foralli =1,... n. The inner automorphisms of £(n) correspond to T’ = +£1,,.
The quasitriangular structures of F(n) were described in Example 2.6.11. The set of R-

matrices of F/(n) is parameterized by M,,(k). The R-matrix corresponding to A € M,,(k) is

n

Ra=7 Z(_l) 2 Z [Alpr(zp @ zp + xp @ crp+

=0 |P|=|F|=i

+ (='cxp @ zp + (—1)exp ® cxp),

and R, is triangular if and only if A is symmetric.

Remark 3.3.1. The category Rep F/(n) with symmetric braiding is equivalent to the representation
category of a finite supergroup Ak™ x Z/27Z. It is the most general example of a non-semisimple
symmetric tensor category without non-trivial Tannakian subcategories. We will denote Rep E(n)

with a symmetric braiding by C,,.
Proposition 3.3.2. Aut” (C,) = GL,,(k)/{*I,}.
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Proof. By [Del02] the symmetric category C, has a unique, up to isomorphism, braided ten-
sor functor to sVec. Let F' denote the composition of this functor with the forgetful functor
sVec — Vec. Then F(n) = End(F'). Since every braided tensor autoequivalence of C, =
Rep(E(n)) preserves F' it must come from a Hopf automorphism of F(n). By (3.4) we have
Autpope(E(n)) = GL, (k). Tensor autoequivalences of C,, isomorphic to the identity functor come
from inner automorphisms of F(n). The statement follows from the observation that the group

of inner Hopf automorphisms of F(n) is generated by the conjugation by ¢ and is isomorphic to

(£1,}. O

Recall the description of the invariant 2-cocycles of F(n) from Example 2.9.13. We have

HZ,(E(n)) = Sym, (k). A representative of the cohomology class corresponding to M = (m;;) €

nv

Sym,, (k) is the invariant 2-cocycle o, : F(n) ® E(n) — k defined by:
ou(c®c)=1, oy(z;@z;) =m4, 4,j=1,...,n,
JM(I‘P ® iL‘Q) = CTM(Cl’p & l’Q) = (—1)‘P‘O'M(.CEP X C$Q) = (—1)|P|0M<6$p ® CI‘Q),

forall P, Q C {1,...,n}, opu(zp @ zg) = 0if |P| # |Q

, and a recurrence formula allowing to
compute o/ (xp, o) when | P| = |Q|. In particular, we have oy (c'zy @ ;) = (—1) my,, for all
i,7=0,1land k,l=1,...,n.

Since F(n) is self-dual, we have H2 (F(n)*) = Sym, (k). A representative for the cohomol-

nv

ogy class corresponding to M = (m;;) € Sym,, (k) is the invariant twist
Ju =1 > PO op(cap @ drg)(xp + (—1)crp) @ (xg + (—1)cxg).

Finally, we will need a description of D(FE(n)). Recall that D(E(n)) contains F(n) and
E(n)*°P as Hopf subalgebras and multiplication is given by formula (2.35). Composing the two
Hopf algebra isomorphisms F(n) — E(n)*, ¢ — 1* —c*, x; — xf 4 (cx;)*, and E(n)*? — E(n),
¢ — ¢, x; — cx;, we obtain the isomorphism E(n) — E(n)*®, ¢ — 1* — ¢*, z; — xf — (cx;)*.

Thus, the Drinfeld double, D(FE(n)), is generated by two copies of E(n).
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Let C = 1* — ¢* and X; = 2} — (cz;)*, i = 1,...,n. Then, viewing E(n) and E(n)**P

as Hopf subalgebras of D(F(n)) and taking into account formula (2.35), we see that D(E(n))

is generated by the grouplike elements ¢ and C, the (1, ¢)-primitive elements x1, ..., x, and the
(1, C)-primitive elements X1, ..., X,,, subject to the following relations:
=1, 27 =0, icter; =0, v;0; + 7, =0, (3.5)
C’=1, X} =0, X,C+CX; =0, X;X; + X,;X; =0, (3.6)
cC=Cc, Xic+cX,=2,C+Crx; =0, ;X; + X;x; =0, ;(1 — Cc), (3.7
forallz,7 =1,...,n.
Lemma 3.3.3. If P is a subset of {1, ... ,n} then
« LPI(1P|=1)
xp =(=1)" =z (Xp+CXp)
* [PI(PI+D)
(cxp)” = (=12 (Xp—CXp).
Proof. For P C {1,...,n} define Yp = x} + (cxp)*. An easy argument using induction on |P)|
Y, Y, ---Y;, . Moreover, since

shows that, if P = {iy,...,4,}, withi; <iy <--- <1, then Yp =

. L o 0 if Q#P
(1" = ) (@p + (cxp)’)(cxg) = ,
(=1 if Q=P
we have C'Yp = %, — (cap)*. In particular, C'Y; = X, forall i = 1,...,n, and, because C is an
element of order 2 that anti-commutes with X;, we also have Y;C' = —(C'Y}, for all i. Consider now

i€{0,1}and P = {iy,...,4,}, withi; < iy < -+ < .. Then
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C'Xp=CXy, X, X;

T

= C'(CY;)(CYy,) -+ (CY;,)

r(r—1)

=(=1)" = C""Y,Y;, Y,

ir

[PI(PI=1)

= (-1 7 Y

_ (_1)\P\(\123\71> (9373 + (_1>\P|+i(C$P)*)‘

From this we easily obtain the formulas for z% and (czp)*. [l

Remark 3.3.4. Fori € {0,1} and P C {1,...,n} we have

(cap)* = = (1) FHIPl (X + (1) '0Xp). (3.8)

3.4 A canonical representation of BrPic(C,)

We show in this section that Z(C,,) has precisely two invertible objects: ¢ and x. Thus, there is a
canonical action of Aut™(Z(C,)) on the space of extensions of y by . We prove that this space is

a 2n-dimensional vector space.

We start with the following observation.

Proposition 3.4.1. Let C be a tensor category and let U and V' be two simple objects of C such

that o(V') =V and o(U) = U for all tensor autoequivalences o : C — C. Then isomorphisms
pla) : Ext' (U, V) 5 Ext' (a(U), a(V)) = Ext'(U, V), (3.9)

where the image of extension 0 — V - E L U — 0 under p(a) is
(i) o(p)
0=V —aF)—U=0
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give rise to a projective representation of Aut®(C) on Ext*(U, V).

Proof. Let o, o : C — C be tensor autoequivalences and let ¢ : « — o/ be a tensor isomorphism
between them (so that o and o/ determine the same element of Aut®(C)). We have an isomorphism
of extensions:

0—vV"Uoym@oy g

l¢v l¢E‘ ‘ oU
"(4) "(p)

0—=V =/ (E)2% U —0,

where ¢y, ¢y are non-zero scalars and ¢ is an isomorphism. Thus, the equivalence classes of

p(a) and p(a') differ by the scalar ¢y ¢;'. Hence, the map
p: Aut(C) — PGL(Ext (U, V))
is well defined. It is clear that this map is a group homomorphism. [

Z(C,) = Rep D(E(n)) has precisely two invertible objects: the trivial representation ¢ and a

one-dimensional representation Y, as we next show.

Lemma 3.4.2. The algebra D(E(n)) has a unique non-trivial one-dimensional representation,

X : D(E(n)) — k, defined by

X(C) :X(C> =—1, X(xz) :X(Xi) =0, 2=1,...,n

Proof. Tt follows from relations (3.5)-(3.7) that, for a one-dimensional representation x : D(E(n)) —
k, one has x(X;) = x(z;) = 0, foralli = 1,...,n, x(c)*> = x(C)? = 1, and x(cC) = 1. This

implies the claim. O

Proposition 3.4.3. The space Ext'(x, €) of equivalence classes of extensions of the one-dimensional
representation x by the trivial representation ¢ is isomorphic to k*". The equivalence class corre-

sponding to a = (a1, . . ., as,) € k*" is the one associated to the extension

0—=esVadyo0
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where V, = k? is the 2-dimensional D(E(n))-module with basis {v; = (1,0),v; = (0,1)},
D(E(n))-action given in matrix form by

1 0 0 a; 0 anyi
C,c— , X , T > ,i1=1,....,n (3.10)

0 -1 0 0 0 0

and the maps i and p are such that i(1) = vy and p(vq) = 1.
Proof. Let V be an extension of x by €. Then V' comes equipped with two maps ¢ and p such that
0—=esVLyo0

is an exact sequence. Let v; = (1) and choose vy € V such that p(vy) = 1. Then {vy, vo} is a k-
basis of V' on which the elements of D(F(n)) actby h-v; = e(h)vy; and h-ve = f(h)vy + x(h)va,
for all h € D(E(n)), and for some linear map f € Hom(D(E(n)), k).

Consider now another extension

0sely 2y x —0

of x by € and associate to 1, as above, a basis {v], v5} and a linear map f’ € Hom(D(E(n)), k).
We claim that if there exists a homomorphism of extensions ¢ : V' — V' then f and f’ differ by
a multiple of x — . Indeed, if ¢ is such a map then, then from @ o7 = i’ and p’ 0o p = p we
readily deduce that p(v;) = v and (ve) = Av| + v}, for some A € k. Letting h € D(E(n))
act on the latter relation and taking into account that ¢ commutes with the action of D(FE(n)), we
arrive at the equality (f(h) + Ax(h))v] + x(h)vh = (Xe(h) + f/(h))v} + x(h)vh, which shows
that [/ — f = A(x — ¢).

In particular, if we take V' = V and ¢ = idy, we see that the 2n-tuple (f(X3),..., f(X,),
f(z1),... f(z,)) does not depend on the choice of vy. Also, the above discussion shows that
the same 2n-tuple depends only on the equivalence class of V. We can, thus, define a map
Ext'(x,e) — k" sending the equivalence class of V to (f(X1),..., f(X,), f(21),... f(zn)).
This map is easily seen to be one-to-one and onto, sending the equivalence class of the extension

V,, in the statement, to a € k>". O
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Using Proposition 3.4.1, we see that there is a group homomorphism

p: Aut”(Z(C,)) — PGL(Ext'(s, x)) = PGLy, (k). (3.11)

3.5 BrPic(C,) as a symplectic group

In this section we show that the image of (3.11) lies, actually, in the projective symplectic group
PSp,, (k). We do this by proving that the elements of Aut” (Z(C,,)) preserve a symplectic form on

Ext' (e, ). Thus, BrPic(C,) can be viewed as a symplectic group.

Consider the sympletic bilinear form

w: k¥ x k* — k, w(a, b) =371 (aibnri — anyibi),

=1

for all a = (ay,...,as,), b = (b1,...,by,) € k*'. The symplectic group and the projective

symplectic group of degree 2n are, respectively:

Spyn(k) = {T € Glan(k) | w(T'(a), T(b)) = w(a, b)},

PSpy, (k) = Spy,(k)/{£12n}-

To see how the braided tensor category Z(C,,) gives rise to a symplectic form, let us switch to
the language of Yetter-Drinfeld modules. In particular, let us describe the extensions of y by ¢ as

Yetter-Drinfeld modules.

Lemma 3.5.1. Let V, be the extension of x by € associated to a = (ay, . .., as,) € K" If {vi,v2}
is a basis of Vy on which D(E(n)) acts by (3.10), then the Yetter-Drinfeld module structure of Vy

is given by the E(n)-action
c-vp=vy, xi-vp=0, Cc-v3=—Vy, Ti V3= UpqiVy
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foralli=1,... n, and the E(n)-coaction
o(vi)=v1®@1 and d(vg) =37 aum @z +v®c

Proof. This follows from Proposition 2.7.8. To see that the F/(n)-coaction § is the one stated, we

use that

0(v) = >, p(cap)* -v @ c'ap
formulas (3.8) and the following relations, which are straightforward to check:

(=D)'vy if P=10
, v, if P=0 A
(CZXP) V= and (ClXp) c Vg = a;vq if P= {]}
0 if P#0
0 if |P|>2

]

Proposition 3.5.2. Let 0 — ¢ &N Vax = 0and0 — ¢ EN Vi & x — 0 be two extensions of x

by € associated to a = (ay, . . .,as,) and b = (by, ..., by,). Then

ClpVa © CVa vy, = idv,ev,, tw(a,b) (1 ® 7)o (p® q)

Proof. Let {vy,v9} and {v], v} } be bases of V, and V4, respectively, on which D(F(n)) acts as in
(3.10). Then it follows from (2.36) and the Yetter-Drinfeld module structures of V, and V}, that the

matrix of ¢y, v, © ¢y, w, in the basis {v; ® v}, v1 ® v}, va @ V], V2 @ vy} is

1 0 0 w(b,a)
010 0
0 01 0
0 00 1
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For example,

n
N b /
Clip,Va © CVaVp, (V2 @ V) = C14 v iU @ T - Vg + Uy ® €+ vy

=1

n
/ /
= C\,,Va ( E bin V) @ V1 — Uy @ U2>

=1

n n
/ / /
= E bty 4iv1 ® V] — E V1 Q@ Tj - Vy — Uy @ C - U,

i=1 =1

n n
/ / /
= E bit,iv1 ® v] — E bn1iaiv1 ® V] + Vg @ Uy

i=1 =1

= w(b,a)v; ® V] + vy @ V5.

The same matrix is obtained for the map idy, gy, +w(a,b) (i ® j) o (p® q),if (i ® j) o (p® q) is

the appropriate composition
Va@ Vo Zh y@x¥exewe V0%

O

Proposition 3.5.3. Let 0 — ¢ AN Vol y = 0and0 — ¢ ER Vi, % x — 0 be two extensions of
x by € associated to a and b € k*". If o € Aut” (Z(C,.)), a(Va) = Va(a) and a(Vi,) = Vip) then
w(a(a), a(b)) = w(a,b).

