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A B S T R A C T

Light H adron P rop erties  From  L attice  Q C D

by

PAEIKSHIT M. JUNNARKAR 
University of New Hampshire, September, 2013

The subject of this thesis is mainly concerned with dynamics of light quarks. The 

question that will be attempted to answer is, What is the quark mass dependence of low 

lying hadrons ? In particular, this work will focus on the quark mass dependence of mesons 

and baryons with the tools of lattice calculations and effective field theories.

The two and three flavor effective field theories are applied to pions and kaons respec

tively to study the quark mass dependence of their masses and decay constants. In addition, 

the phenomenologically interesting fx / is analysed in three flavor theory. It is found that 

the results of extrapolation agree with experimental results indicating that the effective field 

theory correctly accounts for effects of lattice calculations.

In the baryon sector, a calculation for the scalar strange content of the nucleon is 

performed. This quantity and the heavy quark matrix elements of the nucleon are of great 

phenomenological importance as they provide an estimate for the scattering cross-section 

of a dark matter candidate with nucleon. Within the limitation of this work, it is found the 

result is in agreement with the lattice average.



INTRODUCTION

Quantum Chromodynamics (QCD), the theory of interactions of quarks and glu

ons, constitutes the strong nuclear force and together with quantum  electrodynamics 

(QED) and weak interactions presents a complete description of all the phenomena 

associated with hadrons. Conceived nearly four decades ago and standing on a strong 

foundation of experimentally verified predictions, QCD is a very well defined theory 

at all length scales (and hence all energies), describing nature with different degrees 

of freedom at different scales. At short distances (and hence a t high energies), quarks 

and gluons are the dominant degrees of freedom and the quark-gluon coupling is 

small enough to allow the use of perturbation theory, a  property known as asymp

totic freedom[2, 3, 4]. I t  is due to  this property th a t QCD can be used to  make 

predictions which have been in tested in the deep inelastic scattering experiments 

[5]. At long distances (and hence at low energies), the quark-gluon coupling grows 

large enough th a t the perturbative description breaks down changing the dominant 

degrees of freedom by confining quarks and gluons to form hadrons (mesons and 

baryons). In addition to the confinement of quarks and gluons, QCD is also endowed 

with flavor symmetry of quarks and together with their chirality forms the chiral 

flavor symmetry. At low energies, chiral symmetry is broken spontaneously, gener

ating pseudo-goldstone bosons and contributing to hadron masses. The presence of 

such rich and dynamical phenomena a t low energies combined with the fact of lack of 

applicability of perturbation theory in the QCD coupling constant, low energy QCD 

has stood as a hard problem in order to  generate an understanding of hadrons from 

its fundamental theory QCD.
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Decades of experimental investigations has helped generating a very precise phe

nomenological understanding of the hadrons. However, a  lot of fundamental questions 

about hadrons remain unanswered. For example, How does the spin of quarks and glu

ons combine to give rise to the observed spin of the nucleon ? How does the observed 

hadronic properties such as masses, depend on the fundam ental param eters such as 

quark masses and gauge coupling ? Traditionally, these questions were attacked by 

constructing an effective description of quarks and gluons in terms of mesons and 

baryons in the form of an effective field theory known as chiral perturbation theory. 

Chiral perturbation theory (xPT) by construction encodes the spontaneous breaking 

of chiral symmetry and provides a quark mass and momentum expansion of the low 

energy hadronic observables [6, 7, 8] . At each order in the chiral expansion, the the

ory contains a finite number of renormalised constants known as low energy constants 

(LEC) which are determined from experiments. In most cases, the required number 

of LEC’s beyond the first two orders become large enough th a t cannot be determined 

alone from experimental data. Hence the predictions made by x P T  based purely 

on experimental results is very limited and leaves a  lot of questions unanswered. 

One needs a framework and methodology where the low energy QCD issues could be 

tackled head-on.

The framework required to  study QCD especially in the non-perturbative regime is 

tha t of Lattice QCD. It was originally realised by K. Wilson [9] for the very purpose of 

introducing a framework to explore issues in non-perturbative QCD such as confine

ment. In this formulation, one discretises space-time into a  four dimensional euclidean 

lattice. Due to the discretisation, the path  integral for QCD becomes well defined, 

and lends itself to numerical evaluation. Computing correlation functions directly 

from the QCD path integral, w ithout any approximations on the  gauge coupling, one 

can obtain a result which is truly non-perturbative. Thus the lattice framework serves

2



as a first principle evaluation of QCD and allows us to a ttem pt to  answer difficult 

questions as described above.

Lattice techinques provide with a powerful tool to  explore hadronic physics from 

QCD. This however introduces constraints of its own on the size of the lattices used. 

Any given lattice calculation, by its definition is performed in a finite box and the 

size of the box has to be greater than  the compton wavelength of the pions. The 

discretised lattice spacing serves as an ultraviolet cut-off and is always chosen such 

th a t it is much smaller than the chiral symmetry breaking scale for its effects to  be 

small. The computational resources required to  perform lattice calculation depend on 

the masses of quarks utilised. As such in this work, lattice calculations are performed 

at unphysical quark masses due to  finite com putational resources.

Due to the said effects, the com puted masses from lattice calculations are different 

from those observed in nature and one needs a m ethod to  systematically account for all 

these effects in order to compare results with experiments. Chiral perturbation theory 

is now reincarnated as th a t sytem atic m ethod to include all the above mentioned 

effects. The results of lattice calculations are fitted to  x P T  to  determine the LEC’s 

and hence remove the limitation on x P T  to  be dependent on experimental data.

In this work, we have employed the m ethods of lattice QCD and x ? T  to  gain an 

insight on the quark mass dependence of low lying hadrons. In chapter 3 and 4, we 

employ these methods to understand quark mass dependence of the pion and kaon 

mass and decay constants in two and three flavor xPT- We then extend our studies 

to explore quantities which cannot measured experimentally, viz the scalar strange 

content of the proton and finally study the x P T  for baryons in last chapter.

3



C hapter 1

QCD on the Lattice

1.1 Q uantum  C hrom odynam ics

Quantum Chromodynamics (QCD) is the theory of strong interactions. It is a non- 

abelian gauge theory with gauge group SU(3), representing color charge, and describ

ing the interactions of quarks and gluons. The QCD lagrangian is given as

C q c d  =  - \ g t g %  +  ( u >

/

where, the is the gluon field strength and the covariant derviatives are,

I T  =  d» + gTaG£, ig T .G ?  =  [£>", Z5"], G ?  =  -  & G » -  g f ^ G ^  (1.2)

where g is the gauge coupling, are the quark fields with /  as internal flavor degree 

of freedom and a =  1,2, 3 as color degree of freedom which is also gauge degree of 

freedom. The T0’s are 3 x 3  herm itian Gell-Mann matrices and are the generators 

of the color gauge group. The f ahc are the structure constants of the lie algebra of 

SU(3) given as,

=  h J f  (1-3)

Under color SU(3), the quarks are realised in the fundam ental representation 3, the 

antiquarks are realised in the complex representation 3* and the gauge fields in the

T a  T b  

2 ’ 2



Table 1.1: Quark Properties

Flavor Symbol Charge Mass

up u I « 0.0023 GeV

down d -3 e 0.0048 GeV

strange s ' I  e 0.095 GeV

charm c 2 e3 e 1.27 GeV

bottom b .1 e  
3 e 4.18 GeV

top t 2 e3 c 173 GeV

adjoint representation 8. In the “low energy regime” (I explain, in chapter 2, what I 

mean by “low energy”), the interactions of quark and gluons form bound color neutral 

objects such as,

qq — > Mesons and — > Baryons

In nature, we have observed only the aforementioned color neutral combinations. The 

existence of higher order color-neutral operators is conjectured to  exist in hadroniza- 

tion of quark-gluon plasma but yet to  be observed.

Although QCD allows arbitary number of quark flavors, only six of such flavors 

have been observed. Their properties such as flavor, mass and charge axe given as 

in Table 1.1. W ith the different flavors of quarks, QCD forms bound states of flavor 

neutral objects constituting a flavor symmetry. The dynamics of this flavor symmetry 

with the so called light quarks ( up, down and strange quarks ) is the subject of this 

thesis and will be discussed in detail in the next chapter. Together with the color 

and flavor neutral objects, QCD predicts the spectrum  of observed hadrons and as 

well as states which are yet unobserved.

QCD is a celebrated theory of nature due to its dynamical properties such as 

asymptotic freedom and confinement which arise in its renormalisation group be-

5



haviour. In perturbation theory, the QCD beta  function upto one loop is given as,

0 (g) = P
dg ~93

3 3
(1.4)

8 /1  16-7T2

where Nc is the number of colors and N f  is the number of flavors. The scale dependent 

coupling constant is a  solution to  the Callan-Symanzik equation which is given as,

g{g) =  — / 2 / a 2— V (L5)0o \og(n2/ A 2QCD)

This equation shows that for n  »  Aq c d ,  the coupling g(/i) is small enough so that 

quark-gluon interaction is very weak and QCD lagrangian behaves likes a free field 

theory, which is understood to be Asymptotic freedom. This is a well tested [10] in 

experimental fact as shown in Figure 1-1, where Eq.[1.5] is fitted to the experimental 

data. As is evident in Fig 1-1, the experimental result is in good agreement with 

QCD predictions. An interesting aspect of Eq 1.5 is the appearance of the scale 

A q c d  which is a scale independent (but scheme dependent) quantity and hence is 

a renormalisation group invariant. Eq 1.5 also predicts the failure of perturbation 

theory, when fi ~  Aq C D . For scales fi < AQCd , one has to  use non-perturbative 

methods such as lattice regularisation to explore physics in the non-perturbative 

regime.

1.2 QCD on th e L attice

QCD in the strong coupling limit can be studied by doing a lattice calculation. A 

lattice calculation is a non-perturbative way of implementing a field theory via the 

path integral method. Such an a ttem pt was first made by Kenneth Wilson in 1974 

[9] with the motivation to study quark confinement. The basic idea is to evaluate,

(0 , 0 2 ) = \  f V A » e~SQC°  (L6)

directly without making an expansion in any param eters of the theory. Operators 

0 \  & 02 in Eq 1.6 are any observables of interest and S q c d  is the QCD action in

6
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Figure 1-1: Asym ptotic Freedom

euclidean space. Lattice methods are applicable only to  field theories formulated in 

euclidean space for computational reasons :

• The integrand in Eq 1.6 is absoutely convergent and real in euclidean space.

• Numerical methods are suited better for calculations in real space than  complex. 

The non-perturbative calculation of (0 \ O i ) is done in several steps viz;

• Introducing an ultraviolet cutoff by discretization of space-time into a lattice.

•  Construction of gauge fields on the lattice.

•  Construction of fermions on the lattice.

In the following sections, I discuss the construction of above steps in detail.

7



1.3 G auge Fields on th e  L attice

A lattice transcription of any continuum field theory begins by replacing the contin

uum space by discrete space-time points as bn^ where, is a set of four dimen

sional integers and b is the lattice spacing. One also replaces continuous derivatives 

by finite differences,

> bnn ^  (1-7)

In the continuum theory, gauge invariance is preserved by a covariant derivative, 

which exactly cancels the terms generated by the local transform ation. The naive 

implementation of such a covariant derivative on the lattice fails to  preserve gauge 

invariance. It was shown by K. Wilson [9] th a t the gauge field can be thought of as 

a connection which parallel transports fermion fields from one site to  other. Such an 

operator would simply be a series of infinitesimal parallel transports from say Xq to 

x  as,

U (xo, x n, C) = exp ^  J  A l d x ^ T ^  (1.8)

The operator U (xo,xn,C )  is appropriately called a Wilson line from points xq to  xc 

along the curve C. Hence, on a space-time lattice such an operator is given by,

/  rx^+bp. \
U ^n ) = exp^i j  A%{x +  dl)d lTaJ  = exp(*6T°A“) (1.9)

The problem of constructing gauge invariant object is now reduced to  parallel trans

porting Ufj, around a loop, which also will be non-trivial if there is presence of a 

curvature which is this case will be the field strength F^v. The simplest such object 

is given by,

T r D ^ x )  =  Tr Uu{x)Uu,{x +  v)U l(x  +  p)U l(x)  (1.10)

8



This is used to  construct the action for the lattice gauge fields known as Wilson gauge 

action given as,

s °  =  f  £  (3 -  ™ v ( * ) ) .  p  = %  ( i - i i )
6  x^>u 9o

In th  continuum limit, this action reduces to the standard Yang-Mills action upto 

0 (b2) lattice corrections,

SG = \ f d i x ( F l , f  +  0 ( b t ) ( 1 .12 )

1.4 Fermions on th e la ttice

The implementation of gauge fields on the lattice can be done elegantly as discussed in 

the previous section. Introducing fermions on the lattice turns out to be complicated 

due to the so called “doubling problem” which will be discussed now. Consider a 

continuum gauge invariant fermion lagrangian, which can be transcribed on to  the 

lattice as follows,

, / ' U J x ) t b ( x  +  u) — UUx — u) tb{x  — u ) \
— 5 > ( J) W  ----  -----—  - J  (1-13)

X , f i

The partial derivative of the continuum theory has been replaced with an average 

of forward and backward difference of the fermion fields. Such a definition of finite 

difference preserves invariance under the hypercubic symmetry and reflection her- 

miticity. The above expression can also be represented in the kernel form to include 

all the degrees of freedom such color, flavor and spinor a t all points on the lattice as,

(L14)
a ,0

The inverse propagator to the above action is given by,

5 _1(p) = m  + i S 2 1M~sin(pMa) =  m +  i V ]  7^  (1-15)i—J a------------------------ X--'
f i  f t
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Now for the massless case, this has a zero a t pM =  0. The periodic function ap

pearing in the expression above causes a  lot of trouble namely for every value of 

Pm =  (0, vr/a, 0,0), =  (7r/a, 7r/a, 0 ,0),..., one finds additional 16 zeros. Taking the

continuum limit, these zeros survive giving 16 fermions instead of one. This issue 

is the infamous “Fermion doubling problem” . There has been a non-trivial amount 

effort put into understanding and eliminating this issue in the lattice community over 

a number of years. Naively it may appear to  be an engineering problem to eliminate 

such species in the continuum. The issue is however deeper as the naive fermion 

action above fails to reproduce the chiral anomaly and the restoration of such an 

anomaly turned out to be less than  straightforward.

There are very many different fermion discretisation used in the lattice calculations 

and I will be discussing only those relevant to  the work done in this thesis. In my 

research, we have used the so called staggered fermions and domain wall fermions 

which will be discussed in the subsections below.

1.4.1 S taggered  Fermions

Staggered fermion formulation also known as Kogut-Susskind fermions [11] was one 

of the initial attem pts at the doubling problem. The essence of their formulation is 

realising the kernel K ap can be block diagonalised. This is done by diagonalisation 

in the spinor space by transforming the fermion field as,

tp{x) =  r ,x (z )  i(:c) =  x(x)r* r ,  =  ? f1 'ff-ffiT (1.16)

a„ =  =  ( -  ! )* '+ -* * -

Hence the transformed gauge invariant fermion action 1.13 is given by,

X , f l  X

=  \% M (U )X
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The block diagonal kernel M (U ) now has 4 degenerate single component Dirac fermions 

at four lattice sites instead of 16. They are called as “tastes” to distinguish them 

from flavor as different tastes have same mass. The single component taste  fermion, 

staggered fermion, has an exact chiral symmetry however they occur in species of 

four. This property is crucial as it suppresses additive mass renormalisation. The 

strongest feature of staggered fermion is its com putational efficiency as it is four times 

faster than any other fermion discretisation. In order to get a single fermion in the 

continuum, one takes a fourth root of the determ inant which eliminates the taste 

quantum number in the continuum.

1.4.2 D om ain  W all Ferm ions

The implementation of chiral fermions, fermions with exact chiral symmetry a t fi

nite lattice spacing and with only single species of them  in the continuum, is very 

non-trivial was shown by D. Kaplan [12]. It was shown th a t in terms of a five dimen

sional theory, one can find a local chiral fermion on a four dimensional submanifold. 

Consider a free Dirac operator in a five dimensional continuum Euclidean space,

where, D 4 = 7At<9M, d$ =  d /d s  and M  is the mass param eter assumed to  vary with 

s. Now a solution to the five dimensional dirac equation D 5x  =  0, where y(x, s ) =  

exp(ip.x)u(s) gives us the following for the fifth dimension,

Now, it was shown by Kaplan th a t the massless modes of the  equation above have 

exact chirality even at finite lattice spacing.

The lattice construction of Domain wall fermions is done discretising the four 

dimensions while having a  finite length L s for the fifth dimension. The gauge fields

D 5 = D 4 +  7505 -  M (s ) (1.18)

(75^5 -  M (s ))u  =  - ' r ; '7 v J (1.19)
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are assumed to have no variation in the fifth dimension, so th a t the action can be 

given as a sum over four dimensional piece. The domain wall fermion is constructed 

as done by Shamir where are the chiral modes are explicity summed over and given 

as,

The four dimensional quark fields are located on the boundary, the domain wall, are 

given as the sum of the chiral modes as,

Domain wall fermions are very desirable to  use in lattice calculations especially in low 

energy hadronic physics where the physics due to  chiral symmetry and its breaking 

dominates. The price one has to pay for is considerably increased computational 

cost. In the work done for this thesis, staggered fermions have been used for the 

non-valence which is computationally more intensive. In the valence sector, we have 

used domain wall fermions due to  its exact chiral symmetry.

