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ABSTRACT

ON REDEI SUBGROUPS CONTAINING 

THEIR CENTRALIZERS

by

ROBERT E. MCDONALD

Three c la s s e s  o f  f i n i t e  p-groups fo r  p > 2 a re  considered  

in  t h i s  t h e s i s ,  each c la s s  being defined  by co n d itio n s  which are  

p laced  on th e  minimal nonabelian  subgroups o f  a  group. The non- 

a b e lia n  subgroups f o r  which each p roper subgroup i s  a b e lia n  a re  c a l le d  

Redei groups.

C lass 2  I s th e  c o lle c tio n  o f nonabelian  p-group? fo r  which 

th e  c e n tr a l ! z e r  o f  a  Redei subgroup I s  i t s  c e n te r .  C lass R I s  th e  

c o l le c t io n  o f  nonabelian  p-groups fo r  viilch each Redei subgroup i s  

th e  c e n t r a l iz e r  o f  i t s  c e n te r . A th i rd  c la s s  2* l s  th e  c o l le c t io n  

o f  a l l  nonabelian  p-groups fo r  which a l l  subgroups fo r  some given index 

a re  Redei. The th re e  c la s se s  a re  shown to  s a t i s f y  the  fo llow ing 

in c lu s io n  r e la t io n s h ip s .  #  c  3 * ^ 2  . A ll th re e  c la sse s  a re

subgroup in h e r ite d .

The two p ro p e r tie s  on Redei subgroups which d e fin e  c la s s  2  
and c la s s  R , r e s p e c t iv e ly ,  a re  shown to  extend to  a l l  nonabelian 

subgroups. For G e 2  , Z(N) = Cq (N) fo r  each nonabelian  subgroup

N o f  G i f f  Z(R) = Cq(R) fo r  each Redei subgroup R o f  G .

v



For G e  R , N = Cq(Z(N)) fo r  each nonabelian  subgroup N o f  G i f f  

R = Cq (Z(R)) fo r  each Redei subgroup R o f  G , A r e s u l t  o f  t h i s  

second equivalence i s  th a t  fo r  G e R  , (Z(N): Z(M)) = (M: N) fo r  

each p a i r  o f  nonabelian  subgroups N , M such th a t  N C m Q G  .

I t  i s  shown th a t  a  group in  c la s s  R i s  e i th e r  a  m etacyclic

group o r a  nonm etacyclic Redei group. T his lead s  to  a  c h a ra c te r iz a tio n

o f  non-Redei m etacyclic  p-groups as groups fo r  which each Redei subgroup 

i s  th e  c e n tr a l iz e r  o f  i t s  c e n te r .

I t  i s  found th a t  c la s s  2  * i s  "alm ost equal" to  c la ss  R in  

t h a t ,  f o r  p > 3 , th e re  i s  only one type o f  group in  2  * th a t  i s  no t

in  R  . These groups have o rd er p^ . For p = 3 , th e re  i s  a lso

only one type o f group in  2 * th a t  i s  no t in  R . Each o f  th e se
h

groups has i t s  Redei subgroups of o rder p . As a  consequence,

a  second c h a ra c te r iz a tio n  i s  ob ta ined  fo r  non-Redei m etacyclic  p-groups
a

as groups fo r  which th e re  i s  an  a b e lia n  subgroup o f o rd er p and fo r  

which each subgroup o f index p^ i s  Redei i f  th e re  i s  one Redei subgroup 

o f  th a t  index .

The minimal non-Redei subgroups o f  c la s s  2  a re  id e n t i f ie d .  

These a re  p re c is e ly  th e  nonabelian  groups fo r  which th e re  i s  a t  most
2

one a b e lia n  maximal subgroup and fo r  which each subgroup o f index p 

i s  a b e lia n .

v i



INTRODUCTION

S everal means by which a  g ro u p 's  s tru c tu re  I s  c o n tro lle d  by i t s  

minimal nonabelian  subgroups a re  in v e s tig a te d  f o r  f i n i t e  nonabelian  p -  

groups fo r  p > 2 . The nonabelian  p-groups fo r  which each p roper sub­

group i s  a b e lia n  have been examined by M iller-M oreno [ 19] and have been 

com pletely d escrib ed  i n  term s of d e f in in g  r e la t io n s  by Redei [2 0 ], Such 

nonabelian  p-groups a re  minimal nonabelian  subgroups o f a group and a re  

c a l le d  Redei groups throughout th i s  s tu d y .

One corrmon approach to  th e  problem o f  c la s s i fy in g  nonabelian  

groups i s  to  s t r e s s  th e  type o f a b e lia n  subgroups possessed  by the  

g roups. While surveying  th e  l i t e r a t u r e  w ith  reg a rd  to  t h i s  approach i t  

has become ap p aren t th a t  a t te n t io n  c o n tin u a lly  r e v e r ts  to  th e  ex is ten ce  

and th e  p ro p e r tie s  o f th e  Redei subgroups. This r a i s e s  th e  q u es tio n  as  

to  w hether o r no t Redei subgroups can assume more th an  p assiv e  c o n tro l 

over th e  s tru c tu re  o f a  group. In  t h i s  reg a rd , a  new approach has been 

employed whereby th e  dominant r o le  in  examining group s tru c tu re s  i s  

assigned  to  th e  Redei subgroups. T his can be accom plished by p lac in g  

c o n d itio n s  on th e  minimal nonabelian  subgroups whereas th e  prev ious 

approach concen tra ted  on choosing s p e c if ic  types o f  ab e lia n  subgroups.

The nex t few examples about w e ll  known r e s u l t s  i l l u s t r a t e  th e  

e ffe c tiv e n e s s  o f  Redei groups in  t h i s  prev ious approach.

Example 1: Burnside [6] classified the nonabelian groups of
order p by examining the group structure through the maximal cyclic 
subgroups of the group. Huppert [15] derived the same classification,

1
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b u t through th e  maximal a b e lia n  subgroups o f th e  group. In  th e  cases

where th e  group was no t I t s e l f  a  Redei group, both  au th o rs  were re q u ire d
■5

to  examine th e  Redei subgroups o f  o rd er p .

Exanple 2: The paper o f  Gaschiitz [9] rev iv ed  In te r e s t  in  th e

p ro p e r tie s  o f  th e  F r a t t i n i  subgroup $(G) , th e  in te r s e c t io n  o f  th e  

maximal subgroups o f a  group G . Hobby [1*0 proved th a t  $(G) fo r  a  

nonabelian  p-group G cannot have a  c y c l ic  c e n te r  u n le ss  4>(G) i s  

i t s e l f  c y c l ic .  This extended B urnside’s r e s u l t  which used th e  commutator 

subgroup G* ra th e r  th an  <t>(G) in  t h i s  s ta tem en t. In  o rder to  prove 

h is  r e s u l t  i t  was necessary  fo r  Hobby to  show th a t  no Redei group o f 

o rd er p can be th e  F r a t t i n i  subgroup o f  a  group.

Example 3: S ev era l s ig n i f ic a n t  works d ea lin g  w ith  simple groups

( e .g . ,  F e l t  and Thompson [7 ] ,  Thompson [2 1 ], and G orenstein  [10]) c o n tin ­

u a lly  r e f e r  to  a  theorem o f P. H all [1 1 ]. For c l a r i f i c a t i o n  two d e f in i t io n s  

a re  f i r s t  in tro d u ced . For th e  product G = ER to  be a  c e n tra l  p ro d u c t, 

th e  p ro p e r t ie s  E f l R C  Z(G) and E C C^CR) must be s a t i s f i e d  where

C_(R) i s  th e  c e n t r a l iz e r  in  G o f  R . In  a d d it io n , a  group E i s  (i
d efin ed  as e x tra s p e c ia l  i f  E 1 = $(G) = Z(G) and th e  o rd e r o f  E i s  p . 

In  h is  theorem H all has c la s s i f ie d  a  nonabelian  p-group G w ith  no non- 

c y c lic  c h a r a c te r is t ic  a b e lia n  subgroups as a  c e n tr a l  product ER where 

E = 1 o r E i s  e x tra s p e c ia l  and R i s  c y c lic  o r p = 2 and R i s  

isom orphic to  th e  g en e ra lized  d ih e d ra l ,  th e  g en e ra lized  quatern ion  o r  th e  

symmetric group o f o rd e r 2111 fo r  m > 4 . To o b ta in  a complete c l a s s i ­

f ic a t io n  o f th e se  g roups, G orenstein  [10] has e lab o ra ted  on th e  c la s s  o f 

e x tra s p e c ia l  p-groups. He has proved th a t  an e x tra sp e c ia l  p-group G
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2r+ lhas o rd e r p and i s  th e  c e n tr a l  product o f  r  > 1 Redei subgroups 
3

o f  o rd e r  p . Indeed , here  a re  two c la s se s  o f  groups, th e  e x tra s p e c ia l  

groups and th e  groups in  H a l l 's  theorem, where th e  s tru c tu r e  o f  th e  

groups i s  d esc rib ed  in  terms o f  Redei subgroups.

Moreover, th e  p roo f o f  G o re n s te in 's  r e s u l t  i s  a ls o  dependent upon 

Redei subgroups and th e i r  hold  over th e  s tr u c tu r e  o f  th e  group. For t h i s  

rea so n  an o u tl in e  o f  the  p ro o f i s  inc luded . Two r e s u l t s  a re  needed.

(1) P = 00^(0) if C is an extraspecial subgroup of the 
p-group P such that [P,C]CZ(G) . [P,C] is the subgroup of P
generated by the commutators [p,c] = p-^c-1pc for any p e P and any 
c e C .

(2) Each e x tra s p e c ia l  group G has a  Redei subgroup R o f 

o rd e r  p3 fo r  which [G,R] Q [G,G] = g ' = Z(G) .

3
At t h i s  tim e i t  should  be no ted  th a t  each Redei group o f  o rd e r  p i s  

an  e x tra s p e c ia l  group. By th e  a p p lic a tio n  o f  (1) and (2) to  an e x tra ­

s p e c ia l  group G , G = RCq(R) where R i s  a  Redei subgroup o f  o rd er 

p 3 . I f  Cg (R) i s  a b e lia n , th en  C^(R) C  Z(G) = Z(R) so th a t  G = R .

I f ,  on th e  o th e r hand, CQ(R) i s  n o nabelian , then  R C  G p ro p erly . I t  

can be shown th a t  Cq(R) i s  a ls o  an e x tra s p e c ia l  group. So, an in d u c tiv e  

argument can now be ap p lied  to  a r r iv e  a t  th e  d es ired  r e s u l t .  Although
3

th e  Redei subgroups o f  o rder p c o n tro l th e  d ire c t io n  o f  th e  p ro o f, i t  

i s  s ig n i f ic a n t  to  no te  th a t  th e  ro le  o f th e  Redei subgroups i s  n ev e rth e le ss  

p a s s iv e  s in ce  t h e i r  e x is ten ce  fo llow s from th e  group s tr u c tu r e  under 

exam ination.

Example 4: In  l in e  w ith  th e  approach which s tr e s s e s  th e  r o le  o f

a b e lia n  subgroups i s  th e  problem  of whether o r not a  group possesses a
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normal a b e lia n  subgroup o f  a  given o rd e r  when t h i s  same group has an

a b e lia n  subgroup o f  th a t  o rd e r. As a p a r t i a l  answer, A lperin  [1 ] showed
■3

th a t  i f  a  group has an a b e lia n  subgroup o f index p th en  th e  group has

a  normal a b e lia n  subgroup o f  Index p . K onvisser [17] g en era lized  th e

above to  show th a t  i f  a  normal subgroup N o f a  group G has an
2

a b e lia n  subgroup o f  index p , th en  N has an  a b e lia n  subgroup of 
2

index p  th a t  i s  normal in  G .

One aspect o f t h i s  problem rev o lv es  around th e  s tru c tu re  o f  a  

group w ith  an a b e lia n  maximal subgroup. This s tru c tu r e  i s  derived  from 

th e  power im parted to  th e  Redei subgroups by th e  a b e lia n  maximal sub­

groups. I f  th e  group i s  not i t s e l f  a  Redei group, then  th e re  a re  Redei 

subgroups p roperly  con ta ined  in  G . I f  G has two a b e lia n  maximal sub­

groups, i t  can be shown th a t  each Redei subgroup i s  a  normal subgroup o f  

G and th a t  G can be w r i t te n  as a  c e n tr a l  product in v o lv in g  a  Redei 

subgroup. I f  G has only one a b e lia n  maximal subgroup, then  G i s  a 

product o f  t h i s  a b e lia n  maximal subgroup and o f  any Redei subgroup.

This product i s  no t a  c e n t r a l  p roduct. However, th e  G -norm alizer o f  th e  

Redei subgroup R has n ilp o te n t c la s s  a t  most th re e ;  th a t  i s ,  I f  N 

i s  th e  n o rm alize r, th en  th e  commutators a- ^b”^ab e Z(N) fo r  a  e N 

and b e N* ,

These fo u r examples a re  some in d ic a tio n  o f  how Redei subgroups 

in flu e n c e  a  g ro u p 's  s tr u c tu re  when th e  group p o ssesses  p a r t ic u la r  a b e lia n  

subgroups. In  c o n tra s t ,  t h i s  th e s is  in tro d u ces  a  new asp ec t o f th e  Redei 

subgroups' hold over th e  g roup 's  s tr u c tu re —namely, through th e  c l a s s i f i ­

ca tio n  o f  groups accord ing  to  p ro p e r tie s  possessed  by t h e i r  Redei sub­

groups .
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Somewhat n a tu ra l  co n d itio n s  to  be examined fo r  th e  minimal non­

a b e lia n  subgroups in  t h i s  approach a re  suggested  by th e  maximal a b e lia n  

subgroups which, in  concept, a re  dual to  th e  Redei subgroups. I t  i s  

w e ll known [15, p. 302] th a t  M = CQ(M) fo r  each maximal ab e lia n  sub­

group M o f  a  group G . S ince each a b e lia n  subgroup i s  i t s  own c e n te r , 

th e  above e q u a lity  can be w r i t te n  as e i th e r  Z(M) = C (M) o r  M = Cq (Z(M)). 

These two forms provide th e  m o tiva tion  behind two o f th e  p ro p e r tie s  which 

a re  p laced  on th e  Redei subgroups in  th i s  work:

(1) Z(R) = Cq(R) fo r  each Redei subgroup R , and

(2) R = Cq (Z(R)) f o r  each Redei subgroup R .

A lto g e th e r, th e re  a re  th re e  p ro p e r tie s  p laced  on th e  Redei sub­

groups, each o f which d e fin es  a  c la s s  o f  f i n i t e  nonabelian  p-groups fo r  

p > 2 . C lass 2  and c la s s  R a re  d efin ed  by p ro p e r tie s  (1) and (2 ), 

re s p e c t iv e ly :

2 = £G f Z (R) = Cg (R) fo r  each Redei subgroup R o f G} and

R ~ {G|R = Cq(Z(R)) f o r  each Redei subgroup R of G} .
/j

The th i r d  c la s s  j  i s  defined  by th e  p ro p e rty :

(3) I f  R i s  a  Redei subgroup o f  G o f index p1 , then  each
’I

subgroup o f index p i s  a  Redei group.

There a re  f iv e  ch ap te rs  in  t h i s  th e s i s .  Chapter I  con ta in s the  

p r e re q u is i te  d e f in i t io n s  and fundam ental theorems needed throughout th is  

work.

The groups in  R a re  c l a s s i f ie d  in  Chapter I I .  For t h i s  purpose 

a  fo u rth  c la s s  R i s  in troduced  by means o f th e  p ro p erty :

(4) N = Cq (Z(N)) fo r  each nonabelian  subgroup N o f  G .

This p ro p erty  i s  a s tro n g e r  v e rs io n  o f p ro p erty  (2 ).

A group i s  d efin ed  as m etacyclic  I f  th e re  I s  a  c y c lic  normal sub-
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group whose f a c to r  group i s  a ls o  c y c l ic .  One o f  th e  main r e s u l t s  o f  

Chapter I I  shows th a t  a  nonabelian  group G e i? i s  e i th e r  a  m etacyclic  

group o r a  nonm etacycllc Redei group. Another outcome id e n t i f i e s  th e  

c la s s  o f nonabelian  m etacyclic  groups as a  su b c la ss  o f  /?* . Consequences 

o f  th ese  two r e s u l t s  a re  e q u a lity  o f  c la s s  R and R*  and a new char­

a c te r iz a t io n  fo r  th e  c la s s  o f nonabelian  m etacyclic  groups.

Corresponding to  th e  method o f  A lperin  [1] where he considered 

la rg e  a b e lia n  subgroups o f a  group, th e  in v e s t ig a t io n  o f  c la s s  2  in  

C hapter I I I  co n sid e rs  groups from c la s s  2  w ith  a  Redei maximal sub­

group. I t  i s  f i r s t  determ ined th a t  a  group from t h i s  subclass  o f  2 
one o f  two ty p es:

o
( i )  a  group fo r  which each subgroup o f index p i s  a b e l ia n ,o r  

( i i )  a  group w ith  no a b e lia n  maximal subgroup bu t w ith  a  Redei 

subgroup which i s  no t a  maximal subgroup.

I t  i s  shown th a t  th e  groups in  ( i i )  a re  a f fe c te d  by th e  groups in  ( i ) .  

A lso, th e  groups in  ( i)  w ith  an a b e lia n  maximal subgroup a re  com pletely 

c h a ra c te r iz e d .

The in v e s t ig a t io n  s ta r te d  i n  C hapter I I I  I s  continued  in  Chapter

IV. The groups o f  ty p e  ( i )  fo r  which each maximal subgroup Is  Redei a re
o *d esc rib ed . These a re  p re c is e ly  th e  groups in  f o r  which each sub-

2 o *group o f index p i s  a b e lia n . I t  i s  found th a t  c la s s  i s  "alm ost

equal" to  c la s s  R . Furtherm ore, a  second c h a ra c te r iz a tio n  o f  non- 

Redei m etacyclic  p-groups i s  ob tained .

C hapter V co n ta in s  a  summary o f th e  r e s u l t s  p resen ted  here  and 

id e n t i f i e s  unanswered r e la te d  q u es tio n s  th a t  p rov ide  a  b a s is  fo r  fu tu re  

in v e s tig a tio n s  w ith  re sp e c t  to  Redei subgroups in  p-groups.
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NOTATION

Only f i n i t e  p-groups fo r  primes p > 2 a re  considered .

|G| -  o rd e r o f  th e  group G

a  £ G -  a  i s  an elem ent o f  G

< a-L,a 2j • • * >an > -  th e  subgroup generated  by th e  elem ents a p a 2» * " » an

A C  B -  A i s  a  su b se t o f B

A ^ B -  th e  s e t  o f  elem ents from A th a t  a re  no t elem ents o f  B

A < G -  A i s  a  subgroup o f G

A < G -  A i s  a  p roper subgroup o f  G

AB -  product o f  A and B ; < ab ja  e A and b e B >

(G:A) -  th e  index o f A i n  G

A <i G -  A i s  a  normal subgroup o f  G

[a ,b ]  -  th e  ccmmutator, a '^ b '^ a b ,  o f  th e  elem ents a  and b

[A,B] -  < [ a ,b ] j a  e A, b e B >

G1 -  th e  ccmmutator subgroup o f  G , [G,G]

G. -  th e  i  term  o f th e  low er c e n tr a l  s e r ie s  wherei
G^ = G and G^ — [G,G^ -̂1

class of G = c - G„ ^ 1 but = 1c c+1
Z(G) - the center of G
$(G) - the Frattini subgroup of G; the intersection of all

the maximal subgroups of G 
fî (G) - the subgroup of G generated by the elements of

order p; < g|g e  G and g^ = 1 >
th.u-̂ (G) - the subgroup of G generated by the p powers of

elements of G; < gP|g e G >
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Cq(N) -  th e  G -c e n tra liz e r  o f  N;< g |g  e G and [g ,n ]  = 1 >

”  th e  G -norm allzer o f  N;< g |g  e G and g_^Ng = N >

type (m,n) -  r e f e r s  t o  an  a b e lia n  group which i s  th e  d i r e c t  product

o f  a  c y c lic  group o f  o rder pm and a  c y c l ic  group 

o f  o rd e r pn



CHAPTER I

FUNDAMENTAL CONCEPTS

In  th i s  ch ap te r th e  r e la t io n s h ip s  between th e  c la s se s  o f groups 

under In v e s tig a tio n  a re  e s ta b lis h e d , and e s s e n t ia l  background m a te r ia l 

I s  prov ided . I t  should  be emphasized th a t  minimal nonabelian  groups a re  

c a l le d  Redei groups and th a t  only f i n i t e  p-groups fo r  prim es p > 2 a re  

considered .

D e fin itio n  1 .1 : C lass $ I s  th e  c o l le c t io n  o f  a l l  nonabelian

groups G which s a t i s f y  th e  p ro p erty :

(1 .1 ) Z(R) = Cq (R) fo r  each Redei subgroup R o f  G .

D e fin itio n  1 . 2 : C lass R i s  th e  c o lle c t io n  o f  a l l  nonabelian

groups G which s a t i s f y  th e  p ro p erty :

(1 .2 ) R = Cq(Z(R)) f o r  each Redei subgroup R o f  G .

P ro p o sitio n  1 .1 : R G  $  . Moreover, bo th  R and £  a re

subgroup In h e r ite d .

Proof: C„(M) < C„(N) when N < M £ G . In  p a r t ic u la r
U  l l

C„(R) < C_(Z(R)) f o r  each Redei subgroup R o f G . I f  G e R ,
( j r  u

then  Cq (Z(R)) = R . Thus CQ(R) < R . Hence G e $  .
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Let N be a  nonabelian  subgroup of G e R. . Let R be a

Redei subgroup o f N . R i s  a lso  a  Redei subgroup o f G , so

Cg (Z(R)) = R . Thus CjjCz CR)) = N D  Cq (Z(R)) = NO  R = R . Hence

N e (I . T h is proves th a t  R i s  subgroup in h e r ite d .

The p ro o f th a t  $  i s  subgroup in h e r i te d  i s  s im ila r .

Some b as ic  p ro p e r tie s  o f  Redei subgroups a re  e s ta b lish e d  in  th e  
nex t two r e s u l t s .

P ro p o sitio n  1 .2 : I f  R i s  a  Redei group, then

(a) Z(R) has index p^ in  R, and

(b) Z(R) = *(R) .

P roof: Each maximal subgroup o f  R i s  a b e lia n . I f  th e re  i s  a

maximal subgroup A o f  R such th a t  Z(R) i. A , then  G = AZ(R) . 

Consequently, G i s  a b e lia n ; a  c o n tra d ic tio n  i s  reached . Thus 

Z(R) < *(G) .

Let M and M be any two maximal subgroups o f  R . R = MM .
£ p %

T his im plies  th a t  MOM has index p in  R and th a t  MOM < Z(R) . 

Hence Z(R) = 0 (R) = MHM* .

THEOREM 1 .1 : I f  G i s  a  nonabelian  group which i s  no t Redei,

th en  G has a t  le a s t  two Redei subgroups.

P roo f: Let R be a  Redei subgroup o f  G . L et M < G such

th a t  (M:R) = p . I f  M has a t  l e a s t  two Redei subgroups, then  G has

a t  le a s t  two Redei subgroups. T herefo re , w ithout lo ss  o f g e n e ra l i ty ,  i t  

can be assumed th a t  R i s  a  maximal subgroup o f  th e  group G .
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Suppose, f u r th e r ,  th a t  H i s  th e  only Redei subgroup o f G ,

S ince G i s  no t a  c y c lic  group, i t  has a t  l e a s t  two maximal subgroups.

A lso, th e  number o f  subgroups o f  a  g iven o rd er i s  congruent to  1 , 

modulo p [15, p . 31^]. Prom th e  f a c t  th a t  p > 2 , i t  fo llow s th a t  

th e  number o f  maximal subgroups o f  G i s  a t  le a s t  th re e .  In  p a r t ic u la r ,
o £

G has a t  le a s t  two a b e lia n  maximal subgroups A and A . G = AA so 

th a t  A O  A* < Z(G) . However, (G : Z(G)) > p^ which im plies  th a t  

Z(G) = A H A *  . T h e re fo re , G/Z(G) has o rd er p^ . Now G/Z(G) has

a t  l e a s t  two a b e lia n  subgroups A/Z(G) and A*/Z(G) o f  o rder p .

Hence, G/Z(G) i s  elem entary a b e lia n , th a t  i s ,  a b e lia n  o f  type (1 ,1 ) .  

This im p lies  th a t  G/Z(G) has p+1 subgroups o f  o rd e r p . Thus, G 

has a t  l e a s t  p+1 a b e lia n  maximal subgroups, each corresponding to  a  

subgroup o f  G/Z(G) . But each a b e lia n  maximal subgroup co n ta in s  Z(G) 

(o therw ise  G i t s e l f  would be a b e l ia n ) , so G has ex ac tly  p+1 a b e lia n  

maximal subgroups. Thus, G has p+2 maximal subgroups in  a l l ,  which 

c o n tra d ic ts  th e  f a c t  th a t  th e  number must be congruent to  1 , mod p . 

Hence, G must have a t  l e a s t  two Redei subgroups.

For each group in  c la s s  R , th e re  i s  a  s p e c ia l  r e la t io n s h ip

between i t s  Redei subgroups and i t s  maximal a b e lia n  subgroups.

THEOREM 1 .2 : I f  G e R , then

(a) each maximal a b e lia n  subgroup o f  G i s  con tained  in  a  Redei sub­

group o f G , and

(b) each maximal subgroup of a  Redei group i s  a  maximal a b e lia n  sub­

group o f G .
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Proof: (a) Let A be a  maximal a b e lia n  subgroup o f  G . Let

M £ G such th a t  (M:A) = p . S ince A i s  a  maximal a b e lia n  subgroup 

o f  G , M i s  nonabelian . M con ta in s a  Redei subgroup R . M = AR so

th a t  p = (M:A) = (R: A H R )  . By P ro p o sitio n  1 .1 , Z(R) < A H  R < A .

This im plies  th a t  A < Cq(Z(R) ) = R . Thus M = R . T herefo re , each 

maximal a b e lia n  subgroup o f  G i s  con ta ined  in  a  Redei subgroup.

(b) Let R be a  Redei subgroup o f G and l e t  M be a

maximal subgroup o f  R . Let A be a  maximal a b e lia n  subgroup o f G

which co n ta in s  M . By P ro p o sitio n  1 .1 , Z(R) < M < A . Thus

A < C (Z(R)) = R . So, M = A . Hence, each maximal subgroup of a  Redei■” U
subgroup of G i s  a  maximal a b e lia n  subgroup o f G .

Theorem 1 .2  can be improved to  th e  fo llow ing  r e s u l t .

THEOREM 1 .3 : I f  G e /? , then  th e re  e x is ts  an in te g e r  i  > 0

such th a t  each subgroup o f  G o f index p1 i s  a Redei group.

P roof: The theorem i s  t r i v i a l l y  s a t i s f i e d  fo r  Redei groups, in

which case 1 = 0 .  T herefo re , l e t  G e R be a  non-Redei group. By

Theorem 1 .2 (a ) ,  G has no a b e lia n  maximal subgroup. In d u c tiv e ly , assume 

th a t  each p roper nonabelian  subgroup o f G s a t i s f i e s  th e  theorem . This 

i s  p o ss ib le  s in ce  R i s  subgroup in h e r i te d .

Let R be a  Redei subgroup o f  G . Let N be a  subgroup of G

such th a t  (G:N) = (G:R) . I f  th e re  i s  a  maximal subgroup M of G

which co n ta in s  both  N and R , th en  by th e  in d u c tiv e  hypothesis N i s  

a  Redei subgroup. Assume, th e re fo re ,  th a t  th e re  i s  no maximal subgroup
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con ta in ing  both R and N . Let M and M be maximal subgroups o f

G such th a t  R < M , N < M * , R ^  M*Pt M and N £ M . Let
£ £ %

N < M D M such th a t  (G:N ) = (G:R) . The in d u c tiv e  hypo thesis
*

ap p lied  to  M y ie ld s  th a t  N i s  a Redei subgroup o f G . Then, from
*

th e  a p p lic a tio n  o f  th e  in d u c tiv e  hypothesis  to  M , i t  fo llow s th a t  N 

i s  a  Redei group. This completes th e  p ro o f.

In the above theorem, once the index of one Redei subgroup is 
known for a group in class R , it follows that each subgroup with that 
same index is also Redei. Thus, property (1.2), by which class R is 
defined, leads to another condition on Redei subgroups.

Definition 1.3: Class 2  is the collection of all nonabelian
groups G which satisfy the property:

(1.3) If R is a Redei subgroup of G and (G:R) = p* , then 
each subgroup of index p^ is a Redei subgroup of G .

Proposition 1.3: R C  2  Cl 2  . I n  addition, class 2  is
subgroup inherited.

£
P roof: Theorem 1 .3  shows th a t  R (Z Z

o *Let G be a  group in  . L et R be a  Redei subgroup o f  G

and l e t  M be a  maximal subgroup o f  R . By p ro p erty  (1.3) M i s  a  

maximal a b e lia n  subgroup o f  G , so th a t  M = CQ(M) . However, M < R 

im p lies  th a t  Cq(r ) < Ĉ CM) = M < R . Hence G e 2  •

2* i s  c le a r ly  subgroup in h e r ite d .



P ro p o sitio n  1 .4 : Let G be a  nonabelian  group.

(a) [4 ] I f  N i s  a  normal subgroup o f  G o f  o rder p , then  CQ(N)

i s  a  normal subgroup o f  index a t  most p .

(b) I f  N i s  a  normal ab e lia n  subgroup o f  ty p e  (2 ,1 ) ,  th en  Cq (N) has

index a t  most p in  G . 
i i 4(c) I f  |G| = p , then  G has an a b e lia n  maximal subgroup.

P roof: (a) Each element x o f G g en era tes  an automorphism

t o f  N s in c e  N i s  normal in  G . The mapping x i  i s  a  homo-
X X

morphism o f G in to  Aut (N) , th e  group o f  automorphisms o f  N , 

w ith  k e rn e l CQ(N) . Thus, CQ(N) i s  normal in  G and G/C^(N) i s  

isom orphic to  a  subgroup A o f  Aut (N) . T herefo re , A i s  a  p-group; 

th e  order o f  A d iv id es  th e  o rder o f  Aut (N) . Now |Aut (N) | = p (p - l)

i f  N i s  c y c l ic  and |Aut (N)| = p ( p ^ - l ) (p - l )  i f  N i s  elem entary

a b e lia n . Hence | a | d iv id es  p and (G: C^(N)) < p .

(b) By a  r e s u l t  o f  M ille r  [1 8 ], Aut (2 ,1 ) i s  isom orphic 

to  Aut (1 ,1 ) . As in  ( a ) ,  G/C^,(N) i s  isom orphic to  a  subgroup A o f

Aut (N) . Thus |A| d iv id es  p and (G: CQ(N)) < p .

(c) I f  G i s  a  Redei group, then  G has an a b e lia n

maximal subgroup. Suppose, th e re fo re ,  th a t  G i s  no t a  Redei group. I f
p

Z(G) has o rd e r p , then  th e re  i s  a  maximal subgroup M co n ta in in g

Z(G) and (M: Z(G)) = p . I t  fo llow s th a t  M i s  a b e lia n . On th e  o th e r

hand, i f  |Z(G)[ = p , th en  th e re  i s  a normal subgroup N o f  G o f

o rd e r  p w ith  2(G) < N . Prom p a r t  ( a ) ,  (G: C^(N)) = p . But th en ,

(Cq(N): N) = p . However, N < Z(CG(N)) which im plies th a t  C^(N) i s

a b e lia n . Hence G always has an  a b e lia n  maximal subgroup.
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Both In c lu s io n s  in  p a r t  (a) o f P ro p o sitio n  1.3 a r e ,  in  f a c t ,

p roper in c lu s io n s . P a r t  (c) o f P ro p o sitio n  1 .4  in d ic a te s  th a t  a  group
o* /> 4in  £ k has o rd e r g re a te r  th an  p . An example o f such a group

i s  g iven  in  Chapter IV. The fo llow ing  example shows th a t  $ *<Z. 3

Example 1 .1 : I f  g = \  , th e  s tandard  r e s t r i c t e d  w reath

product o f th e  cy c lic  group o f  o rd e r 3 by th e  c y c lic  group o f o rd e r 3 , 

th en  [2 , p . 30] |G| = 3^ and |Z (G )| = |C^| = 3 . By P ro p o sitio n  1 .1 ,

G i s  no t R edei. By P ro p o sitio n  1 .4 (c ) ,  G has an ab e lia n  maximal sub­

group. Thus G i 2* •

Suppose th a t  R i s  a  Redei subgroup o f  G fo r  which C„(R) i  R .(i
| r | = 3 ^  and G = RCg(R) . S ince R i s  nonabelian , Cg(R) < G . Now

R O C g(R) < Z(G) . A lso, 3 = (G:R) = (CQ(R ): R f lC ^ R ) )  . I t  th en

fo llow s th a t  j Cq(R)| = 32 , so th a t  cq (R) I s a b e lia n . Hence,

Cq (R) < Z(G); a  c o n tra d ic tio n  i s  reached . T herefo re , f o r  each Redei 

subgroup R , CQ(R) < R , Consequently, G e 2  •

The r e s t  o f  th e  ch ap ter co n ta in s  necessary  background m a te r ia l.

I f  th e  r e s u l t  i s  known, i t s  p ro o f has been em itted .

THEOREM 1 .4 : [20] I f  G i s  a  group fo r  which each p ro p er sub­

group i s  a b e lia n , th en  G = < a ,b  > has d e f in in g  r e la t io n s :

m n  i 11 _0"i“1
(1 .4 ) ap = bP = 1 , b-  ab = a  p (m > 2, n > 1 ) ; or

m n
(1 .5 ) a p = bp = cp = 1 , b”  ab = ac .
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I f  G s a t i s f i e s  ( 1 .4 ) ,  th en  |g | = p1̂ 11 . I f  G s a t i s f i e s

(1 . 5) ,  th en  |g | = pmfn+1 .

P ro p o sitio n  1 .5 : I f  [ a ,b ]  comnutes w ith  a  , th en  [an ,b ]  =

[a ,b ]  f o r  every In te g e r  n .

D e f in itio n  1 .4 : A group i s  c a l le d  re g u la r  i f

(xy)^  = x^y^jld^ fo r  each p a i r  x , y e G where d^ e < x ,y  > r .

THEOREM 1 .5 : I f  G I s  a  Redei group, th en
. i

(a) G has o rd e r p ,

(b) G i s  a  r e g u la r  group.

P roof: (a) Let x , y e G . $(G) = g ' u-^G) [15, p . 272] .

By P ro p o sitio n  1 .1 , Gr < Z(G) . By P ro p o sitio n  1 .5 , [x ,y ]^  = [x^ ,y ] .

However, u^(G) < Z(G) so th a t  [x ^ ,y ] = 1 . Hence | g '[  = p .

(b) Because G* i s  c y c l ic ,  i t  can be concluded th a t  G

i s  re g u la r  [ 15 , p . 322] ,

THEOREM 1 .6 : [13] I f  G I s  a  re g u la r  group, then

(a) I G/£11 (G) | = I ux(G) | ,

(b) each  elem ent o f u1 (G) i s  th e  pth  power o f an  element o f  G and

each elem ent o f ft^(G) has o rd e r p .

THEOREM 1 .7 : [13] (a) I f  th e  c la s s  o f G i s  le s s  th an  p , then

G I s  a  re g u la r  group.
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(b) I f  G i s  a  tw o-generato r 3-group in  

which G* I s  not c y c l ic ,  then  G i s  no t a  re g u la r  group.

THEOREM 1 .8 : Let G be a  Redei group; th en

(a) UjCCJ) = $(G) when G has d e fin in g  r e la t io n s  (1 .4 ) ,

(b) (<t(G): aj-^(G)) = p and Gr n  u-^(G) = 1 when G has d e fin in g  

r e la t io n s  (1 . 5) .

D e f in itio n  1 .5 : A group G I s  c a lle d  m etacyclic  i f  and only i f

th e re  e x is ts  a  normal subgroup N such th a t  both  N and G/N a re  c y c l ic .

THEOREM 1 .9 : [16] G i s  a  m etacyclic  group i f  and only i f  
2

|G /u1 (G)| < p . Moreover, each m etacyclic  group I s  a  re g u la r  group.

By reaso n  o f  P ro p o sitio n  1 .2  and Theorem 1 .8 , a  Redei group w ith  

d e fin in g  r e la t io n s  (1 .4 ) s a t i s f i e s  Theorem 1 .9 , so i t  I s  a m etacyclic  

group.

THEOREM 1.10: [3] Let G be a  group fo r  which a l l  p roper sub­

groups a re  m etacyclic  bu t G i t s e l f  i s  n o t. Then, G i s  one o f th e  

fo llo w in g .
■5

(a) G I s  elem entary a b e lia n  o f  o rder p .
■3

(b) G i s  th e  nonabelian  group o f  o rder p and exponent p .
4

(c) G i s  a  3-group o f c la s s  3 and o rd er 3 .
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P ro p o sitio n  1 .6 : [5] I f  G i s  a  nonabelian  group w ith  two

g e n e ra to rs , then  4>(g ' )G  ̂ i s  th e  only niaximal subgroup o f  G* which i s  

normal In  G .

P ro p o sitio n  1 .7 : [5] I f  G i s  a  nonmet a c y c lic  group w ith  two

g e n e ra to rs , then  G/4>(G’ )G^ has d e fin in g  r e la t io n s  [a ,b ]  = c , 
m n

aP = bP = cp = 1 , [ a ,c ]  = [b ,c ]  = 1  in  term s o f  two g en e ra to rs  a ,b  

where G/Gf i s  a b e lia n  o f  ty p e  (m,n) . This f a c to r  group i s  th e  Redei 

group w ith  d e fin in g  r e la t io n s  (1 . 5) .
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CHAPTER I I

REDEI SUBGROUPS AS CENTRALIZERS OF THEIR CENTERS

The r e l a t io n  C^(N) < C^CR) fo r  R < N < G im plies  th a t  

p ro p erty  (1 .1 ) which d e fin es  c la s s  £  can be extended to  a l l  non- 

a b e lia n  subgroups of G; th a t  i s ,

Z(N) = Cq(N) f o r  each nonabelian  subgroup N o f G i f  and only i f  

Z(R) = Cq(R) fo r  each Redei subgroup R o f  G .

The q u es tio n  i s  r a is e d  a s  to  whether o r no t p ro p erty  (1 .2 ) which d e fin es  

c la s s  R can a ls o  be extended to  a l l  nonabelian  groups. An a ffirm a­

t iv e  answer i s  g iven in  t h i s  ch ap te r . Moreover, th e  s tru c tu re  o f  th e  

groups in  c la s s  R  i s  com pletely determ ined.

n *D e f in itio n  2 .1 ; C lass K i s  th e  c o lle c t io n  o f a l l  nonabelian  

groups G which s a t i s f y  th e  p ro p erty :

(2 .1 ) N = CQ(Z(N)) fo r  each nonabelian  subgroup N o f G .

P roperty  (2 .1 ) i s  a  s tro n g e r  v e rsio n  o f  p ro p erty  (1 .2 ) .  Thus 

R *  C. R  . A lso, each subgroup o f  a  group in  R *  i s  a  group in  R  * .
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P ro p o sitio n  2 .1 : I f  G e R* , then

(a) Z(N) < Z(M) I f  M < N < G and M I s  nonabelian ,

(b) Z(M) f  Z(N) i f  (G:M) = (G:N) and M ? N .

P roof: (1) Since Z(M) < M < N , then  Z(N) < C_(Z(M)) = M .

Thus Z(N) < Z(M) . I f  Z(N) = Z(M) , then  M = CG(Z(M)) = Cfl(Z(N)) = M;

a c o n tra d ic tio n  i s  reached . Hence Z(N) < Z(M) .

(2) i? C / ?  , By Theorem 1 .3 , M and N a re  both  

a b e lia n  o r bo th  nonabelian . I f  both a re  a b e lia n , th en  Z(M) = M f  N =

Z(N) . On th e  o th e r  hand, suppose th a t  both  a re  no t a b e lia n . I f  

Z(M) = Z(N) , th en  M = C&(Z(M)) = C^(Z(N)) = N , which c o n tra d ic ts  

M /N  . Thus, Z(M) Z(N) when n e i th e r  M n o r N i s  a b e lia n .

C loser exam ination o f  p a r t  (a) o f  P ro p o sitio n  2 .1  y ie ld s  th e  

fo llow ing s tro n g e r  r e s u l t .

y
THEOREM 2 .1 : G e R i f  and only i f  (Z(M): Z(N)) = (N:M)

whenever M Is  nonabelian  and M < N < G .

P roof: Assume th a t  (Z(M): Z(N)) = (N:M) whenever M i s  a

nonabelian  subgroup o f G and M < N < G . Let B < G . B < Cq(Z(B)) .

By h y p o th esis , Z(Cq (Z(B))) < Z(B) . However, Z(B) < B < Cq (Z(B)) so

th a t  Z(B) < Z(Cq (Z(B))) . Thus, Z(B) = Z(CQ(Z(B))) . According to  th e

h y p o th esis , i t  fo llow s th a t  B = CG(Z(B)) . Hence, G e

The proof f o r  th e  o th e r  d ir e c t io n  w i l l  proceed by in d u c tio n  on

th e  index o f  th e  Redei subgroups in  G . This i s  p o ss ib le  by Theorem 1 .3 .
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Let G e R . I f  G i s  a Redei group, then  th e  co n d itio n  I s  t r i v i a l l y

s a t i s f i e d .  T h erefo re , l e t  G be a  non-Redei group and l e t  (G:R) = p^ ,

1 > 0 , fo r  each Redei subgroup R o f G . By in d u c tio n , assume th a t  

any group in  $ , fo r  which th e  index o f  th e  Redei subgroups i s  le s s

th an  p , s a t i s f i e s  th e  theorem in  th e  d ire c t io n  under co n s id e ra tio n .

Let M be a  nonabelian  subgroup o f  G and l e t  M < N < G . I f

N < G , th en  (N:R) < p where R i s  a  Redei subgroup o f  N . N e $  ;

so , by th e  in d u c tio n  h y p o th esis , (Z(M): Z(N)) = (N:M) . I t  rem ains to  

show th a t  (Z(M): Z(G)) = (G:M) . Let B be a  maximal subgroup of G 

such th a t  M < B . B z R* . (B:R) < fo r  each Redei subgroup R

o f B . Then, (Z(M): Z(B)) = (B:M) by th e  in d u c tiv e  h y p o th esis . By 

P ro p o sitio n  2 .1 ( a ) ,  Z(G) < Z(B) . I t  must next be shown th a t  

(Z(B): Z(G)) = pj then ,

(Z CM): Z(G)) = (Z(M): Z(B))(Z(B): Z(G)) = (B:M)(G:B) = (G:M) ,

which w i l l  complete th e  p ro o f.

Let B be a maximal subgroup o f  G . Since G i s  not c y c l ic ,

G has ano ther maximal subgroup B . By Theorem 1 .3 , bo th  B and B 

a re  nonabelian . By P ro p o sitio n  2 .1 , Z(B) /  Z(B ) , Z(G) < Z(B) and 

Z(G) < Z(B*) . Thus,

(2 .2 ) Z(G) < Z(B)H  Z(B*) .

£
Two cases a r i s e .  I n  th e  f i r s t  c a se , B and B a re  them selves

Redei groups. Then, by P ro p o sitio n  1 .1 , Z(B) = $(B) and Z(B*) = $(B*) ,
2 4each having index p in  B and B , re sp e c tiv e ly . Thus, (G: Z(B)) =
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(G: Z(B*)) = p 3 . Now 0(B) < 0 (G) < B n  B* , and «(B*) < 0 (G) < B O B *

[15, p . 273]. S ince Z(B) ^ Z(B*) , i t  fo llow s th a t  0 (B) < 0 (G) and

th a t  0 (B*) < 0(G) . These, in  tu rn , imply th a t  0(G) = B H B *  . Then,
2

0(G) has index p in  G; so , 0 (G) i s  a  maximal a b e lia n  subgroup o f 

G . A lso,

Z(B*) < Z(B)Z(B*) = 0 (B)0 (B*) < 0 (G) .

Consequently, Z(B)Z(B*) = 0 (G) . Thus,

p = ( 0 (G): Z(B*)) = (Z(B): Z(B) Pi Z(B*)) .

However, G = EB* . Thus, Z(B)D  Z(B*) < Z(G) . By (2 .2 ) ,

Z(G) = Z(B)H  Z(B*) . Hence, (Z(B): Z(G)) = p .

In  th e  second case, B and B a re  n o t Redei g roups. Then,
* 2B O B  , which has index p in  G , i s  no t a h e lia n . By th e  in d u c tiv e

h y p o th esis , (Z(B r \  B *): Z(B*)) = (B: B H B*) = p . S ince Z(B) ? Z(B*) ,

th en  Z(B O B *) = Z(B)Z(B*) . T h erefo re , (Z(B): Z (B )n  Z(B*)) = p  .

But G = BB* which zhnplies th a t  Z(B) Pi Z(B*) < Z(G) . By (2 .2 ) Z(G) = 

Z(B)H  Z(B*) . Hence (Z(B): Z(G)) = p .

The p ro o f i s  now com plete.

Each Redei group i s  a  member o f  bo th  R* and R . I f  G e R
and i f  G has a  maximal subgroup th a t  i s  a  Redei subgroup, th en  by

Theorem 1 .3 , each maximal subgroup i s  a  Redei subgroup. Consequently,

G e R* . Thus, th e  r e s t r i c t io n s  o f  c la s s  R and c la s s  R* to  t h e i r  

minimal non-Redei groups co in c id e . The nex t theorem d e sc rib e s  th ese  

groups and p rov ides th e  i n i t i a l  s tep  tow ard th e  c l a s s i f i c a t io n  o f  groups

in  R
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THEOREM 2.2 : I f  G e Q, and i f  G i s  minimal w ith  th e  p roperty

th a t  i t  i s  n o t a  Redei group, th en  G i s  m etacyclic  w ith o rd e r g re a te r
5

th a n  p^ .

P ro o f: Let R be a  Redei subgroup o f  G . I f  (G:R) > p , then

th e re  e x is ts  a  maximal subgroup M o f G co n ta in in g  R . However,

M e / ?  and M i s  no t R edei, which c o n tra d ic ts  th e  f a c t  th a t  G i s  a

minimal non-Redei group. Thus, each Redei subgroup o f G i s  a  maximal 

subgroup. By th e  remarks preced ing  th e  theorem each maximal subgroup o f  

G i s  a  Redei subgroup, and G e R . B y  P ro p o sitio n  1 .2 , (G: Z(R)) = p^

and Z(R) = o(R) fo r  each Redei subgroup R o f  G , By Theorem 2 .1 ,

(2 .3 ) (G: Z(G)> = p 4

A lso, from P ro p o sitio n  2 .1 , d i s t i n c t  Redei subgroups have d i s t i n c t  

F r a t t i n l  subgroups. I t  fo llow s th a t

(2 .4 ) (G: 0(G)) = p 2 ,

so th a t  o(G) i s  a maximal a b e lia n  subgroup o f G ,

P ro p o sitio n  1 .4 (c )  im p lies  th a t  [g | > p^ . I f  |G| = p^ , th e n ,

from (2 .3) and (2 .4 ) ,  |Z(G)| = p , Z(R) = p^ fo r  each Redei subgroup

R o f G , and |0(G )| = p^ . S ince 0(G) i s  maximal a b e lia n  in  G ,

0 (G) = Cq(<Kg)) • $(<-0 con ta in s th e  d i s t i n c t  c e n te rs  o f  th e  maximal

subgroups so th a t  0(G) i s  not c y c l ic .  I f  0(G) i s  a b e lia n  o f  type

(2 ,1 ) , th en  by P ro p o sitio n  1 .4 (b ) , (G: Cg(o(G))) = p . Thus,

0 (G) < CQ( 0(G)) which i s  a  c o n tra d ic tio n  to  th e  f a c t  th a t  0 (G) i s  a  

maximal a b e lia n  subgroup o f  G . Hence, 0(G) i s  elem entary a b e lia n ; 

so , 0(G) < ft-^G) .
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Now $(G) i s  a  maximal subgroup o f  each Redei subgroup R o f

G , Thus |ft^(R)| > p^ . Prom th e  f a c t  th a t  R i s  re g u la r  (Theorem 1 .5)

and from Theorem 1 .6 ,  i t  fo llow s th a t  |o^(R )| < p . However, a s  a 

r e s u l t  o f Theorem 1 .8  |u^(R )| > p . Hence, |u^(R )| = p . Moreover,

by Theorem 1 .5 , |R*| = p . Both u ^ R ) and R* , as c h a r a c te r is t ic  

subgroups o f R , a re  normal in  G. This im plies th a t  both  u ^R ) and 

R1 I n te r s e c t  Z(G) n o n t r iv ia l ly .  T herefo re , Z(G) = u-^(R) = R1 . As

a consequence of 4>(G) = g ' u^ G ) , |$ (G )| = p ; t h i s  i s  a  c o n tra d ic tio n

to  13>(G) | = p^ . Hence, [G| > p^ .

The p ro o f th a t  G i s  m etacyclic  w i l l  be by c o n tra d ic tio n . There­

fo re ,  suppose th a t  G i s  no t m e tacy c lic . By Theorem 1.10 th e re  e x is ts  

a  subgroup o f  G th a t  i s  no t m etacyclic . Because th e  m etacyclic  p roperty

i s  subgroup in h e r i te d ,  th e re  i s  then a  maximal subgroup R o f  G th a t
2

i s  not m e tacy c lic . By Theorem 1 .9 , (R: u^(R)) > p . S ince R i s

R edei, th en  from P ro p o sitio n  1 .2 , (R: $(R)) = p^ . Prom Theorem 1 .9 ,

|R '|  = p . These l a s t  two r e la t io n s  imply th a t  R 'n  u^ R )  = 1 , so 

(R: u-^(R)) = • Moreover, R* i s  c h a r a c te r is t i c  in  R which im plies

th a t  R* < Z(G) . I f  u ^R ) < Z(G) , th en  Z(R) = $(R) < Z(G); th i s  i s

a  c o n tra d ic tio n  to  P ro p o sitio n  2 .1 . Hence,

(2 .5 ) u ^R ) £ Z(G) .

Suppose th a t  u1 (G) = u^(R) • Prom Theorem 1 .8 , i t  fo llow s th a t  

(M: u1 (M)) < p^ fo r  each Redei subgroup M o f  G . Thus c^(G) = c^(M) 

fo r  each maximal subgroup M o f G . This im p lies  th a t  u1 (G) < Z(M)

f o r  each maximal subgroup M o f G . By Theorem 2 .1 , (Z(M): Z(G)) = p

fo r  each maximal subgroup o f G . Then, Z(G) i s  th e  in te r s e c t io n  o f  

th e  c e n te rs  o f  th e  maximal subgroups; so u-^(G) < Z(G) . However, t h i s
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c o n tra d ic ts  (2 .5 ) .  So,

(2 .6 )  u-^R) < u 1 (G) .

2 ANow from Theorem 1.9 (G: ^ ( G ) )  > p . However, (G: u-^(R)) = p  .

Consequently,

(2 .7 ) (G: u ^ G )) = p 3 .

Suppose th a t  Z ( G ) < u ^ ( G ) .  M1 i s  a  c h a r a c te r is t ic  subgroup 

o f M fo r  each maximal subgroup M o f  G which im p lies  th a t  

M' < Z(G) fo r  each maximal subgroup M o f  G . Then, Z(M) = *(M) =

< u-^G) fo r  each maximal subgroup M . But (M: Z(M)) = p3 so 

th a t  Z(M) -  Oj(G) . This i s  a  c o n tra d ic tio n  to  P ro p o sitio n  2 .1 (b ) .

Hence, Z(G) /  u^(G) . Consequently, u1 (G) i s  no t th e  ce n te r  o f  any 

maximal subgroup. Furtherm ore,

(2 .8 ) M* /  u-^G) fo r  each maximal subgroup M o f G .

Assume th a t  th e re  a re  two maximal subgroups R^ and Rg such 

th a t  R-̂  /  Rg . Then iR-jf^l = . Denote R-JrI, by A . I f  G/A i s

a b e lia n , then  G* < A . In  p a r t ic u la r ,  MT < A fo r  each maximal subgroup 

M o f G . Suppose th a t  G/A I s  n o t a b e lia n . G/A has two a b e lia n  

maximal subgroups R^/A and R^/A . Thus, Z(G/A) = R ^A G  R2/A and 

Z(G/A) has index p 2 i n  G/A . A lso, 4>(G/A) < Z(G/A) . However,

(G/A: 4>(G/A)) = p 2 s in c e

(G/A: *(G/A)) = (G/A: *(G)/A) = (G: *(G)) .
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Hence, Z(G/A) = 4(G/A) . I t  then  follow s th a t  each maximal subgroup o f 

G/A i s  a b e lia n . T herefore Mr < A fo r  each maximal subgroup M o f G . 

Suppose th a t  th e  commutators a re  d i s t i n c t  fo r  d i s t i n c t  maximal
p

subgroups. S ince (G: 4(G)) = p , then  G has p + 1 maximal sub-
p

groups. However, A i s  elem entary a b e lia n  o f  o rder p , so th a t  A 

has p + 1 subgroups o f o rder p . Thus each subgroup o f A o f  o rd er 

p i s  th e  conrnutator subgroup o f  a  maximal subgroup. Prom (2 .8 ) I t  

fo llow s th a t  A P i d^(G) = 1  . However, (2 .4 ) and (2 .7 ) imply th a t  

A H  u-]_(G) ? 1; a  c o n tra d ic tio n  i s  reached . Thus G has a t  l e a s t  two
T t

maximal subgroups and M2 f o r  which M1 = M2 . Denote th i s  sub-
f  f  I  u

group by A . By assum ption, R^ /  R2 . Thus G/A i s  not a b e lia n .
u ^  ^

However, G/A has two a b e lia n  maximal subgroups M^/A and I^/A  .

T herefore Z(G/A*) has Index in  G/A* and Z(G/A*) = 4(G/A*) . 

Consequently each maximal subgroup o f G/A* i s  a b e lia n . In  p a r t ic u la r ,

R-̂  = R2 = A; a  c o n tra d ic tio n  i s  reached . Hence, th e  conrnutator subgroups 

o f th e  maximal subgroups a re  equal. Denote th i s  subgroup o f  G o f o rder 

p by R* .

I f  G1 = R* , th en  G* < Z(G) . By P ro p o sitio n  1 .5 , [xp ,y ] =
p p

[x ,y ]  . But [x ,y ]  = 1 . I t  fo llow s th a t  u-^(G) < Z(G) . Then

$(G) < Z(G) which c o n tra d ic ts  (2 .3 ) and (2 .4 ) .  Thus |G*| > p^ . Now 

each maximal subgroup o f  G/R i s  a b e lia n , b u t G/R i s  not a b e lia n ;
it 2so , G/R i s  a  Redei group. Hence, | g ’ | = p . But th en , from (2 .2 )

and (2 .7 ) ,  | g 'o  u1 (G)| = p .

Suppose G* /  Z(G) . R* < Z(G) , which im p lies  th a t  g 'o  Z(G) = 

R* . I n  a d d it io n , g ' h  o^G ) <j G . Thus g 'H  u-^(G) < Z(G) . There­

fo re ,  Gfn  u1 (G) = g 'h  Z(G) = R* . Thus M* < u^G ) fo r  each maximal 

subgroup M , which c o n tra d ic ts  (2 .8 ) .  Thus G* < Z(G) .
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p  p
By P ro p o sitio n  1 .5 , [x ,y ]  = [a  ,y ]  . I f  G1 i s  elem entary

a b e lia n , th en  [xP ,y ]  = 1 . T herefo re , u-^(G) < Z(G) , which c o n tra d ic ts

(2 .6 ) .  G1 i s  thus a  c y c lic  subgroup. Then, R* = G 'n  u1 (G) which 

c o n tra d ic ts  ( 2 . 8) .

S ince a l l  p o s s ib le  avenues have been exhausted, i t  fo llow s th a t  

th e  group G must be a  m etacyclic  group. This com pletes th e  p ro o f.

4 2 2
Example 2 .1 : Given G = < a ,b |a p = bp = 1 ,  [a ,b ]  = ap > .

This group i s  used to  i l l u s t r a t e  Theorem 2 .2  and to  show th a t  th e re  a re

groups in  c la s s  (I which a re  no t Redei g roups.

For t h i s  group, |g | = p^; u1 (G) = < ap >< bp > , and u^(G) has 
2

index  p in  G . Ey Theorem 1 .9 , G i s  m e tacy c lic . A lso,
2

G1 = < aP > and G* < Z(G) .

Let M = < a  >< bp > . L et M* = < ap >< b > . The r e la t io n s

b_pabp = a1+p^ and b- ^apb = a ^ ^  imply th a t  M' = M* 1 = < ap ^ > .
3

Let A = < ap > . G/A i s  m etacyclic  bu t i s  not a b e lia n . M/A and 

M*/A a re  a b e lia n  maximal subgroups, so th a t  Z(G/A) = M/AH M*/A =

$(G/A) . Each maximal subgroup o f  G/A i s  a b e lia n ; A i s  th e  commuta­

to r  subgroup o f  each nonabelian  maximal subgroup. Because Z(G) i s  a

c h a r a c te r i s t i c  subgroup, Z(G) < $(G); in  p a r t ic u la r ,  Z(G) < Z(M) and
» 2 

Z(G) < Z(M ) . But Z(M) = < ap > and Z(M*) = < aP >< bp > so th a t
2 2 

Z(G) < < ap > . Hence Z(G) = < ap > = G* .

Suppose th a t  G has an a b e lia n  maximal subgroup A* . Since

Z(M) < <t>(G) , then  Z(M) < A* . Thus, Z(M) < Z(G) , which c o n tra d ic ts
2

th e  f a c t  th a t  Z(G) = < aP > < Z(M) . T herefo re , each maximal subgroup 

o f  G i s  nonabelian .

Since b ' = A < Z(G) fo r  each maximal subgroup B , th en  in  view
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o f  P ro p o sitio n  1 .5  [xp ,y ]  = [x ,y !p  = 1 . I t  fo llow s th a t  u-^(B) < Z(B) , 

and consequently , $(B) < Z(B) . S ince G i s  m etacy c lic , then  B i s  

m etacyclic  and (B: $(B)) = . T h ere fo re , Z(B) = $(M) which im p lies

th a t  each maximal subgroup of B i s  a b e lia n . B i s  th u s  a  Redei sub­

group. Moreover, Z(G) < Z(B) which leads to  B = C^(Z(B)) . Hence,

G e R .

THEOREM 2 ,3 : I f  G z R. and G i s  n o t a  Redei group, th en  G

i s  m e tacy c lic .

P roof: By Theorem 1 .3 , an in d u c tiv e  p ro o f on th e  index o f th e

Redei subgroups can be a p p lie d . Let R be a  Redei subgroup o f G and

l e t  (G:R) = p^ . S ince G i s  not a Redei group, k i 1 . I f  k = 1 ,
£

th en  G i s  m etacyclic  by Theorem 2 .2 . A lso, |G| > p . T herefo re , 

l e t  k > 1 . Let M be a  maximal subgroup o f  G . M e R . For each

Redei subgroup R o f  M , (M:R) = p^- ^ . By th e  in d u c tiv e  h y p o th esis ,

M i s  a m etacyclic  group. Hence, each p roper subgroup o f  G i s  meta­

c y c l ic .  Because o f Theorem 2 .2 , | g | > p^ . T herefo re , i t  fo llow s from

Theorem 1.10 th a t  G i s  i t s e l f  m etacy c lic .

The above theorem p la c e s  a l l  non-Redei groups o f  c la s s  in

th e  c la s s  o f  m etacyclic  g roups. The nex t theorem  lead s to  th e  rev e rse

in c lu s io n .

THEOREM 2 .4 : I f  G I s  a nonabelian  m etacyclic  p -group, then

G e .
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Proof: Let G be a counterexam ple o f  minimal o rd e r. G i s  not
i i 4a  Redei group and |G| > p . There e x is ts  a  subgroup such th a t

Mo < cG( « « o »  •

Suppose th a t  G has a  nonabelian  subgroup NQ such th a t  

(G:Nq) > p . For any nonabelian  subgroup N o f G such th a t  (G:N) > p , 

th e re  i s  a  maximal subgroup N* such th a t  N < N* . N* i s  m etacyclic .

By h y p o th esis , N* e R* . Thus, N = C^#(Z(N)) = N*H CQ(Z(N)) . I f

Cq (Z(N)) = G , then  N = N ; a c o n tra d ic tio n  has been reached . T herefo re ,

Cq (Z(N)) < G . Denote CQ(Z(N)) by B . B i s  m etacyclic  and nonabelian .

By h y p o th esis , B e so , N = Cg(Z(N)) = CQ(Z (N ))n  B = B . Thus,

(2 .9 )  N = Cq (Z(N)) whenever N i s  nonabelian  and (G:N) > p .

I n  p a r t ic u la r ,  NQ = C^(Z(Nq))  . Furtherm ore (G:Mq) = p . Thus,

G = CqCZCMq))  which im p lies  th a t

(2 .10) Z(MQ) < Z(G) .

By Theorem 1 .9 , (G: *(G)) = p^ . I f  N* i s  a  maximal subgroup

o f  G co n ta in in g  Nq , then  Nq e R* and (N* : $(G)) = p < (N*:Nq) .

By Theorem 1 .3 , *(G) i s  nonabelian . By ( 2 .9 ) ,  *(G) = CG(Z (* (G ))).

Thus Z(G) < 4>(G) < Mq . From (2 .10 ) i t  fo llow s th a t  Z(M^) = Z(G) .

Let M be any maximal subgroup o f G o th e r th an  MQ .

Z(Mq) = Z(G) < $(G) < M which Im plies th a t  Z(MQ) < Z(M) . Now M e R*
s in c e  *(G) i s  nonabelian . But th e n , by Theorem 2 .1 ,

(Z($(G )): Z(M)) = p . In  th e  same way, (Z($(G )): Z(M^))= p . Thus
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Z(M) = Z(Mq) . T h erefo re ,

(2.11) Z(G) = Z(M) fo r  each maximal subgroup M o f  G .

Prom Theorems 1 .9  and 1 .6  I t  fo llow s th a t  | n-̂ CG) ] = p^ . I f  

G-^G) £ Z(G) , then  Cq (G^(G)) I s  a  maximal subgroup o f  G by Proposi­

t io n  1 .4 (a ) .  By (2 .11) Z(C^(G^(G)))=  Z(G) . However,

fi^'.G) < Z(Cg(G^(G))). Thus, G^(G) < Z(G) which i s  a c o n tra d ic tio n . 

T h erefo re , G- (̂G) < Z(G) , and acco rd in g ly , Z(G) i s  not c y c lic .

Now G* i s  c y c lic  s in ce  G i s  m etacyclic . There i s  then  a

subgroup A o f Z(G) such th a t  |A| = p and A /  G* . G/A i s  non­

a b e lian  and m etacy c lic . S ince |G/A| < |g | , G/A e R* . Let Z* < G

such th a t  Z*/A = Z(G/A) . [Z*,G] < AH  G* = 1 , so  th a t  Z* < Z(G) .

Hence Z(G) = Z* , th a t  i s ,  Z(G/A) = Z(G)/A .

L et M/A be a  maximal subgroup o f  G/A . M/A i s  nonabelian .

By Theorem 2 .1 , (Z(M/A): Z(G/A)) = p  . L et M* < M such th a t

M*/A = Z(M/A) . Thus (M*: Z(G)) = p . However, [M*,M] < AO G* = 1;

so , M* < Z(M) . By (2 .1 1 ) , M* < Z(G); a  c o n tra d ic tio n  i s  reached .

Hence, G has no nonabelian  subgroup o f  index g re a te r  than  p . 

Consequently, Mq i s  a  Redei group, and Z(MQ) < Z(G) .

S ince MQ i s  nonabelian , th en

(2.12) Z(G) < u ^G ) = 4(G) .

Thus, Cq (u^(G)) < G . ^2.(6 ) i s  a b e lia n , however; and, t h i s  im plies bo th

th a t  (Cg(u^(G)): -  P CqCu^ G ))  i s  a b e lia n . Let

y e C^to^tG)) . For each x e G , [xp ,y ] = 1 . Now G i s  re g u la r  so
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th a t  [xp ,y ]  = [x ,y p ] , [12, p . 185] .  Thus,

(2 .13) ul CCG(ul (G ))) -  Z(G) ’
£

Suppose th a t  u-^(Cq(u-^(G) )) < Z(Mq) . Let g e G . g e M fo r  

some maximal subgroup M o f G . I f  M Is  a b e l ia n , then  

M* = CG(u1(G)) * But th en  2? e = ^1 (CG(e1 (G))) < Z(Mq) . I f ,

on th e  o th e r  hand, M* I s  nonabelian , th en  gp e u-^(M*) = $(M*) = Z(M*) . 

Now Z(Mq) = o1 (M0 ) < <t(G) < M* < Cq (Z(M0)) so th a t  Z(MQ) < Z(M*) .

S ince b o th  Mq and M a re  Redei groups, |Z(Mq) |  = |Z(M*)| . Thus

Z(Mq) = Z(M*) so th a t  gp e Z(Mq) . T h e re fo re , u1 (G) < Z(G) , which 

c o n tra d ic ts  (2 .1 2 ) . T h erefo re , u ^ C ^ u -^ G ))) £ Z(MQ) . Since 

(u^CG): u^(Mq)) = p , i t  fo llow s th a t  u-^G) = Z(MQ)u1 (CG(u-L(G ))) .

Thus, from (2.13) u^(G) < Z(G) which c o n tra d ic ts  (2 .1 2 ).

S ince no o th e r  cases a re  p o s s ib le , no such minimal counterexam ple

e x i s t s .

A new c h a ra c te r iz a tio n  o f  nonabelian  m etacyclic  p-groups i s  

ob ta ined  a s  a c o ro lla ry  to  th e  above theorem .

C oro lla ry  2 .4 .1 : I f  G i s  nonabelian  and i s  not R edei, th en  G

i s  m etacyclic  i f  and only  i f  G e R and G has an a b e lia n  subgroup o f

o rd e r p^ .

P roof: I f  G i s  a nonabelian  m etacyclic  group which i s  n o t a

Redei group, th en  G e R * Q  R by Theorem 2 .4 . Since G i s  no t 

R edei, th e re  e x is ts  a  Redei subgroup R < G . Furtherm ore, th e re  e x is ts  

a  subgroup R* o f  G such th a t  R < R* < G and (R*: R) = p . R* i s  

a minimal non-Redei group which belongs to  R . In  view o f  Theorem 2 .3 ,
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|R*| > . Moreover, i f  M i s  a  maximal subgroup o f  R , then  M i s

a b e lia n . But |m | > p^ . Hence G has an a b e lia n  subgroup o f  o rd er
4

P •

The converse i s  Theorem 2 .3 .

C oro llary  2 .4 .2 : R *  = R .

Proof: L et G e l ? .  I f  G i s  e i th e r  a b e lia n  o r  a  Redei 

group, th en  G e R*  . T h ere fo re , suppose th a t  G i s  a  non-Redei group

in  R . By Theorem 2 .3 , G i s  a  m etacyclic  group. By Theorem 2 .4 ,

G £ R * . Thus R C  R * .

I f  a  group G e R , th en  C oro lla ry  2 .4 ,2  s ta t e s  th a t  each non­

a b e lia n  subgroup o f  G i s  a  c e n t r a l i z e r  in  G , namely, th e  c e n tr a l iz e r

o f i t s  c e n te r . This r e s u l t  supplements th e  in v e s t ig a t io n  o f  Gaschutz

[ 8] where he has d e a l t  w ith  groups, f o r  which each subgroup i s  a  c e n t r a l iz e r .

Furtherm ore, Theorem 2 .3  and C oro lla ry  2 .4 .1  g ive a  complete 

d e s c r ip tio n  o f th e  groups in  c la s s  R as  e i th e r  m etacyclic  o r nonmeta- 

c y c lic  Redei. The m etacyclic  groups a re  d escrib ed  by d e fin in g  r e la t io n s  

in  th e  fo llow ing  theorem.

THEOREM 2 .5 : [15] I f  G i s  a  m etacyclic  group then  G has th e  

d e fin in g  r e la t io n s :

m n I i u-
(2 .14) aP = 1 , bP = aP , b ab = a

where t  > 0 , kP s l(mod pm) and p ^ (k - l)  = 0(mod pm) . Furtherm ore,
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i d  = Pa+b

A group in  c la s s  R has e i th e r  th e  d e fin in g  r e la t io n s  (1 .5) 

o r th e  d e fin in g  r e la t io n s  (2 .1 4 ) .
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CHAPTER I I I

REDEI SUBGROUPS WHICH CONTAIN THEIR CENTRALIZERS

U nlike th e  s i tu a t io n  fo r  a  group from c la s s  (I where a l l  

Redei subgroups have th e  same index , no re la t io n s h ip  i s  known f o r  th e  

Redei subgroups of a  group frcm c la s s  2 • For fcM-s reaso n , a t te n ­

t io n  i s  f i r s t  focused upon groups from c la s s  2 which have a  Redei 

maximal subgroup. The p a r t ic u la r  groups th a t  have an a b e lia n  maximal 

subgroup as w e ll as a  Redei maximal subgroup a re  ch a rac te rize d  in  t h i s  

ch ap te r.

P ro p o sitio n  3 .1 : I f  G e 2  anc* G i s  not a  Redei group,

then  G has a t  most one a b e lia n  maximal subgroup.

P roof: Suppose th a t  G has two a b e lia n  maximal subgroups,

A and A . From G = AA , i t  fo llow s th a t  Z(G) = Af i A  and th a t

(G: Z(G)) = p^ . Since G e 2 * th en  Z(G) < Z(R) fo r  each Redei
o

subgroup R . However, (R: Z(R)) = p , fo r  each Redei subgroup by

P ro p o sitio n  1 .1 . Thus, G = R , which i s  a  c o n tra d ic tio n . Hence, G

has a t  most one ab e lian  maximal subgroup.

P ro p o sitio n  1 .4 (c ) s ta te s  th a t  each nonabelian , non-Redei group
ii

o f o rd e r p has a t  l e a s t  one a b e lia n  maximal subgroup. The group in  

Example 1 .1  i s  one such group, and i t  has been shown th a t  t h i s  group I s  

in  f a c t  an elem ent in  2  • This group i s ,  th e re fo re , included  in  th e

fo llow ing  p ro p o s itio n .
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t i 4P ro p o sitio n  3 .2 : I f  [G| = p and i f  G has ex ac tly  one

a b e lia n  maximal subgroup, th en  G e $  •

P roof: L et A be th e  a b e lian  maximal subgroup o f  G . Let
Q

M be any nonabelian  maximal subgroup. [m | = p and M i s  a  Redei

group. Thus, M? = $(M) = Z(M) w ith  o rder p . S ince A i s  a b e lia n ,

Z(G) < A .

Suppose th e re  e x is t s  an Mq , nonabelian , such th a t  C^(Mq) ^

Z(Mq) . Thus Cq(Mq) i  ^  i s  a  maximal subgroup o f  G ,

th en  G = MqĈ CMq) and Cq(Mq) has o rd e r  p^ . But MQ n  C^(MQ)

i s  th en  a b e lia n , which fo rc e s  MQ O  CqOVIq) < Z(MQ); a  c o n tra d ic tio n  i s
o

reached . T h erefo re , Cq(Mq) has index p in  G . However, C^(Mq) i s

then  a b e lia n . S ince G = MqC^(Mq) , i t  fo llow s th a t  Cq(Mq) = Z(G) . Now,
2

i f  N i s  any o th e r  subgroup o f  index p d i f f e r e n t  frcm Z(G) , then

N i s  a b e lia n . T h is fo rce s  Z(G)N to  be a b e lia n . Thus, A = Z(G)N
2

and A co n ta in s  every subgroup of index p . Furtherm ore, each non­

a b e lia n  maximal subgroup co n ta in s  e x ac tly  one maximal subgroup, i t s  

in te r s e c t io n  w ith  A . The nonabelian  subgroup i s  then  c y c lic ;  and a  

c o n tra d ic tio n  i s  reached .

T h e re fo re , = Z(MQ) fo r  each nonabelian  maximal subgroup,

and G e $

P ro p o sitio n  3 .3 : I f  G e J  and i f  G has bo th  a  Redei

maximal subgroup and an a b e lia n  maximal subgroup, then  fo r  each Redei 

subgroup R o f  G , R i s  maximal in  G and Z(G) = Z(R) .
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Proof: Let Rq be th e  Redei maximal subgroup and l e t  Mq be

th e  a b e lia n  maximal subgroup. Then G = MQRQ . MqH Rq i s ,  th e re fo re ,

a maximal subgroup of Rn . Since Z(Rn) < M ^  Rn < Mn , i t  fo llow su u q u u
th a t  2(Rq) < Z(G) . However, Z(G) < z (Rq) s in c e  G e $  . Thus 

Z(G) = Z(Rq) . But (Rq : Z(Rq)) = p 2 s in ce  Rq i s  Redei. This im plies

th a t  Z(G) has index p^ in  G . Consequently, Z(G) = Z(R) fo r  each

Redei subgroup R , and R i s  maximal in  G .

The groups from £  w ith  a  Redei maximal subgroup can be sep a ra ted  

in to  two ty p es:

( i )  groups w ith  each Redei subgroup as a  maximal subgroup, o r

( i i )  groups w ith  a  Redei subgroup th a t  i s  not maximal.

Because o f P ro p o sitio n  3-3 , no maximal subgroup o f  a  group o f  type ( i i )  

i s  a b e lia n .

P ro p o sitio n  3 .4 : Let G e ^  . Let G have a  Redei maximal sub­

group Rq and a  maximal subgroup th a t  i s  nonabelian  and non-Redei. Then, 

each nonabelian , non-Redei subgroup N o f G has ex a c tly  one a b e lia n  

maximal subgroup, and a l l  Redei subgroups o f  N have th e  same index in  

N . Furtherm ore, (Z(R): Z(G)) < p fo r  each Redei subgroup R o f G 

d i f f e r e n t  from Rq .

P roof: Let N be a  nonabelian , non-Redei p roper subgroup o f

G . Let R be a  Redei subgroup o f  N . S ince G = RqN , th en  Rq O N 

i s  a  maximal a b e lia n  subgroup o f  N . Because c la s s  £ i s  subgroup 

in h e r i te d ,  N e £  . However, by P ro p o sitio n  3 .1  RqO N i s  th e  only 

a b e lia n  maximal subgroup o f N .
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L et R be a  Redei subgroup o f  N . Then N = (Rq H  N)R , 

which im p lies  th a t  R ^fl R i s  a  maximal subgroup o f  R . T h erefo re ,

Z(R) < $(R) < Rq O  R < Rq O N . Hence, Z(R) < Z(N) . But from (1 .1 )

Z(N) < Z(R) . Hence, Z(N) = Z(R) . Now (R: Z(R)) = p2 fo r  each Redei

subgroup R o f N from which i t  fo llow s th a t  a l l  Redei subgroups o f

N have th e  same index  in  N .
ft

To prove th e  index r e la t io n  fo r  Redei subgroups, l e t  R be any
ft

Redei subgroup o f  G and l e t  N be a  maximal subgroup o f  G co n ta in -
36 36 36

ing  R . By th e  f i r s t  p a r t  o f th e  p ro o f, Z(N ) = Z(R ) . Thus
^  ^  & 36

N < Cq (Z(R )) . I f  Cq(Z(R )) = G , then  Z(R ) = Z(G) . On th e  o th e r
36 36 36

hand, l e t  N = CQ(Z(R )) . Since N O  R^ i s  a  maximal a b e lia n  sub-
^  36 36group o f  bo th  N and Rq , th en  Z(Rq)Z(R ) < N H  Rq . But

Z(R*)^ Z(Rq) j which fo rces  th e  e q u a lity  Z(Rq)Z(R*) = N*f) RQ . Hence,

(Z(R*): Z(R0 ) O  Z(R*)) = p . However, Z(RQ) H  Z(R*) = Z(G). This 

leads to  th e  conclusion  th a t  (Z(R): Z(G)) < p f o r  each Redei subgroup 

R o f G d i f f e r e n t  from Rq .

The above theorem shows th a t  i f  a  group from c la s s  3  w ith  a  

Redei maximal subgroup i s  o f  type ( i i ) ,  then  no p roper n onabelian , non- 

Redei subgroup o f G can belong to  e i th e r  c la s s  3  * o r  c la s s  0. . 

T herefo re , any group in  3 ^ 3 *  has only th e  groups o f  type ( i ) ,  

w ith  an a b e lia n  maximal subgroupsas minimal non-Redei subgroups.

THEOREM 3 .1 1 I f  G e 3  i f  G has bo th  an a b e lia n  maximal

subgroup and a  Redei maximal subgroup, th en  G i s  one o f  th e  fo llow ing
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nonm etacyclic groups.

2 2
(1) G = Rq< c|c3 = 1 > where RQ = < a ,b |a 3  = b3 = 1 , [a ,b ]  = a 3 > ,

[ c ,b ]  = 1 , [ a ,c ]  = b and c3 = a 3u where u  % 0 (mod 3) .  |G| = 3^ .

(2) G = Mq< b |b p = 1 > where MQ = < a -Ja^  = 1 >®< a2 |a^  = 1 >®< a ^ |a p = 1 >,

[a^ b ] = a2 , [a2,b] = a3 . [G| = p* .

(3) G = Mq< c |c 3 = 1 > where MQ = < a ,b |a 3 2 = b3 = 1, [a ,b ]  = 1 > ,

[ c ,a ]  = b and [c ,b ]  = a^ . |g | = 3^ .

(4) G = Rq< c |c 3 = 1 > where Rq = < a ,b ja ^  = b 3 = 1, [a ,b ]  = a 3 > ,

[c,a] = b and [b,c] = 1 . |g | = 3  ̂ .

(5) G = Rq< b |b p = 1 > where Rq = < a ,c |a P m = cp = dp = 1, d = [ a ,c ] , [ a ,d ] = [ c ,d ] = l  =■ 

[ a ,b ]  = c , [b ,c ]  = [b ,d ]  = 1 . |G| = pP1"3 > p5 .

(6) G = RQ< c |cp = 1 > where RQ = < a,b|aPm = bp = 1, [a,b] = aP™ 1 > ,

[ a ,c ]  = b and [b ,c ]  = 1 . |Gf = p"*2 > p1* .

(7) G = Mq< c| cp = 1 > where Mq = < a ,b |ap2 = bp = 1, [a,b] = 1 > ,

[ a ,c ]  = b and [b ,c ]  = a ^  where r  i s  e i th e r  1 o r a  q u ad ra tic  non-
i i 4residue fo r p > 3 and r  = 1 for p = 3 . |G| = p

( 8 ) G = Rq< d|dP2 = 1 >where RQ= < a ^ a P ^ h ^ c 53 = 1 , c=[a,b]s[a,c]=[b,c]= 1 > , 

[a,d] = b, [b,d] = 1 and c = d1̂  for r  % 0(mod p) . |G| = p11* 3 > p -3 .

(9) G = Rq < c |cp = 1 > where Rq = < ajblaP111 = bp = 1, [a,b] = aP > ,

[b ,c ]  = 1 and [ a ,c ]  = ap . |G| = p11* 2 > p^ .
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(10) G = Rq< c |c p = 1 > where RQ = < a jb laJ 1̂1 = bP2 = 1, [ a ,b ]  = aPm 1 > ,

[ a ,c ]  = bp and [ c ,b ]  = 1 . |g | = > p -5 .

2 m 2
(11) G = RQ< d |dP  =l>where RQ= < a ,b |a P  =bp =cp= l, c = [a ,b ] ,E a ,c ]= [b ,c ]= l > , 

dp = c , [d ,b ]  = 1 and [d ,a ]  = cr zsp f o r  r  = 0 o r 1 and

s f  0(mod p) . | Gj = p11̂  > p^ .

Each o f  th e  n ex t seven lemmas c o n s ti tu te s  a  p a r t  o f  th e  p roo f 

o f Theorem 3*1. The b a s ic  hypotheses a re  th e  same fo r  a l l  o f  th e se  

lemmas. For convenience th e se  hypotheses a re  summarized as  fo llow s.

(3 .1 ) G e 2 • G h33  a  Redei maximal subgroup Rq , an

a b e lia n  maximal subgroup Mq , and a  nonm etacyclic 

maximal subgroup.

Lemma 3 .1 : Given hypotheses (3 .1 ) . Then th e  index o f  <&(G) in
2 ^ 2 

G i s  e i th e r  p o r p . In  th e  case where (G: 0 (G)) = p , th en
2

bo th  |Gf | = p and a l l  th e  nonabelian  subgroups have th e  same coirxnutator

subgroup o f  o rd er p . When (G: $(G)) = p , th en  G i s  a  re g u la r  group.

P roof: Since Rq I s maximal in  G , (G: 4>(Rq)) = p^ . From

$(Rq) < 4>(G) i t  fo llow s th a t  (G: 4>(G)) < p^ . Since G i s  no t c y c l ic ,  

(G: 4>(G)) > p^ . Thus, p^ < (G: K G )) < p^ .
p

Suppose th a t  (G: $(G)) = p . To show th e  commutators a re  th e  

same, co n sid e r G/Rq . G/Rq has two ab e lia n  maximal subgroups Rq/Rq 

and Mq/Rq , which Im plies th a t  Z(G/Rq) = KG/Rq) . Then each maximal 

subgroup o f  G/Rq i s  a b e lia n . S ince I Rq I = P » Rq i s  th e  commutator 

subgroup o f  each nonabelian  maximal subgroup o f G .
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I f  G/Rq i s  a b e lia n , then  G* = Rq < Z(Rq) . Thus, by P roposi­

t io n  3 .3 , G* < Z(G) . By P ro p o sitio n  1 .5 , Cx^ ,y ]  = [x ,y ]^  = 1 fo r

each p a i r  o f  elem ents x ,y  frcm G . T herefo re , u^(G) < Z(G) . Frcm 

$ (G) = g ' u-̂ Cg) , i t  now fo llow s th a t  4>(G) < Z(G) . This i s  a  co n tra ­

d ic t io n  to  P ro p o sitio n  3 .3  by which Z(G) = $(Rq) < <&(G) . Hence,

G/Rq i s  a  Redei group, which lead s to  |GT| = p^ .

I f  (G: &(G)) = p 3 , th en  $(G) = Z(G) . S ince G* < $(G) = Z(G) ,

th e  c la s s  o f  G i s  2 . By Theorem 1 .7 (a ) ,  G i s  r e g u la r .

o n
Lenina 3 .2 : Given hypotheses (3 .1 ) ,  then  p < |fi^(G)| < p .

P roof: By h y p o th es is , th e re  i s  a nonm etacyclic maximal subgroup

Nq . By Theorem 1 .9 , |Nq/u^(Nq)| > p3 . S ince Nq i s  e i th e r  Redei

o r a b e lia n , then  Nq i s  r e g u la r .  Consequently, by Theorem 1 .6 ,

|^i(Nq)1 > p 3 . But f2̂ (NQ) < ^-^(G) so th a t  | n^ t̂G) | > p 3 .

For th e  o th e r  in e q u a li ty  in  th e  conclusion , two cases a re  derived
2 ? from Lemma 3 .1 , which s ta te s  p < (G: $(G)) < p . F i r s t ,  i f

(G: $(G)) = p3 , then  G i s  r e g u la r .  By Theorem 1 .8 , (N: u-^N)) < p 3

fo r  each nonabelian  maximal subgroup. Thus, (G: u-^(N)) < p^ fo r  each

nonabelian  maximal subgroup. Since u-^(N) < u-^(G) , th en  (G: u-^(G)) < p^ .
4

From r e g u la r i ty ,  i t  fo llow s th a t  |n^(G) | < p . O n  th e  o th e r  hand, i f  

(G: $(G)) = p^ , then  by Lemma 2 .1 , |GT| = p^ . By P ro p o sitio n  1 .6 ,

ŝ g ’ JG^ i s  th e  only maximal subgroup o f  G* which i s  normal in  G .

Thus *(G' )G^ = Rq • B ut, P ro p o sitio n  1.7 im plies th a t  G/Rq i s  a  non­

m etacyclic  Redei group. This in  tu rn  im plies  th a t  (G/Rq: u^(G/Rq)) = p3 

by Theorem 1 .8 . Frcm th e  r e g u la r i ty  o f  Redei groups, |^ (G /R q ) | = p3 .
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Now Rq < G-^G) . Thus CÎ (G)/Rq < £2^(G/Rq) , from which I t  can be
4

concluded th a t  |fi1 (G)| < p .

Hence, p^ < |fl^(G)| < p^ .

o
Lemma 3*3: Assume hypotheses (3 .1 ) .  I f  (G: $(G)) = p and

I f  |fl1 (G) | = p^ , then  e i th e r  G = £2 (̂G) o r $(Gjfi-^CG) I s  a  maximal 

subgroup. I f  G = £2^(0) , th en  G I s  th e  group o f type (2 ) ,  type (3 ) , 

o r type (4 ) . I f  G ^ ^ (G )  , then  G I s  th e  group o f  ty p e  (5 ) .

P roof: I f  £2̂ {G) < $(G) , th en  Q- (̂G) < Rq . But th e n ,

£2 (̂G) = G- (̂Rq) . However, RQ Is  re g u la r  which, from Theorems 1 .8  

and 1 .6 ,  im plies th a t  [g^(Rq) | < p^; a  c o n tra d ic tio n  i s  reached . Hence, 

e i th e r  G = ^ (G )  o r  $(G)£2-^(G) i s  a  maximal subgroup o f G .

Case 1 : G = £2 (̂G) . By Lemma 3.1 and P ro p o sitio n  3 .3 ,

<t(G) = G* and |Z(G)| = p . Thus, G^ = [G,GT] = Z(G) and th e  c la s s

of G i s  3 .

I f  p > 3 , then  G i s  re g u la r  by Theorem 1 .7 (a ) .  This im plies

th a t  u1 (G) = 1 by Theorem 1 .6 . Thus, th e  a b e lia n  maximal subgroup Mq

has th e  form

Mq = < a 1 1a^ = 1 > ® < a 2 1a^ = 1 > ® < a ^ |a ^  = 1 > .

I t  may be assumed th a t  G* = < a 2 ,a^  > and th a t  Z(G) = < a^ > . Let

b be any element in  G ^  Mq . Then,

G = M0< b |b p = 1 > , [a -^ b ] = a 2a® , and [ a 2 ,b ] = a^ .
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Prom Lenina 3 .1 , G/Z(G) I s  nonabelian , which ln p l ie s  th a t  r  f  0(mod p ) .  

S ince a2 £ Z(G) , t  £ 0(mod p) . Let

a 2 = a 2 and a^ = a^ ■

Then, G = < a 2 >®3 > and [a 1 ,b ]  = a 2 . A lso, by P ro p o sitio n  1 .5 ,

[a 2 ,b ]  = a^ . Thus,

G = Mq< b|bP = 1 > where Mq = < a^ja^ = 1 > © < a2 |a^ = 1 > © < a^a^ = 1 > » 

[a-^,b] = a 2 and [ a 2 ,b ]  = .

T his i s  th e  group o f  type (2) in  Theorem 3 .1 .

Now co n sid e r p = 3 . The nonm etacyclic maximal subgroup ,
■3

which i s  e i th e r  Redei o r a b e lia n , has o rd er 3 ■ Then, u]_(Nq) = 1 by

Theorem 1 .9 . This in p l ie s  th a t  ^ ( N q) = Nq . But G* , which has o rd er
2 »p , i s  con ta ined  in  Ng s o  th a t  G i s  elem entary a b e lia n . I f

u-^(G) = 1 , th en  G au to m a tica lly  s a t i s f i e s  th e  d e f in i t io n  o f  r e g u la r i ty .

However, by Theorem 1 .7 (a ) ,  G i s  no t a  re g u la r  group. Hence, u-^(G) £■ 1 .

S ince G i s  no t m etacy c lic , i t  then  fo llow s th a t  u-^G) = Z(G) . This 

im p lies  th a t  G must have a  m etacyclic  maximal subgroup.

By P ro p o sitio n  1 .4 (a ) ,  th e  a b e lia n  maximal subgroup Mq i s  th e  

G -c e n tra liz e r  o f  G* . Mq i s  e i th e r  m etacyclic  o r  nonm etacyclic.

Suppose f i r s t  th a t  Mg i s  m etacyclic . Thus,

M0 = < a ,b |a ^  = b^ = 1 , [ a ,b ]  = 1 > .
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t
S ince G i s  elem entary a b e lia n , th en

G* = = < a ^ > ® < b >  and Z(G) = < > .

o
There e x is t s  an  elem ent c in  G ^ Mq such th a t  c = 1 (o therw ise ,

< Mq) . Hence, G = Mq< c |c ^  = 1 > . Now g’< c > i s  a  non­

m etacyclic  group; denote G*< c > by Nq . I f  [ c ,b ]  = 1 , th en
O

Z(G) = < a  > ® < b >  , which i s  a  c o n tra d ic tio n  to  |Z(G )| = p . Hence, 

[ c ,b ]  f  1. But [ c ,b ]  e [G,Gf] = Z(G) , which im plies th a t

[ c ,b ]  = aa ^ where a ^ 0 (mod 3) •

I f  [ c ,a ]  e Z(G) , th en  i t  fo llow s th a t  G* = Z(G) , which Is  a  co n tra ­

d ic t io n  to  | g ' |  = p2 . Consequently, [ c ,a ]  e g ' ^  < a^ > , so th a t

[ c ,a ]  = aYV  where 3 ? 0 (mod 3 ) .

There e x is ts  a  6 such th a t  36 = l(mod 3) . Let â  ̂ = a5 and b^ = aY<Ŝ b.

By P ro p o sitio n  1 .5 , [ c ^ ]  = b1 , [ a ^ b ]  = 1 , and [ c ,b 1] = aa6^ =
aS2o

a^ . I t  i s  p o s s ib le , th en , to  drop th e  s u b s c r ip ts ,  so the group i s  

d efin ed  by

3 2 - 3
G = Mq< c | c = 1 > where Mq = < a ,b |a 3  = b =  [ a ,b ]  = 1 > ,

(3 .2 )

[ c ,a ]  = b and [c ,b ]  = ar ^ fo r  r  ^ 0 (mod 3 ) •
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The r e la t io n s  in  (3 .2 ) le a d  to

c V  = a ^ V  and c V  = ax +

which i n  tu rn  g ive

(3.3) d3 = aCl + t(t+ 1 )r /2  + 2t(2t+l)r/2]3<i where d „ aqbs ct  _

Suppose th a t  d = 1 . Then,

[1  + ( 5t^+ 3t ) r / 2]q = 0 (mod 3 ) .

I f  r  = 1 and q % O(mod 3) , then  1 + (5 t^ + 3 t) /2  = 0(mod 3) • I t  

fo llow s th a t  t  e 2 (mod 3) , which has no s o lu tio n . I f  r  = 1 and

q = 0 (mod 3 ) , th en  d e JJ0 = g '<  o > , which Im plies th a t  ^ (G )  = Nq .

This i s  a  c o n tra d ic tio n  to  G = JJ^tG) . For r  = 2 , co n sid e r th e

element ac  which i s  not an element o f  NQ . By (3 .3 ) ,  (ac) = 1 .

Consequently, J2^(G) = G . Hence, in  d e fin in g  r e la t io n s  (3 .2 ) ,  r  = 2 . 

This group i s  th e  group o f  ty p e  (3) in  Theorem 3 .1 .

For th e  o th e r  p o s s ib i l i ty  where Mq i s  n o t a m etacyclic  group,

I t  fo llow s th a t  G has a  m etacyclic  maximal subgroup . Let

= < a ,b |a 3 2 = b^ = 1 , [ a ,b ]  = a^ > .

Since G' i s  elem entary a b e lia n , then

G, = < a ^ > ® < b >  and Z(G) = < > ,
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"5
There e x is ts  an elem ent c e Mq ^ Nq such th a t  c = 1 . Then 

[b ,c ]  = 1 . I f  [ c ,a ]  e Z(G) , th en  G* = Z(G) which I s  a  c o n tra d ic -
i ' i 2t lo n  to  |G I = p , Thus,

[b ,e ]  = 1 and [ c ,a ]  = bsar ^ where s i  0 (mod 3 ) .

There e x is t s  a  t  such th a t  s t  = l(mod 3) . Since [ [ c ,a ]  , c ] = 1 , 

P ro p o sitio n  1 .5  im p lies  th a t  [c fe,a ]  = bar t ^ . Let c^ = c^ and 

b^ = ba . Then, i t  i s  p o ss ib le  to  drop th e  s u b sc r ip ts  to  g e t th e  

d e fin in g  r e la t io n s :

G = R1< c |c ^  = 1 > where = < a ,b |a ^  = b^ = 1 , [ a ,b ]  = a^ >

[c ,a ]  = b and [b ,c ]  = 1 .

This i s  th e  group o f type (4) in  Theorem 3 .1 .

Case 2 : 4(G)fi1 (G) i s  a  maximal subgroup o f  G . Then,

fl^CG) = ft^(4(G)ft^(G)) • From Theorems 1 .6  and 1 .8 , ] | < p^ fo r

each Redel subgroup R . Thus, 4(G)ft-^(G) = Mq , th e  a b e lia n  maximal 

subgroup o f  G .

Since (M^: 4(G)) = p , th en  4(G) Pi fl-^(G) i s  a  maximal sub­

group o f  ft^(G) and has o rd er p^ . Moreover, £2 (̂G) i s  ab e lia n  which

im p lies  th a t  4(G )O  fl^(G) = fl^(4(G)) . In  view o f  th e  f a c t  th a t

fi^(4(G)) < M fo r  each maximal subgroup M o f G , i t  fo llow s th a t  

n^(4(G)) < fi-̂ (M) . Thus, each nonabelian  maximal subgroup i s  nonm etacyclic. 

By Lemma 3 -1 , G/Rq i s  a  Redei group. From P ro p o sitio n s  1 .6
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and 1 .7 ,

„m n
G/Rq = < a ,b  a? = t ?  = c = 1 ,  c =  [ a ,b ] ,  [ a ,c l  = [b ,c ]  = 1 > .

T m-1  __n—1 _  (
I f  m, n  > 2 , then  G-^G/Rq) = < a? > ® < b ^  > ® < c > <  <t(G)/RQ .

However, ^ (G J /R q < fl^(G/A) so th a t  JJ^G) < 4>(G) . T his i s  a  co n tra ­

d ic t io n .  Thus, one o f  m,n must be 1; say n = 1 . There e x is ts  an 

elem ent b e ft^G ) ^  $(G) such th a t  bR^ = b; bp = 1 . Now a e M/Rq

fo r  some maximal subgroup M o f  G . There e x is t s  an elem ent a  e M
i —  j n  t ,

such th a t  aRQ = a  . Then ap e . I f  M = Mq , then  G/RQ =

< a ,b  > = Mq/Rq , which I s  a  c o n tra d ic tio n . Thus, M jt MQ . Since M

i s  nonm etacyclic and R edei, m 'O  u^(M) = 1 . However, M* = Rq so th a t
m t _

ap = 1 . Let c = [ a ,b ]  . Then cRq = c . Both b and c a re  elem ents

in  Mq from which i t  fo llow s th a t  [ b ,c ]  = 1 . Furtherm ore, [ a ,c ]  /  1 

(o therw ise G* = Rq) . Let d = [ a ,c ]  . Hence,

G = R , < b |b p = 1 > where

H I  r\ r\
R^ = < a , c |a p = cp = dp = l ,  d = [ a , c ] ,  [a ,d ]  = [c ,d ]  = 1 > ,

[ a ,b ]  = c and [b ,c ]  = [b ,d ]  = 1 . 

This i s  th e  group o f type (5) in  Theorem 3 .1 .

Lenina 3 .4 : Given hypotheses (3 .1 ) .  I f  (G: <t(G)) = p^ and i f  

|fl1 (G) [ = p , then  e i th e r  4>(G)fi^(G) i s  a  maximal subgroup or
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ft-^(G) < 4(G) . I f  ^ (G )  < 4(G) , th en  G i s  th e  group o f type (8 ) .

I f  ^ (G )  4(G) , then  G i s  th e  group o f  type  ( 6) o r type (7 ) .

P roof: For th e  nonm etacyclic maximal subgroup Nq ,

lni(N g )| = P^ = |n^tG )| . This im p lies  th a t  fl^(G) < G . Thus, e i th e r

fl^G ) < 4(G) o r 4(G)n1 (G) i s  maximal.

Case 1 : Let 4(G)Si^(G) be a  maximal subgroup o f  G . Then,

4(G)n^(G) = Nq . Nq i s  th u s  th e  only nonm etacyclic maximal subgroup of

G , Let M be a  m etacyclic  maximal subgroup. I f  ft- (̂M) ^  4(G) , then

4(G )^(M ) i s  maximal in  G . But th en , M = 4(G)fl1 (M) < 4(G)n1 (G) = Nq , 

which i s  a  c o n tra d ic tio n  to  Nq nonm etacyclic . Thus Jl^(M) < 4(G) fo r  

each m etacyclic  maximal subgroup M , th a t  i s ,  fi-̂ (M) < G^(4(G)) .

Let R be a  nonabelian  maximal subgroup d i f f e r e n t  from Nq .
p

Then R i s  m etacyclic  and u-^(R) = 4(R) where (R: u^(R)) = p  . G ,

however, i s  no t m e tacy c lic , which im plies th a t  (G: u ^ G ))  > p . From

u-^(R) < u-^G) , i t  fo llow s th a t  u^(G) = u^(R) = Z(R) . In  p a r t ic u la r ,

(3 .4 ) U;l(G) = Z(G) .

. i 4Suppose f i r s t  o f  a l l  th a t  | G ] > p . I f  Nq i s  nonabelian ,

th en  Nq n  vj^Nq) = 1 by Theorem 1 . 8 , and |NqJ11 (u^(Nq) ) | > p2 .

However, NqSJ^(u^(Nq))  < 4(Nq) < 4(G) , so th a t  Nq£1 (̂u^(Nq)) < fJ-^(4(G)) .

But |f 2̂ (4 (G)) [ = p 2 s in c e  &^(G) { 4(G) . Thus, NqQ1 (u-^(Nq)) i s  an 

elem entary a b e lia n  subgroup o f o rd er p which i s  con tained  in  4(G) . 

T h e re fo re , N qA ^u^N q)) = ^ ^ ( G ) )  . Since ^ (M ) < ^ ( 4 ( 0 ) )  f o r  a 

m etacyclic  maximal subgroup M , i t  fo llow s th a t  ^^(M) = NqA^(u^(Nq)) .
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Since Nq i s  nonabelian , 4>(Nq) = Z(Nq) = Z(G) . Consequently,

*(N0) = u^(G) . Now, ($(G) : u1 (G)) = p , which Im plies t h a t  G* £ 3>(Nq) .

Furtherm ore, s in ce  G* < R and s in ce  fl-^R) = NqG-^u^ N q)) < $(Nq) = u^G )
2

then  G* /  &- (̂R) . T herefo re , G i s  c y c l ic .  Let G1 = < c jcP  = 1 > . 

Then cP e ^ ( g ' )  . By Lemma 3 .1 , Nq = . S ince G* < NQ ,

cP e * Thus» ul ^ c P   ̂  ̂ * which c o n tra d ic ts  th e  f a c t  th a t

Nq i s  nonm etacyclic. Hence, Nq must be a b e lia n , th a t  i s ,  Nq = Mq .

By (3 .4 ) ,  c^(G) has index in  G . This im plies  th a t

o-^(G) = u- (̂M) fo r  each m etacyclic  maximal subgroup M , whereby 

Ui(Mq) < Ui(M) . Moreover, G* £ u^(G) from which i t  can be concluded

th a t  G* £ u]_(mq) * ^  G?^  ° i ^ V  = 1 then  G* * as a  subSrouP o f

Mq , must be elem entary a b e lia n  o f  o rd e r p^ . Then, g ’b^Cu^M q) ) < 4>(G) ■

But |g ,Q1 (u 1 (Mq)) | > p^ from which i t  fo llow s th a t  o^(Mq) = g '^ C u ^ M q ) <

T his i s  a  c o n tra d ic tio n  to  NQ = Mq = *(G)n^(G) . Thus, g ’ d  ^  1 *

By Lemma 3 .1 , G?n  u-̂ CMq) = RQ .

Consider now G/Rq . Denote t h i s  by G . Since ft^CG) £ *(G) , 

th en  n (G) < $(G) . From Lemna 3 .1  and P ro p o sitio n s  1 .6  and 1 .7 , G i s  

o f  th e  form < a ,b |a P m = bP = cP = 1 , c = [ a ,b ] ,  [a,cT] = [b,<:] = 1 > .
t ______ f____ ______

L et a  and b be elem ents o f  G such th a t  sRq = a  and bRp = b .

L et c = [ a ,b ]  . Then cRq = c" and cp e RQ . In  a d d itio n ,

Mq = *(G)fl1 (G) < fcCGjn^G) . I f  M < <t(G)01 (G) , th en  G = ^ (G )  .

S ince G i s  Redei and nonm etacyclic, i t  fo llow s th a t  o-^(G) = 1 . Thus, 

m = 1 and | g | = p . This i s  a  c o n tra d ic tio n  to  |G| > p . Hence,

Mq = K G ^ C G ) . S ince  b e MQ , then  b e MQ . By P ro p o sitio n  1 .5 , t h i s  

lead s  to  cP = [ a jb ]13 = [a ,b p ] . But, bp e u-̂ CG) = Z(G) which im plies 

t h a t  [a ,b P ] = 1 . In  p a r t ic u la r ,  cP = 1 . Consequently, g ' i s  e l e -
n f

mentary a b e lia n . From [n1 ($ (G ))| = p and from G £ u ^G ) , i t  fo llow s

3

$(G).
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th a t  |n i (u1 (G ))| = p . T h is, i n  tu rn ,  im p lies  th a t  ^ (G )  i s  c y c l ic .

I t  i s  now p o s s ib le  to  d e sc rib e  th e  m etacyclic  maximal subgroups 

o f  G . Let M be such a  subgroup. Then,

M = < a ,b |a P m = bp = 1 , [a ,b ]  = aP"1-1 > .

There e x is ts  an elem ent c e M such th a t  cp = 1 . Then,

G = M< c |c p = 1 > .

Both [b ,c ]  and [ a ,c ]  belong to  Gf . A lso , b e < 4>(G) , so

th a t  b e Ji^(4>(G)) = G* . But th e n , b e Mq . Hence,

m-1
[ b ,c ]  = 1 and [ a ,c ]  = a1*15 bs , s  £ 0 (mod p) .

L et c^ -  ct  where t  I s  such th a t  t s  = l(mod p) . S ince
t" f'[ a ,c ]  e Mq , then  [ [ a , c ] ,  c ] = 1 . By P ro p o sitio n  1 .5 , [ a ,c ]  = [a ,c  ] .

J-ppIl^l
Thus, [ a , ^ ]  = a  p  b .

L et b^ = at r P b , th en  bp = 1 and b^ £ Z(G) (o th e rw ise ,
. j -1  _m—1

b e Z(G)) . Now [a ,b ^ ]  = [ a ,a t r P b] = ap s in ce
j_ lTWl

a t r P e Z(G) = u-^(G) . Also [b-^,c^] = 1 and b^ £ <5>(IVE) . Thus,

M = < a ,b 1 [aPm = b^ = 1, [a ,b ^ ]  = aPm 1 > and G = M< c ^ |c p = 1 > 

where [ a , ^ ]  = b-ĵ  and [b-L,c 1] = 1 .

T h is  i s  th e  group o f  ty p e  ( 6) in  Theorem 3 .1 .

Now suppose th a t  JG[ = p . Then, Nq = = ^ (G )  ,
 ̂ t p

Z(G) = Rq = u1 (G) w ith  o rder p , and G has o rd er p . S ince NQ
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i s  r e g u la r  ( e i th e r  a b e lia n  o r  R ed e i), then  u- (̂Nq) = 1 . I t  fo llow s
i » 2

from G < Nq th a t  G i s  elem entary  a b e lia n  o f  o rd e r p  .

Suppose th a t  Nq i s  a b e lia n . There e x is ts  th en  a  nonabelian  

m etacyclic  maximal subgroup M w ith  d e fin in g  r e la t io n s

p
M = < a ,b |a P  = bp = 1 , [ a ,b ]  = sP > .

There e x is t s  an elem ent c e Nq ^  M . By th e  argument th a t  has been used

fo r  |G| > p , i t  fo llow s th a t

G = M< c |c p = 1 > where [ a ,c ]  = b and [b ,e ]  = 1 ,

which i s  th e  group o f ty p e  ( 6 ) in  Theorem 3 .1 .

I f ,  on th e  o th e r hand, Nq i s  nonabelian , then  th e  a b e lian  

maximal subgroup MQ i s  m etacyclic  and has d e f in in g  r e la t io n s

2
Mq = < a [ap = l > 0 < b | b p = l > .

Then G* = < a p > ® < b >  and Z(G) = Rq = u ^G ) = < aP > . There e x is ts

an elem ent c e Nq ^ Mq and

G = [M0 ]< c |c p = 1 > .

S ince bo th  b and c belong to  NQ , [b ,c ]  e Nq = Rq = o^G ) = < ap > .

A lso, [ a ,c ]  e G* ^ Z(G) . Thus,

[b ,c ]  = a1715 , r  £ 0 (mod p) and [ a ,c ]  = a spb fc , t  £ 0 (mod p) .

Let b1 = a ^ b ^  . Then, b^ = 1 and b1 e Mq o* ^(M q) . Then

Mq = < a |aP ^  = 1 > 0  < b ^ |b ^  = 1 > . [b ^ ,c ]  = [a spb \ c ]  -  [b ^ ,c ]  . Now



51

[b ,c ]  e Ng = Z(I^) so by Lemma 1 .3 , [ b ^ c ]  = [b jc ]^  . Denote t r  by u .

Then u % Q(mod p) and [b -^c] = aup .

I t  i s  now p o s s ib le  to  drop th e  su b sc r ip ts  to  g e t G = Mq< c |c p = 1 > 
2

where MQ = < a ,b |a p = bp = 1 , [ a ,b ]  = 1 > , [b ,c ]  = aup where

u /  0(mod p) and [ a ,c ]  = b . These r e la t io n s  g ive r i s e  to  [ b ,c a ] = a aUp

anfl [ a ,c a ] = a “ ^“" 1 p̂ / 2b“ . F o r a t  0(mcd 3) , G = MQ< c“ > . Thus,

f o r  (^  = o“ ,  and b 1 = a°<“- l V V  , then

2
( 3 . 5) G = M0< c1 > where Mq = < a ,b .J a p = b^ = 1 , [a,b-^] = 1 > ,

[ a ,c 13 = b1 and [ b ^ c ^  = a “2uP .

Now u ^ 0(mod p) so th e re  e x is t s  v such th a t  vu = l(mod p) .

I f  u i s  a  q u a d ra tic  re s id u e , th en  v  i s  a  q u a d ra tic  re s id u e , th a t  i s ,
2

th e re  e x is t s  a  k such th a t  k u e l  . I f  u i s  no t a  q u a d ra tic  re s id u e

and t  i s  no t a q u a d ra tic  re s id u e , then  from tvu  = t  i t  fo llow s th a t
2

tv  i s  a  q u ad ra tic  re s id u e . Then th e re  i s  a  k such th a t  k u  = t  .

Thus fo r  s e. { l , t}  where t  i s  a  q u a d ra tic  non residue , th e re  e x is ts  a  
2

k such th a t  k u = s . Hence, i t  can be assumed, w ithout lo s s  o f
2

g e n e ra l i ty ,  th a t  a u i s  e i th e r  1 o r  a q u a d ra tic  nonresidue.

Since Z(G) < G* , G has c la s s  3 . I f  p > 3 , then  from

P ro p o sitio n  1 .7 (a ) ,  G i s  r e g u la r ;  i t  fo llow s th a t  a  group w i l l  e x is t

fo r  each va lue  o f  r  . However, i f  p = 3 , then  th e  p ro o f o f  Lemma 3-3
o

has shown th a t  ft^G ) = G when th e  q u a d ra tic  nonresidue a u i s  equal
2

to  2 . Hence, fo r  p = 3 , ot u  can only be 1 .

The groups s a t is fy in g  (3 .5 )  a re  th e  groups o f type  (7) in  

Theorem 3 .1 .
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Case 2 : ^ (G )  < $(G) . Then, G^(M) = n^(G) f o r  each maximal

subgroup M , whereby each nonabelian  maximal subgroup i s  nonm etacyclic.

By P ro p o sitio n  1 .6 , Rq i s  th e  only maximal subgroup o f  G* which i s

normal in  G . S ince u1 (M) -  1 fo r  each nonabelian  maximal sub­

group M , i t  fo llow s th a t  g ’o  u1 (M) = 1 . Now by Lemma 3 .2 ,

|G* J = p2 . I f  G* i s  c y c l ic ,  then  m’ < which i s  a  co n trad ic ­

t io n  to  G?n  o^(M) = 1 . Thus, Gf i s  elem entary a b e lia n . This im plies 

th a t  i s  c y c l ic .  C onsequently, fo r  th e  nonabelian  Redei subgroup

R0 »

R0 = < a ,b |a P m = bp = cp = 1 , c = [a ,b ]  , [b ,c ]  = [ a ,c ]  = 1 > .

To determ ine th e  r e l a t io n  between g ’ and u^(G) suppose th a t  

Gr n  u^(G) = 1 . S ince ($(G): ${M)) = p fo r  each nonabelian  maximal

subgroup M , th en  u-^G) = u-^M); so u^CG) i s  c y c l ic .  Let G/G1 =

< x > 0  < y > where 5? = 1 and yP = 1 . Let x and y be

elem ents from G such th a t  xg ' = x and yG1 = y . Then xp e G*

and yp  ̂ e G* where a ,  8 > 1 . S ince g ' o  ^ (G )  = 1 , xpQt = yp  ̂ = 1 .

However, s in c e  ^ ( G )  < $(G) , then  a ,  8 > 2 . Thus, ^G /G *) =

< xP > 0  < yP > . Now 4>(G/g') i s  isom orphic to  ^ (G )  > which i s  c y c lic ;

acco rd in g ly , e i th e r  xp e G o r yp e 6 * . Thus, one o f  a o r  8 = 1;

a  c o n tra d ic tio n  i s  reached . Hence, g ' o  u-^G) /  1 .

In  view o f P ro p o sitio n  1 .6 , Rq < u^(G) . Then (G: u^(G)) = p^ .

I t  now fo llow s th a t  G/Rq i s  nonm etacyclic and Redei. $(Rq/Rq) i s
2 1 1isom orphic to  u^(Rq) and has index p in  Rq/R q . S ince Rq/R q i s

a b e lia n , ^ (R q /R q ) has o rd er p2 . B ut, s in c e  G/Rq i s  nonm etacyclic,
, o _  f

^ (G /R q) has o rd e r p . Thus, th e re  e x is ts  an element d e G/Rq
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such th a t  c f  = 1 and G /rI = (RQ/FL) < cP > . Then, th e re  e x is t s  a
i _  2

d e G ^  Rg such th a t  dR^ = d . Hence, dp = 1 and dp e Rg = < c > .

I t  may be assumed th a t  dp = c ( i f  n o t ,  th en  dp = ca where a /  0(mod p ) ,
v PThere e x is t s  a  y such th a t  ya h l(mod p) and (d Y) = c , Then d 

can be rep laced  by dY ). Consequently,

G = Rq < d |d p = 1 > where dp = c .

Moreover, th e re  I s  a  maximal subgroup M such th a t  d e M . I f  M i s

n o n ab e lian , then  dp = Rq H u- (̂M) = M fl u^M) = 1 , which i s  a  co n tra ­

d ic t io n .  Thus, M i s  a b e lia n , th a t  i s ,  M = Mq . S ince b e fi-^G) < MQ , 

then

[b ,d ]  = 1 .

I f  [ a ,d ]  e Rq , th en  i t  fo llow s from G/Rq = (Rq < d >)/Rq th a t  G/Rq

i s  a b e l ia n , which i s  a  c o n tra d ic tio n . Thus,

[ a ,d ]  = br dsp , r  /  0 (mod p) .

Let d^ = d where t  I s  such th a t  t r  e l(mod p) . [ a ,d ]  e Mq , so

th a t  [ [ a ,d ] ,  d ] = 1 . Then by P ro p o sitio n  1 .5 , [ a ^ ]  = bd®p . Let

b f  = bd®p . Then b^ /  Z(G) = *(Rq) and b^ e fi^(G) < 3>(G) . A lso,

Ca,b^] = d^ 3 . Hence,

G = Rq< = 1 > where < a ^ -Ja P ^ 1=bp=cp= l,c = [a ,b 1 ] , [ a ,c ] = [b 1 ,c ]= l  >

[ a ^ ]  = b-^, [b-^d.^] = 1 and c = d ^  fo r  r  /  0 (mod p) .

This I s  th e  group o f  type ( 8) in  Theorem 3 .1 .
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O
Laima 3 .5 : Given hypotheses (3 .1 ) .  I f  (G: 4(G)) = p , then

|J21 (G)| = p 3 .

o
P roof: By Lenma 3 .2 , p < j |  < P . Suppose th a t

|fi^(G)| = p^ . By Lerrma 3 .1 , G i s  r e g u la r .  Then, (G: u-^(G)) = p^
O

and (*(G): u1 (G)) = p . S ince (M: u^(G)) = p fo r  each nonabelian  

maximal subgroup M , th en  u-^(G) = u^(M) and M i s  nonm etacyclic.

Now, m 'o  u1 (G) = M n  u1 (M) = 1 so th a t  G = G/u^CG) , which has o rder
Zj , . — —.f

p , has p re c is e ly  one a b e lia n  maximal subgroup Mq/ u^(G) = MQ . G has

order p and G' = M1 = Z(M) fo r  each nonabelian  maximal subgroup M

o f G .
—  2L et x e G ^ Mq ; then  $(G)< x > has o rder p , i s  elem entary

a b e lia n , and i s  normal in  G . Denote $(G)< x > by A . By P ro p o sitio n

1 .4 (a ) ,  (G: C_(A))< p ; a ls o ,  A < Z(C_(A)) . I f  G = C_(A) , th en
-  _  G  ~  _  I  _ G  _  G
x e Z(G) . I t  fo llow s from G = Mq< x > th a t  G i s  a b e lia n , which i s

a  c o n tra d ic tio n . Thus C— (A) i s  maximal in  G . S ince (C^(A): A) = p ,

Cq(A) i s  a b e lia n . Consequently, C -̂(A) = Mq , which im p lies  th a t  

x e MqJ a  c o n tra d ic tio n  i s  reached . Hence, |fi^(G)| = p .

Lemma 3 .6 : Given hypotheses (3 .1 ) . I f  (G: (G)) = p3 and i f

Gf = Rq , then  $(G)f2̂ (G) i s  a  maximal subgroup o f G . Furtherm ore,

G i s  th e  group o f  type (9 ).

P roof: fi-^(G) i s  c le a r ly  a  proper subgroup o f  G . Thus, th re e

cases must be considered .

Case 1 : Suppose th a t  Jl^(G) < $(G) . Then each maximal subgroup
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o f  G i s  nonm etacyclic. Let x e G a, MQ . There e x is t s  a maximal sub­

group R to  which x belongs. R i s  nonabelian , which im plies  th a t

r 'O  u^(R) = 1 . Let G = G/u^(Rq) , which has o rd e r p^ , 4»(G)< x >
2 _

has o rd e r p , i s  elem entary a b e lia n , and i s  normal in  G . Let

A = o(G)< x > . I f  A < Z(G) , then  A < Z(R) s in c e  A < R; consequently , 

R i s  a b e lia n , which i s  a  c o n tra d ic tio n  to  R *n  u-^(R) = 1 . Hence,

A £ Z(G) . By P ro p o sitio n  1 .4 (a ) ,  Cq(A) has index p in  G . But 

A < Z(Cq(A)) , whence C -̂(A) i s  a b e lia n . Thus, x e Mq from which i t  

fo llow s th a t  x e Mq; a  c o n tra d ic tio n  i s  reached. Thus G- (̂G) ^  $(G) .

Case 2 : Suppose th a t  $ ( 0 )^ ( 0 )  has index p in  G . Then 

$(G)G^(G) i s  a b e lia n  and nonm etacyclic. Denote $(G)fi^(G) by A .

There e x is ts  a  maximal subgroup A which con ta in s A . A i s  non­

m etacyclic  s in c e  A i s  nonm etacyclic.

The r e g u la r i ty  o f  G im plies  th a t  (G: u ^ G ))  = p^ . Thus,

G < u ^G ) . I f  each elem ent x , fo r  which xp e G* , i s  con ta ined  in
I $ x

A , th en  G < o^(A) < u^(A ) . I f  A were nonabelian , then

A * 'n  o-lCA*) = g ' H  u^CA*) f  1 , which i s  a  c o n tra d ic tio n . T h erefo re ,

A* i s  a b e lia n . I f ,  on th e  o th e r  hand, th e re  e x is t s  an x e G such

th a t  x ^ A bu t such th a t  x^ e G* , th en  A< x > i s  maximal in  G ,

i s  nonm etacyclic , and g ' < x > ) . By th e  same argument used to
x

show th a t  A was a b e lia n , i t  can be concluded th a t  A< x > i s  a b e lia n .

In  e i th e r  s i tu a t io n ,  A i s  con tained  in  th e  a b e lia n  maximal subgroup Mq .

Suppose th a t  th e re  e x is t s  a  nonm etacyclic nonabelian  maximal sub­

group Nq . Nq Pi i^CNq) = 1 . Let G = G/u^ N q) , which has o rd e r  p** .
 I
G has o rd er p and G has p re c is e ly  one a b e lia n  maximal subgroup 

Mq . Now, u^(G) = û TgT , which has o rd e r p . From the  r e g u la r i ty  o f
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G , 10- (̂5 )̂ | = p^ . Then, NQ = G-^G) • L et x 0 NQ v $(G) .

xp e \>1 (N0) , b u t x jt Z(Nq) = Z(G) = $(G) . By P ro p o sitio n  1 .4 (a ) ,

Cq($(G)< x >) has index  p . Thus, i t  fo llow s th a t  C^<t(G)< x >) i s

a b e lia n , th a t  i s ,  C-(<fc(G)< x >) = MQ . In  view of th e  f a c t  th a t  x

i s  a r b i t r a r y  in  NQ v <t>(G) , Mq = Cq (x) f o r  each x e Nq v $(g ) .

However, fo r  x 0 $(G) < MQ , MQ = C^(x) . Thus, MQ = Cq(Nq) , which

Im plies th a t  MqO  Nq = Z(Nq) • Hence, Nq i s  a b e lia n , and a  co n tra ­

d ic t io n  i s  reached . Then, Mq i s  th e  only nonm etacyclic maximal sub­

group, and Mq i s  the  only maximal subgroup co n ta in in g  A .

Let R be any m etacyclic  maximal subgroup. fi^R ) = ^1 ($(G)) ,

so th a t  R has th e  d e f in in g  r e la t io n s  R =
I r-jn r>n r ? b®-l< a ,b |a P  = bP = 1 , [ a ,b ]  = a P  , m , n  > 2 > . G = < a F  > and 

4>(G) = 4>(R) = < ap > ® < bp > . There e x is ts  an x 0 MQ ^ R such th a t  

xp = 1 . Then, A = $(G)< x > . Now A< b > i s  a maximal subgroup o f 

G . Thus, A< b > = Mq . However, A< a  > i s  a  maximal subgroup o f G;

so , A< a  > = Mq . Hence, R = < a ,b  > = Mq , which i s  a  c o n tra d ic tio n .

Consequently, (G: <I>(G)fl^CG)) ^ p 2 .

Case 3 : 4(G)£1^(G) i s  a  maximal subgroup o f G . Denote

3>(G)ft^(G) by M . Then, fi^G) = fi^(M) . S ince |fl^(G)| = p^ , M i s
2n o t m e tacy c lic . Now, |<t>(G)n G^(G) | = p . Since G i s  r e g u la r ,  then

by Theorem 1 .6 , each elem ent o f  G^(G) has o rd e r p . T herefo re ,

^ ( ^ ( G ) )  = $(G) n  ^1 (G) , which Im plies th a t  $(G) I s  c y c lic . Let

y 0 4>(G) such th a t  yp = 1 . G*< y > i s  bo th  elem entary a b e lia n  and

normal in  G , so  th a t  by P ro p o sitio n  1 .4 (a ) ,  (G: Cq (g '< y >)) < p .

S ince y i  Z(G) , Cq(g'< y >) i s  a  maximal subgroup o f  G . But,

*(G)< y > < Z(Cg (g '< y >)) and (Cq(g '< y > ): *(G)< y >) = p , fro n  

which i t  fo llow s th a t  Cq (g '< y >) i s  a b e lia n , th a t  i s ,  Cg (g ’< y >) = MQ .
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S ince y i s  a r b i t r a r y ,  n;j_(G) < MQ . Thus, ■KG^Cg) = MQ .

L et R be a  maximal subgroup o f  G , R /  Mq . R O  ^ (G )  has
2

o rd e r p . T herefo re , R I s  m etacyclic  w ith  4>(R) = $(G) c y c lic .

Then, R = < a ,b (apm = bp = 1 , [a ,b ]  = aP10-1 > . There e x i s t s  an

elem ent c e R such th a t  cp = 1 and G = R< c > . Since

b e n^G ) < Mq , [ b ,c ]  = 1 . Moreover, G* < < a  > , whereby < a  > o G  ,
2Now, < a  > has index p in  G; th e n , < a  >< c > i s  a  maximal sub-

m-1
group o f G which i s  n o t a b e lia n . Thus, [ a ,c ]  = a p  . Let t  be

such th a t  t r  h l(mod p) and l e t  c^ = . g ’ < Z(G) so th a t  by
•f- t  i-r^m—1 m-1

P ro p o s itio n  1 ,5  [ a , ^ ]  = Ca,c ] = [ a ,c ]  = a  p  = aF  . Hence,

, n , _m t-ii v̂ m- 1
G = R< C3_|°P “ 1 > where R = < a ,b |a p = bp = 1 , [ a ,b ]  = ap > ,

m-1
[a ,c ^ ]  = ap and [b ,c ^ ]  = 1 .

T his i s  th e  group o f  type (9) in  Theorem 3 .1 .

Lemma 3 .7 : Given hypotheses ( 3 .1 ) .  I f  (G: $(G)) = p^ and
f  t  2

i f  Rq < G , then  e i th e r  fi^CG) < $(G) o r $(G)Q^(G) has index p .

I f  ^1 (G) < $(G) , th en  G i s  th e  group o f type (1 1 ). I f

ft^(G) < 4>(G) , then  G i s  th e  group o f  type (10).

P roof: Let A be a  normal subgroup o f G' , m in im i w ith  th e

p ro p erty  th a t  Mf < A fo r each nonabelian  maximal subgroup M . Each 

maximal subgroup o f  G/A i s  a b e lia n , so th a t  G/A i s  e i th e r  Redei o r
p

a b e lia n . I f  G/A i s  Redei, th en  (G/A: 4>(G/A)) = p , which c o n tra d ic ts  

th e  hypo thesis  th a t  (G: 4(G)) = p^ . Thus G/A i s  a b e lia n . Hence,
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G* = A . This im p lies  th a t

(3 .6 ) G has a t  l e a s t  two maximal subgroups w ith  d i s t i n c t  commutator

subgroups.

Furtherm ore, G* i s  elem entary a b e lia n .

Since G i s  r e g u la r ,  then  by Theorem 1 .6 , each elem ent o f

^ (G )  has o rd er p . T h erefo re , s in c e  Gf < ^ ( G )  , j$ (G )n  n1 (G)| > p

and (fi^(G): 4>(G) O  fi-^(G)) < p . T his im p lies  th a t  (3>(G)ft^(G): $(G)) < p

and th a t  $ (G )^(G ) I s a b e lia n .

Case 1 : $(G)C2- (̂G) has index p2 i n  G . Denote $(G)fi^(G)
2

by Aq . <t(G) O ^ 1 (G) has o rder p and by Theorem 1 .6  equals

ft-^$(G)) . S ince JG11 > p22 , i t  fo llow s th a t  G = fi-^($(G)) .

There e x i s t s  a  maximal subgroup M such th a t  ft- (̂G) /  M .
p

Then, = p , which im plies th a t  M i s  m etacy c lic . Thus,
# T

u- (̂M) = 4>(G) . For each maximal subgroup M o f  M , G < 3>(G) =
# # *

u- (̂M) < M so th a t  M o G . Hence, M ^ (G )  i s  a  maximal nonm etacylic

subgroup o f G . M has p+1 maximal subgroups in  a l l ,  each o f  which 

determ ines a  nonm etacyclic maximal subgroup o f  G . G th en  has a t  le a s t  

p+1 nonm etacyclic maximal subgroups, o f  which a t  most one could be 

a b e lia n . Thus, l e t  R be a  non ab e lian , nonm etacyclic maximal subgroup 

o f  G . Since £2^(R) £. <t(G) = <f(R) , th en  R i s  o f th e  form

R = < ajb laF 1̂ = b^ = = 1, c = [ a ,b ] ,  [ a ,c ]  = [b ,c ]  = 1 >

Suppose th a t  th e  a b e lia n  maximal subgroup Mq i s  m etacy c lic .

Then, u^M q) = = < a ^ > ® < c >  . By Theorem 1 .6 , th e re  e x is t
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elem ents x and in  Mq such th a t  xP = c and aP = aP .

However, x £ R so th a t  Mq =< x > ® < a 1 > . Let R = 4>(G)< x > .
i t  p  i t  a

R <1 G and (G:R ) = p . A lso , b ^ R , s in c e  R I s  a  subgroup 

o f  th e  m etacyclic  group Mq . Thus, R*< b > I s  a  maximal subgroup o f  

G , i s  nonm etacyclic , and Is  nonabelian . In  view o f  th e  f a c t  th a t  

b £ #(G) = $(R*< b >) , then  |n^($(R*< b > ))| = p^ . S ince

(R*< b > ) ’ n  u^(R*< b >) = 1 , i t  fo llow s th a t  o1(R*< b >) i s  c y c l ic .

But xP e o-^(R*< b >) and aP e 13 >) so

xp e J3^(u-^(R < b > ) )  = < a P  > .  Thus, c e < aF > , which i s  a

c o n tra d ic tio n  u n le ss  m = 1 . Consequently, |R| = p , |G| = p and

|G | < |$(G )| = p; a  c o n tra d ic tio n  i s  reached . T herefo re , th e  a b e lia n  

maximal subgroup MQ o f  G i s  nonm etacyclic.

Consider G = G/u-^(R) , which i s  nonabelian  o f  o rd e r p^ . R

i s  a  nonabelian  maximal subgroup o f G . S ince | u-^tG) | = p , th en  by 

th e  r e g u la r i ty  o f G , i t  fo llow s th a t  fi^(G) = fi^(R) = R . Let R* 

be a  nonm etacyclic, nonabelian  maximal subgroup d i f f e r e n t  frcm R .

I f  R*' < u1(R) , th en  R*fl MQ = Z(G) . Then, AQ = Z(G) . But,

Aq < R , so th a t  R i s  a b e lia n , which i s  a c o n tra d ic tio n . Hence,

R*' ^  Û CR) and R* i s  nonabelian . Moreover, fi-^(R*) = R* O fl^(G) . 

Thus, |n  (R ) | = p , from which i t  fo llow s th a t  R i s  m e tacy c lic . 

T h ere fo re , th e re  e x is t s  an element x in  R* such th a t  < xP > = R*' = 

Z(R*) . S ince x £ Z(R*) , x £ Z(G) . By P ro p o sitio n  1 .4 (a ) ,

Cqt(< x >) i s  maximal in  G . But < x > < Z(C^(< x > )); th u s ,

Ĉ r(< x >) i s  a b e lia n . Since R * = < x > < b > , b ^  C^(< x >) . However, 

b e G^(G) , which im plies th a t  Cq(< x >) i s  n o t th e  image o f  any non­

m etacyclic  maximal subgroup o f  G . There e x i s t s ,  th e n , a  m etacyclic

maximal subgroup M such th a t  M = C^(< x >) . Thus, M* = < a P ^ 1 > .
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Prom G = MqM , i t  fo llow s th a t  Z(G/m' )  has index and

th a t  Z(G/M?) /  ' r̂ ie re  e x is ts  a  y e M such th a t  y /  R and

yp = c e R1 . G*< y > i s  a b e lia n  o f  type  (2 ,1 ) bu t y £ Z(G) . By

P ro p o sitio n  1 .4 (b ) ,  C^(Gt < y >) i s  a  maximal subgroup o f  G .

$(G)< y > < Z(Cg(g ’< y >)) , which im p lies  th a t  Cq(g '< y >) i s

a b e lia n , th a t  i s ,  Cg(g '< y >) = ’ 'I'lius* y e MqH M . I f  a i s

th e  n a tu ra l  homomorphism a: G ■+■ G/M* , th en  ya e Z(G/M') . F u rth e r­

more, [aa ,y a ] = 1 , [ba ,y a ] = 1 , and [c a ,y a ] = 1 . S ince bo th  b

and y belong in  MQ , [b ,y ]  = 1 . [ a ,y ]  e M = < aP > so th a t
re 01-1 » '[a-jy] = a- i r  /  0(mod p) (o therw ise G = Rq) . Let s be such

th a t  r s  = l(mod p) and l e t  y^ = yS . Then y^ = y sp = cS . Let

c^ = cs and l e t  b1 = bs . S ince [a ,b ]  = c e g ' < Z(G) and

[a ,y ]  e G < Z(G) , th en  by P ro p o sitio n  1 .5  [a ,b ^ ]  = c-  ̂ and 
m-1

[a.y-^] = ap . Thus,

G = S < b1 |b p = 1 > where S = < a .y J a P  = y J  = 1 ,  [ a ,y 1] = ap > , 

[ajb-j^] = yp and [b p y -j]  = 1 .

This i s  th e  group o f type (10) in  Theorem 3 .1 .

Case 2 : O-̂ (G) < 3>(G) . Then, each maximal subgroup o f  G i s  

nonm etacyclic. Prom th e  r e g u la r i ty  o f  G , ( G : u ^ ( G ) ) = p  and 

<f(G) = u1(G) . Let Rq and R^ be two nonabelian  maximal subgroups, 

w ith  Rq £ R-̂  . Two such subgroups e x i s t  by (3.6). Consider G = G/Rq .

This fa c to r  group has two a b e lia n  maximal subgroups Rq and Mq , so
  2 — _

th a t  Z(G) has index p in  G . I t  fo llow s th a t  G has a t  le a s t  p+1

a b e lia n  maximal subgroups. Let be a  maximal subgroup o f  R^ .
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Rq < $(G) = (̂R-ĵ ) < , and Z(G) A.̂  i s  a b e lia n  maximal In  G . Thus,

each maximal subgroup o f  R^ determ ines an a b e lia n  maximal subgroup o f

G . Conversely, i f  M i s  an  ab e lian  maximal subgroup o f  G , then  

Z(G) < M (o therw ise , G would be a b e l ia n ) .  M PlR^ i s  maximal in  R^, 

which i s  nonabelian  and R edei. Thus, (MPlR)Z(G) = ZCG^R^O M =

G n  M = M . Hence, th e re  i s  a  one-to-one correspondence between th e  

maximal a b e lia n  subgroups of G and th e  maximal subgroups o f R  ̂ , th a t

i s ,  G has e x ac tly  p+1 a b e lia n  maximal subgroups. T herefo re , G has

ex ac tly  p nonabelian  maximal subgroups w ith  th e  commutator subgroup
t

Rq . In  view o f th e  f a c t  th a t  RQ i s  a r b i t r a r y ,  th e  nonabelian  sub­

groups o f  G a re  sep ara ted  in to  c la s se s  where th e  subgroups in  each

c la s s  a l l  have th e  same commutator subgroup. Moreover, th e re  a re  p
2

subgroups in  each c la s s .  S ince th e re  a re  p +p+l maximal subgroups
2

[15, p . 311] o f  which p +p a re  nonabelian , th e re  a re  p+1 d i s t in c t  

c la s s e s ,  th a t  i s ,  p+1 d i s t i n c t  commutator subgroups.

L et Nq be a  nonabelian  maximal subgroup. NqO Mq has index
2

p in  G and i s  normal in  G . There e x is ts  a  y e Nq ^ Mq such th a t  

yp ^ 1 . Nq = (MQn  Nq)< y > and G = Mq< y > . A lso, th e re  e x is ts  an 

x e Mq ^ Nq such th a t  xp f  1 , MQ = (MqH Nq)< x > and G = NQ< x > .

I f  [x ,y ]  = 1 , then  x e Z(G) = $(G) < Nq , which i s  a  c o n tra d ic tio n .

Thus, [x ,y ]  t* 1 • Now, Nq< [x ,y ]  > < G* and |Nq< [x ,y ]  >| < p2 . 

S ince G* < Z(G) , then  Nq< [x ,y ]  > G . Let a be th e  n a tu ra l

mapping a : G + G/Nq< [x ,y ]  > . G01 = G/Nq< [x ,y ]  > . Ga = M®< ya > =

((Mq O Nq)“< x“ >)< ya > . B ut, (MqP i NQ)a< ya > = N“ , which i s
a aa b e lia n . This im plies  th a t  < y > < (^ (M ^ n  N^) . A lso, s in ce

[x ,y ]  e Nq< [x ,y ]  > , th en  < y a > < CGQt(< x“ >) . Thus,

< y a > < Cqq((Mq n  N0) a< xa >) = Cg01(Mq) . S ince Mq i s  a b e lia n , i t



62

follow s th a t  Ga = M̂ < ya > i s  a b e lia n , th a t  i s ,  G* < Nq< [x ,y ]  > .

In  a d d itio n , s in c e  |G*| > p 2 , th en  [x ,y ]  ji Nq and g ' = N g[x,y] .

S ince G i s  r e g u la r ,  th en  by Theorem 1 .6 , each element o f  u^(G) 
ttli s  th e  p power o f  an  element o f  G . S ince $(Nq) = u-^(G) , th e re

1 t
e x is ts  a  z e G such th a t  < zp > = NQ . However, NqH ^ (N q ) = 1 

whereby z £ Nq . Now, g '<  z > i s  normal in  G , i s  a b e lia n  o f  type

(2 ,1 ) b u t i s  no t con tained  in  Z(G) = $(G) . Thus, Cq(g'< z  >) i s  

a  maximal subgroup of G by P ro p o sitio n  1 .4 (b ) . Furtherm ore, Z(G)< z > 

has index p in  Cq(g'< z  >) and Z(G)< z > < Z( Cq(GT< z >)) . These
9 .

imply th a t  Cq (G < z >) i s  a b e lia n . Thus, Mq = Cq (G < z > ); and 

acco rd in g ly , Nq < ^ (M q) . From th e  f a c t  th a t  NQ i s  an a r b i t r a r y  

nonabelian  subgroup o f  G , i t  fo llow s th a t  G* < u^(Mq) .

For each subgroup Z^ ( fo r  i  = l ,2 ,* * * ,p + l)  o f  Gf o f  o rd er 

p , th e re  e x i s t s ,  by th e  argument used in  th e  paragraph  above, an element 

e Mq ^  $(G) such th a t  z^ = 1 , and such th a t  Z^ = < > . Let

Mq = < z ^ | i  = 1 , 2 , ••* ,p + l > . Then, Mq i s  ab e lia n  bu t i s  no t contained

in  <t(G) . The exponent o f  M* i s  p 2 , and G = ^(M *) = ^(M *) .
ft ft P ft il

T h erefo re , from th e  r e g u la r i ty  o f  G , (MQ: u^(Mq) )  = p , |Mq| = p 
$

and Mq has ex a c tly  p+1 maximal subgroups. Each maximal subgroup of 
£

Mq corresponds to  a d i s t i n c t  commutator subgroup o f a  nonabelian  maximal

subgroup o f  G ; th a t  i s ,  G*< z^ > , fo r  each i  = l ,2 ,* - - ,p + l  , i s  a

maximal subgroup o f  MQ . I f  4>(G)Mq i s  p ro p erly  contained  in  Mq ,
ft ft ft

th en  $ (G )0  Mq i s  a  maximal subgroup o f  Mq . But th e n , $(G) Pi MQ =

Gf< z^ > , where < z^ > = < G* fo r  some i  = l ,2 ,* -* ,p + l  . Consequently,
ft ftz^ e $(G) , which i s  a  c o n tra d ic tio n . Thus, $(G)Mq = Mq , and Mq i s  

contained  in  no nonabelian  maximal subgroup o f  G . Then, f o r  a nonabelian
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maximal subgroup NQ , G = NqM* . (M*: NQn  M*) = p , so th a t  NQn  M*

is  a  maximal subgroup o f . This im p lies  th a t  NqH  Mq = G < z >
2fo r  some z e 0(G) o f o rd e r p . Hence, z e Nq , and

D *< zr > = N-̂  f o r  some nonabelian  maximal subgroup 1^ d i f f e r e n t  from 

Nq .

Suppose th a t  Nq =< a ,b |a P m = bP*1 = cp = 1 , c = [ a ,b ] ,  [ a ,c ]  = 

[b ,c ]  = 1 > . S ince G-^G) = ^ ( N q) < o(NQ) , then  both  m, n > 2 .

L et z = ar bsc^ . z i  0(G) , so th a t  a t  l e a s t  one o f r ,  s % 0(mod p ) ;
2 2 2 

say s $ 0(mod p) . 1 = zP = (ar bs )p . By D e fin itio n  1 .4 , (ar bs )p =

a ^ W l I d P 2 where d, E < a .b  >' . Thus. ( a V ) p2 = a1̂ 2 = 1 ,
i  i  2 2

from which i t  fo llow s th a t  a1̂  = b-sp  . Then, r  = 0(mod p111- ) and

s = 0(mod pn -2 ) . But th e n , s = 0(mod p) , which i s  a  c o n tra d ic tio n
T,«Tjnr2 . _r *m -2  _

u n less  n = 2 , T h e refo re , z = a  p b e  and b = (a  y zc )
# sfo r  some r  . Let c^ = [ a ,z ]  = c . I t  fo llow s th a t

Nq = < a ^ la P " 1 = zp = cp = 1, o1 = [ a ,z ] ,  [ a ,c 1] = [z,c.j3  = 1 > .

By th e  argument used e a r l i e r  in  th e  p ro o f, th e re  e x is ts  an element
_2 D

0) e Mq ^ Nq fo r  which up = 1 and or = c^ . Then,

2
G = Nq< (j j wp = 1 > .

S ince bo th  z and u a re  in  Mq ,

[ z ,u ]  = 1 .

Now, [w ,a] e Gf = < zp ,c^  > bu t [w ,a] i  < c^ > (o therw ise < to > < G
2

and < w >< a  > i s  a  nonabelian  subgroup o f  index p in  G ).



[o),a] = where v ^ 0 .

I f  u /  O(mod p) , th en  th e re  e x is ts  an x such th a t  xu = l(mod p)

Let

x , ua-  ̂ = a and = z .

Then [a 1 ,z 1] e Nq < Z(G) , so th a t  by P ro p o sitio n  1 .5 , [a-^,z^] = .

Then

m 2 _
Nq -  < a ,z ^ |a ^  = zi  = C]_ = ci = t a2 ,c i^  = ^zl ,c l^  = 1 > •

A lso, [u),a^] e g ' < Z(G) , which im p lies  th a t  [wja^] = • Hence,

2
G = Nq< uj | ojP = 1 > where tuP = c^ and

(3 .8 )

[co,a^] = c a?* fo r  k % 0(mod p) .

I f  u = 0 , then

p Hi 2
G = Nq< *\oP = 1 > where Nq = < a ,z |a P  = zP = cp = 1, c = [ a ,z ]  > ,

(3 .9 )

tip = c and [a),a] = fo r  r  ^ 0(mod p) .

The groups in  (3 .8 ) and (3 .9 ) a re  th e  groups o f  type (10) in  

Theorem 3 .1 .

Proof o f  THEOREM 3*1: Let Mq be th e  ab e lia n  maximal subgroup

and l e t  RQ be th e  Redei maximal subgroup. By P ro p o sitio n  1 .1 ,



65

Z(Rq) < $(G) < Mq . I t  fo llow s from G = RqMq th a t  Z(RQ) < Z(G) .

But Z(G) < Z(Rq) , s in c e  G e £  . Thus, Z(G) = Z(Rq) and 
o

(G: Z(G)) = p . Furtherm ore, by P ro p o sitio n  3 .3 , each Redei subgroup 

R i s  a maximal subgroup and Z(R) = Z(G) .

I f  G i s  m etacy c lic , then  by Theorem 2 .4 , G e /?*i so , each 

maximal subgroup i s  a  Redei group. T his I s  a c o n tra d ic tio n  to  th e  f a c t  

th a t  Mq i s  a b e lia n . Hence, G i s  no t a  m etacyclic  group.

Two p o ss ib le  s i tu a t io n s  a r i s e .  E ith e r  each maximal subgroup of 

G I s  m etacyclic  o r  th e re  i s  a t  l e a s t  one nonm etacyclic maximal subgroup.

The case where th e re  i s  a nonm etacyclic maximal subgroup has been 

examined in  Lemmas 3 .1  through 3.7 , and th e  groups have been c h a ra c te r­

iz e d .

For th e  case where each maximal subgroup i s  m e tacy c lic , by
4

Theorem 1 .1 0 , i t  fo llow s th a t  G i s  a  3-group o f  c la s s  3 and o rder 3 .

3y Theorem 1 .9  (G: u^(G)) = p^ . Thus, u^(G) = Z(G) = Z(R) = u^(R)
t 2

f o r  each Redei subgroup. A lso , s in ce  th e  c la s s  o f G i s  3 , |G | = 3 .

I f  th e re  e x is ts  an elem ent x £ G ^  G* such th a t  xp = 1 , then

th e re  e x is ts  a maximal subgroup M such th a t  x £ M . |Q^(M)| = 3 .

Thus, x >1 = 3^ . But f̂ 1 (n1(M)< x >) = ft- (̂M)< x > , so th a t

n1 (M)< x > i s  no t m e tacy c lic , which i s  a  c o n tra d ic tio n . Hence, g ’ = tt-^G) .

Then, u-̂ CG) = < a^ > and g ’ = < a^ ,b  > . There i s  an element

c e Mq ^ Rq such th a t  c-5 = 1 . Then,

G = Rq< c |c 3  = l  > , [b ,c ]  = 1 and = a^r  f o r  r  f  0(mod 3) .

Now, [ a , c l  = b a  where s f  0(mod 3) • There e x is t s  s  such th a t
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ss* = l(mod 3 ) . Let

s* , , 3 stc^ = c and b^ = bx

Then, by P ro p o sitio n  1 .5 , [ a , ^ ]  = b̂  ̂ . A lso, [a ,b .j]  = a , and

[b^,c^,] = 1 . Hence,

-2  2 o g
G = Rq< c - J g1 = ^ > where Ro = < a ,b i l a ^ = h -  1, [a ,b ^ ] = a  > , 

[c1 ,b 1] = 1 , [ a , ^ ]  = b1 and c^ = a^u where u f  0 (mod 3 ) .

This i s  th e  group o f  type (1) in  Theorem 3 .1 .

Each o f  th e  e leven  types has been c o n stru c ted  from a  s p e c if ic  

case which r e l a t e s  th e  c h a r a c te r is t ic  subgroup n^(G) to  th e  c h a ra c te r­

i s t i c  subgroup $(G) . I t  i s  c le a r ,  th e n , th a t  th e se  groups a re  p a i r ­

w ise noniscm orphic.

I t  should be noted th a t  th e  group o f  type (2) in  Theorem 3 .1  

i s  th e  group X C3 o f  Example 1 .1 .
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CHAPTER IV 

ALL SUBGROUPS OP A FIXED INDEX ARE REDEI

In  th i s  ch ap te r th e  groups in  ^   ̂ R w ith  a  Redei maximal

subgroup a re  c h a ra c te r iz e d . I t  fo llow s as a consequence o f  th i s  ch ar­

a c te r iz a t io n  th a t  c la s s  R i s  "alm ost equal" to  c la s s  £
Furtherm ore, f o r  p > 2 a  second c h a ra c te r iz a tio n  i s  found fo r  th e  

nonabelian  m etacyclic  groups.

THEOREM 4 .1 : I f  G e  ̂R and i f  G has a  Redei maximal

subgroup, th en

(a) G has a nonm etacyclic maximal subgroup,

(b) Z(G) = u1(G) ,

(c) G' i s  elem entary a b e lia n  o f o rder p^ ,

(d) (G: *(G)) = p 2 ,

(e) no two Redei subgroups have the  same coirmutator subgroup.

P roof: S ince G has a  Redei maximal subgroup, then  by D efin i­

t io n  1 .3 , each maximal subgroup o f G i s  Redei. Since G i  R , th e re

e x is ts  a  Redei subgroup Rq such th a t  Rq < C q ( Z ( R q ) )  . Then,

G = Cq(Z(Rq)) and Z(RQ) < Z(G) . But P ro p o sitio n  1.3 im p lies  th a t  

Z(G) < Z(R0) . Thus, Z(G) has Index p^ in  G . In  a d d itio n , i t  

fo llow s th a t  Z(G) = Z(R) f o r  each Redei subgroup R o f  G .

I f  a l l  th e  maximal subgroups o f  G a re  m etacy c lic , then  by
i i 4Theorem 1.10 e i th e r  G i s  I t s e l f  m etacyclic  o r  |G| = 3 . However, i f

G i s  m e tacy c lic , then  by Theorem 2 .4 , G e R *  , which i s  a  c o n tra d ic tio n
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to  G i (I . I f ,  on th e  o th e r  hand, |g) = 3^ , then  G has an a b e lian  

maximal subgroup by P ro p o sitio n  1 .4 (c ) ,  which i s  a  c o n tra d ic tio n  to  

G c 2  * • Hence, G has a t  le a s t  one nonm etacyclic maximal subgroup, 

say Nq . S ince NQ i s  R edei, th en  (N^: u^(Nq))= p^ and NqO ^ (N q ) = 1.

To show th a t  Z(G) = u^(G) , f i r s t  suppose th a t  u^(G) = ui (Nq) .
3

Since each maximal subgroup M I s  a  Redei group and s in ce  (M: u-^(M)) < p , 

i t  th en  fo llow s th a t  u-^G) = u-^M) . Thus, (M: u^CM)) = p^ fo r  each 

maximal subgroup M . A lso, Nq H  o1(G) = 1 , which im plies th a t  G/u-^(G) 

i s  nonabelian . By P ro p o sitio n  1 .4 (c ) ,  G/u^(G) has an a b e lia n  maximal

subgroup Mq/ u^ G ) . Then, Mq < u^G ) = u^(Mq); consequently , $(Mq) =

u^(Mq) , and (Mq: $(Mq)) = p^ . This i s  a c o n tra d ic tio n  to  th e  f a c t  th a t

Mq i s  a  Redei subgroup. T herefo re , u^ N q) < ^ (G )  . Moreover, fo r  each 

x e G , th e re  e x is t s  a  maximal subgroup M such th a t  x e M . Then

xp e u1(M) < 3>(M) = Z(M) = Z(G) . Thus, u^G ) < Z(G) . Since 

(Z(G): o1 (NQ)) = p , then  u1 (G) = Z(G) .

Now u-̂ CNq) , as a  c h a r a c te r is t ic  subgroup o f  NQ , i s  normal in

G . G/u^ N q) i s  nonabelian  o f  o rd e r p^ , bu t by P ro p o sitio n  1 .4 (c ) ,

G/u1(N0 )has an a b e lia n  maximal subgroup M0/ ( u 1(NQ) ) .  Since Nq D u1 (NQ) = 1 ,
1 r ? f 'i t  fo llow s th a t  NqMq has o rder p . Denote NqMq by A . A i s  normal

t T
in  G s in ce  bo th  NQ and Mq a re  c h a r a c te r is t ic  subgroups o f  NQ and 

Mq, r e s p e c t iv e ly .  G/A has a t  l e a s t  two a b e lia n  maximal subgroups Nq/A 

and Mq/A . A lso , Z(G/A) has index p2 in  G/A .

I f  G/A i s  a b e lia n , th en  G* = A . But A < Z(G) which im p lies

th a t  th e  c la s s  o f  G i s  2 . By Theorem 1 .7 (a ) ,  G i s  r e g u la r .  Then,

by Theorem 1 .6 (b ) ,  each elem ent in  u-^G) i s  th e  pth  power o f  an  elem ent 

in  G . In  p a r t ic u la r ,  s in c e  Nq < u-j_(G) ^ * th e re  e x is ts  an

x e G ^ N0 such th a t  Nq = < xp > . In  view o f th e  f a c t  th a t  G* < Z(G) ,
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1 | . .
G < x > < G; then  G < x > i s  a b e lia n  o f  type (2 ,1 ) . Ey P ro p o sitio n

1 .4 (b ) , Cq (G < x >) has index a t  most p in  G . Now, since

Z(G) = Z(Nq) , then  x i  Z(G); th e re fo re ,  ^ ( G ^  x >) i s  a  maximal 

subgroup o f  G . However, Z(G)< x > < Cg (G?< x  >) w ith  index p .

I t  fo llow s th a t  Cq(G*< x >) i s  an a b e lia n  maximal subgroup, which i s  

a  c o n tra d ic tio n . Thus,

(4 .1 ) G/A i s  nonabelian  and |GT| > p^ .

Suppose th a t  (G: $(G)) = p^ , th a t  i s ,  $(G) = u-^G) = Z(G) .

Then, G* < Z(G) and th e  c la ss  o f G i s  2 . Ey Theorem 1 .7 (a ) ,

G i s  a  re g u la r  group.

Let A be a  subgroup o f  Gf minimal w ith  th e  p ro p erty  th a t  i t  

co n ta in s  th e  commutator subgroup of each o f  th e  maximal subgroups.

A < A < G . A < Z(G) so th a t  A <j G . Each maximal subgroup o f  G/A

i s  a b e l ia n , which im p lies  th a t  G/A i s  e i th e r  an a b e lia n  group o r  a
  _  p

Redei group. I f  G/A i s  a Redei group, then  4>(G/A) has index p in

G/A . B ut, (G: $(G)) = (G/A: $(G)/A) = (G /I: $(G/£)) . This i s  a
o _    r

c o n tra d ic tio n  to  (G: $(G)) = p . Thus, G/A i s  a b e lia n  and A = G .

S ince G/A i s  nonabelian , A < A . T h e re fo re , th e re  e x is t s  a 

maximal subgroup R o f  G such th a t  R* /  A . S ince G* < Z(G) , then

AR* i s  elem entary a b e lia n  o f  o rd e r p^ . A lso, AR* < Nq , which im p lies  

th a t  AR1 < g^(Nq) . Let S be a maximal subgroup o f  G d i f f e r e n t  from 

R, Nq, and MQ . A r 's ' < A < Nq and A r’s* i s  elem entary  a b e lia n  so 

th a t  A r's*  < ^jCNq) . However, |^^(N q)| = p^ s in ce  Nq i s  nonmeta- 

c y c l ic .  T h e re fo re , A r 's  ' = AR? . S ince S i s  any maximal subgroup,
t  I

AR i s  a  minimal subgroup o f  G co n ta in in g  th e  cam iu ta to r subgroup of
i  —  t  1 * 1 ^  1each maximal subgroup. Hence, AR = A = G . Thus, |G | = p and G
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i s  elem entary a b e lia n .
1 i

G < M fo r  each maximal subgroup so th a t  G < ^ (M ) < fi- (̂G) .
O

However, s in ce  G i s  a  re g u la r  group and s in ce  (G: u-^(G)) = p , then  

Ifl^G) I = p^ . Thus, G = fi^M) = . I t  fo llo w s, th e re fo re ,  th a t

(M: u-^(M)) = p and th a t  M i s  nonm etacyclic . Each maximal subgroup,

th e n , i s  a  nonm etacyclic subgroup.

The f a c t  th a t  G/$(G) i s  elem entary a b e lia n  o f o rd e r p
o

im plies  th a t  G/$(G) has p +p+l maximal subgroups [15, p . 311]. Thus,
2 | ^

G has p +p+l maximal subgroups. I f  M = N* f o r  two d i s t i n c t  maximal

subgroups M and N , th en  by Theorem 1 .6 (b ) ,  th e re  e x is ts  an x e G 

such th a t  m '= < x^ > . Both M and N a re  nonm etacyclic , which im p lies

th a t  x £ M and x £ N; i n  p a r t ic u la r ,  x £ Z(G) < M fiN  . However,

< x > <* M and < x > < N . I t  fo llow s th a t  < x > < G . By P ro p o sitio n

1 .4 (b ) ,  CQ(< x >) i s  a  maximal subgroup o f G . However,

Z(G)< x > < Z(CQ(< x >)) and (C^(< x >): Z(G)< x >) = p , whereby 

Cq(< x >) i s  an a b e lia n  maximal subgroup o f G . This i s  a  c o n trad ic ­

t io n  to  G e £  * . Hence, no two maximal subgroups o f G have th e  

same commutator subgroup.

Now, G/Nq has p re c is e ly  one a b e lia n  maximal subgroup, and
2

p +p nonabelian  maximal subgroups. Let MQ be a  maximal subgroup 

d i f f e r e n t  from NQ . Mq < u^(G) , so th e re  e x i s t s ,  by Theorem 1 .6 , an

element x e G such th a t  < x^ > = Mq . In  a d d it io n , Mq i s  non-
I   _

m etacyclic  which im plies th a t  x £ Mg . Denote G/Nq by G . x has
2 t i _ T 2 —1 —

order p s in c e  Mq £ Nq . Moreover, G has o rd e r p and G < x >

has o rder p . Since G < Z(G) , i t  fo llow s th a t  G < x > i s  a b e lia n  

of type (2 ,1 ) .  By P ro p o sitio n  1 .4 (b ) , C ^ G ^  * bas index a t  most p .
t  _ _ _ _ _ _ _ _ _ _  _ _ _  _ _  ^  p

I f  G < x > < Z(G) , th en  Z(G) = Z(G)< x > , which has index p in  G .
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This im p lies  th a t  Z(G) i s  con tained  in  no maximal subgroup o th er 

than  Nq . L et y be any elem ent o f  G ^ Z(.G) . I f  = 1 , th en

Z(G)< y > i s  maximal in  G; so Z(G)< y > = Nq . I f  ^  ^ 1 , th en  s in ce

*(G) < Z(G) , Z(G)< y > i s  maximal in  G , and Z(.G)< y > = Nq .

Thus G = ITq , which i s  a  c o n tra d ic tio n . Hence, g '<  x > £ Z(G) from 

which i t  fo llow s th a t  Cq(G' c x >) i s  maximal in  G . However,

Z(G)< x > < Z(Cq(g '< x >)) and CĈ <G’?< x >);Z(G)< x >) = p . Con­

se q u en tly , C^(G'< x >) i s  a b e lia n . This Im plies th a t  x e NQ ,
1 f 

th a t  i s ,  Mq < * S ince Mo a r b i t r a r y» M -  ui^ No^ *'o r each
2

o f th e  p +p maximal subgroups d i f f e r e n t  from Nq .
r

Since Nq O  u^(Nq) = 1 , £J^(u^(Nq)) i s  elem entary a b e lia n  o f  
2

order p . Then, £2̂ (u^(Nq)) has p+1 subgroups of o rd er p .

T h e refo re , G has a t  most p+2 d i s t i n c t  commutator subgroups a sso c ia te d

w ith  th e  maximal subgroups. This c o n tra d ic ts  th e  f a c t  th a t  G has 
2

p +p+l maximal subgroups w ith  d i s t i n c t  commutator subgroups when
o 2

(G: o(G)) = p . Hence, (G: 0(G)) = p , which proves p a r t  (d ).

Frcm ( 4 .1 ) ,  i t  now fo llow s th a t  G/A i s  a  Redei group, th a t  i s ,

|G*| = p^ . S ince u^(G) = Z(G) and s in c e  (0(G): u^(G)) = p , then  

G? /  Z(G) . However, G* i s  a b e lia n . I f  G1 i s  a b e lia n  o f  type (2 ,1 ) ,  

then  by P ro p o sitio n  1 .4 (b ) , ^ ( g ')  i s  a  maximal subgroup o f  G . But 

th en , Z(G)G* < Z(Cg(g ’ )) and (Cq(Gt ) :  Z(G)g ' )  = p . These fo rce  

Cq (G ) to  be an a b e lia n  maximal subgroup, which i s  a  c o n tra d ic tio n .
f  Q

Hence G i s  elem entary a b e lia n  o f  o rd e r  p .

For th e  l a s t  p a r t  o f  th e  theorem l e t  M and N be any two 

maximal subgroups such th a t  M* = N* . Then G/N1 has two ab e lia n  

maximal subgroups M/N' and N/N1 . I t  fo llow s th a t  Z(G/N') has index 

p in  G/N' and th a t  Z(G/N') = $(G/N ') . T h e re fo re , each maximal
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subgroup o f  G/N' I s a b e l ia n ,  whence G/N' i s  i t s e l f  a b e lia n  or Redei,

In  e i th e r  c a se , | g ' |  < p 2 , which i s  a c o n tra d ic tio n . Hence, no two 

maximal subgroups have th e  same commutator subgroup.

THEOREM 4 .2 : I f  G e $  * R , i f  |g | > p6
2

and i f  each subgroup o f  index  p i s  a b e lia n , th en  G 

maximal subgroup.

Proof: Since G ji. R , G i s  no t i t s e l f  a  Redei group. There

e x is ts  a  Redei subgroup RQ < G such th a t  RQ < Cq (Z(Rq)) . By

h y p o th esis , Rq i s  a  maximal subgroup o f G and G = Cq(Z(Rq)) .