Proof. Let J be the monoidal structure of o.. Since « is a braided functor, the following diagram

1S commutative

(&% CVa(b) ,V.

a(a) Vo a(a
Va(a) ® Vo) —>b>Va(b) ® Vo) —— >Va(a) ® Vo)

Jva,vbl lJva,Vb

Oz(Va X Vb) —_— Oé(Vb X Va) —_— Oé(Va & Vb)

a(CVa,Vb) a(cvb’va)
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Using Proposition 3.5.2, we have

V) Vr(a) © CVaa)oVia(b) = J\;{Vba(CVb,Va © Cva i) v i
o) a0 o009} e
= idva(a)@%(b) +w(a,b) J;al,Vba((i ®jlope q))>Jva’Vb

= idv, oty +(a D) ((a(i) @ a())) © (a(p) @ ala) )

where the last equality follows from the commutativity of diagram

Vaa) ® Vo) —>a(p)®a(q) XX =ZEe=e®e —>a(l)®am Vaa) ® Vo)

Jva,vbl lJV&Vb

a(Va® W) P a(x®x) Zale) Zale®e) e a(Va®@ W)

From Proposition 3.5.2 it follows that w(«(a), a(b)) = w(a, b). O

Corollary 3.5.4. The image of the group homomorphism (3.11) belongs to PSp,, (k).

3.6 Subcategories of Z(C,)

In this section we describe the sets LL(C,,) and L(C,,) of subcategories of Z(C,) which are tensor,
respectively braided, equivalent to C,,. We show that IL.(C,,) can be identified with the set Gr(n, 2n)
of n-dimensional subspaces of k*", while ILy(C,,) can be identified with the subset Lag(n, 2n) of
Gr(n,2n) consisting of Lagrangian subspaces of k", i.e. n-dimensional subspaces of k?" on which
the symplectic form w vanishes. We then relate IL(C,,) and ILy(C,,) with Ext' (, ¢) = k?". We show
that there is a one-to-one correspondence between IL(C,,) and the set of n-dimensional subspaces
of Ext'(x, ). The correspondence preserves the action of the Brauer-Picard group, a fact which

will be useful later, when we determine the kernel of the action of BrPic(C,) on Ext'(y,¢).
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By a tensor subcategory D of a tensor category C we mean the image of a fully faithful tensor
functor (i.e., embedding) ¢ : D — C. Tensor subcategories of Rep H, for a Hopf algebra H, can

be described as follows.

Proposition 3.6.1. Let H be a finite-dimensional Hopf algebra. The set of tensor subcategories
of Rep(H) is in bijection with the set of equivalence classes of surjective Hopf algebra homomor-
phisms p : H — K, under the following equivalence relation: two surjective homomorphisms
p:H — Kandyp : H— K'are equivalent if there is a Hopf algebra isomorphism f : K = K’

such that f op =p'.

Proof. If p : H — K is a surjective Hopf algebra map then the restriction of scalars functor
Res, : Rep(K) — Rep(H) is an embedding. The image of Res,, consists of isomorphism classes
of representations of H that factor through p, so, it does not change when p is composed with an
isomorphism.

Conversely, let ¢« : D — Rep(H) be a tensor embedding. Let ' : Rep(H) — k-Vec be the
forgetful tensor functor. By Tannakian formalism, X' = End(F o) is a Hopf algebra such that D
is canonically equivalent to Rep(K). Also, H = End(F"). The natural map p : H = End(F) —
End(F o) = K is a surjective homomorphism of Hopf algebras. It is clear that any embedding
/' : D' — Rep(H) with «(D) = «(D’) results in a homomorphism p’ : H — K’ equivalent to

p. [

Lemma 3.6.2. The set of surjective Hopf algebra maps D(FE(n)) — E(n) is in bijection with the
set of n X 2n matrices of rank n. The homomorphism f corresponding to (A|B) € M,xaon(k),

where A = (a;;) and B = (b;;) are n X n matrices, is given by
f(C)=flc)=c, f(Xi):Zajixja f () Zzbﬁ%‘, i=1,....n (3.12)
j=1 j=1

Proof. Let f : D(E(n)) — E(n) be a Hopf algebra map. Since C' and ¢ are group-like elements
of D(E(n)), we have f(C), f(c) € G(E(n)) = {1, c}.
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If (f(C), f(c)) = (1,1) then f(X;) and f(z;),7 = 1,...,n, are primitive elements of E(n),
so f(X;) = f(x;) =0,foralli = 1,...,n. Thus, f is the trivial homomorphism, f(h) = (h)1,
which is not surjective.

If (f(C),f(c)) = (1,¢) then f(X;) = 0, forall i = 1,...,n. Applying f to the relation
2; X;+X;x; = 1—Ccweobtain 0 = 1—c¢, which is not possible. Similarly, if (f(C), f(c)) = (¢, 1).

If (f(C),f(c)) = (¢,c) then f(X;) and f(z;) are (1, c)-primitive elements of E(n), for all
i =1,...,n. Since the space of (1, ¢)-primitive elements of E(n)is k(1 —¢) ® kx; & --- ® kx,,
it follows that there exist a, b, a;;, b;; € k, 4,7 = 1,...,n, such that f(X;) = a(1 — ¢) + Zj aji;
and f(x;) = b(1 —¢) + >_;bjix;, foralli = 1,...,n. Using the relations z;c + cz; = 0 and
X,C+CX; =0, we readily deduce that a = b = 0. Since the remaining relations impose no other
restrictions on the scalars a;; and b;; we are left to see under what conditions the homomorphism
associated to these scalars is surjective.

We claim that f is surjective if and only if f maps U = span{ Xy, ..., X,,,z1,...,x,} onto
span{xy, ..., x,}. For this, it suffices to prove that if z; is in the image of f then it is in the image
of the restriction of f to U.

Suppose z; = f(h), for some h € D(E(n)). Since B = {C?Xpclzg | j,l € {0,1},P,Q C
{1,...,n}}is abasis of D(E(n)) there existu € U, v € V = span{CX;c,Ccz; | j=1,...,n}
and w € W = span B\ {X,,z;,CX;c,Ccx; | j = 1,...,n} such that h = u + v + w. Now
f(u), f(v) € span{zy,...,x,} and f(w) € span{c/zp} \ {z1,...,2,}, so, from z; = f(u) +
f(v) + f(w) we deduce that f(w) = 0. Taking into account that f(C'X;c) = —f(X;) and
f(Cex;) = f(x;),forall j =1,... n, wesee that f(v) € f(U), hence z; € f(U).

Thus, f is surjective if and only if f maps U onto span{zy, ..., z,}. In terms of the scalars a;;
and b;; this is equivalent to saying that the rank of the n x 2n matrix (A|B), where A = (a;;) and

B = (b;;), is n. The lemma is proved. O]

Proposition 3.6.3. The set IL(C,,) of subcategories of Z(C,,) tensor equivalent to C,, is identified

with Gr (n, 2n), the Grassmannian of n-dimensional subspaces of a 2n-dimensional vector space.
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Proof. Taking into account Proposition 3.6.1, the description (3.4) of the automorphisms of E(n),
and Proposition 3.6.2, IL(C,,) is identified with the set of equivalence classes of n x 2n matrices of
rank n, under the equivalence relation induced by left multiplication with invertible n X n matrices.

The latter set is Gr(n, 2n). Indeed, if A = (a;;) and B = (b;;) are two n X 2n matrices of rank
n then the rows of A, r1(A),...,r,(A), and the rows of B, r(B),...,r,(B), generate the same
subspace of k*" if and only if there exists T = (t;;) € GL, (k) such that r;(B) = Y. t;;r;(A) =
ri(TA), foralli =1,..., n,thatis, if and only if B = T A. O

We now prove that Ly(C,,) can be identified with the set of Lagrangian subspaces of the sym-

plectic space (k?",w), where

W k2n X k2n — k7 w(a7 b) = ZTL (aianri - an+ibi>

i=1

foralla = (ai,...,as,) and b = (by,...,by,) € k*".

Recall that a subspace V of k?" is called isotropic if w(a, b) = 0, foralla, b € V. An isotropic
subspace V' is called Lagrangian if dimy (V') = n (which is the maximal possible dimension of an
isotropic subspace).

We need the following result.

Lemma 3.64. If f : D(E(n)) — E(n) is given by (3.12) and P = {iy,...,i,} is a subset of

{1,...,n} such that iy < iy < --- <, then
f(Xp) = Z [A]FJD(L'F and f(Ip) = Z [B]F,PIF (313)

|F|=|P]| |F|=[P]|

Proof. We have
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[(Xp) = f(Xs) - f(X5,)

= Y T T,
J1yeess Jr

- Z Qo (j1),i1 " Ao(jr)irLo(ir) """ To(jr)

J1<<Jr
oESy
- Z (Z Sgn(a)aa(jl),zd T aa(j,),@) Tjy Ty,
J1<<Jr ocES,
= Z [A]F,P$F
[F|=|P|
and similarly for f(zp). -

Proposition 3.6.5. 1y (C,,) = Lag(n, 2n), the Grassmannian of Lagrangian subspaces of the sym-

plectic space (K**,w).

Proof. Under the identification of Proposition 3.6.1 LLy(C,,) corresponds to the set of equivalence
classes of surjective Hopf algebra maps D(E(n)) — E(n) that take the canonical R-matrix of
D(FE(n)) to a triangular structure on E(n).

Let A, B € M,(k) be such that the two block matrix M/ = (A|B) has rank n and let f :
D(E(n)) — E(n) be the map given by (3.12). Let R = 3, , c'zp ® (c'zp)* be the canonical

R-matrix of D(E(n)). Then, taking into account (3.13) and using (3.8), we have:
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1

(& NR) = 5 (=) 5 (dap) @ f(Xp + (<1)'CXp)

i, P
1 IPIOPI=Y 4 ; .
— 9 Z (-1 =" ‘P‘[A]E,P[B]F,PC rg ® (xp + (—1)'cxp)
i,|E|=|F|=|P|
1 IPI(PI=1)
9 Z (=1) = [A]E,P[B]F,P<£EE®:BF+33E®C.25F—|—
|B|=|F|=[P]

+ (-)WPlezg @ xp + (-1)FPHezy ® ch)
1 < iG-1)
- 52(_1) : Z [A]E,P[B]F,P<$E®$F+$E®cmp—|—
i=0 |BI=|FI=|Pl=j

+ (=1 erp@ap+ (=1 erp ® ca:F>

n

:%Z(_Q“Z” Z Z[A]E,p[B]F,p (xE®xF+

i=0 \BI=IF|=i \|PI=j
+rp@crp+ (—1)Vczp@xp + (—1) M erp ® cxp)
1 & (—1)
~ 9 Z(—l)J T Z [AB'],r (fUE RTp+Tp QcTp+
§=0

|E|=|F|=j

+ (=1 exp@ap+ (=1)erp @ ch)

- RABt

where B! denotes the transpose matrix of B and where we used the well known formula for the

minor of a product of two matrices, [AB|p.r = 3 p|_ p [Ale,p[Blpr-

Thus, f takes the canonical R-matrix of D(E(n)) to the R-matrix corresponding to AB".
Recall that the latter is a triangular structure if and only if AB* is symmetric. This is equivalent to
AB' = BA', or, what is the same, to ;" , azbj; = >, byaj, forall4, j = 1,...,n. Subtracting
the right hand term in the previous equality from the other, we obtain > ;" (a;bj — bya;i) = 0, for

alle,j=1,...,n. Ifry(M),...,r,(M) denote the rows of M, then the last condition is equivalent

to w(ri(M),r;(M)) =0, forall i, j =1,...,n.

Thus, the surjective Hopf algebra maps D(FE(n)) — E(n) which take the canonical quasitrian-

gular structure of D(E(n)) to a triangular structure of £(n) correspond to n x 2n matrices, of rank
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n, with entries from k, such that the symplectic form w on k*" vanishes on the subspace generated
by their rows. Equivalence classes of such maps have, as their correspondent in Gr(n, 2n), those

subspaces on which the symplectic form vanishes, whence the assertion in the statement. [

Remark 3.6.6. If C is a braided tensor category then Aut™(Z(C)) acts on Ly(C) by permutation

of categories:
a-L=a(L), acAut™(Z(C)), L eLyC).
The stabilizer of 1¢(C) in Aut™(Z(C)), where (¢ : C — Z(C), is the embedding Z + (Z,c_ z), is
St(1e(C)) = Pic(C) x Aut™(C).
The proof is the same as of [NR14, Proposition 6.8].

We now relate I.(C,,) and Lo(C,) with Ext'(x,¢). For a tensor subcategory C of Z(C,) let
C N Ext'(x, ) denote the subspace of Ext'(, ¢) consisting of equivalence classes of extensions

0 — ¢ — V — x — 0 such that V belongs to C.

Proposition 3.6.7. The assignment C — C NExt'(x, €) induces bijections 1.(C,)) — Gr(n, 2n) and
Lo(C,) — Lag(n,2n).

Proof. We saw in Proposition 3.6.3 that L.(C,,) = Gr(n,2n). The subcategory of Z(C,), tensor
equivalent to C,, corresponding to U € Gr(n, 2n) is Cy, described as follows. Let A = (a;;) and
B = (b;;) be n x n matrices such that the rows 71 (M), ..., 7,(M) of M = (A|B) € M,xa.(k),
form a basis of U. Then Cy is the image of the restriction functor associated to f : D(E(n)) —
E(n), f(C) = fle) = ¢, f(Xi) = X0 aziwy, fx:) = 325 bjiwj, i = 1,...,n. We will show
that, under the isomorphism of Proposition 3.4.3, C;y NExt'(y, £) = U, which will prove the claim.