Ls — 1
( 1.20)

x ,x ' s=0

s ) 1 2 75t/>(x', s +  1) +  rl>(x, s -  1) +

+  m  ip(x, 0 )1 ~^75^(a;/, L s -  1) +  ip(x, L s -  l ) 1 0)

q(x ) = o) +  1 +2 'l 5 'ip(x, Ls -  1) ( 1 .21 )

q{x) = ip(x, L s -  l ) 1 2 75 +  0 )1
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C hapter 2

Chiral Perturbation Theory

2.1 Chiral Sym m etry and I t ’s B reaking

Consider the classical QCD lagrangian with massless quarks for simplicity (It will be 

made clear later why this is a good demonstrative idea). The massless quarks that 

we consider are only the quarks with lightest flavors as up, down and strange. (u,d 

and s). The lagrangian reads as follows,

£ q c d  — ^2  D — - F ^ F ^  ( 2 . 1 )

l= u,d,s

where the color indices on the quark fields are supressed. Since the covariant derivative

arises from the gauging of the color degree of freedom, the quark fields can decoupled

into left handed and right handed fields as,

1 — 75 1 +  75 /0 0>.
Qi,L =  — ^— Qi q i>R =  — 2— Qi  ̂ ’

This decoupling combined with the flavor symmetry of QCD forms a global U{Nf)  R x  

U(Nf)R  symmetry of classical QCD.

In the quantum theory, the axial U(1)a part of U { l ) i  x U(1)r  has an anomaly 

and thus the non-anomalous part of the original symmetry of the QCD lagrangian is 

given as,

U(Nf )L x U(N f )R — * S U ( N f )L x S U ( N f )R x U{l)v  (2.3)

The f /( l)v  is a global symmetry of quark fields and the associated conserved charge is 

the quark number. S U (N f  ) l  x  S U { N j ) r  now represents the flavor symmetry implying

13



th a t QCD lagrangian is invariant under independent L  and R  chiral transformations 

and hence is known the chiral symmetry of QCD.

If the chiral symmetry was realised exactly in nature, the hadrons would then be 

observed as multiplets of S U (N j )l x SU (N f )n  and any given hadronic sta te  would 

be accompanied by degenerate opposite parity state. However such behaviour is not 

observed in nature and we postulate th a t the chiral symmetry must be spontaenously 

broken in nature to its vector subgroup [13]

S U ( N f )L x S U (N f )R — > S U ( N f ) v  (2.4)

Now from the Goldstone’s theorem, we expect N j  — 1 num ber of massless bosons. In 

QCD with two flavors, we do see three such bosons namely, pions rr+, ir~ and 7r° which 

are much lighter than all other hadrons and we interpret them  as pseudo-goldstone 

bosons due to the fact th a t in nature the light quarks are massive although really 

small.

In the presence of quark masses, the chiral symmetry is explicitly broken to  its 

vector subgroup. However the three light flavors of quarks are small enough compared 

to the scale of QCD, Aqcd th a t they could be treated perturbatively.

2.2 Chiral Perturbation  T heory

2.2.1 T w o Flavor %PT - S U (2 ) x P T

Chiral perturbation theory (xP T  ) is an effective field theory of QCD which is built 

on the fact above th a t of spontaneous breaking of chiral symmetry to its vector 

subgroup. It is a theory constructed from the pseudo-goldstone bosons such th a t the 

x P T  lagrangian is invariant under the global chiral symmetry S U (N j )l x SU (N f)n  

and the ground state of the theory is invariant under the vector subgroup.

14



This can be done by means of a  non-linear realisation of chiral symmetry as [14, 15]

(2.5)

where the field £  represents the pseudo-goldstone bosons, the pions, non-linearly. 

The non-linear field £  transforms under chiral symmetry as,

where L G SU(Nf)L  and R  e  S U ( N f ) R. Now to  construct the most general la

grangian invariant under the chiral symmetry and CPT, we need to  include the quark

transform under chiral symmetry, they are included as spurion fields which transform 

as,

The most general lagrangian invariant under chiral symmetry a t leading order is given

The leading order lagrangian is characterised by unknown param eters viz / ,  the 

decay constant which is an artifact of spontaneous symmetry breaking and B 0 which 

represents the chiral condensate and is artifact of structure of QCD vacuum. These 

are known as the low energy constants (LEC’s) at the leading order and they are a 

priori undetermined and have to obtained either from experimental da ta  or in our 

case fitting lattice data  of mesons.

The pion mass can be obtained at leading order by expanding Eq. 2.8 upto 0(4>2)

£  — > £ ' =  LT.R} (2 .6)

masses which break chiral symmetry explicitly. Since the quark masses itself don’t

M  — ► R M t f (2.7)

by.

(2 -8)

as,

m l  — B 0 (mu +  m d) (2.9)
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The pion mass receives systematic chiral corrections from higher orders of chiral 

operators. At next to leading order, we have to  include the following lagrangian 

which provides the one loop corrections masses and decay constants.

T r ( d „ Z d ^ )
4

2 /
+  ^ T r ^ E d ^ T r ^ E  duT̂ ) +  (2.10)

k B l
T r(E M f +  M E f) +  ^ T r ( a ME 5#iE t)T r(E M t +  ME*)

4

At this order, the lagrangian has four more LEC’s which are undetermined. In this 

thesis, we have performed lattice calculations to  determine i3 and I4 . For details, the 

reader is referred to Chapter 3.

The Chiral perturbation theory for baryons is more complicated compared to 

mesons due to its transformation properties as well as renormalisation issues which 

we will only gloss over. In two flavor, the nucleon fields form doublets under SU(2)y  

as,

» . ( ; )  e . „

and they transform as,

Nt — » UijNj (2.12)

where U is an element of the chiral group. As it was shown by Georgi, (cite Georgi), 

there are infinitely many choices of nucleon fields which transform  identically as above. 

It is usually the method suggested in [14, 15] th a t is adopted to  construct the nucleon 

lagrangian. The chiral pertubation theory for baryons can systematically described 

with the heavy baryon approximation [16] as in the heavy baryon approximation 

which provides a velocity expansion for the baryons, the chiral expansion for baryons 

is well defined. The complete description of the heavy baryon approximation is out 

of scope for this thesis and the interested reader should look in Ref. [16]

The chiral lagrangian for baryons in the isospin limit of light quarks is given as,

C = N  iv ■ D  N  +  2aM N N T x ( M )  (2.13)
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where the nucleon covaxiant derivative D  is constructed as [14, 15] as, 

(D„N),  =  d„N, + V*N, V  =  i ( ^ ? '  +  «*<U) (2 ,14)

and the associated “gauge field” V is chiral vector field constructed from £2 =  E, 

the goldstone boson fields. In this work we have also included the Delta degrees of 

freedom and their the interactions with the nucleon through the nucleon axial cou

pling constant qa and the Nucleon-Delta coupling constant g^N- The corresponding 

interaction lagrangian is given by,

£  = 2 gAN  S - A N  + SAiv(?M „7V  +  NA»T„) + 2gAAT “S  ■ AT„ (2.15)

The baryonic coupling constants cm, 9 a ^ ^ 9 n a  are determ ined from the fitting of 

lattice data and is the topic for the Chapter 6.

2.2.2 T hree Flavor * P T  - S U (3 ) * P T

The three flavor chiral perturbation is the one includes the strange quark in addition 

to light quarks. The three flavor is more complicated than  the two flavor in the sense 

that there exist more states. The lagrangian for three flavor case looks identical to 

the two flavor case except there are more goldstone bosons. The field (j) for the three 

flavor case is now given as,

/

<f>

\

+  JL
v/2 ^  n/6 7T+

K +  1
7T — 1

M
lK + K °

K~ i f _25L 
Ve /

(2.16)

and the leading order goldstone boson masses are given as,

B 0 (mu + m d)m l  =

m K =

(2.17)

m r

B 0 (mu, d +  ms)

B
—̂~(mu +  m d + 4 m s)
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The NLO lagrangian for the three flavor case is also analysed in this thesis and is 

given as [8],

T r^ E d ^ E * ) +  L2Tr(<9/xE<9i,Et)Tr(<9#iE d ,'E t ) (2.18)

+ L 3Tr(9ME51/E t5/iE 5 l/E t ) +  2B 0 L4Tr(<9ME<9/iE t)T r(E M t +  M E f) 

+2B 0 L5Tr^(<9ME a /iE t (E M t +  M E f) j  +  4Z,6£ 2 T r(E M t +  ME*)

+4L6jB02 T r(E M f -  M E f) +  4L85 2T r(E M tE M t +  M E ^ E * )

As it is evident ther are more LEC’s in SU(3) y P T  compared to SU(2) due to more 

complex group representation of SU(3). The contribution of the above lagrangian to 

the meson masses and decay constants is the subject of the Chapter 4 and the reader 

is directed to Chapter 4 for more details.

The baryons in SU(3) x P T  belong to the adjoint representation of S U ( 3)y and 

are given as,

B  =
7Sa  +  75s ° E+

_ I _ A  L y o
v/6A v/2

’Z'O

\
V 

n

'7eA /

(2.19)

The baryons transform as,

B  — ► B'  =  U B W (2 .20)

Now, the most general chirally symmetric lagrangian constructed from baryon fields 

B  is given as,

C =  T i ( B  i v - D  B )  + 2bDT r ( B { M , B } )  + 2bFT v{B [M ,B \)  (2.21) 

+2cr^T r(S  J5)Tr(A4)

where the chiral covariant derivative is defined as,

(2 .22)
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The coupling constants in SU(3) between mesons and baryons are given by,

C = 2D T r( B S ^ A ^  B } )  +  2F  T r{ B S ^ A ^  £ ]) +  2H { T » S  ■ A T ^  (2.23) 

+  C ( f ^ A ^ B  +  B A ^ )

The axial coupling constants can be matched to the two flavor theory and are given 

as,

9a = D + F , <?aa =  'B-i 9 a n  = C (2.24)

As is evident, there more operators in the SU(3) theory for baryons than  the SU(2) 

counterpart. The contributions of the above LEC’s to baryon masses is the subject 

of Chapter 6 and will be discussed in detail there.

2.3 Chiral Perturbation  T heory and L attice QCD

Chiral perturbation theory (yPT  ) and lattice calculations are complementary to each 

other. To be able to make precise predictions from %PT , the LEC’s from upto two 

orders (NLO and NNLO) have to  be determined. As explained before, this cannot 

be done alone from just experimental data. This is where lattice calculations become 

im portant as they provide much more access in determining these LEC’s. Lattice 

calculations, on the other hand, are performed with several unphysical effects and 

inherently demand a systematic m ethod to include all such effects. x P T  being an 

EFT can be modified systematically to  account for all such effects. We now describe 

these effects and the associated x P T  modifications.

2.3.1 U nphysical quark m asses and F in ite  V olum e

The computation time of a  given lattice calculation directly depends the size of lattice 

due to finite computer memory and inversely on the quark masses as the algorithmic 

time for smaller quark masses is exorbitantly high. As such, in this work, we have
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used lattices of finite size with the box length of 2-3 fm and the light quark masses 

higher than those in nature. Hence the hadron masses computed from this calculation 

is significantly different than those seen in nature. Since x P T  provides a natural 

expansion of hadron masses in term s of quark masses, the problem of unphysical 

quark masses is taken care of, by fitting the lattice d a ta  of masses to determine the 

LEC’s of x P T  and then extrapolating the results to  the physical quark masses. The 

issue of finite volume is also taken care of by changing the regularisation of the loop 

integrals in *P T  [17, 18, 19] to  th a t of the box regularisation. In this manner, these 

effects are systematically accounted for. The details of these is described later in 

Chapters 3 and 4.

2.3.2 Partial Q uenching

A given lattice calculation is usually performed in two steps viz, generation of gauge 

configurations by means of markov chain monte-carlo processes and then the calcu

lations of quark propagators in the presence of the gauge configurations. The gauge 

configuration part is the most com putationally intensive part and requires a large 

scale computer resources. The propagator calculation part is comparatively less ex

pensive and could be done on smaller clusters. As mentioned before, due to the cost 

of a calculation for lower quark masses being quite high, in practise the quark masses 

for the gauge field generation are usually higher than  those for propagator calcula

tions. By doing this, we have different quark masses in the sea and valence sector and 

this is known as partial quenching. The effects due to partia l quenching introduces 

complications which can be systematically included by constructing an effective field 

theory known as PQ yP T  . In addition to partial quenching, we have also changed 

the discretisation scheme for both  valence and sea sector. The effects of those are 

included in the mixed action %PT (M A yPT ) described in the next section.
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2.3.3 L attice spacing effects

The fact th a t we are using a  finite lattice is an additional source of chiral symmetry 

breaking and can taken into account by a construction following symanzik which 

organises the lagrangian systematically in lattice spacing. For fermions with exact 

chiral symmetry, ginsparg-wilson fermions, we only have dimension 6 operators and 

the new lagrangian is given by,

These effects can be included in y P T  by treating them  as an additional source of 

explicit chiral symmetry breaking just like the quark masses.

Mixed-action x P T  description systematically includes all unphysical effects relevant

lattice spacing. Hence the structure of the MA%PT is considerably complicated with 

the presence of mesons from the sea, valence and mixed sectors. The power counting 

is now set up in terms of expansion param eters of M A xPT as,

The lagrangian for M AxPT is set up as non-linear realisation of meson fields. Upto 

leading order the lagrangian is given as,

£ s e t  — £ q o d  +  a 24 6) +  ••• (2.25)

2.4 M ixed A ction  x P T

to lattice calculations performed in this work. It takes into account the effect of partial 

quenching and different discretisation of sea and valence quarks and also the effects of

(2.26)

CMa =  4" str(5 /iE 9MEt) +  ^ ^ s t r ^ E 1 +  Era*) +  a2 (Usea -  UVs ) (2.27)
o  4

where,

(2.28)
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The matrices M  and M  contain bosonic mesons while x  and x* contain fermionic 

mesons. The lattice spacing corrections are 0 ( a 2) bo th  from the sea sector and 

valence sector. In this work we include mixed action ;\:PT corrections upto NLO in 

two and three flavor to our lattice d a ta  which have been done in Chapters 3 and 4.
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C hapter 3

SU(2) Low Energy Constants from 

Lattice QCD

In this work we focus on determining the l3 and h  from the lattice computed pion 

mass and decay constant. We perform a rigorous analysis on the lattice da ta  incorpo

rating finite volume corrections and lattice spacing effects using Mixed Action yP T  

appropriately suited to this work i.e. the one which describes staggered sea-quarks 

and domain wall valence quarks. In section II, we describe the details of the lattices 

used in this work. Section III describes the details of y P T  used for analysis. In 

section IV, we perform the chiral and continuum extrapolation of the lattice data.

3.1 D etails o f th e L attice C alculation

The lattice calculation performed in this work is referred to  as so called mixed action 

calculation and is a part of an extensive research program of the NPLQCD collabo

ration [20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32] to  study the properties of 

hadrons in the low energy regime. The mixed action program was initiated by the 

LHP collaboration [33, 34, 35, 36, 37, 38]. In a mixed action lattice calculation, one 

uses a different lattice discretisation of dirac operator for the sea sector and valence 

sector. The primary reason to adopt this strategy is as follows, in a lattice calcu

lation the sea quarks are included while generating the field configurations which is
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a computationally expensive endeavour. Hence it makes sense to use a fermion dis

cretisation which is numerically cheap. The staggered fermion formulation [39] is four 

times faster than any other fermion formulations and has been used extensively by the 

MILC collaboration [40, 1] in generating the gauge configurations. The calculation 

for valence fermions comprise of inversions of dirac operator and is less numerically 

intensive than the generation of field configurations. One can therefore use discretisa

tion which have improved properties such minimally doubled and chirally symmetric 

fermions such as domain wall fermions [12, 41, 42, 43, 44]. Domain wall fermions 

preserve exact chiral symmetry at finite lattice spacing and are desirable in studying 

low energy QCD which is dominated by the chiral symmetry breaking effects.

3.1.1 L attice Input Param eters

In this work, we have used the publicly available MILC gauge configurations [40, 1] 

generated with SU(3) gauge links and staggered quarks. These configurations denoted 

as N f  = 2  + 1 were generated with two flavors of degenerate light quarks bmfea and 

one flavor of strange quark bmssea. The input param eters for these configurations 

are tabulated in Table 5.1. We have performed calculations on two lattice spacings 

as coarse b ~  0.12 fm and as fine b ~  0.09 fm with a spatial extent ranging from 

L ~  2 — 3.5 fm on all the lattices. This has allowed us to study the finite volume 

dependence of various hadronic observables. On the configurations we have used, the 

strange quark mass was fixed to its physical value while the degenerate light quarks 

were varied over a range of masses as can be seen in Table 5.1. Further, due to 

limited number of gauge configurations, we improved the statistics by performing the 

propagator inversions on a number of sources placed randomly within the lattice.

In the valence sector, we have used the domain wall fermion action due to  its exact 

chiral properties. The masses of valence should be such th a t they are the same as the
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Table 3.1: Input parameters o f the Lattice calculation

0 b m f a b m f a

b «  0.125 fm 

L x T  bmfwf

ensembles 

6m[es x 103 bmdwf bmrses x 104 Ncfg

6.76 0.007 0.050 20x32 0.0081 1.581(14) 0.081 8.95(3) 468

6.76 0.007 0.050 24x64 0.0081 1.64(3) 0.081 9.1(2) 1081

6.75 0.010 0.030 20x64 0.0138 1.564(3) 0.081 8.92(2) 328

6.76 0.010 0.050 20x32 0.0138 1.566(11) 0.081 9.13(2) 656

6.76 0.010 0.050 28x64 0.0138 1.566(11) 0.081 9.13(2) 274

6.79 0.020 0.050 20x64 0.0313 1.227(11) 0.081 8.36(3) 486

6.79 0.030 0.030 20x64 0.0478 1.052(4) 0.081 8.09(4) 367

6.81 0.030 0.050 20x32 0.0478 1.013(6) 0.081 8.62(7) 486

b fa 0.09 fm ensembles

P bmfea b m f a L x T bmfwf bm\es x 104 bmd™f bmrses x 104 Ncfg

7.06 0.0031 0.0186 40x96 0.0035 4.73(7) 0.0252 . 3.16(5) 355

7.06 0.0031 0.0186 40x96 0.0035 4.73(7) 0.0423 2.45(4) 356

7.08 0.0031 0.031 40x96 0.0038 1.56(3) 0.0423 0.73(2) 170

7.08 0.0031 0.031 40x96 0.0035 4.28(3) 0.0423 2.33(2) 422

7.09 0.0062 0.031 28x96 0.0080 3.75(4) 0.0423 2.30(3) 1001

7.11 0.0124 0.031 28x96 0.0164 2.90(3) 0.0423 2.04(2) 513

sea quark masses as in QCD there is no difference between the sea quarks and valence 

quarks. The use of staggered action for sea quarks however introduces an ambiguity 

due to the non- degeneracy of the 16 staggered bosons associated with each pion. In 

practise, the valence masses are chosen such th a t the valence pion is tuned to one of 

the taste-singlet pions. The mismatch in the tuning is then removed while doing the 

analysis using the mixed action x P T  .
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3.1.2 C orrelators and F ittin g  m eth od s

In order to perform our calculations of the correlation functions we have used the 

software suite Chroma[34] developed a t the Jefferson Lab. In order to compute the 

correlation functions, one has to  construct interpolating operators from quark fields 

with appropriate quantum numbers. For example, the pion correlator constructed in 

terms of the interpolating operator is given as,

C*+(t) =  ]P (7 r+ (t,x )  7T~(0, 0)) (3.1)
X

where n +(t, x) =  u(t, -x)^d{t,  x) where u  and d  are the quark fields and the correlator 

is constructed from the propagators of quark fields. The long time behaviour of the 

correlator above is given as,

Cn+(t) ~  A n+cosh(mw+t) (3.2)

Now, to improve the overlap with the ground sta te  of the pion, one can use different 

techniques with interpolating fields such as smearing of the quark fields. In this work, 

we have used gauge invariant gaussian smearing of the sources and sinks of the quark 

fields and we make a linear combination of the two types of interpolating fields to 

facilitate a better extraction of ground state masses as follows,

Cun — C(ss) — & C(sp) (3-3)

where, a  is an arbitary param eter used in such a way th a t it minimizes the correlated 

X2 of the particular correlator. The ground state masses are obtained from correlators 

by a suitable redefinition in the form of an “effective mass” as follows,

rr f j f  =  -^cosh 1
C(t  + J)  + C ( t - J )

2 C{t)
(3.4)

The results of such effective masses are shown in Fig 3-1 for coarse ensembles. 

The plots of other ensembles can be found in the Appendix for plots.
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Table 3.2: Pion masses and decay constants by Fitting the correlators

b «  0.125 fm ensembles

m sea L  x T  x L5 bmqr bfir h/Tl̂ mix m nL

m007m050 20 x 32 x 16 0.18175(39)(13) 0.09239(43) (26) 0.2553(15) 3.78

m007m050 24 x 64 x 16 0.18202(45)(22) 0.09235(27)(13) 0.2553(15) 4.36

m010m030 20 x 64 x 16 0.22146(35)(10) 0.09402(17)(02) 0.28040(73) 4.48

m010m050 20 x 32 x 16 0.22287(28)(05) 0.09598(28) (07) 0.2842(15) 4.48

m010m050 28 x 64 x 16 0.22279(47)(22) 0.09650(45)(17) 0.2901(25) 6.27

m020m050 20 x 32 x 16 0.31091(28)(14) 0.10206(24) (03) 0.35159(93) 6.22

m030m030 20 x 64 x 16 0.37323(28)(05) 0.10641(17)(06) 0.40740(51) 7.56

m030m050 20 x 32 x 16 0.37465(26)(12) 0.10740(12)(08) 0.412(8) 7.56

b ~  0.09 fm ensembles

Tft'sea L  x T  x L5 bmn bfir bm Trmix m nL

m0031m0186 40 x 96 x 12 0.10189(58)(12) 0.06182(79)(21) 0.13061(78) 4.08

m0031m0186 40 x 96 x 12 0.10189(58)(12) 0.06182(79)(21) 0.13064(78) 4.08

m0031m031 40 x 96 x 40 0.10397(89)(37) 0.06135(86)(33) 0.1344(14) 4.07

m0031m031 40 x 96 x 12 0.10205(54) (32) 0.06154(51)(12) 0.12934(82) 4.07

m0062m031 28 x 96 x 12 0.14548(21) (09) 0.06554(14)(05) 0.16320(98) 4.07

m0124m031 28 x 96 x 12 0.20045(33)(06) 0.07052(23)(03) 0.21530(25) 5.78

The computation pion decay constant is done by computing the amplitudes of 

the correlation functions of smeared-smeared (SS) and smeared-point (SP) correlators 

as was done in [45]. The from the lattice is computed as,

A SP { 2 V 2 ( m f wf
3 /2m-n

(3.5)
x/A ss V

W ith the redefinitions of correlators, one can also construct effective decay constant 

given as,

C*jp (t)t+1Cjis (t + I)1/ 2 f  2y/2(mfwf +  m [es)
f j f  = Css(tyt+i)i2Csp(t +  1)*\\log(CSp(t)CSp{t + I )-1)]3/2,
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Table 3.3: r \jb  from MILC [Ij. We use the values extrapolated to the physical light 
quark masses (right most column) to convert our lattice results to ri units.

Wlsea L  x T  x L5 P ^ ( b m h bms,0)

m007m050 20 x 64 x 16 6.76 2.635(3) 2.739(3)

m010m030 20 x 64 x 16 6.75 2.658(3) 2.711(3)

m010m050 20 x 64 x 16 6.76 2.618(3) 2.738(3)

m010m050 28 x 64 x 16 6.76 2.635(3) 2.738(3)

m020m050 20 x 64 x 16 6.79 2.644(3) 2.821(3)

m030m030 20 x 64 x 16 6.79 2.650(7) 2.821(7)

m030m050 20 x 64 x 16 6.81 2.650(4) 2.876(4)

m0031m0186 40 x 96 x 12 7.06 3.607(4) 3.687(4)

m0031m031 40 x 96 x 40 7.04 3.742(3) 3.755(3)

m0031m031 40 x 96 x 12 7.04 3.742(3) 3.755(3)

m0062m031 28 x 96 x 12 7.08 3.699(3) 3.788(3)

m0124m031 28 x 96 x 12 7.11 3.712(3) 3.858(3)

The pion effective decay constant plots are shown in Fig 3-2 on the coarse ensembles. 

The results on all the other ensembles are tabulated  in Table

3.1 .3  Scale Settin g

To perform the chiral extrapolations of our computed pion masses and decay con

stants, we must address the issue of scale setting. As we are interested in determin

ing the LECs of the two-flavor chiral Lagrangian, it is im portant to adopt a quark 

mass independent scale setting procedure. The MILC Collaboration has performed 

extensive scale setting analysis on their various ensembles. In this work we adopt 

their scale setting method and convert our pion mass and decay constant data  into rq 

units extrapolated to the physical values of the light quark masses.1 In Table 3.3 we

1The distance r\  is defined using the heavy-quark potential as the sepparation r \ F (r \ )  =  —1.
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list these values for the ensembles used in this work, which can be found in Ref. [1]. 

In this reference, the MILC Collaboration has determ ined rq =  0.318(7) fm using the 

static quark potential and rq =  0.312(2) ( |)  fm using /„ to set the scale. For this 

work, we take

rq =  0.312(2)(g) fm , (3.7)

as our central value for the scale setting.

3.2 L attice System atics

In order to make contact with experiment, numerical results computed with lattice 

QCD must be extrapolated to the continuum and infinite volume limits as well as the 

physical values of the light quark masses. Chiral perturbation theory is the natural 

tool to perform these extrapolations. Additionally, by performing this analysis, one 

determines the values of the low-energy constants, the a priori unknown coefficients 

of the operators in the chiral Lagrangian.

3.2.1 Light quark m ass d ep en d en ce

In two flavor chiral perturbation the quark mass dependence of the pion mass and 

decay constant upto NLO is given by,

m ; =  2 B m ,{ l +  | l n ( ^ ) - i ? r3} /„  =  / { l  -  « l n ( ^ )  +  «f4} (3.8)

where,
tt, — A?

£ =  7 7 ^  and k = I (3.9)
8tt2/ 2 ( m f yy  K }

and Aj is an intrinsic scale not determined by chiral symmetry. The finite volume 

corrections are also computed to  the above quantities,

=  87r2AJ^ m7rL) a f v [ '*  =  _ i 67r2A J (e , m .L ) (3.10)
LtjTTlq J
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k (n )
where,

(3.11)
ui^L f y/n

71= 1  y

where, k(n) is the number of ways a given number n  can be w ritten as sum of squares 

of three integers, n  =  X)i=i n i e

W ith available we are also able to perform an NNLO analysis of chiral expansion 

of m,r and /*. In the continuum, they read as,

mt
2jBm„

and

1 +

e2in2( o  -  e n o
16 l r  9 7 r 7. , . Dhv. 
■ j  +  3^12  -  ~A k  - k -  j l n ( e ^ )

(3.12)

u e hy+ e k M

k
f

(3.13)

e2in (o + 2 u s e 1" + ?2kF

3.2.2 M ixed A ction  x P T

The low-energy EFT for mixed-action lattice calculations is well understood [46, 47, 

48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59]. At NLO in the MA expansion, including 

finite volume effects, the pion mass and decay constant are given by

to;
2 B m n = 1 + k ‘n b J - )  - ^ * 32

l , r  
2 1

£phy

: (4 »  -  ?) [1 +  In ({) ] -  l?Q ~  0  +  C  ( £ ) '

+87T2A J(^ , TOttL) —™ rN £sea—-  A<9Z(£, m nL)

k  -  i 
/ -  fMi, In ^  j  +  &  -  (# „*  -  ? )  In (?*»)

I'pq (S,m  -  ?) +  l l  ( B )  -  16tt2 A 2 ( |Mix, m „Mi, L)

(3.14)

(3.15)
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Table 3.4: Expansion parameters £mk> £Sea — £> £sea — £ and •

m,sea V e ^Mix Csea £ Csea £ mres
mQ

m007m050 203 x 64 x 16 0.04901 0.097 0.114 0.003 0.163

m007m050 243 x 64 x 16 0.04920 0.097 0.114 0.003 0.168

m010m030 203 x 64 x 16 0.07026 0.112 0.108 0.0015 0.101

m010m050 203 x 64 x 16 0.06828 0.111 0.103 0.0009 0.102

m010m050 283 x 64 x 16 0.06750 0.114 0.103 0.0014 0.102

m020m050 203 x 64 x 16 0.11753 0.150 0.091 0.0004 0.038

m030m030 203 x 64 x 16 0.15581 0.185 0.088 0.0043 0.021

m030m050 203 x 32 x 16 0.15411 0.186 0.087 0.0052 0.020

m0031m0186 40 x 96 x 12 0.0344 0.0565 0.0488 0.0024 0.119

m0031m0186 40 x 96 x 12 0.0344 0.0565 0.0488 0.0024 0.119

m0031m031 403 x 96 x 40 0.03601 0.060 0.0480 0.0008 0.039

m0031m031 403 x 96 x 12 0.03652 0.055 0.049 0.0023 0.109

m0062m031 283 x 96 x 12 0.06290 0.079 0.043 0.0019 0.045

m0124m031 283 x 96 x 12 0.10367 0.120 0.041 0.0063 0.017

where

f  2K i(y /nm L)
A d l & m L )  = j ^ Y J k{n) “  M V ^ r n L )  -  K 2( V ^ m L ) j  (3.16)

For our calculation, the extra expansion param eters of the theory are defined as

? m KMiX ^ ^MlX / q  -j
=  ^ T f l

mL.,» + 62 Ai 
8 ^ n

m i

sea s-tt2 f2
7T

2  5  “ sea,5sea 8 ^ / 2

where m^se3S is the taste-5 staggered pion mass, 62Aj is the mass splitting of the 

taste identity staggered pion and b2A'Uix is the mass splitting of the mixed valence-
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sea pion [56, 59]. In Table 3.4, we list the values of these param eters relevant for our 

calculation.

3.2.3 R esidual chiral sym m etry  breaking effects

At finite L5 extent, the domain-wall action has residual chiral symmetry breaking due 

to the overlap of the modes bound to  opposite walls of the fifth-dimension. The m res 

parameter is a symptom of this residual chiral symmetry breaking. It is customary 

to then define the quark mass as

mi =  m f w* +  m [es (3.18)

This definition captures the dominant effects of the residual chiral symmetry breaking 

appearing at LO in the chiral Lagrangian. However, it is known th a t there are 

sub-leading effects. If one defines the quark mass through Eq. (3.18) and takes the 

standard definition of m res [45]

m res —  (()l'jf5<?l7r) /g
"  <o|j | k >

there are two im portant consequences; the quantity m res =  m res{m{) depends upon 

the input quark mass and lattice spacing; see Ref. [60] or a discussion of these effects. 

Therefore, the chiral Lagrangian receives a simple modification at NLO [61, 62, 63]. 

Following the method of Ref. [64], we can define the modifications to the Lagrangian 

at NLO as follows,

ire s _|_ ires
5CTes =  3 ^  4~ tr  (2 B m qE  +  2Rm gS t) tr(2 R m resE +  2ffm reaS t ) (3.20)

ires
+ ^ - t r ( a ME ^ E t) tr (2 5 m res5  +  2 B m rea?$)
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This choice becomes clear when one computes the corrections to m , and f n arising 

from these new terms;

&TH^ 7Tlre s  £  —71 i  r3es (3.21)
2 B m q m q 2 3

rnres ,
/  m,

— /res
with l\es =1 7i

3.3 Chiral and C ontinuum  E xtrapolations

In this section, we perform chiral and continuum extrapolation of the lattice calcu

lation of pion mass and decay constant. The lattice calculations are performed at 

unphysical quark masses and x P T  provides a  systematic expansion in quark mass 

and momentum of observables such as m n and f n. Hence, the lattice d a ta  can be 

used to determine the low energy constants of x P T  and we shall attem pt to  do tha t 

here. The strategy we adopt is, first we fit the LEC’s of both  and / w to  vanilla 

yP T  , i.e, the one which does not include the effects of lattice artifacts. We fit the 

LEC’s differently at b ~  0.125 fm and b ~  0.09 fm and perform the continuum extrap

olation at NLO and NNLO in x P T  . We use a fit ansatz for continuum extrapolation 

motivated by M AxPT as follows,

A(6) =  Ao +  A x ^  (3.22)

We then use M AxPT which systematically includes the effects of finite lattice spacing, 

different sea and valence discretisation and make comparison with the results of vanilla 

XPT extrapolations.
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Table 3.5: Results from  continuum NLO  x P T  analysis o f m ^.

Max Coarse Ensembles

mi/mg h x 2 do f

0.4 4.908(29) (07) 18 2

0.4 5.061(36)(05) 37 3

0.6 5.008(13)(04) 38 4

Max Fine Ensembles

m i / m s h x 2 do f

0.2 4.132(95)(26) 9 2

0.2 3.658(56)(17) 10 3

0.4 4.004(25) (05) 12 4

3.3.1 V anilla x P T  E xtrapolations  

NLO SU (2) F it

We fit the NLO expressions Eq.[3.8] to  lattice computed m w and / w and determine the 

SU(2) LEC’s and I4 . This is done independently for b ~  0.125 fm and b ~  0.09 fm 

including the finite volume corrections Eqs.[3.10]. The results for the fits are shown 

in Tables 3.5 and3.6]. The uncertainty in £ is used to determine the uncertainty in 

I3 and I4 by performing a Monte-carlo. The fits are performed in such a way th a t we 

include the degrees of freedom by including d a ta  with higher quark masses. This is 

denoted in the da ta  included by the ratio  of m i / m s.

The results presented in Tables 3.5 and 3.6 should be looked a t cautiously. From 

the results of m t h e  NLO y P T  fails to  describe the lattice da ta  a t either lattice 

spacing. The results of f n, NLO x P T  seems to  describe the d a ta  well a t both lattice 

spacings. Taking the results of the fits with m i / m s < 0.4 and performing continuum
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Table 3.6: Results from  continuum NLO x P T  analysis o f f n .

Max Coarse Ensembles b ~  0.125 fm

m i / m s n f h x 2 do f

0.4 0.2114(4)(1) 5.164(34)(11) 2.3 2

0.4 0.2116(5)(2) 5.158(38)(10) 2.3 3

0.6 0.2136(2)(1) 4.990(15)(06) 9.3 4

Max Fine Ensembles b ~  0.09 fm

m i / m s n f k X2/ d o f

0.2 0.1980(10)(04) 5.52(12)(04) 0.9 2

0.2 0.1974(08)(04) 5.59(9)(4) 1.3 3

0.4 0.1959(08)(01) 5.74(8)(1) 1.7 4

extrapolation described the Eq. 6.12, we find,

h  = 3.13(12)(03) and lA =  5.97(3)(1) (3.23)

NLO +  N N L O  SU (2) Fit

At NNLO at in two flavor %PT , more LEC’s appear in addition to  k  & lA, namely 

kM & kp and l\ & I2 and their linear combination such I  12 = 7li +  8/2. Both l\ and 

l2 are reasonably well determined from nir scattering [65];

I, = -0 .4 (6 ), J2 =  4.3(1). (3.24)

To perform these analyses, we input the values of l\ and l2. For each of these LECs, 

we generate a list of normally distributed values with mean and width given by 

Eq. (3.24), and then use the spread of the results to  propagate this systematic uncer

tainty through the analysis.

The results of the fits are presented in Table 3.7. The NNLO formula can describe 

both m,r and excluding the heaviest mass point. If we take the the b «  0.125 fm

37



Table 3.7: Results from continuum NNLO  X-PT analysis o f m n and f n .

b w 0.125 fm

Fit nf h 14 I^m k p X2/ d ° f

0.4 0.212(6)(3) 7.53(67)(1.1) 4.68(90)(39) -5(4)(10) -13(16)(6) 2.68/3

0.6 0.211(7)(7) 5.50(82)(1.2) 4.47(68)(73) -11(5)(8) -6(10)(10) 37/3

b «  0.09 fm

Fit nf h I4 kjw kp X2/  d o f

0.4 0.202(2)(2) 5.96(49) (43) 4.07(22)(25) -8(3)(3) 3(3)(3)(4) 6/3

and b m 0.09 fm fit and use them  to perform a continuum extrapolation, we obtain

I3 = 3.90(84)(1.0), h  =  3.54(39)(59). (3.25)

The value of I3 is a  bit unstable in going from NLO to  NNLO. However, one can not 

conclude much from this since the NLO fit to  was poorly behaved. For f4, we 

find nice stability of the result, w ith the value going towards the lattice average value 

with the inclusion of the NNLO analysis.

3.3.2 M ixed  A ction  %PT E xtrap olation s

The Mixed action yP T  includes the lattice spacing effects and other unphysical effects 

such partial quenching. At NLO, the analysis for and f n can be separately and 

since the lattice spacing effects are already included, one can fit the data  on b &

0.09 fm and b «  0.125 fm . This provides an enlarged da ta  set for analysis.

M A y P T  F it at NLO

The M AyPT fits are presented in Tables 3.8 and 3.9 for various sets of quark masses 

indicating various degrees of freedom. There are a  few observations to  make. First, 

the NLO M APT formula is capable of describing the results of the Lattice QCD
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Table 3.8: Results from  NLO MA x P T  analysis of

Fit l3 Z| ires
fc3

JPQ X2/d o f

A 3.66(53)(38) -1.3(1.0)(0.9) 13(27)(25) 0.25(9)(8) 7/1

B 3.75(48)(21) -1.34(59)(51) 12(16)(14) 0.86(7)(6) 10/2

C 3.56(50)(32) -1.37(43)(28) 12(H)(7) 0.42(1.4)(1.0) 11/3

D 3.58(49)(28) -1.60(47)(27) 6(12)(7) 0.02(1.6)(0.89) 14/4

Table 3.9: Results from NLO MA x P T  analysis o f f^

Fit 0 / h I ires
4 lT° X 2/ d o f

A 0.1787(34)(56) 6.82(33)(31) 0.39(49)(73) 1(6)(H ) -0.54(6)(14) 1.2/1

B 0.1797(30) (33) 6.78(23)(18) 0.14(42)(44) 3(5)(5) -2(4)(4) 1.8/2

C 0.1799(21)(25) 6.75(18)(19) 0.14(27)(34) 3(3) (4) -2(2)(3) 2/3

D 0.1840(13)(08) 6.36(20)(12) 0.16(36)(24) 2(4) (3) 0.9(1)(0.9) 4.9/4

calculations of m, unlike the NLO PT  formula. Second, the M APT provides a slightly 

better description of the pion decay constant than  of the pion mass. In both cases, 

the NLO formula is capable of describing the results of the Lattice QCD calculations 

over the full range of quark-masses. To quote our final results for MA analysis, we 

perform a weighted average of our results using the 1 / x 2 as the weights such th a t the 

results with lower x 2 will have a higher a weight. The result for 1$ and I4 from the 

weighted average is given as,

f3 =  3.70(22)(11), U =  6.72(38)(12). (3.26)

The result for (3 is consistent with the lattice average. The results for I4 is noticeably 

higher than the average.
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Table 3.10: Results for f w from  NNLO M A x P T  plus N N LO  S U (2) x_PT.

Fit n f U h p 4 ires
l4 X2/  d o f

A 0.1772(38)(12) 5.56(58)(17) -17 (9 ) (4) 0.5(4)(3) 1(G)(4) 1.60/ 3

B 0.1784(35)(09) 5.27(40)(10) -13(B)(5) 0.68(30)(12) -2 (4 )(3 ) 2.00/4

C 0.1867(20)(14) 4.28(14) (09) 3(10)(4) 0.3(3)(3) 1 (4) (2) 11.3/5

H y b rid  F i t  - N L O  M A y P T  +  N N L O  S U (2) y P T

In this section, we consider a hybrid MA y P T  fit due to lack of availability of NNLO 

M AyPT expressions. It will be an interesting study look at the change in LEC’s at 

NLO by considering NNLO effects. The LEC’s at NLO will still include the lattice 

spacing and discretisation effects, although the NNLO LEC’s will not be free of those. 

The NNLO contribution to /*• contains only the LEC l4 and can be fit separately. 

The results of the fits with several degrees of freedom is presented in Table 3.10. We 

have also performed a weighted average with the weights as 1 /x 2 and the result of 

this averaging is given as,

l4 =  5.32(38)(14) (3.27)

The NNLO contribution to has contributions depends on both  T3 and l4 and 

hence we need to perform a combined analysis on and f n . We therefore fit the 

total x 2 =  Xm„ +  X% ■ The results are given as,

f3 =  4.08(28)(19), l4 =  5.42(47)(12) (3.28)

3.3.3 C o n v erg en ce  o f S U (2) ch ira l e x p a n s io n

The analysis of the above LEC’s enables us to explore the convergence of the chiral 

expansion from the orders LO, NLO and NNLO. The quantities we have used for the
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expansion are,

2 Bra,
-  1

convergence of m~

T—<

NLO + N NLO
NLO

NNLO

k
f

(3.29)

convergence of f,
N LO  + N N LO
NLO

N NLO

I

The results for the LEC’s th a t we have used, have been extrapolated to continuum 

and infinite volume limits. As seen in the figures, the red dashed line is the NLO 

contribution and blue dashed line is NNLO contribution. The solid line is the com

bined contribution of NLO and NNLO. For the case of m the NNLO contribution 

is negligible over most of the range of £ used in this work. Hence we conclude that 

the chiral expansion for m,r has a good perturbative behaviour. The case of f w does 

not seem to appear so perturbative. The NNLO contributions to the / n a t higher 

quark masses is substanstial on the order of 40 % signalling the breakdown of chiral 

expansion.

3.4 R esults and C onclusions

The mixed action program has been widely used in the lattice community to compute 

observables. In this work, we have explored the effects of discretisation in two flavor 

y P T  for m w and /^ . We did this with a detailed analysis on continuum y P T  at 

NLO and NNLO orders at two lattice spacings independently, and then performed 

a continuum extrapolation of the LECs. Our analysis revealed th a t the continuum 

y P T  did not provide a good description for m n while the continuum x P T  formula for
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/ tt is able to describe the data  well.

We then performed a mixed action analysis and the resulting values of I3 and U 

from our analysis are,

Is =  4.08(28)(19), h  =  5.42(47)(12) (3.30)

Our analysis for the mixed-action y P T  showed th a t the mixed-action x P T  provides 

a good fit to the lattice data. W ith this analysis,we also explored the convergence of 

the two flavor chiral expansion for and / n. The expansion for m v is convergent 

over the range of quark masses used in this work while the expansion for f n broke 

down for higher quark masses.

42



C hapter 4

SU(3) Low Energy Constants from 

Lattice QCD

The SU(3) y P T  is a low energy effective field theory of QCD with three light flavors 

of quarks (u,d and s). The tt, K  and r\ are the pseudo-Goldstone bosons in this 

theory and we intend to explore the quark mass dependence of the masses and decay 

constants of these goldstone bosons. Due to  limited computaional ability, we are not 

able to study the rj meson and in this work, we will focus only on pions and kaons.

In this chapter we will present our results on SU(3) low energy constants from our 

lattice calculations. In Sec 4.1, we discuss the details of the lattices used, scale setting 

procedure and the analysis of lattice d a ta  . In Sec 4.2, we discuss the systemactics of 

the SU(3) x P T  along with finite volume corrections and M A yPT used in this work. 

In Sec 4.3, we perform analysis of the lattice d a ta  and finally in Sec 4.4, we dwell 

on the results of our analysis and draw conclusions thereof.

4.1 D etails o f L attice C alculation

We have used the mixed action scheme [33, 34, 35, 36, 37, 38] of lattice calculations 

in our work. For the purpose of this chapter, the lattices used are the same as detailed 

in Sec 3.1. We briefly summarize th a t content for the purpose of completeness.
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4.1.1 L attice input param eters

According to the mixed action scheme, we have employed the domain-wall valence 

quarks (as described in Sec 1.4.2) [12, 41, 42, 43, 44] on N f  — 2+1  (two flavors of light 

degenerate quarks and one flavor of heavy/strange quark) MILC gauge configurations 

[40, 1, 66] with staggered sea quarks as described in Sec 1.4.1. In the generation of 

configurations, the strange quark mass was fixed near its physical value, determined 

from mass of hadrons containing strange quarks. We have used configurations with a 

variety of quark masses a t two lattice spacings namely b ~  0.125 fm and b ~  0.09 fm 

with box size ranging from L  ~  2 — 3.5fm. The parameters used in this calculation 

are tabulated as in Table 3.1 of chapter 2

4.1.2 Correlators, F ittin g  and Scale  S ettin g

In order to study SU(3) %PT from lattice data, one has to perform a lattice calculation 

with three flavors of sea and valence quarks. The mesons generated from such a 

calculation will include the effects of all three flavors. In this work, we have used 

lattices with three flavors of quarks as described above. Hence the pion correlators 

calculated in 3.2 already include the effects of all three flavors and are amenable to a 

SU(3) analysis. For kaons, we have computed kaon correlators from the interpolating 

operators with appropriate quantum  numbers as follows,

C K+(t )  =  (4.1)
X

where, A"+ (x, t )  =  s (x , t)qsii(x , t )  and the sum over all spacial points makes a projec

tion onto a zero momentum state. The long tim e behaviour of a mesonic correlator 

on the lattice has a hyperbolic cosine behaviour as discussed in Sec 3.1.2. The ground 

state masses and decay constants are extracted by constructing their respective ef-
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Table 4.1: Kaon masses and decay constants from  Fitting the correlators

b ~  0.125 fm ensembles

m sea L  x T  x L5 bm x bfK mKml
m007m050 20 x 64 x 16 0.36782(41)(11) 0.10650(30)(10) 4.0880(136) (37)

m007m050 24 x 64 x 16 0.36761(32)(08) 0.10585(23) (04) 4.0942(70) (08)

m010m030 20 x 64 x 16 0.37612(32)(08) 0.10545(15)(06) 2.8786(57)(21)

m010m050 20 x 64 x 16 0.37841(29) (05) 0.10760(27)(01) 2.8843(54)(13)

m010m050 28 x 64 x 16 0.37896(50) (22) 0.10802(39)(12) 2.8921(46)(03)

m020m050 20 x 64 x 16 0.40505(28) (06) 0.10947(26)(01) 1.6975(16)(02)

m030m030 20 x 64 x 16 0.42941(30)(16) 0.11107(18)(09) 1.3206(04)(01)

m030m050 20 x 32 x 16 0.43043(24) (18) 0.11212(13)(02) 1.3203(03)(03)

b ~  0.09 fm ensembles

'm>sea L x T  x L5 trniK bfK ml
m0031m0186 40 x 96 x 12 0.18814(57)(11) 0.06768(54) (04) 3.4430(186) (030)

m0031m0186 40 x 96 x 12 0.23486(62) (11) 0.07142(52)(12) 5.3571(331)(054)

m0031m031 40 x 96 x 40 0.23582(91)(31) 0.07233(70)(11) 5.2146(321)(074)

m0031m031 40 x 96 x 12 0.23568(56) (41) 0.07176(42) (06) 5.4039(242) (039)

m0062m031 28 x 96 x 12 0.24685(19) (06) 0.07328(17)(08) 2.8754(34)(08)

m0124m031 28 x 96 x 12 0.26428(32)(11) 0.07574(30)(10) 1.7408(H)(0)

fective quantities are as follows,

m eff
K =  —cosh 1

kJ
C K ( t + J )  +  C K ( t - J )  

2  C K (t)
(4.2)

reff C^p (t)t+1C ^s (t +  I f / 2 (  V 2 (m fwf +  m [es +  m f ° f  +  m™res) \  

_  C j f i t y t + W C f f i t  + 1)* V [log(C'£p (t)C£p (t +  l ) - 1)]3̂  J

The results for the masses and decay constants on a  subset of b w 0.125 fm ensembles 

is presented in Figures 4-1 and 4-2. The results on all the other ensembles can be 

found in the Appendix for plots.

In addition to pion and kaon masses and decay constants, it is also desirable to
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771 fconstruct their ratios as and y1 since analysing the ratios simplifies the analysis 

and also provides a consistency check. We have used the lattice data  to construct 

such ratios and the results are presented in Table 4.1.

In order to determine quantities in physical units from lattice calculations, the 

scale at which lattice calculations are performed m ust be determined. The procedure 

for scale setting for this work is already discussed in Sec 3.1.3, and will not be repeated 

here.

4.2 System atics of S U (3) x P T

The SU(3) yP T  is a three flavor expansion of u,d and s quark around the chiral limit 

of low energy QCD [8]. In comparision with the SU(2), there two LEC’s at the leading 

order 0 ( p 2) and ten LEC’s at NLO 0 { p A). The masses and decay constants of the 

pseudo Nambu-Goldstone bosons in the isospin limit have been evaluated by Gasser 

and Leutwyler [8] as,

^ =  BQ{ l + ^ - ^ r 1 +  i e e ( 2 L 8 - L 5) +  16(e  +  2v2) ( 2 L e - L ^ . 3 )  

—r =  -So{l +  -fir) +  16?72(2L8 — L 5) + 16(£2 +  2t]2)(2Lq — L4)}
I Tft 17l$ ) o

u  =  / o { l  — 2 ^  — fiK +  8£2L5 +  8(£2 +  2t72)L 4}  

f k  =  / o { l  ~  — 2 ^ k  ~  4^  ^ 2-̂ 5 +  +  2t72)L4}

In our lattice calculation, we have not computed the r? correlators as evaluating them 

involves computing disconnected diagrams and as such is computationally expensive. 

From y P T  point of view, the order a t which we are working allows us to use the 

leading order GMO (Gell-Mann Okubo) mass relations among mesons as follows,

m v =  \ ( 4mK ~ m l )  ( 4 -4 )

48



Table 4.2: The ratio if- computed on the Lattice and Chiral Expansion parametersJtt

'ffl'sea

b

L x T  x L5

»  0.125 fm ensembles

£jl & 
U c V2

m007m050

m007m050

m010m030

m010m050

m010m050

m020m050

m030m030

m030m050

20 x 64 x 16 

24 x 64 x 16 

20 x 64 x 16 

20 x 64 x 16 

28 x 64 x 16 

20 x 64 x 16 

20 x 64 x 16 

20 x 64 x 16

1.1449(47) (34) 

1.1443(30)(06) 

1.1242(13)(09) 

1.1198(22)(10) 

1.1155(31)(19) 

1.0722(11) (04) 

1.0443(05) (03) 

1.0430(03)(02)

3.977(28)(15) 

3.885(42)(02) 

5.548(38)(07) 

5.380(29)(16) 

5.330(72)(29) 

9.315(43)(27) 

12.302(58)(17) 

12.242(67)(31)

15.93(90) (44) 

15.84(12)(05) 

16.003(85)(14) 

15.488(70) (49) 

15.42(18)(07) 

15.807(66) (39) 

16.285(75) (03) 

16.173(87)(45)

'W'sea

b

L x T  x L 5

~  0.09 fm ensembles
/jrW c2
U(L) $ v 2

m0031m0186

m0031m0186

m0031m031

m0031m031

m0062m031

m0124m031

40 x 96 x 12 

40 x 96 x 12 

40 x 96 x 40 

40 x 96 x 12 

28 x 96 x 12 

28 x 96 x 12

1.0865(57)(32) 

1.1454(77)(32) 

1.1594(103)(27) 

1.1509(79) (35) 

1.1224(14)(03) 

1.0764(13) (03)

2.71(10)(02) 

2.71(10)(02) 

2.87(13)(05) 

2.750(75)(28) 

4.927(35)(14) 

8.080(79)(12)

9.26(29)(07)

14.43(44)(11)

14.77(52)(19)

14.66(31)(10)

14.186(82)(29)

14.04(12)(02)

The functions p,p in Eq 4.3 are redefined as follows,

1 2i 2\ 1 2i ( 2 \ 1 (4772 — ) ,  ( f y 2 -  £ 2 \
=  1 6 ^ 5 logK >• ^ s T 6 ^ 1o« (0 ) .  — 3— )

(4.5)

In the redefinitions of p,p, the renormalisation scale is set to /x = b fn and the 

variables £ and p are set to £ =  m ^ j f n and p = m p / f n . The results of chiral 

expansion parameters £ and p computed from the ground state meson masses and 

decay constants is presented in Table 4.2. The lattice d a ta  of masses and decay
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constants is corrected for finite volume corrections as computed [67, 17, 18],

f  J J I ^  \  1 1

A F V \ 2 t o k )  “  ( 4 ' 6 )

r ^ r h w )  =(m + m s)B 0 J 3\ f v

AfV{10 = - 2 I ^ rn”L ) ~ X ^ ™ K L )

A p v  (x) = m n L "> ~  ~

where the definition of ^  is the straightforward extension. The finite volume sums 

X(£) are evaluated as [18],

« • * )
71=1 V

where, k(n ) is the multiplicity of the number ways a given number in the sum can 

represented as sum of squares three integers. Such sums arise as a  part of summing 

over three dimension after replacing the regularising integral by sums.

4.2.1 F ittin g  S trategy

Our aim is to  determine to all the LEC’s appearing in the Eq.[4.3]. A direct way 

to obtain these is to  perform a simultaneous x 2 minimization of Eq.[4.3] which is 

what we will be doing. However the fits can be performed consistently if we make 

certain observations of Eq.[4.3]. The strategy th a t we will be adopting is to fit ratios 

of masses and decay constants and compare the fits to  global fit to Eq.[4.3].

D eterm in ation  o f f a

The ratio of f a / f a  is described by only one constant th a t of f a  and can be obtained 

by fitting lattice computed results. A t NLO in SU(3) y P T  , it is evaluated including
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finite volume corrections as,

(4.8)

The determination of L5 is significant by itself as the ratio ^  is im portant in ac

curately determining the CKM m atrix elements . In particular, the CKM m atrix 

element |V^S| can be determined accurately from \Vud\ w ith the lattice determinations 

of tj*- as shown in [68]. We will present a  separate and detailed analysis of f x /  .fir 

with finite volume effects and mixed action corrections.

D eterm in ation  o f 2L8 — L 5

The ratio of mesons m 2K/ m \  in SU(3) x P T  has two constants Lg and L5 at NLO. We 

perform a simulteneous x 2 minimization with f x /  fn  to obtain Lg.

= m~ ■ (1  + fJ-r,- Htt +  16(??2 -  £2)(2L 8 -  L 5) + \ z ( € v ,m vL) -  rr^L) 1(4 .9)
TTl  ̂ Z Z J

The results for the fits will include finite volume and mixed action corrrections and 

will be presented in Sec 4.3.

4.2 .2  T hree flavor M ixed  A ctio n  x P T

The mixed action y P T  has been studied extensively [46, 47, 48, 49, 50, 51, 52, 53,

54, 55, 56, 57, 58, 59] describes the results of lattice calculation very closely as it 

includes the knowledge of discretisation of sea and valence sector including the effects 

of different sea and valence quark masses and the effects of finite lattice spacing. The 

three flavor MA y P T  [54] includes the valence and sea strange quarks effects and 

is considerably complicated compared to its two flavor cousin. In the three flavor 

theory, the unitaxity violating effects are taken into account via the light and strange
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Table 4.3: Expansion parameters fo r  MA  X-PT

b ~  0.125 fm ensembles

Wlsea L  x T  x L5 A 2-JU A 2 rhx

m007m050 20 x 64 x 16 0.23197(50) 0.526(11) 0.9389(78)

m007m050 24 x 64 x 16 0.23197(50) 0.526(11) 0.9389(78)

m010m030 20 x 64 x 16 0.22400(51) 0.1904(60) 0.8225(43)

m010m050 20 x 64 x 16 0.22825(59) 0.479(16) 0.9405(43)

m010m050 28 x 64 x 16 0.22853(102) 0.515(25) 0.953(10)

m020m050 20 x 64 x 16 0.24135(79) 0.488(10) 0.989(16)

m030m030 20 x 64 x 16 0.25251(91) 0.1330(63) 0.8968(64)

m030m050 20 x 64 x 16 0.2653(53) 0.434(12) 1.0225(45)

b ~  0.09 fm ensembles

Wlsea L x T  x L 5 A 2JU A 2rs rhx

m0031m0186 40 x 96 x 12 0.0807(4) 0.1804(74) 0.6134(70)

m0031m0186 40 x 96 x 12 0.0807(4) -0.0300(83) 0.6134(70)

m0031m031 40 x 96 x 40 0.0819(5) 0.210(17) 0.744(14)

m0031m031 40 x 96 x 12 0.0839(3) 0.205(11) 0.7409(98)

m0062m031 28 x 96 x 12 0.0853(7) 0.204(14) 0.757(11)

m0124m031 28 x 96 x 12 0.0982(5) 0.1961(44) 0.7955(32)

partially quenched parameters as,

A ju = rhjj -  m 2uu = 2B0{mj -  m u) +  62A / +  ... (4.10)

A^s =  m 2rr -  m 2ss =  2B0(m r -  m 3) +  62A j +  ...

where the subscript j  and r  correspond to  the light and strange sea quarks and u

and s correspond to the light and sea valence degree of freedom. These param eters

quantify the departure of the mixed action theory from QCD and to  have the most 

QCD like situation have to be tuned to  zero by the appropriate choice of valence
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quarks. The mixed mesons (mesons comprised of one sea and one valence quarks) 

and sea mesons also receive corrections due to the finite lattice spacing and the effect 

of discretisation (in case of mixed mesons) and are given as follows [54],

rh2vs = B 0{mv + m s) + b2 A mix (4-11)

m 2ss = 2B0m s + b2A j

where the subscript vs  indicate a mixed meson with valence-sea degree of freedom 

and ss indicate sea-sea degree of freedom. The quantities b2A mix and b2A j  were

computed for our lattice calculations in Ref [56, 59] and are given as,

(280 MeV)2 b ~  0.125 fm (450 MeV)2 b ~  0.125 fm
b2A mix = { b2A j  = j

(190 MeV)2 b -  0.09 fm I (280 MeV)2 b ~  0.09 fm
(4.12)

The results for the mixed mesons and partially quenched param eters are presented 

in Table. Finally, the expressions for the pion and kaon masses and decay constants 

are derived in [54] and are presented here in the appendix as they are considerably 

long expressions. We will discuss the fitting of these expressions in Sec 4.3.

4.3 SU (3) Chiral E xtrapolation  o f th e  L attice D ata

In this section, we present the results of chiral, continuum extrapolations of SU(3) 

yP T  . As shown in Tables [4.1,3.2,4.2], we have results at several light quark masses 

and two lattice spac'ings b «  0.09 fm and b 0.125 fm . To perform chiral extrapola

tion, we need to determine the LEC’s from the lattice da ta  which will be performed 

as a simultaenous x 2 minimization of Eq 4.3 as follows,

mLattijnq) ~  (413 )
SU{3) m q k ° { m q )  J

where, m^att =  {m-n, fir, I k }  is the set of SU(3) quantities computed on the 

lattice at the given quark mass. msu(3) is the relevant chiral expression in Eq [4.3].
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To determine the uncertainties in the extracted LEC’s, we have generated gaussian 

distributed samples {m®, m gK, / | ,  f 9K ] a t the relevant quark mass m q and use them  in 

the x 2 minimization Eq. [6.18].

The continuum extrapolation is done from the results of x 2 minimization Eq 6.18 

at lattice spacings b ~  0.09 fm and b ~  0.125 fm by simplistic fit motivated from 

M A ^PT as,

A(6) =  Ao +  Ai (4-14)

The effects of finite volume are presented by considering the change in the corre

sponding LEC with and without the corrections. They are characterised as,

\oo _ \ FV
= AFV (4-15)

where, A°° is the LEC obtained from fiting the finite volume corrected data  and XFV 

is the LEC obtainted from fitting the lattice computed results. The results presented

in the following sections are by default results to finite volume corrected data.

We now proceed to analysis of the lattice data. As described previously, we will 

perform analysis on f x / fw ,  m x / m2 and the all the expressions in Eq. 4.3 including 

the finite volume and mixed action effects.

4.3.1 SU (3)  N L O  fits

D e te rm in a tio n  o f L 5

The LEC L5 is obtained from a x 2 minimization of lattice d a ta  of F  as in Table 4.2.J7T

The results are present in Table 4.4 at coarse and fine lattice spacings.

We have performed various fits as {A,B,C..} on the lattice results indicating var

ious degrees of freedom. These degrees of freedom are chosen in such a way th a t Fit 

A corresponds to the fit to all available degrees of freedom and the subsequent fits 

{B,C...} are chosen by eliminating the heavier quark masses. The fit presented in the
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Table 4.4: Extrapolation results fo r  —

Fit to Coarse ensembles

Fit L5 x 103 ^  (extrapolated) % 5(L5)\fv X2/d o f d o f

A 5.5791(61)(27) 1.2100(6)(3) 0.0 % 38 7

B 5.5123(52)(22) 1.2030(6)(2) 0.35 % 9 4

C 5.5459(59)(22) 1.2065(6)(2) 0.40 % 4.4 2

Fit to Fine ensembles

Fit L5 x 103 ^  (extrapolated) %5(L5)\Fv X2/ d o f d o f

A 5.583(12)(03) 1.2115(12)(03) 0.0 % 12 5

B 5.539(10)(03) 1.2074(12)(04) 0.44 % 9.7 4

Table 4.4 includes the finite volume corrections and the effects of such corrections is 

presented in Column 4. After performing the continuum extrapolation, we have

L5(p = f l hys) =  5.733(10)(03) x 10~3 (4.16)

=  1.2257(10)(03)
\  / t t  /  phy

In our fitting procedure the scale we have chosen is th a t p — bfn and we could trade 

the scale to  p, =  f%hys as the effects of difference in the scale will be a t the next order 

in chiral expansion. The scale dependence of L5 as computed in [8] is given by,

=  M M ) -  f  ̂ l o g  ( ^ )  (4.17)

As a m atter of convention, the scale often used to quote results for LEC’s is the mass 

of rho meson m p =  770 MeV. We quote our results a t p  = m p as follows,

L5(mp) =  1.521(10)(03) x 10~3 (4.18)

The results presented here although in agreement with the experimental contain dis

cretisation effects and should be considered with caution. A mixed action analysis
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Table 4.5: Extrapolation results for

Fit to Coarse ensembles

Fit L 8 x 103 ^(-^s)\f v (2L 8 -  L 5) x 103 X2/ d o f do f

A 1.7403(13) (08) 0.11% -2.1776(10)(04) 70 6

B 1.6167(8)(2) 0.23% -2.3020(9)(2) 22 4

C 1.5533(8)(2) 0.30 % -2.4022(8)(2) 6.9 2

Fit to Fine ensembles

Fit L 8 x 103 d(L8) \f v (2L 8 -  L 5) x 103 X2/ d ° f do f

A 1.7635(21)(06) 0.35% -2.0461(20)(03) 36 4

B 1.5547(32) (09) 0.30% -2.2030(22)(06) 4.5 2

will be more complete where the effects of different discretisation schemes for the sea 

and valence sector will be accounted for properly.

4.3.2 D e te rm in ta tio n  o f (2L 8 — L$)

In this section, we have performed a simultaneous x 2 minimization of the ratio of

in Eq 4.9 with that of ^ t o  obtain LEC’s L8 and (2L 8 — L 5). The results of

this are presented in Table. As before the results presented include the finite volume 

corrections at both lattice spacings b & 0.09 fm and b ~  0.125 fm . The Fits 

{A,B,C} describe the fits with varying degrees of freedom by eliminating the heavier 

quark masses. The continuum extrapolated results are given as,

{Ls(f?»’))pky, =  1-5517(43)(11) x 10-3 (4.19)

(2L6- U ) ( f f ’<’)pkv, =  -2.6413(33)(08) x 10-3

The scale dependence of L 8 is given by the solution of the RG equation [8],

c i /  fphys  \

i s ( ^ )  =  L s M - 5 I ^ l o g ( ^ r )  (4.20)
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Table 4.6: Extrapolation results fo r  SU(3) Low Energy Constants-I

Fit to Coarse ensembles

Fit L5 x 103 L 8 x 103 L6 x 103 1,4 x 103 X 2 / d o f

A 5.2381 (87) (47) 1.5044(86) (48) 0.000(10) (00) 0.048(23)(10) 135/10

B 5.252(17) (06) 1.505(15)(06) 0.000(12)(00) 0.098(41)(17) 53/6

Fit to Fine ensembles

Fit L 5 x 103 L 8 x 103 L q  x 103 L4 x 103 X 2 / d o f

A 5.815(41)(07) 1.764(17)(03) 0.995(40) (06) 1.471(64)(11) 26/10

B 5.790(47)(06) 1.754(19)(03) 0.924(33) (05) 1.368(55)(09) 16/6

The above results computed a t scale p  = m p are given as,

(£»(">*)),*„, =  0.3819(43)(11) x 10-3 (4.21)

(21 , -  7,,) ( m , =  —0.7696(33)(08) x  10-3

As can be seen in Table 4.5, even with two degrees of freedom the x 2 f°r the results 

presented in relatively high, due to  inclusion of discretisation and partial quenching 

effects. Hence one should consider these results with caution and motivates a mixed 

action analysis which is done in the next section.

4 .3 .3  D e te rm in ta tio n  o f L 8, L$, L 8,

In this section, we will present the results of simulateneous x 2 minimization of SU(3) 

pion and kaon masses and decay constants. This is done at bo th  lattice spacings and 

several fits with varying degrees of freedom are performed. The uncertainties in the 

extracted LEC’s are determined by generating a gaussian distributed input errors of 

the pion and kaon masses and decay constants. The results are presented in the Table 

4.6 and Table 4.7 for the sake of convenience. Looking at the results of Tables 4.6 

and 4.7, several remarks are in order,
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Table 4.7: Extrapolation results fo r  SU(3) Low Energy Constants-II

Fit fo [MeV]

Fit to Coarse ensembles 

(2L 8 -  L s ) x 103 (2L6 -  L 4) x 103 X2/ d o f

A 190(3)(2) -2.2308(60) (49) -0.048(23)(10) 135/10

B 187(5) (3) -2.241(14)(06) -0.098(41)(17) 53/6

Fit to Fine ensembles

Fit fo [MeV] (2L8 -  L5) x 103 (2L 6 -  L 4) x 103 X2/ d o f

A 116(2)(1) -2.285(10)(02) 0.518(22)(04) 26/10

B 115(2)(1) -2.282(10)(02) 0.480(18) (04) 16/6

1. The extracted LEC’s have a relatively higher x 2 a t coarser lattice spacings and 

the results should be considered with care.

2. Although we have enough d a ta  to describe SU(3) y P T  , we have perfomed fits 

with only limited degrees of freedom as these fits become unstable for higher 

quark masses. This is an indication of failure of SU(3) y P T  at higher quark 

masses which is a ttributed  to lack of lighter quark masses at coarse lattice 

spacings.

3. The fits to the finer ensemble have a better x 2 as there are more light quark 

masses than  those on the coarse ensembles.

The results after performing the continuum extrapolation at the scale p  = f n are as 

follows

L5 = 6.170(67)(15) x 1(T3 L 8 = 1.930(20)(06) x 1(T3 (4.22)

L4 =  2.244(87)(30) x 10“3 L 6 = 1.561(82)(08) x 1(T3

(2L8 -  L 5) = —2.310(12)(04) x 10“3 (2L 6 -  L4) =  0.900(40)(10) x 10~3
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As is in the convention, we also present our results at the  scale /i =  m p as follows,

L5 =  1.959(67)(15) x 1CT3 L8 =  0.760(20)(06) x 1(T3 (4.23)

U  = 0.840(87)(30) x 10"3 L6 =  0.704(82)(08) x 10”3

(2L8 -  L5) =  —0.439(12)(04) x 1CT3 (2L 6 -  L4) =  0.588(40)(10) x 1(T3

4 .3 .4  NLO M ixed  A ction  A nalysis

Three flavor M AyPT describes the lattice d a ta  closely as it takes into account the 

effects of partial quenching and different discretisation of sea and valence sectors. 

Since the lattice spacing corrections are included in M A yPT , we do not have to 

perform continuum extrapolation and this provides a relatively large d a ta  set for 

analysis.

At NLO, there are additional two low energy constants describing the lattice 

spacing effects namely L f a2 and L ma2. These will be have to determined from the 

lattice data. The unphysical effects of partial quenching are included as A 2U for the 

light sea and valence quarks and A 2S for the strange sea and valence quark masses. 

These are computed from mixed mesons and the results are provided in Table 4.3.

We now proceed to the analysis results of mixed action y P T  . The results are 

presented Table 4.8 and 4.9. and as before the results table is split in two for 

convenience. The various fits {A,B,C,D} are fits w ith varying (increasing) quark 

masses. We have several remarks about the fits

1. The Fit D with M AyPT has a low y 2 and describes the  d a ta  well.

2. The overall quality fits is better than  the SU(3) analysis, as with the variation 

of quark masses, especially with the inclusion higher quark masses, all the fits 

are stable.
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Table 4.8: Extrapolation results fo r  M A \P T  -I

Fit L 5 x 103 L 8 x 103 L6 x 103 L4 x 103 X2/ d ° f

A 5.220(08) (02) 1.86(1)(0) 1.216(5)(2) 1.864(5)(2) 510/16

B 5.30(02) (00) 1.89(03)(01) 1.39(06)(01) 1.74(02)(01) 90/12

C 5.82(17) (02) 1.65(21)(05) 1.75(18)(03) 1.92(10)(01) 23/8

D 5.75(18)(01) 1.71(25)(13) 1.74(32)(12) 2.04(13)(03) 6/4

Table 4.9: Extrapolation results for  M A x P T  -I I

Fit fo [MeV] (2L 8 -  L 5) x 103 (2L 6 - L 4) x 103 Lfa2 1Tjma?

A 123.9(2)(0) -1.49(1)(0) 0.56(1)(0) -0.441(1)(2) -1.3(1)(1)

B 129(2)(1) -1.52(06)(01) 1.03(12)(03) -0.51(01)(0) -0.5(2)(0)

C 102(7) (2) -2.52(39)(09) 1.59(34)(05) 0.17(21)(01) 2(1)(0)

D 102(3)(2) -2.31(54)(24) 1.44(55)(24) 0.09(24) (04) 0.7(2.0)(1.2)

3. This can be understood as the mixed action x P T  accounts for the unphysical

effects of partial quenching and discretisation correctly.

4. We use the Fit D to present as the final result of this analysis as below.

The results of Fit D at scale p  =  f n are as below,

L 5 = 5.77(13)(05) x 1(T3 L 8 =  1.71(25)(13) x 10“ 3 (4.24)

L4 =  2.04(13)(03) x 10~3 L 6 =  1.74(32)(12) x 10“3

(2L8 -  L 5) = —2.31(54)(24) x 10"3 (2L6 -  L4) =  1.44(55)(24) x 10~3

We also present the results of Mixed action y P T  analysis a t scale p  =  m p are
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given as follows,

L5 =  1.48(13)(05) x 1(T3 L 8 =  0.44(25)(13) x 1(T3 (4.25)

U  =  0.63(13)(03) x 10“3 L 6 = 0.93(32)(12) x 10~3

(2L8 -  L 5) =  —0.59(54)(24) x 1(T3 (2L 6 -  U )  = 1.23(55)(24) x 1CT3

4.4 R esults and C onclusions

In this work, we have studied the SU(3) x P T  for the pions and kaons through the 

determination of the corresponding LEC’s from our lattice data. The lattice cal

culation th a t we have performed is a  mixed action calculation and it is im portant 

to quantify the effects of discretisation for pions and kaons. The approach we have 

taken is similar to the SU(2) analysis, in th a t, we have determ ined the SU(3) LEC’s 

by fitting the lattice data  to continuum SU (3) expression. We found th a t they suffer 

from discretisation effects which makes the fits unstable. Consequently, the fits could 

be performed over a very limited range of quark masses.

We then made fits with the mixed-action expressions and found th a t these ex

pression fit the data  very well and th a t we were able to  perform fits with consistent 

determinations of LEC’s over a larger range of quark masses. This gives us confidence 

tha t the mixed action expressions correctly account for discretisation effects.
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C hapter 5

Scalar Strange Content of Proton  

from Lattice QCD

The observed quantum numbers of proton can be explained in terms of three light 

quarks, two up quarks and one down quark. The constituent quark model was for

mulated based on this belief and it enjoyed much success before the advent of QCD. 

Later as the EMC experiment dem onstrated, the proton has much more compli

cated structure than painted by the naive constituent quark model. This experiment 

showed th a t quarks carry only a fraction of proton’s spin and also a nonzero value for 

(iV |s7M75s|iV). There must be a significant contribution from the virtual qq pairs, 

also known as sea quarks or non-valence quarks, to  all the properties of the proton.

The puzzle between the current quarks of QCD and constituent quarks of the 

quark model was later resolved Kaplan & Manohar who proposed th a t the effect of 

sea quarks is to renormalize the current quarks of QCD into the constituent quarks 

of the quark model. Thus the “new” redefined constituent quarks were made up of 

gluons and virtual ss  pairs. This resolved the inaccuracies in axial and vector form 

factors of the proton as the inclusion of strange m atrix elements described the data  

more accurately compared to  the prediction made by the constituent quark model. 

They also proposed how elastic neutral current scattering experiments can be used 

to extract strangeness content of the proton. This was later utilized successfully by 

the HAPPEX and GO series experiments at Jefferson lab which has now shown the
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strangeness contribution to  the charge and m agnetization of proton to be 10 % of 

the total. In our work, we are mainly concerned only w ith the scalar strange m atrix 

element (iV|ss|/V).

The strange m atrix element (-/V|ss|JV) appears as a  non-valence contribution i.e, 

from sea quarks to the mass of nucleon. The non-valence strange m atrix element 

has its importance for dark m atter searches as the cross-section for scattering of 

a neutralino off a nucleon couples to  these m atrix elements [69]. Experimentally 

this quantity is not accessible as there doesn’t  exist a scalar probe to measure this 

quantity. (7V|ss|vV}being inherently non-perturbative, one has to  resort to lattice 

QCD for computations.

Recently, there has been a lot of interest in computing (N\ss \N) .  The lattice 

computation of (N\ss \N)is  not a straight forward com putation as strange quarks 

appear in loops and one has to compute the insertion of the loop to the nucleon 

propagator. The computation of loop diagrams on the lattice is expensive as one 

has to use all-to-all propagator techniques. The method used by most groups in 

computing {N \ss \N )employs computing the loop diagram via a 3-point correlator 

and the strangeness content is given as follows,

R(A t ,  A t , )  = C3g ^ (̂ t ,)  — (N  |ss|JV) (5.1)

where A t  is the temporal interval between nucleon source and sink, C^pt is the three 

point correlator with a loop vertex, C2Pt is the nucleon two point correlator. The 

collaboration MILC has also performed com putation of (JV|ss|iV) . They are able to 

compute the (N\ss \N)  from prior measurements of f  d4xss  during lattice generations 

on all of their configurations . They then relate (N \ s s \ N ) to  and compute the 

partial derivative by product expansion.

The present work utilizes the Feynman-Hellmann Theorem which has some dis

tinct advantages over the direct method: it is numerically less expensive and the
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ground state contributions to the two-point correlation functions can be significantly 

more reliably determined than plateaus in direct m atrix element calculations.

We begin by presenting an overview of our m ethod in Sec. 5.1 and then details of 

our lattice calculation in and thereafter present the determ ination of m s(N\ss \N)  in 

Sec. 5.3. We also present results for heavy m atrix elements and finally present our 

conclusions to this work.

5.1 C om putational M eth odology

The scalar m atrix elements can be calculated from H q c d  by invoking the Feynman- 

Hellman theorem as [70],

(N \mqqq\N) = m q- ^ - ( N \ H Qc D\N) =  (5-2)

where M n  is the mass of the nucleon and H q c d  is the QCD hamiltonian. The 

behavior of nucleon to the N3LO in H B yPT is given by [70],

M n = M 0 {p) ~  M # V )  -  M%/2)(fu,) -  +  ... (5.3)

where the M term  denotes the contribution to  the order m ”. For example to  the 

NLO in xPT , the nucleon mass is given explicitly by [70],

M n  = M 0 + (mu + m d)anN + m s(3 +  (9(m3/2) (5.4)

where M0 is the nucleon mass in the chiral limit, awn  is the nucleon sigma-term 

and f3 =  (iV|ss|jV} is the strange m atrix element contribution. Applying Feynman- 

Hellman theorem, we have to the LO in chiral expansion,

0 = { N  MAT) = M ~  M + O ( m ^ )  (5.5)
d m s m s i -  m S2 q

Hence one can compute the strange m atrix element by comparing the nucleon mass 

on two sets of lattice ensembles varying only by the strange sea mass.
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While the m atrix element (iV|ss|./V)is a renormalisation dependent quantity, it is 

more desirable to study strange quark contribution m s(N \ss \N ) to  the nucleon mass, 

as it is a RG invariant quantity. The strangeness contribution is defined by,

! \ t \ -  i a a  d M N 2 d M Nm i {N\ss \N )  =  (5.6)

=  ( 2 m * - m j
I d  2 d  

+2 d m *  3 dm*
M n  + 0 (m q)

5.2 L attice C alculation and D ata  A nalysis

5.2.1 L attice D etails

The computation for (iV|ss|7V)was performed on gauge configurations generated by 

MILC namely on coarse ensembles MILC_2064f 21b675m 010m 030 & M ILC_2064f3b679m030  

and fine ensemble M ILC_4096f21b711m 0031m0186. These employ N f  =  2+1 (2 degen

erate light and 1 heavy)& N f  =  3 (3 degenerate) flavors of improved rooted-staggered 

quarks known as the Asqtad action[66]. The lattices are of size 203 x 64 and 403 x 96 

respectively with the spacing determined from the Sommer scale, which inturn is de

termined from heavy baryon spectroscopy, as 6 ~  0 .123  and b «  0.095. The validity 

of our calculation depends on the assumption that the rooting procedure yields the 

correct continuum limit of QCD. We assume th a t the rooting procedure gives the 

correct continuum QCD.

For the valence quarks, we used the domain wall fermion (DWF) action with 

hypercubic smearing (HYP-smearing) to  improve the chiral symmetry. We em

ployed anti-periodic boundary conditions in our com putation as done by NPLQCD. 

Since we are interested in finding the effects due to  sea quarks, we had to  set 

all the valence parameters on our ensembles to what was used by the NPLQCD 

collaboration. Hence the valence param eters on set M ILC_2064f21b675m010m030
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Figure 5-1: Effective Mass Plots on Ensemble M ILC_4096f21b708m 0031m031 and En
semble M ILC_4096f21b706m0031m0186

were the same as valence param eters on set M ILC_2064f21b676m010m050 and the 

same follows for ensembles MILC_2064f 3b679m 030 & MILC_2064f 21b681m 030m050 and 

MILC_4096f 21b706m 0031m0186 & MILC_4096f 21b708m 0031m 031 . This enabled us to 

have (N\ss\N)  a t different light quark masses which is essential for chiral extrapola

tion. The parameters are tabulated in Table 5.1 for convenience.
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5.2.2 D ata  A nalysis

We computed meson and baryon masses on sets M ILC_2064f21b675m010m030,

MILC_2064f 3b679m 030 and MILC_4096f 21b706m 0031m 0186 from approximately 18,000  

correlators on each set. This was done by placing a source a t a  random space-time 

point within the lattice throughout all the configurations. To account for the auto

correlation between the configurations, all the correlators were averaged using the 

single elimination jackknife. The masses of mesons and baryons are extracted from
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asymptotic behavior of the respective correlator given by,

Cx ( t ) ^ A x e—  M ,  =  I l o g ( z^ y)  (5.7)

We also employed smeared interpolating operator for the quark fields at the source 

and two types of interpolating operators a t the sink viz. local and smeared quark field 

operators. This gave us two types of correlators for each physical sta te  viz. C jp (t) 

& C'xP(t). A linear combination of these,

Cx (t) =  C^s ( t ) - a C f : F(t)
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Table 5.1: Parameters o f the Lattice Calculation

b si 0.125 fm ensembles

p bmfea b m f a Vol bmfwf  bm\es x 103 braf”? bmrses x 104 N cjg

6.75 0.010 0.030 203 x 64 0.0138 1.564(3) 0.081 8.92(2) 328

6.76 0.010 0.050 203 x 64 0.0138 1.566(11) 0.081 9.13(2) 656

6.79 0.030 0.030 203 x 64 0.0478 1.052(4) 0.081 8.09(4) 367

6.81 0.030 0.050 203 x 32 0.0478 1.013(6) 0.081 8.62(7) 486

b ph 0.09 fm ensembles

P bmfea bmssea Vol bmfwf 6m[es x 104 bm f° f bmrses x 104 N cfg

7.06 0.0031 0.0186 403 x 96 0.0035 ? 0.0423 ? 356

7.08 0.0031 0.031 403 x 96 0.0035 4.28(3) 0.0423 2.33(2) 422

is used eliminate the first excited state by appropriately fine tuning a  such that 

the correlators form a wider plateau. This gave us more tim e slices to fit which 

reduced the systematic error due to  fitting. The statistical errors are quoted from 

single elimination jack-knife. The systematic error due to  fitting is computed from a 

correlated x 2 fit- We use the scale setting done by MILC collaboration in term s of 

r\ units to convert our lattice results to MeV as tabulated  in Table 3.3. We use the 

physical r 1 as r^hys =  0.311 (2) (f) fm which is determ ined by using f n to  set the scale.

5.3 Scalar Strangeness in N ucleon

As discussed in the introduction, there are two methods for determining the scalar 

strange quark m atrix element in the nucleon: a  direct calculation of the m atrix ele

ment employed by some groups [71, 72, 73, 74, 75, 76, 77] and an indirect determi

nation through the Feynman-Hellmann Theorem [78, 79, 80, 81, 82, 83], Eq. (5.6), 

and a hybrid approach [84, 85]. This work utilizes the la tter method. For each light 

quaxk mass ensemble, we have a determ ination of the nucleon mass at different values
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Table 5.2: Computed Pion and Nucleon masses

b ~ 0.125 fm Ensembles

bn%sea bmn m ^M ey] bMN M at [MeV]  ̂n  yphys

m010m030 0.22194(31) 381.7(5) 0.7195(33)(24) 1238(6) (4) 2.711(4)

m010m050 0.22298(26) 387.3(5) 0.7336(31)(18) 1274(5) (3) 2.739(3)

m030m030 0.37323(26) 668.0(5) 0;8626(24)(11) 1544(4)(2) 2.821(7)

m030m050 0.37470(24) 683.7(4) 0.8721(24)(18) 1591(4)(3) 2.877(4)

b ft:: 0.09 fm Ensembles

bmsea bm-n m n [MeV] b M ] y [MeV] (J± .yh ys

m0031m0186 0.10195(33) 238.4(7) 0.4585(104)(26) 1073(28)(10) 3.687(4)

m0031m031 0.10160(25) 242.0(6) 0.4626(90) (10) 1102(21)(2) 3.755(4)

Table 5.3: Results for m s (N\ss \N) from the fits to Nucleon mass

m w [MeV] M N(myhy) [MeV] m phy (AT|ss|iV)[MeV]

240 1089(12)(8) 60(71)(21)

384 1246(5)(2) 63(13)(8)

676 1556(4)(1) 81(10)(6)

of the strange quark near its physical value. These results, Table 5.2, can be used to 

interpolate to the physical value of the strange quark mass, Taylor expanding about 

bmyhy, and determine the two quantities

mpshy
(5.8)

The MILC Collaboration has determ ined values of the strange quark mass to  be 

bmyhy = 0.0350(7) and bmvshy =  0.0261(5) on the h rzs 0.125 fm and b «  0.09 fm 

ensembles respectively [86, 1]. erforming the Taylor expansion about m vshy, the values 

of the nucleon mass and m s(N\ss \N)  are determ ined on each ensemble. These results 

are collected in Table 5.3 and the resulting interpolations are displayed in Figure 5-4.
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5.3.1 C h ira l E x tra p o la tio n  o f m s(N\ss \N)

The results for m s < N \s s \N  > must be extrapolated to the  physical value of the 

pion mass. In Ref. [87], the two flavor extrapolation formula for this m atrix element 

was determined at next-to-leading order (NLO) in the chiral expansion,

^ m 2
(jvMAO =< > ° (< iv|ss|jv >° -  < a|&>|a >°) + e ,

(5.9)

where (H\ss\H)°  represent the leading order (LO) contribution to the scalar strange 

matrix element in the hadron H, g-nNA is the axial pion-nucleon-delta coupling appear

ing in the S U (2) baryon chiral Lagrangian, is a chiral loop function non-analytic 

in the pion mass and the delta-nucleon mass splitting (A =  raA — m N) and E s is a 

low energy constant appearing a t NLO.
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In principle, we should be fitting our d a ta  to  the equation above, but since we are 

have a very limited da ta  set, we instead make a simple minded fit. The best that 

can be done with the present results is a  simple, effectively zero-degree of freedom 

extrapolation using the formula

m s (iV |ss|jV) =  c0 +  c2m l . (5.10)

While this will not result in a precise and accurate determ ination of the scalar strange 

m atrix element, it will provide a  good guide to  the approximate value at the physical 

point. While not a rigorous expectation, it has been found th a t m atrix elements of 

the nucleon tend to have very mild pion mass dependence, see for example the recent 

review [88]. Performing this simplistic pion mass extrapolation, using the isospin
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Table 5.4: Extrapolated values of  m s(N\ss \N)  and f s. These results are averaged 
described in the text.

Quantity Extrapolated mf^(AT|ss|iV) [MeV] f s

m%hy {N\ss\N) 59 ±  24 ± 10 0.062 ±  0.025 ± 0.001

f s 47 ±  23 ± 14 0.050 ±  0.025 ± 0.002

Correlated Average 52 ±  24 ± 10 0.055 ±  0.025 ± 0.002

averaged m yhy =  138.0 MeV,

m pshy(N\ss\N)  = 5 9  ± 2 4  ± 1 0  MeV. (5.11)m%hv

The extrapolation is displayed in Figure 5-5. Given the limited ability to perform 

the chiral extrapolation, we also explore the light quark mass dependence of f s =  

m s{ N \s s \N ) /m N to improve the estim ate of systematic uncertainties. It has been 

observed that the nucleon mass displays a remarkably linear dependence on the pion 

mass [37, 89]. For this reason, two extrapolation functions are used to estimate 

extrapolation systematics:

f ,  =  / f  +  . (5-12)

yielding the results

f s =  0.050 ±  0.025 ±  0.002 (5.13)

respectively. These extrapolations are displayed in Figure 5-6. The quantity f s is 

observed to have negligible light quark mass dependence.

These results can be compared with the extrapolation of m s{N\ss\N)  by con

verting with the isospin averaged nucleon mass m p̂ v =  938.9 MeV. We perform a 

weighted average of these results, the weights being the inverse of the uncertainties of 

the quoted values. Hence, such an average will give more importance to  the results
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with lower uncertainties. For the result of f s, to convert to  m s (iV|ss|iV), we have 

used the m ^  result as before. The results for weighted average are provided in Table 

•5.4.

5.3.2 E stim ating  th e heavy quark m atrix  elem en ts

Knowledge of / u, / d and f s can be used to  determine the values of f c, f b and f t [90, 91]. 

In Ref. [91], these heavy quark m atrix elements were computed using perturbative 

QCD to 0 ( a l ) ,  finding

f c = 0.08896(1 -  xuds) , f b =  0.08578(1 -  x uds) , f t = 0.08964(1 -  x uds) , (5.14)

The light quark matrix elements are given by the pion-nucleon sigma term  m ^ { f u + 

fd) =  tN, which has also been determined from lattice QCD. As can be seen in 

Ref. [92], the determination by the BMW Collaboration [79] not only would have the 

only green-star ranking but also is a good approximation for the average of all lattice 

QCD calculations of this quantity, with a value o^n  =  39(lg8) MeV. Combining 

this with our estimate for f s yields a value x uds =  0.085(1;qi4), and values of the 

heavy-quark m atrix elements

where

%uds — fu T  fd T  fs ■ (5.15)

/ c = 0.0814(;J5), f b =  0 . 0 7 8 5 0 ,  /< =  0 .0820(ig ), (5.16)

or in dimensionful units

m c(N\cc\N)  =  76(l]g) MeV, 

m b(N\bb\N) =  74(1“ ) MeV, 

m t(N \ i t \N )  =  77(111) MeV. (5.17)
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5.4 R esu lts and D iscussion

For the present work, the Feynman-Hellmann Theorem was invoked to determine the 

strange content of the nucleon through a change m N as the strange quark mass is 

varied

m s(N\ss \N)  =  m s- 7̂ ~  ■

By taking care to set the scale using values of r^/b which were extrapolated to the 

physical values of the light and strange quark masses, the nucleon mass variation was 

determined with all other param eters held constant (with precision better than 1%), 

as is required for a proper determ ination of this quantity [84, 85]. There are several 

groups who have used the Feynman-Hellmann Theorem [78, 79, 80, 76, 81, 82, 83] as 

well as more determinations with a direct calculation of the m atrix  element [71, 72, 73, 

74, 75, 76, 77] and results from a hybrid approach [84, 85]. Before making a detailed 

comparison with other works, we first highlight advantages and disadvantages of the 

present work. The distinct advantage of using the Feynman-Hellmann Theorem over 

direct methods is th a t the ground state plateau of the nucleon can be significantly 

more reliably determined than the plateau for the m atrix element calculation, see 

the plots of ratio determinations in any of Refs. [71, 72, 73, 74, 75, 76, 77] (the 

direct calculation requires a vacuum subtraction, adding substantial statistical noise). 

The disadvantage of most groups employing the Feynman-Hellmann Theorem is the 

reliance upon SU(3)  baryon x P T  [78, 81, 82, 83], which is known to not have a 

converging expansion for the nucleon mass [37, 93, 32, 94, 95]. Therefore, it is not clear 

the full extrapolation systematic has been properly addressed in those works.This 

concern is substantiated by the discrepancy between independent S U (3) baryon x P T  

analyses and their determination of f s [78, 82, 81, 83].The current work does not 

suffer from this issue.

The most severe limitation of the present work is the small number of light quark

76



mass points (two) for which there is a non-zero determ ination of m s(N\ss \N) .  Given 

the significant numerical cost of the domain-wall propagators on the b ~  0.09 fm 

ensemble with m , ~  240 MeV, it is not clear how soon a more precise determ ination 

will be obtained at this point. Given the very mild light quark mass dependence 

observed in this work, and in nucleon m atrix  elements in general, we believe the 

present determination offers a reliable estim ate of the scalar strange content of the 

nucleon, but neither a precise nor demonstrably accurate value. Our final result is

m s{N\ss\N)  =  52 ±  24 ±  10 M eV ,

fs  =  0.055 ±  0.025 ±  0.002.

As was first discussed in Refs. [78, 96], there is now compelling evidence from lattice 

QCD that the value of the scalar strange content of the nucleon is substantially 

smaller than previously estim ated and does not play as significant a role in dark- 

m atter searches as previously thought [97]. For a recent review of the lattice QCD 

determinations of the scalar strange content of the nucleon, see Ref. [92].
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C hapter 6

Baryons from Lattice QCD

In this chapter, we will study the quark mass dependence of the nucleon mass from our 

lattice calculations. This will allow us to  determine the light quark m atrix elements 

and the strange quark m atrix elements of the nucleon from our calculations. This 

will also facilitate a comparison of results on the scalar strange m atrix element of 

the nucleon by performing a more detailed analysis. Our lattice calculations being 

performed at unphysical quark masses, we use the chiral perturbation for baryons to 

obtain results at physical pion masses. The analysis is performed with the two flavor 

and three flavor x P T  .

In section 6.1, we briefly present the overview of our lattice calculation as it has 

been discussed in previous chapters. In section 6.2, we provide the systematics of the 

baryon y P T  relevant to this work. In section 6.3, we present the results of analysis 

from baryon y P T  and take a look at the issue of convergence. Lastly in section 6.4, 

we summarise our results and present our calculations.

6.1 L attice system atics

We only provide a review of the lattice calculation we have used in this work as they 

have been already talked in Section 3.2, 4.2 and 5.2. The lattice calculation program 

is tha t of the mixed-action calculation [33, 34, 35, 36, 37, 38] with chirally symmetric 

domain wall valence fermions and staggered sea quarks. These have been extensively
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Table 6.1: Nucleon masses on Lattice Ensembles

b «  0.125 fm ensembles

TH'sea L  x T  x L 5 bMN bm„ bmx

m007m050 20 x 64 x 16 0.6931 (52) (29) 0.18175(39)(13) 0.36782(41)(11)

m010m030 20 x 64 x 16 0.7145(50)(42) 0.22146(35)(10) 0.37612(32)(08)

m010m050 20 x 64 x 16 0.7336(31)(18) 0.22287(28)(05) 0.37841(29) (05)

m010m050 28 x 64 x 16 0.7224(88)(91) 0.22279(47) (22) 0.37896(50) (22)

m020m050 20 x 64 x 16 0.8055(22)(16) 0.31091(28) (05) 0.40505(28)(06)

m030m030 20 x 64 x 16 0.8620(35) (10) 0.37323(28)(05) 0.42941(30)(16)

m030m050 20 x 32 x 16 0.8721(24)(18 ) 0.37465(26) (12) 0.43043(24)(18)

b «  0.09 fm ensembles

Tft'sea L  x T  x L b bMpt bmtt bmK

m0031m0186 40 x 96 x 12 0.442(14) (08 ) 0.10189(58)(12) 0.18814(57)(11)

m0031m0186 40 x 96 x 12 0.443(14) (06) 0.10189(58)(12) 0.23486(62)(11)

m0031m031 40 x 96 x 40 0.446(17)(10) 0.10397(89)(37) 0.23582(91)(31)

m0031m031 40 x 96 x 12 0.4626(90)(10) 0.10205(54) (32) 0.23568(56)(41)

m0062m031 28 x 96 x 12 0.4957(25)(18) 0.14548(21)(09) 0.24685(19)(06)

m0124m031 28 x 96 x 12 0.5509(19)(05) 0.20045(33) (06) 0.26428(32)(11)

used by the NPLQCD collaboration’s research program [20, 21, 22, 23, 24, 25, 26, 27, 

28, 29, 30, 31, 32]. The sea quark configurations are publicly available as a courtesy 

of the MILC collaboration. The param eters used in our calculation are tabulated 

in Table 3.1 and consists of an assortment of quark masses a t lattice spacings of 

b ^  0.09 fm and 6 «  0.125 fm . The scale for our calculation has been with the r x 

scale setting procedure as has been described before.

The nucleon mass is determined by computing correlators. This is done by con

structing interpolating operator with the appropriate quantum  of the nucleon as fol-
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lows,

CN(x , t )  =  ^ ( iV (x ,t) iV (0 ,0 )}  (6.1)
X

where the iV(x, t) is the gaussian smeared nucleon interpolating operator and is given 

as,

N ( x , t )  = ea6cwa(x ,t) (u 6(x ,t)C ,75dc(x ,t) )  (6.2)

The long time behaviour of correlators computed from such interpolating operators 

can be shown to be that of a sum of multiexponentials dom inated by the ground state 

as,

CN — > A Ne~MNt + A'Ne~M +  .. (6.3)

where M n  is the ground state mass of the nucleon for a  given particular ensemble.

M'n  represents the excited state of the nucleon. The results for the nucleon masses 

are presented in Table 6.1 and the plots for nucleon mass on the all ensembles can be 

found in the appendix for plots.

6.2 Baryon Chiral P erturbation  T heory

6.2.1 N ucleons in T w o Flavor

In the two flavor, the nucleon is represented as an isospin and transforms in the

fundamental representation. At the leading order, the nucleon mass upto 0 ( m %)is 

given by,

Mn =  Mo — (®-4)

where, Mo represents the nucleon mass in the chiral limit and %  is the light quark

m atrix element. At next-to-leading order, the nucleon mass receives corrections from 

the pion-nucleon axial coupling and the nucleon-delta coupling and is given as,

M n  = M 0 -  2 a Mm l  -  ~  ^

80



where the loop function f ( m j ,  A, /x) is the non-analytic contribution, for the case of 

of m n < A is given as,

=  (im l  -  A2) |  V A 2 -  ro| InQ  +  _  ™ ')  -  2A l n ^  j(6.6)

In a lattice QCD calculation, the pion masses are a variable and for the case of 

m-rr > A and one needs to  perform a analytic continuation of the non-analytic above 

as follows [16],

In ( A ~  ^ A!  ~  —-  arccot f   A )  (6.7)
VA +  a /A 2 -  m%J \ V m l  ~  A 2/

where the nucleon delta mass difference A =  293 MeV is fixed at its physical value.

Since our calculations is done on lattices at different volumes, an a ttem pt is made to

include the finite volume corrections to  nucleon masses as well. In the SU(2) HBxPT,

the nucleon mass in the finite volume is given by,

<5Mjv =  M N (mn, L) — M N (m n,oo) (6.8)

-  0) +  ^ F A (m , L ,  A AL)

The finite volume functions are given as,

=  d w 0 ( w , v- )
n^O '

' or V \ r s  n  I o f  ^ i ( l n M ( w » f ) )- ) K 0 (\n\xP(w,  - ) ) -------------------------

(6.9)

with, P(w, %)) =  y/w2 + 2wz  +  1, Aa  =  M a — Mat and the K n (z) are modified Bessel 

functions. A modified but simple fit is also attem pted to  explore the finite volume 

effects as,
-m̂ L

M n (L) =  M n (o o )  +  c v  r  (6.10)
177/̂  J-j
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6.2.2 Baryons in Three Flavor

In the three flavor yP T  , the baryons form an octet and transform  in the adjoint 

representation. In order to apply x P T  analysis, we would therefore need lattice 

computations on the baryon octet. We have computed the octet masses on the our

In order to describe the meson mass dependence, the sigma terms are redefined 

as a'M = -^(ckm)- The results for the next-to-leading contributions to the masses are 

presented in the appendix at the end of the chapter.

6.3 Chiral A nalysis o f B aryons

In this section, we perform analysis of our lattice da ta  using baryon chiral perturbation 

theory. The analysis is performed in two flavor and three flavor y P T  . In both  theories, 

we fit the low energy constants a t leading order (LO) and next-to-leading order (NLO) 

in the chiral expansion. Once these are known, we use them to  make predictions for 

nucleon mass and masses of other members of the octet. In addition we determine 

light and strange m atrix elements of the nucleon and the octet baryons.

We have lattice calculations a t two lattice spacings namely b ~  0.09 fm and 

b :=» 0.125 fm . Hence, we can only perform simplistic continuum extrapolation which

lattice ensembles and the results are presented in Table 6.2. A t the leading order, the 

octet baryon masses are given by,

Mf f  =  M q — m 2 (otM +  P m  +  °m ) — 2crm

Ma =  M0 -  ml (pM +  0 m) — (a M +  2aM)
2 1 1 4

M ^  = M n  — m 2 ( —c t ™  -V- (t * A  — m Z s ( —a.M  -I— B aa +  2 ctaa\

(6 .11)

82



Table 6.2: Baryon masses from  NPLQCD data

6 ~  0.125 fm ensembles

m sea L x T x L 5 M n Ma M e M e

m007m050 20 x 32 x 16 0.6978(61) 0.7774(57) 0.8390(22) 0.8872(13)

m010m030 20 x 64 x 16 0.7210(38) 0.7967(21) 0.8248(20) 0.8919(14)

m010m050\ 20 x 32 x 16 0.7311(27) 0.8071(23) 0.8506(19) 0.9013(11)

m010m050 28 x 64 x 16 0.7214(108) 0.7942(58) 0.8413(83) 0.8931(45)

m020m050 20 x 32 x 16 0.8069(22) 0.8666(37) 0.8830(18) 0.9233(13)

m030m030 20 x 64 x 16 0.8626(24) 0.8966(20) 0.9019(30) 0.9374(17)

m030m050 20 x 32 x 16 0.8741(16) 0.9094(26) 0.9213(13) 0.9461(14)

b iv 0.09 fm ensembles

'TO'sea L x T  x  L5 M n Ma M e M=

m0031m0186 40 x 96 x 12 0.4423(103) 0.4846(66) 0.5163(71) 0.5347(55)

m0031m0186 40 x 96 x 12 0.4438(118) 0.5097(70) 0.5497(81) 0.5814(62)

m0031m031 40 x 96 x 40 0.4823(95) 0.5411(68) 0.5751(70) 0.6174(58)

m0031m031 40 x 96 x 12 0.4547(85) 0.5213(59) 0.5550(60) 0.5953(47)

m0062m031 28 x 96 x 12 0.5097(33) 0.5571(27) 0.5813(21) 0.6164(12)

m0124m031 28 x 96 x 12 0.5598(28) 0.5947(22) 0.6062(23) 0.6366(18)

is done as follows,

A(b) =  A0 +  Xi

where, A is the particular LEC’s considered for continuum extrapolation 

proceed to the analysis which is described in next two subsections.

6.3.1 Tw o Flavor A nalysis

The two flavor theory contains only two light quarks (up and down quarks) and hence 

describes the pion mass dependence of the nucleon. We perform a x 2 minimization 

of the computed nucleon masses as shown in Table 6.1. This is done by constructing

(6 .12) 

. We now



Table 6.3: Results from  LO SU(2) x P T  analysis o f

Max

m t / m s

Coarse Ensembles 

M0 [GeV] a M [GeV]-1 X2/dof

0.4 1.0955(7)(1) -0.5594(21)(03) 0.1/2

0.6 1.1211(5)(1) -0.4914(11)(01) 0.3/3

Max

m i / m s

Fine Ensembles 

M0 [GeV] a M [GeV]-1 X2/dof

0.2 0.9642(18)(08) -0.9291(92)(38) 3.6/2

0.4 1.0080(11)(04) -0.7222(45)(11) 6/4

Table 6.4: Results from NLO SU(2) x P T  analysis o f  M N

Max Coarse Ensembles

m i / m s M0 [GeV] a M [GeV]-1 9 a 9 n a X2/ d o f

0.6 1.0587(22)(3) -0.862(14)(02) 0.4748(91)(14) 0.0(0)(0) 0.23/2

0.6 0.8243(23) (05) -4.0240(85)(18) 9 a  = 1-2 9 n a  =  1-5 0.09/2

Max Fine Ensembles

m i / m s M0 [GeV] a M [GeV]-1 9 a 9 n a X2 / do f

0.4 0.930(12)(01) -1.55(13)(01) 0.83(13)(06) 0.0(0.0)(0.0) 3/2

0.4 0.7019(9)(3) -4.257(3) (1) 9 a  —  1-2 9 n a  =  1-5 6/2

a x 2 as follows,

2 y -  ( 13, 
t ;  V < rn , )  )

where, M f f tt is the lattice computed nucleon mass and is the two flavor chiral

expression for the nucleon . To determine the uncertainties in the extracted LEC’s, 

we have generated gaussian distributed samples of at the relevant quark mass m q 

and use them in the x 2 minimization. We present the results of our analysis in Tables 

6.3 6.4 and 6.5 and perform continuum extrapolation and then make remarks on the
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Table 6.5: Results from  Linear Fit M N — M 0 +  a  Mm*

Max Coarse Ensembles

m i / m s M 0 [GeV] a M [GeV]’ 1 X2/ d o f

0.4 0.8519(12)(02) 1.0622(22)(05) 0.2/2

0.6 0.8585(18)(03) 1.0484(39)(06) 0.1/3

Max Fine Ensembles

m i / m s M0 [GeV] a M [GeV]-1 X2/ d o f

0.2 0.8320(35)(17) 1.027(11)(05) 2.4/2

0.4 0.8123(23)(09) 1.0884(64)(22) 2.6/2

analysis.

At, leading order the finite volume corrections are implicitly included in the LEC’s 

aM- The results are presented in Table 6.3. At this order, we perform the continuum 

extrapolation of these LEC’s and the results are,

M0[LO] =  0.8955(26)(09) GeV a M[LO] =  -0 .931 (10)(02) G eV -1 (6.14)

M n  [phys] =  930(2) (l)M eV

At next-to-leading order, the nucleon mass has contribution from the pion-nucleon 

axial coupling qa and the nucleon-delta Qn a  coupling. We perform a y 2 minimization 

similar to  the one described above. The results are displayed in Table 6.4. The 

results after continuum extrapolation are given as,

M0[NLO] =  0.766(27)(02) GeV a M[NLO] =  —2.43(27)(02) G eV "1 (6.15) 

gA = 1.28(27)(14) gNA =  0.0(0)(0)

The chiral extrapolation of nucleon mass gives us following result,

M/v[phys] =  840(17)(2)MeV (6.16)
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We also perforin a simple minded linear fit to  the lattice d a ta  purely based on ob

servation that the data  describes a linear fit. The results of the analysis are presented 

in Table 6.5. The continuum extrapolated results are as follows,

M0 =  0.8061 (56)(09) GeV a M =  0.988(24)(11) (6.17)

Mjvfphys] =  940(5) (2)MeV

We now make several observations about our the analysis done so far,

1. The leading order fit to the nucleon mass while providing reasonable description 

of the data, as the x 2 being close to  unity, fails at chiral extrapolation of the 

nucleon mass. Hence this fit should not be trusted  too well.

2. At NLO, the fits also describes the d a ta  well enough, bu t fails at several levels. 

While the continuum extrapolation reproduces the known phenomenological 

results for g^, it completely fails to reproduce <?jVA- W ith explicitly inputting 

the phenomenological values of Qn a , the results of such a fit fails at the chiral 

extrapolation of nucleon mass. Further comparing the results for aM to  th a t of 

LO fits, we see th a t there is a substantial change in the results th a t one cannot 

conclude th a t the results are converging in the sense of perturbation theory.

3. The results of the linear fits, based on pure observation, remarkably reproduces 

the correct chiral extrapolation of the nucleon mass. We repeat here th a t such 

a fit is based purely on observation.

6.3.2 T h re e  F lav o r A nalysis

In the three flavor x P T  , the baryons are represented in the adjoint and as such 

transform as an octet. The lattice computed results are shown in Table 6.2. We
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Table 6.6: Results from  LO SU(3) x P T  analysis o f M B

Max Coarse Ensembles

mifms M0 [GeV] aM [GeV]"1 Pm  [GeV]"1 aM [GeV]-1 X2/dof

0.3 1.082(11)(02) -0.4448(7) (2) -0.4469(7)(2) -0.054(11)(02) 9.7/4

0.2 1.093(10) (03) -0.4460(7) (2) -0.4494(7) (2) -0.042(11)(03) 19.09/8

Max Fine Ensembles

mt/ms M0 [GeV] aM [GeV]-1 Pm  [GeV]-1 aM [GeV]"1 X2/dof

0.2 0.9482(43)(12) -0.5567(32)(11) -0.5580(31)(11) -0.1179(68)(20) 48/14

0.4 0.9750(26)(10) -0.5435(12)(05) -0.4823(10) (05) -0.1174(32)(11) 81/20

perfom a simultaneous chi2 minimization of the octet baryons as follows

X2 = ^ M%att(mg) -  M BU{3)[m9n{mq) , m 9K (mq) , a M, p M, a M}y  ^  lg ^
a B(mq)

SU (3) m q

where, M Batt = {M ^, M a, M s , M=} are the octet baryons computed on the lattice
St/O')

at the given quark mass. M B is the relevant chiral expression for the baryons. 

To determine the uncertainties in the extracted LEC’s, we have generated gaussian 

distributed samples {m 9, m gKj  a t the relevant quark mass m q and use them in the x 2 

minimization. The results of analysis are presented in Tables 6.6 6.7 and 6.8. We 

now perform the continuum extrapolation of these results and then make observations 

from those results. The reader should find the results below and then the observations 

from those.

At leading order in SU(3) y P T  , we have four LEC’s {M0, a M, Pm -, % }  which 

characterise the pion and kaon mass dependence of the octet. The continuum ex

trapolated results of the LEC’s with the chiral extrapolation of nucleon mass are as 

follows,

M0 =  0.799(17)(03) a M =  -0.6828(30) (06) (6.19)

p M =  —0.6126(24)(11) aM =  -0.2072(50) (20)
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Table 6.7: Results from  NLO SU(3) x P T  analysis o f M b - I

Max Coarse Ensembles

m ijm s M0 [GeV] a M [GeV] - 1 Pm  [GeV]"1 a M [GeV] - 1 X2/dof

0.2 1.035(14)(03) -0.416(29)(07) -0.777(43) (14) -0.307(32) (08) 16/8

0.3 0.989(10)(01) -0.4915(91)(12) -0.742(28) (04) -0.297(24) (03) 28/12

Max Fine Ensembles

m i/m s M0 [GeV] a M [GeV] -1 p M [GeV] -1 * m  [GeV]"1 X2/d o f

0.2 0.921(30)(18) -0.63(11)(07) -0.57(11)(06) -0.18(12)(05) 46/8

0.4 0.896(45) (41) -0.73(17)(13) -0.69(11)(12) -0.25(11)(11) 48/12

Table 6.8: Results from  NLO SU(3) x P T  analysis o f M b  - II

Max Coarse Ensembles

m i/m s C D F X2 / d o f

0.3 0.0(0)(0) 0.406(23) (07) 0.031(11)(03) 16/8

0.2 0.0(0)(0) 0.371(17)(03) 0.0533(34) (05) 28/12

Max Fine Ensembles

m i/m s c D F X2/d o f

0.2 0.0 (0)(0) 0.15(29)(12) 0.080(10)(05) 46/8

0.4 0.0(0)(0) 0.22(15) 0.108(80)(57) 48/12

M ^phys] =  929(10) (2) MeV

At NLO, the baryon masses have contribution from additional LEC’s correspond

ing to the coupling to mesons and the delta resonance as {C, D, F }. The results of 

the fits have been split in Tables 6.7 & 6.8 for convenience. The results for the same 

after continuum extrapolations and chiral extrapolation of the nucleon mass are given

88



Table 6.9: Results from NLO SU(3) x P T  C =  1.5, D  =  0.8 and F  =  0.47

Max Coarse Ensembles

m i/m s M0 [GeV] a M [GeV] - 1 PM [GeV]-1 <j m  [GeV] - 1 X2/d o f

0.4 0.566(38) (07) -3.975(12)(08) -3.6638(58) (08) -1.452(30)(08) 1200/4

Max Fine Ensembles

m i/m s M0 [GeV] . a M [GeV] - 1 p M [GeV]-1 a M [GeV] - 1 X2/d o f

0.2 0.363(20) (04) -3.566(11)(03) -3.784(13)(04) -1.731(33)(07) 200/14

as,

M0 =  0.833(69)(41) a M = -0.80(25)(15) (6.20)

Pm  = -0.34(25) (14) a M =  -0.02(27)(11)

£> =  -0.12(69) (27) F  =  0.114(23)(11)

Mjv[phys] =  760(168)(61) MeV

In addition to leading order and next-to-leading order fits, we also perform a hybrid 

NLO fit with the LEC’s {C, D, F }  set to  their phenomenological values. The results 

of this fit is presented in Table 6.9. We do not perform the continuum extrapolation 

as there is no meaningful information to be obtained from these results.

We now make several observations of the analysis done so far,

1. The leading order SU(3) y P T  does not provide a reasonable description of the 

lattice data  for baryon masses as the to ta l x 2 ~  3. The chiral extrapolation 

however yields a nucleon mass which agrees with experimental result. Hence 

this result should be trusted with caution.

2. The NLO SU(3) description does not provide a  good description either and 

hence cannot be trusted at all. The continuum extrapolated fit results for the 

axial couplings fail to reproduce the known phenomenological results for {C,
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D, F}. The chiral extrapolation for nucleon mass although agreeing with the 

experimental result cannot be taken seriously due to size of the uncertainty. For 

the same reason, the results for the LEC although agreeing with the LO results 

have to discarded.

3. The NLO fit results with {C, D, F }  set to phenomenological values also fail 

to describe the data. Hence the results cannot be even considered to  provide 

estimates of observables.

W ith the LO results, we now make estimates for the light and strange m atrix elements 

of the baryon octet.

6.3 .3  E stim ates for th e L ight and Strange M atrix  E lem en ts

The light and strange m atrix elements characterise the light and strange quark contri

bution to the octet baryons. In this section we present our results for the nucleon since 

th a t is phenomenologically more interesting. By the applying the Feynman-Hellman 

theorem to  the nucleon mass, the m atrix elements are defined as,

o

o-q = m q M n  (6.21)

W ith isospin averaged up and down quark masses, the contribution of the pion sea 

to  the nucleon mass is given as,

° ’  =  m '  ( 6 ' 2 2 )

In the two flavor case, the results for light sigma terms are,

a„ = 34.6(4)(2)MeV SU(2) LO F it (6.23)

an =  67(l)(0)M eV SU(2) Linear F it

an = 28.4(3)(l)M eV  SU(3) LO F it
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As can be seen, the results for the two flavor and three flavor being on the same order

disagree with the naive linear fit. This can be expected as in the two flavor case, 

the leading order results fail a t chiral extrapolation. The results from the linear fit 

however do predict the nucleon mass correctly and the result for the an also agrees 

with estimates from other lattice calculations.

The results for strange m atrix elements is given as,

We see again th a t the results are not in agreement w ith our previous estim ate in 

Chapter 5. The result is also not in agreement with lattice average. This can be 

attributed to poor fit of SU(3) x P T  to the lattice data.

6.4 Conclusions

In this chapter, we have analysed the baryon chiral perturbation theory from our 

lattice data. We have performed analysis with two and three flavor y P T  a t leading 

and next-to leading orders of chiral expansion. Prom our analysis, we find th a t the 

leading order description of two flavor x P T  provides a  good description of the data 

but fails at chiral extrapolation. W ith the inclusion of next-to-leading order terms 

in the analysis, the fit results fails to  reproduce the known phenomenological axial 

couplings. This is an indication th a t upto  this order x P T  1S not a good description 

of the data. Based on observation, we also perform a linear fit to our lattice d a ta  and 

find th a t it predicts correct nucleon mass at the physical point. The light sigma terms

(6.24)

The results from our SU(3) analysis are,

oK = 97.6(6)(l)M eV SU(3) LO Fit (6.25)
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corresponding to the linear fit are also in agreement w ith lattice calculations. We then 

analyse three flavor xP T  . At the leading order, we find th a t due to relatively high 

X2, the SU(3) x P T  doesn’t describe the data  well, although it predicts the correct 

nucleon mass at the physical point. A t the next-to-leading order, the situation is not 

any better as the fits results again fail to reproduce the axial couplings {C, D, F}. 

The SU(3) description upto this order also cannot be trusted  which is further evident 

from the results of the light and strange sigma terms.

It is expected th a t in baryon x P T  , since expansion param eters are 0 (m ^ ;K/A x), 

the convergence is slower compared to  the chiral description of mesons. A trustable 

chiral analysis will have to  be performed at orders of NNLO and NNNLO. At these 

orders, the number of low energy are quite high and in turn  demand a lot of more 

data  than we have. Such an analysis cannot be performed a t this time and hence we 

have to rely on empirical fits such as the linear fit to the data.
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C hapter 7

Conclusions

In this thesis we have applied lattice techinques and effective field theory methods 

to present a first principle understanding of low energy QCD. In particular, we have 

attem pted to understand the light quark mass dependence of low lying hadrons.

In chapter 3, we studied the quark mass dependence of pion mass and decay 

constant using two flavor low energy effective field theory to analyse the lattice results. 

It is found th a t mixed-action chiral perturbation theory correctly accounts for the 

unphysical effects and provides a reliable description of the lattice data. The results 

for I3 and I4 are found to  be in agreement with the average determ ination of lattice 

calculations. For the range of quark masses used in this work, the chiral expansion 

for the pion mass seems to  be very well converging from the next-to-leading to next- 

to-next-to-leading order. This is an indication th a t chiral perturbation theory can be 

reliably used to describe quark mass dependence of the pion mass.

In chapter 4, we studied the three flavor extension of chiral perturbation theory 

with the quark mass dependence of the pion and kaon masses and decay constants. 

The three flavor theory also allowed to  study phenomenological interesting quantity 

I k / fir- We employed mixed-action theory upto next-to-leading order and found that 

the physical extrapolation of this quantity is an agreement with the experimental 

results indicating th a t the mixed action theory correctly accounts for the partial 

quenching and discretisation effects.

In chapter 5, we have performed a calculation of the scalar strange m atrix element
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of the nucleon. Currently, there is a  great interest in the experimental community to 

know the m s(N  |ss|7V) and the heavy quark elements as they might couple to certain 

dark m atter candidates. Our calculation, although suffering from the disadvantage 

of limited data, is in remarkable agreement with the lattice average.

Finally, in chapter 6, we attem pt to  use the methodology of effective field theory 

of baryons to our lattice computations. We perform a two flavor and three flavor 

analysis and find th a t to the order a t which the analysis is performed, the results 

are not satisfactory. This is a ttribu ted  to slow converging property of baryon chiral 

perturbation theory and hence should be regarded only as a guide for continuum 

extrapolations.

In conclusion, we find that the combined tools of lattice qcd and EFT provide 

an accurate description in the meson sector while the description for baryons remain 

untamed and remains to be solved in future.
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A p p e n d ix  A

Effective Mass Plots
In this Appendix, we present the results of com putations of lattice correlators in the 
form of the effective mass plots which have already been described in various chapters.
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Figure A-l: Effective Mass Plots fo r  Pions on b & 0.125 fm  Ensembles
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Figure A-2: Effective Mass Plots fo r  Pions on fe ~  0.09 fm  Ensembles
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Figure A-3: Effective Mass Plots fo r  Pion decay constant on b ~  0.09 fm  Ensembles
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Figure A-4: Effective Mass Plots fo r  kaons on b «  0.125 fin  Ensembles
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Figure A-6: Effective Mass Plots fo r  kaon decay constant on b ~  0.09 fin  with Volume 
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Figure A-7: Effective Mass Plots fo r  kaon decay constant on b & 0.125 fm  Ensembles
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Figure A-8: Effective Mass Plots fo r  Jk /  fn  on b «  0.125 fm  Ensembles
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Figure A-9: Effective Mass Plots fo r  f x / f i t  on b ~  0.09 f m  Ensembles
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