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ABSTRACT

THE ﬁEEFRACTION
OF PLANE SOUND WAVES
BY A
PERFECTLY REFLECTING QUARTER-PLANE

by

CURTIS S. MORSE




The problem consldered is that of determining the
diffracted field when a plane wave is incident on a per-
flectly reflecting quarter-plane (xl >0, x5, > 0, Xg = 0).
A closed=form solution is derived and shown to be unique.
The method of solution consists of first showing that
the physically motivated problem 1s equivalent to a
function~-theoretical problem in the product space of two
complex variables. The function-theoretical problem is
then solved by a procedure which is in essence a
generalization of the Wiener-Hopf technique from one to
two complex variables. The solution is shown to reduce
in the limiting cases X +o and Xy +o to the solu-
tions for the perfectly reflecting half-planes X5 >0
and xl > 0, respectively. The field behavior at the

corner 1is also discussed.

vi



SECTION I
INTRODUCTION

A mixed boundary value problem 1s one 1n which
the unknown function must meet a Dirichlet condition on
part of the boundary and a Neumann condition on the rest
of the boundary. An example is the classical Poincaré-
Sommerfeld half-plane problem of diffraction theory.

Here a solution of the two-dimensional reduced wave equa-
tion 1s required to satisfy a Dirichlet condition on the
positive x-axis and a Neumann condition on the negative
x-axis. Copson ([4], or see Baker and Copson [1]) showed
that the Poincaré-Sommerfeld problem can be reduced to a
function-theoretical problem of the Wiener-Hopf type.

Such a problem involves determining two unknown functions
of a complex-variable from a single equation., The key to
the solution is the Wiener-Hopf factorization lemma
(Wiener and Hopf [17]), which gives conditions under which
a function analytic in a strip can be factored into the
product of a function analytic in a right half-plane and

a function analytic in a left half-plane. The half-planes
intersect in the original strip, and it is then possible
to solve for the unknown functions by analytic continua-

tion and Liouville's theorem.



In acoustic terms, the half-plane problem we have
Just described 1s the problem of diffraction by the per-
fectly absorbent half-plane x > O. It is also of
interest to consider the mixed boundary value problem on
the half-line corresponding to diffraction by a perfectly
reflecting half-plane. Here the two-dimensional wave
function must meet a Neumann condltion on the positive
X-axis and a Dirichlet condition on the negative x-axis.
There are many other interesting mixed boundary problems
on the half-line. We refer to the book by Noble [10]
for a survey and account of these.

The diffraction problem for a quarter-plane
generalizes the half-plane problem of Poincare-Sommerfeld.
Consider the perfectly absorbent quarter-plane. In this
case a solution of the three-dimensional reduced wave
equation is required to meet a Dirichlet condition on the
quarter-plane (xl >0, x5, > 0, Xg = 0) and a Neumann
condition on the complementary three-quarter-plane
(xl < 0Ux,< 05 Xz = 0). Physically, this is a three-
dimensional mixed boundary value problem. It presents
considerable mathematical difficulties. It remained an
open problem until quite recently. Then it was shown
(Radlow [11], [13]) that the problem can be reduced to a
function~theoretical problem of a two variable Wiener-
Hopf type, and that this problem can be solved by a
generalization of the Wiener-Hopf method from one to two

complex variables.



Our purpose here 1s to show that the two-variable
Wiener-Hopf method of [11] and [13] can be applied to the
problem of diffraction by a perfectly reflecting quarter-
plane. In this case the mixed boundary value problem is
to find a three-dimensional wave function which meets a
Neumann conditlon on the gquarter-plane and a Dirichlet
condition on the complementary three-quarter-plane.

Our analysis will be organized as follows. In
Section 2 we summarlze relevant notlions of the theory of
two-dimensional Laplace transforms and of functions of
two complex variables. In Section 3 we state our mixed
boundary value problem. We then apply the ldeas of
Section 2 to show (Section 4, 5) that the problem is
equivalent under two-dimensional Laplace transformation
to a function-theoretical problem of solving a transform
equation involving four unknown functions of two complex
variables.

Probably the most significant feature of the
Radlow generalization [13] of the Wiener-Hopf method is
that the solution of the transform equation requires not
one factorization lemma (as in the one variable case) but
two factorization lemmas. The first one is a direct
generalization of the factorization encountered in the
one variable case. The second lemma is concerned with
the analyticlty domain of certain products of these fac-

tors taken two at a time.



We state and discuss the two factorization lemmas
in Section 6. Then we make use of the lemmas to solve our
mixed boundary value problem. The theorem proved in
Section 7 yields an explicit unique solution to the prob-
lem. The uniqueness proof makes use of a recent result
by Douglas and Howe [5]. In Section 8 we consider the
behavior of the solution in the limits Xt and

X, =+ + o, Physically, we expect the solution to reduce

2
in these limiting cases to the solutions for the per-
fectly reflecting half-planes Xo > 0 and X > 0,
respectively. We show in Section 8 that this expectation
is borne out. Finally (Section 9) we obtain results for
the behavior of the solution and its normal derivative as

- - R
r = (xl + x5 + x3) - 0.



SECTION II

TWO~VARIABLE ANALYTIC FUNCTION THEORY
AND DOUBLE LAPLACE TRANSFORMS

The analysis used in solving our diffraction
problem 1s carried out in the product space of two com-
plex varlables sJ = uJ + iVJ, J =1, 2. For brevity, we
shall frequently write x = (xl, xg), s = (Sl’ 32) ete.
In particular, this allows us to make use of the scalar
product notation s.x = 51X + 5,5%X5.

Certaln definitions and theorems which are
pertinent to the function-theoretical method presented in
the following sections may now be stated for future
reference.