Let0 — & - V % x — 0 be an element of Cy N Ext(x,¢) and let {v;,v2} be a basis of V
such that v; = i(1) and p(vy) = 1. If {v}, v}} is the dual basis of {v;, vo} then the element of k*"

corresponding to V', under the isomorphism of Proposition 3.4.3, is
ay = (v} (X1 - v2), ..., i ( Xy, - v2), v} (@1 - v2), ..., 0} (X1 - v9))
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Since v} (X; - v2) = v (f(X;)v2) = 01 (D2, ajirjve) = 5 a;vi(v;v9) and vi(z; - va) =
v} (f(z5)ve) = 01 (D2, bjiwjve) = 32, bjivi (zjve), foralli = 1,...,n, we deduce that
ay =30 vi(zv2)(aze, o, g, by, o bjn) = D00 o (021 (M)
Thus, ayy € U, forall V € Cy N Extl(x, £).

To complete the proof we need only show that V. ;) € Cy, foralli = 1,...,n. A quick check

shows that the representation V/, (s is obtained from the following matrix representation of F(n):

1 0 0 51',]'
E(n) = Myk), c— . X , j=1,....n

0 -1 0 O

by restriction of scalars via f. 0

Remark 3.6.8. It is easy to see that, if @ € Aut™(Z(C,)) and Cy is the tensor subcategory of

Z(C,) corresponding to U € Gr(n, 2n), then o(Cy) = Cov)-

3.7 Induction homomorphisms

In this section we discuss two ways of constructing elements of the Brauer-Picard group. One is
to induce braided autoequivalences of Z(C) from tensor autoequivalences of C. The other one is
to induce invertible Z(C)-module categories from invertible D-module categories, where D is a
tensor subcategory of Z(C).

For any tensor category C there is an induction homomorphism

I Aut®(C) — Aut”(Z(C)) : o+ Tg, (3.14)

where I',(Z, v) = (a(Z), v*) and v is defined by the following commutative diagram
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X ®f(2) a(Z)l® X
Oé(al(Xi) ® a(Z) a(Z) ® O](Oél(X))

Q(Vofl(x))

ala™(X)® 2) a(Z @ a™(X)).

! is a quasi-inverse of « and Jyxy : a(X) ® a(Z) = a(X ® Z) is the tensor functor

Here o™
structure of .
Let us describe the braided autoequivalences of Z(Rep H) induced from the tensor autoequiv-

alences of Rep(H) of Remark 2.10.8. We will identify Z(Rep H) with D", the category of

Yetter-Drinfeld modules over H (see Proposition 2.7.8).

Example 3.7.1. Let (o, 1 ® 1) be the tensor autoequivalence of Rep H, corresponding to a Hopf
algebra automorphism a of H. Then I'(4161)(V) = V as a vector space, with the H-action and

H-coaction given by

h-v=alh), 8a(v) = vy ® a(v()) he HveV. (3.15)

Example 3.7.2. Let (id, T') be the tensor autoequivalence of Rep H corresponding to an invariant

twist T on H. Then I'(iq7)(V') = V as an H-module, with H-coaction given by

or(v) = (T - (T" - v) oy @ (T"HNT" - v)1)T?, veV. (3.16)

Here T ® T? stands for T', and T—! ® T2 for the inverse of 7. Formula (3.16) appeared, also, in
[CZ07].

Example 3.7.3. Let 0 € (H ® H)* be an invariant 2-cocycle on H. The dual map ¢* can be seen
as an invariant twist on //* and, as such, it gives rise to an autoequivalence (id, o*) of Rep(H*). By
Example 3.7.2, this induces an autoequivalence T4, of =YD . Since y YD and y-YD?

are tensor equivalent, via the functor that dualizes module and comodule structures, we obtain
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an autoequivalence of YD which we continue to denote by ligony. ItV € VDY then

[(da,0+)(V') = V as an H-comodule, with the H-action given by
h-v=0c" ((h(g) . U(O))(l) & h(1)>0(h(3) & U(l)) (h(z) . U(O))(O)’ he HwvelV. (3.17)

Remark 3.7.4. Autoequivalences described in Examples 3.7.1, 3.7.2, 3.7.3 give rise to group ho-

momorphisms

bt Autpepr(H) — Aut” (Z(Rep H)),
1+ H2 (H) — Aut”(Z(Rep H)),

nv

13 1 HE,(H*) — Aut” (Z(Rep H)).

nv

Now let C be a braided tensor category and D C C a tensor subcategory. If M is an invertible

D-module category then C Xp M is an invertible C-module category. The assignment
IndS, : Pic(D) — Pic(C), M = CKp M (3.18)

is a group homomorphism.

Remark 3.7.5. If A is an algebra in D such that M is equivalent to the category of A-modules in

D then Ind%, (M) is the category of A-modules in C.

The homomorphism (3.18) is not injective in general. Its kernel can be described as follows.

LetC = P C,, be the decomposition of C into a direct sum of D-module subcategories (this

aEX

decomposition exists and is unique by [EO04]) and let
Yo = {a € ¥ | C, is an invertible D-module category}.

Proposition 3.7.6. The kernel of homomorphism (3.18) is precisely the set of the equivalence

classes of categories C,,, o € Xy,
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Proof. Suppose that M is an invertible D-module category such that
CHp M=C (3.19)

as a C-module category. From the D-module decomposition of both sides of (3.19) we obtain

P . 8o M) =P Cs.
acx pex
Taking « such that C, = D we conclude that M = Cg for some € X,.

Conversely, suppose that M = Cg for some 5 € ¥,. Note that

E=@p C

a€d

is a tensor subcategory of C. It is group graded with the trivial component D. Thus, Ind% M=E

and, hence, Ind% M = Ind%(Ind5, M) = C. O

Proposition 3.7.7. Let C be a braided tensor category and let D C C be a tensor subcategory. The
image of the composition

n C
Pic(D) 2, pic(C) — Aut' (C)

is contained in Aut” (C; D'). Here D' denotes the centralizer of D in C.

Proof. Let M € Pic(D) be an invertible D-module category and let A € D be an algebra such
that M is identified with the category of A-modules in D. When we view A as an algebra in
C the corresponding element d, of Aut™(C) is determined by the existence of a natural tensor
isomorphism

AR X = ou(X)®4, XeC,

of A-modules [DN13]. When X centralizes D (and, hence, centralizes A) we get a natural tensor

isomorphism O (X) = X, ie., Opm|p = idpr. O
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Example 3.7.8. Consider the triangular structure By = :(1®1+1®c+c®1—c®c) of E(n). Let

Cy = (c) =2 Z/27Z. We have following sequence of surjective quasitriangular homomorphisms:
(D(E(n)),R) = (E(n), Ro) = (K[Co], Ry), (3.20)

where f(p > ) = (p®id)(Ry)z, forall p € E(n)* and x € E(n), and g(c) = ¢ and g(z;) = 0,

forall: = 1,...,n. Sequence (3.20) induces a sequence of tensor embeddings

sVec 2% (€, co) 22 2(C,) (3.21)

where sVec = Rep(k[Cy], Ro) and (C,,, ¢g) = Rep(E(n), Ry). This induces, in turn, a sequence of

group homomorphisms

ndSn Ind3 ()
Pic(sVec) =2, Pic(C,) —t s Pic(Z(C)) = Aut™(Z(Cy)) (3.22)

Since the image of sVec in Z(C,,), under composition (3.21), is the tensor subcategory generated
by the invertible object , we have that the image of Pic(sVec) in Aut™(Z(C,)) consists of those

braided autoequivalences of Z(C,,) that are trivializable on the centralizer of x.

3.8 Computing BrPic(C,)

We begin by describing the images of the compositions of the map p : Aut™(Z(C,)) —

PGL, (k) of (3.11), with the homomorphisms of Remark 3.7.4, in the case H = E(n).

Proposition 3.8.1. We have

(i) pou(Autyep(E(n))) = | A € GLy, (k) ¢,



I, 0
(ii) pota(H2,(E(n))) = |B=D'y,
B 1,
I, B
(iii) po3(HL,(E(n)*)) = | B= B!
0 I,

Here each matrix denotes the class in PSp,,, (k).

Proof. (i) This is clear in view of Proposition 3.3.2.
(ii) Let ops € (E(n) ® E(n))* be the invariant 2-cocycle associated to M = (m;;) € Sym,, (k),
and let I' 4 ,+ ) be the autoequivalence of Z (C,,) induced by .
Let V, € Ext'(x,¢). According to Example 3.7.3, Liidot,)(Va) = Va as an E(n)-comodule,
with the F/(n)-module structure given by
hev =03t ((he - 20) o) ® by ) o (b @ 20) (hey - 20) @ 1 € B(n), v € Va.

Consider a basis {vy, v2} of Vj such that the D(E(n))-module structure of V;, is given by (3.10).
Then, a straightforward computation shows that i - v; = e(h)vy, forall h € E(n), ¢ vy = —uvy

and

Ti- V2 = Qpqj + (Z?:1<mij + mjz’>ai)vl’

foralli =1,...,n. Thus, I'Gqcx ) (Va) = Var, where

and the result follows.
(iii) Let
T =52 5p00m(cxp @ drg)(zp 4+ (—1)'crp) ® (vq + (=1) cxg)
be the invariant twist associated to M = (m;;) € Sym,, (k). Observe that

Tu=1®1 "‘27;1:1 mux; & cx; + L
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where L is a linear combination of c'zp ® ¢/zq, with i,j € {0,1} and P, Q C {1,...,n} such
that |P| > 2 or || > 2. Let I'(iq 7,,) be the autoequivalence of Z(C,,) induced by T},.

If V, € Ext'(y,e) then Lia/ry)(Va) is Va as an E(n)-module, with the comodule structure
given by

07y (v) = (Ty)? - (Thy - 0) o) @ (T ) (Thy - )T,

forall v € V,.
Consider {v, v2} a basis for V, such that the action of D(E(n)) on Vj, is given by (3.10). Then

one can easily check, using Lemma 3.5.1, that 07, (v;) = v; ® 1 and
6T]b[ (Ug) = Z?:l a; vy ® €T; + Z?:l (z;'l:l an+j (mij -+ mﬂ)) U1 ® CT; -+ (%) ® C.

Taking into account that the induced £ (n)*-module structure of I'(iq 7,,,)(Va) is f-v = > f(va))v(o)s
for all f € E(n)" and v € T'(iq1,,)(Va), we readily deduce the D(FE(n))-module structure of
F(id,TM)(Va>- We have C - v = V1, C- Vo = —V9, Xz UV = 0 and

X’i Vo = (I;k — (CJ,’Z)*) Uy = (ai — Z?:l an+](m2] + m]Z)> V1.

Thus, F(id,TM)(Va) = Va/, where

which concludes the proof. [
Corollary 3.8.2. The image of homomorphism (3.11) is PSp,, (k).

Proof. The three subgroups from Proposition 3.8.1 generate PSp,, (k), so the statement follows

from Proposition 3.5.3. [
We now determine the kernel of p. We need the following result.

Lemma 3.8.3. Let V, be the underlying object of an extension of x by €. Then V, centralizes ¥,

i.e., the squared braiding cy, o c, v, is the identity morphism.
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Proof. As a Yetter-Drinfeld module over £(n), x has the module structure given by ¢ - 1 = —1,
x;-1=0,forallz =1,...,n, and the comodule structure 1 — 1 ® c.
Let {v;,v2} be a basis of V, such that the action of D(E(n)) on Vj is given by (3.10). Then,

from Lemma 3.5.1 and (2.36), we deduce that

CVa,x OCX,Va(l ®Ul) = cVa,X(Ul X 1) =1®c- V1 = 1 X v1

and
Cax © Cy,va (1 ® 02) = vy (Z ajv@zj-1+v,®c- 1)
j=1
= —Crax(2 ®1)
=—-1®c-ve
= 1 ® (%)
whence the claim. ]

Proposition 3.8.4. The kernel of homomorphism (3.11) is isomorphic to 7./ 27.

Proof. Taking into account Remark 3.6.6, Proposition 3.6.7, Proposition 3.3.2 and Theorem 3.2.13
the kernel of p is a subgroup of Pic(C,) = Aut™(Z(C,); C,). From Example 3.2.16, we know that
Pic(C,) = Sym,, (k) x Z/27Z.

The subgroups of Aut™(Z(C,);C,) corresponding to Z/2Z and Sym, (k) are the following.
7,/27 corresponds to the image of Pic(sVec) in Aut™(Z(C,)) under composition (3.22), and
Sym,, (k) corresponds to the image of ¢o.

According to Example 3.7.8 the image of Pic(sVec) in Aut™(Z(C,,)) consists of braided auto-
equivalences that are trivializable on the centralizer of . Since V, centralizes Y, for every a € k>,

we have Z /27 C Ker(p). Now Ker(p) NIm(i2) = 1, so Ker(p) = Z/2Z. O

Proposition 3.8.5. The restriction of homomorphism (3.11) on the subgroup of Aut” (Z(C,,)) gen-

erated by the images of Autyepr(E(n)), H2

nv

(E(n)), H;

nv

(E(n)*) is injective.
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Proof. Every matrix M € Sp,, (k) can be uniquely written as M = XY Z, where X, Y, Z are

matrices from parts (i), (ii), and (iii) of Proposition 3.8.1, respectively, so the claim holds. [

Theorem 3.8.6. We have
Aut”(Z(C,)) = PSp,, (k) x Z/27. (3.23)

The action of Aut” (Z(C,)) on 1Ly(C,) corresponds to the action of PSp,,, (k) on the Lagrangian

Grassmannian Lag(n, 2n).

Proof. According to Corollary 3.8.2 and Proposition 3.8.4, we have a central extension
1 — 7/27 — Aut™(Z(C,)) — PSp,, (k) — 1.

