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ABSTRACT

Burnside Factors, Amenability Defects and Transitive Families of
Projections in Factors of Type I];
by

Jon P. Bannon
University of New Hampshire, May, 2005

We introduce a notion of transitive family of projections in a type II; factor and prove
that there exists (i) a 5 element transitive family in the hyperfinite 11 and (ii) a 12 element
free transitive family. We then prove that the group von Neumann algebras of the known
infinite free Burnside groups are all type /1 factors. Our investigation of weak-amenability
properties of Burnside groups leads us to consider the Connes theory of correspondences.
From this investigation we are able to define a new Fglner invariant for type II; factors.

We prove a monotonicity result and find a positive lower bound for the free group factor

L(Fs).
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Chapter 1
Introduction and Background

1.1 Introduction

In this dissertation, we investigate various questions about the structure of type 11,
factors. The way we present the material in the paper respects the order in which
it was investigated, to give the reader a sense of the genesis of the ideas. We begin
in Chapter 2 by introducing the notion of transitive family of projections in a type
11, factor. We prove, by generalizing a method of Halmos, that in certain classes of
type I1; factors there always exists a transitive family of five nontrivial projections.
We then prove that one can find a transitive family of five nontrivial projections
which are free with respect to the trace of the factor they generate. In Chapter 3 we
present a short proof of a theorem proved originally by W. Burnside in 1902 which
states that the only homomorphism of an infinite group of finite exponent into the
general linear group of a finite dimensional vector space is the zero homomorphism.
The main original contribution of our proof is to highlight which parts of the proof
are intrinsically operator-algebraic and which are not, helping to more clearly expose
the obstruction to finding out whether or not the infinite Burnside groups provide a
counterexample to the Connes embedding conjecture. After this, we go on to prove
that the group von Neumann algebras of infinite free Burnside groups of large enough
odd exponent are type I[; factors. Our proof relies heavily on results from group

theory. In Chapter 4 we follow closely the unpublished notes of Sorin Popa on the
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Connes theory of correspondences, filling in details in order to provide a readable,
introductory account of this theory. The development of Chapter 4 leads us to use
the Connes-Fglner condition in chapter 5 to define a new Fglner invariant Fgl(M)

for type {1 factors, about which we obtain various results, culminating in a proof
that Fol(L(F2)) > 2.

Our main result in the first chapter came about by trying to apply the technique of
Murray and von Neumann’s proof that the free group factors do not possess Property
I' to the generator question for type II; factors. The generator question of von
Neumann asks if every von Neumann algebra acting on a separable Hilbert space can
be generated, as a von Neumann algebra, by a single element. This is a central open
question in the subject. The work in the second chapter was inspired by two questions
of Liming Ge. The first question, paraphrased, asks whether or not the group von
Neumann algebras of infinite free Burnside groups provide a counterexample to the
Connes embedding conjecture. The proof we give of the theorem Burnside in the
first part of Chapter 3 may be a good starting point for attacking Ge’s question.
The second part of Chapter 3 deals with Ge’s question of whether or not the group
von Neumann algebra of an infinite free Burnside group is a factor, and whether or
not it must contain a noncommutative free group subfactor. This is motivated by the
famous question of von Neumann in group theory asking if every non-amenable group
must contain a nonabelian free subgroup, which was answered in the negative with the
infinite free Burnside groups as a class of counterexamples. We solve the first part of
this question in the affirmative. It is a well-known result of Adian that all of the free
Burnside groups we consider are non-amenable groups. Recently the work of the group
theorists Osin, Arzhantseva, Burillo, Lustig, Reeves, Short and Ventura has shown
that there exist various notions of weak amenability for groups, and that the free

Burnside groups are not, with respect to these various notions, weakly amenable (c.f.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



[19], [4]). These authors construct several invariants that measure the amenability
defect of a finitely generated group. This inspired us to consider whether or not
there may be analogous notions of weak amenability for finitely generated type Il
factors, and whether we could define new notions of amenability defect for these
factors. The work of Osin uses Huliniski’s representation-theoretic characterization
of amenability, which leads us to consider the non-commutative representation theory
provided by Connes’s theory of correspondences. In Chapter 4 we closely follow Popa’s
unpublished notes on correspondences and fill in many details. This work provided
us with a powerful point of view for thinking about amenability questions for type
11, factors and, in conjunction with the technique of Murray and von Neumann used
in the first chapter, motivated the original work in chapter 5.

This research was partially supported by a University of New Hampshire disser-

tation fellowship.

1.2 Background

The basics of the theory of operator algebras can be found in [16]. In this dissertation,
we will provide a brief overview below, of related topics, for the sake of completeness.
Other ideas will be introduced later in the text as needed. For Burnside groups, we
refer to Adian [1].

Let H be a Hilbert space, and B(H) the algebra of all bounded linear operators
from H into itself. By the Riesz representation theorem, there is a natural involution
* on B(H), where if T € B(H) then T* is defined to be the unique operator in
B(H) satisfying (Tz,y) = (z,T*y) for all z,y € H. A subalgebra A of B(H) is
said to be self-adjoint if T € A implies that T* € A. Given T € B(H) and z,y €
H, define w, (7)) = (Tz,y). The weak-operator topology on B(H) is the coarsest

topology with respect to which each of the linear functionals w, , is continuous. A
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von Neumann algebra is a self-adjoint subalgebra of B(H) that is closed in the weak-
operator topology. John von Neumann discovered that just as one can decompose any
semisimple algebra as a direct sum of simple algebras “indexed” by central elements,
one can decompose any von Neumann algebra as a direct integral over its center,
with the analogues of the simple summands played by von Neumann algebras, each
having trivial center CJ. For this reason, he defined a factor to be a von Neumann
algebra that has a trivial center. From 1935 to 1942 in the series of papers entitled
“On Rings of Operators”, von Neumann and F.J. Murray developed the theory of
von Neumann algebras beginning from the point of view of the Wedderburn structure
theory of semisimple algebras.

All von Neumann algebras are generated by the self-adjoint projections they con-
tain, a fact that motivated Murray and von Neumann to use properties of the pro-
jection lattice to classify the factors. Murray and von Neumann compared the ranges
of two given projections in the factor by a partial isometry also in the factor. From
this idea they obtained an equivalence relation on the set of projections, and a total
ordering < on the set of equivalence classes. More precisely, two projections P, Q) in a
factor are equivalent if there exists an operator V' in the factor so that V*V = P and
VV* = Q; we have P < @ if there is a subprojection Qg of @ in the factor so that P
is equivalent to (Jy. Imitating set theory, Murray and von Neumann defined a finite
projection in a factor to be one that is not equivalent to any proper subprojection in
the factor. They also defined the notion of minimal projection in the natural way.
They classified the factors into three broad types, type I factors are those with a
minimal projection, type I factors are those containing no minimal projection but
containing a finite projection, and type 711 factors are those in which every nonzero
projection is infinite.

It should be noted that a general von Neumann algebra may also be called type [
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(respectively I1 or I11) if it has a direct integral decomposition into factors that are
all of type I (respectively 1 or II17).

