











APPENDIX C

EQUATIONS OF MOTION FOR PCC

We solve the coupled equations of motion, for the case of the

parametric collective coordinate approach (PCC) for the collective

coordinates A(t) and Xo(t). The equations are given by

e .2 . 2
A 1L A = -3 + 1 - X
b(Tq' YA )T iR

Decoupling the equations, we get

b[i“i—-.é_ .ty
A a2A? 2 z2A*

or

LX) .o z 2
b [ _Eﬁi -1 ESEL = (1 +ox) + &
v * 2 ") l
Xo 2 Xo 2 2 X,
1
In order to eliminate the constant {1+ of Y/2 take the time

derivative of both sides , then

B[ X2 %o+ XoXem KK,] = XK, (o)

or

i



%, [coratan] g w0

which can be integrated to give

X, = ¢ cos (¥ + wt)?

where C, K are arbitrary constants

and a

{

Integrating again we obtain

- _ Cl
X, (£ = — sn(yr wt)
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+ Cz_

Inserting the solution back to the equation for Xo we have

by « - b $? . -wbx

Xe Xo —'2-' XO - —_— +£—

2

-b [% sin(y+wt) cw sm(pwﬂ]

2

2

T

2

2
be, codcy+wty=

2

X w‘b Clz S nz( +) ) 2¢c¢ )
- ! « +C 4 1t on rwi)
a ( wz X 2 w (x

2
2 rd 2
-be = o« - (1 + o )




APPENDIX D

SHAPE AMPLITUDE SOLUTIONS FOR LECC

In order to solve

.t 2 z 3

A

we try a solution in the form (see Landau [23])

A A(l) + A(z) + A(;) . . o

and
(¢ ]
@, +

€1}
vhere A is the solution of the unperturbed equation

A-l-CO:A"-'o

(4}

A

K COSwet K =constant

m
Imsert A = AT &+ A o K coswt + A®

in the initial equation and keep (¥ E A‘nz]

s f2) Y ) e 2
A + 0, A = AW, W kKcoswt + C, + ¢ Kcoswt
a)

= AW, W g coswt + c,

2
+ 2K /2 + cosawt (CzKa/z)




o)
Set @) =0 to get rid of the resonance term

o« (2) 2 (2) 2 2
A + w, A = 2G*YCQK L, Kcosawt

2 2

with sclution

() 2 2 1
C, +
A v = 1 YK ik cosawt
T
3 W, 6 wy
Going to /q(3)
. (3) 2 D) N (2) €3 ar (1)
rw, A 2 2GA A + GA T rawea) A

3 3 (1)
= G Kkcoswt + 2w,W kcoswt

N - z 2
t 2 K coswt [l_c.ﬁ_'i .G Kcoswf}

F 3
2 wo 6 OJ:

or /4 t+ @, /ﬁ = ry

6.(00 woz

(3 2 3
2, [-CzK - C-,_K(!C,i*tlkz)

?

(z 3
+ 2w w g +3c31</q]cosw-l:

2 3 2 3
+ (—C,,K/éw, + G k/4) cos3wt
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Looking for a solution in the form

(&3]
A = [, cosswt + [
then
¢ | 2 3 3
ALY +C3K.>cos'5wt
= " -
, 3w, 4
and
Z 2 2 2
L2 Glakk | 5C K, 3C3Kw,
- = -
& 12 Wy ¢ w,’
Collecting terms we have
2¢,+ G K ;
+
A@E)= Kk coswtr + _'__ii._. . €K coswt
2w, 6(1%3

-1 ( izi.l.z_ + E}_’;.)cosswt

2
3030 3 %2' l_'




APPENDIX E
INTEGRAL CALCULATIONS - EVALUATION OF Xo(t)

By direct integration the explicit functions W[Xo(t)], K[Xo(t)],

Q{Xo(t)], C{Xo(t)],I[Xo(t)],F[(Xo{t)],U[Xo(t)] are as follows:

K(X,)= 292 . , uzochvixe , 4124 chvix,

2
shvz Xo sh®vz %o sh'vz %o
+ Yoy ChV'z-Xo - 356 _ W34 _ 4092

35 Shz\/'z'xo sH VT Xo sh*Vz Xo 10 sh'Vz Xo

LI yichvixe( B8 . 356
shVz Xo sH*viXo  sh'ViXe

+ A6 )_VZXO 792, 1638

sh'vTXo Sh'ViXe  shiyzXo
+ 11272 + A6 L qyT ( . 395
sHyrxXe ShvEXe sHVZ Xo
+ 295 + 199 . .5 )
- 2
5 shVzXo 12 sh'vEXe  ¢shvaXe




T VT Xo chvixe (25 + 15
sh'viXe  a¢hlyzx.

-+ .1- )
4 5!-;3\/3)(., ]

W(Xo): [____6_

+l_'-i_€_f£____ + 825

-

£52 . %6s¢

Page

35
4 shoyzXo

35 ?Shz\ff)(o Shqﬁ

Xo

s b chvz Xo

sh®z Xo sHvzXe 35 shvzXe

- 93 Ch\/iXo

612 chvz Xo _ 675 chyZXe

<h’ vz Xo sh’vz Xo shHvz %o
- V'fXaChVEXo ( 3_f + H# + 1215
shvz Xo shVzXe shviXe
+ 31_5.___> + VZXo ( 36, H41L
Shqﬁ Xo sh V7 Xo Shqﬁ)(a
1062 + 6%5 )
' 2
ShVZ Xo sh vz Xo
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Q(XO) =[ _GCOShVEx° -+ 6)(0(|+chzﬁx°)] .

SHZV-ZXO vz sh;ﬁxo
T(Xo) =[ ‘zz‘/z + 44X, chvZX.
'5}1 Vﬁf}(o Sﬂﬁs\fi-)<¢»
C(Xo) o T
[T V;% tanh xo sechlﬁg_ :
vz vz
F()(,,) =T 2 [ 21 -f:anlnlx 20 4
zvZ 32 2 + +H§£

U(X.)

+ VZ Xo + 2
+hviXoe

N
—
\N

-2 +3vVz2 X, . 2YZ Xo
{an l:\/z Xo $an "13\/5 X o |
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All the above integrals have been checked numerically. The integrals
Q,C,F are in disagreement with Sugiyama’s corresponding integral

calculations{2]. His calculations give

Q(Xo) = VZXo (3 cosech vz Xo + qcosech;\fz' Xo)

- (6 cotanh vz X cosech\/z"xo)

- Z
C(X,) = I > tanh vzx. sechvz X

i

z 2V
F(Xo) = T 2—3_—2___ -2 + 3 t+anhvz¥X,

3 y 2
"5 sech vzXxo + _‘2"_ sechVzXo! -

The function U(Xo) physically represents the "potential" betwveen
the kink and the antikink, and I(¥o) describes the interaction of the
kinks viewed as deformable particles. Q(Xo) represents the interaction
of the shape modes between the individual kinks. The other functions

describe the coupling of the different modes among kink and antikink.

Evaluation of Xo(t):
From equation (4.16) and for large separation distances Xo(t) one

can approximate the motion of each kink in terms of the collective




Page 104

coordinate Xo(t), by expanding U(Xec) and I(Xo) and solving the resulting
equation. The contribution of I(Xo) for large ¥o is very small compared
to the leading coefficient of Xo(t), the constant M, therefore I(Xo) can

be ignored simplifying equation (4.16) to

«d
E-1 MX, + UX.) = 2M - egM
Expanding U(Xo) for large Xo
- 2¥Z Xo
U(xo) - LIVZ [—2/3 + \/EX. +3+ 46 8 -+ 2-.[3)(,,(1
-Zﬂxﬂ —ZVZ-XQ

, +6e y - (2+3VZX.)(1rue )}

E-
-2VZT X
= 2IM - 12Me
and inserting U(Xo) in E-1 we get
<. 2 -2VZ Xo

E-3 MX, - I12Me = -eM

Solving for Xo(t) we £find

|
E-4 Ko (£) = \7’—"’ !H ‘/% SINVZE (t *+00)

2

vhere 5} is determined by the condition

)(o (t=0) =0 = Ei.'= 0.2




APPENDIX F
SOLITARY WAVES AND NONLINEAR KLEIN GORDON EQUATIONS

The 4# equation is one among a large number of nonlinear
equations which possess solitary wave solutions. In this Appendix we
consider the family of the nonlinear Klein-Gordon equations (NLKG)
wvhich q? belongs to, and we derive the solitary wave solutions of some
member equations of this category. We use special transformations and
Euler’s substitutions to solve the NLKG equations which in general have
solutions expressed in terms of elliptic integrals. It 1is interesting
that all the sclitary solutions found are expressed in terms of the
hyperbolic tangent kink solution [TANH( > )] of the equation (the
simplest one) which in turn as we show in Appendix G can be expressed in
terms of the sine-Gordon soliton solution. We consider the nonlinear

Klein Gordon equation (NLKGE) given in the general case by

o + AU(eP)
8¢

(wvhere U(¢#) is a positive function of <P ).