This extension splits by Proposition 3.8.5. The Lagrangian equivariance follows from Remark

3.6.8. ]

Corollary 3.8.7. BrPic(C,) = PSp,, (k) x Z/2Z.
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CHAPTER 4

POINTED BRAIDED FINITE TENSOR CATEGORIES

One of the earliest results on the classification of tensor categories was given by A. Joyal and R.
Street in [JS93], who showed that the category with objects pointed braided fusion categories and
whose morphisms are natural isomorphisms of braided tensor functors is equivalent to the category
of pre-metric groups. The objects in the latter category are pairs (I, ¢), where I is a finite abelian
group and ¢ : I' = k* is a quadratic form.

In this chapter we prove a weak generalization of this result. We show in Theorem 4.7.3 that the
category with objects pointed braided tensor categories admitting a fiber functor and morphisms
natural isomorphisms of braided equivalences is equivalent to a category of metric quadruples.
The objects of the latter category are quadruples (I', ¢, V,7) consisting of a finite abelian group

I', a diagonalizable quadratic form ¢ : I' — k*, a I'-graded vector space V' whose support is

contained in {g € T' | 45U — —1, forallh € T} (equivalently, V' € Z,,,,(C(T,q))-) and
an anti-symmetric I'-graded map » : V ® V' — k. We achieve this by using results from the
classification theory of finite dimensional pointed Hopf algebras.

The material in this chapter is organized as follows.

In Section 4.1 we prove the result of A. Joyal and R. Street in the case of pointed braided fusion
categories admitting a fiber functor. This will serve as a prototype for the proof of Theorem 4.7.3.

In Section 4.2 we describe the objects that will serve as tools in our study of pointed braided
tensor categories. These arose from the classification program of N. Andruskiewitsch and H.-J.
Schneider and are called quantum linear spaces. They are certain type of pointed Hopf algebras
associated to a finite abelian group I' and a I'-graded I'-module V.

In Sections 4.3 and 4.4 we describe the 2-cocycles and the co-quasitriangular structures, respec-

tively, of quantum linear spaces. For the former we use M. Mombelli’s classification of module
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categories over the representation category of a quantum linear space in [Mombl11]. The latter
objects were described in a different form by A. Nenciu in [Nen04]. Our approach is categorical
in nature and sheds more light on the structure of r-forms on quantum linear spaces.

At the end of Section 4.4 we associate to a quadruple (T', g, V, 1) formed with a finite abelian
group I, a bicharacter ry on I, a certain ['-module V' and a morphism r; : V ® V' — k, a pointed
braided finite tensor category admitting a fiber functor, denoted by C(I", o, V, r1). We describe in
Sections 4.5 and 4.6 the symmetric center and the ribbon structures of C(T", ro, V, r1).

In Section 4.7 we prove Theorem 4.7.3. As an application of our work, we describe in Section
4.8 the metric quadruple associated to the adjoint subcategory of the center of C(I', ¢, V, ), for a
carefully chosen V.

The results of this chapter are based on [BN17].

4.1 Pointed braided fusion categories

In this section we prove a weak form of Joyal and Street’s result. Namely, we show that the
category whose objects are pointed braided fusion categories admitting a fiber functor, and whose
morphisms are natural isomorphisms of braided tensor functors is equivalent to the category of
pre-metric groups with a diagonalizable quadratic form. This will serve as a prototype for the

more general result which we will prove in Section 4.7.

We start by recalling a result from group cohomology, that we will use later.
Let I be a finite abelian group and let Alt>(T") be the abelian group of alternating bicharacters

on I, i.e. those bicharacters b : I' x I' — k* such that b(g, g) = 1, forall g € T.

Proposition 4.1.1. The map alt : Z*(T',k*) — Alt*(T"), defined by

g, hel, 4.1)
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induces an isomorphism

H?(T, k) = Alt*(T).
Proof. See [Karp87, Theorem 2.6.7] where the result appears in an equivalent form. [

Definition 4.1.2. Let I" be an abelian group. A quadratic form on I' (with values in k) is a map

q : I' — k* such that:

e q(9) = q(g7!),forall g € T.

_qlgh)
a(g)a(n)’
(

The set of quadratic forms on I is denoted by Quad(I"). A quadratic form g is non-degenerate if

* The functionb: ' x I' — k*, b(g, h) = for all g, h € T, is a bicharacter.

the associated bicharacter b is non-degenerate.

Example 4.1.3. Every bicharacter r : [' x I' — k™ gives rise to a quadratic form on I', namely

q: I — kX, q(9) =r(g,9), gel.

Quadratic forms obtained in this way are said to be diagonalizable. The set of diagonalizable

quadratic forms on I' is denoted by Quad,(I").

Definition 4.1.4. (1) A pre-metric group (over k) is a pair (I, ¢), formed with a finite abelian

group I" and a quadratic form ¢ : I' — k*.

(2) An orthogonal homomorphism of pre-metric groups from (I", ¢) to (I, ¢’) is a group homo-

morphism « : I' — I such that ¢’ o v = gq.

Let G be the category whose objects are pre-metric groups (I', ¢), with ¢ € Quad,(T"), and
whose morphisms are orthogonal homomorphisms of pre-metric groups. Let F be the category
whose objects are pointed braided fusion categories admitting a fiber functor and whose morphisms
are isomorphism classes of braided tensor functors.

We can define a functor F' : G — F in the following way. Fix, for every object (I, q) in G, a

bicharacter r : I' x I — k* such that ¢(g) = r(g, g), for all g € T". Define F' on objects by

117



F(T,q) = Corep(I', 7).

Consider now an orthogonal homomorphism « : (I',q) — (I",¢'). Then 7’ o (o X «)/r is
an alternating bicharacter on I', so, by Proposition 4.1.1, there exists a 2-cocycle o € ZQ(F, k*)
such that ' o (a x a)/r = alt(0), i.e. 7’'(a(g),a(h)) = o~ (h,g)r(g, h)o(g, h), forall g, h € T.
According to Example 2.6.21, («, o) : Corep(I',r) — Corep(I”,r’) is a braided tensor functor.

Define F' on morphisms by F'(«) = («, o), where (a, o) is the isomorphism class of («a, o).

Note that F' is well defined, since the 2-cocycle o is determined up to cohomology.
Proposition 4.1.5. The functor F' : G — F, defined above, is an equivalence of categories.

Proof. Taking into account Theorem 2.2.21, we have to show that F' is essentially surjective and
fully faithful. The fact that /" is fully faithful follows from Corollary 2.10.12. Let us show that F
is essentially surjective.

Consider a pointed braided fusion category C admitting a fiber functor. By Tannaka-Krein
reconstruction, C ~ Corep H, for some finite dimensional Hopf algebra H. Since C is pointed
and semisimple, it follows that H is pointed and co-semisimple. Thus, H = k[I'], where T" is the
group of group-like elements of H. Since C is braided, we have that I" is abelian, and there exists
a bicharacter r on I' such that C is braided equivalent to Corep(I',). It is not hard to see that
Corep(I',7) ~ F(T',q), where ¢ : I' — k*, q(g) = r(g,9), forall g € I'. Thus, F is essentially

surjective and the proof is complete. [

Remark 4.1.6. Given a finite abelian group I and a bicharacter  on I', we will use the following

notation:
C(I',r) := Corep(I', 7).

Corollary 4.1.7. (1) C(I',r) and C(I",r") are braided equivalent if and only if there is an or-
thogonal isomorphism (I', q) — (I, ¢'), where q(g) = r(g,9) and ¢'(¢') = 1'(¢, ¢'), for all

gel, g el
(2) We have
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Aut” (C(T,r)) = O(T, q),

where q : T' — k*, q(g) = r(g,9), forall g € T, and O(T, q) is the group of orthogonal

automorphisms of (I, q).

Remark 4.1.8. If C is a pointed braided fusion category then the isomorphism classes of simple
objects of C form a finite abelian group I'. The braiding of C determines a function ¢ : I' x I' — k*
and the function ¢ : I' — k*, ¢(g9) = c(g,9), g € I, is a quadratic form on I'. It was shown in

[JS93] (see also [DGNO10, Appendix D]) that the assignment
C— (I q)

is an equivalence between the category with objects pointed braided fusion categories and mor-
phisms natural isomorphisms of braided tensor functors and the category of pre-metric groups. We

will denote a pointed braided fusion category associated to (I', ¢) by C(T', q).
Remark 4.1.9. If 7 is a bicharacter on I" and ¢(g) = r(g, g), for all g € I, then

C(T,r)~C(T,q).

4.2 Quantum linear spaces

In this section we describe a class of Hopf algebras, called quantum linear spaces, that were intro-
duced by N. Andruskiewitsch and H.-J. Schneider in [AS98], as part of a classification program for
finite dimensional pointed Hopf algebras. Remarkable progress has been made since then and the
classification problem is approaching completion [A14]. It turns out that quantum linear spaces
are all that we need in order to study pointed braided finite tensor categories admitting a fiber func-
tor, so a good understanding of their properties is essential. We will continue our discussion in
the next two sections, where we will give a description of their 2-cocycles and co-quasitriangular

structures.
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Let I' be a finite abelian group. Let ¢4, ..., g, be elements of I" and x4, ..., X, be elements of

the character group T such that
xi(gi) #1 and  x;(g:)xi(g) = 1,
foralli,7=1,...,n,1# j.

Definition 4.2.1. A quantum linear space associated to the above datum (g1, ..., gn, X1, -+ Xn)

is a Yetter-Drinfeld module

V = ka; € 1YD, 4.2)
i=1
with h - x; = x;(h)x;, forall h € T', and 6(z;) = g; ® x;, for all 4.
Remark 4.2.2. With the notation of Remark 2.7.10, we have x; € V:qX forall:=1,...,n.

Remark 4.2.3. The braiding of ;yD on V ® V is given, on the basic elements x; ® x;, i,] =

1...,n,by

cvy (T ® x5) = x;(9:) T @ ;. (4.3)
Definition 4.2.4. We say that a quantum linear space V' is of symmetric type if x;(g;) = —1, for
alle=1,...,n.

Remark 4.2.5. In categorical terms, a quantum linear space of symmetric type is an object V' €
1VD such that ¢}, = idygy and 6y = —idy, where 6 is the canonical ribbon structure of 1.))D
(see Remark 2.7.14). The advantage of this definition is that it does not depend on the choice of

“basis" g;, xi, 0 =1,...,n.
Remark 4.2.6. Let V € LYD. A linearmap 3 : V ® V — k is a morphism in 1 Y'D if and only if
Blo@v)(1—-gg)=0 and  Bl@v)(1-xx)=0,

forallv € V)X and v’ € V;f’.

Note, also, that the transposition map

v UV = VU, URV v u, uelUwvelV,
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is a morphism in LYD.

Lemma 4.2.7. Let V € LYD be a quantum linear space of symmetric type and let 3: V@V — k

be a morphism in 1Y D. Then 3 o cyy = —f 0 Tyy.
Proof. Let {z;} be a basis of V. Taking into account Remarks 4.2.3 and 4.2.6, we have

Bocyy(x @x;) = x;(9:)8(x; @ ;) = x; (9:)B(z; @ x3) = —B(x; @ ),

for all 7 and ;. O

We denote by SymEyD(V*) (respectively, AltfyD(V*)) the space of morphisms 5 : V®V — k
in YD, that are symmetric (respectively, anti-symmetric) in the usual sense, i.e., § o Ty = 3

(respectively, 3 o Ty = —f3). Thus,
symgw(v*) C S2(V), Altfw(v*) C A2(V¥),

where S?(V*) and A?(V*) are the usual spaces of symmetric, respectively, alternating bilinear

forms on the vector space V.

Remark 4.2.8. Every linear map 8 : V ® V' — k has a canonical decomposition into a sum of

symmetric and alternating parts:

6 - ﬁsym + ﬁalta (44)
where Sy = %(ﬂ + 8o TV,V) and Bq; = %(5 —Bo 7'V,V)-

Given a quantum linear space V' we associate to it a Hopf algebra B(V')#k[I'], called the
bosonization of the Nichols algebra B(V') by k[['] I. If T is generated by F' C T', with relations
R, then B(V)#Kk|[I'] is generated by the group-like elements g € F" and the (g;, 1)-skew primitive
elements z; (i.e., such that A(z;) = ¢; ® z; + z; ® 1), ¢ = 1,...,n, satisfying the following

relations:

R, hx; = xi(h)z;h, ;' =0, hel,i=1,...,n,

"We will abuse the terminology and will also refer to 2B8(V)#k[I'] as a quantum linear space.
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zix; = X;(9i)x2, i,j=1,...,n,
where 7; is the order of the root of unity x;(g;). The set
{g2z¥ - ain |geT,0<i;<r;, j=1,...,n}
is a basis of B(V)#k|[I].
Remark 4.2.9. H = B(V)#k|[I'] is a pointed Hopf algebra and its coradical filtration is given by
H, = (gz} .. .2 |gel,0<i; <ry, Vj, > 1 <m).

In particular,

Poa(H) =k(1=g) @ ( @ k), 1<j<n,

J:95=9i
Poa(H) =k(1-yg), ifg¢{g}
Many classical examples of pointed Hopf algebras are quantum linear spaces.

Example 4.2.10. If T = C, = (c) is the cyclic group of order 2 and T' = (y), then (g1, - . ., gn,

X1s---sXn) = (¢, ..., ¢ X, ..., X) is a datum for a quantum linear space V" and
B(V)#K[[] = E(n)*°P = E(n).

Example 4.2.11. If ' = Cy = (g) is the cyclic group of order N, £ is a primitive /N-th root of
unity, and x € [ is defined by x(g) = &, then (g1, x1) = (g, x) is a datum for a quantum linear

space V' and
B(V)#k([[] = Tf\;ﬁ =Tna.