All von Neumann algebras are algebras with identity, so a finer classification of
factors is available. If the identity of a factor is a finite projection, then we say that
the factor is finite. It is not hard to show that every type I factor contains a finite
collection of mutually orthogonal equivalent minimal projections that sum to the
identity element, and from this we may construct a %-isomorphism of any finite type
I factor with some M, (C). The only other finite factors are the infinite-dimensional
ones, which are called type I'I; factors. An important equivalent criterion for a factor
to be finite is that there exist a unique faithful tracial state on the factor. The range
of this tracial state is {0, 1,2, ...,n} for a type I factor x-isomorphic to M,(C) and is
[0, 1] for any type II; factor. Two projections in the projection lattice of a finite factor
are equivalent if and only if they have the same trace. Any factor that is not finite is
called properly infinite, and must be of one of the distinct types I, (= B(H)), Il or
III. Although there is no trace on an infinite factor, we may define a [0, oo]-valued
dimension function on the projection lattice of a factor that behaves like the trace
does on a finite factor. In particular two projections are equivalent if and only if they
have the same dimension. The range of the dimension function is {0, 1,2, ..., 00} for a
type I factor, [0, 00] for a type I, factor and {0, oo} for a type IIT factor. In the
first paper on rings of operators, Murray and von Neumann were able to construct
examples of factors of every type using various actions of discrete groups on measure
spaces.

Perhaps the most important motivation for studying type /I; factors lies in the
further classification of all factors up to *-isomorphism, thanks to the remarkable
work of A. Connes and M. Takesaki. In his 1973 Ph.D. thesis, Connes classified the

type IIT factors into type IT1,, with A € [0, 1]. Takesaki proved his duality theorem
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by showing that every type /1] factor is an abelian extension (by R) of a type 1
factor. Since it can be easily shown that every type /1, factor is the tensor product
of a type II; factor by B(H), the problem of completely classifying von Neumann

algebras essentially reduces to classifying the type I'1; factors.
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Chapter 2

Transitive Families of Projections

in Factors of Type 1I;

Let H be a complex, separable Hilbert space, and M C B(H) be a factor of type I1;.
If S is a non-empty set, we say that a family of norm-closed subspaces {H;}ics of H
is transitive relative to M if for each i € S, the projection P, of H onto H; lies in
M and only the scalar operators leave all of the H; invariant. In this case, we also
say that the family {P,}.cs is a transitive family of projections relative to M. When
dim(H) > 3, a transitive family cannot contain only two nontrivial projections P and

@, since in this case for any 0 < A < 1,
AP(I - Q)+ Q(I — P)

leaves the ranges of both P and ¢ invariant, but cannot commute with P unless
PQP = @ P. In this paper we first prove that if M is a type 11; factor and is generated
by two self-adjoint elements, then there is a transitive family of five projections relative
to M®M,(C). This leads us to the question of whether or not there is a transitive
family of three or four projections relative to some factor of type I1;7 To shed light on
this question we consider free families of projections. A family {5}, of projections
in a factor of type 177 is free if each P, has trace % and the P; are free with respect
to the trace (in the sense of Voiculescu, see [21] and [5]). We shall exhibit a free

transitive family of twelve projections.
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In B(H), a family of norm-closed subspaces is transitive if the only bounded op-
erators on 7 that leave every subspace in the family invariant are scalars. Transitive
families of subspaces were first considered by Paul Halmos in his 1970 paper “Ten
problems in Hilbert space” [13]. In this paper Halmos studied medial subspace lat-
tices, which are families of subspaces that contain {0}, H, and at least two nontrivial
subspaces of H, with the additional property that any pair of nontrivial subspaces
Ki, K, in the lattice are topologically complementary (that is, K1N Ky = {0} and
span{ K1, K3} = H). Halmos constructed a finite-dimensional example of a transitive
medial subspace lattice having five nontrivial elements, and raised the question of
how small a transitive medial subspace lattice could be. In 1971, Harrison, Radjavi
and Rosenthal found that, in a separable, infinite-dimensional Hilbert space, there is
a transitive medial subspace lattice having four nontrivial elements[14]. It has be-
come apparent since, that the construction of a medial subspace lattice having three
elements is a difficult problem. In fact, even finding a transitive family of three non-
trivial norm-closed subspaces is hard. Lambrou and Longstaff have shown that in
finite (> 3) dimensional H, the smallest possible cardinality of a transitive family of
subspaces is four[17].- Hadwin, Longstaff and Rosenthal have (when dim H is infinite)
found a transitive family of two norm-closed subspaces and a linear manifold, and
have shown that the existence of a three element transitive family of norm-closed
subspaces would follow from the existence of two dense operator ranges in H such
that the only bounded operators leaving both of the ranges invariant are scalars[11].

We note that the questions considered in this paper are closely related to the gen-
erator question of von Neumann algebras, which asks if every von Neumann algebra
acting on a separable Hilbert space is generated by two self-adjoint elements. The
last example in this note shows that free families of projections that generate factors

can be transitive.
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2.1 Main results on transitive families
For basic information about von Neumann algebras, we refer the reader to [16].

Definition 1 Let H be a complex, separable Hilbert space, let I denote the identity
in B(H), and let I € M C B(H) be a factor of type II;. Let S be a nonempty set. A
family { P, }ies of projections in B(H) is transitive relative to M if each P, is in M
and the only operators T € M that satisfy (I — P,)T'P, =0 for alli € S are scalars.

Remark 2 When there is no danger of confusing which factor we are considering, we
say that a family of projections {P;}ics € M is transitive, when {P;}icg is transitive

relative to M.

Proposition 3 Let H be a complex, separable Hilbert space, and let M C B(H) be
a factor of type II, such that M is generated, as a von Neumann algebra, by three
projections Py, Py and P;. Then the family {P,, I — Py, Py, I — P, P3, [ — P3} is

transitive relative to M.

Proof. If T € M leaves the ranges of each of these projections invariant, then
TP,—PT=PFPTP+(I-P)TP,—PTP,—PT(I—-P,) =0fori=1,2,3. It follows
that Te MNM' =CI. =

We now extend an idea of Halmos|[13].

Proposition 4 Let H be a complex, separable Hilbert space, and let M C B(H) be
a factor of type Il such that M is generaled, as a von Neumann elgebra, by two

self-adjoint elements A, B. There is a transitive family of 5 projections relative to

MM,y (C).
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Proof. We realize M®M;(C) as My(M) acting on H & H. Let I denote the identity

in M, and I, the identity in Ms(M}). Now each of the projections

I

oy

0 0
P = P = and P =
6 0 0 I

nol— dofe

I

[ 1NN &
by

lies in Mg(M). If an operator 7' € Ma(M) leaves the ranges of each of these three

projections invariant, then T must have the form

with 77 € M. We consider the matrix

I =1

A1 = € MQ(M)

A A

NI o
LS L Y P

Letting A = ||A1A}]]7!, we note that there is the following equality of range
projections R(AA1A]) = R(A1A}) = R(A;). Now notice that AA A} is a positive
element of norm 1, and therefore 0 < AA; A} < Iy, and by Lemma 5.15 in the first
volume of [16], the sequence {(AA;A?)= } converges in the strong-operator topology to
R(AA; A}) and therefore R(A;) € My(M), since My(M) is a von Neumann algebra.
Note that the range of the operator A; is a closed subspace of H&'H, since it is the
graph of the bounded operator A. Now if T leaves the ranges of P, P, P;, and A,

invariant, then for any z € H it must be that
Tl 0 x TliU le
0 T Azx T1Azx ATz

It follows that 77 A = AT;.