DEFINITION 2.1: Let D be a domain in the U Uy
plane. The set

T(D) = {s: ueD -l vy < ]}

is called a tube with basis D.
DEFINITION 2.2: Let F(s) be analytic in the tube
T(D). For each fixed u € D, the L -norm (m =1, 2) of
the function F(u + iv) is defined by
© o 1/m
1F(u + iv)“m = [} [ |F(u + iv)lmdvldvé]
0000 .
A function F(s) is said to be bounded in L -norm for
u ¢ S C D provided that
IF (s + 10)]l, < o



for each u € S. Moreover, a function F(s) is uniformly
bounded in L -norm for u € S C D if there is a constant
M > O such that

IF(u + 1v)ll < M

for all u € S.
We now state a basic theorem due to S. Bochner
[2] on which the Wiener-Hopf method for two complex
variables is in part based.
THEOREM 2.1: Assume that F(s) 1s analytic in a
domain D containing the tube T(D) with basis
D = {u: ay < uy < Bj}
and let F(s) be uniformly bounded in Ly-norm for u e D.
Then for s € T(D), Cauchy's integral formula yields the
unique additive decomposition
i
F(s) = = Fn(s) (2.1)
n=1
where Fn(s) is analytic in the tube T(Dn), the bases D

being given by

o
It

{u: U, > al, u2 > a2],

|

D2 = [u: u < ﬁl, u2 > ae}’

|

D3 = [u: ul < Bl’ u2 < 62]’

w,
=
i

[u: ul > al’ u2 < 52]5

and where Fn(s)-* 0 as |uJ| —+ o (j =1 or 2) in their
respective tubes of analyticity. The functions Fn(s) are

glven by



+1 F(z)dz.d
F_(s) = 1:1125_ [ I B E:))?; fg ) (2.2)
(2m1) ol 17172 2

where Fnjvdenotes a vertical contour from an - 1o to

an + leo in the zj-plane with
a, if n=1, 4 a, 1If n =1, 2
l 3 E
Yy = 5 Ve =4 ° (2.3)
Bl ifn=2, 3 Bo ifn=3, 4

Proof: Let R, denote the boundary of a positively

1
oriented rectangle with vertices a; + ip;, By + ip,

(p1 > 0). Then for s, inside R

1 12 Cauchy's formula gives

Bytipg i f51+1pl } fal+ip1 . fBl—ipl F(zy, s5)
Bi-ipy  agtipy  og-ipy oq-ipy

= Il - I2 - 13 + 14.

We wish to show that
P tm  Iy(py) =0 , J=2, K
1
Since the mean value theorem for integrals gives

2t
[ 1ry(allaa =]z 4(m)

o

T&(t) =

for some m ¢ (t, 2t), it is sufficient to show that

lim I, (¢) =0 , J =2, k,
t— o J



For t > 2|v we have that

15
2t
IT,(8)] < U |1,(a) |da

B, 2t |F(p+ia, s,)|

1
<% él s [s] - p - id]

dadp.

An application of Schwarz's inequality to the inner
integral yields

IT,(8)] <
S L
1 B[t » TE[ et a0 2
£/ [ |P(p+iq, s,)|%aal {[ 5| ¢ dp.
oy t t |sl - p - iq|

By our assumption on ¥, the quantity in the first square

bracket is bounded on [al, ﬁl], say less than M. Also,

1 _ 1 ‘
z = 2 7 <
[s; - p - 1al®  (u;-p)® + (vy-q)

1 1 4

(av)? (e 2

and hence
IT,(6) | < 2m(py-op) /672,

Consequently,

1lim I.(t) =0
t = o J

for j = 2, and a similar argument ylelds the result for
J = 4. Letting py — », we thus obtain the additive

decomposition



Byt Q. +1w F(zl, s2)

oMiF(s) = (f - f . dz
By -1 a, -1 (z1-5,) 1 (2.4)

= G(s) + H(s).
Now let R, denote a positlvely oriented rectangle

2
with vertices a, + ipy, By, + 1py (py > 0). For s, inside

R2, Cauchy's formula again glves

oMiG(s) = [ &lsy, 2p) a
S = VA =
R, (z5-s,) 772
Botlp,  Botipy  Gptip,  Bomlpy) Glsys 2Zp) N
ZA=S 2
By-lp, Gntlpy, @pmlpy G,-lpg 2755
=J) - Ty - T5+ Ty

As before we can show that the second and fourth integrals
vanish as pz-* o and the same procedure applles to the
function H(s) in (2.4). We conclude that F(s) may be
additively decomposed as in (2.1) with the functions
Fn(s) given in (2.2).

Let us check that Fl(s) is analytic in T(Dl) as

asserted. For s ¢ T(Dl)’ Schwarz's inequality gives

(zJ = ay + 1yj)




10

F(z)dz,dz, fmfm |F(z)|dyldy2

(zl-sl)(ze-SQ) S —00 =00 I(Zl'sl)(ze'sg)'

[ ]

11

L
2

dy;dy,

<WFGa + a9y |1 f

—oo=00 l(Zl-Sl)(Z2-82)|2

= W lIF(a + 13) [y (ug-aq) F (uyma,) 2.

Since this last quantity is bounded for uJ - aj > € >0,
we have that Fl(s) is analytic in T(Dl). A similar
argument shows that Fn(s) is analytic in T(Dn) for
n =2, 3%, 4 as desired.

The uniqueness proof may be found in [7]. It is
based on the requirement that Fn(s)-* 0 as |uJ| - ®
(j =1 or 2). Clearly, the functions given in (2.2)
satisfy this condition.

Before stating a useful corollary to the above
theorem, it is convenient to introduce the notations

OESNOREROF (2.5)

il

F2+(S)

Fl(s) + F2(s).

Also, let A, and Bj denote vertical contours from aJ - i

J

a, + io and from BJ - ieo to ﬁj + 1o, respectively.

J
COROLLARY 2.1: If F(s) satisfies the conditions

of theorem 2.1, then

1 F(zy, sp)
F1+(S) = §ﬁT fA —TEE:EIT— le, (2.6)

1
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1 F(sy, zp) |
F2+(S) = ST fB2 W d22 . (2-7)
Furthermore,
[Fl+(S)]2+ = [F2+(s)]1+ = Fy(s). (2.8)

Proof: As in the derivation of (2.4), Cauchy's
formula gives
F(z,, z,)
1 1’ %2
F(Zl’ 32) = oL fA - fB —TEE:EET— dZ2 . (2.9)
2 2
Now multiply both sides of (2.9) by l/éﬂi(sl-zl) and

Integrate over Al to obtain

F(z., s,)
1 1’ Sp
ST dz, = (2.10)
o7 fAl (5,-27) %1
F(z)dz,dz
1 2927
(2n1)§ fAlfAE IAlfBz (z)-81)(25-8,) °

By Schwarz's lnequality, both of the iterated integrals
on the right side of (2.10) converge absolutely. Thus
Fubini's theorem (see (9], p. 155) implies that the order
of integration may be interchanged. Equation (2.6) now
follows from (2.5) and theorem 2.1l. The verification of
(2.7) i1s analogous.

To establish (2.8) we note that

1 Fl+(sl’ Z5)
[F1+(S)]2+ = B5T1 IAQ (52-22) dZ2 =
F(z)dz.dz
1 1772 7= Fl(s)

(2m1) "a,'a; (21731)(22755
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and a similar computation yields the second half of (2.8).