—

We are interested in travelling wave solutions (&) where
= X T Ut
V7
Gi-v*)™*

Then in terms of the K-G equation can be integrated once to give

2 .
¢‘ /2 = U(4) + constant
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Going further and demanding that the energy be finite and the solution
localized in space, we set the constant equal to zero so that if CP,
are the roots of U(¢) = 0, then our solutions (see Appendix A) should

satisfy the boundary conditions

¢x-—*:oo _’4):' ! CP; — 0

(x=* +o)

Thus what we are 1left to examine 1is the first order ordinary

differential equation

P Ly
2

Ve let U($) be a polynomial of na‘ degree in ¢

U(e) = au¢n+d“_l¢ +a,.,P+. .. q

"
and study some particular combinations of o, ,41 wvhich generate

solitary waves.
1. If U(¢) is a second degree polynomial in ¢ we get the
inhomogeneous K-G equation
D9 +¢ ¢ = constant

vhich has general solution in the form

CP = constant + plane waves
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For U a third degree polynomial in ¢
z 3
U(®) = ac + a,¢ + a, ¢ + a, ¢
d
ia =t EVZ
) 3 /2
[-a..i-a,cp-ra‘cp +a,P ]
If w,w, W,

are the roots of the polynomial U(di), then

3 ° v 2 = *EVZ
[C#-w(p-wirce-wy)]

The transformation [36]

E? = UJl_tAjt Kf'= W, - Wy
¢-w3 w."WB

gives

=1%o
S [(l-z Y(1- K2 )] v R

W.) w;
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In the case where W, - W, =

2
K =1

_dz__ .
S\J(l-z')’- vz “ s
P = (wir ws) - ws tanh [( $4F) VS ]

This is a solitary wave as can be seen in the figure below.

N

If one , searching for internal modes, uses the same analysis as in

Chapter II he finds that the system doesn’t possess bound states.
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2. U(#®) is a fourth degree polynomial in @

The solution
is given by

\)(¢ W) (G- w,) (1) (G-wy)

( Again &) =1, 4 are the roots of U(qb) =0)

By means of the transformation

2z 2
2° _ [ w luq ( , K =ﬁ%-wﬂﬁ%ﬂmn

(CYRITATC RN

the above integral hecomes

’
S 2 _2 =* -g \/'Cwl-h)j)(w'-(ds)=f‘i
\/?,_;,_z)cn— K 27D 2

rA
if %:LU,, , then K =1
z2=cothi’

2 = +tanhg’




(Notice that in the above integral for g, if 2

is a solution too).

In terms of Z# the solutions read

z 4
w, ‘*-’:.'wq} - w,_-{-hg

a)  P(x,t) = W, = Wy
(w‘_ wl..* - -Ehz-g’
w, - W,
W, ~ 2y
w' 2 . ) - wz C-Of'h g
b p(x,¢) = W, Wy
w, ~ W 2 4
t d - co+h g
w' - Wy

v
x

Page 110

is a solution then (/2




Page 111

For the case when U has two double roots:We write the potential as
2 + 2
U= (ad +pedty)

or to make it more general ,

z 2 2
V@) = £ Cagperyd

Providing CIZ{ <0 the solution is given by

b(xt) = -B 2 \/B*4ay tanh EVpiyay

a0 2e

wvhere 3 = € ( X U+ 'x")
2y ] /2
[201-v )]

y
This is a shifted kink. The ¢ kink solution is a special case with

B-=-0

H = -1

E=1

As we expect there is only one bound state corresponding to the




shape modes and its value depends on the constants a , ﬁg
If two of the roots are zero:

UCe) = ¢ Cp-wiI(-w,)

and

¢ =+g V2
pV(p-w) (¢-w)

The Euler substitution [36]

(p-w)(d-w) = T 7

will give the solution

UJ,LU; C' - ‘,:Clnhzg\/?.')

P (x,+) =
| (wirw, 32VGW0; +anhgvz )

fr.d»
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¥




Page 113

vhen W, = W, then ® = Lw, (1 tanhgvi)
and again the shifted kink solution is recovered.