If V' is a quantum linear space then the liftings of B(V')#k[['], i.e., the pointed Hopf algebras

H for which there exists a Hopf algebra isomorphism
gr H ~ B(V)#kl'],
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where gr H is the graded Hopf algebra associated to the coradical filtration of H, were classified in
[AS98, Theorem 5.5]. Namely, for any such lifting H, there exist scalars p; € {0,1} and \;; € k

1 <1 < j < n,such that
* ;s arbitrary if ¢;" # 1 and x"* = 1, and p; = 0 otherwise,
* )\ is arbitrary if g;¢g; # 1 and x;x; = 1, and A\;; = 0 otherwise.

H is then generated by the group-like elements ¢ € F' and the (g;, 1)-skew-primitive elements

a;, © = 1,...,n, subject to the following relations:

Ti

R, gai=xi(9)aig, @ =w(l—g"), geF i=1,...n,
a;a; = X;(gi)aza; + Aij (1 — gig;), l<i<j<n.
It was shown in [Mas01] that these liftings are cocycle deformations of B(V)#k|I].

Remark 4.2.12. Suppose that V' is a quantum linear space of symmetric type. Then 2? = 0 for
alli = 1,...,n. Forasubset P = {iy,49,...,i5} C {1,...,n}suchthati; < iy < -+ < i
we denote the element x;, - - - 2;, by xp and use the convention that zy = 1. The set {gzp | g €
', PC{l,...,n}}is then a basis of B(V)#k[T].
Let ¥ C P be subsets of {1,...,n} and let ¢)(P, F') be the element of k such that zp =
Y(P, F)xpxp\p. Thus,
v F) = ] il (4.5)

jEF,i€P\F
i<j

It is easy to check that the comultiplication formula for zp is given by

Alzp) =Y (P, F)grepr @ zr, (4.6)

FCP

where g = Il;cr g; and gy = 1.
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We end this section by introducing a construction which will appear in Section 4.8 when we
discuss the adjoint subcategory of the center of a pointed braided finite tensor category.

Let V € LYD be a quantum linear space of symmetric type associated to a datum (g, . . . , g,
X1 ---5Xn). Let ¥ be the subgroup of T x r generated by (g;, x; '), i = 1,...,n, and define
characters ¢; : ¥ — k™ by

©0i(g, X) = xi(g), forall (g, x)€eX, i=1,...,n.

We have
eilgixi ) =—1 and  ©;(gi,x; Deilgi x5 ) =1,

forall 7, 5 = 1,...,n. Thus, we can consider the quantum linear space of symmetric type W &

SVD associated to the datum ((g1, X7 "), -, (Gns Xn ') @15+ - -, ©n)-

Definition 4.2.13. We call the quantum linear space D(V) := W & W* € £YD the Drinfeld
double of V.

Note that the quantum linear space D(V') is of symmetric type.

Remark 4.2.14. There is a canonical bilinear form 7y : D(V) ® D(V') — k, given by

rovy((w, f), (W', 1) == evw (f, ') + evw cww+(w, f') 4.7)

for all w,w’ € W, f, f" € W*, where evyy : W* ® W — k is the evaluation morphism and
cwws 2 W @W* — W*® W is the braiding in £YD.

Note that 7 () is a symplectic bilinear form on W & W*. Indeed, if {x;} is a basis of W such

that z; € W(g:;xi‘l)’ i =1,...,n,and {z}} is the dual basis of W*, then the matrix of rp(,) with
respect to the basis (z1,...,Z,, 2], ..., 2}) is
0 -1,
)
I, 0

where I,, denotes the n X n identity matrix.

124



4.3 2-cocycles on quantum linear spaces

In this section we describe the gauge equivalence classes of 2-cocycles on the quantum linear space
B(V)#k[['], with V' of symmetric type. We determine, also, the second invariant cohomology
group of B(V')#k|[I']. For this, we exploit the relationship between 2-cocycles and Galois objects,
illustrated in Section 2.9, and make use of a description of the latter objects in the work of M.

Mombelli [Momb11].

Let V € 1YD be a quantum linear space of symmetric type and let H = B(V)#k[[]. In
[Momb11] Mombelli classified equivalence classes of exact indecomposable Rep(H )-module cat-
egories. In particular, he classified //-Galois objects and, hence, 2-cocycles on 1. We recall here
this classification, see [Mombl11, Section 4] for details.

A typical H-Galois object is determined by a 2-cocycle ¢ € Z*(T, k*) and two families of

scalars & = (§;)i=1,..» and & = (@j)1<i<j<n. satisfying:

2
&=0 ifxi(g) # %7 (4.8)
ai; =0 ifx;x;(9) # ZE?Z’T%, 4.9)

for all g € T". To this datum one assigns a left H-comodule algebra A(¢), £, o) generated as an

algebra by {e, },er and vy, . .., v, subject to the relations:

ef69:¢<f’ g)efgu f,gGF,
ervi = Xi(f)viey, fel,i=1,...,n,
vy — X3 (9:)0j0i = Qujegg,  1<i<j<mn,

2 _ .
v; —Siegg, 1=1,...,n.

The left H-comodule structure of A(¢), &, ) is A : A, &, ) = H @ A(Y, €, ),
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AMv) =g Qui+2;®1 and Aer) = f ®ey,

forall: =1,...,nand f € I'. Two H-Galois objects A(1, &, «) and A(¢', &', ') are isomorphic

if and only v and ¢/’ are cohomologous, £ = ¢’, and a = /.

Remark 4.3.1. Suppose that ¢y = 1. The 2-cocycle o corresponding to the H-Galois object
A(1, €, «) satisfies

O'(I‘i, I‘j) — Xj(gl'>0'(.§(fj, .’L’z) = QY and O'(Zﬂl', LUZ> = &', 1 < 1< j < n.
In this case, conditions (4.8) and (4.9) are equivalentto o —cocyy : V®V — kbeing a I'-module

map.

Proposition 4.3.2. The association 0 — o|ygy o (idygy —cy,v) establishes a bijection between
the set of gauge equivalence classes of 2-cocycles on H, whose restriction on I is trivial, and the

set of I'-module maps 3 : V @ V — k satisfying 5 o cyy = —p.

Proof. The set of gauge equivalence classes of 2-cocycles on H, whose restriction on I' is trivial,
is in bijection with the set of isomorphism classes of Galois objects of the type A(1,&, ). The

latter are parameterized by pairs (£, ), where £ = (§;)1<i<, and & = (@y;)1<i<j<n are such that
&E(1—x2), i=1,...,n and a;(1—xix;) =0, 1 <i<j<n.
The pair (&, «) associated to the equivalence class of ¢ is, according to Remark 4.3.1, given by
& =o(xyx;),i=1,...,n, a;; = o(z;,x;) — xj(g:)o(xj,2;), 1 <i<j<n,

It defines, uniquely, the map 5 = o |y gy o(idygy —cvy), since 5(z;, z;) = 2&; and B(x;, ;) = iy
Every I'-linearmap 8 : V ® V' — k, such that 5 o ¢y, = —f3, arises in this way. To see this,
note that, if & = $6(x;,2;), i = 1,...,n, and ay; = By, 25), 1 <@ < j < n, then A(1, &, o) is

an H-Galois object. This completes the proof. [

Next, we describe invariant 2-cocycles on .
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Proposition 4.3.3. Let o be a 2-cocycle on H, whose restriction on 1" is trivial, and let =
olvev o (idygy —cv,v). Then o is invariant if and only if B(x;, z;)(1 — g;g;) = 0, for all i and j,

i.e., if and only if 3 is morphism in L YD.

Proof. Suppose that o is invariant. Taking z = z;, y = g € I in (2.40) we obtain o(z;,g) = 0.
Similarly, taking * = g and y = x; we get 0(g, z;) = 1. Next, taking © = z;, y = x; in (2.40) we
obtain o(z;, z;)(1 — g;g;) = 0. This holds forall 4, j = 1,...,n, so o is a I'-comodule map. Thus,
B is a I'-comodule map, and, combining this with Proposition 4.3.2, we see that § is a morphism
in LYD.

Conversely, suppose that a 2-cocycle o on H is such that o|rxr = 1 and (3 is a morphism in

LYD. Then the multiplication in the corresponding twisted Hopf algebra H° satisfies relations

9o i = Xi(9)7i - g and
Liolj — Xj(gi)xj o Ui = Oéij(l - gigj)7 ih,j=1,...,n.

But the right hand side of the last equality is equal to 0, so H/° = H, 1.e., ¢ 1s invariant. [l

Recall that SymEyD(V*) denotes the set of morphisms 3 : V ® V' — k in {1 YD that are

symmetric: Sryy = f3.

Corollary 4.3.4. The map o — (o|yev),,,, is an isomorphism between the set of gauge equiv-

sym

alence classes of invariant 2-cocycles on H, whose restriction to 1 is trivial, and the space

SymEyD(V*).

Proof. According to Proposition 4.3.2 and Proposition 4.3.3, the association ¢ — § = o|ygy ©
(idygy —cyv,1) is a bijection between the set of invariant 2-cocycles on H, with trivial restriction
to I, and the set of morphisms 3 : V ® V' — k in - YD, such that 3 o cyy = —3. The latter
condition on /3 is equivalent, according to Lemma 4.2.7, to B o 1y = f3,1.e. B € Symin(V*).

We claim that 5 = 2 (c|ygv) Indeed, idy gy —cy v is an invertible morphism in .)D, with

sym*

inverse idy gy +cyy, S0 oygy is a morphism in FJJD. According to Lemma 4.2.7, oy gy o cyy =

—OvevVTV,V. ThUS,
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B =olvev o (ildvey —cvv) = 0 o (idvey +7vv) = 2 (0lvev) ym-

]

We now analyze the general situation when o|r.r is not necessarily trivial. Let Iy be the

subgroup of I generated by ¢;, 7 =1,...,n.

Proposition 4.3.5. Let o be an invariant 2-cocycle on H. There exists p € Z*(T' /Ty, k*) such that

0|rxr is cohomologous to po(mr, X 7, ), where mr, = I' — I' /Ty is the quotient homomomorphism.

Proof. Tt suffices to check that the alternating bilinear form alt(o) : I' x I' — k* given by

alt(o') (g, h) = g, heTl (4.10)

vanishes on I xI'y. But this follows from invariance of o since we must have o(g;, g) = o(g, ¢;) =

1,foralle=1,...,nandg €T. O

Proposition 4.3.6. H2, (H) 2 H2(I'/T'o, k*) x Sym#y,, (V).

nv

Proof. By Corollary 4.3.4 the group SymEyD(V*) is identified with the normal subgroup of H2, (H)
consisting of gauge equivalence classes of invariant 2-cocycles with trivial restriction on I'.

Next, there is a surjective Hopf algebra homomorphism p : H — k[I"/T'y] obtained by com-
posing the canonical projection H — k[I'] with 7, : ' — T'/Tg. Thus, for any 2-cocycle
p € Z*(I'/Ty, k*) its pullback p*(p) is a 2-cocycle on H.

Using the explicit formula (4.6) for the comultiplication on I we check that this 2-cocycle

satisfies

P (p) (@), Y1) T(2) @ Y2y = Ty @ yyD™ (p) (% (2), Y(2))5 r,y € H.

Indeed, for + = hxp, y = fxg, where h, f € I, both sides of this equality are equal to
p(’ﬂro(h)a WFo(f))h-rP ® fo'
In particular, p*(p) is an invariant 2-cocycle on H and belongs to the center of HZ (H). Thus,

there is a central embedding H*(T' /T, k*) C H?

nv

(H). The statement follows from Proposi-

tion 4.3.5. ]

128



4.4 Co-quasitriangular structures on quantum linear spaces

In this section we prove that if B(V)#k[['] admits a co-quasitriangular structure then V' is of
symmetric type. In this case, r-forms on B(V')#k[I'] are parametrized by pairs (ro,7;) where
ro : I' x I' is a bicharacter, satisfying a certain condition, and 1 : V' ® V' — k is a morphism in
LYD. Quasitriangular structures on B(V)#k[I'] have been described by A. Nenciu in [Nen04] in
terms of generators of I' and a basis of V. By duality, one can deduce from that a classification
of co-quasitriangular structures. Our approach is new and, by providing a basis free description,

gives more insight into the structure of r-forms on B (V) #k[I].

We start with a couple of preliminary results.

Lemma 4.4.1. Let H = B(V)#K[I'| be a quantum linear space. If r : H @ H — k is a linear
map satisfying conditions (2.25)-(2.28) then r is a co-quasitriangular structure on H if and only if
condition (2.29) holds for all pairs (x,y) € Hy X Hy, where H; is the second term in the coradical

filtration of H.

Proof. We need only prove sufficiency. By induction on m we show that condition (2.29) holds

for all pairs (x,y) for which either z or y is in H,,, the m-th term of the coradical filtration.
Assume first that x € H;. Using induction on £ > 1 we show that condition (2.29) holds for

all pairs (x,y) and (y, z) with y € Hy. If k = 1 there is nothing to prove. Assume that the claim

is true for £ > 1 and consider z € H;. Then, using the induction hypothesis and (2.25), we have
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) (y2) ) ((W2) @, 2@) = 20y0207 Y 2@, @)

= 90(1)y(1)2(1)7“(y(2)7 $(2))7“(Z(2)7 $(3))

= Y2220 (), r1)r(2@e): T@3)
= Y222 (Ya), za)r(z0), @)
= Y222 Y1)z T))

= (y2) @z ((v2)a), zq)

and using (2.27) we have

(w2) oz (o), 12)e) = yozor0r(@e, ve 2o)

=y 20T (®@): 22)7 (@) Ye)

= YT 2@ (T, 20)r(TE), Ye)
= x(3)y(2)z(g)r(x(1), Z(l))T(ﬂﬁ(z), y(l))
= 22)Y2 22" (), Y1)2))

= z2)(y2) @7 (T, (¥2) 1))

Since Hy.1 = HyH, it follows that (2.29) holds for all pairs (x,y) and (y,x) with y € Hyyy.
Thus, (2.29) holds for all pairs (x, y) with either x or y in H.

Suppose now that (2.29) holds for all pairs (z,y) with either x or y in H,,. Then a similar
argument as the previous one shows that (2.29) holds for all pairs (z,yz) and (yz, ) withy € H,,,
z € Hy and arbitrary x. Since H,, 1, = H,,H;, it follows that (2.29) is satisfied for all pairs (z, y)

with either x or y in H,,,,. This proves the induction step and concludes the proof. [

Lemma 4.4.2. Let H be a Hopf algebra generated as an algebra by hy, . .., h, and such that the
vector space V' spanned by hy, ..., h, is a subcoalgebra. Then any co-quasitriangular structure

on H is uniquely determined by its restrictionto V Q V.
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Proof. Suppose 1’ and r” are two co-quasitriangular structures on H such that ' (h;, h;) = r"(h;, h;),

foralli,j € {1,...,n}. If 4,41, ...,4; € {1,...,n} then, using (2.25), we have

T,(hil e Dy, hz) = T,(hm (hi)(l)) s T,(hiu (hi)(t))
H(hiw (hi)(l)) o 'T”(hiw <hi)(t))

T,/(hz‘l s hi” hz)

Il
<

Thus, r'(h, h;) = r"(h,h;), forall h € Handi € {1,...,n}. Leth € H and iy, ..., i; €
{1,...,n}. Then, using (2.27), we have

’I“/(h, hil s hlt) ’I“/(h(l), h“) .. -T/(h(t), hn)

7"”(h(1)> hit) .. 'T/,(h(t), hi1>

T//(h> hi1 T hlt)

Since hy, ..., h, generate H as an algebra, we conclude that ' = r”. O]
We now prove the main result of this section.

Proposition 4.4.3. Let H = B(V)#K[I'] be a quantum linear space. If H admits a co-quasitriangu-
lar structure then V' is of symmetric type. In this case, the set of r-forms on H is parameterized by
the set of pairs (ro,71), where 1o : T' x I' — k* is a bicharacter such that V € Z,,,(C(T,ry")) C
YD, andry : V@V — k is a morphism in LYD. The pair (ry,m1) corresponding to a co-

quasitriangular structure v is (1o, 71) = (T|rxr, Tlvev)-

Proof. Let r be an r-form on B(V)#k[I']. Then the restriction of r to I' x I' is a bicharacter

7o. From condition (2.29) applied to the pair (z,y) = (3, g) we obtain r4(g, ;) = x; *(g) and
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r(g,2;) = 0, and from the same condition applied to (z,y) = (g, z;) we get 79(g;, 9) = x:(g) and
r(z;, g) = 0. Thus,
ro(gi =) = Xxi = ro(—,9:) 7,

forall i = 1,...,n. This is equivalent to requiring V € Z,,,(C(T,r;")) C EYD. It also implies
Xi(g;) = —1,foralli =1,...,n,so V is a quantum linear space of symmetric type.

Let us check now that r; = 7|y gy is a morphism in L)D. Making use, again, of condition
(2.29), this time for the pair (z,y) = (x;,x;), we obtain that r(z;,z;)(1 — g;g;) = 0. Looking
now at condition (2.27), for (z,y) = (z;,2;9) and (x,y) = (x;, gz;), we see that r(x;,x;9) =

Xi(g)r(x;, ;) and r(z;, gz;) = r(x;, x;). Since z,;g = Xj_l(g)ng, we have

Xi(9)r (i, v5) = r(2s, 759) = X;l(g)r(il?mng) = X;l(g)r(%;, ;)
Thus, 7(z;, z;)(1 — xix;) = 0. It follows from Remark 4.2.6 that 7|y/¢y is a morphism in 1 YD.
We have proved that if B (V)#k[I'] admits a co-quasitriangular structure r then V' is a quantum
linear space of symmetric type and the pair (rg,r1) = (r|rxr, 7|vgy) has the properties listed in
the statement. Let us see that, when V' is a quantum linear space of symmetric type and H =
B(V)#k[I'], any such pair comes from a unique r-form on H.

Suppose (7g, 1) is such a pair. Let f : H — H**°P be defined by

flg) =g and  f(z;) =&
where, forg € 'and 7 = 1,...,n, v, and §; are given by
0 if |P| # 1,

ri(wi, x;) if P ={j},

forallh € 'and P C {1,...,n}. Itis not hard to see that 7, is a group-like element and z; is a

Vg(hzp) =0ppro(g,h) and  &(hap) =

(74, €)-skew primitive element of H**P, for every g € ['and i = 1, ..., n. Thus, f is a coalgebra
map.

In addition, f is an algebra map. Indeed, since r; : V®V — k is a morphism of Yetter-Drinfeld
modules, we have &;(z;)(1 — xix;) = 0 and &(x;)(1 — gig;) = 0, forall 4, j € {1,...,n}. With

these relations, it is straightforward to check that v,v, = Vgn. 75& = Xi(9)&Yg- &&= X;(91)&&
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and £ = 0, forall g, h € T'and 4, j = 1,...,n. For example, &&i(hep) =0 = x;(9:)&& (hep)

when |P| # 2. If 1 <wu < v < n,then

&i&j(hryy) = &i(hgur,)&(haw) + x5 (90)&i(hgora )€ (hay)
= &i@0)&; () + xi(gy) T Ei(@u)E; ()
= X;j(9) (&i(wa)&(w0) + x5(90) 7 &il20)€5(20))
= X;j(9:) (& (hguwo)&i(hw) + x5 (90)&5 (hgowu)&(ha))

Thus, f is a bialgebra map from H to H*°P. It follows from Remark 2.6.16 thatr : HQH — k,
r(z,y) = f(x)(y), for all x, y € H, satisfies (2.25)-(2.28). To prove that r is a co-quasitriangular
structure on H, it suffices, by virtue of Lemma 4.4.1, to check that (2.29) holds for every pair of
elements in the second term of the coradical filtration of H. This is straightforward, as we next

show for the pair (gz;, hz;):

r((ha;) s (92:) 1)) (ha;) ) (93:)2) = r(hg;, 99:) hajgx; + r(haj, gx;)hg
= r(h, 9)x; "(h)ghz;x; + r(hz;, gz;)gh
= gxihxyr(h, g) + ggihg;r(hxj, g;)

= (ga:) oy (hy) ayr (hy) ), (924) 2))

where, for the third equality, we use the fact that r(hz;, gz;)(1 — ¢g;9;) = 0. Thus, r is a co-
quasitriangular structure on H which restricts to ro on I' X I" and to r; on V' ® V. The uniqueness

of r follows from Lemma 4.4.2. O]

Remark 4.4.4. Recall from Example 2.6.25 that Z,,,,(C(T,r)) = C(I't, r|p1). Recall, also, from
Example 2.6.34 that, if C(I', r) is symmetric then the objects of C(I", ) _ are those I"-graded vector
spaces with support contained in {g € I' | (g, g) = —1}. Thus, for arbitrary (I", ), the objects of

Zgm(C(I',r))_ are the ['-graded vector spaces with support contained in
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{geT|r(g,h)r(h,g) =1, forallh e T}N{gel|r(g,9) = —1}.

Corollary 4.4.5. Let I be a finite abelian group, ro : T xI' — k* a bicharacter, V € Z,,,,(C(T,ry ")),
andry : V@V — k, al'-graded map. Then V' is a quantum linear space of symmetric type and

(ro,r1) defines a co-quasitriangular structure on B(V)#k[T'].

Proof. Recall from Example 2.7.13 that C(T, 7, ') embeds into - )D. Thus, V is a Yetter-Drinfeld

I'-module with I"-action given by:
h-v=ry'(h,9), veEV, gherl.
Letg, eI, x; € T and x;€V,i=1,...,n,besuchthat V = & ;kz; and z; € Vgxl Taking into
account Remark 4.4.4, we have x; = ro(—, g;) %,
xi(g9:) = =1 and  xi(g;)x;(9:) = 1,
forall 7, 5 = 1,...,n. Thus, V is a quantum linear space of symmetric type.
To finish the proof we have to check that r; is I'-linear. Since r; is I'-co-linear, we have
r1(zi,25)(1 — gig;) = 0, for all i and j. Notice that, since x; = 79(—, g;) ', we have that g;g; # 1

whenever y;x; # 1. Thus, 71 (x;, z;)(1 — x;x;) = 0, for all ¢ and j, so ry is I'-linear. ]

Remark 4.4.6. Given I, g, V and r; as in Corollary 4.4.5, we use the following notation
C(L,ro, V1) := Corep(B(V)#KI[L], (ro, 1)),

where (79, 1) denotes the r-form on B (V' )#k|[I'] afforded by ry and 7.

Example 4.4.7. Let I' = Z/2Z and let ry : I' x I' — k* be the non-trivial bicharacter of
['. Let V be a multiple of the non-identity simple object of Corep(Z/2Z). Then V belongs to
Zoym(C(Z)2Z,r3"))- C LYD, so the Nichols algebra

E(V) = B(V)#K[Z/2Z]
admits co-quasitriangular structures. According to Proposition 4.4.3 such structures are in bijection

with bilinear forms 7, : V ® V' — k or, equivalently, with n X n square matrices, where n =

dimy (V). This agrees with the result of [PvO99] (see Example 2.6.11).
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4.5 The symmetric center of C(I", 7y, V, 1)

In this section we describe the symmetric center of C(I', 7, V,r1). As a result, we obtain nec-
essary and sufficient conditions for C(T", g, V,71) to be symmetric, semisimple and factorizable,

respectively.

Let I', ro, V, and r; be as in Remark 4.4.5. Let H = B(V)#k[I'] and r the r-form on H

corresponding to (g, 7). We have

Zsym(C(L, 1o, V,11)) = Corep(Hgym, r

Hsym®Hsym)’

where H,,,, is the Hopf subalgebra of H defined by (2.31).

Letb: ' x I' = k* be the symmetric bicharacter given by

b(g,h) =r(g,h)r(h,g), g,hel.

Let 't and V' denote the radicals of b and (7)., respectively, i.e.

I = {geT|bg,h)=1forall h €T},

Vit = {weV|(r)a(v,w)=0forallw e V}.

Lemma 4.5.1. H,,, is generated as an algebra by I'* and V*.

Proof. Since Hy,,, is a Hopf subalgebra of a pointed Hopf algebra with abelian coradical, it is
pointed with abelian coradical. By the result of Angiono [Angl3], H,,, is generated by its group-
like and skew-primitive elements.

It is easy to see that an element g € I'is in Hyy,, if and only if (g, h)r(h,g) = 1, forall h € I".
Thus, the set of group-like elements of H,,, is ['".

Let now g € I'* and let = be a (g, 1)-primitive element. If g ¢ {g; | i = 1,...,n} then =

is a scalar multiple of 1 — g, so it is contained in Hyy,,. If g = g; for some i € {1,...,n} then
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v =a(l=gi)+> ., _, ;v forsomea,a; € k. Lety = }° ajr;. We claim that v € Hy,,

J:95=9i
ifand only if y € V.
It is clear that x € Hy,, if and only if y € H,,,,. Next,
YT (Ye2), 20)r(22), Y3) = 2 jig,—: W (T(gj, 2))r(2(2), 75) + 7(25, Z))gz' +¢e(2)y,

forall z € H,soy € Hyy, if and only if

> 4 (T(gj,Zu))r(Z(z)a%) +7“(5L‘ja2)> =0, @10

J:9;=9i

forall z € {hx; | h e I',l =1,...,n}. For z = hay, the left-hand side of (4.11) becomes

LHS@.1) = > q (r(gj, hg)r(hay, ;) + r(z;, hxl)>

J:9;=9i

— Z a; (T(gj, go)r (e, ;) + 7 (;, xl))

J:9i=9i
= 7(g1, 9:)r(z1,y) +r(y, 1)
=(r+rocyyv)(y, 1)
= (r—romyy)(y, w)

= 2(rl)alt (?J, xl)a

where we have used the fact that r|ygy is a morphism in YD and Lemma 4.2.7.
Thus, y € Hgy,y, if and only if y € V. It follows that non-trivial skew-primitive elements of

Hy,n generate V-, and the claim is proved. [
Corollary 4.5.2. H,,,, = B(V1)#k([[] and
Zoym(C(T, 1o, V,yr1)) 2 C(TH, rolpi e, VE miyigys).
Corollary 4.5.3. The following hold.
(i) C(T', 1o, V,ry) is symmetric if and only if C(T', ry) is symmetric and ry is symmetric.
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(ii) Zsym(C(L, 10, V,1r1)) is semisimple if and only if (11)ar : V @ V — k is non-degenerate.
(iii) C(T',ro,V,r1) is factorizable if and only if C(I', ry) is factorizable and V = 0.

Example 4.5.4. Let F(V') be the Hopf algebra from Example 4.4.7 andletr; : V @ V' — k be
a bilinear form. In this case cyy = —7y,y, so Corollary 4.5.3(1) says that the co-quasitriangular
structure determined by r; is symmetric if an only if r; is symmetric (in the usual linear algebra

sense). This was proved in [CCO4b].

4.6 Ribbon structures on C(I", o, V,r1)

In this section we classify ribbon structures of C(I", 7o, V, r1).

We need the following result.

Lemma 4.6.1. Let A be an abelian group and let a1, as, . . ., a, be elements of A. There exists a
group homomorphism v : A — {£1} such that v(a;) = —1, foralli = 1,...,n if and only if

there are no relations in A of the form a;,a;, - - - a;, = 22, with k odd.

Proof. Suppose there are no relations in A of the form a;,a;, - - - a;, = 2%, withkodd. Let7: A —
A/ A? be the natural projection and let {7 (a;, ), m(a;,), - .., (a;,)} be a maximal linearly indepen-
dent subset of {m(a;) | i = 1,...,n} in the elementary abelian 2-group A/A?. Notice that, for any
i€ {1,...,n}, n(g;) is a product of an odd number of elements of {m(a;,), 7(as,),...,m(a;)}.
Thus, there is a homomorphism f : A/A% — {+1} such that f(7(a;)) = —1, foralli =1,...,n.
Composing f with 7 we obtain a homomorphism A — {41} sending each a; to —1. The converse

1s trivial. O]

Proposition 4.6.2. The set of ribbon structures on C(I', 1o, V,11) is non-empty and is in bijection

with the set of group homomorphisms v : I' — {£1} such that (g;) = —1, foralli =1,... n.
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Proof. Let H = B(V)#k[T']. As explained in Remark 2.6.32, ribbon structures on C(T", 7o, V, 1)
are in bijection with group-like elements v € G(H*) satisfying 72 = (no S) x n~! and S%.(p) =
v L xpxny, forallp € H*.

Let v be such an element. We have

Y(9)> =7%(9) = (o S)xn ' (g) =rolg™". 9)rolg, 9) = 1

forall g € T, so y(I') C {£1}. Now S%.(p) = v ' xp*~, for all p € H*, if and only if
S% = v~ xidy *v. Since both maps are algebra maps, they are equal if and only if they agree on

algebra generators. We have

Sk(9) =9, (v xidg #7)(9) = g,

Sh(w:) = —i, (v *idy =) (2:) = v (g:) s,

forallg € M'andi = 1,...,n. Thus, S% = vy~ ! xidy *v if and only if 7(g;) = —1 for all 4.

It remains to show that there always exists a homomorphism « : I' — {£1} such that y(g;) =
—1,foralli =1,...,n. Since k* is an injective Z-module, it is enough to show that there is such
a homomorphism on the subgroup I'y = (g1,...9,) C I'. Using Lemma 4.6.1, we have to show
that there are no relations in Iy of the form g;, g;, - - - g;, = «* with k odd. If x = g{'gs? - - - gi* is
an element of I'y then

t 2

ro(z, x) = [T._; ro(gs,, i, )" [Ticrcoe (rg(giT,gis)ro(gis,gir))e’“es = (—=1)Xr=1 €7,

In particular, ro(z, x)* = 1, for all z € T'y. On the other hand, if g;, g;, - - - g;, = z* with k odd,

then ro(x, x)* = ro(x?,2?) = (—1)* = —1, which is a contradiction. O
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4.7 Metric quadruples

In this section we generalize the result of Section 4.1 to include the non-semisimple case. We prove
that the groupoid with objects pointed braided finite tensor categories admitting a fiber functor is

equivalent to a groupoid of metric quadruples.

We start with the following result.

Theorem 4.7.1. Let C be a pointed braided finite tensor category admitting a fiber functor. Then
there exist a finite abelian group T, a bicharacter o : T'xI' — k*, an object V € Zy(C(T,157"))—

and a I'-graded morphismr, : V ® V. — K, such that
C~C(T,ro,V,r).

Proof. From the reconstruction theory we know that there exists a finite dimensional pointed co-
quasitriangular Hopf algebra (H, ) such that C ~ Corep(H, ).

Let I' be the group of group-like elements of H. Since CorepI' is a tensor subcategory of
Corep H, it is braided, hence I" is abelian. Moreover, r restricts to a bicharacter r;, on I.

For g € T'let V, = P,1(H) be the set of (g, 1)-primitive elements of H. The group I" acts on
V, by conjugation, so V;, = P, ¢ V,¥, where V¥ = {z € V} | hxh™' = x(h)z, forall h € T'}.
Let

V=P V= ékxi, z; € V)X
1

gel\{1} i=
xel\{1}

Condition (2.29) for the pair (7, y) = (z;, ) yields 74(g, g;) = x; ' (g), and the same condition
for the pair (x,y) = (g, x;) yields r{(gi, 9) = xi(g). Thus,

T6<gia _) =Xi= Té](_ugl)il,
forall: =1,...,n. In particular, x;(g;)x;(¢;) = 1foralli, j =1,...,n. Moreover, x;(g;) = —1,

foralli =1,...,n. Indeed, if x;(g;) = 1, for some 7, then the Hopf subalgebra of H generated by
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g; and x; 1s non-semisimple commutative, and, hence, infinite dimensional. Thus, V' is a quantum
linear space of symmetric type.

From I. Angiono’s result [Ang13] it follows that H is generated by I and V', so H is a lifting of
B(V)#k[I']. From the work of N. Andruskiewitsch and H.-J. Schneider [AS98], and A. Masuoka
[Mas01], we have that H is a 2-cocycle deformation of 8 (1")#k|[I']. Taking into account Proposi-
tion 4.4.3 and the fact that cocycle deformation does not change the category of co-representation,

we have
C = Corep(H, r) = Corep(B(V)#K[T], (ro, 1)) = C(T, 79, Vi),

for a bicharacter 7y of I such that V € Z,,,,,(C(I',r;")_, and a I-graded map r; : V@ V —
k*. ]

Recall that a groupoid is a category in which all morphisms are isomorphisms.

Let P be the groupoid with objects pointed braided finite tensor categories admitting a fiber
functor and morphisms natural isomorphism classes of equivalences of braided tensor categories.

Denote by Q the groupoid whose objects are quadruples (I', ¢, V, r), where I is a finite abelian
group, ¢ € Quad,(T") is a diagonalizable quadratic form on I, V' is an object in Z,,,,,(C(T", q))_,
and r : V ® V — k is an alternating bilinear form in C(I", ¢). The set of morphisms in Q from
(T',q,V,r) to (IV,¢', V', ") is the set of equivalence classes of pairs («a, f), where o : (I, q) —
(I, ¢') is an orthogonal group isomorphism and f : ind, (V) — V" is an isomorphism in C(I", ¢)

such that 7’ o (f ® f) = ind, (7). The equivalence relation identifies («, f) and (o, —f).
Definition 4.7.2. We call Q the groupoid of metric quadruples.

Define a functor ' : Q — P as follows. Choose, for every metric quadruple (I', ¢, V,r), a

bicharacter 1 : I' x I' — k* such that ¢(g) = r0(g, g), for all g € T, and define F’ on objects by:

F(T,q,V,r) =C(T,ro, V,7). (4.12)
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Let now (a, f) : (I',q,V,7r) — (I, ¢/, V', 7’) be a morphism in Q. It gives rise to an isomor-

phism of Hopf algebras ¢(q, 5y : B(V)#k[['] = B(V')#k[I"] given by

Qp(a,f)(g> - Oé(g% (p(a,f)(x) - f($)7 (413)

forallg € "'and z € V. If r{ : I' x I — k* is a bicharacter such that ¢'(g) = 7{(g,9),
g € TV, then 7 o (a x a)/ro = alt(), for some 1 € Z*(T' /T, k*), see (4.10). This means that the
r-form rj o (o X ) is a p-deformation of ro. But ;i € H?(T'/T'y, k*) defines an invariant 2-cocycle
o on B(V)#Kk[I'] by Proposition 4.3.6. Thus, ¢,y gives rise to a well defined braided tensor
equivalence F'(a, f) between C(I", ro, V,r) and C(I", r(, V', '), namely (¢(a,5), 7).

Our aim is to prove the following.

Theorem 4.7.3. The functor

F:9-7P (4.14)

is an equivalence of categories.
We start with a few observations.

Lemma 4.7.4. Let (r9,71) and (1},7) define co-quasitriangular structures on B(V)#k[I'] and

B(V')#K[I], respectively. Then the set of co-quasitriangular Hopf algebra isomorphisms
(B(V)#K[L], (ro, m1)) — (BV)#K[I"], (r5,71))

is in bijection with the set of pairs («, ), where « : T' — 1" is a group isomorphism such that
rp o (a x ) = 1o, and ¢ : indo (V') — V' is an isomorphism in C(I", r{)) such that r} o (p ® @) =

ind,(71). The pair (o, p) corresponding to an isomorphism f is (o, ) = (f|r, flv)-

Proof. Let f : (B(V)#K[I], (ro,r1)) — (B(V")#K[L'], (1}, 7)) be an isomorphism of coquasi-
triangular Hopf algebras. Since f takes group-like elements to group-like elements, it restricts to a

group isomorphism « : I' — I". Let us show that f induces an isomorphism ind, (V') — V".
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Notice first that a(g;) € {g}}. Indeed, if this is not the case, then f(z;) = a(1 — f(g:)), for
some a € k. But f(z;) anti-commutes with f(g;), while a(1 — f(g;)) commutes with f(g;), so
f(x;) = 0. This, however, contradicts the injectivity of f.

Thus, a(g;) € {g;}, for all i. It follows that there exist scalars a;, b;; € k such that by, (g; —

f(9:)) =0 and

We must have f(g)f(z;) = xi(9)f(x;)f(g), forall g € T'. Now

F(9)f(s) = ail £9) = Fl990)) + 3 binf (9)7)

= a;(f(9) — fl99:) + Z bjix; (f(9)) 2 f(9)

and
Xi(9) f (i) f(9) = aixi(9)(f(9) — f(99:)) + >, bjixi(g)x £ (9)-

Thus, f(g)f(z:) = xi(9)f(z:)f(g) if and only if a; = a;xi(g) and x;(f(9))bsi = xi(9)bj, for
all j and g € I'. Taking g = g; in the first condition, we obtain a; = 0. The second condition is
equivalent to b;;(x; — xj o f) = 0.

It follows that f(z;) = Y, b}, where by (g5 — a(g;)) = 0 and bji(x;a™" — xj) = 0. In
particular, the restriction ¢ of f to V' is a morphism in C(I", r{)) from ind, (V") to V’. Since f is an
isomorphism, ¢ is also an isomorphism.

We have proved that if f : B(V)#k[['] — B(V')#k[I"] is an isomorphism of Hopf algebras
then it induces, by restriction, isomorphisms o : I' — I and ¢ : ind,(V) — V'. We have
(ro,r1) o (f ® f) = (ro,m1) ifand only if 7 o (v X ) = rgand 7} o (p ® @) = ind,(r1).

It is easy to check that every data («, ¢) with the above properties comes from an isomorphism

of co-quastriangular Hopf algebras H — H’, so the theorem holds. [
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Lemma 4.7.5. Let o be an invariant 2-cocycle on B(V)#XK[I'] such that o|rxr = 1, and let r be

an r-form on B(V)#K[I"] . Then the o-deformation of r satisfies

rlvev = rlvey + 2(0lvev)sym- 4.15)

Proof. Using formula (2.41), we compute

v (zy x5) = (g, g5) 0 Ny, ;) +r(x, 25) + oz, )
= r(zi, ;) + (o(z), zi) — xilg;)o (i, x;))

= ’I“(CCZ‘, l’j) + (O' ) TV,V — 0 O CV,V o} TV7v>(ZEZ‘, ZL‘j)

Since the restrictions of  and 7” on V®V are morphisms in FyD we conclude, using Lemma 4.2.7,
that

U|V®V OTvy —O|lveVv O Cyy OTy,y = 2(U|V®v)sym,

which implies the statement. ]
We now proceed with the proof of Theorem 4.7.3.

Proof. We need to show that the functor F' (4.14) is essentially surjective and fully faithful.

(1) F' is essentially surjective. For this end it suffices to check that the co-quasitriangular
structure on H defined using r : V ® V' — k is gauge equivalent, by means of an invariant 2-
cocycle on H, to the one defined using an alternating morphism V' ® V' — k in C(T", r). Let o be
an invariant 2-cocycle on H such that o|r«r = 1 (such 2-cocycles are classified in Corollary 4.3.4)

and let 7° = 09, x r * 0~ 1. By Lemma 4.7.5 we have

rlvev = rlvev + 2(0lvev)sym-

Thus, we can take o such that (o|vgy)sym = —%(r O T)sym» 80 that 7%|yey = (r|lvev)a. 1.,

|y gy is alternating.

143



Since C(I", o, V,r) and C(T", rg, , r7) are equivalent braided tensor ategories, the surjectivity of
F follows.

(2) F is faithful. We need to check that F'is injective on morphisms. It is clear from definitions
that F'(«, f) = F(«/, f") implies a = . Therefore, it remains to check that for an automorphism
(idp, f) of (I',q,V,r) € Q one has F(idr, f) = iderqv,) as a tensor functor if and only if
f = £idy. One implication is clear since — idy preserves any bilinear form.

Note that the Hopf algebra automorphism (4., sy of H defined in (4.13) gives rise to a trivial

tensor autoequivalence of Corep(H ) if and only if it is given by

h—sx—=h+—x"' heH

for some character y € H*. The condition that it preserves r is equivalent to x(g;)x(g;) = 1 for all
1,7 =1,...,n,1.e., to x being identically equal to 1 or —1 on the support of V. By the Remark ??
there exists x such that this value is —1, so that f = +idy.

(3) F'is full. We need to check that F' is surjective on morphisms. We claim that any braided
tensor equivalence ® between Corep(B(V)#k[['],r) and Corep(B(V')#k[L"],r’) is isomorphic
to one coming from a coquasitriangular Hopf algebra isomorphism B (V) #k[['] — B(V")#k[I"].
By the result of A. Davydov [Dav10] ® corresponds to a pair (f, o), where o is a 2-cocycle on

B(V)#k[[] and f: (B(V)#kK[[])? — B(V')#k[I"] is Hopf algebra isomorphism such that

ro(fef)=r.
The last condition corresponds to the braided property of the equivalence.

We must have o|r«r = 1 since non-trivial twisting changes the braided equivalence class of

Corep(k[I'], 70). By Lemma 4.7.5 we have

(ro(f®f)—7)lvev =2(clvev)sym
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The left hand side is of the above equality is alternating, while the right hand side is symmetric.
Hence, both sides are equal to 0 and so ¢ is gauge equivalent to the trivial 2-cocyle by Proposi-
tion 4.3.2. This means that ® is isomorphic to the equivalence induced by a co-quasitriangular

Hopf algebra isomorphism, so the result follows from Lemma 4.7.4. 0

Remark 4.7.6. We can give a conceptual explanation of the reason why (7). is an invariant of
the braided tensor category C := C(I", o, V, 71).

Let g € I'. We will also use g to denote the corresponding invertible H-comodule. Recall
that Ext'(g,1) = Py ,(H)/k(1 — g), where P, ,(H) denotes the space of (1, g)-skew primitive
elements of H. Explicitly, elements of Ext' (g, 1) are in bijection with equivalence classes of short
exact sequences

0—-15V,5 g0,

where 1 denotes the trivial comodule k. The 2-dimensional comodule V, is a vector space with a

basis vy, v1 and H-coaction given by

p(vo) = v ® 1, p(v1) =vo®@x+v1®g, (4.16)

where z € Py 4(H).

Let2’ € P, y(H), ¢ €T, be another skew-primitive element of H, let
015 Vo z, g —0
be the corresponding extension, and let vy, v] be a basis of V, defined analogously to (4.16).

Let 8, = cv, v, © cv,,v,, denote the square of the braiding on V,, ® V,». Using formula (??)

one computes
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Bac,;t’ (UO 0%y U(I)) = Y& U(l]v
ﬁa:,x’ (UO X 'Ui) = v® Uiv
Bow (1 @ V) = v1 ® vy,

Bx,x’(vl X Ui) = U ® Ui + (Tl(xa ZL’I) + TO(ga g’)rl(:vl, JT))UO X U(l)‘

Let s := r;y — ry o 7. Combining Lemma 4.2.7 with above computation we see that

Boa = idv, v, +s(z, 2" )(p@p) o (t® 1) 4.17)

forall z, 2’ € V = Ext'(T", 1) (note that (p®p') o (:®1') € Ende(V, ®V,/) whenever s(z, 2') # 0).
It follows from (4.17) that s = (ry), is an invariant of the braided equivalence class of C
(a computation establishing this fact is straightforward and can be found in the proof of [BN15,

Proposition 6.7]).

Let C = C(T,q,V,r). Theorem 4.7.3 allows to compute the group Aut™(C) of isomorphism

classes of braided autoequivalences of C. Namely, let

Aut(Vir) = {f €Auter(V)|ro(f®f)=r}/{£idv},

O, q,r) = {a€Aut(l') | goa=qand ind,(r), r are congruent in C(T", q) }.

Corollary 4.7.7. There is a short exact sequence

1 — Aut(V,r) — Aut”(C) — O(T', q,7) — 1. (4.18)

Example 4.7.8. Let us consider C = Corep(E(V),r), where E(V') is the Hopf algebra from
Example 4.4.7 with the co-quasitriangular structure given by the zero bilinear form on V' (this

structure is symmetric). In this case I' = Z/27Z, so O(T, ¢, ) = 1 and Corollary 4.7.7 implies that
Aut™(C) = GL,(V)/{£idy}, cf. [BN15].
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4.8 The Drinfeld center of a pointed braided tensor category

It is well known that the Drinfeld center of a pointed braided fusion category is pointed (see, e.g.,
[DN13, Proposition 5.8]). This is no longer true in the non-semisimple case. Indeed, the Drinfeld
center is always factorizable, cf. Corollary 4.5.3(iii). If (I', ¢, V, r) is a metric quadruple such that
V € C(T', q) is self-dual, then the adjoint subcategory of Z(C(I", ¢, V,r)) is pointed. We describe

the metric quadruple associated to this subcategory.

Let H be a Hopf algebra. It was shown in [GNOS] that, for any Hopf subalgebra K of H con-
tained in the center of H, the tensor category Rep(H ) is graded by G(K*). The trivial component
of this grading is Rep(H/H K ). The maximal central Hopf subalgebra of H provides the univer-
sal grading of Rep(H). In this case, the trivial component is Rep(H ),q4, the adjoint subcategory of
Rep(H).

If H is quasitriangular then the maximal central Hopf subalgebra of H is the group algebra of
G(H)N Z(H), and the universal grading group of Rep(H) is the group of characters of G(H) N
Z(H).

Let H = B(V)#k[I'] be a quantum linear space of symmetric type. We have
Z(Corep H) = Rep D(H )*°P.

Since D(H )P is quasitriangular, the universal grading group of Z(Corep(H)) is isomorphic to
the group of characters of G(D(H)) N Z(D(H)).

The group of central group-like elements of D(H) was described in [Rad93, Proposition 10].
We have

G(D(H))nZ(D(H)) = G(D(H)*),

and
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G(D(H)") ={g®~](g9,7) € G(H) x G(H*),

ZV(h(l))h@)g = ZV(h(z))gh(m Vh e H}

If H = B(V)#k[['] is a quantum linear space of symmetric type, it is straigtforward to check

that

G(D(H)*) ={g®~v|(g9,7) €T x f, v(g9;) = xi(g),foralli =1,... . n}.

Equivalently, this can be described as follows. Let b : (I" x IA“) x (I' x f) — k* be the canonical

non-degenerate bicharacter defined by

b((9,%), (¢ X)) = x(@)X'(9),  (9.x),(¢',xX") €T x .

Consider the subgroup

So=((gx; ) |i=1,....,n) CT x L. (4.19)

Then G(D(H)*) is isomorphic to ¥*, the orthogonal complement of ¥ with respect to the bichar-
acter b.

Thus, the universal grading group of Z(Corep H) is L
Remark 4.8.1. Y is an isotropic subgroup of I' x Tie X C Xt

Let K be the group algebra of G(D(H)) N Z(D(H)) = ¥+. Then
Z(Corep H)as = (Rep D(H)™)a 2 Rep(D(H)/D(H)E ). (4.20)

Let 7 : D(H) — D(H)/D(H)K™ be the canonical projection. Then the transpose 7* :
(D(H)/D(H)K*yk — D(H)* is an injective Hopf algebra map. We describe next the image of
this map.

Given a co-quasitriangular Hopf algebra (H, 1), there is a Hopf algebra map

L H— D(H)*®, 1, (x) =201 @7(—,2@9)
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It corresponds to the embedding C — Z(C) from Remark 2.7.12.

Recall from Proposition 4.4.3 that the r-forms on H = B(V')#k|[I'] are in bijection with pairs
(ro, 1), Where 7 is a bicharacter of I' such that V' € Z,,(C(I', 79))—and 7 : V@V — k
is a morphism in C(I', 7). Fix a bicharacter ry on I' such that V' € Z,,,,,(C(T, r9))_, and let
(g1, Gns X1, - - - Xn) be the datum that defines V.

If 7 is the r-form on H corresponding to the pair (7,0), then 1,.(g;) = g; ® x; ' and ¢,.(x;) =
x;®¢. Thus, D(H)* contains the group-like elements g; @ x; ' and the (g; @ x; !, 1)-skew primitive
elements r; ® e, 1 =1,...,n.

Assume that V' is a self-dual object of -.VD. Then the set {(g;, x;) | i = 1,...,n} is closed
under taking inverses and there exists a non-degenerate morphism r; : V ® V' — kin LYD. Let
7’ be the r-form on H corresponding to the pair (1o, 71). Then t,(g;) = ¢; ® x; ' and v, (7;) =
9 @ 7'(—, ;) + 2; ® e. Thus, D(H)* contains, also, the (g; ® x; ', 1)-skew primitive elements
g @1 (—, z;).

Let A be the Hopf subalgebra of D(H)* generated by group-like elements ¢; ® x; * and skew-

primitive elements z; ® € and ¢; @ ' (—, x;),i =1,...,n.

Remark 4.8.2. By definition (4.19), the group of group-likes of A is .. The above skew-primitive
elements z; ® € and g; ® 7' (—, x;), i = 1,...,n constructed above are linearly independent and

form a 2n-dimensional quantum linear space of symmetric type in Z)D. Therefore,
dimy(A) = || 2*".
Proposition 4.8.3. The image of the map 7* : (D(H)/D(H)KJFYk — D(H)* is A. Thus,
D(H)/D(H)K* = A*. 4.21)

Proof. By definition, K is the group algebra of {y ® g | (g,7) € X*}. Let



Then e is a central idempotent of D(H ), ze = e(z)e, forall z € K, and K™ = (1 — ¢) K. Thus,
D(H)K* =D(H)K(1 —e) = (1—e)D(H). The image of 7* is

Im(7*) = {f € (D(H))" | f(2) = f(ez), forall € D(H)}.

It is easy to check thatany f € {g; @ x; ', 7i ® &, g @ 7' (—, z;) } satisfies f((y® g)z) = f(2),
for all (g,v) € X+ and z € D(H). For example, if (g,7) € ¥+, then

(z;®e)(v®9)2) = (G @x; Ny ®g) (1:®e)(2) + (1:®e)(Y® g) (L ®e)(2)
=(g:)x; "(9) (z: ® €)(2)

= (z: ®¢)(2).

It follows that the generators of A are contained in the image of 7%, so A C Im(7*). Using
Remark 4.8.2 we compute
_dimD(H) T|222"

dim Im(7*) = Ik~ = |2]2?" = dim A

and so A = Im(7%). O

We are now ready to describe the metric quadruple associated to Z (C (T, q,V, r)) .- Recall first
the notion of the Drinfeld double of V' from Section 4.2. We have D(V) = Wa&W* € £YD, where
W is the quantum linear space associated to the datum ((gl, i (G XY, 01, gon), and
wi » X — k*, i = 1,...,n, are defined by ¢;(g, x) = xi(g), for all (g,x) € X. Define a

bicharacter ry, : 2 X X — k* by

rs ((9,x), (¢, X)) = X'(9) -
The diagonal of this bicharacter is a quadratic form ¢y, : 2 — k*,
a=(g:x) =x(9),  (g:x) €.
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Then D(V) € Z,,,,,(C(E,ry))—.
Theorem 4.8.4. Let (I',q, V, 1) be a metric quadruple such that V€ C(T', q) is self-dual. There is
an equivalence of braided tensor categories:

Z(C(F, q,V, ’I"))ad =C(3,q5, D(V), rpw)),
where v is the canonical symplectic form on D(V') defined in (4.7).
Proof. Let H = B(V)#k|[I'] and let A be the Hopf subalgebra of D(H)* generated by the group-
like elements g; ® x; - and by the skew-primitive elements z; ® € and g; @ '(—, x;),i = 1,...,n,
where 7’ is an r-form on H whose restriction to VV ® V' is non-degenerate. Using Proposition 4.8.3,
we have

Z(Corep H) g = (Rep D(H)“’p)ad = Rep (A*COP) = (Rep A*)OP ~ Rep A* = Corep A.

where the equivalence between Rep A* and its opposite follows from the fact that Rep A* is braided.
We claim that A = B(D(V))#k[X]. Indeed, it is easy to check that for each (g,7) € ¥ we

have

(g@Y)(x:®e) = x; ' (9)(z; ®@e)(g ®),
(9@ (g @r(— i) = x; (9)(g: @7(—,2:))(g @),

(g @r(= ) (x; ®e) = x; ' (9:)(z; @ ) (g @ r(—, 25)),

for all 7, 7 = 1,...,n. Note that W is self-dual because V' is self-dual. Thus, there exists a
basis {y;}?", of D(V) such that y;, yn.; € D(V)‘("gi_ e 1t follows from the above, that the map
A — B(D(V))#k[X], given by

g7 (9,7), T, ®ervy, ¢Or(—, ;) Ynis

forall (g,v) € ¥andi = 1,...,n,is a Hopf algebra isomorphism.
The braiding on Z (C (T, q,V, r)) ud is obtained by restriction of the braiding of Z (C (T, q,V, r)) .
It corresponds to the braiding on Corep A coming from the restriction to A of the canonical r-form

rpy- : D(H)* ® D(H)* — k. on D(H)*. The latter is given by
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T'D(H)* (Oéa 6) - ZheF,Pg{L...,n} a(s ® h'rp)ﬁ((th)* ® 1)? a,fp e D<H)*

We have

romy-(9®7,9 @) =) e(g)y(hep)(hzp) (9')y' (1) = (g,

ro) (T ®E,2; Q¢€) = e(x;)e(haxp)(hap) (xje(1)) =0,

roy (1 @€, g; @ (=, 7)) e(w;)e(hap)(hap) (g;)r(L, ;) =0,

A M M M

o (9 ® (=, 75), 7 ® €) e(gy)r(hp, x;)(hap)* (2:)e(l) = 7w, 25),

o) (9 @ (=, i), 95 @ (=, ;) e(gi)r(hxp,x;)(hzp)*(g;)r(1, ;) = 0.

=
b

Thus, Corep(A, rpm)+|aga) ~ C(E,qs, D(V), s), where the quadratic form ¢s, : ¥ — k* is
given by ¢x(g,v) = v(g), for all (g,~) € X, and the matrix of s : D(V)® D(V') — k with respect

to the basis {y;} is the block matrix

0 O

Xt 0
Here X is the transpose of the matrix X = (s(xl-, xj))” Changing s by a cocycle deformation s
will not change the braided equivalence class of C(X, g5, D(V'), s). As explained in Section 4.7,

we can choose invariant ¢ such that s is alternating. The matrix of s? with respect to the basis

{y;} is then

: 0 —-X
2
Xt 0
. . . . O _]n .
This matrix is easily seen to be congruent to . So, after a change of basis, the
I, O

matrices of s7 and rp(yy coincide. Therefore, Corep(A, 7p(my+|aza) ~ C(X,qs, D(V),rpwy)-

]

152



Corollary 4.8.5. Z(C(I',q,V,7)) isa S -extension of C(3,qs, D(V), rpw))-
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