We can put theorem 2.1 in a slightly more general
form.

THEOREM 2.2: Let D be a convex domain in the
ulue-plane which contains the origin and assume F(s) is
analytic in T(D) and uniformly bounded in L2-norm on
compact subsets of D, Then for each u € D, Cauchy's
integral formula gives the unique additive decomposition

4
F(s) = = Fn(s) (2.11)
n=1
where Fn(s) is analytic in the tube T(<D U qn>) with q

denoting the nth quadrant of the u ~-plane and the

1Y2
brackets < > indicating the convex hull of the set
enclosed.
Proof: We may cover D with a countable number of
closed rectangles
D, = {u: U g_uj < Bkj]’
J=1, 2, k=1, 2, -+, For each domain Dk’ we may use
theorem 2.1 to write
y
F(s) = = Fkn(s) , S € T(Dk).
n=1
Since the functions Fkn(s) are unique, for each fixed n
they constitute analytic continuations of each other.
Hence F(s) has the representation (2.11) with each Fn(s)
being analytic in a tube T, containing T(D) and clearly

T = T(<D U q>).
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We shall have occasion to use the restricted two-
dimensional Laplace transformation £n defined for
n=1 2, 3, 4 by
Fn(s) = Ln[f(x)] = fo f(x)exp(—s-x)dxldx2 (2.12)

n
where Qn denotes the nEE-quadrant of the xlxe-plane
(hereafter written X) and f(x) vanishes outside of Q.- A
basic theorem concerning the existence of Fn(s) is the
following:

THEOREM 2.3: 1If

[f12(x) Jexp(~y, - x)dx,dx, < o

where vy, = (ynl’ yne) (see (2.3) for the definitions of
an)’ then £n[f(x)] converges absolutely and uniformly in

the tube T(Dn). Consequently, Fn(s) is analytic in T(Dn).

Now let us turn our attention to the Laplace trans-

form over the full xlxg-plane,

F(s) = £[f(x)] = f&:f(x)exp(—s-x)dxldxe.

If £(x) vanishes outside Qs then clr(x)] = £n[f(x)] and
the content of the preceding paragraph applies. In case
f(x) does not vanish on any quadrant Q,, we introduce

the functions
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£,(x) = £(x)e(x))e(x,),
f,(x) = £(x)e(-x,)e(x,),
2 1 2 (2.13)
f3(x) = f(x)g(—xl)g(—xz),
£y (x) = £(x)e(x;)e(-x5),
where g 1s the Heaviside function
0O 1f x,< 0
J
g(xj) =
1l if x, > O.
J
This allows us to write
(x) : (x)
f = I T R
X 2 X
and therefore,
4
Lif(x)] = = £n[fn(x)]. (2.14)

n=1

The next theorem will aid us in obtaining a
functlion-theoretical equivalent of our mixed boundary
value problem.

THEOREM 2.4: (see [3], Chapter VI, 8, 9)
Let f(x) be a measurable function on X. If, for each
u e D,

£ (x)exp(-u-x)|l < o

for m = 1, 2, then F(s) = £[f(x)] 1s analytic in T(D) and
bounded in L _-norm for u e D. Conversely, if F(s) is
analytic in T(D) and bounded in Lm-norm for u € D, then

there exists a unique inverse,
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£(x) = £7HF(s)] = (2117)2 [ ] F(s)exp(s-x)avyavy,

which 1s lndependent of u.

Remark: This theorem 1s also true for m = 2
only.

We now state two convolution theorems.

DEFINITION 2.3: The convolution of the functions

f and g is the function
(fxg)(x) = f&:f(ﬁ)g(x-ﬁ)deldeg-

The operation * is commutative:
f+*g = g*f,
THEOREM 2.5: (see [8], p. 10) If
£ (x)exp(-u-x){l; < = and [lg(x)exp(-u-x)|l | < = for

m=1 or 2 and some u = (ul, u2), then

slexgl = olflelsg].
It is worth noting that additive decomposition
(2.1) is a consequence of our second theorem on
convolution.
THEOREM 2.6: (see [8], p. 10) If
l£(x)exp(-¢-x)ll, < » and [lg(x)exp[-(u-¢)-x]ll, < = for

some u = (ul, u2), £ = (gl, ge), then

clrgl = elfl«elel,
that is,
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fmf°° f(x)g(x)exp(-s-x)dx,dx, =

2
—00~00

L[ [ F(z)a(s-z)dz,az

PPN
(2mi) rry

2

where PJ denotes a vertical contour from gJ - 1= to
EJ + ieo,

To see that additive decomposition (2.1) follows
immediately from this result, let g(xj) be the Heaviside
function and define fn(x) as in (2.13). Then by (2.1%)

and theorem 2.6,

4
F(s) = elf(x)] = 2z e lr ()]
_ ; (_1)n+l I, F(z)dzld22
" one1 (emi)? por . (Zp7sp)(znmsy)
- n2 nl

as desired.

Our last theorem in this section is an
asymptotic result.

THEOREM 2.7: Let f£(x) be a function of the real
varlable x and denote i1ts one variable Laplace transform
by F(s). If F(s) has a unique singularity s = s, with
greatest real part that is either a pole or an isolated
essential singularity, then

£(x) ~ Res e3*F(s) (2.15)

8 =8
0

as X —+ 4w,
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The proof of this result may be found in [15]
(pp. 99-100). In particular, if s, 1s a simple pole,
then (2.15) may be written as
-8

x
lim e © £(x) = 1im (s-so)F(s). (2.16)
X = 4w s =8,

In the case s = O, (2.16) is sometimes called the final

value theorem.



18

SECTION III
STATEMENT OF THE PROBLEM

We consilder a plane wave which is incident on the
quarter-plane x; > 0, x; > 0, Xz = 0. The incldent wave
¢o is given by

¢o(x1, Xps x3) = exp(-alxl -~ ayX, - a3x3) (3.1)
where a) = ik sin ao cos ﬁo, ay = ik cos ags
ag = ik sin a_ sin B with k = p - iq (p >0, @ > 0) and
ogagn/e,ogaogn/z.

If the total wave field is ¢, = ¢ + {_, then the
scattered wave ¢ is a function which satisfies the reduced

wave equation

(V2 + k2)b = O (3.2)

for -w < X, £ o, = < X5 < o, x3 > 0.

In the case of a perfectly reflecting quarter-
plane, the boundary conditions that ¢ must satisfy on the

xlxe—plane are

%%‘ = a5 exp(-a;%) - asx,) (3.3)
3|, o
3
for (x;, %,) € Qp;
‘b(xls X2, O) = 0 (3'4)

for (xl, x2) € X~ Q.
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In order to obtain a functlon-theoretical
equivalent of our mixed boundary value problem and insure
uniqueness, we require that the functions
r-d)(x, 0) if x € Q
£(x) =1
0 if xe X~ Ql

and

a, exp(-a-x) if x ¢ Q

3
i

satisfy the conditions
£ (x)exp(-u-x) || < o (3.5)

g(x) =

|

if x e X ~ Ql

x3=0

for uJ > —Reaj, m=1, 2;
lle(x)exp(-u-x)ll, < w (3.6)

for uy > —ReaJ N ui + ug < q2. In particular, f£(x) is

absolutely integrable and square integrable while g(x) is
square integrable,.

It is.customary in diffraction theory to require
that the diffracted field satisfy Sommerfeld's radiation

condition

lim r(%% + ikd) = O,

r = o

1
where r = (x? + xg + xg)z. Since k is complex, we may
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replace (see [1], pp. 154-155) the above condition by the
requirement that ¢ be outgoing at infinity. This means
that § must have the behavior of exp(-ikr)/r for large r.
We note that this requlrement 1s implicit in conditions
(3.5), (3.6). Thus we need not make an independent
requlrement of the radiation condition. The solutlon we
construct will, in fact, be outgoing at infinity. This

is verified in Section 7: see the remarks following

equations (7.7), (7.8).
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SECTION IV
SEPARATION OF VARIABLES AND INTEGRAL EQUATIONS

Karp [6] has shown how to deduce one-variable
Wiener-Hopf transform equations by the method of separa-
tion of variables. The method can be generalized to the
two-variable case. To obtain a solution of (3.2) by

separation of variables, set
d)(xl’ X2, X3) = Xl(xl)xe(XQ)x3(x3)'
The wave equation now becomes

1 2 _

X"+ ——-X" + o 1 XY+ k

0
Xl i 2 2 3 )

which gives
X; = exp(slxl), X, = exp(sexe), X3 = exp(x3/2K(s))

where s, = u, + 1iv

J

are the separation constants and

J J

2
2

K(s) = 3(sF + 55 + k%)%,

the branch of K(s) being determined by the choice

Re K(s) < 0. The function K(s) is analytic in the tube
T(D) with basis

2. .2 2
D = {(u: u; +u; <4q }

and for sufficiently large values of Isf + sgl with

s € T(D),

K(s) = O[(s + 32)-5]
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The separation solutions are thus seen to be

¢(xl, X5 x3) = exp[s.x + xB/?K(s)] ‘4.1)

and upon multiplying the right side of (4.1) by
F(s)/(2ﬂ)2 and applying the principle of superposition,

we obtain

(p(xl’ xz: XB) =
(4.2)

f f F(s)exp[s-x + x3/2K(s) dv,dv,.

=00 =00

(211)2
This formal solution of (3.2) is recognizable as the in-
verse Laplace transform of F(s)exp[x3/2K(s)] and boundary
condition (3.3) will be met provided that

%2_ (2ﬂ)2 f f —%%2% exp(s-x)dv,d (4.3)

>

X, =

3

a exp(-a-x)

for x € Q) whereas condition (3.4) requires that

d(x, 0) = f f P(s)exp(s.x)dv 19V, (4.4%)

(21 )2 oo

for x € X ~ Q;. The requirement that $ given in (4.2)
satisfy boundary conditions (3.3) and (3.4) is thus seen
to be formally equivalent to requiring that F(s) satisfy
the dual integral equations (4.3) and (4.4). The dual
integral equation formulation of the one-~variable
Wiener-Hopf problem dates back to Karp [6]. See [13]

for the extension to two variables.
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SECTION V
THE FUNCTION-THEORETICAL PROBLEM

We now show that the mixed boundary value problem
of Section 3 is equivalent to the function-theoretical
problem of determining the unknown function F(s).

THEOREM 5.1: The function ¢ given in (4.2) sat-
isfies requirements (3.1) through (3.6) of our mixed
boundary value problem if and only if:

(1) F is analytic in T(A) and bounded in L -norm
(m =1, 2) for u € A.
(1i) The first term in the additive decomposition

of F/2K is
-1
)

_ -1
[F/QK]1 = a3(sl + al) (s2 + a,
Proof: Assume that ¢ given in (4.2) meets the

requirements of our mixed boundary value problem. Let

F(s) = f£ f(x)exp(—s-x)dxldxe.
1

In view of (3.5) and theorem 2.4, F(s) satisfies condition
(1).

Next, we show that Btb/Bx3 at Xz = O may be calcu-
lated from (4.2) by differentiation under the integral
sign. Choose € > O and take X, 2 2€. Since
Re[K(s)]_l < 0, we have

|F(s)expliv.x + x3/2K(s)]| g_IF(s)Iexp{eRe[K(s)]-l].
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Schwarz's lnequality and the boundedness of F(s) in

L2-norm now ylield

[ 1 IP(s)expleRelk(s) ] M av,av, <

IF(u + 1v) Il llexpl eRe[K(u + 1v) 171 l, < w.

Thus the double integral in (4.2) converges absolutely
and uniformly for -« < X < w, = < X < oo, x3 > 0., 1In

particular, we conclude that
%%— = —s f f —%%2% exp(s. x)dv av,,
(2H)

3
which defines B¢/Bx3 at x

x3=0
3 = 0 as the inverse Laplace
transform of F/2K. Thus by (3.6) and theorem 2.4, F/2K

1s analytic and bounded in L2-norm for u e AN D. Conse-

quently, theorem 2.2 lmplies the existence of the unique

additive decomposition

y
ot = 3 Gy(s) (5.1)

with the functions Gn(s) being analytic in their respec-
tive tubes T(<(A N D) U qn>).

Now set
3
r 5%; if x € Qn
J x3=0
g, (x) =
0 if xe X~ Qn.
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Then

n
= 2 £ le,(x)] (5.2)

At - it

3

=0
*3
and upon comparing (5.1) with (5.2) we have by uniqueness
that
G (s) =& (g, (x)]
whence

[F/2K]} = G (s) = ag(s; +a;) 7 (s, +ap) ™"

Thus condition (ii) is satisfied.

Conversely, assume that F(s) satisfies conditions
(1) and (4i). Again, by dominated convergence, the first
and second partial derivativies of ¢ given (4.2) may be
computed by differentiation under the integral signs. We
conclude that § given in (4.2) is a solution of (3.2).

To show that ¢ satisfies (4.3) we note that the
first half follows by dominated convergence. Now consider
the function Gz(s) and fix S5 Then 62 as a function of

s, 1s analytic for u; < q and since G2(s1, 32)-+ 0 as

1
|sll —+ w, we have

Gy(s, 85) = O[l/%?]
for some 5 > O. Upon completing a straight line contour
from ul -ir to uy + ir by a semi-circle to the left,
applying Cauchy's integral theorem and letting r — +« we

obtain that
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o]

{m Ge(sl, sz)exp(s-x)dv1 =0
forn =2, 3, 4 and X, > 0,

The residue theorem now gives

g%_

3

a o ® exp(s»x)dvldv2
(2")2 oo (sl+a1)(52+a2)

X,=0

3

8 exp(-a-x),
for xJ > 0 as desired.

Since F(s) satisfies condition (i) there exists

a measurable function f(x) such that -
-1
£(x) = £77[F(s)]

(5.3)

(2;)2 {:{: F(s)exp(s x)dvldvz.

But the analyticity of F(s) in T(A) together with Cauchy's
integral theorem imply that f(x) = O for x € X ~ Q.
Furthermore (5.3) implies that £(x) = ¢(x, 0) and
therefore, (4.4) is satisfied. Requirements (3.5) and

(3.6) are also met in view of theorem 2.4,
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SECTION VI
FACTORIZATION OF K(s)

Our solution depends on the factorization of

K(s) as
i
K(s) =5 TT Ks) (6.1)
n=1

where the functions Kn(s) are required to be analytic and
nonvanishing in their respective tubes T(<D U qn>). This
factorization is precisely the one given by Radlow in
[11] and generalizes the usual Wiener-Hopf factorization

from one to two complex variables. The result is that
k
- -1 (2)
Kn(s) = exp[jE f kJ:n[Ho (kr)]d%}

where Hég)(kr) = Jo(kr) - iNo(kr) is the Hankel function
1
of the second kind and r = (xi + xg)z. The transform

£1[H£2)(kr)] is given explicitly in [14] with the result

being
2) 1
£ (152) (kr) ] = .
1" 2 2 2
s1 + 32 + k
s . s
-1 + 1 O.+-g%-log82> + 2 1+ 2l 1ogS1
2 L 2 2 . 2 n
S5 + Sy
where
sJ + 32 + k2
SJ = k .
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If we set H_(s) = £n[H£2)(kr)], 1t follows that

HQ(sl’ 32) = Hl(-sl’ 32), H}(sls 32) = Hl(-sl’-s2)’

H4(sl’ 32) Hl(sl,-se).
The fact that Kn(s) is analytic in T(<D U qn>) is
a consequence of theorem 2.6. For example, 1f we set

h(x) = H(e)(kr) and g(x)

i

1 for Xy > 0 and zero other-

wise, then

H(z)dzldz2
(2)-8,){25-5,)

1

(2m1)° P2£1

£, 182 (1ir)] = clng]

where (see [11]) H(s) = &£[h(x)] = —41/(s§ + sg + k2) and

FJ denotes a vertical contour from yJ - 1= to yj + Jeo
with vy > -q. Since H(s) is analytic in T(D) and bounded

in L.-norm for u € D, it follows that £ [Hée)(kr)] is

2 1
analytic in T(<D U qn>) because it is the first term in
the additive decomposition of H(s).

The growth estimates given for Kn(s) in [13] are

K (s) = of(s? + s2)71/% (6.2)

with validity for large Isf + sgl and s e T(KD U q.>).

The second major result concerning the factoriza-
tion of K(s) is again given in [13]. It is shown that
Hy, + Hy = -21ig,[N_(kr)] = -21g) [N_(kr)]. (6.3)

The arguments given in [13] (see also [12]) establish
that SQ[NO(kr)] is analytic in the tube T(D2 n q2) with
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Dy = (u: uy - uy; >4},
whereas £4[N0(kr)] is analytic in the tube T(Du n qu)
wlth

D4=[u: ul-u2><1}.
Observe that the tubes T(D2 N q2) and T(D4 N qu) are dis-
joint but both of them have a non-empty intersection

with T(D). We now denote

k
exp({-% [ k£2[No(kr)]dk , (6.4)
i

Koy (s)

p—

K42(s) exp

k
32 f k£4[No(kr)]d%j . (6.5)

Clearly Ke(s)KA(s) is analytic in T(D) whereas K24(s)

and Kug(s) are analytic in the disjoint tubes T(D2 N qe)
and T(D4 N qq), respectively. Moreover, according to
(6.3), the same analytical expression represents all
three functions. Hence thils analytical expression may be
considered as a function which 1s analytic in any one of
the tubes T(D), T(D2 N q2) and T(Du n q4). Our use of
the respective notations Kz(s)Ku(s), K24(s), K42(s) will
indicate that we are considering the function in the
respective tubes T(D), T(D2 n q2), T(D4 n q4). We are
not allowed to continue analytically from one of these
tubes to another. But we can, for example, interpret
Kg(s)K4(s) as eilther K24(s) or K42(s) provided we have
made no prior determination of the tube of analyticlity in

which we are working.
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In the next section, we will need to apply the
ldeas set forth in the preceding paragraph. Specifically,
we will need the fact that K2(sl, -a2)K4(s1, -a2) may be
interpreted as K24(Sl’ +a2), that is, a function which is
analytic for uy < Rea2 - q. It is'clear from the last
paragraph that K2(s1, -a2)K4(Sl’ -ag) may be interpreted
as K42(sl, -ae). Moreover, we now show that K42(sl, —a2)
(and hence Kg(sl, -a2)K4(sl, —a2)) may be interpreted as
Koy (sqs ta,). Recall that Ky,(s;, -a,) is defined in
(6.5) by means of

ff%No(kr)eXp(-slx1 + a,%,)dx, dx,

while K24(sl’ +a2) is defined in (6.4) by means of
[f No(kr)exp(-slx1 - a2x2)dxldx2.

Q
The two double integrals yield precisely the same
analytical expression, since K42(Sl’ —az) by definition
has u; > q - Rea,, while K24(Sl’ +a2) by definition has
u; < Rea, - q. This is why Ke(sl, _al)K4(sl’ -ae) can
be interpreted either as K42(Sl’ -a2) or K24(Sl’ +a2).
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SECTION VII
THE SOLUTION

We now make use of the factorization lemmas of
the last section to determine the unknown function F(s).
The result is a unlgue closed form solution to the mixed
boundary value problem of Section 3.

THEOREM 7.1: The unique function ¢(x1, Xps x3)
meeting conditions (3.1) through (3.6) is

d)(xl, Xe: X3) =

o (7.1)
(2;)2 [ ] F(s)expls-x + x3/2K(s)lavyav,
where
F(s) = 1a5P(s)/Q;(s) (7.2)
and
P(s) = K (s)Ky(-ay, sp)Ks(-ay, -ay)Ky (s, -ay),
Q,(s) = (51 +a;)(s, + 8y).

Proof: It must be shown that F(s) given by (7.2)
satisfies conditions (i) and (i1) of theorem 5.1. First
we show that F(s) is analytic in T(A). Clearly Ql(s) is
analytic in T(A). The function P(s) is analytic in the
tube T(B) with basis

B = {u: u, > 'bj]

J

=q° - (Rea1)2 and bJ > 0.
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To see this, consider the factors on the right side of
(7.2.1): K,;(s) 1s analytic in T(<D U q;>); K,(-a;, s,)
is analytic for u, > -b,; KB("al’ -a2) is a constant;
K4(sl, -a2) is analytic for u; > -b; and the intersection
of these analyticity domains in T(B). Since A C B, it
follows that F(s) is analytic in T(A). 1In view of growth
estimate (6.2), F(s) is bounded in L -norm (m =1, 2) for
u e A,

It remains to be shown that the first term in the
additive decomposition of F/2K is a3(s1 + al)-l(s2 + a2)-l.
To this end divide both sides of (7.2) by 2K(s) and make
use of factorization (6.1) to obtain

FES% Ko(-a1, sp)K5(-ay, -a5)K)(s), -ay)
K(s] = %3 Tsy ¥ 81) (5, + 8p)Ka(s)K,(s)K(s) (7.3)

Now multiply both numerator and denominator of the right
side of (7.3) by K2(sl, —az) to get

_jiga} -
2k{s (7.4)

a K2("al: 82)K3(-a1’ _ae)Kz(Sl: ‘ag)K)_}(le 'ae)
3 (sl + al)(s2 + a2)K2(s)K4(STK3(s)K2(s1, -a2)

and consider the function K2(s1, -a2)K4(sl, —a2) which
appears in the numerator on the right side of (7.4). 1In
the present argument, we have not yet discussed the
analyticity domain of this function. Thus we are at
liberty to choose from among three alternatives: (i) we

can consider it as K2(s)K4(s) evaluated at s, = -a,; (11)
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we can consider it as K24(S) evaluated at s, = +a, (see
the last paragraph of Section 6); (i1ii) we can consider
it as K42(s) evaluated at s, = -a5. In other words, the
function can be regarded as having analyticity domain:
(1) Iull < by; (11) u; < Rea, - q or (111) u; > aq - Rea,.

For present purposes, we choose alternative (ii)
and write

Kg(slﬁ —aE)Kll(sl’ -ae) = K24(Sll +a2) (7-5)
meaning that the same analytical expression may be inter-

preted as the left side or as the right side.

Making use of (7.5), we rewrite (7.4) as

Fi{s) _
2K=s; -

X K2(—a1, s2)K3(-al, -ag)K24(sl, +a2)
3 (s1 + al)(s2 + a2)K24(s)K3(s)K2(Sl, -a2)

(7.6)

The right side of (7.6) is analytic in the tube T(C) with
basis (see Figure 7.1)

except for a simple pole at 8, = -a
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FIGURE 7.1

Yo

To see that this is so, consider the factors on the right
side of (7.6): the functions KE(-al, 32), K24(Sl’ +a2),
K24(s)’ K3(s), K2(Sl’ —ag) are analytic in
uy > =by, uy < Rea, - q, T(Dy Noay), T(KD U az>), uy < by,
respectively. The intersection of these analyticity
domains is T(C).

Let Pl denote a vertical contour from Yy - ieo to

v, t 1w with Y1 > - Rea,. Then the residue theorem

together with (2.6) and (7.6) ylelds
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F(z,, s,)dz
_ 1 1’ P2/7" _
[F/QK]1+ T an gl 2(sl-z1)K(zl, s2) -

F(Zl’ 32) _
2(sl-zl)K(zl, 32) -

Res

(zI+al)F(zl, 52)

lim - =
2(sl-zl)K(zl, 32)

i s |

K3(-al, -ae)Keu(-al, +a2)
3 (sl+al)(sé+a2)K2(-a1, -aQ)KB(Fal, 52)K4(-a1, s2)

a

This last expression is analytic for U, < b2 with the
exception of a simple pole at 8y, = =85 Let F2 denote a
vertical contour from Yo - i1e to Yo t 1o with Yo > - Reae.

Then the residue theorem in conjunction with (2.7) and

(2.8) gives
[F/2K], = [(F/’eK)l+l2+
a1 [F(s,, 2z,)/2K(s, Ze)]l+
2§ ) dz,

-1 -1
aB(Sl + al) (s2 + a2) .
We have used the fact that (7.5) holds for sy = -2a;.

We now proceed to show uniqueness. By dominated

convergence, the right side of (7.1) may be written as

6 1 1w deo
ax3 [;2“1)2 {iw{iw 2F(s)K(s)exp[s-x + x3/2K(S)]dslds%]



36

and applying theorem 2.5 to the above bracket, we find

that
(b(xl’ .'X.2, X3) =
- ﬁﬁ-ggg [ £(y1595) expl-2kR) gy ay, (7.7)
where
1
R = [(xl = y1)2 + (x2 - y2)2 + X%]a (7-8)

and f = ££1[F]. The physical interpretation of (7.7) is
that the diffracted field results from a distribution of
point sources with density f(x) over Q. Also, in view of
(7.8), ¢ is outgoing at infinity.

If x; = O and x; € Q;, then (7.7) takes the form

5 =
fg £(y)u(x - y)ay,dy, = g(x) (7.9)
1
where
1 0 |exp(-ikr
X(x) = - 57 5 [;Jﬁé———%] (7.10)
E X,=0
3
.2 2 2\% _
with r = (xl + X5 + x3) and g(x) = az exp(-a-x). Douglas

and Howe [5] have recently shown that a Wiener-Hopf
operator on the quarter-plane is invertible if its symbol
doesn't vanish. The symbol in our case 1is simply the two-
dimensional Laplace transform of the kernel X(x) of

(7.10). Since
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1 o exp(-ikr)
el - I ij r

] = exp[x3/?K(S)],

we see that £[¥(x)] does not vanish in T(D).

Now suppose that Fo(s) is another solution of our
transform equation (5.1) and let fo(x), correspondingly,
be a second solution of integral equation (7.9). If we
set h(x) = £(x) - fo(x), then

JI na(y)x(x - y)ay,dy, = O
L3
and since our Wiener-Hopf operator is invertible we

conclude that h(x) = 0. Thus our solution is unique.
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SECTION VIII
COMPARISON WITH HALF-PLANE SOLUTIONS

The purpose of this section is to show that our
diffraction problem for the quarter-plane 1s asymptot-
ically equivalent (when Xy approaches infinity) to
diffraction by the perfectly reflecting half-plane Xq > 0.
The corresponding result for the half-plane X5 2 0 1is
also true. We treat the case of the half-plane X 2 0
in detall and indicate the results for the half-plane
X5 2 0.

Consider a plane wave (3.1) which is incident on
the half-plane Hl: Xq > 0, -o < ) < o, x3 = 0. The
field ¢1 scattered by this half-plane is clearly of the
form

by (15 X5 %3) = exp(-ayxy)¥y (%), %5)

where wl is the solution of the followlng boundary value

problem:
2 2
0%y 0%y
21 + 21 + kiwl = 0, (8.1)
Bxl X5
2 _ 2 2 - - .
for -w<x1<oo, x3>0, kl—k +a2, Iﬂﬂ(l-— ql<o"
oy
ax_l = 3,3 exp(-alxl) (8-2)
3 Xx,=0

for Xq > 0;
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¥;(xy, 0) =0 (8.3)
for Xq < 0;

00

é [y (x5 O)Imexp(-ulxl)dx1 < » (8.4)

for uy > - Real, m=1, 2;

2

0) exp(-ulxl)dx1 < (8.5)

for u; > - Rea; N |u1| <a.

The Sommerfeld radiation condition for Wl is

S M
. ¥i@m ry (BFI + 1kwl) = 0,
1

- (x2 2y8
where r; = (xl + x3) .

The above boundary problem may be solved using
the one variable Wiener-Hopf method. We include some of
these details. The wave equation (8.1) possesses
gseparation solutions given by

wl(xl, X33 sl) = exp[s X, + x3/2K( , -a2)] (8.6)
and upon multiplying the right side of (8.6) by F+(sl)/2ﬂ
and using superposition, we obtain

Yy (%95 %3) =
(8.7)

00

éL f +(sl)exp[s Xy + x3/2K(sl, —ae)]dvl.
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This formal solution of (8.1) will satisfy boundary con-
dition (8.2) provided that

oy 00 F (s,)
1 _ 1 £
3%, = an [, ey, agy SP(sm)dn
*5=0 (8.8)

az exp(-alxl)
for Xq > 0. Also boundary condition (8.3) will be satis-

fled if

wl(xl, 0) = 5% [ F+(sl)exp(slx1)dv1 =0 (8.9)
for X < 0.

Since
F+(Sl) = £+[1[/1(X1, O)] = j(;) Wl(xl, O)exP("slxl)dxl:

it follows from condition (8.4) that F+(sl) is analytic
and bounded in Lm-norm for uq > - Real. Moreover by
(8.5), F+(sl)/2K(s1, -a2) is analytic and bounded in L,-
norm for u; > - Rea; N |ul| < a;. Therefore, Cauchy's
formula may be used to obtain the unique additive decom-

position

F+(sl)

2K(sy “8g) ~ G, (s7) +G_(s;) (8.10)

where G+(sl) is analytic for u; > - Rea; and G_(sl) is
analytic for u; < q;. However, by (8.8) and (8.2)
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F (s,) w oY
+' "1 1

-1 0 a'll’l
a3(sl+al) + {w 5}; (xl, O)exp(—slxl)dx1

whence
_ ~ =1
G+(s1) = a3(sI+a ) .
Thus our transform equation (8.10) becomes

F,(sp)
2K(sl, -a2)

= ag(spra;) 7t + 6 (sy) (8.11)

where the unknown functions F+(sl) and G_(sl) are analytic

for u, > - Rea; and u; < q,, respectively, and F+(sl) is

1
bounded in Lm—norm for u1 > - Real.

The factorization of K(s) needed to solve (8.11)
1s decidedly simpler than the factorization required in
the case of the quarter-plane. In the present problem
we factor K(s) as

K(s) = 5 K, (s)K_(s)

s pa iy (8.12)
= %[sl+i(se+k )E]_i[sl—i(sg+k )2]72

whereas in the case of the half-plane H2: -0 < Xy < o,

Xy 2 0, Xy = O we would factor K(s) as

K(s) = 3 K*(s)K ™ (s)

11 1 1 (8’13)
- %[s2+1(s§+k2)5]"?‘[sg-i(sfme)?]'?.
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In (8.12), s, 1s fixed in the strip |u2| < q while in
(8.13), 849 is fixed in the strip Iull < q.
We now use (8.12) to rewrite (8.11) as

F (sq) K (s,,-a,)
+ 1 -\"107%2
K, (5,,8,) 3 (s;ra;)  © K_(8y,-2,)G_(s1). (8.14)

The additive decomposition

K_(le-ae) K_(—alﬁ“az) K_(Sl,'ag) = K_('als'ae)
(sy+ay) = (spta) ) + (s,*+a;)

allows us to rewrite (8.14) as

F (Sl) K_(-al,—ae)
E(sq) iK+?sl,-a2) - a3 (s,+2a;)

(8.15)

K~(Sly'a2) - K_('al’—aQ) + K_(Sl’-aQ)G“(Sl).

(SI+a1)

The second part of (8.15) is analytic for u, >ag =
max{-ql, -Real} while the third part is analytic for

uqy < Bl = 44 and this equation holds in the strip

@; < uy < By. Hence by analytic continuation E(sl) is an

entire function. Furthermore E(s,) is bounded and

1)

E(Sl) — 0 as u, = 4+, By Liouville's theorem, E(Sl) = 0.

1
Consequently,

-1
F (s) = ia3K+(sl,-a2)K_(-al,-a2)(sI+a1) . (8.16)
The solution for the half-plane H1 is therefore
q)l(xl’ xe: X}) =

( ) (8.17)
exp(-a,x ®
____?ﬁ#iié_ {w F+(sl)exp[slx1 + x3/'2K(sl,-a2)]dyl
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with F+(sl) given as in (8.16) and the corresponding

solutlion for the half-plane H2 is
4)2(x1: X2, XB) =
( ) (8.18)
exp(-a.,x 0
171 +
____Eﬁ___—-{w F (sg)exp[sex2 + x3/2K(—a1,32)]dv2
where

F+(s2) = ia3K+(-al,s2)K'(-a1,~a2)(32+a2)-l.

These solutions of the two half-plane problems may be con-

verted into expressions analogous to (7.7). Since

(o]

1
-3 I exp (-5 B Liey (F + x3)%lax, =

2K(sl,-ag)exp[XB/EK(sl,-ae)]
we have by the one variable convolution theorem that
¢l(xl’ X2: XB) =
(8.19)

T exp(-ax,) 3%; {j fl(yl)ng){kl[(yl-xl)2 + xgl%}dyl

with fl(yl) denoting the inverse transform of F+(s1).
The integral representation

exp(-agxg)ng)[kl[(yl-xl)2 + xg]%} =

o0 exp(a2y2 - ikR)
J R dy,
-0

=]

where R is given by (7.8) allows us to rewrite (8.19) as
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¢1(x1: ) XB) =

1 3 707 exp(-1kR)
" G f,é g, (vys ¥5) B dy,dy,

-00

with gl(yl, yz) = exp(-azye)fl(yl). Thus, as in the case
of the quarter-plane, the field produced from scattering
by the half-plane H1 results from a distribution of point
sources with density gl(xl, x2) over Hl’ By symmetry,

(8.18) may be written as

@2(X1, xe: X3) =

[oe}
exp(-ikR)
[ ealyys vp) =5 dy,dy,

00

1 3 fm
I 3x3 o
where gg(yl, y2) = exp(-alyl)fz(yg) and f2(y2) is the
inverse transform of F+(32).

We are now in a position to show that the field
scattered by the quarter-plane Ql behaves for large posi-
tive X5 like the field scattered by the half-plane Hl‘
That 1s, we must show that

f(xl, xe) ~ exp(—a2x2)fl(xl)

as x2--+m which is the same as

1im  exp(a x,)f(x,, %x5) = £,(x,). (8.20)
%y o o o¥p) %y, %5 1'¥1
To verify (8.20) we first prove that it is equiv-

alent to

1im (s2 + aQ)F(s) = F+(sl). (8.21)
Sp ™ -85
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Suppose that (8.20) holds and set
(o]
F(xl; s2) = {)f(xl, x2)exp(-32x2)dx2.

By (2.16),

lim exp(a x,)f(x,, x,) =
A pXp) T %y, X5

2 (8.22)

%i@ (s2 + aQ)F(xl; 52).

X

S2
Now multiply both sides of (8.22) by exp(-slxl), integrate
from O to », and use (8.20) to obtain

lim (s2 + ag)F(s) =

32 - -8.2

é fl(xl)exp(-slxl)dxl F+(sl).

Since the above steps are reversible (take an inverse
transform in s, and then use (8.22)), the equivalence of
(8.20) and (8.21) is established.

To show that (8.21) (and hence (8.20)) holds we

observe that straightforward calculations give

K, (s)Ky(s) = K, (s),
K2(S)K3(S) = K_(S), (8'23)
K, (s)Ky(s) = K'(s),
Kj(s)Ku(s) = K (s).

Making use of the first two equations in (8.23), we have
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im (s, + 8y)F(s) =

32 -+ -8.2

-1
iaBKl(sl,-a2)K2(-al,-a2)K3(-al,-ae)Ku(sl,-ag)(sl+al)
..l_
ia3K+(sl,-a2)K_(-a1,-a2)(sl+a1) = F+(s1)
as desired. A similar calculation which makes use of the
last two equations in (8.23) gives the corresponding
result for the half-plane H2:

lim exp(alxl)f(xl, xg) = f2(x2)'
=+ .00

X1
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SECTION IX
BEHAVIOR AT THE CORNER

In this section, we investigate the radial
behavior of our solution (7.1) near the origin. Since
the right hand side of (7.1) still represents the solu-
tion for uJ = 0, we may write

(b(xl: X2, XB) =
(9.1)

(2;)2 {:[: F(v)exp[iv.x - XBM(V)]dvldVQ

L
where M(v) = (vi + vg - k2)2 with choice of branch deter-

mined by ReM(v) > 0. Introducing the spherical
coordinates

X

r sin a cos B, Xy =T sin o sin B, X, = r cos @

3
(0<a < W/2, 0<B < 2N and the polar coordinates

1

V= p cos Yy, Vv, = p siny

(0 < vy < 2N) gives the relations

ip iy

Xy + 1x, = r sin ae™", v, + iv, = pe”?, (9.2)

1 2
Substitution of (9.2) into (9.1) yields

(I’, a, ﬁ) = _‘l— °
P (2m)®
.é é F(p,v)explipr sin a cos(B-y) - r cos a(p“-k“)2]pdydp.
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Now fix o and define the mean values

27
b (r, @) = 5 [ 8, a, plap,

1 21
F.(p) = 51 é F(p, v)dv. (9.3)
Using Hansen's integral (see [16], p. 20), that is, the
result

, 2T
s7 J  explin cos(p-y)ldp = J ()
0

N

we have that the two mean values are related by

¢m(r: d) =

(9.4)
L 1 F (p)expl-r cos al(p?-k?)¥17_(pr sin a)pd
a7 L Fa p)exp os a(p o{pr sin a)pdp.
The change of variable t = pr in (9.4) gives
l"eq)m(r, a) =
(9.5)
2 2 2\%
f F (—)exp[ -cos a(t“-rk )E]Jo(t sin a)tdt.
It is clear from (9.5) that
re(bm(r: CZ) ~
(9.6)

2" m(I,) f t exp(-t cos a)J_(t sin a)dt

as r =+ 0, But since the one varlable Laplace transform

of ¢ Jo(at) is s/(s2 + a2)3/?, (9.6) becomes

r2¢m(r, a) ~ cos % Fo (—) (9.7)



as r = 0O,

and average each side of (
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If we set

m/2
¢, (r) = %—fo/ O (rs a)do
9.

7) over the interval

0< a< N/2, we obtain

as r =+ 0,

r2p_(r) ~ 5 F,(3) (9.8)

Growth estimate (6.2) yields

and clearly

so that

for large p.

for small r.

give

and

as r =+ 0O,

P(p, B) = 0(p~2""

Ql(p: B) = 0(92)

F(p, B) = o(p /%) (9.9)
In view of (9.3) and (9.9)
R () = ot/ (9.10)

Since ®m(r)-+ ¢ as »r =+ 0, (9.8) and (9.10)

b = o(x>™) (9.11)
%% = 0(r'l/4) (9.12)



Estimates (9.11) and (9.12) tell us that the
scattered wave remains finite near the corner whereas
its normal derivative does not. In contrast, the
exponents given in [13] for diffraction by a perfectly
absorbent quarter-plane are 1/4 for the scattered wave

and -3/4 for its normal derivative.

50
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