Similarly, we consider

fr=
by

fi=
by

By S MQ(M)

LTS
vy

[
T
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and see that R(B;) € My(M), and if T' leaves the ranges of Py, P, P; and Bj invariant,
then 7B = BT). Hence T} commutes with both generators of the factor M, and

hence T3 € M N M' = CI. Thus the family of projections
{Py, Py, Py, R(A1), R(B1)} C My(M)
is transitive. ®

Corollary 5 There is a transitive family of 5 projections relative to the hyperfinite

11y factor R.

Proof. It is well known that R ~ R®M(C), and that R is generated by two self-
adjoint elements. From the above proposition, R®M(C) contains a transitive family
of five projections. It follows that R contains a transitive family of five projections.
B

We now exhibit a free transitive family of projections.

Let {G;}; be groups, and e; is the identity of G; for i = 1,2,..n. Let iEIGi
denote the group free product of the G;, and let e denote its identity element. Recall
that elements in i.glGi are given, in reduced form, by elements in the set {e} U
kLEjN{gilgiggig...gik: i; € {1,2,..,n}; 45 # 41 for j € {1,2, .., (n —1)}; gi; € Gi,\{ey; }}-

Let G denote the group free product Zy * Z,... * Zg, and let A = {ay, az, as, .., a12}
R ——

12 times
denote the canonical set of generators of G. This group is I.C.C., therefore the group

von Neumann algebra Lg acting on I3((G) is a factor of type II;. Recall that each
element in L has the form L, where z € I3(G) and the action on a function y € l5(G)
is defined by (L.y)(9) = >peqe(gh™)y(h). With g € G, let z, be the function in
[o(G) that takes the value 1 on ¢ and 0 on every other group element. To avoid
excessive use of subscripts, we everywhere write L, in place of L,,. Since L?Li = [ for
each 1 € {1,2,3,...,12}, it is evident that P, = ﬁé’—“— is a projection in Lg, and the

family {Py, P, ..., P12} is free with respect to the trace on Lg.

11
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Theorem 6 In Lg, the family { Py, Py, Ps, ..., Pia} is transitive.

Proof. Suppose that Ly € Lg is a solution to the system ([ — B)TF, =0, (1 =
1,2,3...12), and therefore

(I-Lo)Ly(I+Ly)=0 (t=1,2,3...12).
Let both sides of this equation act on z., to obtain
Lfﬂ?e = Lo, Lize — LfLaiﬂﬁe + LaiLfLaiiEe (Z =1,2,3,.., 12)
We see that
(Lrz)(9) = Yoneaflgh™ze(h) = f(g),
(Lai(Lf:Ee))(g) - (Lazf)(g) = ZhEG'rai (gh’*l)f(h) = f(aig)v
(L(Lae))(9) = (Lyza)(9) = Xneaf (gh™ ) za (h) = f(gas),

(Lai(LyLaze))(9) = (LaiLy%a,)(9)

= heaas(9h TN peef (R )2a, (k) = flaigas).
From these it follows that for all g € G
f(g) = flaig) — flga:) + f(aigas) (i=1,2,3,..,12).
By the triangle inequality, we see that
1F (@) < |f(aig)l + | f(ga)| + [flaigas)]  (i=1,2,3,..,12),

and by the well known inequality (z1 + ... + zx)? < k(z? + ... + z}) for non-negative

real k, we see that

F@F <3(1f(@g)? + 1£(ga)* + [flaga)?)  (i=1,2,3,..12).

With 4,5 € {1,2,...,12} given, let Sj; = {g € G : g begins with a; and ends with

a; in its reduced form in the free product}.

12
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With g € Sy, let {b}, ..., b1} = A\{a;,a;}. We then have

igr et Vi

IF(@)F < 31/ (04a)1” + 1 £ (gbiy)|* + 1 (bi003) 1),
[F(9)1* < 31 59)1° + 1] (gbip)* + 1f (b903) 1),

1F(9)* < 3079 + | (gbi) ) + 1f (i gbi ) ")

Adding these inequalities, we obtain that

101f(g)I* < SZ(lf(bmg)l2 + £ (gbl) I + 1 £ (b905) 1)

Summing over g € S;;, we have

> 1)l < s Z(If(bmg)l“rlf(gbfj)l2+!f(b?jgbfj)12)-

€S 10,83,,i2

Suppose that g # g2 are elements in S;;. Note that by construction, all elements

of the form bf,g1, bfg1b; or gobf; are in reduced form in the free product, for k,
[ € {1,2,...,10}. Consider any ki, ko, ks, ks € {1,2,...,10}. Since g; # gs, it follows
that bifgr # U792, bij b7 # gl bijg1 # gably, bijg1 # U7 gebl}, and g1} #
bfjg ggbfjs. Therefore the right hand sum above can have no repeated terms, meaning
2

for any gy € G, the term | f(go)|* shows up at most once on the right hand side of the

inequality. We sum over all 7, j to obtain

12 3 12
E Xl ¥ Z(lf(bwgﬂz + | F(gbl)1* + | £ (B905)1%).
1,j=19€85;; 1,j=1g€85;;k=1
12
Let S = Y X Z([f(bwg)l2 + | f(gb%) 1 + | f(bf;9b8)|?). We now note that there
i,j:lgEka

can be repeated terms in S. We shall list the ways that a given term |f(go)|* may be
repeated in the sum S. Suppose that a,b € A, and that g; begins with ¢ and ends
with b in its reduced form. Each occurrence of the term |f(go)|? in S corresponds
to an appearance of | f(go)|? on the right side of an inequality of the form |f(¢)|* <

3(|f(asg)?+1f(g'a:)|?+]| f(a:ig'as)|?), where a; € A and ¢ is one of the group elements

13
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ago, gob or ageb. If a # b, then there can only be two occurrences of |f(go)|* in the

sum S, one coming from the inequality

|f(ago)l* < 3(1£(90)* + |f (agoa)” + | £ (goa) "),

and one from the inequality

£ (900)[* < 3(1.f (bgob)[” + 1/ (g0)I” + 1.f (bgo)|*)-

If a = b, then | f(go)|* may occur three times. Once in

|f(ago)® < 3(1f (90)* + | F(agoa)* + | f (g0a) *),

again in the inequality

|f(g0a)|* < 3(1f(agoa)* + | (90) [ + |f (ago)[*),

and finally, in the inequality

| Flagoa)® < 3(1f (goa)* + | f (ago) | + | f (90)]%).

We therefore note that any term |f(go)|? in S may occur at most three times. We
call the number of times the term |f(go)|> appears in the sum S the multiplicity of
|£(g0)|* in S.

Let script 7 denote {¢ : ¢ is a term in S}. Then, since all terms in S are non-
negative, S = »_,.,n:t where n; is the multiplicity of the term ¢ in S.

We now have that

S @l =3 S If)P

geG\{e} i,j=1g€8;

3 3 9
< '1‘68 = ﬁZteTntt < EZteTt

9

SE > 1f(@))>
9€G\{e}

14
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Therefore > |f{g)|* is necessarily zero and f(g) = 0 when g # e. We have
geG\{e}
now that only f(e) may be nonzero, and hence L must be a scalar. It follows that

the family {Py, ..., P;o} is transitive. ®
Remark 7 The number of projections in the above theorem may be reduced. We

believe that 4 such free projections should form a transitive family, but new techniques

may be needed to prove this.

15
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Chapter 3

Burnside Group Factors

In 1902, William Burnside raised the question of whether a finitely generated group
must be finite if each of its elements has order dividing a given natural number n,
called the exponent of the group [3]. Along with this question Burnside provided
cases in which it had an affirmative answer, namely for any group of exponent 2 or 3
and for all groups of exponent 4 that can be generated by 2 elements.

No further progress was made on this problem until 1940, when I.N. Sanov showed
that all finitely generated groups of exponent 4 must be finite [20]. Seventeen years
later, Marshall Hall [12]demonstrated that this was also true for groups of exponent
6.

In 1964 Golod discovered the first example of a finitely generated infinite group
with the property that every element in the group has finite order. This finding
suggested the existence of infinite groups of large exponent.

In 1968, Novikov and Adian published a ground breaking series of papers [2] in
which they proved that there are infinite periodic groups with odd exponent n > 4381.
Their proof followed from a complicated inductive method to present the free Burnside
groups B(m,n) = F,,/F" by relations of the form A™ = 1 with specially chosen
elements A in F,,. In 1975, Adian [1] improved the method and showed that there
are infinite periodic groups of odd exponent n > 665. Beyond proving that the groups
B(m,n) are infinite, Adian and Novikov were able to prove much more. For example,

they determined that the word and conjugacy problems are solvable in B(m,n), that
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any finite or abelian subgroup of B(m,n) is cyclic, and that the centralizer of any
non-identity element in B(m,n) is a ¢yclic group of order n. This last result will be

the main ingredient in the proof that the group B(m,n) is an I.C.C. group.

3.1 An operator algebra view of a theorem of Burnside

In 1905, Burnside proved that if G is a subgroup of GI(k,C) having finite exponent
n, then the order of G must be finite. The proof of this result is over 90 pages long
but contains some deep ideas that we should consider. We include here a short proof
of this theorem with an operator-algebraic flavor. The main reason to consider an
old question like this is that it may provide insight into a question of Ge which asks
whether or not infinite Burnside group von Neumann algebras can be embedded into
an ultrapower of the hyperfinite type II; factor.

Below, regard M;(C) as acting on V = C* = span{e, ..., ey}, where

e;= | 1| <« (ith position).

\O
All groups G < Gi(k,C) C Mi(C), i.e. we consider the groups represented already

for simplicity.

Definition 8 A group G is reducible if V' has a nonirivial G-invariant subspace,

otherwise G is said to be irreducible.

Definition 9 Let End(V) (& Mi(C)) denote the ring of all linear maps of V to
itself. We denote by Endg(V') the subring of End(V') consisting of linear maps that

are also G-linear.

17
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Remark 10 If ¢ : End(V) — My(C) is an isomorphism, then ¢¥(Endg(V)) =
(span(@))".

Lemma 11 (Schur) If G is irreducible, then Endg(V) is a division ring.

Proof. Suppose that G is irreducible and 0 # ¢ € Endg(V). Since keryp and (V)
are G-invariant subspaces of V, kerp = {0} and (V) = V and p is a G-linear

automorphism of V. m
Theorem 12 (Wedderburn Reciprocity) If G is irreducible, then (span(G))" = span(G).

Proof. Tt is clear that span(G) C (span(G))”. The bijection ¢ : M(C) — C*¥

sending
_
U1
-—.—)
— = U2
[1)1 IUQI"'IU/C] >
s
Uk
gives us that 7Ty~ agrees with
T 0 0
0 . 0| =T®I€ Mga(C)
0 0 T

in its action on C¥*. Let
G+ ={S € M(C)|Tr(S*g) =0 for all g € G}.

Decompose My (C) = span(G) ® G+ as an orthogonal direct sum with respect to the
inner product (A, B) = Tr(B*A). Let P be the orthogonal projection in Mz2(C)
of C* onto 1(span(Q)). Suppose v € My(C), v = v + v1, where vy € span(G) and

v; € G+, Note that span(G) and G+ are both G-invariant subspaces. If T' € span(G),

18
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then

PyTytp(v) = PYT(vg +v1) = Py(Tvg + Toy)

= PyYTvy = YTy
and
WTY ™ Pip(v) = Ty~ (Pih(vo) + Pip(vr))
= YTy~ (Pyh(vp))
= YT~ p(vo) = YTvo.

It follows that P commutes with Y79~ = T ® [ for all T' € span(G), hence P €
(span(G)) & Mi(C) C M;=(C). ‘
Given S € (span(G))”, S® I = ¢¥S¢~! commutes with P, hence leaves the range

P(span(G)) of P invariant. However, I € span(G), so

YSYHY(I) = 9(S) € P(span(G))

and therefore

S € span(G)
and (span(G))" C span(G). =
Lemma 13 (Burnside) If G is irreducible then span(G) = My(C).

Proof. It is clear that span(G) € Mi(C). By Schur’s lemma, End(V) is a division
ring, so (span(G)) is as well. If 0 # T € (span(@)) and A € o(T)(# ©), then
T — Al =0and T = Al. Hence (span(G)) = CI, and (span(G))" = M;(C). By the

Wedderburn Reciprocity Theorem, span(G) = {span(G))", and the proof is complete.

Remark 14 If we considered only subgroups of unitary elements in My(C), the above
proof would follow from the von Neumann Double Commutant Theorem, which is a

strengthening of Weddeburn Reciprocity to the infinite-dimensional setting.
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Proposition 15 (Burnside) If G is irreducible, and there is a positive integer n such

that for all g € G, g" = I, then |G| < n¥’.

Proof. Given h € G, if A € g(h) then z = h"z = X"z for any eigenvector z and
therefore (\* —1) = 0, so A is an n’th root of unity. It follows that 7'r(h) can take on
at most n* different values. (let Tr(h) be the usual non-normalized trace on M;,(C)).

Choose a basis (g1, ..., gx2) C G for M (C). We prove that

r=yin G &

(Tr(z*g1), ..., Tr(z*ge)) = (Tr(y*q1), ..., Tr(y* giz)) in C*.
The “=" direction is trivial. To prove the “<” direction, note that if
Tr(z*g;) = Tr(y*g;) for all ¢

then Tr((z — y)*¢;) = 0 for all ¢ and hence Tr((z — y)*z) = 0 for all z € span(G) =

M(C), and therefore z — y = 0 and z = y. Tt follows that

2 k3

|G| = #{(Tr(z*g1), ..., Tr(z*gi2)) |z € G} < (nF)* =n*".

Theorem 16 (Burnside) If G < Gl(k,C) such that for some positive integer n for

every g € G, g" = I, then |G| < n*.

The case where G is irreducible was the subject of the previous proposition. Sup-
pose that V has a nontrivial G-invariant subspace. The proof of the result will be by
induction on k. The case where k = 1 is trivial. Suppose that all cases less than &

have been settled. If W <V is a nontrivial G-invariant subspace, that dim(W) = r,
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and there is an § € Mg(C) such that S7'GS = Gy < Gl{k, C) such that each element

of G has the form

T T3
0 2
where 71 is an r X r matrix, x; is a (k —r) X (k — r) matrix. The matrices z; € G; (a
representation of G on W) and the =, € G5 (a representation of G on a complement
of W). Since 0 < 7 < k, G and Gy satisfy the induction hypothesis, so |Gy| < n”

and |G| < n*"°, Given A, B € G, with

A= Iy T3
0 i)
and _ -
B T X%
0 Ta
we have that
I, T
B7'A=
0 Ik—r
for some matrix 7. We have that
L, nT
I = (B‘lA)” =
0 [k——r

implies that 7" = 0 and hence that B~*A = I. We have proven that given z; € G,

and xo € G5 that there exists a unique z3 so that

Ty I3
€ Go.

0 o
It follows that

!G' = lGOl S ‘GlHGQI S nr3+(k_r)3 _<_ nTs’
since

k3z(r+k—r)3=r3—|—(k-r)3+37"2(k—~7")+3(k«7")2r27"3—{—(/9-—7")3.
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3.2 The Burnside groups are 1.C.C.

In this section we prove a result that we’re sure is known to group theorists, but we
cannot find in the literature. This result is the first that ties together two deep areas
of mathematics, the study of infinite Burnside groups and that of type /; factors.

A group G is said to be an [.C.C. group if the conjugacy class of each non-identity
element of G is infinite. In what follows G\\S' will denote the set theoretic complement
of SinG. If SC G, and g € G, we define g5 = {gs : s € S}. The centralizer of ¢ in
G is C(g) = {h € Glhg = gh}.

If m, n are positive integers, the group B(m,n) will denote the free Burnside group
of exponent n on m generators, and let 1 be its identity element. This group is given
by a set of generators ay, as..., a,, with defining relations of the form ¢ = 1 for every

+1
e at

word ¢ in the group alphabet {a3, a3,

We now quote a result of Adian [1].

Theorem 17 (Adian) The centralizer of an arbitrary non-identity element in B(m, n)

is a cyclic group of order n, for odd n > 665.

Lemma 18 Let G be an infinite group with identity element e. If C(g) is finite for
every g € G\{e}, then G is 1.C.C.

Proof. Let g # e, and suppose that C(g) is finite. Define gy to be e. There is an
element g; € G\C(g), since G is infinite. Suppose k¥ > 1 and that we have found
9o, ..., g 50 that whenever 4,5 € {0,...,k} and i # j we have that g;gg; ' # gjggj_l7
or equivalently, ¢; & g,C(g). For each i € {0,...,k} the set g;5; is finite, and hence
the set S = _LkJOgZ-Sl is a finite union of finite sets, and is finite. It follows that there

exists gni1 € G\S so that g, ..., gn, Gns1 have the property that ggg;' # gjggj“1

whenever 4, € {0,...,n+1} and i 5 j. In this way, we construct a sequence {g,}>2,

22

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



of elements in G such that gigg; * # gjggj_1 whenever ¢ # j. Consequently, there are

infinitely many distinct conjugates of g in G. =
Theorem 19 Ifn > 665 is odd, the group B{m,n) is an 1.C.C. group.

Proof. By Adian’s result the centralizer of any non-identity element in B(m,n) is a

cyclic group of order n. By the lemma, it follows that B{m,n) is an I.C.C. group. ®
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Chapter 4

Correspondences

4.0.1 Wr*-algebras and von Neumann algebras

A von Neumann algebra is a unital C*-subalgebra of B(H) that is closed in the weak
operator topology. A W*-algebra is an (abstract) C*-algebra that is a dual Banach
space when viewed as a Banach space with respect to its C*-norm. In other words, a
C*-algebra A is a W*-algebra if there exists a Banach space B, so that B# = 4. Note
that, if NC B(H) is a von Neumann algebra, the set Ny of all linear functionals p on
N that are continuous on (N); with respect to the weak operator topology is a norm-
closed subspace of the Banach space N#, and is therefore a Banach space. We call Ny
the predual of V. Since a * isomorphism of one von Neumann algebra onto another
induces a linear isometric isomorphism between their preduals, the Banach space Ny
is, up to isometric isomorphism, independent of the faithful representation of the
von Neumann algebra N. The importance of the predual is that any von Neumann
algebra N is isomorphic, as a Banach space, to (Ng)# (every norm-continuous linear
functional on Ny has the form T, for some T € N, where T\( p) = p(T) forall p € Ny).
It follows that every von Neumann algebra is a W*-algebra. The well-known stronger
result of Sakai states that a C*-algebra 4 is *-isomorphic to a von Neumann algebra
if and only if A is a W*-algebra. This theorem enables us to speak interchangeably
of W* algebras and von Neumann algebras in what follows.

The ultraweak topology on a W*-algebra N is the weak™ topology on N obtained

from Nyg. In terms of the convergence of nets, T\ — 7T ultraweakly if and only
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if Th(p) — T'(p) for each p € Ny. If we regard N as a von Neumann algebra, then
Ty — T ultraweakly if and only if p(T3) — p(T') for each linear functional p on N that
is weak operator continuous on the unit ball (N); of N. A x-homomorphism between
two W*-algebras N, M shall be called normal if it is continuous with respect to the
ultraweak topology on N and the ultraweak topology on M. For a more extensive

treatment on the ultraweak topology and normal functionals, we refer the reader to
[16].
4.0.2 First definition of correspondence

We now introduce the first notion of correspondence.

Definition 20 Let N, M be W*-algebras. A correspondence between N and M (an

N-M Hilbert W*-bimodule) is a Hilbert space H equipped with bilinear product maps

NxH—H: (T, —T¢  (ultraweak x || ||) —|| || continuous
HxM—H:(5 —&S (]| |l x ultraweak) —|| || continuous
such that

(@) INd =&l =¢
(i) Th(T2€) = ThiTy¢
(44) (£51)S2 = £(5152)

(i) (T§)S =T(£S)

forallé e H ol T, 71, T5 € N, and all 5,5,,5, € M.

We now make a few comments about this definition. If &, il £ in H, then for

waw X[ ] [

any T € N, we have that (T,&) — = (7,&), so by continuity, 7€, — T¢ in
H. Therefore the operator Ly on H defined by L& = T€ is bounded, and clearly

preserves the unit.
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If T" € N is unitary, then for all £ € H,

(T¢, &) = (T&,TT"E) = (Lr€, LyT7¢)

= (Lp(Lr€), T°€) = {T"T¢, T7¢) = (£, T7¢).

therefore L} = Ly« in this case. since we may write any element in N as a finite
linear combination of unitary elements, this also holds in general as well, by the
bilinearity of the inner product. Now if T\ “% T, then for a given ¢ € H we have
that Th& oy ¢ and therefore L, ST Ly, so if Ty is a monotone increasing net
of positive operators with least upper bound 7, then Ly, is a monotone increasing
net of positive operators with least upper bound Lp. We note that the ultraweakly
continuous states w on range(L)” are exactly the normal states, i.e. those for which
w(H,) — w(H) whenever {H,} is a monotone increasing net of self-adjoint operators
with least upper bound H. We may use this fact to prove that the map L : T — Ly
is w.w.-u.w. continuous from N into range(L)" since for every normal state ¢ on
range(L)”, we have that Lo ¢ is a normal state on N. Every ultraweakly continuous
linear functional on range(L)” can be written as a linear combination of at most four
normal states, a fact which follows from the polarization identity and the fact that
each normal state on B(H) can be written w = iwmi with i“azZ]l? = 1. We obtain
i= -
that for every u.w. continuous linear functional ¢ ;n mnge(L)l” , that Loy is an u.w.
continuous linear functional on N, and this gives us that the map L : N — range(L)"
is u.w.-u.w. continuous.

Note that (N); = ((Ng)#); is weak*-compact, and therefore compact in the ultra-
weak topology. If ¢ : N — B(H) is a normal *-representation, then ¢ is continuous
from the ultraweak topology on N to the weak operator topology on B(H). It follows
that ¢((N);) is W.O.T. compact, and hence W.O.T. closed. Since p takes N onto

©(N), which is a C*-algebra and therefore a Banach space, it follows that ¢ is an

open mapping, so there exists 7 > 0 such that (¢(N)), C ¢((N);). By the Kaplansky
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density theorem,

(P(N)7)r € (p(V)); € (V)] = (p(N))1 € p(N),

where ( )~ denotes closure in the weak-operator topology. Hence ¢(N)™ C ¢(N),
and p(N) is W.O.T. closed, and therefore a von Neumann algebra. In particular,
range(L)" = range(L) in the above discussion.

In summary, we have that the map L : T + Lg defines a normal, unital *-
representation of N on B(H).

We define M°P to be equal to M as a Banach space, but with the product
S1 08 = 5551,

where 5557 is the product in the W*-algebra M. Natural Banach and C*-algebra
structures on M are inherited from the Banach and C*-algebra structures on M.
Since M = M as a Banach space, My = (M°P)4, and therefore M°P is a W*-algebra.
We call M°P the opposite W*-algebra of M.

We see, via an argument nearly identical to the one above, that the map S — Rg,
where Rgé = £S5 defines a normal x-representation of M on B(H).

Finally, property (iv) gives that (7€)S = T(£S), and hence RgLr€ = LpRg§ for
all ¢ € H T € N, and S € M. Therefore the representations S +— Rg and T+ Ly

commute.

4.0.3 Second definition of correspondence

This brings us to our second definition of correspondence.

Definition 21 Let N, M be W*-algebras. A correspondence between N and M is a
pair (T, Tager), where iy : N — B(H) and 7per : MP — B(H) are normal, unital
x-representations of N and M on the same Hilbert space H such that ny(N) C

T pgop (Mop)/'
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Note that the Hilbert space H in the above definition is naturally an N-M Hilbert

W*-bimodule with multiplications defined by

(T, &) = mn(T)E,

(&, 8) + mpen (S)E.

Given a correspondence (my, myser ), we may construct a unital x-representation my ®

7per Of the algebraic tensor product x-algebra N ® M on B(H) ® B(H):
[(mn ® Taree)(T' @ S)(E @ ) = (7w (T) @ Tarer(9)) (€ @ 1) = 7 (T)E ® magen (),

which is normal when restricted to N ® Ijo» and also normal when restricted to
Iy ® M°. Normality here means that if T\ “> T in N, then 7n(Ty @ Injor) “%
7n(T & Ipgor), and similarly in the other coordinate.

Conversely, given a unital *-representation 7 : N @ M — B(H) such that
T|N@lyer 80 T|ryemer are each normal, the pair (7|ngryep; Tlivemer) is & corre-

spondence. In this manner we obtain a third definition of correspondence.

4.0.4 Third definition of correspondence

Definition 22 Let N, M be W*-algebras. A correspondence between N and M is a
unital *-representation of the algebraic tensor product N ® M°P that is normal when

restricted to N & Ipor and s normal when restricted to Iy @ M°P.

We shall now motivate a fourth definition of correspondence, in the case where
N is a W*-algebra, and M is a countably-decomposable factor von Neumann alge-
bra. This fourth point of view will help us gain some intuition for Connes’ view of

correspondences as morphisms in the category of von Neumann algebras in his book

7).
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4.0.5 Normal left W*-modules

In order to motivate the fourth definition of correspondence, we revisit the theory of
normal left A Hilbert W*-modules, which we shall simply call left A/-modules. Please
note that, although it is in most cases natural to first introduce modules and then
bimodules, we chose to introduce bimodules first because they shall be the primary

objects of our study.

Definition 23 Let M be a W*-algebra. A (left) M-module is a Hilbert space H

equipped with an (ultraweak x || ||) — || || continuous, bilinear product map
MxH—-H
(T,¢) — T¢
such that
i) Iné =¢

i) Ti(T2€) = ()€
forallé € H, and all Ty, T5 € M.

Proceeding as we did above in the case of bimodules, we have the more convenient

equivalent definition of left module. This next definition is the one we will use.

Definition 24 A (left) M-module is a pair (H, ), where H is a Hilbert space, and

m: M — B(H) is a unital, normal x-representation of M on H.

We shall now define the concept of M-submodule, and the concept of isomoerphism

of M-modules.

Definition 25 An M-module (K, 7g) is an M-submodule of the M-module (H, ),
if K = PH for some projection P € (n(M))' C B(H),l and g = wp, where wp(T) =

w(T)P is the natural representation of M on PH.
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Definition 26 Let (Hy,7y,) and (Ha, mp,) be M-modules. A linear map ¢ : Hy —

Hy is an M-module homomorphism if it is M -linear, that is,

(p(ﬂ-Hl (T)g) = THy (T)(p(g)

for all £ € Hy and oll T € M. An M-module isomorphism is a unitary M-module

homomorphism, meaning that as a linear map it is norm-preserving and invertible.

We now demonstrate a basic link between M-modules and Murray-von Neumann

equivalence of projections.

Proposition 27 Let (H,7) be an M-module. Two M-submodules (PH,mp) and
(QH, ) of (H,n) are isomorphic if and only if P ~ Q in n(M)'.

Proof. Suppose that P ~ @ in n(M)’. Let V € w(M) satisfy V*V = P and
VV* = (@, then V is a partial isometry of PH onto QH, and the map ¢ defined by
p(PE) = VP is an M-module isomorphism. Conversely, suppose that ¢ : PH — QH
is an M-module isomorphism, then by definition, ¢ is onto @ and ||p(PE)|| = ||PE||
for all £ € H, so V& = p(P€) defines a partial isometry V' in B(H) with initial space
PH and final space QH, hence P ~ Q in w(M). =

We now give a basic example of an M-module, and then show that any separable M
module can be described using this example. A von Neumann algebra M is countably
decomposable if any family of mutually orthogonal projections in M has cardinality
at most Ng. Recall that a von Neumann algebra M is countably decomposable if and
only if there is a faithful, normal state on M. The proof of this result can be found

in [15], but we include it for completeness.

Example 28 Let M be a countably decomposable von Neumann algebra. If p is a
faithful normal state on M, then (L*(M, p),n,) is a left M-module, where 7, is the

GNS representation of M on L*(M, p) associated to the state p.
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Let [2(N) be the Hilbert space of all square summable sequences of complex
numbers. Note that the Hilbert space L?(M, ¢) ® I2(N) is naturally an M-module
when the action of M is given, for T € M and § ® n € L*(M, ) ® I*(N), by
T(e®n) = (TI)(E®n) = TE@N. 1f {(H;, m:)}2, are M-modules, then (D H;, Hr)
is an M-module, called the direct sum of the {(H;, 7;)}2,. Here, the actizcz)rll of }\:41 on
éﬂi is given by (ém(T &R, = (m(T)€)2,. An M-module is called separable if
;:118 separable as .:Iflilbert space. For notational purposes, in the following proposi-
tion we shall not write (L*(M, p), 7,) for the GNS M-module associated to the state
p, but instead we shall refer to "the M-module L*(M, p)”. Also, we shall write the
GNS action of M on L?(M, p), for each T € M and € € L?(M, p), by TE, rather than

7,(T)¢. The same conventions will be held for modules closely related to L*(M, p),

for example direct sums of copies of L?(M, p).

Proposition 29 Let M be a von Neumann algebra, and p be a faithful, normal state
on M. If H is a separable M -module, then there exists an M -submodule of L*(M, p)®

I2(N) that is isomorphic to H as an M-module.

Proof. Decompose H as @[n(M)&;] for a sequence of vectors in H, and we see that

=1

T = @7|mane)- If each ([m(M)E], 7|ix(ar)z,)) were isomorphic to an M-submodule of
i=1

L*(M, p) ® *(N), then H would be isomorphic to an M-submodule of @(L*(M, p) ®
i=1

I2(N)), where the action of M on this Hilbert space would be the direct sum of the

standard (GNS) action. But with this action of M, any Hilbert space isomorphism of

o0

P(LA(M, p)®1*(N)) onto L*(M, p)®!*(N) naturally gives an M-module isomorphism

=1

from é(LQ(M’, 2) ® I2(N)) onto L*(M, p) ® I*(N). So we need to prove the theorem
i=1

only in the case where H is cyclic.

We introduce the following notation: if ¢ is a state on M, then (, )4 ( resp. || ||4)

shall denote the GNS inner product (resp. norm), associated to the state on L*(M, w).
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Suppose now that H is cyclic. In this case, there is a unit vector € H such that
[7(M)n] = H, and (H,7) = L*(M, ), where ¥(T) = (z(T)n, n)y is the normal state
on M associated to 7. We also may regard M as represented on B(L*(M, p)). From
this viewpoint there exists a sequence {£;}2; of unit vectors in L2(M, p), such that
ZIH(SZH% =1, and ¥(7T) = Z(T@,&) for all T € M. We shall also by 1) denote the

obvious extension of 9 to all of B(L*(M, p)).

Note that for all i € N,

1T, =TT, &) < Y(T°T) = (a(T"T)n, )y = |Ix(T)0lf3.

It follows that #(T)n +— T¢; defines a bounded M-linear map from =n(M)n into
L*(M, p) that extends to a map R; : L(M, ) — L*(M, p).

Let {e;}22, be the standard orthonormal basis for [(N), and define
91 L3(M, ) — LA(M, p) ® (V)

by 9(€) = Z(&ﬁ ® e;). This map is M-linear since each R; is M-linear. Let the

norm and inner product on L?(M, p) ® [%(N) be written as || || and ( , ) respectively.
Now forall T € M,

DT = IS (R(Tn) @ ]| = |5 (T& @ )

(2(% ® e;), i(Tfj ® ;)2
= (L (T6.T6),)"? = (L (T"TE &),)

= (YT TNY? = (x(T"T)n,m)y) "
= ((a(TYn(T)n,nhu)* = (r(T)n, m(T)n)y) "

= [[x(T)nlly-

It follows that ¢ is isometric, and H & L?*(M,v) = ¥(L*(M,)) which is an M-
submodule of L?(M, p) @ I*(N). m
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By the previous two propositions, classifying the separable M-modules up to iso-
morphism amounts to classifying all M-submodules of the single M-module L*(M, p)®
I2(N) up to isomorphism, which amounts to classifying the projections in (M®CI) =
M'@B(1*(N)) C B(L*(M, p) ® I*(N)) up to Murray-von Neumann equivalence {(Here
we denote by M’ the commutant of M in B(L*(M,p))). If M is a factor von Neu-
mann algebra, then either M is of type /11, in which case there is only one separable
M-module up to isomorphism, or there is a faithful normal semi-finite tracial weight
Too 00 (M'@B(I*(N))) such that 7, (Iyy ® Fy;) = 1 where Ey; = ( ,e1)e; € B(I*3(N)).
In the latter case, the isomorphism classes of separable M modules are classified by
the values of 7, taken on the projection lattice in M'®B(I*(N)). Thus, the classifica-
tion of separable modules over factors comes directly from the type classification of
factors.

In particular, if M is a finite factor, we define the M-dimension, or coupling

constant, of the M-module (H, ) by
dimpr((H, 7)) = Too(P),

where P is any projection in M'®B(1*(N)) such that (H,n) & P(L*(M, p) ®[*(N)) as
an M-module. In the case where N C M is an inclusion of a subfactor N of a finite
factor M with trace 7, one may naturally view L*(M, 7) as an N module, and in this
situation we define the Jones index [M, N] of the inclusion to be dimy (L*(M, 1)).

In general, it is not true that if two von Neumann algebras are *-isomorphic,
their commutants are as well. The following proposition will allow us to see that in
the above situation, 7(M) is *-isomorphic to (M®CI)P (since M is a factor, it is
algebraically simple and therefore w(M) is *-isomorphic to M) and also w(M) C
B(H) is *-isomorphic to ((MCI)P) = P((M®CI))P = P(M'@B(I*(N)))P C
B(P(L*(M, p) ® I*(N))).

Proposition 30 Let M be a von Neumann algebra. If two M-modules (Hy, ) and
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(Hy,ma) are isomorphic as M-modules, then (M) is x-isomorphic to mo(M)'.

Proof. Suppose that ¢ : Hy — H; is an M-module isomorphism. It follows that
o(m (7)) = ma(T)p(€) for all T € M, hence that m(T) = ¢~ m(T)e = (Ad(p) o
m)(T) for every T € M. Since ¢ is a unitary linear map from H; onto Hs, the
mapping Ad(p) : B(Hy) — B(H)) sending A € B(H;) to ¢ tAp € B(H;) is a
surjective *-isomorphism. We shall show that Ad(p)|r, ) gives a x-isomorphism of
(M) onto m(M). HT" € mo(M)', then T"mo(T") = mo(T)T" for all T € M. We now
show that Ad(©)|r, oy (T") € m(M)'. Let m(T) € m (M), then

Ad(@) |y aay (T')m1(T) = @™ T oy (T)

=@ T o ma(T )y
= ¢ ' T'mo(T)p = ¢~ 'ma(T) T
= o m(Tpp ™ T = m (T T"p

= T (T)Ad(0) | mo(aay (T").

It is easy to show that the map Ad(y)|r, )y preserves adjoints, and is bijective. ®

Amplifications of Factors

Suppose that M is a countably decomposable factor, and let H be a separable Hilbert
space. A factor *-isomorphic to P(M®B(H))P with P some projection in M®B(H)
is called an amplification of M. If P is an infinite projection in M®B(H), then
P(M®B(H))P and M®B(H) are x-isomorphic. To see this, note that if VV* =
and V*V = P in M®B(H), then the linear map

6:Tw— PVIVP

satisfies 0(T1)8(Ty) = PV*T,VPV*TLVP = PV*T\VV*VV*T,VP = PV*T\TyV P =

6(T1T3) and preserves adjoints. Since M®B(H) is a factor, 6 is an injective map.
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Given PTP € P(M®B(H))P, we have that VIV* € M@B(H) and 9(VTV*) =
PTP and hence # is onto. From the reasoning above, we see that in the case where
M is properly infinite, every amplification of M is isomorphic to MRB(H).

In the case where M is a finite factor, we have that M ®@B(H) possesses a faithful
normal tracial weight 7 = 7 ® T'r. If P is a finite projection in M®B(H), suppose
that 75(P) = a < 0o. Choose k > « so that we may find a projection @, € M with
7(@1) = ¢. Find a finite projection @, € B(H) so that Tr(Q2) = rank(Q2) = k.
We now show that QoB(H)Q; must be a finite type I factor. Finiteness follows
since (Jois the identity of Q2B(H)Q:, and is a finite projection. We know that a
projection E in a factor M is minimal if and only if EME = CE. Suppose that £
is a minimal projection in B(H). Since B(H) is a factor, the Murray-von Neumann
order < on its projection lattice is a total ordering. Since F is a minimal projection,
we have that E < ()9, that is, there is a subprojection Ey of QQy such that E ~ Ej in
B(H). It follows that Ej is also a minimal projection in B(H), since for any non-zero
projection ¢ € B(H), we have that Ey ~ E < Q. We claim the Q2EyQ, (= Ep)
is a minimal projection in Q.B(H)@2. It is clear that Ey is a projection, we must
show that it is minimal in Q.B(H)Q,. To show that QsFy(Q; is minimal, consider
Q2TQq € Q2B(H)Q3,, then

(Q2E0Q2)(Q2TQ2)(Q2E0Qs) = Q2 E0Q2TQ2EeQ2) = MQ2EoQs.

AEo
It follows that (Q2FE0Q2)(Q2B(H)Q2)(Q2E0Q2) = C(Q2E0Q>), and Q2 Ey(Q) is a min-
imal projection. We see that Q.B(H)(); is a finite type I factor with identity Q,. We
have chosen T'r so that if Ey is a minimal projection in B(H), then Tr(Fpy) = 1.
We can therefore write (J; as the sum of k& equivalent, pairwise orthogonal pro-
jections Fy, ..., By in B(H), and therefore Ele Q2E;Qy = QZ(Zf‘zl E)Q: = @2
in Q2B(H)Q,, and hence @, is the sum of k such projections in QB(H)Q., and

hence QoB(H)Q: is a factor of type Ij, and *-isomorphic to My(C). It follows
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that if P is a finite projection such that 7(P) = «, then P(MB(H))P = (Q; ®
R2)(MSB(H))(Q1 @ Q2) = (Q1 @ IN(MBM;(C))(Q, ® I). For this reason, we call a
factor *-isomorphic to

QMBM(C)Q

an amplification of M when 0 < o < k, and 7,,(Q) = £, where 7, = 7 ® ;T'r is the

normalized trace on the factor MM (C).

Tomita-Takesaki Theory

We now recall some basic facts about the Tomita-Takesaki modular theory that will
be needed in the sequel. Let M C B(H) be a von Neumann algebra, with commutant
M’. Suppose, in addition, that there is a joint cyclic and separating unit vector £ € H

for M and M’. In this case, the mapping
S:AE > A% (Ae M)

extends to a closable operator on H, having polar decomposition S = JAY2, where
A is a positive invertible operator on ‘H, and J is an order two antilinear isometry of
H onto itself. The mapping

¢ A— JA*J

defines a *-anti-isomorphism from M onto M'. It follows that M°? and M’ are x-
isomorphic under these circumstances, an isomorphism given by ¢ o id ™.
4.0.6 Fourth definition of correspondence

We assume in this section that /N is a W*-algebra and that M is a countably decom-
posable factor. Let p be a faithful normal state on M°. Suppose that (7, Tares)
is a correspondence between N and M, such that the underlying Hilbert space

H of the correspondence to be separable. We may consider only the action of
36
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M for a moment, and view the underlying Hilbert space H as a left M°P-module
(H, maer). From our work on separable left modules, there is a projection P €
(M) ® B(I*(N)) C B(L*(M,p) ® I*(N)) so that (H,mpe») is isomorphic as an
M module to P(L*(M%,p) ® I?(N)), and (m,,(M°P)) C B(H) is *-isomorphic
to P((MPY®B(*(N)))P C B(LAM®>,p) ® I*(N)), say ¢ gives a *-isomorphism
of (mop(M°))onto P((MP)@B(I*(N)))P. Note that this is a *-isomorphism be-
tween von Neumann algebras, and is hence automatically normal. Since wn(N) C
(mop(M°P)), the map ¢ restricted to my(NN) gives a normal *-homomorphism from
mn(N) into P((M°P)@B(I*(N)))P.

Now by the Tomita-Takesaki theory, whenever a von Neumann algebra has a joint
cyclic and separating vector, then it is x-anti-isomorphic to (M)". We know that M°P
is also s-anti-isomorphic to M. If 1 : M? — (M) and @3 : M°P — M are *-anti-
isomorphisms, then o5’ o, is a *-isomorphism of (M) onto M. From these we ob-
tain a *-isomorphism @ from P((M%)®B(I*(N))P onto P,(M&B(I*(N))P; for some
P, (Note that L?(M°P, p) may be naturally identified with L?(M,p)). As a result,
we have that ® o ¢|,,(v) is & *-homomorphism from 7y (N) into P, (M@B(*(N)) .

This motivates the following definition.

Definition 31 Let N be a W*-algebra, and M be a countably decomposable factor.
A correspondence between N and M is a normal, unital x-homomorphism from N

into an amplification of M.

In motivating this definition, we have already shown how to get such a x-homomorphism
from a (separable) correspondence. We should show how to get a (separable) corre-
spondence from such a *-homomorphism. Suppose that M* = P(MRB(H))P is an
amplification of the factor M (with H separable) and that @ : N — M*° is a normal,
unital *-homomorphism. Reversing the process above, we get that P(MQB(H))P =

P((MY®B(H))P via a x- isomorphism ