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ABSTRACT

H-STRUCTURES ON S p ( 2 ) ,  SU(if) AND RELATED SPACES

by

CURTIS P .  MURLEY

The c l a s s i c a l  g r o u p s  S p ( 2 )  and  SUC^f) c a n  be  r e a l i z e d  a s  

t h e  t o t a l  s p a c e s  o f  f i b e r  b u n d l e s  o v e r  s p h e r e s .  A s s o c i a t e d  i n  

a  n a t u r a l  way w i t h  t h e s e  f i b e r i n g s  a r e  a  number o f  i n d u c e d  

f i b e r i n g s ,  some o f  whose t o t a l  s p a c e s  a l s o  s u p p o r t  H - s t r u c t u r e s .  

I n  t h i s  p a p e r  we c o n s i d e r  t h e  p r o b l e m  o f  d e t e r m i n i n g  t h e  number 

o f  d i s t i n c t  H - s t r u c t u r e s  s u p p o r t e d  by  t h e  c l a s s i c a l  g r o u p  SUC^t) 

a n d  by  t h e  H - s p a c e s  a s s o c i a t e d  w i t h  SU(*t) and  S p ( 2 ) .

The t e c h n i q u e  u s e d  t o  s o l v e  t h i s  p r o b le m  i n v o l v e s  t h e  

n o t i o n  o f  l o c a l i z a t i o n  o f  t o p o l o g i c a l  s p a c e s .  I n  C h a p t e r  I ,  we 

d i s c u s s  l o c a l i z a t i o n  and  p r o v e  a g e n e r a l  t h e o re m  w h ich  a l l o w s  

u s  t o  r e d u c e  t h e  H - s t r u c t u r e  p r o b l e m  f o r  a  g i v e n  s p a c e  t o  a  

s i m i l a r  p r o b l e m  f o r  i t s  a s s o c i a t e d  l o c a l i z e d  s p a c e s .

The number o f  H - s t r u c t u r e s  s u p p o r t e d  by  S p ( 2 )  i s  known. 

U s i n g  t h i s  num ber ,  t h e  l o c a l i z a t i o n  t e c h n i q u e  e a s i l y  p r o d u c e s  a 

c o m p l e t e  s o l u t i o n  f o r  t h e  t o t a l  s p a c e s  o f  t h e  a s s o c i a t e d  f i b e r 

i n g s .  T h e s e  c o m p u t a t i o n s  a r e  c a r r i e d  o u t  i n  C h a p t e r  I I .

F o r  SU(*0 t h e  p r o b l e m  h a s  n o t  p r e v i o u s l y  b e e n  s o l v e d .  I n  

C h a p t e r  I I I ,  u s i n g  t h e  g e n e r a l  r e s u l t  f rom  C h a p t e r  I ,  t o g e t h e r



w i t h  i n f o r m a t i o n  a b o u t  t h e  s t r u c t u r e  o f  S p (2 )  and  t h e  g e n e r a t o r s  

o f  c e r t a i n  homotopy g r o u p s  o f  s p h e r e s ,  we g i v e  a  p a r t i a l  s o l u t i o n  

f o r  SU(^) and  i t s  r e l a t e d  s p a c e s .

vi



CHAPTER I

LOCALIZATION IN TOPOLOGY

The main  r e s u l t s  o f  t h i s  p a p e r  a r e  o b t a i n e d  u s i n g  t h e  

t e c h n i q u e  o f  l o c a l i z i n g  t o p o l o g i c a l  s p a c e s .  I n  t h i s  c h a p t e r  we 

w i l l  d i s c u s s  l o c a l i z a t i o n  and  some o f  i t s  p r o p e r t i e s .  We w i l l  

a l s o  p r o v e  an  i m p o r t a n t  t h e o r e m  t h a t  i s  mos t  u s e f u l  i n  o b t a i n i n g  

o u r  ma in  r e s u l t s .

We b e g i n  w i t h  a  b r i e f  d i s c u s s i o n  o f  a l g e b r a i c  l o c a l i z a t i o n  

i n  t h e  c a t e g o r y  J /" o f  n i l p o t e n t  g r o u p s .  T h i s  i s  n e c e s s a r y  s i n c e  

t o p o l o g i c a l  l o c a l i z a t i o n  i s  d e f i n e d  i n  t e r m s  o f  a l g e b r a i c  l o c a l 

i z a t i o n  a n d ,  f u r t h e r ,  we w i l l  l a t e r  h ave  o c c a s i o n  t o  make some 

c o m p u t a t i o n s  i n v o l v i n g  l o c a l i z a t i o n s  o f  n i l p o t e n t  g r o u p s .

I n  what  f o l l o w s  P  d e n o t e s  t h e  s e t  o f  a l l  p r i m e s  and  P C P  

i s  a n y  s u b s e t .  The sym bol  <P> i s  u s e d  t o  d e n o t e  t h e  m u l t i p l i c a t i v e  

s e t  g e n e r a t e d  by  P and  P '  w i l l  d e n o t e  P - P .

DEFINITION ( 1 . 1 )  GCi/K* i s  s a i d  t o  be  P - l o c a l  i f  and o n l y  i f  t h e  n«> 

power  map e n :G— *-G i s  an  i s o m o r p h i s m  f o r  a l l  nc<P'> .

L e t  Zip = ■£ m/ n€ <Q| n e < P ’>} w here  d e n o t e s  t h e  s e t  o f  r a t i o n a l  

n u m b e rs .  I t  i s  e a s i l y  s e e n  t h a t  ZZp i s  P - l o c a l  and  i n  t h e  s p e c i a l  

c a s e s  P = P  and  P = we have  7L^ -  7L and  = *R»

PROPOSITION ( 1 . ? )  I f  A i s  a n  A b e l i a n  g r o u p  t h e  f o l l o w i n g  a r e  

e q u i v a l e n t :  ( i )  A i s  P - l o c a l ,

1



2

( i i )  A «  A ®  2Zp and

( i i i )  A i s  a  2ip - m o d u l e .

We d e n o t e  by ^  t h e  f u l l  s u b c a t e g o r y  o f  c o n s i s t i n g  o f

P - l o c a l  n i l p o t e n t  g r o u p s  and  by  i n c l u s i o n  f u n c t o r .

DEFINITION ( 1 . 5 )  I f  B e ^  t h e n  eeHoin^G,  i p B) i s  s a i d  t o  P - l o c a l i z e

G i f  and  o n l y  i f  g i v e n  a n y  H a n d  geHonj^G, i pH) t h e r e  e x i s t s  a

u n i q u e  g 'cHom ^  (B,  H) s u c h  t h a t  g = i p (g ' )«>e .
P

DEFINITION ( l . * Q  fOeHom^G, K) i s  s a i d  t o  be  a  P - i s o m o r p h i s m  i f  

and o n l y  i f

( i )  gekerjP => 3me<P> s u c h  t h a t  gm = 1 and

( i i )  f o r  a l l  k€K t h e r e  e x i s t s  nC<P’> and  geG s u c h  t h a t  

Jtf(g) = k n .

THEOREM ( 1 . 5 )  [ L a z a r d  ( 1 9 5 ^ ) ]  • T h e re  e x i s t s  a  f u n c t o r  Lp : i4̂ , . 

F u r t h e r ,  f o r  e a c h  G e ^ t h e r e  e x i s t s  a  morphism e peHom^(G, i pLp (G))  

h a v i n g  t h e  p r o p e r t y  t h a t  e p P - l o c a l i f c e s  G.

The f u n c t o r  Lp o f  t h e  a b o v e  th e o re m  i s  c a l l e d  t h e  P - l o c a l -  

i z a t i o n  f u n c t o r  and t h e  P - l o c a l  n i l p o t e n t  g ro u p  Lp (G ) ,  u s u a l l y  

d e n o t e d  by Gp , i s  c a l l e d  t h e  P - l o c a l i z a t i o n  o f  G. I t  i s  n o t  

d i f f i c u l t  t o  show t h a t  f o r  any  GeiV, t h e  p a i r  LpG and  e p a r e  u n i q u e l y  

d e t e r m i n e d  up t o  i s o m o r p h i s m .

THEOREM ( 1 . 6 )  [ H i l t o n  (1973  )H . I f  He<^ a n d  G«t^ t h e n  joeHom^G, i pH)

P - l o c a l i z e s  G i f  and  o n l y  i f  ^  i s  a  P - i s o m o r p h i s m .

COROLLARY ( 1 . 7 )  Lpt*/^— *-<4̂ p i s  an e x a c t  f u n c t o r .

We now t u r n  t o  a  d e s c r i p t i o n  o f  t o p o l o g i c a l  l o c a l i z a t i o n  i n

t h e  homotopy c a t e g o r y  o f  s i m p l y  c o n n e c t e d  p o i n t e d  CW c o m p l e x e s .  We 

w i l l  d e n o t e  t h i s  c a t e g o r y  by & .

DEFINITION ( 1 . 8 )  X€ & i s  s a i d  t o  be P - l o c a l  i f  and  o n l y  i f  *r*(X) 

i s  P - l o c a l .



We d e n o t e  by £ p  t h e  f u l l  s u b c a t e g o r y  o f  C c o n s i s t i n g  o f  

P - l o c a l  s p a c e s  and  by  i p J ^ p — t h e  i n c l u s i o n  f u n c t o r .  

DEFINITION ( 1 . 9 )  I f  Y€6p  t h e n  f e H o m ^ X ,  i pY) i s  s a i d  t o  P - l o c a l -  

i z e  X i f  and o n l y  i f  f  i s  u n i v e r s a l  w i t h  r e s p e c t  t o  maps f rom  X 

t o  P - l o c a l  s p a c e s ,  i . e . ,

f*:Hom<;(X, i pZ )  *-Hom^(ip Y, i p Z)

i s  a n  i s o m o r p h i s m  f o r  a l l  Ze£p . I f  f  P - l o c a l i z e s  X t h e n  Y i s  

s a i d  t o  be  a  P - l o c a l i z a t i o n  o f  X.

P - l o c a l  s p a c e s  and  P - l o c a l i z a t i o n s  a r e  c h a r a c t e r i z e d  by 

t h e  f o l l o w i n g .

THEOREM ( 1 . 1 0 )  [ S u l l i v a n  (1971)]] • F o r  feHom^CX, Y) t h e  f o l l o w 

i n g  a r e  e q u i v a l e n t :

( i )  f  P - l o c a l i z e s  X,

( i i )  f* P - l o c a l i z e s  i n t e g r a l  hom ology ,  i . e . ,  

f „ : H * ( X ) ----- - H » ( Y )  P - l o c a l i z e s  H „(X ) ,  and

( i i i )  f* P - l o c a l i z e s  hom otopy ,  i . e . ,  f * : 7i ; ( X ) -----* - t t ; (Y )

P - l o c a l i z e s  7£ ( X ) .

COROLLARY ( 1 . 1 1 )  F o r  Xc6 t h e  f o l l o w i n g  a r e  e q u i v a l e n t :

( i )  X€^p ,

( i i )  H*(X)€«^p, and 

( i i i )  7i;(X)€i/>£

COROLLARY ( 1 . 1 2 )  I f  fcHom * (X, Y) t h e n  t h e  f o l l o w i n g  a r e  e q u i -  

v a l e n t :

( i )  f  i s  a  homotopy e q u i v a l e n c e ,

( i i )  f , : H * ( X )  - H * ( Y )  i s  a n  i s o m o r p h i s m ,  and

( i i i )  f * : i r + ( X ) ----- »-ir'*(Y) i s  a n  i s o m o r p h i s m .

N o te  t h a t  C o r o l l a r y  ( 1 . 1 2 )  a l s o  h o l d s  i n  t h e  more g e n e r a l  c a t e 

g o r y  Cr .



To s e e  t h a t  P - l o c a l i z a t i o n s o f  s p a c e s  Xc<S e x i s t  we f o l l o w  

S u l l i v a n  ( 1 9 7 1 )  and  o u t l i n e  a c e l l u l a r  c o n s t r u c t i o n .  We b e g i n  

by  d e s c r i b i n g  a P - l o c a l  n - s p h e r e .

Choose a  c o f i n a l  s e q u e n c e  £  f rom ^P*> and  d e n o t e  t h e  

e l e m e n t s  o f  t h i s  s e q u e n c e  by  J  y . Choose  maps / ^ : S n— *-Sn

o f  d e g r e e  X^  and  d e f i n e  t h e  P - l o c a l  n - s p h e r e ,  d e n o t e d  s“ , a s

s j  = - g s .  ( s " A . s n ) .

A P - l o c a l  CW com plex  i s  b u i l t  i n d u c t i v e l y  f rom a  p o i n t  o r  f rom  a 

P - l o c a l  1 - s p h e r e  by  a t t a c h i n g  c o n e s  o v e r  t h e  P - l o c a l  s p h e r e  u s i n g  

maps o f  t h e  P - l o c a l  s p h e r e  Sp i n t o  t h e  l o w e r  " l o c a l  s k e l e t o n s " .

A p o i n t  t o  n o t i c e  a b o u t  t h e  above  c o n s t r u c t i o n  i s  t h a t  

s i n c e  t h e r e  i s  no P - l o c a l  O - s p h e r e ,  t h e r e  i s  no P - l o c a l  1 - c e l l .  

THEOREM ( 1 . 1 3 )  [ S u l l i v a n  ( 1 9 7 1 U- I f  X i s  a  CW com plex  w i t h  one 

O - c e l l  and  no 1 - c e l l s ,  t h e n  t h e r e  i s  a  P - l o c a l  CW c o m p le x ,  d e n o t e d  

L p (X ) ,  and  a c e l l u l a r  map e p j X  »-Lp(X) s u c h  t h a t

( i )  6p i n d u c e s  a b i j e c t i o n  b e t w e e n  t h e  c e l l s  o f  X and  

t h e  P - l o c a l  c e l l s  o f  Lp(X) and

( i i )  e p * : 7 i ; ( X ) ------^ ^ ( L p (X ) )  P - l o c a l i z e s  7r , ( X ) .

COROLLARY ( l . l 4 )  T h e r e  e x i s t s  a  f u n c t o r  Lpt <5— F u r t h e r ,  

f o r  e a c h  Xe£ t h e r e  i s  a  c a n o n i c a l  map ep€Hom^(X, i p L p ( X ) )  h a v i n g  

t h e  p r o p e r t y  t h a t  6p P - l o c a l i z e s  X.

As b e f o r e ,  we w i l l  w r i t e  Xp f o r  Lp (X) a n d  c a l l  Xp t h e  

P - l o c a l i z a t i o n  o f  X. A g a i n ,  n o t e  t h a t  t h e  u n i v e r s a l i t y  c o n d i t i o n  

means t h a t  Xp i s  u n i q u e l y  d e t e r m i n e d  up t o  homotopy  e q u i v a l e n c e .

The f o l l o w i n g  p r o p o s i t i o n ,  w h i c h ,  among o t h e r  p l a c e s ,  

a p p e a r s  i n  M i m u r a - N i s h i d a - T o d a  ( 1 9 7 1 ) ,  shows t h a t  l o c a l i z a t i o n  

b e h a v e s  n i c e l y  w i t h  r e s p e c t  t o  some i m p o r t a n t  c o n c e p t s  and 

c o n s t r u c t i o n s  o f  a l g e b r a i c  t o p o l o g y .



PROPOSITION ( 1 . 1 5 )  I n  & P - l o c a l i z a t i o n  p r e s e r v e s  f i b r a t i o n s  and 

c o f i b r a t i o n s .

COROLLARY ( 1 . 1 6 )  I f  X, Yc£ t h e n

( i )  (XxY)p  a? XpxYp ,

( i i )  (XvY)p XpVYp, and

( i i i )  (XaY)p  *  XpAYp

w here  XvY d e n o t e s  t h e  ’’wedge p r o d u c t ” , i . e . ,  t h e  one p o i n t  u h i o n  

and  XaY d e n o t e s  t h e  "sm ash  p r o d u c t " ,  i . e . ,  t h e  q u o t i e n t  s p a c e  

(XxY) / (XvY) .

THEOREM ( 1 . 1 7 )  [ M i m u r a - N i s h id a - T o d a  (1971) ! ] .  F o r  Xc& l e t  P± , i d ,  

be  a f a m i l y  o f  s u b s e t s  o f  P  and  s e t  P and  P = ' ŝ  P^« I f

we l e t  n  X d e n o t e  t h e  p u l l - b a c k  o f  t h e  c a n o n i c a l  maps

COROLLARY ( 1 . 1 8 )  [ M i m u r a - N i s h i d a - T o d a  (1973)] .  Xc & i s  homotopy

X^ f o r  a l l  p r i m e s  p .

L e t  d e n o t e  t h e  s u b c a t e g o r y  o f  6  o f  f i n i t e  CW c o m p le x e s ,  

a n d ,  a s  i s  u s u a l ,  f o r  t o p o l o g i c a l  s p a c e s  X and  Y l e t  [X,  Y] d e n o t e  

t h e  s e t  o f  homotopy  c l a s s e s  o f  maps f rom  X t o  Y.

THEOREM ( 1 . 1 9 )  [ H i l t o n - M i s l i n - R o i t b e r g  ( 1 9 7 3 ) ] .  L e t  X, T e ^  

a n d  l e t  P ^ ,  P and  P be a s  i n  Theorem ( 1 . 1 7 ) .  Then

■P i

e p :Xp    X-  t h e n  "|^T Xp  *  Xp .
i  i  r  P i

When P c P  i s  a  s i n g l e t o n ,  P = { p } ,  we w i l l  d e n o t e  Xp by X ^ ^

q u i v a l e n t  t o  n t h e  p u l l - b a c k  o f  e ,  -,'.X X„. o v e r  0

i n  t h e  c a t e g o r y  o f  s e t s ,  where s  t h e  p u l l - b a c k  o f

P
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The f o l l o w i n g  t h e o r e m  p r o v i d e s  a  c r i t e r i a  f o r  d e t e r m i n 

i n g  i f  a  t o p o l o g i c a l  s p a c e  i s  an  H - s p a c e .  T h i s  r e s u l t  a p p e a r s  

i n  s e v e r a l  s l i g h t l y  d i f f e r i n g  fo rm s  i n  t h e  l i t e r a t u r e ,  s e e  f o r  

e xam ple  S u l l i v a n  ( 1 9 7 1 ) ,  M i m u r a -N i s h i d a - T o d a  ( 1 9 7 1 ) ,  o r  H i l t o n -  

M i s l i n - R o i t b e r g  ( 1 9 7 3 ) .  Some o f  t h e s e  v e r s i o n s  a p p e a r  t o  have  

i n c o r r e c t  p r o o f ,  S u l l i v a n  (1971)  f o r  e x a m p le ,  a l t h o u g h  a l l  

r e s u l t s  a r e  r e p o r t e d  t o  be  t r u e .  We s t a t e  and p r o v e  a v a r i a t i o n  

o f  t h e s e  r e s u l t s  i n  a  fo rm w h ich  w i l l  be  u s e f u l  t o  u s  l a t e r .  

THEOREM ( 1 . 2 0 )  L e t  Xc£.  I f  (X,m) i s  an H - s p a c e  t h e n  m i n d u c e s  

a  m u l t i p l i c a t i o n  on ^ ( p )  ^ o r  a -*-̂  C o n v e r s e l y ,  i f

( X ^ ^ ,  n ( p ) )  1® an  H - s p a c e  f o r  e a c h  pfi lP a n d ,  f u r t h e r  i f  t h e  

m u l t i p l i c a t i o n s  i n d u c e d  on X^ by n ( p )  ant* n ( q )  a r e  e Hu a l  f ° r  

a l l  p ,  q€3P ,  t h e n  X i s  an  H - s p a c e .

PROOF S uppose  (X, m) i s  an  H - s p a c e .  L o c a l i z i n g  t h e  m u l t i p l i c a 

t i o n  m we g e t  a  map m ^ j : ( X x X ) ^ j  ----- - X ^ ^  f o r  e a c h  p r im e  p£3P.

However ,  ( X x X ) ^ ^  i s  h o m o to p ic  t o  X^ j x X ^ j and  we have  a map

an  H - s p a c e .

C o n v e r s e l y ,  c o n s i d e r  t h e  f o l l o w i n g  d i a g r a m  w here  p and q 

a r e  p r i m e s  and  t h e  e -m aps  a r e  t h e  c a n o n i c a l  l o c a l i z a t i o n  maps .

w h ich  i s  e a s i l y  s e e n  t o  make (X

X( p ) « j ( q )  *  X( p ) v j ( q )

n ( q ) ( e ( , ) X * ( , ) >
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By Theorem ( 1 . 1 7 )  t h e  r e c t a n g l e  i s  a  p u l l - b a c k  d i a g r a m .  L e t  

e^ :X( p ) u ( q )  ~ X0 * S i n c e

<e( p ) V e(p) = V  and <e( q ) V " (q )  = V
Th“ B (<' ( p ) V [ n ( p ) " ( e ( p ) it ' ( p ) ' ]

- (n(p)V"P(e(p)Vx <e(p)V)“(ecp)It %>>]
= ( n ( p ) V <ei < *  V

and  s i m i l a r l y  [ ■ > ( , ) • < • ( , ) *  % ) > ]

■ <” ( q ) V [ ( < e < q ) )|*X ( e ( q ) V ) ‘ <e( q ) X % > ' ]

'  ( n ( q ) V <e(.X V "
But by h y p o t h e s i s  (n^ j ) ^  = h e n c e  we h ave

( e (p) V [ n(p)o(e(p)X ^ p ) 5]  = (e(q)V°[.n(q)0(e(q)X ®(q))]*
S i n c e  ^ ( p ) ^ ( q )  *-s  a  p u l l - b a c k ,  t h e  ab o v e  e q u a l i t y  means t h e r e  

e x i s t s  a u n i q u e  map

n ( p ) v j ( q ) :X( p ) u ( q ) X X( p )  VJ(q) ~ X(p )  U ( q )  

w h ich  i s  e a s i l y  s e e n  t o  be a  m u l t i p l i c a t i o n  on ^ • (p )Vj ( q ) *

I n d u c t i v e l y  one c a n  now d e f i n e  a  m u l t i p l i c a t i o n ,  m, on t h e

i n f i n i t e  p u l l - b a c k  o v e r  a l l  p r i m e s ,  w h ich  by C o r o l l a r y  ( 1 . 1 8 )  i s

h o m o to p ic  t o  X.

Q • E • D •
I f  G s C i s  a t o p o l o g i c a l  g r o u p  t h e n  by a  t h e o r e m  o f  

G. W h i t e h e a d ,  ( 1 9 5 * 0 ,  L » G] d e f i n e s  a  f u n c t o r  £ , 0 T \\9 C —

The f o l l o w i n g  i s  a  u s e f u l  r e l a t i o n s h i p  b e t w e e n  a l g e b r a i c  and 

t o p o l o g i c a l  l o c a l i z a t i o n .

PROPOSITION ( 1 . 2 1 )  [ H a r r i s o n - S c h e e r e r  ( 1 9 7 2 ) 3 .  F o r  X c #  and  

Ge£ w here  G i s  a  t o p o l o g i c a l  g r o u p  t h e r e  i s  a  n a t u r a l  i s o m o r p h i s m  

[X ,  G ]p . [ X ,  Gp] ,

COROLLARY ( 1 . 2 2 )  I f  Xefi t h e n  7T*(Xp ) a  7f*(X) ® Z5p .



PROOF F o r  n > 2 ,  7Tn (X) ft* But n X *  G(X) where  G(X)

i s  a t o p o l o g i c a l  g r o u p ,  h e n c e  c o r o l l a r y  i s  im m e d i a t e  f rom main

p r o p o s i t i o n  i f  one u s e s  P r o p o s i t i o n  ( 1 . 2 )  t o g e t h e r  w i t h  t h e  f a c t

t h a t  7f (X) i s  A b e l i a n  f o r  n 2.  n
Q.E .D .

The n e x t  t h e o r e m  i s  a  r e s t a t e d  l o c a l i z e d  v e r s i o n  o f  a

r e s u l t  due t o  C o p e la n d  ( 1 9 7 2 ) .  I t s  p r o o f  i s  t h e  same a s  t h a t

g i v e n  by  C o p e l a n d ,  s i n c e  t h e  r e s t r i c t i o n  t o  t h e  c a t e g o r y  o f

f i n i t e l y  g e n e r a t e d  CW c o m p le x e s  t h a t  i s  made by t h e  a u t h o r  i n

t h e  p a p e r  w here  t h e  r e s u l t  a p p e a r s  i s  u n n e c e s s a r y .

THEOREM ( 1 . 2 3 )  [ C o p e l a n d  ( 1 9 7 2 ) ]  . L e t  Xe£ be  a  f i n i t e  p r o d u c t

o f  s p a c e s  X = X .x  X .x  . . . x  X w here  X . e & and  ( X . ) . ,  i s  an  H - s p a c e  1 2  n  l  l  r

f o r  e a c h  i  = 1 , 2 , . . . ,  n and  some s e t  o f  p r i m e s  P .  F o r  a l l

i n t e g e r s  u and  s  w i t h  1 fc u ,  s  * n l e t  oC= (i^.* • • • *  • • • »

j  ) be  an  ( u + s ) - t u p l e  o f  i n t e g e r s  w i t h  1 * i ^  < < , . , < 1^  4 n

and  1 £ j_ < j_  < . . .  < j  4 n .  S e t  = u + s ,  A = { a I 2 °1 J2 ds  n 1 1
and

(M^p = (X± )pA#..A(X± )pa(X )p A...A(X )p
1  U 1  8

t h e n

# [ x p A X p ,  X p ]  = | ^ h m «. ^p * ^x t ^ p ^ j *

F i n a l l y ,  we h a v e  t h e  f o l l o w i n g  th e o re m  w h ich  w i l l  be  most  

u s e f u l  i n  o b t a i n i n g  o u r  main  r e s u l t s .  I t s  p r o o f  r e q u i r e s  a  lemma 

LEMMA ( 1 .2 * 0  I f  Xt3& and  Ye.6 t h e n  [jXp» Yp] as £ x ,  Y ]  a s  s e t s .

PROOF T h a t  e p j X  »-Xp i n d u c e s  a  s u r j e c t i v e  f u n c t i o n

ep * : [X p , Yp] _ [ X ,  Yp ]  

f o l l o w s  i m m e d i a t e l y  f rom  t h e  f a c t  t h a t  ep P - l o c a l i z e s  X. To show 

t h a t  ep* i s  i n j e c t i v e  one u s e s  t h e  f a c t  t h a t  ep  P - l o c a l i z e s  X



t o g e t h e r  w i t h  t h e  r e s u l t  t h a t  (X x I ) p  — Xp x I  w h ich  f o l l o w s  

f rom  C o r o l l a r y  ( 1 . 1 6 ) .

Q.E.D

THEOREM ( 1 . 2 5 )  ( A r k o w i t z ,  M u r l e y ,  S h a r ) .  L e t  Xe£ be  an H - s p a c e  

h a v i n g  t h e  p r o p e r t y  t h a t  QXaX, Xjg] i s  t r i v i a l .  L e t  X^,  XpC& be 

s u c h  t h a t  f o r  some s e t  P S P ,  Xp -  (X-^)p and  Xp, ^  (X2 ) p , .  ^^e11
(X^)p and  (X2 ) p i  a r e  H - s p a c e s  and

#[XAX, X ]  = # [ ( X ^ ) p A(X1 ) p ,  ( x1 ) p] # | ( x 2 ) p , A ( x2 ) p , t (x2)pl]. 
PROOF By Theorem ( 1 . 2 0 )  i t  i s  e a s y  t o  s e e  t h a t  Xp and  Xp, a r e  

H - s p a c e s  s o  i t  i s  i m m e d i a t e  t h a t  (X ^)p  and  ( ^2 ) p ,  a r e  H - s p a c e s .

By Theorem ( 1 . 1 9 )  and t h e  h y p o t h e s i s  t h a t  £XaX, X ^ ]  i s  

t r i v i a l  we s e e  t h a t

#  [XaX, X] = #[XaX, Xp ]  #(XaX, Xp , ] .

But  by  Lemma ( 1 .2 * 0  and  C o r o l l a r y  ( 1 . 1 6  ( i i i ) )  we h a v e  

#[XaX, Xp]  = #[XpAXp , Xp ]  = # [ ( x 1 ) p A(x1 ) p ,  ( X ^ p ]  

a n d  s i m i l a r l y

# [ x a X ,  xpt] = # [Xp.AXp,, xpi] = ^ [ ( x 2 )p , a ( x 2 )p , ,  (x2)p ,].
Q.E

We now p r o c e e d  t o  t h e  main  r e s u l t s .
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CHAPTER I I

H-STRUCTURES ON SIMPLY CONNECTED H-SPACES OF TYPE ( 3 , 7 )

The p r o b l e m  we c o n s i d e r  i n  t h i s  c h a p t e r  i s  t h a t  o f  d e t e r 

m i n i n g ,  up t o  hom otopy ,  t h e  number  o f  H - s t r u c t u r e s  s u p p o r t e d  by

3 7H - s p a c e s  w h ich  a r e  t o t a l  s p a c e s  o f  p r i n c i p a l  S - b u n d l e s  o v e r  S .

3 7Among t h e s e  s p a c e s  a r e  S x S , S p ( 2 ) ,  and  t h e  famous  H i l t o n -

R o i t b e r g  H - s p a c e ,  H i l t o n  R o i t b e r g  ( 1 9 6 9 ) ,  w h ich  was t h e  f i r s t
7

exam ple  n o t  i n v o l v i n g  S o f  a  com pac t  s i m p l y  c o n n e c t e d  H - s p a c e  

n o t  o f  t h e  homotopy t y p e  o f  a  L i e  g r o u p .  L a t e r  H i l t o n  and  

R o i t b e r g ,  H i l t o n - R o i t b e r g  ( 1 9 7 0 ) ,  showed t h a t  any  s i m p l y  c o n 

n e c t e d  H - s p a c e  o f  t y p e  ( 3 , 7 )  h a s  t h e  homotopy t y p e  o f  t h e  t o t a l

3 7s p a c e  o f  a  p r i n c i p a l  S - b u n d l e  o v e r  S . T h u s ,  t h e  p r o b le m  we

c o n s i d e r  i s  t h a t  o f  d e t e r m i n i n g  t h e  number o f  H - s t r u c t u r e s  t h a t  a

s i m p l y  c o n n e c t e d  H - s p a c e  o f  t y p e  ( 3 , 7 )  may s u p p o r t .

We a r e  c o n s i d e r i n g  p r i n c i p a l  f i b r a t i o n s  o f  t h e  form

The c l a s s i f y i n g  s p a c e  f o r  s u c h  f i b r a t i o n s  i s  B_3 a n d  s o  t h e  number 

o f  homotopy c l a s s e s  o f  s u c h  f i b r a t i o n s  i s  i n  o n e - t o - o n e  c o r r e s p o n 

d e n c e  w i t h  [ S7 ,  Bg3 j  «  7Tr?( B g 3 ) .  U s i n g  t h e  f a c t  t h a t  f!Bg3 we

s e e  t h a t  - ^ ( B ^ )  »  7rg(ABg3 ) a  Tfg(S^) «  ZZ/12. T h u s ,  t h e r e  a r e  

t w e l v e  d i s t i n c t  homotopy c l a s s e s  o f  s u c h  f i b r a t i o n s .
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The e l e m e n t s  o f  7r0 (B 3 )  c o r r e s p o n d i n g  t o  t h e  d i s t i n c t
t *3

homotopy  c l a s s e s  o f  f i b r a t i o n s  a r e  c a l l e d  t h e  c h a r a c t e r i s t i c

3 7c l a s s e s  o f  t h e  f i b r a t i o n s .  F o r  a  f i b r a t i o n  S ----  X ------ *-S we

w i l l  d e n o t e  i t s  c h a r a c t e r i s t i c  c l a s s  by 0C(X) and  w i l l  c o n s i d e r

# ( X )  t o  be an  e l e m e n t  o f  7lg (S 3 ) u n d e r  i d e n t i f i c a t i o n  v i a  t h e

3c a n o n i c a l  i s o m o r p h i s m  7C,(Bg 3)  »

L e t  PBg3 d e n o t e  t h e  s p a c e  o f  b a s e d  p a t h s  on Bg 3 a n d

p:PB  3 -----  Bc 3 be t h e  p r o j e c t i o n  on t h e  t e r m i n a l  p o i n t .  WithO o

t h i s  n o t a t i o n  XlBg3 ----- — PBS3 —£-**Bg3 i s  a  f i b r a t i o n  and  a n y  f i b r j

t i o n  o f  t h e  fo rm  S'*------—X  i s  i n d u c e d  by j£(X) a s  f o l l o w s :

S3 ---------------- --£lBq3

I I
PBS3

\s? *(>:) - bs;
The two u n l a b e l e d  h o r i z o n t a l  maps i n  t h e  above  d i a g r a m  a r e  i n 

d u ced  by 9C(X) i n  t h e  u s u a l  f a s h i o n .

I t  i s  known t h a t  S p ( 2 )  i s  t h e  t o t a l  s p a c e  o f  a  p r i n c i p a l  

S3- b u n d l e  o v e r  S^ a n d ,  f u r t h e r ,  t h a t  9£(S p(2))  = ^ 1 +0(^(3)€7lg(S3 ) 

w here  v  1 and  <X^(3 ) a r e  t h e  Toda ,  Toda ( 1 9 6 2 ) ,  g e n e r a t o r s  o f  t h e

d i r e c t  summands 2Z/if and  2Z/3 r e s p e c t i v e l y  o f  TTg(S3 )«! E / 1 2 .

7 7L e t  n :S  ------»-S d e n o t e  a  map o f  d e g r e e  n and  X^ t h e  t o t a l  s p a c e  o f

3 7t h e  p r i n c i p a l  f i b r a t i o n  i n d u c e d  f rom  S  — S p ( 2 ) ----- »-S by  n a s

shown b e l o w .

S3 -------------------~ S 3

X -------------------^  J p ( 2)

I Jo7 n c 7 * '  +
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I t  i s  now c l e a r  t h a t  w i t h  t h i s  n o t a t i o n  X(X ) = n(v ' +oC- (3 ) )n x

= n v ' + n a ^ O )  and  t h a t  Xr , n = 0 , 1 , 2 , . . . , 11 , i s  a  c o m p l e t e  l i s t  o f

3 7t h e  t o t a l  s p a c e s  o f  p r i n c i p a l  f i b r a t i o n s  o f  t h e  fo rm  S ---- — X — .

Not a l l  o f  t h e  s p a c e s  X a r e  o f  d i f f e r e n t  homotopy  t y p e ;n
i n d e e d ,  t h e  f o l l o w i n g  p r o p o s i t i o n  shows t h a t  X^ a. X^ i f  and  o n l y  

i f  n = ± m ( m o d l2 ) .

PROPOSITION ( 2 . 1 )  [ D o u g l a s ,  H i l t o n ,  S i g i r s t  ( 1 9 6 9 ) ] .  L e t  X^ 

d e n o t e  t h e  t o t a l  s p a c e  o f  a n  S ^ - b u n d l e  o v e r  Sn w i t h  

= ^ € 7 ^  , ( 8 3 ) .  Then  X^ £* X^ i f  and  o n l y  i f  oc =iy3 .

T h u s ,  we f i n d  t h a t  t h e r e  a r e  o n l y  s e v e n  d i s t i n c t  homotopy 

t y p e s  o f  t o t a l  s p a c e s  X^,  nam ely  t h o s e  h a v i n g  t h e  f o l l o w i n g  r e p r e 

s e n t a t i v e s :  XQ, X^,  X2 , X3 , X^,  X5 and  Xg. Of t h e s e  we a r e

i n t e r e s t e d  o n l y  i n  t h e  o n e s  t h a t  a r e  H - s p a c e s .  The q u e s t i o n  o f  

d e c i d i n g  w hich  o f  t h e s e  s p a c e s  a r e  H - s p a c e s  h a s  b e e n  a n s w e r e d ,  

a l t h o u g h  t h e r e  i s  a  m ino r  p r o b l e m  i n v o l v e d .

From o u r  n o t a t i o n  i t  i s  c l e a r  t h a t  Xq d  S^x a n d  X^ d  S p ( 2 )  

a n d ,  h e n c e ,  a r e  H - s p a c e s .  X^ i s  t h e  H i l t o n - R o i t b e r g  H - s p a c e  and  

Z a b r o d s k y  (1 9 7 1 )  h a s  shown t h a t  X^ a n d  Xg a r e  n o t  H - s p a c e s .  The 

p r o b l e m  l i e s  w i t h  S t a s h e f f ' s  ( 1 9 6 9 )  p r o o f  t h a t  b o t h  X^ and  X^ a r e  

H - s p a c e s .  I t  seems t h a t  h i s  p r o o f  o f  t h i s  f a c t  u s e d  a r e s u l t  

t h a t  h a s  s u b s e q u e n t l y  b e e n  shown t o  h a v e  had  a n  i n c o r r e c t  p r o o f .  

However ,  t h e  r e s u l t  S t a s h e f f  u s e d  i s  t h o u g h t  t o  be  t r u e ,  a l t h o u g h  

a. c o r r e c t  p r o o f  h a s  n o t  y e t  a p p e a r e d .  To a v o i d  t h i s  d i f f i c u l t y  

we w i l l  a r g u e  t h a t  b o t h  X^ a n d  X^ a r e  H - s p a c e s ,  u s i n g  Theorem ( 1 . 2 0 ) .

I n  o r d e r  t o  u s e  Theorem ( 1 . 2 0 )  t o  show t h a t  X^ a n d  X^ a r e  

H - s p a c e s ,  we must  v e r i f y  t h a t  t h e y  s a t i s f y  t h e  h y p o t h e s e s  o f  t h e  

t h e o r e m ,  i . e . ,  t h a t  ( X ^ ) ^ ^  and  ( X ^ ) ^ ^  a r e  H - s p a c e s  f o r  e a c h  

p r im e  p a n d ,  f u r t h e r ,  t h a t  t h e  c o n d i t i o n  on t h e  i n d u c e d  m u l t i p l i -



c a t i o n s  i n  (X _ ) .  a n d  ( X . ) .  i s  s a t i s f i e d .  T h a t  t h e s e  f a c t s  a r e
3 0 * P

7
i n d e e d  t r u e  i s  a  c o n s e q u e n c e  o f  t h e  f o l l o w i n g  lemmas numbered  

( 2 . 3 )  and  ( 2 . 5 ) .  B o th  o f  t h e s e  lemmas c o n t a i n  a d d i t i o n a l  i n f o r m 

a t i o n  a b o u t  X w h ich  w i l l  be n e e d e d  l a t e r .
5

I n  o r d e r  t o  p r o v e  Lemma ( 2 . 3 )  we n e e d  t h e  n e x t  r e s u l t ,

w h ich  i s  a  l o c a l i z e d  v e r s i o n  o f  Lemma ( 2 . 3 ) ,  Mimura -Toda (1 9 6 * 0 .

LEMMA ( 2 . 2 )  L e t  ocerc (X ) ,  m £ 2 ,  be o f  f i n i t e  o r d e r  and  X„,e<2 -------------------- m ^

Vbe the total space of the fibration XIX *- X^ *-Sm induced by ot
in the usual fashion. If n:Sra *-Sm is a map of degree n then

(Xnot)(p) — (Xot)(p ) for all primes p such that (p,n) = 1.
PROOF The following diagram commutes where n denotes the map 
induced on total spaces by n.

A X  —  k-JIX
I

E  ii   E,n«- . <*
Igin n gm _____ 01_

Since localization preserves fibration we may localize the 
above diagram and consider the resulting homotopy exact sequences,

. . . ----- - 7r±+1( s a ( v ) )  ' “ '7r i ( ( / l X ) ( p ) ) -------^ iri ( (X n a ) ( p ) ) ---------
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S i n c e  ( p , n )  = 1 and 7T*(S ( p ) )  «  7f*(S ) ® Z&^yie s e e  t h a t  

i s  an  i s o m o r p h i s m .  We now c o n c l u d e  f rom t h e  5- lemma t h a t  

i s  an  i s o m o r p h i s m  and t h u s ,  s i n c e  a l l  s p a c e s  a r e  CW-complexes,

that  <Xn*><p) *  (V ( p ) -
Q • E • D •

LEMMA ( 2 » 5 )  L e t  p be  a  p r im e  and  ( p )1 = 3P-tp} , t h e n

( a )  (X? ) ( 3 )  21 (S3x  S? ) (3 )  and  <X3 ) ( 3 ) I  *  S p ( 2 ) ( 3 ) l ,

( b )  21 (S 3x S7 ) ( 2 )  a n d  ( X ^ ) ^ ) ,  *  S p ( 2 ) ( 2 ) | t  and

( c )  ( X ^ ) ^  a  ( S p ( 2 ) ) ^ j  f o r  a l l  p e P .

PROOF ( a )  C o n s i d e r  t h e  f o l l o w i n g  d i a g r a m s  o f  f i b r a t i o n s  and 

i n d u c e d  f i b r a t i o n s .

S3 X S7 - X. S p ( 2 )

Lemma ( 2 . 2 )  c a n  now be a p p l i e d  t o  g i v e  ( a ) .

(b )  and  ( c )  a r e  p r o v e d  s i m i l a r l y  w here  i n  t h e  p r o o f  o f

( c )  we make u s e  o f  t h e  f a c t  t h a t  X_ & X_.
5 7

Q.E.D.

I n  w ha t  f o l l o w s  we w i l l  u s e  t h e  n o t a t i o n  yn(X) t o  d e n o t e  

t h e  number  o f  d i s t i n c t  homotopy c l a s s e s  o f  m u l t i p l i c a t i o n s  t h a t  a  

g i v e n  H - s p a c e  X w i l l  s u p p o r t ,  a n d ,  a s  b e f o r e  #  w i l l  be  u s e d  t o  

d e n o t e  s e t  c a r d i n a l i t y .

B e f o r e  s t a t i n g  and  p r o v i n g  Lemma ( 2 . 5 )  we r e c o r d  t h e  

f o l l o w i n g  f u n d a m e n t a l  r e s u l t  w h ic h  i s  n e e d e d  n o t  o n l y  i n  Lemma 

( 2 . 5 ) ,  b u t  fo rm s  t h e  b a s i s  f o r  l a t e r  c o m p u t a t i o n s .

THEOREM ( 2 . 4 )  ^ C o p e la n d  ( 1 9 5 9 ) ] .  I f  X€<5 i s  an  H - s p a c e  t h e n
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yu(X) = #([XaX, X]>.
LEMMA ( 2 . 3 )  / t . ( (Xn ) ^ )  = 1 f o r  n = 0 , 1 , 3 , 4  and 5 .

PROOF S i n c e  a l l  s p a c e s  X , n = 0 , 1 , 3 , 4 , 5 ,  a r e  o f  t y p e  ( 3 , 7 )  wen '

know t h a t  (X K  a  K ( d , 3 )  x K(fl},7). F u r t h e r m o r e ,  we have  s e t  n <p
b i s e c t i o n s ,

C « „ V A(Xn V ’ <X"S1 = C V XB'
= H3 (X AX i<0 ffi H'’(XnftXn ! « ) .

J a m e s - W h i t e h e a d  ( 1 9 5 4 ,  p . 2 0 5 ) ,  show t h a t  X^ h a s  CW 

3 7 10s t r u c t u r e  X m S U e  e a n d ,  h e n c e  f o r  d i m e n s i o n a l  r e a s o n s  
n

H^(X a X  ;Q) ©  H^(X a X  ;(Q.) i s  t r i v i a l .  T h u s ,  by Theorem ( 2 . 4 )  
n n n n

t h e r e  i s  o n l y  one homotopy c l a s s  o f  m u l t i p l i c a t i o n s  on

Q.E .D .

From Lemma ( 2 . 3 )  we s e e  t h a t  ( X ^ ) ^ ^  m ( S p ( 2 ) ) ^ ^  f o r  a l l  

p r i m e s  p ^ 3  w h i l e  ( X ^ ) ^ )  n  (S^x  S ^ ) ^ ^ .  S i n c e  b o t h  S p ( 2 )  and
-z n

S^x S '  a r e  H - s p a c e s ,  ( X ^ ) ^ ^  i s  an  H - s p a c e  f o r  a l l  p r i m e s  p by 

Theorem ( 1 . 2 0 ) .  S i m i l a r l y ,  one s e e s  t h a t  ( X ^ ) ^ ^  i s  a n  H - s p a c e  

f o r  a l l  p e l 5. F i n a l l y ,  Lemma ( 2 . 5 )  i n s u r e s  t h a t  X^ a n d  X^ s a t i s f y  

t h e  c o n d i t i o n  on i n d u c e d  m u l t i p l i c a t i o n s  i n  X^.  T h u s ,  t h e  h y p o t h 

e s e s  o f  Theorem ( 1 . 2 0 )  a r e  s a t i s f i e d  and  we may c o n c l u d e  t h a t  b o t h  

X^ and  X^ a r e  H - s p a c e s .

We t h u s  know t h a t  t h e r e  a r e  f i v e  d i s t i n c t  homotopy  t y p e s

3 7o f  s i m p l y  c o n n e c t e d  H - s p a c e s  o f  t y p e  ( 3 , 7 ) ,  nam ely  S x S , S p ( 2 ) ,  

X? , X^ and X .

The b a s i c  r e s u l t  u s e d  i n  s o l v i n g  p r o b l e m s  c o n c e r n i n g  t h e  

number o f  H - s t r u c t u r e s  t h a t  a  g i v e n  H - s p a c e  w i l l  s u p p o r t  i s  

Theorem ( 2 . 4 )  I t  t u r n s  o u t ,  h o w e v e r ,  t h a t  c o m p u t in g  t h e  o r d e r  

o f  t h e  a l g e b r a i c  l o o p  [ [ X a X ,  Xj i s  u s u a l l y  v e r y  d i f f i c u l t  and 

c o m p a r a t i v e l y  l i t t l e  h a s  b e e n  done  i n  t h e  way o f  s p e c i f i c  c o m p u ta 
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t i o n s ,  e x c e p t  f o r  r e l a t i v e l y  s i m p l e  s p a c e s .  However ,  u s i n g  

a l g e b r a i c  t e c h n i q u e s ,  A r k o w i t z  and  C u r j e l  p r o v e d  t h e  f o l l o w i n g  

g e n e r a l  r e s u l t s  a b o u t  L i e  g r o u p s .

THEOREM ( 2 . 6 )  [ A r k o w i t z - C u r j e l  ( 1963) ] .  yu.(X) i s  i n f i n i t e  f o r  

X = S 0 ( 1 0 ) ,  S O ( l ^ ) ,  SO(n) f o r  n £ 1 7 ,  SU(n) f o r  n > 6 ,  S p ( n )  f o r  

n i  8 ,  and  t h e  r e p r e s e n t a t i v e s  o f  t h e  e x c e p t i o n a l  g r o u p s  Eg and

Eg.

t i v e  o f  t h e  o t h e r  e x c e p t i o n a l  s t r u c t u r e s .

T h i s  means t h a t  i n  p a r t i c u l a r  S p ( 2 )  h a s  a  f i n i t e  number o f  

n o n - h o m o t o p i c  m u l t i p l i c a t i o n s .  Mimura s u b s e q u e n t l y  com puted  yU.(Sp(2)) 

by f i n d i n g  # [ S p ( 2 ) A S p ( 2 ) , S p ( 2 ) J  v i a  a  d i r e c t  a s s a u l t  on t h e  c e l l  

s t r u c t u r e  o f  S p ( 2 ) A S p ( 2 ) .

THEOREM ( 2 . 7 )  [Mimura ( 1969O  . / * ( S p ( 2 ) )  = 22 0 - 3 - 5 5*7 •

The o n l y  o t h e r  homotopy t y p e  o f  t h e  f i v e  l i s t e d  ab o v e  f o r

3 7w h ich  t h e  p r o b le m  h a s  b een  s o l v e d  i s  S x S ' ,  w h ich  s o l u t i o n  

f o l l o w s  f rom  Theorem ( 1 . 2 3 ) .  U s i n g  t h i s  r e s u l t  we c a r r y  o u t  t h e  

c o m p u t a t i o n s  i n  P r o p o s i t i o n  ( 2 . 8 )  b e l o w  f o r  two r e a s o n s ,  t h e  f i r s t  

b e i n g  t h a t  t h i s  r e s u l t  does  n o t  seem t o  a p p e a r  i n  t h e  l i t e r a t u r e  

and  t h e  s e c o n d  b e i n g  t h a t  we w i l l  n e e d  some d e t a i l s  o f  t h i s  

c o m p u t a t i o n  l a t e r .

PROPOSITION ( 2 . 8 )  yU.(S3x S7 ) = 23 8 - 3 15- 55 * 7 .

PROOF U s i n g  Theorem ( 1 . 2 3 )  w i t h  P = IP, t h e  s e t  o f  a l l  p r i m e s ,  

we have

# [ ( S 3x S 7 ) a ( S 3 x  S7 ) ,  S 3 x  S71 = ( a .  b . 2c .  d . 2 e . 2 f . )
L j  =^' ?  3 3 2 J 3 3

w here

a  = # [ s \ s 7a S3a S7 , # [ S 2° ,  ( ^ ( S ^ ) ) ,

b^ = # [ s W a s 7 , = # [ s 1 7 , ^ ( ^ ( S ^ ) ) ,

c = # [ S 7A S7, §  [Sl i f , S J 3 =  ^ ( ^ ( S 3 ) ) ,

JU.(X) is finite for X any other classical group or represents-
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d j  =  # [ S 3 a S 3a S 7 ,  =  # [ s l 3 i  =  ^ ( ^ ( S * 3 ) ) ,

e .  = # ( S 3a S 7 , S ^ ]  = # [ S 1 0 , S J*j  = ^ ( ^ ( S ^ ) ) ,  and  
G .

f  = # ( S 3AS3 , s j ]  = # [ S  , s j  J =  #(tT6 ( S ^ ) ) .

U s i n g  T o d a ' s  r e s u l t s ,  Toda ( 1962) ,  on t h e  homotopy  g r o u p s

3 7o f  S and  S we o b t a i n

a ^  = 2 ^ 3 ,  Sy = 2 - 3 ,

b3 = 2 * 3 - 5 ,  b? = 24*3,

c3 = 2 ^ 3 - 7 ,  c ? = 23 3*5 ,

d3 = 23 3, d? = 2,

e3 = 3 * 5 ,  = 23*3,  a n d

f3 = 22*3, t7 = 1
w h ic h  g i v e s  t h e  r e s u l t .

Q.E .D .

We now come t o  t h e  main  r e s u l t  o f  t h i s  s e c t i o n ,  w h ich
z  n

t o g e t h e r  w i t h  t h e  known r e s u l t s  c o n c e r n i n g  S x S r and  S p ( 2 ) ,  

Theorem ( 2 . 7 )  and  P r o p o s i t i o n  ( 2 . 8 ) ,  p r o v i d e s  a  c o m p l e t e  s o l u t i o n  

t o  t h e  p r o b le m  o f  d e t e r m i n i n g  t h e  number o f  H - s t r u c t u r e s  s u p p o r t e d  

by s i m p l y  c o n n e c t e d  H - s p a c e s  o f  t y p e  ( 3 , 7 ) .

F i r s t ,  we p r o v e  an  a l g e b r a i c  lemma.

LEMMA ( 2 . 9 )  I f  G i s  a  f i n i t e  n i l p o t e n t  g ro u p  o f  o r d e r  n t h e n  t h e  

o r d e r  o f  Gp f o r  a n y  s e t  o f  p r i m e s  P i s  t h e  p r o d u c t  o f  t h e  p r im e  

power  f a c t o r s  o f  n f o r  t h o s e  p r i m e s  i n  P .

PROOF We f i r s t  n o t e  t h a t  a  f i n i t e  n i l p o t e n t  g r o u p  o f  o r d e r  n c a n  

be e x p r e s s e d  a s  a  d i r e c t  sum o f  i t s  Sy low  p - s u b g r o u p s ,  and  t h a t  

a l g e b r a i c  l o c a l i z a t i o n  p r e s e r v e s  sum s ,  C o r o l l a r y  ( 1 . 7 ) •  The 

r e s u l t  now f o l l o w s  f rom  t h e  o b s e r v a t i o n  t h a t  f o r  a  p - g r o u p  H,

H i f  q = p

H(q) “
o t h e r w i s e .
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T h i s  l a s t  o b s e r v a t i o n  i s  an  im m e d i a t e  c o n s e q u e n c e  o f  

Theorem ( 1 . 6 )  and  t h e  d e f i n i t i o n  o f  p - g r o u p .

Q .E .D .

THEOREM ( 2 . 1 0 )  F o r  t h e  t o t a l  s p a c e s  X , n = 3*4 a n d  5*

( a )  /x (X ? ) = 220 . 3 15*55- 7 ,

( b )  = 238- 3 -55- 7 , and

( c )  / t ( X 5 ) = / < ( S p (2 ) )  = 220- 3 - 55- 7 .

PROOF Lemmas ( 2 . 3 )  and  ( 2 . 5 )  show t h a t  we c a n  u s e  Theorem ( 1 . 2 5 )  

t o  o b t a i n  t h e  f o l l o w i n g :

/ l ( X 3 ) =ya ( S p ( 2 ) (3 ) ( ) - / i ( ( S 3x S7 ) ( 3 ) ) ,  

y u U ^ )  = / 4. (S p (2 ) ( 2 ) t  )*/ t( (S3x S? ) ( 2 ) ) ,

a n d

/ t ( X  ) = yt x ( S p ( 2 ) p )-yu ( S p ( 2 ) p f ) w he re  P = { 2 , 3 , 5 , 7 } .

The p r o o f  i s  now r e d u c e d  t o  some s i m p l e  c a l c u l a t i o n s .

W i th  r e g a r d  t o  t h e  c a l c u l a t i o n s  d e a l i n g  w i t h  t h e  v a r i o u s  

l o c a l i z a t i o n s  o f  S p ( 2 ) ,  we n o t e  t h a t  W h i t e h e a d  (1 9 5 4 )  h a s  shown 

t h a t  f o r  a  t o p o l o g i c a l  g ro u p  X, t h e  f u n c t o r  £  , X ]  t a k e s  v a l u e s  i n  

t h e  c a t e g o r y  o f  f i n i t e l y  g e n e r a t e d  n i l p o t e n t  g r o u p s .  S i n c e  S p ( 2 )  

i s  i n d e e d  a  t o p o l o g i c a l  g r o u p ,  we have

/ l ( S p ( 2 ) p ) = # [ S p ( 2 ) p A Sp(2 )p , S p ( 2 ) p]

= #  (S p (2 )A S p (2 )  , S p ( 2 ) p 3  

= # ( [ S p ( 2 ) A S p ( 2 ) ,  S p ( 2 ) ] p ) 

w h e re  t h e  ab o v e  e a u a l i t i e s  f o l l o w  f rom  Theorem ( 2 . 4 ) ,  C o r o l l a r y  

( 1 . 1 6 ) ,  Lemma ( 1 . 2 4 )  and  P r o p o s i t i o n  ( 1 . 2 1 ) .  S i n c e  

Q S p (2 )A S p (2 ) , S p ( 2 ) J  i s  a  f i n i t e  n i l p o t e n t  g r o u p ,  we may a p p l y  

Lemma ( 2 . 9 )  t o  o b t a i n

y u ( S p ( 2 ) ( 3 ) l ) = 22° - 5 5* 7 ,  

y u ( S p ( 2 ) ( 2 ) l ) = 3 - 5 5- 7 ,
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yu . (S p (2 )p ) = 220. 3 * 5 5' 7 ,  and  

yLt(Sp(2)p f ) = 1 .

The r e s u l t  ( c )  now f o l l o w s .  To o b t a i n  ( a )  and  ( b )  we m us t  compute  

/ t ( ( S 3x S 7) ) a n d / t ( ( S 3x S7 ) ( 2 ) ) .

To make t h e s e  c o m p u t a t i o n s  we u s e  Theorem ( 1 . 2 3 )  a l o n g  

w i t h  t h e  o b s e r v a t i o n  t h a t  i f  X i s  a  f i n i t e  sm ash  o f  s p h e r e s  t h e  

sum o f  whose  d i m e n s i o n s  i s  n > 2 and  Ye& t h e n  f o r  a n y  p r im e  p ,

# &( p > .  * ( P>] -  # ( ? .  * ( „ ) ]  ■ = # < V Y>® % ) > •
W ith  t h i s  i t  i s  a n  e a s y  m a t t e r  t o  s e e  t h a t

/ i ( ( S 3 x S7 ) ( 3 ) )  = 315
and

( (S3x S7 ) ( 2 ) ) = 238 
f rom  t h e  c o m p u t a t i o n s  done  i n  t h e  p r o o f  o f  P r o p o s i t i o n  ( 2 . 8 ) .

The r e s u l t s  ( a )  and  ( b )  now a r e  o b t a i n e d .

Q.E .D .
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CHAPTER I I I  

H-STRUCTURES ON SU( 3 ) -BUNDLES OVER S7

C u r t i s - M i s l i n  ( 1 9 7 0 )  h ave  shown t h a t  a l l  S U ( 3 ) - b u n d l e s  o v e r

7 7S a r e  H - s p a c e s .  T h e s e  b u n d l e s ,  S U ( 3 ) — ** Y  S , a r e  c l a s s i f i e d

by ir7 (Bs u ^  ) « ^ ( S U ( 3 ) ) »  ® / 2  © S / 3 . L e t  oi+yflei tyCB^^^ ) be  a 

s u i t a b l e  g e n e r a t o r  w here  «  h a s  o r d e r  two and  h a s  o r d e r  t h r e e .  I t

i s  known t h a t  S V ( k )  i s  a n  S U ( 3 ) - b u n d l e  o v e r  S and  t h a t  f o r  s u i t 

a b l e  c h o i c e  o f  a  g e n e r a t o r ,  J£(SU(*0) =ct+fl. As i n  C h a p t e r  I I ,  we 

d e f i n e  a t o t a l  s p a c e  Y^,  n  = 0 , l , 2 t 3 «*<-f o r  5* t o  be t h e  t o t a l  s p a c e

o f  t h e  f i b r a t i o n  i n d u c e d  f rom  S U ( 3 )  *-SU(if) ------►* S7 by a  map

7 7n : S  S o f  d e g r e e  n .  A g a i n ,  a n a l o g o u s  t o  t h e  r e s u l t s  o f  C h a p t e r

I I ,  we h a v e  s i x  t o t a l  s p a c e s  b u t  o n l y  f o u r  d i s t i n c t  homotopy t y p e s ,  

YQ = S U (3 )x  S7 , SU(*0 = Y5 , Y2 e  Y^ and  Y .

I n  t h i s  c h a p t e r  we c o n s i d e r  t h e  p r o b le m  o f  d e t e r m i n i n g  t h e  

number o f  H - s t r u c t u r e s  t h a t  e a c h  o f  t h e  homotopy  t y p e s  Yn , n = 0 ,  1 ,  

2 ,  3 w i l l  s u p p o r t .  U n l i k e  S p ( 2 )  a n d  i t s  a s s o c i a t e d  s p a c e s ,  n o t h i n g  

i s  known a b o u t  t h i s  p r o b l e m  a n d ,  u n f o r t u n a t e l y ,  we w i l l  be  a b l e  t o  

g i v e  o n l y  a  p a r t i a l  s o l u t i o n .

The f i r s t  p r o p o s i t i o n  o f  t h i s  c h a p t e r  g i v e s  s e v e r a l  

e q u i v a l e n c e s  t h a t  e n a b l e  u s  t o  s e p a r a t e  t h e  s o l v a b l e  p a r t s  o f  t h e  

p r o b l e m  f ro m  t h e  u n s o l v a b l e .
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PROPOSITION ( 3 . 1 )  L e t  P  d e n o t e  t h e  s e t  o f  a l l  p r i m e s ,  t h e n

( a )  (S U(3)  x S7 ^  * (S3x S5x S7 ) ^ ,

( b )  S U (*0( 3 )  *  ( S p ( 2 ) x  S5;(3 )  and

s n ( 1,>F - < 3 . 2 >  “  (s3x s5:t sVo,21>
(C) (T 2 ) ( 3 )  " (SP ( 2 ) x  s 5 ) (3)» (V ( 2 )  ~ (S U (3 )x  S ? ) (2 )

and  (y2V-{3,2> “ S^x s 7 *D?-{3,2} and
(d )  (Y5)]p_£2} ~ ^S^ x S^x S ^IP-t2> and  (Y3 } ( 2 )  “  S U ( 4 ) ^ 2 ^.

PROOF SU(3) i s  t h e  t o t a l  s p a c e  o f  a n  S3 - b u n d l e  o v e r  S3 w i t h  9C(SU( 3 ) )

5 5h a v i n g  o r d e r  tw o .  A map o f  d e g r e e  two S ------*-S t h e n  i n d u c e s  t h e

p r o d u c t  b u n d l e ,  S3 *- S3x  S3  *“ S3 , f rom S3 -* - S U ( 3 ) ---------- *-S3 and

( a )  now f o l l o w s  f rom  Lemma ( 2 . 2 ) .

7 7A map S ------**-S o f  d e g r e e  s i x  i n d u c e s  t h e  p r o d u c t  b u n d l e

S U ( 3 ) ----- * -S U (3 )x  S7  <-S7 f rom S U ( 3 ) ------   S U ( 4 ) ------ S 7 s i n c e  X (S U (^ ) )

h a s  o r d e r  s i x ,  t h u s  t h e  s e c o n d  p a r t  o f  ( b )  f o l l o w s .  To show t h a t

t h e  f i r s t  p a r t  i s  t r u e ,  one u s e s  t h e  f a c t  t h a t  S U ^ )  i s  an  S p ( 2 ) -

b u n d l e  o v e r  S3 w i t h  %(SU(4) )€TT3 (BSp ^ 2 ^ K ^ ( S p ( 2 ) )  »  2Z/2.  As i n  

t h e  p r o o f  a b o v e ,  one now s e e s  t h a t  “  ( S p ( 2 ) x  S 3̂ 3 ^.

( c )  and  ( d )  f o l l o w  i n  s i m i l a r  f a s h i o n  u s i n g  t h e  f a c t  t h a t  i f

one v i e w s  Y_ and  Y, a s  S U ( 3 ) - b u n d l e s  o v e r  S t h e n  %(Y_) h a s  o r d e r2 3 d
t h r e e  and  0C(Y,) h a s  o r d e r  tw o .

3
Q.E.D.

Each o f  t h e  s p a c e s ,  Y^,  n = 0 , 1 , 2 , 3 *  i s  o f  t h e  t y p e ( 3 , 5 * 7 )

a n d ,  a s  i n  t h e  c a s e  o f  t h e  s p a c e s  X o f  C h a p t e r  I I ,  [y a Y  , (Y ) 1 ’ * n  L n n ’ nj aJ

i s  t r i v i a l  f o r  d i m e n s i o n a l  r e a s o n s .  T h u s ,  we may u s e  Theorem ( 1 . 2 5 )  

w h ic h  w i t h  t h e  ab o v e  p r o p o s i t i o n  would  g i v e  a  c o m p l e t e  s o l u t i o n  t o  

o u r  p r o b l e m ,  p r o v i d e d  we c o u l d  com pute  e a c h  o f  t h e  f o l l o w i n g  

n u m b e r s :

( i )  y u ( (S R (3 )x  S? ) ( 2 ) ) ,
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( i i )  yU(SU(if)( 2 ) ) t

( i i i )  j j l ( ( S p ( 2 )  x S3 ) ^ ) ,

( i v )  ^u.((S3 x S3x  S^)jp_^2 j ) * and

( v )  ^ ( ( S ^ x  S5x S7 ) p _ {3 2 } ) .

Of t h e  ab o v e  l i s t  ( i v )  and  ( v )  a r e  e a s i l y  com puted  u s i n g  

Theorem ( 1 . 2 3 ) •  ( i i i )  i s  c o m p u ta b l e  b u t  r e q u i r e s  a  k n o w le d g e  o f  

t h e  c e l l u l a r  s t r u c t u r e  o f  S p ( 2 ) ^ ^ t o g e t h e r  w i t h  i n f o r m a t i o n  a b o u t  

t h e  g e n e r a t o r s  o f  t h e  3 - p r i m a r y  homotopy  g r o u p s  o f  c e r t a i n  s p h e r e s ,  

( i )  and  ( i i )  a r e  e s s e n t i a l l y  n o n - c o m p u t a b l e  by t h e  t e c h n i q u e s  t h a t  

y i e l d  ( i i i ) ,  ( i v )  and  ( v ) .  The r e a s o n  f o r  t h i s  i s  t h a t  t h e s e  

m e thods  would  r e q u i r e  a  k now ledge  o f  t h e  2 - p r i m a r y  u n s t a b l e  homotopy 

o f  c e r t a i n  s p h e r e s  w h ich  i s  w e l l  beyond t h e  r a n g e  f o r  w h ic h  i t  h a s  

b e e n  c o m p u te d .  We w i l l ,  h o w e v e r ,  be a b l e  t o  g i v e  a  r o u g h  u p p e r  

bound  f o r  ( i )  and  ( i i ) ,  modulo t h e  c a r d i n a l i t i e s  o f  some u n d e t e r m i n e d

2 - p r i m a r y  homotopy g r o u p s  o f  s p h e r e s .

We b e g i n  o u r  c o m p u t a t i o n s  w i t h  t h e  e a s i e s t ,  nam ely  ( i v )  

and  ( v ) .

PROPOSITION ( 3 . 2 )

( a )  yu((S3x S5x S \ _ {21) = 3 1 0 5 - 5 5 0 * 79 * l l 5 * 13 and

( b )  j j l ( ( S 3 x  S 5 x  S7 ^ ,  ) = 53 0 *79*115 *13 .

PROOF U s i n g  Theorem ( 1 . 2 3 )  w i t h  P = 3P- iZ] we h ave  

#  [(S3x S5x S7 )p  a (S3x S5x S7 ) p , (S 3x S5x S7 )p]

5 \ / 7

3 = 3 , 5 , 7 k = l h = l

\ k  \
d^ m. 

3,
m=l /

w here  t h e  v a l u e s  o f  t h e  q u a n t i t i e s  a. , b. , c . ,  d , and  e .  a r e
Y  Y  1 Y  j

g i v e n  by t h e  t a b l e  b e l o w .
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The c a r d i n a l i t i e s  o f  t h e  homotopy g r o u p s  a b o v e  a r e  

o b t a i n e d  f rom Toda ( 1 9 6 2 )  a n d  Toda ( 1965) .  ( a )  i s  v e r i f i e d  by

a d d i n g  a p p r o p r i a t e  e x p o n e n t s  w h i l e  ( b )  f o l l o w s  f rom ( a )  by 

s e t t i n g  P = P - { 3 , 2 } .

Q .E .D .
C

I n  o r d e r  t o  com pute  j j £ ( S p ( 2 ) x  S ^ 3 ) )  we mus t  f i r s t  g i v e  

some d e t a i l s  a b o u t  t h e  c e l l u l a r  s t r u c t u r e  o f  Sp( 2)  ( 3 )  , compute  

some homotopy g r o u p s ,  and  d e v e l o p  some i n f o r m a t i o n  r e g a r d i n g  

g e n e r a t o r s  o f  t h e  homotopy  g r o u p s  o f  c e r t a i n  s p h e r e s .  We b e g i n  

w i t h  a r e s u l t  a b o u t  t h e  c e l l  s t r u c t u r e  o f  S p (2 ) ^ ^  a n d  some o f  i t s  

r e l a t e d  s p a c e s .

L e t  be  a s  i n  C h a p t e r  I I ,  i . e . ,  t h e  t o t a l  s p a c e  o f  an  

S3 - b u n d l e  o v e r  S7 h a v i n g  ^ (X ^ )  -  <X.^(3)» a  g e n e r a t o r  o f  t h e
■z

3 - p r i m a r y  com ponen t  o f  i fg(S ) m ZZ/12.  U s i n g  Lemma ( 2 . 2 )  i t  i s  

e a s y  t o  s e e  t h a t  ( X ^ ^ j  a* S p (2 ) ^ j .

LEMMA (3 * 3 )

( a )  X_ h a s  c e l l  s t r u c t u r e  S3vj , „ Ne 7U e ^ ,
2 a j O )

( b )  f o r  k a 2 ,  Ek (X2 ) m (S * * 3^  ( k + 3 ) e k + 7 ) ' ' s k + 1 ° i

, v „ k , v v \ ^  tr,k+6 , k+10 _k+10v ,  , k+l*f ,(0) E <x2aX2) * (s u ai(kt6)e VS )U  . V
/ qk+13. , k+17'vw/ <vk+13. . k + 1 7 Wc.k+20
(S o(1( k + 1 3 )  )V(S c(j. (k+13) )VS

w i t h  Ê yfl = o(^(k+9) v  o<.^(k+10) w he re  o ^ (k + 9 )  :Sk+^ 3------*-

s k + 6 ^ ^  ^ ^ ^ ^ e k+10 a c o e x t e n s i o n  o f  <x^(k+9) :Sk+^ ----- » - Sk + 9 ,

and

( d )  (X2aX2 ) / S 6 «  (S10v S 10 ) W C ( S13v S 19) v ( S 13U o( ( 13 ) e 17) v

, < ,1 3 . .  1 7 \ 1
(S « 1 (1 3 )  } *

PROOF ( a )  i s  a  r e s u l t  due t o  J a m e s - W h i t e h e a d  ( 1 9 5 ^ , p . 2 0 5 ) .  ( b )
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f o l l o w s  i m m e d i a t e l y  f rom Mimura (1969* Lemma 2 . l ( i i ) )  and  ( c )  and

( d )  a r e  o b t a i n e d  f rom  Mimura ( 1969 , P r o p o s i t i o n  * t . l ) .  I n  t h e  l a t t e r  

t h r e e  c a s e s  t h e  p r o o f s  a r e  e s s e n t i a l l y  t h e  same a s  t h o s e  g i v e n  by 

Mimura ,  one m e r e l y  i g n o r e s  2 - p r i m a r y  g e n e r a t o r s .  T h i s  i s  j u s t i f i e d  

by t h e  f a c t  t h a t  S p ( 2 )  h a s  c e l l  s t r u c t u r e  ^  ^ - ^ e ^ V ^ e ^ ,

w h ich  d i f f e r s  f rom t h a t  o f  o n l y  i n  t h a t  t h e  a t t a c h i n g  maps have  

2 - t o r s i o n  a s  w e l l  a s  5 - t o r s i o n  s i n c e  z/ 'eiTgCS^) h a s  o r d e r  f o u r .

Q .E .D .

I n  l a t e r  c o m p u t a t i o n s  we w i l l  n e e d  t o  know t h e  c a r d i n a l i t i e s

o f  t h e  homotopy g r o u p s  ^ ( ( X ^  } ( 3 )  f o r  8 e i i 3 0 .  I n  o r d e r  t o  compute

t h e s e  we f i r s t  n e e d  some i n f o r m a t i o n  a b o u t  t h e  homotopy o f  
7

and  S ( 2 )* what  f o l l o w s  t h e  n o t a t i o n  f o r  t h e  g e n e r a t o r s  o f  t h e

homotopy g r o u p s  o f  s p h e r e s  i s  t h a t  o f  Toda a s  f o u n d  i n  Toda ( 1962) ,

( 1 9 6 5 )  and  ( 1 9 6 6 ) .

LEMMA (3**0

i  = 2b 25 26 27 28

V s?(3)5“ 0 E / 3 :e / 3  ® E / 3 E / 3 0

g e n e r a t o r s
Y2 (3 ) « 6 (5 )

« 1 ( 3 ) ^ 1 ( 6 ) / 1 (1 6 )

« 3 ( 0 ^ l / l )

i  = 29 30

E / 3 ®  E / 3 E / 3 ©  a / 3

g e n e r a t o r s
p *Q2 ( « 5 ) ot? (3 )

P .Q 2 ^ ^ )

The f o l l o w i n g  c o m p o s i t i o n s  a l s o  g e n e r a t e :

( 1 )  v 1 ( 3 ) « ^ ( 6 )  = ± K , ( 3 ) ,

( 2 )  « 1 ( 3 ) « g ( 6 )  = i p . Q 2 (o<5 ) ,
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(3 )  of1 (3)o^1 ( 6 ) /61 (9V?1 Cl9)  = ± p^Q2 ^ ^ ) » and

( h )  u3 (0  ,/31/31 )<x1 ( 2 7 )  = ± v ^ Z ^ 1f i 1 ) .

PROOF The e n t r i e s  i n  t h e  t a b l e  come f rom Toda (1 9 6 6 )  s i n c e  *n^(S 3 ( 3 ) ) a  

(S'5 : 3 ) by C o r o l l a r y  ( 1 . 2 2 ) .  The o n l y  f a c t s  r e q u i r i n g  p r o o f  a r e  

t h a t  t h e  c o m p o s i t i o n s  ( 1 ) ,  ( 2 ) ,  (3 )»  and  ( k )  a l s o  g e n e r a t e .

U s i n g  t h e  e x a c t  s e q u e n c e

 ----- ► -7r2g ( S ^ : 3 ) --------7t2i+( S ^ : 3 ) — ^-7T2 3 ( S ^ : 3 ) — ' - - ^ ( S ^ O ) -----►

and  i n f o r m a t i o n  c o n c e r n i n g  A a n d  G g i v e n  i n  Toda ( 1 9 6 2 ,  P r o p o s i t i o n  

13*3)  t o g e t h e r  w i t h  t h e  f a c t s  t h a t  7r2^ ( S ^ : 3 )  «  E / 3  b a s  g e n e r a t o r  

0 (^ (5 ) ,  tT2g ( S ^ : 3 ) E / 3  h a s  g e n e r a t o r  0(^(7) = E2« 3 ( 5 ) ,  and

T ^ ^ S ^ ^ ) * 4 2Z/3,  we s e e  t h a t

A(c<5 ( 7 ) )  = A ( E2«x ̂  ( 5 ) )  = 3 «5 (5 )  = 0
and

G(«5 ( 5 ) )  = « 1 ( 3 ) E « 5 ( 5 )  = ^ ( 3 ) ^ ( 6 ) .

T h u s ,  G i s  an  i s o m o r p h i s m  and  « ^ ( 3 ) # ^ ( 6 )  g e n e r a t e s  ti^ ^ ( : 3 ) .

T h i s  p r o v e s  r e l a t i o n  ( l ) .  To p r o v e  (2 )  and  ( 3 )  one f i r s t  n o t e s
n

t h e  f o l l o w i n g  c o n c e r n i n g  g r o u p s  and g e n e r a t o r s :  T f^ ^ S  : 3 )  E / 9 © E i / 3

h a s  g e n e r a t o r s  °(g(7)  = E20Cg(5) o f  o r d e r  9 and  of^(7)i/®^(10)i/5^(20)  =

E2 (0̂ ( 5 ) ^ ( 8 ) ^ ( 1 8 ) )  o f  o r d e r  3 ,  7r3Q( S ^ : 3 )  «  E / 9  © E / 3  h a s  g e n e r a t o r s  

c (g (5)  o f  o r d e r  9 and  a ^ (5 ) /0 ^ (8 )y f l ^ ( l8 )  o f  o r d e r  3 .

By Toda (1 9 6 2 ,  P r o p o s i t i o n  1 3 * 3 ) ,

A ( * g ( 7 ) )  = A E 2o(g(5)  = JflfgCS) /  0 ,  and

A(o<1 (7)/31 ( 1 0 ) / 1 ( 2 0 ) )  = AE2 (oC1 (5)/31 (8)/31 ( 1 8 ) )  = 3 * 1 ( 5 ) ^ ( 8  ̂ ( 18) = 0 .

H en ce ,  G («1 ( 5 ) / 3 ^ ( 8 ) j 8 ^ ( l 8 ) ) = «  g e n e r a t e s  and

' 1 •s i n c e  <Xg(5) f.  imA , G(o<^(5)) = o t ^ ( 3 ) * g ( 6 )  g e n e r a t e s  a l s o .

T h a t  t h e y  map t o  t h e  i n d i c a t e d  g e n e r a t o r s  i s  s e e n  a s  f o l l o w s :

By Toda ( 1 9 6 5 ,  ( 2 . 1 2 ) ) ,  H = I« H (2 )  and  by Toda (1 9 6 5  ( 6 . 3 )  and 

Lemma 6 . 1 )

H ( p , 0 2 (ct5 ) )  = IoH ( 2 ) (p„Q2 ( « 5 ) )  = IQ1 (o(g) = I * l ' ( o ( g (5 ) )  = 0 ,  and
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H (p*Q2 (/«1^ 1 ))=I<*H( 2 \ p * Q 2 (/9 1^ 1 ) ) = I Q 1 (e(1/l1^ 1 ) = I « r , (o(1 ( 5 ) /3 1 ( 8 ) / ;L( l 8 ) ) = 0  

s i n c e  I<>IA i s  two s t e p s  i n  e x a c t  s e q u e n c e ,  Toda ( 1965, ( 2 , 5 )  ) •  Hence
■z

e a c h  o f  t h e  g e n e r a t o r s  o f  7T-Q( S ^ :3 ) i s  t h e  image o f  an e l e m e n t  o f  

* , 8 ( s 5 : 3> u n d e r  G.

By Toda (1 9 6 5 .  ( 1 . 3 ) ) ,

II( 2 } : 7T2 9 ( S3 : 3 )  — ^  7T26 ( :  3)  

i s  an  i s o m o r p h i s m  and by Toda ( 1966 , ( 1 0 . 1 ) ) ,

H( 2 )

H( 2 ) (o(1 ( 3 ) o(1 ( 6 ) / 1 (9)/31 ( 1 9 ) )  = H( 2 ) ( « 1 (3))oc1 (3)/31 ( 6 ) ^ ;L( l 6 . ) .

(OĈ ( 3 ) )  g e n e r a t e s  7t^(Q1 2 : 3 )  w h ic h  i n  T o d a ' s  n o t a t i o n ,  ( 1965 , ( 6 . ^ ) ) ,

i s  I  Lc s o  u s i n g  Toda ( 1965 , ( 2 . 6 ) , ( 6 . 3 ) and  Lemma 6 . 1 ) ,  we h ave  
5
H( 2 ) (ot1 (3)et1 (6 ) /a i ( 9 ) / 1 ( 1 9 ) )  = ( I , t 5 )c<1 ( 3 )y31 ( 6 )/3;L( 16 )

= i , ( i 5«1 (5 ) /fl1 (8)/d 1 ( l 8 ) )

= l , (oi1 (5)>81 ( 8 ) ^ 1 ( l 8 ) )

■

Thus ô 1 (3)o^1 (6)/31 ( 9 ) / 1 (1 9 )  = -  P .Q 2 ^ } / ^ ) , and  r e l a t i o n s  ( 2 )  and  (3 )  

a r e  e s t a b l i s h e d .

To s e e  t h a t  r e l a t i o n  (A-) h o l d s ,  c o n s i d e r  t h e  f o l l o w i n g .  By

Toda ( 1966 , ( 1 1 . 1 ) )  we h a v e  an  e x a c t  s e q u e n c e
2 2

. . .    'n'2g ( S1 : 3 )  - ^ T r 30 (S3 : 3 ) ^ ^ 7r27(Q12 : 3 )    ^ ( S 1 ^ ) — - .

w h ich  means t h a t  H^2  ̂ : t t^0 (S 3 : 3 ) — ^ : 3 )  i s  an  i s o m o r p h i s m .

By Toda ( 1 9 6 5 ,  Lemma 6 . 1  ( i ) )

H( 2)  ( p . Q 2 ^ ^ )) = i  Q1 (<X1^ 1 )

and  f ro m  Toda ( 1966 , ( 1 0 . 1 )  and  ( 1 1 . 7 ) )  we have

H( 2 ) ( u 5 (0,y91>91 )ot1 ( 2 7 ) )  = H( 2 ) ( u  ( 0 , ^ 8 ^ )  ^ ( 2 4 )

= ± Q1 (/3l /S1 )0t1 (2^f ) .

I n  t h e  e x a c t  s e q u e n c e  Toda ( 1965 , ( 2 . 5 ) )
»

. . . ----  7r3 1 ( S 7 : 3 ) - ^ ' h ' 2 9 ( S 5 : 3 ) ------£■ 1T (Q1 ^ )  — 7T;50( S 7 : 3 )  —— . . .
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A i s  an  i s o m o r p h i s m  [Toda ( 1966, ( v i )  p . , and  s o  k e r l  «  0 .  

By d e f i n i t i o n  [ T o d a ,  ( 1965 , 6 . 3  ( i i ) ) ]  ,

E ^ K i Q 1 ^ ^ ^ ) ) = t  « 1/31/31 

and  by Toda  ( 1965 , ( 2 . 6 ) )  and  Toda ( 1962 , ( 3 » ^ ) )

Ec' l ( t Q 1 (/fl1>61 )o(1 ( 2 4 )  Ee°o(1 (2 7 )

= V* A / \
= i c X ^ ^ .

But  E®" i s  a n  i n j e c t i o n  i n  t h i s  c a s e  w h ich  means

Q1 ( a ;i/A1/41 ) - [ i Q 1 (/31/ai )o(1 (2if)] e k e r l .

Thus = l Q 1 (y51/fl1 ) a i ( 2 f0 and  s i n c e  H^2  ̂ i s  a n  i n j e c t i o n ,

r e l a t i o n  ( k )  now f o l l o w s .

Q • E • D •

LEMMA ( 3 . 5 )

i  = ?A 25 26 27 28
0 E / 3 2Z/3 E /  3 E / 3

g e n e r a t o r s ct5 ( 7 ) /«1 ( 7 ) ^ 1 (1 7 ) u3^  *^1 ^

i  = 29 30 31

* i < s7 <3>) “ E / 9 Z / 9 ®  E / 3 E / 3

g e n e r a t o r s
« ’ ( 7 )

<X1 ( 7 ) / 1 ( 1 0 ) / 1 (20)
P*Q/+( / 1 )

w here  u ^ ( l ,y 3 ^ )  ot^ ( 28)= i p . Q ^ ) .

PROOF As i n  p r e v i o u s  lemma, t a b l e  e n t r i e s  come f rom Toda (1965 , 

1966)  w h i l e  t h e  r e l a t i o n  u^ (  1 , ^ ) 0̂ ( 28 ) = i p * Q if(/31 ) i s  p r o v e n  by 

Toda (1 9 6 6 ,  p .2* f2 ) .

Q • E • D •
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As s t a t e d  e a r l i e r ,  f o r  t h e  m os t  p a r t  a l l  we w i l l  n e e d  t o  

know a b o u t  t h e  homotopy g r o u p s  o f  ^ 2 ^ (3 ) ^ k e i r  c a r d i n a l i t i e s ;  

h o w e v e r ,  w here  p o s s i b l e  i n  t h e  n e x t  lemma we have  s p e c i f i e d  t h e  

g r o u p s  t h e m s e l v e s .

LEMMA ( 3 . 6 )

i= 8 9 10 11 12 13 1** 15 16

7ri C(X2 ) ( 3 ) ) “ 0 0 . -a /3 - -0 0 0 E / 3 0 0

i= 17 18 19 20 21 22 23 2k

7Ti ( (X 2 ) ( 3 ) )aS 0 E / 9 0 0 0 E / 3 0 0

i= 25 26 27 28 29 30
iri( U 2)<3>>* e /3 E/3 0 0 E/9 Z5/9 o r  

a/3 © a/3

PROOF E n t r i e s  f o r  8 ^ i  * 23 a p p e a r  i n  Mimura-Toda (196**) s i n c e  

(X2 ) (3 ) -  s p ( 2 ) ^ )  and  7T\ (Sp(2)  ^  ^ ( S p ^ )  : 3 ) . The e n t r i e s  f o r

2k  i  £  30 a r e  com puted  f rom t h e  e x a c t  s e q u e n c e s

( 3 . 6 . 1 )  0 ------- c o k e r O  : 7Ti + 1 (S ifn+^ : 3 ) ----   7fi ( S p ( n )  : 3 ) ) ------- *-

7f ( S p ( n + 1 ) : 3 )  - k e r ( d  iTTASk n +3 :3)   - 7 r l _1 ( S p ( n )  : 3 ) ) ----- - 0

w h ich  a r e  o b t a i n e d  from t h e  f i b e r i n g s  S p ( n )  ^ - S p ( n + l )   ■rSifn+^ .

d i s  t h e  b o u n d a r y  map and f o r  t h e  c a s e  n = l  t h e  f o l l o w i n g  t a b l e
rj 7

g i v e s  t h e  a c t i o n  o f  (S : 3 ) ------( S ^ : 3 )  on t h e  v a r i o u s

g e n e r a t o r s .
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i  = 25 26 27

oc. = « q (7 ) y9 l ( 7)y>l(17) u3^1 *Al^

2>(o0 = ±y2 (3) ocl (3)/31 (6)/31 (16) i u ^ O , ^ )

i  = 28 29 30

OC = k 6 ( 7 ) otl (7)/3l ( l0 )A (20) P*QZf(/31 )

&(*) = ±P*Q2 (o(5 ) i p ^ Q 2 ^ ^ ) i p . Q 2 ^ ^ )

Mimura-Toda (I96*fa,  Thm. 5*1)  show i n  g e n e r a l  t h a t  f o r  

otEyfle.T^CS^3 )

( 3 . 6 . 2 )  dCotE^) = do

Now M  1 ^ )  = %(X2 ) = 0( ^ (3 ) w h ich  i s  a  g e n e r a t o r  o f  7?g(S3 : 3 ) .  Thus 
n

f o r  oce.7?^(S : 3 ) w h ich  i s  a  s u s p e n s i o n  e l e m e n t ,  t h a t  i s  o< = E^ f o r  

some :3 ) * we have

S (E/3) = d ( i  E£)

=

= « 1 (3 ) /5 .

F o r  i  = 25 ,  26 and  b o t h  2 9 ' s ,  oc i n  t h e  ab o v e  t a b l e  i s  a 

s u s p e n s i o n  e l e m e n t  and  t h e  im ag es  u n d e r  d f o r  t h e s e  e n t r i e s  f o l l o w  

i m m e d i a t e l y  from t h e  above  o b s e r v a t i o n  and Lemma I t  r e m a i n s

t o  c h e c k  t h e  e n t r i e s  f o r  i  = 27 and  30 .

U n f o r t u n a t e l y  n e i t h e r  u ^ ( l , ^ ^ )  n o r  p*Q ^(y^ )  a r e  s u s p e n s i o n  

e l e m e n t s  s o  t h e  t e c h n i q u e  u s e d  a b o v e  d o e s  n o t  a p p l y .  The e n t r y  

f o r  i  = 27 w i l l  be n e e d e d  t o  e s t a b l i s h  t h e  e n t r y  f o r  i  = 3 0 .  We 

w i l l  e s t a b l i s h  t h e  e n t r y  f o r  i  = 27 by sh o w in g  t h a t  7T27^X2 ^ ( 3 ) ^

«  7(2 g ( ( X 2 ) ( 3 ) )  «  0 .  T h a t  t h i s  g i v e s  d d ^ d , ^ )  = i  u ^ t O , ^ ^ )
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f o l l o w s  f rom t h e  e x a c t  s e q u e n c e

. . . ------ 7T2 8 ( S3 :3 )  — -  ir28 ( ( x 2 ) ( 3 ) )  - • t f28(S7 : 3 ) - ^ - ~ T r 27(S3 : 3 )

 *" 7r2 7 ( (X 2 ) ( 3 ) ) -----~  k e r ( i : 7̂ 7 ( s 7 : 3 )  ---- ^7T26 ( s 3 : 3 ) ) ------ ~ °

by n o t i n g  t h a t  7r2g ( S3 : 3 ) «  k e r ( d  :Tf27 (S7 : 3 ) ---- — 7T2g ( S3 : 3 ) ) ** 0 and

?T_o(S7 : 3 ) «  7T__(S3 : 3 ) »  S / 3 .  A l s o  n o t e  t h a t  t h i s  s e q u e n c e  i m p l i e s
20 2/

t h a t  ^ 28 ( (X2 ) (3 ) ) *  7r27( ( X2 ) ( 3 ) ) *

Mimura-Toda (1 9 6 4 a )  show t h a t  7£ , g ( S p (6 ) : 3 ) «  Tf27 ( S p (6 )

» 0 .  U s i n g  e x a c t  s e q u e n c e  ( 3 . 6 . 1 )  w i t h  n=2 ,  4 and  5» i  = 27 and  28

t o g e t h e r  w i t h  t h e  f a c t s  t h a t  7T2g ( S ^ ^ : 3 )  «  a# j f ^ ( S ^ : 3 )

*7r2g ( S19 : 3 )  «  Tr27( s l 9 : 3> *  t t29 (S23 : 3 )  »  7T2g ( S23 : 3 )  *  tt27(S23 : 3 )

«  0 one c a n  s e e  t h a t  7T2g ( S p (5 ) : 3 ) «, 7r27 ( S p (4 ) : 3 ) «  0 and

TT2 7 ( S p ( 3 ) : 3 )  «  7r2 7 ( ( X 2 ) ( 3 ) ) *  7f2 8 ( S p ( 3 )  :3)  ** ?r2 8 ( (V  ( 3 ) } *

C o n s i d e r  now t h e  f o l l o w i n g  p i e c e s  o f  e x a c t  s e q u e n c e s  o b t a i n e d  

f rom t h e  f i b e r i n g s  S p ( n )  «- S p ( n + l )  *- S^n+3 f o r  n = 3 and  4 .

(3.6.3) ... - - -  7f29(S19:3)-^ •7i'2g(Sp(4):3)- - -7f2g(Sp(5) :3)-- '- - -
( 3 . 6 . 4 )  . . .  ----- - 7 r 2 9 (S1 5 : 3 ) — 7r2 g ( S p ( 3 ) : 3 ) ----   7T2 g ( S p ( 4 )  : 3 ) -------

7r2 g ( S 1 5 : 3 ) -------- 7f 2 7 ( S p ( 3 ) : 3 ) — 7r2 ? ( S p ( 4 ) : 3 ) -------   . . .  .

S i n c e  7T2g ( S p (5 ) : 3 )  «  0 and  7T29 (S19 : 3 )  «  ZZ/3 by ( 3 . 6 . 3 )  i t  must  

be  t h a t  7l'2g ( S p ( 4 )  :3 )  x  S / 3  o r  0 .  I f  7T2g ( S p ( 4 )  : 3 )  «  0 t h e n  s i n c e  

7i^g(S^3 : 3 )  S / 3  and  7T29 (S^"3 : 3 )  «  0 we s e e  f rom  ( 3 . 6 . 4 )  t h a t

jr2 g ( S p ( 3 ) : 3 )  «  0 and  TT27 ( S p ( 3 )  : 3 )  »  S / 3  w h ich  i s  a  c o n t r a d i c t i o n  

s i n c e  t h i s  means t h a t  '7T'2g( (x2 ) ( 3 ) ) ?I2 7 ^ X2 ^ ( 3 )   ̂* Thus

jr2g(Sp(4):3> «  S / 3 .  C o n s i d e r  now t h e  homomorphism d :7I^g(S^3 : 3 )

 7I27 ^s P^ 3  ̂: 3  ̂ i n  s e q u e n c e  ( 3 - 6 . 4 ) .  By Toda ( 1962) 7r'2g ( S 13 :3)R#5Z/3

i s  g e n e r a t e d  by  o(1 ( l 5 ) / 31 ( l 8 )  and  t h u s  Z (0̂ ( 15 ) ^  ( 18) )  = £ (0̂ ( 15) )/̂ 1 ( l 7 ) 

by ( 3 . 6 . 2 ) .  But  ^ (<X^(15) )fr 7I^7 ( S p ( 3 )  : 3 )  w h ich  i s  shown t o  be t r i v i a l  

by Mimura-Toda ( 1 9 6 4 a ) .  Thus  b i s  t r i v i a l  i n  ( 3 . 6 . 4 )  and  we s e e



32

t h a t  7r2y ( S p ( 3 )  : 3 )  ~ 0 .  H e n c e ,  we h a v e  shown t h a t  ^ g ^  (3 )  ̂ *

772 7 ( (X 2 ) ( 3 ) ) *“ °  and  h a v e  a l s o  e s t a b l i s h e d  t h e  e n t r y  i n  b o u n d a r y  

homomorphism t a b l e  f o r  i  = 27*

To e s t a b l i s h  e n t r y  f o r  i  = 30  we f i r s t  n o t e  t h a t  Mimura-  

Toda  ( 1 9 6 4 ,  Thm. 2 . 5 )  show i n  g e n e r a l  t h a t  M«/3) = E*(EboOyfl)
L -z

w here  E * : ) h a s  t h e  p r o p e r t y  t h a t  E*«E = 1 .

U s i n g  t h e  r e l a t i o n s  g i v e n  i n  Lemmas ( 3 . 5 )  and  ( 3 . 4 )  we have

= i ( u  ( 1 , ^ 1 ) « 1 ( 28 ) )

= E * ( ( E b u3 ( l ,y81 ))of1 ( 2 8 ) )  = E * . E ( u3 ( l ,y3 l /41 ) « 1 ( 2 7 ) )

= i u 5 (0,y31/31 ) « 1 ( 2 7 )  = t  

U s i n g  t h e  t a b l e  t o g e t h e r  w i t h  Lemmas ( 3 . 4 )  and ( 3 . 5 )  one 

ca n  e a s i l y  com pute  c o k e r b  and  k e r b .  T h i s  i n f o r m a t i o n ,  when u s e d  

i n  e x a c t  s e q u e n c e  ( 3 . 6 . 1 ) w i t h  n = 1 e s t a b l i s h e s  r e s u l t s  -7? ^ ( ( 3 )  ̂

f o r  i  = 24 ,  2 5 ,  26 , 29 and  30 .

Q . E . D.

The n e x t  lemma c o m p l e t e s  t h e  p r e l i m i n a r y  i n f o r m a t i o n  n e e d e d
c

t o  com pute  ^ t ( ( S p (  2 ) x  S ( 3 ) ) .

LEMMA ( 3 . 7 )

i  = 8 9 10 11 12 13 14 15 16

7ri ( s 5 ( 3 ) ) *8 a / 3 0 0 0 zz/3 0 0 a / 9 a / 9

g e n e r a t o r s 0 ^ ( 5 ) *2 (5 ) / V 5) « ^ ( 5 )

i  = 17 18 19 20 21 22

,ri ( s 5 c ? ) ) * 0 a /3 a /3 a /3 0 0
g e n e r a t o r s * 1 (5)A l(8) p *q3 ( ^ 1 ) * 4 ( 5 )
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i  = 23 24 25 26 27 30

,ri ( s 5 < 3 ) )S> ffi/3 5Z/3 S / 3 a / 3 a /9 0

g e n e r a t o r s P t Q5 ( « 2 ) « 5 (5 ) p *Q5 ( / V *2<5)

w here  t h e  f o l l o w i n g  r e l a t i o n s  h o l d :

( 1 ) °f2 (5)(* l ( 1 2 )  = ± ¥ i ( 5>»

( 2 ) /51 ( 5 ) « 1 ( 1 5 )  = oc1 (5)/^1 ( 8 )  *

(3 ) ^ ( 5 ^ ( 1 6 )  = i p ^ Q 3 ^ ) ,

( b ) P*03 ( a 2 )of1 ( 2 3 )  = 0 ,

(5 ) 0Cc ( 5 )0C, (2 4 )  = + 3 ^ ( 5 ) ,  and

( 6 ) eC^(5)<X1 (2 0 )  = 0 .

PROOF The t a b u l a r  e n t r i e s  c a n  be o b t a i n e d  d i r e c t l y  f ro m  Toda ( 1962)

a n d  Toda  ( 1 9 6 6 ) .  We w i l l  p r o v e  t h a t  t h e  s i x  r e l a t i o n s  h o l d  b e l o w .

Mimura (1 9 6 7 )  shows t h a t  o<2 (3)oc^(10)  = 3)ot2 ( 6 ) .  Toda

(1 9 6 2 ,  Lemma 1 3 . 8 )  shows t h a t  £ ^ ( 5 ) ^ ( 8 )  = ± 3 / ^ ( 5 )  1 t h u s

« 2 (5)oc1 ( 1 2 )  = E2 (0(2 ( 3 ) ^  ( 1 0 ) )  = i E 2 ( « 1 ( 3 ) « 2 ( 6 ) )  = i a i ( 5 ) a 2 (8 )

and  ( 1 )  f o l l o w s .

00 5E :7f^g(S ) ----- — ( 3 - p r i m a r y  com ponen t  o f  s t a b l e  1 3 - s t e m )  i s  an

i n j e c t i o n .  The s t a b l e  g e n e r a t o r s  a n t i - c o m m u t e ,  Toda ( 1 9 6 2 ,  ( 3 . 4 ) ) ,  

h e n c e

fi°°(A (5)cci ( 1 5 ) )  = / V i  = a i ^ i  = E00(o(1 (5)y31 ( 8 ) )  and

( 2 )  h o l d s .

To show t h a t  r e l a t i o n  ( 3 )  h o l d s  i t  s u f f i c e s  t o  show t h a t
t

0Lj(5)<*^(l6)  ^ 0 s i n c e  t h e  g r o u p  i n v o l v e d  i s  7L/3 .

C o n s i d e r  t h e  homomorphisms

^ ( 1 9 ) *  :ir1 9 ( S 5 : 3 ) ------ ~7T2 9 (S 5 : 3 )
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and

« 1 ( 2 6 ) % 7 r 2 6 ( S 5 : 3 ) ----- -- t f ^ C S 5 : ? ) .

/31 ( 1 9 ) * ( o ( ^ ( 5 ) « ;l( 1 6 ) )  = o f^ ( 5 ) « 1 ( l6 ) /S 1 (1 9 )

= oĉ ( 5 ) /S 1 ( 1 6 ) « ]l( 2 6 )

= «C1 ( 26 ) *(of^(5)>tf1 ( l 6 ) ) .

By Toda  ( 1 9 6 6 ,  p . 242)  we s e e  t h a t  >0̂ ( 26 ) g e n e r a t e s  7

*—3 5 *an d  s i n c e  p„Q (y0^) g e n e r a t e s  : 3 )  we c o n c l u d e  t h a t  « ^ ( 2 6 )  i s  an
I

i s o m o r p h i s m .  T h u s ,  t o  show t h a t  c t ^ ( 5 ( 1 6 )  /  0 i t  s u f f i c e s  t o  show 

t h a t  ^ ( 5 ^ ( 16 ) f  0 .

By Toda  ( 1 9 6 6 ,  ( 1 0 . 1 )  and  Lemma 1 1 . 5 )

H( 2 ) ( t f ’ (5) /61 ( l 6 ) )  = H(2 )  (ô ( 5 )  5 ^ ( 1 3 )

= Q2 (of1 )yfl1 (13

w here  H(2 )  ^ ( 5 ^ ( 1 6 )  )€ 7£3 (Q3 : 3 ) . By Toda ( 1965 , ( 6 . 4 ) )
3 —27r2 3 ( Q ^ 3 ) *  Z / 3  and  h a s  g e n e r a t o r  Q (o^yfl^).

By d e f i n i t i o n ,

E*, I ( Q 2 ( « 1^ 1 ) ) = « iy81 

and  f rom Toda (1965» ( 2 . 6 ) )

e wi ( q 2 ( « 1 ) ^ 1 ( 1 3 ) )  = E°*[(I (Q2 ( «1 ) ) ^ 1 (16)]

= E8#( l Q 2 (o(1 ) ) E 00/81 ( l 6 )

=  01

From t h e  e x a c t  s e q u e n c e  Toda ( 1 9 6 6 ,  ( 1 1 . 2 ) )  we s e e  t h a t

I : T 2 3 ( Q ^ : 3 ) -----~ i r 2 6 (S 1 3 :3 )

i s  an  i s o m o r p h i s m  and  s i n c e  E08 i s  an  i n j e c t i o n  we s e e  t h a t

^ 1 ^ ( 1 3 )  = Q2 ( « 1/81 ) .
t

T h i s  i m p l i e s  t h a t  OC (5 )yS ^( l6 )  f  0 and we have  d e m o n s t r a t e d  (3 )»

By Toda ( 1966 , ( 1 0 . 1 ) )  and  Toda ( 1965 , Lemma 6 . 1  ( i i i ) )  we h ave



35

H( 2 ) ( p , Q 5 (of2 )ô 1 ( 2 3 ) )  = H( 2 ) ( p ,Q 3 (ot2 ) )oci C20)

= ±Q2 (ot^)«1 ( 2 0 ) .

From t h e  e x a c t  s e q u e n c e  Toda ( 1 9 6 6 ,  ( 1 1 . 1 ) )  and  t h e  f a c t  t h a t  

: 3 )  i s  t r i v i a l  we s e e  t h a t

H ( 2 ) : 7 r2 6 ( S 5 : 3 ) — -  ir2j (Q % :3)

i s  an  i n j e c t i o n .

S i m i l a r l y ,  f rom t h e  e x a c t  s e q u e n c e  Toda  (1 9 6 6 ,  ( 1 1 . 2 ) )  and

t h e  f a c t  t h a t  7C,c ( S ^ ^ : 3 )  i s  t r i v i a l  we s e e  t h a t
25

1 : ? ) ----- - 7 T 2 6 ( S 1 3 : 3 )

i s  an  i n j e c t i o n .  But

l ( Q 2 («^)ot1 ( 20 ) )  = I ( Q 2 (a^))o<i (23 )

= I ( l ' ( o c  ( 1 1 ) ) «  (2 3 )
3 1

= 0
2 1by Toda ( I 9 6 5 f ( 2 . 6 ) ) ,  d e f i n i t i o n  o f  t h e  g e n e r a t o r  Q ( « ^ ) ,  and  t h e

I
f a c t  t h a t  I ° I  i s  two s t e p s  i n  a n  e x a c t  s e q u e n c e .  Thus

+ Q2 (oĈ )<K1 ( 2 0 )  = 0

and  ( k )  f o l l o w s .

0C5 ( 5 ) * 1 (24)e7r2 7 ( S 5 : 3 )  a n d  E:7r2 ? ( S 5 : 3 ) ------- tT2 8 ( S 6 : 3 )  i s  an

i n j e c t i o n .  U s i n g  Toda ( 1 9 6 2 ,  P r o p o s i t i o n  3 . 1 )  we have

E(« ( 5 ) 0 1 ^ 2 * 0 )  = «  ( 6 ) « x (25 )

= E3e( ( 3 ) E 22oc_ ( 3 )5 1
= - E 3«  ( 3 ) E 6o(_ (3 )

1 5
= E(-o( (5)* (8)).

1 5
Thus  o(. (5)<* ( 2k )  = -o( (5)oC ( 8 )  = - E 2 (o( ( 3 )oc ( 6 ) ) .  By Lemma ( . J .k )5 1 1 5  1 5

r e l a t i o n  ( l ) ,

ot1 ( 3 ) « 5 ( 6 )  = t V 2 ( 3 )

and  by Toda (1 9 6 6 ,  ( 1 1 . 8 ) )

E2 ( * 2 ( 3 )  = 3 ^ 2 (5 )
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t h u s  <x,-(5)o<- (2^+) = 1 3 ^ ( 5 )  and  ( 5 )  i s  e s t a b l i s h e d .5 1 2
F i n a l l y ,  a s  ab o v e  one c a n  show t h a t

o«^(5)o(1 ( 2 0 )  = - « 1 (5)<X^(8).

But  ^ ( 5 ) ^ ( 8 )  = E2 (oc1 (3)<xi+( 6 ) )  w i t h  « 1 ( 3 ) « lf( 6 ) £  - n ^ C S 3 ^ ) .  Toda

(1 9 6 6 )  shows t h a t  7T2^ ( S 3 : 3 )  ** ZZ/3 and  t h a t  i t  i s  g e n e r a t e d  by  an 

e l e m e n t  whose d o u b le  s u s p e n s i o n  i s  t r i v i a l ,  h e n c e  o^(5)flC^(20) = 0 

and we h ave  ( 6 ) .

Q .E.D.

We a r e  now r e a d y  t o  com pute  ^x.((Sp( 2 ) x  S ) ( 3 ) ) .

PROPOSITION ( 3 . 8 )

y u . ( (S p (2 )x  8 5) ) = 3kS

PROOF S i n c e  ( S p ( 2 ) x  S5 ) ( 3 )  *  S p ( 2 ) ( 3 ) x S5 (3 )  *  (X2 ) ( 3 ) x s 5 ( 3 ) 14 

s u f f i c e s  t o  compute  yu.((X? x S3 ) ^ ^ ) .  U s i n g  Theorem ( 1 . 2 3 )  we have  

/ t ( ( X 2x s 5 ) ( 3 ) ) = # [ (X2x S5 ) ( 3 ) a ( X 2x S5) (X2x S5 ) (3)]

w here

a± = # [X 2aS 5a X 2a S 5 , (X2 ) (3)l  = # [ e 1 0 (X2 aX2 ) ,  (X2 >( 3 ) ]  = 32

a 2 = # [ X 2 aS 5a X2 aS 5 , S 5 ( 5 ) ]  = # [ e 1 0 (X2 a X2 ) ,  S 5 ( 3 ) ]  = 3 8

a3 = #[X2aX2, (X2)(3)] = 31
a 4 = ^ [X 2 aX2 , S5 (3 ) ]  = 3 1

a 5  = # [ S 5A S 5 , (X 2 ) ( 3 ) ]  = #(7T1 0 ( ( X 2 ) ( 3 ) ) )  = 3 1

a 6 = # [ S 5AS5 , S 5 ( 3 ) ]  * #(7T1 0 (S 5 ( 3 ) ) )  = #(7ri 0 ( S 5 : 3 ) )  = 3 °

*>! = # [X 2aS5a X2 , (X2 ) ( 3 ) ]  = # [ e 5 (X2aX2 ) ,  (X2 ) ( 3 ) ]  = 37

b 2 = ,^[X2 aS 5a X2 , S 5 ( 3 ) ]  = # [ e 5 (X 2 aX2 ) ,  S 5 ( 3 ) ]  = 3 5

b3 = # [X 2aS5a S5 , (X2 ) ( 3 ) ]  = ; # [ E 1 0 (X2 ) ,  CX2 ) ( 3 ) ]  = 3 °

\  = # [X 2aS5a S5 , ( S 5 ) ( 3 ) ]  = # [ E 1 0 (X2 ) ,  S5 ( 3 ) ]  = 31
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b 5 = # [ x 2a s 5 , ( x 2 ) (3 ) :  = # [ e 5 ( x 2 ) ,  ( x 2 ) ( 3 ) ]  = 3 °  

b 6 = # [ x 2a S 5 , s 5 ( 3 ) ]  = # [ e 5 ( x 2 ) ,  s 5 ( 3 ) ]  = 3 * .

The f i n a l  r e s u l t  f o l l o w s  by a d d i n g  e x p o n e n t s  s o  i t  r e m a i n s

t o  v e r i f y  t h e  t w e l v e  v a l u e s  a .  and  b .  f o r  l e i e 6 .
3

S i n c e  (X2 ) ^  «  S p ( 2 ) ^ 3 ^,  a 3 = 31 f o l l o w s  f rom  M im u r a ' s  

( 1 9 6 9 )  c o m p u t a t i o n  o f  y * ( S p ( 2 ) ) .  a ^  = 3"̂ " and  a^  = 3 ^  comes f rom 

Lemmas (3 * 6 )  a n d  ( 3 . 7 ) •

By Lemma (3*3  ( i i ) )  we h a v e

E5 ( X J  *  S8 VJ , p . e 12v S 15

and

Thus

« 1 ( 8 )

El 0 (X2 ) ,

[e5 (X2 ) ,  S5 ( 3 ) ] «  [ s 8 W01i( 8 ) « 1 2 . s 5 ( 3 ) 3 ®

[e5 ( x 5 ) ,  <x2 ) ( 3 ) >  Cs8^ a i < 8 ) . 1 2 , ( x 2 ) ( 3 ) ]  ® -n-1 5 ( ( x 2 ) ( 3 ) ) ,  

[e10 (X2 ) ,  s 5 ( 3 ) ]  «  [ s ^ u ^ ^ e 1 7 , s 5 ( 3 ) 3 ®  V ^ O ) ’ ’

and
[E1 0 (X2 ) ,  <x2 ) ( 3 ) ] «  [ s 13u » i ( 1 3 ) e 1 7 , ( x 2 ) ( 3 ) ] e  Tt,0 « x 2 ) ( 3 ) ) .

c
L e t t i n g  Z r e p r e s e n t  S ( 3 ) o r  ^ 2 ^ ( 3 ) *  ^rom ^he  c o f i b r a t i o n s

. « , ( 8 > C9)
S1 1 --------- -- S8 -----------   S8 ^  ( g ) e 12 ------------   s 1 2 ----------— S9  . .

aDd <X ( 1 3 )  ot (14 )
S1 6 - ^ — S1 3 -------- ( 1 3 ) e 1 7 ----------------------------------------------------------------------- . .

we o b t a i n  e x a c t  s e q u e n c e s

0̂ ( 8 )* 0 ^ ( 9 ) *

7ri ; i (Z)  --------  7 T g ( Z ) - ----- [ s 8^  ( 8 ) e l 2 »   7ri 2 ( Z ) ' “----------  TTgC2 )*------

a n d  0̂ ( 1 3 )*  o c ^ n A ) *

7Tl 6 ( z )   --------  r r ^ i z ) - * — Ls13u a i ( 1 3 ) e 1 7 , z ] —  7r1 ? ( z )   ----------- * l i f (z ) -
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Now 7r9^S^ ( 3 ) ^  ^ an<  ̂ 7l8^S^ ( 3 ) ^  *  ^ * 1 2 ^  ( 3 ) ^  **

means C s 8 ^ *  ( 8 )* 1 2 ’ s 5 ( 3 p  = ^  which t o Sether with 7fl 5 ( s 5 ( 3 ) 5 ** ffi/9

if
i m p l i e s  bg = 3 .

S i m i l a r l y ,  ^ ( ( X ^  ) ( 3 ) ) *  'Tri 2 ( (X 2 ) ( 3 ) ) ”  7ri 5 ( (X 2 ) ( 3 ) ) *  °  

g i v e s  = 3 ° ,  and  l i k e w i s e  - K ^ ( Z )  ** T f ^ ( Z )  «  7T20^ X2 ^ (3 )^ *  °  

t o g e t h e r  w i t h  7r20^S^ ( 3 )  ̂ ^  Z//3 8i v e s  b lf = 51 and  b^ = 3 ° .

To com pute  a ^  we u s e  t h e  c o f i b e r i n g

S6  - X  <vX ------- ( X ?aX2 ) / S 6 ----- ~ S 7 ------ E ( X 2aX2 )  — . . .

w h ich  g i v e s  an  e x a c t  s e q u e n c e

'7r6 ( s 5 ( 3 ) ) - ‘—  Cx 2 aX2» s 5 ( 3 p " —  [ ( x 2a x 2 ) / s 6 , s 5 ( 3 ) J - ' — n*7 ( s 5 ( 3 ) ) - ------‘

w h i c h ,  s i n c e  *71̂ ( s ^ ( 3 ) 3 ** ^ ^ ( j )  3 56 °* means  t h a t

= #C(X2aX2 ) / S 6 , S5 ( 3 )3 .

By Lemma (3*3  ( i v ) )  we s e e  t h a t

[ ( x2 ax2 ) / s 6 , s 5 ( 3 ) l * n ( s 10v s 1 0 ) u c ( s 13v s 1 9 ) ,  s 5 ( 3 ) ] o

s 3 ( ^ a ^ s l 3 ^ « 1 ( 1 3 ) e l ? ’ s 5 O p -

But  Cs l ^ ' ^ 0< ( 13 ) ® ^ *  S^ ( 3 ) ^  ** °  80 we have

[(X2aX2 ) / S 6 , S 5 ( 3 ) ] k [ ( S 10v S 1 0 ) U c (S 13v S1 9 ) ,  s 5 (3 )3 *

As b e f o r e ,  we u s e  t h e  a p p r o p r i a t e  c o f i b e r i n g  t o  g e t  an  

e x a c t  s e q u e n c e

'7I1 9 ( s 5 ( 3 ) ) 0  7t1 3 ( s 5 ( 3 ) ) “ ’ 7ri O ( s 5 ( 3 ) ) 0  7r1 0 ( s 5 ( 3 ) )

[ ( S 10VS1 0 ) V C ( S 13VS1 9 ) ,  S5 ( 3 ) H - ----- 7l2 0 ( s 5 ( 3 ) ) ®

7ri ^ ( s 5 ( 3 ) ) "  '7rH ( s 5 ( 3 ) ) 0  , r i l ( s 5 ( 3 ) ) ^  * '  ‘

U s i n g  t h e  f a c t  t h a t  7ri o ^ S^ ( 3 )3 58 7tl l ^ S^ ( 3 )3 *  7rl 4 ^ S^ ( 3 )3 ** 0 
and  7f2o ( S 3 (3 ) )  ^  21/3 we s e e  t h a t
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[ ( S 10v S 1 0 ) U C ( S 13VS1 9 ) ,  S5 , 7L/3
(3 ) -

and  s o  a ^  = 3^«

By Lemma (3*3  ( i i ) ) »

e 5 u 2ax2 > «

, - 18. . 2 2 ,  , c l8 .  . 2 2 \  j.25
v ( s  « 1 ( i 8 ) ) v ( S  ^ 0̂ ( 18)® )v

h e n c e

»1 * # r < S 11 'M't ( i ( 1 i ) e 15v S 1 5 ) V E5j e 1 9 , (X2 ) ( J ) ] .

,18 , , 22

and

( ^ [ S 1 V 7 ^ ( l 8 ) e 2 , (X2 ) ( 3 )H) ‘ ^ (7r2 5 (<X2 ) ( 3 ) ) )

b2  = # [ ( S 11 U 0I i a i ) e 15 VS1 5 ) ^ b 1 9 , S 5 ( J ) ] -  

( # [ S l 8vya i ( i 8 ) e 2 2 , S 5 ( 3 )  ) ] 2 -#(Tf2 5 ( S 5 ( 3 ) )). 

From Lemmas (3 * 6 )  and  ( 3 . 7 )  we h a v e

(X^ )  ( 3 ) ) )  = ( 3 ) ) )  = ^ *

The c o f i b e r i n g

„21  a i ( l 8 )  „18 £,18^ ,  22 „22 V 19!  19
s  ---------   - s  «  ( 1 8 )     s

g i v e s  an  e x a c t  s e q u e n c e

^  ( Z ) i f i l i 8 2 - i r  l C ( z ) -  [ S l 8 u  , 1 f l l e 2 2 , ZD —21 J-- —  18 L°  c(1 ( l 8 )

tt2 2 ( z ) ^ i ^ -  7r1 9 ( z )   ....................................

w h ich  s i n c e  7I23^S ^ ( 3 ) ^  **

7 ^ 2 ( (X 2 ) (  ) )  «  CTig(S^£3 ) ) »  E / 3  p r o d u c e s  t h e  c a r d i n a l i t i e s

and  _ l g

l 8 ^ « l ( l 8 ) « 2 2 . < V  ( j P  -  

#C s l 8 t x  ( i 8 ) e 2 2 » s 5 ( 3 ) ]  = 3 1 -1
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From t h e  c o f i b e r i n g

s 1 8 — ( s 1 1 u c,i ( l x ) . 1 5 v s1 5 ) — ---------

S W _ _  ( s X2 u ^ ( i 2 ) e l 6 v s l 6)  _ _ ..........................

we g e t  an  e x a c t  s e q u e n c e

( 3 . 8 . 1 )  7̂ g ( Z )  i -  A i  [ S 1 1 ^  ( n ) e 1 5 , z ]  © ^ 5 ( 2 )   ---------

B s l l u « 1 ( u ) e l 5 v s l 5 > ^ 8 1 9 -

P ® l 2 u ««1 ( 1 2 ) e 1 6 * z ]  ® ,ri 6 (2;)  ...................................................

The e x a c t  c o f i b r a t i o n  s e q u e n c e

(3 . 8 . 2 ) 7rl 4 ( z ) - 2f i ^ - - j r 11 ( z ) - . ---------L s 11^  ( 1i ) e l 5 » zl M —

«  ( 12 )*
ir1 5 ( z ) - ^ -------7ri 2 ( z ) ........ .......... ............................

i s  n e e d e d  t o  com pute  t h e  g ro u p

Cs l l v J c< ( l l ) ® 1 5 * ® iri 5 ( z ) *

F o r  Z = (X2 )^  ̂ we h a v e  (x 2  ̂(3 )  ̂ *  7,1 5 ^ X2 \ 3 ) ^  ^

'fri 9 ( ( x 2 ) ( 3 ) ) *  0 and  we g e t  [S1:LU  ( 1 1 ) e 1 5 t ( x 2 ) (3 ) l  © % ( ( x 2 ) ( ? ) ) »  0

f rom  ( 3 . 8 . 2 )  Thus  e x a c t  s e q u e n c e  ( 3 . 8 . 1 )  g i v e s

Al,, -I5.,ei 5 ^  . e J.9
P s l l u « , ( l l ) o l 5' s l 5 ) U E ^ e 1 9 '  ( V ( J ) >  0

and  we have

b i  = 5 ? ‘
5

The c o m p u t a t i o n  f o r  Z = S i s  n o t  a s  s i m p l e  b e c a u s e  o f  t h e  

e x i s t e n c e  o f  n o n - t r i v i a l  homotopy g r o u p s .  We b e g i n  by d e t e r m i n i n g

rs1 1 ^  e1  ̂ S5 "ILS W o ^ ( l l ) e • S ( 3 ) J  *

From Lemma (3.7) we have ^ ^ ( S  5(3))*  0 , *15(S5(3)„ .  s/9 

with generator ^ ( 5 )  and ^ 2 (s^(3 )) ®/3 with generator <x2 (5). The
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*
g r o u p  i n  q u e s t i o n  i s  t h u s  s e e n  t o  be i s o m o r p h i c  t o  c o k e r o ^ ( 12) 

w h ic h  i s  i s o m o r p h i c  t o  2Z/3 s i n c e

0̂ ( 12 )* ( * 2( 5 ) )  = 012( 5 ) ^ ( 12 ) = ± 3 ^ ( 5 )  

by Lemma ( 3 . 7  r e l a t i o n  1 ) .  Thus  we s e e  t h a t

S5( 3 )l * ® / 3

and  h a s  g e n e r a t o r

r*(y31 ( 5 ) )

w he re  r*  i s  i n d u c e d  by  t h e  c o l l a p s i n g  map ----- * - S " ^ .

S i n c e  5 ( 3 ) } ~  Z5/3 w i t h  g e n e r a t o r  p +Q ^(«^ )  and

7tl 8 ( s 5 ( 3 ) ^  *  ZS/3 w i t h  g e n e r a t o r  « ^ ( 5 ) / ^ ( 8 ) , t o  com pute  t h e  g ro u p

S5 ( j ) ]

5 *f rom  t h e  e x a c t  s e q u e n c e  ( 3 . 8 . 1 )  we must  d e t e r m i n e  k e r ( E y S )  and  

c o k e r ( E ^ f l )  .

By Lemma (3*3  ( i i i ) ) ,  E^3 ^  « ^ ( 1 5 ) v a  ( 16) and s o  (E/3 )
* *  *  t

( 0 ^ ( 1 5 ) )  @ 0( ^ ( l 6 ) . But  0C ^ ( l6 ) a p p l i e d  t o  t h e  g e n e r a t o r  o t^ (5)  o f

7̂ g ( S ^ ^ ^ )  i s  o(^(5 ) «1 ( l 6 ) w h ich  g e n e r a t e s  7ri 9^s ^ ( 3 )^ by r e l a t i o n  (3 )
6 *o f  Lemma ( 3 . 7 ) .  Thus c o k e r ( E y8 ) fa 0 .

S i m i l a r l y ,  E^8 ^  0^ ( 14 )70^ ( 15 ) and  ( E ^ 3 ) * «  ( 5 ^ ( 1 4 ) ) *  © 0̂ ( 15 ) ’ 

Thus  k e r ( E ^ S )  i s  d e t e r m i n e d  by t h e  im a g e s  ( < ^ ( l 4 ) )  ( r *  (/9^( 5 ) ) )  and  

« 1 (15)*(>S1 ( 5 ) ) .  Now

0C1( 1 5 ) * ( >fi1 ( 5 ) )  = / 8 1 ( 5 ) « 1 (1 5 )  = t « 1 (5)/91 ( 8 )  

by  r e l a t i o n  ( 2 ) o f  Lemma ( 3 . 7 ) .  Thus  we s e e  t h a t  k e r O ^ ( 1 5 ) *  Z5/3.

F o r  « ^ ( l 4 ) *  we g e t

S j ( l 4 ) * ( r * ( y 3 1 ( 5 ) ) )  = r*  ( ^ ( 5 )  ) » 2 j ( l 4 )  = ^ ( 5 ) ^ 1 4 ) .

By Toda (1 9 6 2 ,  ( 1 . 1 8 ) )  we h ave

r o £ ( l4 )  = E01 ( l4 )  = 0^(15)
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w h ich  means

3 j ( l 4 ) * ( r * ( >61 ( 5 ) ) )  = ^ 1 ( 5 )« 1 (15) =lc<1 (5)yS1 (8)

by r e l a t i o n  ( 2 )  Lemma ( 3 . 7 ) .  Thus k e r ( c ^ ( l 4 ) *) 0 and  we c o n c l u d e

kerC E5/ ) *  «  Z l /9 .

T h u s ,  f rom  e x a c t  s e q u e n c e  ( 3 . 8 . 1 )  we s e e  t h a t

S5 ( 3 p  * 2 / 3

and  we h a v e  shown t h a t

As i n  t h e  ab o v e  c o m p u t a t i o n s  f o r  b^ and  b2 i t  i s  s i m i l a r l y  

s e e n  t h a t

a i  -  # R s i 6 «j , (i ( i 6 ) . 20v s 2 0 ) O e io/ J . 2 '>, < V ( 3 ^ -

^  .  # B S1 ^ a i ( 1 6 ) e 2° v S 2 0 ) U E109 e 2\  S 5 ( j )3 -

<# ^ 23 '-/ « 1 ( 2 3 ) ' 2 7 ,  s 5 ( 3 p ) 2 , #<’r? 0 ( ( S 5 ) ( 3 ) ) ) .

B e g i n n i n g  w i t h  t h e  r i g h t - m o s t  c a r d i n a l i t i e s  i n  t h e  above  

p r o d u c t s  we have

#(7r3o ( Cx2 ) ( 3 ) ))  = 32

and

« V s 5 < 3 ) J)  = 5°
f rom  Lemmas ( 3 . 6 )  and  ( 3 . 7 ) .

The e x a c t  c o f i b r a t i o n  s e q u e n c e

tt2 6 ( z )  .̂ ( 2 3 ) - tt2 3 ( z ) - — Cs23u ^ ( 2 3 ) e 2 7 , z 3 + — rr2 7 ( z )  (2)-*>

t o g e t h e r  w i t h  t h e  f a c t  t h a t  7r23 ^ X2^ ( 3 )   ̂ *  71t* 2 7 ^ X2 ^ ( 3 ) ^  *  0 8 i v e s

# [ s  3 ' - ' 0 ( i ( 2 5 ) e 7 » ( x 2 ^ ( 3 ) 3  55 3 *
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C
F o r  Z = S a l l  r e l e v a n t  homotopy groupB i n  t h e  ab o v e  e x a c t

s e q u e n c e  a r e  n o n - t r i v i a l  s o  we m us t  d e t e r m i n e  ke ro (^ (23 )*  and 

c o k e r « ^ ( 2 * 0  * .

From Lemma ( 3 . 7 )  we h ave  t h e  f o l l o w i n g  i n f o r m a t i o n  a b o u t  

g r o u p s  and  g e n e r a t o r s :

) «  E / 3 ,  g e n e r a t o r  

) «  E / 9 ,  g e n e r a t o r  / 2 (5 )  and 

(S3 ^ j )  *  g e n e r a t o r  p +Q5 ( « 2 ) .

By r e l a t i o n s  ( ^ )  and  ( 5 )  o f  Lemma ( 3 . 7 )  we h ave  

« 1 (2 3 )* (p * Q 3 (« 2 ) )  * p*Q3 (o(2 )o(1 ( 2 3 )  = 0

and

« 1 (2 4 )* (c ( ( 5 ) )  = «  ( 5 ) ^ ( 2 ^ )  = ± 3 V 2 (5 )

and we t h u s  c o n c l u d e  t h a t

ke r< t^ (23 )*  & c okerfl(^ ( 2 4 )  * E / 3

w h ich  means

,23, , 27
^ ( 2 3 ) ®  * s  ( 3 p  = 3 *

The c o f i b r a t i o n  s e q u e n c e

( 3 . 8 . 3 )  (E10,S)*
7T2 3 ( Z ) - -------------Q r v j ^ d g ) 6 , Z]  e  7T2 0 ( z ) -

l: ( s l 6 u c<1 ( l 6 ) e 2 0 '/ s 2 O ) U E1O/3 e 2 l f ’ Zl] — ?r2 i f ( Z ) ' 

.17 , . 21
[■ ^ ( 1 7 )  ' *1  ® * 2 1 (Z)

i s  u s e d  t o  d e t e r m i n e  t h e  r e m a i n i n g  f a c t o r s  o f  a^  and  a 2< To u s e  

t h i s  s e q u e n c e  we m us t  f i r s t  com pute

^ 1 6 ' - ' « 1 U 6 ) e 2 0 ’ ^

and

Cs l 7 ^ « l ( l 7 ) s 2 1 -
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T h e s e  g r o u p s  a r e  o b t a i n e d  f rom t h e  e x a c t  s e q u e n c e

( 3 . 8 . 4 )  oc (1 6 )*  i*
  * i 6 < Z > - ---------&  • Z2

1 '

V Z ) - ^ —  * i , ( Z ) ^ [ s l \ ( 1 7 ) , a - 23

-   "*  * * *

w here  i *  i s  i n d u c e d  f rom  i n c l u s i o n  and  r*  by c o l l a p s i n g  map.

F o r  Z = ( ^ 2 ^ ( 3 ) comPu t a t i o n s  a r e  e a s y  s i n c e  *n'^g( (Xg) «

'7l20 ( (X2 ) (3 ) ) “  7r2 1 ( (X 2 ) ( 3 ) )SS °  ~ 712 4 (<X2 ) ( 3 ) ) Which i n  ( 5 *8 *4)  and

( 3 . 8 . 3 ) e a s i l y  g i v e

£(s l6 u «1C16)e20''s20)UE1^ e2lt> (V < 3 ) >  ° ’

t h a t  i s

# B s 1S U ^ ( l 6 ) e20v S 20) U El ^ e 2 \  (X2 ) ( J ) :  = 3 ° .

2
At t h i s  p o i n t  we may c o n c l u d e  t h a t  a ^  = 3 .

F o r  Z = we h ave  ‘7*21^S^ ( 3 ) ^  ^  7l1 7 ^ S^ ( 3 ) ^ 0 and  f rom

( 3 . 8 . 4 )  we s e e  t h a t

& 1? U «1 ( 1 7 ) , a * s 5 (3>]  *

7t^Q( S ^ ^ ^ ) 5 «  E / 3  w i t h  g e n e r a t o r  01̂ ( 5 ) ,  t t ^  ( S ̂  ̂ ) «  0 and  k e r « 1 ( l 6 )
I E

E /3 s i n c e  0C^(l6 )* a p p l i e d  t o  t h e  g e n e r a t o r  a ^ ( 5 ) o f  * ^ ^ ( 3  ( 3 )^**
E

g e n e r a t e s  7 ^ g ( s  (3)^ ftj E / 3 .  We a l s o  n o t e  a t  t h i s  p o i n t  t h a t  s i n c e  

3o t j (5 )  = <X^(5) we may u s e  0(^(5) a s  a g e n e r a t o r  o f  k e r c < ^ ( l6 ) * .  I n  

any  e v e n t ,  we c o n c l u d e  f rom  ( 3 - 8 . 4 )  t h a t

I
E / 3  © E / 3  

o r  

E / 9

and  t h a t  b o t h  r * ( c c ^ ( 5 ) )  and  oc^( 5 )  a r e  n o n - z e r o  w here  one o r  b o t h

♦

E / 9
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may be  g e n e r a t o r s .  The sym bo l  c(^ (5 )  r e p r e s e n t s  a n  e l e m e n t  h a v i n g  

t h e  p r o p e r t y  t h a t  i *  (0 (^ (5 ) )  = oc^( 5 )  * i . e .  o i^ (5)  i s  a n  e x t e n s i o n  o f

«3 ( 5 ) .

U s i n g  e x a c t  s e q u e n c e  ( 3 . 8 . 3 )  we c a n  d e t e r m i n e  t h e  c a r d i n a l i t y

s 5 (3 ) ]

by n o t i n g  t h a t  i t  i s  e q u a l  t o  t h e  p r o d u c t

# ( k e r ( E  1 /9 )* ) • # ( 7̂ ( S 5 ( ? ) ) ) .

By Lemma ( 3 . 3  ( i i i ) ) ,

= S ^ ( 1 9 ) v « 1 ( 2 0 )

s o

ker(E^®y8)* «  k e r 0 ^ ( 1 9 ) *  © kerOC^(20)*.

By r e l a t i o n  ( 6 )  o f  Lemma ( 3 . 7 ) *

«3(1 ( 20)  * ( 0 ^ ( 5 ) )  = ^ ( 5 ^ ( 2 0 )  = 0

s o

ker<X1 ( 2 0 ) *  «  ?r2 0 ( s 5 ( 3 ) ) ** E / 3

i . e .  #(kerflc1 ( 2 0 ) * ) = 3 ^ .

We now show t h a t  # ( k e r « ^ ( 1 9 ) * )  = 3^ by d e m o n s t r a t i n g  t h a t  

b o t h  r * ( a ^ ( 5 ) )  cc^(19)  and  0 ^ ( 5 )  0C^(19) a r e  t r i v i a l .

We f i r s t  c o n s i d e r  t h e  c o m p o s i t i o n  0 C j ( 5 ) ^ ( 1 9 )  • By Toda 

(1 9 6 2 ,  P r o p o s i t i o n  ( 1 . 7 ) )  t h e  s e t  o f  a l l  c o m p o s i t i o n s  {a  ( 5 ) ^ ( 1 9 ) }  

i s  e q u a l  t h e  s e c o n d a r y  c o m p o s i t i o n

{ 0̂ ( 5 ) ,  0^ ( 16 ) ,  0̂ ( 19 )}
c n £

w h ich  i s  a  c o s e t  o f  7£0 ( S ^ : 3 )  0 ^ ( 2 0 )  © 0(^(5) 7f2 j ( s  : 3 ) .  However ,  

7£,q (S 3 : 3 )  <X^(20) f t  0 by r e l a t i o n  (6 )  o f  Lemma ( 3 . 7 )  and 

* 3 (5)7r2 3 (S l 6 : 3 )  *  0 s i n c e  cx3 ( 5 ) « 2 ( l 6 )  = E2 («  ( 3 ) o ^ ( l 4 ) )  and Toda
C

(1 9 6 6 )  o b s e r v e s  t h a t  t h e  g e n e r a t o r  o f  : 3 )  i s  n o t  i n  t h e  image

o f  E . Thus t h e  c o s e t  {o<T( 5 )»  ocn ( l 6 ) ,  ec (1 9 )}  c o n t a i n s  t h e  s i n g l ej  L x
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e l e m e n t  « ^ ( 5 ) ^ ' ( 1 9 ) • We may now u s e  Toda ( 1962 , P r o p o s i t i o n  ( 1 . 9 ) )  

t o  c o n c l u d e  t h a t

r * ( « 5 (5 ) o ( ^ ( 1 9 ) )  = oc3<5)«1 ( 1 6 )

w here  a s  b e f o r e  r*  i s  i n d u c e d  by c o l l a p s i n g  map

r - S 1 9 U  e23____- S 23r , S  « 1 ( 1 9 ) S

■ I Q  O ’?

and  <x^(l6 ) i s  an  e x t e n s i o n  o f  0 ^ ( 1 6 )  t o  S d 9 ) e •

U s i n g  t h e  c o f i b r a t i o n  s e q u e n c e

«  ( 1 9 )*  q i *  , Q -
',r22^S ( 3 ) ) - * ^ l g ^  ( 3 ) J -̂S U « 1 ( 19 ) e * S (3 P

r*  «  ( 20 )*

-  * 2 3 (S ( 3 ) } ^  7l20 (S ( 3 ) } "* * * *
and o b s e r v i n g  t h a t  0̂ ( 20 )* i s  t r i v i a l  we s e e  t h a t  r*  i s  an  i n j e c t i o n .

T h u s ,  t o  show t h a t  c t ^ ( 5 ) S ^ ( 1 9 )  = 0 i t  s u f f i c e s  t o  show t h a t

0 1 ( 5 ) 0^ ( 1 6 ) = 0 .

T h a t  t h i s  i s  i n d e e d  t h e  c a s e  comes f rom t h e  f o l l o w i n g  o b s e r v a t i o n s :  

( 1 ) ^ ( 5 ^ ( 1 6 )  = ( 3 « ^ ( 5 ) ) « 1 (16) = 3(o£j(5)ot1 ( l 6 ) )  = 0 

by  r e l a t i o n  (3 )  o f  Lemma ( 3 . 7 ) *

(2 )  «^(5)oCjL( l 6 )  may be  c h o s e n  t o  be  o t j ( 5 ) ° ^ ( l 6 )  s i n c e  t h e i r

19r e s t r i c t i o n s  t o  S a r e  e q u a l ,  and  f i n a l l y

( 3 ) 0( (5)<x^(l6) i s  an  e x t e n s i o n  o f  a  t r i v i a l  map a n d  h e n c e

may be c h o s e n  t o  be t r i v i a l .

F i n a l l y ,  a s  t o  t h e  t r i v i a l i t y  o f  r*  (oc^(5) ) « ^ ( 1 9 ) « we n o t e  t h a t

r * ( « lf( 5 ) ) S j ( l 9 )  = * ^ ( 5 )  p f i j ( 1 9 )  = orlf( 5 )  ^ ( 1 9 )

= oC/f (5)«X1 ( 2 0 )  = 0 

by Toda ( 1962 , ( 1 . 1 8 ) )  and  r e l a t i o n  ( 6 ) Lemma ( 3 . 7 ) .

Thus

# B s l 6 o a i ( l 6 ) . 20v s 20) u Ei y 2\  s 5 ( J ) ]  = 3*
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and we conclude that
a 2 = 3 8 . Q .E .D .

The n e x t ,  and  f i n a l  lemma w i l l  be  u s e d  t o  compute  a n  u p p e r  

bound f o r  t h e  numbers  yu(SU(4)^2 ^) and  <f t ( ( S U ( 3 ) x  

LEMMA (3*9 )

L e t  n.^, i  = 1 , 2 , . . .  , k  be  a  s e q u e n c e  o f  p o s i t i v e  i n t e g e r s  

g r e a t e r  t h a n  1 and  X be  any  s p a c e ,  t h e n

n n n n k
# I S  1 U  e 2 \ J  e 3 U  . . . W  e k , x ]  £  T T  # ( i r  ( X ) ) .

%  %  °tn3 ° V l  1 = 1 "

PROOF
n. n p

F o r  k  = 2 t h e  i n e q u a l i t y  #(jS \ j  e , X]} -  # ( i r  ( X ) ) ‘ #(Tf  (X) )
« n 1 n l  2

f o l l o w s  f rom  t h e  c o f i b r a t i o n  s e q u e n c e

ot * (E«  )*

7fn - l ( X ) ~ 1'7ln ( X ) ^ ------^  X-l"* ^  ( X ) -  7Tn + 1 ( X )^ ---------n 2- l  n;L oC}n n 2 n 1+x

s i n c e  # ( k e r «  ) -  if-i.lt ( X) )  and  # ( c o k e r E a  ) ^  # ( 7f ( X ) ) .
n l  n l  n 2

The r e s u l t  f o r  a n y  i n t e g e r  k  2: 2 now f o l l o w s  e a s i l y  by

i n d u c t i o n .

Q.E.D.

F o r  a  g i v e n  X and  s e t  o f  p r i m e s  P we w i l l  u s e  t h e  sym bol  

(X) t o  d e n o t e  t h e  number  o f  d i s t i n c t  homotopy c l a s s e s  o f  

m u l t i p l i c a t i o n s  t h a t  t h e  s p a c e  Xp w i l l  s u p p o r t .

The main  and  f i n a l  r e s u l t  o f  t h i s  c h a p t e r  i s  t h e  f o l l o w i n g  

t h e o r e m .
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THEOREM ( 3 . 1 0 )  L e t  3P d e n o t e  t h e  s e t  o f  a l l  p r i m e s ,  t h e n

( a )  /*; ,p_{ 2 } ( S U (4 ) )  = 3 ^ 6* 55 0 - 7 9 *115 - 1 3 ,

(b )  (S U (3 )x  S7 ) = 3 105 ' 55 °- 79 - l l 5 *13,

( c )  > t p . {2} (Y2 ) = 34 6 - 5 30- 7 9 - l l 5 - 1 3 ,

( d )  > t ]p_ { 2 } (Y3 ) = 3105- 5 30- 7 9 - l l 5*13,

( e )  A 2 }  (£U(2+)) = >^{2) (V  6 2 2 1 0 ’ C2 7 , 3  ' C3 0 , 3  ' C3 0 , 5  * ° 3 0 , 7 ,  and

( f )  >*{2}( s u ( 5 ) x  s ? )  = ^ {2}  (Y2 J -  2 55 • c 2 7 , 3  * C3 0 , 3  ' C3 0 , 5  ' ° 3 0 , 7

w h e re  C . . = # ( i r .  ( S 3 : 2 ) ) .
i .  j  i

PROOF ( a ) ,  ( b ) ,  ( c )  and  ( d )  f o l l o w  i m m e d i a t e l y  f rom Theorem ( 1 . 2 5 )  

a n d  P r o p o s i t i o n s  ( 3 . 1 ) »  (3 * 2 )  and  ( 3 . 8 ) .

S i n c e  Y h a s  c e l l u l a r  s t r u c t u r e

i t  i s  e a s y  t o  s e e  t h a t  Y aY h a s  c e l l s  i n  t h e  numbers  and  d i m e n s i o n s  J n n

g i v e n  by t h e  l a t t i c e  b e l o w .

1 8  2 0  22 23 25 27 ■30

15- 17 ■19 20 22 ■24 27

13 15 •17 18 - 20 22 ■25

11- ■13 15 16 18 20 ■23

10 •12 •14 ■15 17 19 ■22

■10 12 - 13 •15 17- •20

6 -----------8 -----------1 0 ---------- 11 ----------1 3 ---------- 15 ----------- 18



We may u s e  Lemma ( 3 * 9 )  t o  o b t a i n  t h e  f o l l o w i n g  i n e q u a l i t y .  

( 3 . 1 0 . 1 )
2 3

( S U W ) *  #(7r6 ( S U ( i f ) : 2 ) )  - E # ( * g ( S U ( M : 2 ) ) ] - [ # ( 7 r i o ( S U ( * 0 : 2 ) ) ] -

2 2 
[ # 0 r i:L<STJ(*0 : 2 )  ) ]  * [#(7f12(SU(4): 2 ) ) ]  • [/(^(SUCM :2)) ]

6
#(7Tl2 f ( S U ( i f ) : 2 ) )  • [#(7T15(SU(^):2))] • #(7ri6(SU(10:2))-

k  k
p ( 7 r i ? ( S U ( ^ ) : 2 )  )] • [#(7ri 8 (SU(it) : 2 )  )] . [ # ( f r i 9  ( SU ( 4 )  s2 ) ) ]

5 ^|#(7r20(SU(4): 2))] • [#(7T22(SU(^) :2))] • [#(7T23(SU(4) :2))]
2 2

#(7T2if(SU(if) : 2 ) ) • [#(7f2 5 (SU(if) : 2 ) ) ]  • p(TT2 7 (SU(lf) : 2 ) ) ]  •

#(7r3 0 ( S U ( i f ) : 2 ) ) .

The c a r d i n a l i t i e s  o f  a l l  t h e  g r o u p s  i n v o l v e d ,  w i t h  t h e  e x c e p t

i o n  o f  t h e  l a s t  f o u r  c a n  be f o u n d  i n  M imura -Toda ( 1 9 6 ^ ) .  We may

e s t i m a t e  t h e  l a s t  f o u r  u s i n g  t h e  e x a c t  f i b r a t i o n  s e q u e n c e

. . . ---   <ni(SU(3) : 2 ) --- i f  (SU(4):2)--— î (S7:2)--- . . .

w h e r e i n  we e s t i m a t e  7 f^ (S U (3 ) :2 )  f o r  i  = 2 ^ ,  25» 2?  and  30 u s i n g  t h e

f i b r a t i o n  s e q u e n c e

. . . ------ - 7 r , ( S 3 : 2 )  ---------- -TT. ( S U ( 3 ) : 2 ) -- 7 T . ( S 5 : 2 ) -----. .i  x x

F o r  SU(3) we g e t

#(7r2if(SU(3):2)) * #(7T2lf(S5:2)) • #(7T2lt(S5:2)) = 2-2^ = 25,
#(7T_c.(SU(3):2)) * #(7T (S3:2)) • #(tt (S5:2)) = 2-23 = 2*\25 25 25
#(7r27(SIT(3):2)) 6 #(7f27(S5:2)) « #(Tr2?(S5:2)) = C2?  ̂• 23,

and

#(7T_rt(SU(3)s2)) £ #(7T,.(S3:2))' #(7T,n(S5:2)) = C,ft , • C,n ,
3 0  3 0  3 0  3 0^ 3  30»5

w here  t h e  n u m e r i c a l  v a l u e s  o f  t h e  c a r d i n a l i t i e s  i n v o l v e d  a r e  

o b t a i n e d  f rom Toda ( 1962) ,  Mimura-Toda ( 1963)* and  Mimura (1965) .

(See A p p e n d ix  I  f o r  t a b u l a t i o n  o f  c a r d i n a l i t i e s ^

C om bin ing  t h e  ab o v e  r e s u l t s  f o r  SU(3) w i t h  t h e  f a c t  t h a t
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#(7T2 k (S7 :2)) = 2 k t 
#(TT2 5 (S 7 : 2 ) )  = 2k , 

and  #(7T2 7 (S7 : 2 ) )  = 25

we have
M 2 k ( S V ( k ) : 2 ) )  ± 2 9 , 

#(7T2 5 ( S U ( ^ ) : 2 ) )  ^  2 8 

• a n d  #(7T2 7 ( S U ( 4 ) : 2 ) )  ± C2?  ? • 26 .

I n e q u a l i t y  ( 3 * 1 0 . 1 )  now becomes

P { 2 \ (SU(i f) )  £  2 • (2 * )  • (2  ) • (2  ) * (2  ) * (2 ) • 2 ^  • (2  ) • 2 '*

( 2 6 ) V )  V )  * ( 2 5 ) * ( 2 8 ) - ( 2 7 ) " 2 9 . ( 2 8 ) . 2

C2 7 ,3  * ( s 6 )  ’ ° 5 0 t 3 ' C3 0 , 5  ' ° 3 0 , 7

= 2210- C2 ? ^  • C3 0 j 3  • C3 0 ^  • C3 1 ^?

and  we h a v e  d e m o n s t r a t e d  ( e ) .  (See A ppend ix  I  f o r  a  t a b u l a t i o n  o f  

c a r d i n a l i t i e s  7)

I n  a s i m i l a r  f a s h i o n  one c a n  c h e c k  t h a t  ( f )  h o l d s .

Q. E . D.
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APPENDIX I — C o n t i n u e d

^ ( S 3 ) ) M A S 7 ) ) #(Tfi (S U (3 ) ) ) #(ir± ( s u ( M ) )

x12 '3 25 -31 21 '3 1

23 -31 * l l 1 o6 X12 *3 -5
2 1 1 

2 *3 '11 _8 , 1  _ i  - . 1  
2 *3 *5 *11

a 3 . , 1 25 - ? 1 a7 - ? 1

, 1  , 1  . 1  _12 -3  *5 '7

2 1 1  1 
° 2 S , 3 ’ 3  - 5  ‘ 7  - 1 5

C2 7 , 3 - 5 1 - 51

2, , - 3 1 - l l 1

a 3 ^ 1

a 2 ^ 1

a W - s 1

a V
2if- 3 1 ' l l 1

'28 ,3 ° 28,5 -33-51-71-131 a2 - ? 1

C2 9 ,3 * 3 ° 2 9 , 5 -31-51 26- 3 2

C3 0 , 3 ' 3 '30 ,5
3 1 1  1

C3 0 , 7 ’3 1

VJlvn
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