The second Euler substitution [36]

(¢-Wu)(¢'w¢) = tzftP-w-)z

gives the solution

w,wy; (1 - tanh Evz)

(P =
(w, -w, -i:anhlg VZ )

p?

? X
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vhen w, > W, ¢ = W =constant

The third Euler substitution

(p-w ) (d-w,) = (Pt - \/w.w,_)Z w, W, >0

gives

+ TV aw,ws:

b = e

': BV aw,wa z

4 - sy +wa -
2V w,w,
vhen Ww,=»>w), $=-~w, +hy + W, shifted kink and antikink.

For a physical application of this case see reference ([37] where
the authors studying a classical nonlinear scalar field coupled by the
Yukawa interaction to a fermion field end up with a £field equation
described by a fourth degree polynomial which gives the three solutions

found before.

3. U(@) is a sixth degree polynomial in ¢ :
case one:
i 2 2 ,2. 2
ueer = £ (a-p¢)
that is the case where we have two roots zero and two double roots.

The solution from
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is given by

)
wip

2
t;a <) 2
¢ /cosh [Sm e:Scx ;

P(x)=

(A

-Q 234 =1 :gal
L TR e /[cosh[simh e 5

- - o,
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Second case : two roots are zero

UP) =+ ¢ (a+ ¢ + yo*)

2 ]
Letting cp -2 ¢ and performing again Euler’s substitutions,

providing ww, >0 ve find

/2

ww, (1 - {anhzgm) -

w,+w, 72 Vwuw, th EVa,w,

-

Jif2

} 2
ww. (1 - -l:oanh('s'.\lw,w:.))

W, - w, -Ear'lhzc 13 leuh.)




and the trivial constant solutions
PR S Y
for Ll —» W,

|
14
£
~

1t '{-anh(g w.,,j)”‘

For physical

4

theory see references [32,33,34,35,36].

4. Parametric sixth degree in 4’ potential.

We introduce the parametric potential

z
I 22 ‘
u(p) = a (,4:)47-! [_(a-c):ccp]

Tt 4 6
As c goes from -1 to 1, U describes tP ,4; ,q:» , potentials

respectively
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applications (solid state,quantum field theory) of the
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(The constant 1/4 could be replaced in general by some constant C which
would change the argument of the solution from E to ¥ 2C)

If one considers d? as constant, as < goes to zero U describes
the sine-Gordon equation.

The parametric potential U can also be written as

2 2
U(¢) = 2 coszc/z_ ¢l -1 [\/Z'smc/z 37 4: cosc}

L
q

Solving the corresponding field equation

aé¢ + Ei!ifftl = ©
a¢

for travelling wave solutions ¢ C!) we get
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— 2 Y

€osc lh [zsmc/z + ¢0S5C 4>]
2

y(t-2cos¢)

——is

2 2
‘_-:lcoszcaa ¢ - l]

‘ 2 -
- s5INc¢ +h (V‘z‘cos_:_ ¢)=t§.

2 Ve
[\f_Z—CI—ZCC)S() cosuz)

5 U= . q;.P“
P-i'l
the solution is given by
r e
¢ (x,t) = [* (i-p) :201 (x tut)
P 2 (-v)(1+p)
]
PrEL

and is not a solitary wave. It is interesting to observe that the same

equation has n-1 solutions for each value of p (with p#l),given by

-
ah~-i

. | 2= 1m)? yn' [P LA
pn N [(x-t)ontj ‘=P
(i-p) a
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6. For U= .){. 4)2(4,*‘4_ a") the solitary solution is given by
2 t/n
P(x,4) = a |+tanh (Enyom ) _,]

2 2
7. Similarly for U= —;— q) (¢h+ C!h)

b (YT o]

Concluding we have seen that the solitary wave solutions of NLKGE
considered in this Appendix are all expressed in terms of TANH (%)
which happens to be the solution of the 4;4 equation. One might ask:
Are these solutions related (except the fact that they belong to the
same family NLKGE) in some way that all can be derived from a general
solution which is expressed in terms of the CPH solution?

In Appendix G we try to relate the CPH kink with the sine-Gordon
soliton in order to understand better the relationship between solitary

waves and their cousins, solitons.




APPENDIX G
y
ARE KINKS OF 4) AND SOLITONS OF SINE GORDON EQUATION RELATED ?

We have seen (Chapter III) that for certain incoming velocities the
energy exchange mechanism allows two colliding kinks to behave (almost)
as solitons since they are scattered with (almost) no loss of energy as
a result of the resonance energy exchange between the shape and
translational modes. We examine the possibility of expressing the kink
solution of tPH equation in terms of the soliton solution of the
sine Gordon eguation.

Ve consider the general case
3
6-1 0 = xd-po

Looking for travelling wave solutions in the form

$ = cp(x-””) = & (%)

1-u‘

the above equation can be written as

G-2 - ‘P}; = C!q> - F‘P;

G-3 $ = m syp/2
wvhere L satisfies the field equation

(G-64) oy = t Ashy
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(G-5) or and
LFSS S F Asiny
G-6 z ¢ =constants
q’g = (tAcosy+ <) A
z
From eq. (G-2) upon using (G-3) and (G-5)

2
- |~ cos - SNy m — > 3
[2 #y cosy - siny % | = amsiny -pmsiny

2 2
tmAFmAsinws, + mA(-sing)+me - am
2

3 2
+ ™M Ssiny/z = ©

Thus

B=12 2‘A,/r1ﬂz
G-7

a= *a3A/2 + c/2
therefore

q;: ™M SsSIiNnw /2

and  is the solution of
2
Ug/2 = (tAcosy+c)

(vith ¢+ Acosy + <) positive for real solutions)
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I.‘
For ¢ equation a =1 , B =1 then from G-7

2
/\'—' T ™
z

G-8

< z2-3 W"z/z

and the solution becomes

= msinw/z

G-9
2
tdcosy +¢ = Wg /2
The solution t for any m is given in general, in terms of the elliptic

integrals. For the special case A = ¢ one obtains

T 2 .
w—i"= (2'3_'_-:) and W=+l < A=c¢c= V/2
‘r"—-’ = -(Z"E.-ﬂ\z) and =2z D A=17"1
3 =
for ™ = %)
A ZAZ
W= 4+an e -

and . :!:5/\/'5

=2 sm |2 +an € . TT/2

G-10
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Yy
which is the kink-antikink solution of ¢ eq. as can be seen belowv.

A

XV

For wn =

I+
N
>
]

%

G-11 -1 |
P(xt) = 2VZ sSMM2z2tan &

. . Yy .
which is an imaginary solution of the ¢ equation.

Thus summarizing the results :

For the general 4;‘ equation CICP = ¢ - Pd;,
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there exists a transformation

="M sinw/2

wvhere
QY = T Asimy
or A » € =constants
2
Y. = 2 Acosy+2c¢ E - x Ut
k3 2y 72
LHi-u D

which gives the travelling wave T-W solutions of the general equation,
in terms of the known T-W solutions of the sine-Gordon eq. G-6. For
the special case &a =1, B=1, X=t*<C one finds the kink solution of
the (pure) 4;i equation (G-10) and an imaginary solution (G-11).

Thus we conclude that it may be useful to view a kink as a
perturbed soliton and the solitary properties of a kink as due to
soliton properties left after the perturbation. It starts off as a

soliton

4): sinpy/z=w/2 (for small )

and develops as a solitary wave. The result is not surprising since for

small (p the s-G equation reads
3
oy =+ A (y-w/3! +----)

H
and the powvers of ¢ equation are recovered
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D® - ag - Bop?

Therefore one might think of 4>"' equation a s-G one which has been

disturbed by external force F, such that

DY = % Asing + F(x,t)

and the effect of F(x,t) is to neutralize all higher terms above

Similarly if one perturbs the 4;‘ by some external force , it might be
possible to find solitons. Extending the logic to more solitons we
might say that N interacting solitons may form a kink or solitary wave

For instance the coupled equations below
3 N 9] X ntd 3
O -+ ¢ = —[Cn-i-l)Slnw/z —[n+n)5m¢v/z-5mg__']

o

DY + simy

have running solutions

[ 4]
Pp(x,+) sin Cwy/2)

i

Yy (x,+) = ytor e”

h
One can see, that for small , $ = l.] v/z

L 1
the solitary solution ¢ is described by N interacting solitons.

The external field can also be written in terms of ¢, and be such

that the transformation ¢ = sin{¥/2) makes it vanish. For instance




the coupled equations

3

i

S, - I adp -po
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2 wv 2 g
+ P (F- ) (Aage8) (m-eT)e

—— |

v

F{x,t)

q)t-t T Wex = A SNy

have solutions

vith A= A » B= <-4
ml

"

b 4
"+
Cc
[

3

('_U‘)ilz

If one use the same transformation (G-3)

® - nmsin (w2)

to solve

O¢~ ¢ - pP°
o q} = = SSIVTqJ
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and not restricting the solution to running waves , one finds

1 cCOs I 2 2 2 3
- (oY) Wiz - X siny/z (q:+-wx) = a siny/z -gMsiny

2 2 2 2
[-,\ cosy/z - (q/,,.-LVx) -q-q-mszan/ZJMSlhgiI.—.o
[

The condition for the transformation G-3 to work is
r A

T
W = %%
wvhich for non travelling wave solutions will relate the two independent
variables x,t for any solution. Wishing, still to relate the two
equations for the general case we are forced to introduce another term

to the R.H.S of q;‘ which will cancel the undesired term. Then
DP = ad -pd -4 (W-¥)m smylz
- 4 + X

- Asiny

oy

or in terms of the ¢ field

a¢

ad - pe - ¢ (8- dx ) gt

gy = -~ Asiny

q
For the pure 49 equation e = P=1
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this gives m= ¥ | A =-1

and (P = * cosWYrs/2

vhere 1 is any solution of the s-G equation.

Thus if we choose the soliton-antisoliton scattering solution

wexty= 4 +an |22 h”“) . y= (v

Vcoshx X
$(x,t) = % cos .’L"!:Qn shuty
vch xy
notice that as t —-»ec0 VY =5+ § =soliton + antisoliton

then ¢

(+9 4+

u

+ [_cos (s)cos(S)- s|n(s).SlHC-3)]

' s

NN
N\ —
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Even if the transformation fails to connect d;' and s-G for exact time
dependent solutions, it does not necessarily mean there is no such
transformation, or for that matter exact time-dependent solutions
of 4;* . Here we were hoping that expressing the solution in terms of
the knowing solutions of the sine-Gordon equation we would be able to
solve Qf{ for the general case as we did for the case of running wave
solutions. Nevertheless we have seen that a kink and a s-G soliton are
related.

The need for introducing the extra term into R.H.S of (G-12),
relating the two field equations through this transformation, perhaps
indicates that the "secrets" of the solitary properties of the 4;‘ kink
could be understood better by perturbing the ¢;‘ eq. and expressing
the solution in terms of s-G solutions. The q;' hyperbolic type kink
solution is not the only one which has the soliton solution of s-G built
in. If one takes for instance the CP6 field equation (see Appendix F)
wvhere the potential is given by
¢2 (az -52492 )2.

U= L
2

he finds that the solution can be written in terms of  as
Pp= % SIMy/y

p= 4 rar’ e
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Similarly the NLKG equation with potential (see A-F)

Ue N CPZ (- chm - C{ﬂ )

has solution

1 c;‘VIi«ﬂi

n v 2
CP = (¥1%] [_11201 e

expressed also in terms of ¥y . and so they do all the NKG equations

4
which have their solution expressed in terms of ¢ kink.




APPENDIX H
u
¢ EQUATION WITH DISSIPATION

We have shown that the d)q equation has a general travelling wave
solution given by elliptic functions and the kink solitary solution is a
particular case of the elliptic parameters (see Appendix G). It is
interesting to see if the same method would allow one to solve the cﬁq
problem if one adds a term proportional to the first derivative of time.

Then the field equation reads
3 =0
H-1 Dg - ¢ + ¢ +pP, =

(wvhere B is a real parameter)
Looking again for running solutions (G-1), and s-Gordon equations

transformed to ODE

H-2 - g tuxfscpi—cpi-cpa'.-.o

H-3 ’q’gg = A SsSIvy

where again

T o=(X2U)S - (x+utdY S

(I-UL) "y

]
Integrating H-3 and chosing the integration constant to be A/E

one finds

‘-Vz

5. 2A z
H-4 = = _--6_ cos w/2
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Relating ¢ and by the transformation

H-5 P= msinyslza +wm
and upon using H-4 equation H-2 gives
3
2V AsiMw/z -~ ZmASINW/2 £ UYBd vnVx /5

- 2
+ Ubfpg‘w\ﬂ Smy/z —vm-vrnsivy/z

3

3 3 2z
+ v’ smysz + v (1 +3sinw/z +3syiz)=o

Collecting terms one gets the system of equations

2 z
v = ZA iua/gr, l-\-,\-":'
A

Ho6  Tuyp =3m /vx
kR
2A=-1* 3mm =0

which has solution
Yy, = tl/?_
H-7 A= t/¢

tug/(.-u")"‘ = 3 /VZ

Solving for Y from H-4 and substituting in H-5 the solution to

H-1 reads
. X*U(ﬁ)‘t + Xo
¢=i.4. Sin {Ztal’; e UZ(J-U"\ __Tlf.pl
2
H-8
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(vhere x, is constant determined by ¢p (¥=+ta3¢))

and describes a shifted kink(antikink) solution.

From H-7 one finds that the velocity of the kink is function of the

parameter B and is given by

UCB) = 591 (B 5/(2524-‘!)‘/"

H-9

For negative B (dissipation) the soluiion reads

(x-lyerl4+ xo)

)
$(x+) =] sm[ztam e Y2G-ub n]+l

B <o

and for positive B
— (x-rk.olu(pilf)
-1 Y ATV
p(x0=2Llsm[rpan’ e VECTOD |4

-T

B>o

The kink solutions are indeed a  surprise, Perturbing
the <PH equation, by introducing the extra term in G-1, one does not
expect to find kink solutions. From the linear picture once
dissipation is introduced in the system the solution gets distorted and
dies out as a result of the energy loss. The nonlinear picture differs
remarkably from that and the damping term only shifts the (kink)
solution, restricting the kink to move with certain velocities depending
on the amplitude B of the dissipation introduced in the system.

Thus in a physical system where energy loss is present (water vaves)
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only kinks which satisfy (H-8) are expected to be observed. The
question is how kinks supply this energy loss ( B <0) or what happens to
the energy added ( 8 >0) if this solution has any meanning at all. If

one perturbs the system further by adding a constant force term to (H-1)
3 _
Pir ~Pxx T PP Pt P =R

using the transformation
H-10 P = msimmwv/z + K

and working the same way as before ,he finds the system of equations

2
m=z A
H-11
2
2A-1 +3k =0°
2 3
3skm = K(-K) -B,
bR
tuy PmVa = 3kmM
If B =o => B =o
A=/

w=zik=% V/2

the previous solution is recovered. For FL # 0 from H-11

m":z) = -3k’

zz.-g|<3-rso---=

Solving H-12 for k (k < ll/—{l for real m ) in terms of p. one can find
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m and /\ from

) = l"iKL,_-((p‘) w=VZa = £ (B.)

wvhere the solutions of k are given by

K = S+ T

with

The general wave solution of H-10 is then given by (H-9) where WY is

the solution of s-G. Thus the method accounts for finding a solution of

the q;i equation with both time derivative term and constant force.




APPENDIX I

NEW EQUATIONS WITH KINK SOLUTIONS

It is interesting to mention that in our study of solitary waves we
have found newv nonlinear equations which do not belong to the family of
the nonlinear Klein-Gordon equations since they can not be written in

the form

Qo
C
~
S

1. The first one is given by the equation

1 P, Py = 4,_.4;3+ Sep, +£PP,

where g, S are constants ,and has solution

2(x+vt)
- (5tve) = V(3 eu) +el-u)

If one attempts to find the bound states for this equation by letting

I-2 ¢ = -l-anh

¢ - ¢° +\y as in Chapter II , he finds that the number of bound
states depends on the values of the constants £ ,d .We don’t know
if I-1 can describe any physical system. If it does, then in addition
to the kink solution one has the possibility of fixing the number of
bound states by choosing the amplitudes & , 8 of the disturbances.
This number reduces to two bound states when d,e are both zero ( ¢q )-

Again one could check numerically if the resonance energy exchange
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between the bound modes works here too.

2. Ve also have found that the integrodifferential equations
2 ér f; (t"
L, Db =40 + 856, 5P dt e Sh

3
1.4 DO¢ =od-4 + EULdJM_S (¢n)xc|+ *'£¢m S(rh"‘dx

have kink-like solutions given by

2
b= ok (xtvLt)
, ~(8+0) £\ (F+vE) + 8 (-UY) for H-3
= tanh Xxzxut
for H-4

VZ(:—U‘I)

Again we don’t know what physical system can be modeled by the
above equations. In this notice we just list the new equations and

emphasize that they have kink solutions.
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