I t  fo llo w s, th e re fo re ,  th a t  Z(RQ) = Z(G) . By P ro p o sitio n  3 .1 , G 

has a t  most one a b e lia n  maximal subgroup.

Suppose th a t  G has no a b e lia n  maximal subgroups, th a t  i s ,

G e ^  . B y  Theorem 4 .1 , G has a  nonm etacyclic maximal subgroup Nq , 

| g ' |  = p 3 = (G: Z(G)) ,  Z(G) = u ^ G ) , (G: *(G)) = p2 , and g ' i s

elem entary a b e lia n . Now, G* £ Z(G) , but (G*: g 'h  Z(G)) =

(g ' z (G): Z(G)) = C*(G): Z(G)) = p . T h erefo re , G3 = [G,Gf ] < Z(G) 

and th e  c la s s  o f  G i s  3 . Thus, G i s  a  r e g u la r  group by Theorem 

1 .7 (a ) .  By Theorem 1 .6 , |G-l(G)| = (G: u ^ G ))  = p3 . Hence, G* = ^ (G )  . 

Also by Theorem 1 .6 , each element o f u-^G) i s  th e  p power o f an

elem ent of G .

Let M be any maximal subgroup o f G d i f f e r e n t  from Nq .

S ince M1 < $(M) = Z(M) = Z(G) = U]_(G) * th e re  e x is ts  an  x e G such 

th a t  Mf = < x p > .  |G < x >| = p , which by h y p o th esis , im p lies  th a t
i ' _G < x > i s  an a b e lia n  subgroup o f  G . Denote G/Nq by G . By 

Theorem 4 .1 (e ) ,  NQ i s  th e  only a b e lia n  maximal subgroup o f  G .

fo r  p > 3 

has an ab e lia n
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Then G*< x > i s  an a b e lia n  subgroup o f G o f o rder p^ and o f 

type (2 ,1 ) .  By P ro p o sitio n  1 .4 (b ) , (G: Cq (Gt < x >)) < p . I f  

G < x > < Z(G) , then  G < x > < Nq . I f ,  on th e  o th e r  hand,

G'< x > £ Z(G) , then  Cq(Gt < x >) i s  a  maximal subgroup o f G .

I t  fo llow s from (C^(G*< x >): G 'z(G )) = p th a t  Cq-(g'< x >) i s  

a b e lia n . Thus, g '<  x  > i s  always contained  in  NQ . Consequently, 

x e Nq and Mq < ^ (N q ) . Since M i s  an  a r b i t r a r y  maximal subgroup 

d i f f e r e n t  from Nq , th en  th e  com nutator subgroup o f each nonabelian  

subgroup d i f f e r e n t  from Nq i s  contained  in  u-^(Nq) .

Now, vj-j^Nq) < G and | G/\j-l (Nq) | = p^ . G/u-^Nq) has th e

nonabelian  maximal subgroup Nq/U i (Nq) . However, every o th e r maximal

subgroup o f  G/u^(Nq) i s  a b e lia n . Hence G/u^(Nq) has p re c is e ly  one Redei

subgroup, which c o n tra d ic ts  Theorem 1 .1 . T h erefo re , i t  i s  im possib le

fo r  each maximal subgroup to  be nonabelian . So, G e £  ^  3  * , th a t  

i s ,  G has an a b e lia n  maximal subgroup.

The above theorem shows t h a t ,  fo r  p > 3 , th e  minimal non-Redei

groups o f  c la s s  £  ^ $  w ith  o rd er g re a te r  than  p^ a re  a c tu a lly

groups o f  c la s s  3 ^ 3 * '  These groups a re  included  in  Theorem 3 .1 .

To o b ta in  a  complete c la s s i f ic a t io n  o f  th e  groups in  2  ^  @ w ith
2

each subgroup o f  index p a b e lia n , th e re  rem ains fo r  p > 3 only  the  

c l a s s i f ic a t io n  o f  th e  groups in  3 *  ̂ ^  ° f  o rd e r le s s  than  o r equal 

to  p^ . F ran  P ro p o sitio n  1 .4 (c ) ,  i t  fo llow s th a t  only groups o f  o rder
5

p must be considered .

THEOREM 4.3 : I f  Ig | = p 5 fo r  p > 3 and i f  G e ^ /? ,



2
where Mn = < a ,b |a p = bp = 1, d = [ a ,b ]  > ,

(4 .2 )  0
[ a ,c ]  = b , cp = ds fo r  s £ 0(mod p) and [b ,c ]  = a ^ c ^  

where r  i s  1 o r a  q u ad ra tic  nonresidue mod p .

P roo f: By h y p o th esis , G i s  no t Redei. By P ro p o sitio n  1 .4 (c ) ,
o

G has a t  l e a s t  one a b e lia n  subgroup o f o rd er p . Thus by D e f in itio n  

1 .4 ,  each subgroup o f  o rd e r p i s  a b e lia n  and each subgroup o f o rder 

p^ i s  R edei. By Theorem 4 .1 , G has a  nonm etacyclic maximal subgroup 

Nq , g ’ i s  elem entary ab e lia n  o f  o rder p^ , Z(G) = o-^G) , and G/Nq 

has p re c is e ly  one a b e lia n  maximal subgroup Nq/Nq . G/Nq i  , but 

by P ro p o sitio n  3 .2 , G/Nq e £  .

Now, G  ̂ = [G,G*] < Z(G) which im p lies  th a t  G has c la s s  3 .

Thus, by Theorem 1 .7 (a ) ,  G i s  r e g u la r . But th e n , frcm Theorem 1 .6 ,

i t  fo llow s th a t  G* = ft-^(G) . A lso, s in c e  Nq < Z(Nq) = Z(G) = u^G ) ,

th e re  e x is t s  an x e G v NQ such th a t  < xp > = Nq (Theorem 1 .6 ) .  Let

G = G/Nq , which has o rd e r  p^ . Now x e G^(G) , and Gf< x > < fi^((j) . 

M oreover, s in ce  G i s  r e g u la r ,  then  Ift^cDl = (G: u-^(G)) = p^ . Thus, 

fi^G ) i s  a  maximal subgroup o f  G , S ince x /  Nq , J2^(G) i s  not 

a b e lia n . By Lemma 3 .4 , G i s  then  th e  group o f type  (7) in  Theorem 3.1* 

Hence,

   ̂  _I      2_________ _
G = Nq< c jc^  = 1 > where NQ = < a ,b  aP = = [a ,b ]  = 1 >

[ a ,c l  = b and [b ,c l  = a 3̂  fo r  r  = 1 o r a  q u a d ra tic  nonresidue mod p .

*   » _
There e x is t  elem ents a ,b  frcm Nq such th a t  aNg = a  and bNg = b ,
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and th e re  e x is ts  an element c e G ^ Nq such th a t  cNq = c" . Let

d = [a ,b ]  . Then cp e < d |d p = 1 > = Nq . S ince c i  G1 = fl^(G) ,

cp f  1 . Thus cP = ds where s f  O(mod p ) ,

Now, [ a ,c ]  = bdu f o r  some u  . Let b^ = bdu . Then

= b and [a ,b ^ ]  = d , S ince [ b ,c l  = a^P , th en  [b-^,c] ~ a ^ d ^  =

a ^ c ^ P  fo r  some t  .

The groups d esc rib ed  in  Theorem 4.3 p rov ide  examples which show 

th a t  c la s s  2  * p ro p erly  con ta in s c la s s  (I . The next few theorems

lead  to  th e  conclusion  th a t  fo r  p > 3 , th e se  groups a re  th e  only

groups in  2 * which a re  no t in

THEOREM 4 .4 : I f  p > 3 and i f  G e ^  , th en  |G| > p 5
4

and each Redei subgroup has o rder p

P roof: S ince G e 2  * ^ @ * th e re  e x is ts  an in te g e r  i  > 1

such th a t  each subgroup o f  index p1 i s  a  Redei group. By P ro p o sitio n

1 .4 (c ) ,  |G1 > p 5 .
4

Suppose th a t  G has an a b e lia n  subgroup o f o rd e r p . Then,
4

each subgroup o f o rder p i s  a b e lia n . S ince G i s  no t a  Redei group,
£

i t  fo llow s th a t  | g | > p . Let Rq be a  Redei subgroup o f  G .
c ■}£

|Rq | > p . There e x is ts  a  subgroup R of G such th a t  Rq < R

and (R*: R) = p . 2* i s  a  subgroup in h e r i te d  c la s s ,  so th a t  by
£

Theorem 4 .2 , R has an a b e lia n  maximal subgroup, which i s  a  c o n tra d lc -
# 4

t io n  to  R non-Redei. Thus, G has no a b e lia n  subgroup o f  o rd er p .

THEOREM 4 .5 : I f  fl e |  ^  and i f  | g | > p 6 fo r  p > 3 ,

then  G & 2 * •
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P roof: Suppose th a t  G e $ *  ̂ & . By Theorem 4 .4 , each

Redei subgroup o f  G has o rd e r  p . Each subgroup o f  G o f  o rd er

p^ a ls o  belongs to  . I n  p a r t ic u la r ,  by Theorem 2.2 G i R .
/T

T h e re fo re , i f  a c o n tra d ic tio n  i s  reached fo r  a subgroup o f o rd er p , 

th en  a  c o n tra d ic tio n  i s  a ls o  reached fo r  G . W ithout lo ss  o f  g e n e ra l i ty ,  

i t  may th u s  be assumed th a t  |G| = p^ .

S ince each subgroup o f  o rder p i s  R edei, then  th e re  i s  a t  

l e a s t  one normal Redei subgroup Rq . Z(Rq) , as a  c h a r a c te r is t ic  sub­

group o f Rq , i s  normal in  G; G/Z(Rq) has o rder p^ . By P ro p o sitio n

1 .4 (c ) ,  G/Z(Rq) has an a b e lia n  maximal subgroup Mq/Z(R q) . Thus,

Mq < Z(Rq) . By Theorem 2 .2  Mq i Q, . But th en , as a  consequence o f 

Theorem 4 .1 , Mq /  Z(G) , and a  c o n tra d ic tio n  has been reached. Hence,

< W  ■

C o ro lla ry  4 .5 .1 :  I f  p > 3 and i f  G e ^  ^  , then  G i s

a  group d esc rib ed  by (4 .2 ) .

The nex t theorem c h a ra c te r iz e s  f o r  p = 3 th e  groups in  £ % $
w ith  each Redei subgroup as a  maximal subgroup. T his r e s u l t ,  along w ith

Theorems 2 .2 , 3 .1 , and 4 .3 , g iv es  a  com plete c l a s s i f ic a t io n  o f  th e  groups 

in  ^  , fo r  which each subgroup of index p i s  an a b e lia n  subgroup.

THEOREM 4 .6 : I f  p = 3 , i f  G e i? , and i f  G has a

Redei maximal subgroup, th en  |G| = p^ and G i s  one o f  th e  fo llow ing .
2 2 o -3

(1) G = Nq< c |c3  =1 > where Nq =< a ,b |a ^  =b =d =1, d = [a ,b ] >
O g

i s  a  nonm etacyclic group, [ a ,c ]  = b , o. - d fo r  seme
O +-?

s ^ 0 (mod 3 ) and [b ,c ]  = a  c fo r  seme t  .
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(2) G “ NQ< c |e 3 2=l > where NQ = < a ,b |a ^ 2=b^=d^=l, d = [a ,b ] > 

i s  a  nonm etacyclic group, [ c ,a ]  = b , = ds fo r  some 

s /  0(mod 3) and [ c ,b ]  = a  c fo r  some t  .

P roof: Since G has a Redei maximal subgroup, then each

maximal subgroup o f G i s  Redei. I t  fo llow s from P ro p o sitio n  1 .4 (c ) ,
C |

th a t  |G| > p . By Theorem 4 .1  G i s  elem entary a b e lia n  o f  o rder

p^ , Z(G) = u-^(G) , and (G: <t(G)) = p2 . By Theorem 1 .7 (b ) , G i s  no t

a  re g u la r  group. S ince G1 < n^(R) fo r  each Redei subgroup R , then  

i t  fo llow s b o th  th a t  each maximal subgroup o f  G i s  nonm etacyclic and 

th a t  G* = £}^(R) . Moreover, s in c e  each elem ent i s  in  some maximal 

subgroup, th en  fi^(G) = G? .

Let Nq be a maximal subgroup o f G . Denote G/Nq by G .

G i s  a  nonabelian  group, which by Theorem 4 .1  has p re c is e ly  one a b e lia n  

maximal subgroup Nq . Since NqH.u-^Nq) = 1 , Nq i s  m etacy c lic . Let 

M be any subgroup o f G of index p^ such th a t  M £ Nq • M < C^(M) .

I f  M < C—(M) , th en  e i th e r  C-(M) = G o r  C^(M) i s  a  maximal subgroup 

o f  G . I f  Cq-(M) = G , then M < Z(G) which i s  a  c o n tra d ic tio n . I f  

Cjj(M) i s  a  maximal subgroup, th en  Cg-(M) i s  a b e lia n , which i s  a  co n tra ­

d ic t io n . Thus, M i s  a  maximal a b e lia n  subgroup o f  G . This im plies

th a t  Cq(R) < Cq-(M) = M when M < R . Hence, G e 2
Ey Lenina 3 .2 , 3^ < |n 1 (G)| < 3^ . Now, G* < ^ (G )  and |Gfj = .

I f  th e re  e x i s t s  x e $(G) v g ' such th a t  x^ = 1 , then  th e re  e x is ts
o2 T |

an x e <t(G) such th a t  x J = 1 and x e Nq . But x e Nq , which

im p lies  th a t  Nq < u-̂ (Nq) , which i s  a c o n tra d ic tio n . Thus,

Gf = fi1 ($(G )) and t(G ) < $(G)S21 (G) .
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Case 1 : |n^CG*) | = 33 . Then 3>(G)ni (G) i s  maximal in  G .

Since Nq i s  m etacy c lic , Lemma 3-^ im plies  th a t  G i s  th e  group o f 

type (7) in  Theorem 3 .1 , th a t  i s ,

G = Nq< c
   o2 _o ____

c = 1 > where Nq = < a ,b  a? = bJ = [a ,b ]  = 1 > , 

[ a ,c ]  = b and [tT,F] = a 3 .

Moreover, | g | = 3^ .

Let a  and b be elem ents o f Nq such th a t  sNq = a  and
f   t _  I

bNQ = b . Let c e G such th a t  cNq = c . S ince G = Jl^(G) < Nq ,

th en  c3 i- 1 . Thus, Nq = < c3 > . S ince NqH u-j_(Nq) = 1 J then

a 3 = = 1 . Let d  = [a ,b ]  . Then c3 = ds f o r  some s t  0(mod 3 ).

Now [ a ,c ]  = bdu fo r  some u . Let b1 = bdu . Then = b and

[a ,b ^ ]  = d . S ince [b ,c3  = a 3 , [ b p c ]  = a 3c ^  fo r  some t  .
  ji p

Case 2 : G- (̂G) = 3 . Then, s in c e  |£l-^($(G))| = 3  , i t  fo llow s

th a t  G^(G) = G . S ince NQ i s  m etacy c lic , i t  fo llow s from Lemma 3 .3

th a t  G i s  th e  group o f type (3) in  Theorem 3 .1 . Thus,

G = Nq< c
2

c3 = 1 > , Nq = < a ,b  a? = b3 = [a ,b ]  = 1
    _

[c ,a3  = b and [ c ,b ]  = a  .

A lso , [G| = 3^ .
T __

L et a  and b be elem ents o f  Nq such th a t  sNq = a  and
» _  t _  o

bNQ = b . L et c e G ^ NQ such th a t  cNq = c . Then c ? 1 and

a 3 = b-3 = 1 . Let d = [ a ,b ]  . Consequently, c3 = ds fo r  seme
, U  „ ______________   x. . , j Us % 0(mod 3) • Since [ c ,a ]  = bd f o r  seme u , l e t  b^ = bd . T here-

^ 6 t  ̂
f o re ,  b1 = b and [ a ^ ]  = d . Since [ c " ,^ ]  = a  , then  [ c ,b 1] = a  c
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fo r  some t  .

C oro llary  4 .6 .1 : I f  p = 3 and I f  G e £  * ^ Q , then  each
4

Redei subgroup has o rd e r 3 .

P roof: Let R be a Redei subgroup o f  G . There e x is ts  a  sub­

group R* o f G such th a t  (R*: R) = 3 . By Theorem 4 .6 , jR*j = 3^ .

Hence, R has o rd e r 3^ . By th e  d e f in i t io n  o f £  * , each Redei
4

subgroup o f  G has o rd er 3

A new c h a ra c te r iz a tio n  i s  ob ta ined  fo r  non-Redei m etacyclic

groups.

THEOREM 4 .7 : A p-group G i s  a  non-Redei m etacyclic  group i f
4

and only i f  G has an a b e lia n  subgroup o f  o rd e r p and th e re  e x is ts  an 

in te g e r  i  > 1 such th a t  each subgroup o f G o f  index p^ i s  Redei.

P roof: Suppose th a t  G i s  a  non-Redei m etacyclic  group. In
. 4

view o f  C oro llary  2 .4 .1 , G has an a b e lia n  subgroup o f  o rd e r p and

G e R . Thus G e $  * .

C onversely, suppose th a t  G i s  non-Redei, th a t  G has an
4 O # i i 6a b e lia n  subgroup o f  o rder p and th a t  G e $ . Then |G| > p .

I f  p > 3 , th en  by Theorem 4 .4 , G e $  . I f  p = 3 , then by C oro llary

4 .6 .1  , G e (I . Thus, by C oro lla ry  2 .4 .1 , G Is  m etacyclic .
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CHAPTER V 

SUMMARY

Three c la s se s  o f  f i n i t e  p-groups fo r  p > 2 have been con­

s id e red  in  t h i s  th e s i s ,  each c la s s  having been d e fin ed  by co n d itio n s  

which a re  p laced  on th e  minimal nonabelian  subgroups o f a group. The 

r o le  o f  th e  Redei subgroups has th e re fo re  been emphasized, and th e  

r e s u l t in g  in flu en c e  o f  th ese  co n d itio n s  on th e  s tru c tu re  o f th e  group 

has been examined. S everal r e s u l t s  o f t h i s  work a re  summarized here  

to g e th e r  w ith  d ire c t io n s  fo r  fu tu re  in v e s t ig a t io n  w ith  re sp e c t to  Redei 

subgroups o f  a  group.

The study o f  th e  two c la s se s  $  and £  has le d  to  two new 

c h a ra c te r iz a tio n s  fo r  th e  c la s s  o f m etacyclic  groups in  term s o f  Redei 

subgroups. As mentioned p rev io u s ly , b o th  e x tra sp e c ia l  groups and groups 

w ith  no noncyclic  m etacyclic  c h a r a c te r is t ic  subgroups can be d escrib ed  

by means o f  t h e i r  Redei subgroups. The q u estio n  i s  ra is e d  a s  to  whether 

o r  not o th e r  known c la s se s  o f  nonabelian  groups can be defined  in  terms 

o f  t h e i r  Redei subgroups. Such in fo rm ation  could prov ide a l te r n a te  a reas  

fo r  th e  a p p lic a tio n  o f  th ese  c la s s e s .

A ll nonabelian  groups o f  c la s s  $  , fo r  which each subgroup
2

o f index p i s  a b e lia n  and f o r  which th e re  i s  a t  most one a b e lia n  

maximal subgroup, have been c h a ra c te r iz e d  in  Theorems 2 .2 , 3.1* 4 .3 , and 

4 .6 . The number o f d i f f e r e n t  types shows th e  ex ten siv e  n a tu re  o f c la s s  

$  . One should r e c a l l ,  however, th a t  th e  fo rm ulation  o f  t h i s  c la s s  was

m otivated  by a  p ro p erty  in h e ren t to  th e  maximal a b e lia n  subgroups o f  a  

group. I t  i s  no t s u rp r is in g , th e n , th a t  th e  ca rry -o v er o f  th e  p ro p erty
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to  Redei subgroups would r e s u l t  in  a  c o lle c t io n  o f groups whose p ro p e r tie s  

need to  be more sh arp ly  d e fin ed . C lasses R and g  * a re  two s te p s  

in  t h i s  g en era l d ire c t io n .

Theorem 1 .1  p o in ts  out th a t  each non-Redei group has a t  l e a s t  

two Redei subgroups. I t  i s  n a tu ra l  th en  to  ask  about th e  t o t a l  number 

o f such subgroups and th e  corresponding con jugate  c la s se s  o f  such groups.

In  t h i s  connection , s in ce  th e  m etacyclic  p ro p erty  i s  in v a r ia n t ,  th e  

q u es tio n  can be r a is e d  about th e  s tru c tu r e  o f groups fo r  which each 

Redei subgroup i s  m etacy c lic . In form ation  o f  t h i s  s o r t  would extend  th e  

r e s u l t  o f  Blackburn (Theorem 1.10) which c l a s s i f i e s  groups fo r  which 

each subgroup i s  m etacy c lic . A p a r t i a l  answer to  t h i s  q u es tio n  i s  sup p lied  

in  th e  p re sen t work. Theorems 3 .1  and 4 .1  in d ic a te  th a t  th e re  i s  only 

one type o f  minimal non-Redei group from c la s s  £  ^ R  which has each 

Redei subgroup as a  m etacyclic  group. This same q u es tio n  could be posed 

w ith  re sp e c t to  th e  nonm etacyclic Redei subgroups.

In  both  c la s s  R and c la ss  $  , i t  i s  seen th a t  th e re  must

always e x is t  a  normal Redei subgroup. One then  wonders i f  th e re  must 

always be a  normal Redei subgroup. I f  n o t, one could look fo r  cond itions 

which would ensure  th e  ex is te n c e  o f such normal subgroups. In  t h i s  

reg a rd , th e re  i s  a ls o  r a is e d  th e  q u es tio n  about th e  s tr u c tu re  o f  a  group 

which p o ssesses  c h a r a c te r is t ic  Redei subgroups; two examples would be to  

co n sid e r $(G) and G* as  Redei subgroups.

I t  should be n o tic ed  th a t  Redei subgroups a re  n ilp o te n t  o f  

c la s s  2. Each Redei subgroup, then , i s  con ta ined  In  a  subgroup maximal 

w ith  th e  p ro p erty  o f having c la s s  2. An in v e s tig a tio n  in  t h i s  a re a  would 

c la r i f y  th e  p o s it io n  o f such subgroups i n  th e  theo ry  o f  f i n i t e  groups.
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In  p a r t ic u la r ,  one could co n sid e r groups fo r  which th e  Redei subgroups 

a re  maximal w ith  th e  p ro p erty  o f  having c la s s  2. The theorems h e re , 

d e a lin g  w ith  th e  minimal non-Redei groups, p rov ide  some in fo rm ation  

in  t h i s  r e sp e c t.
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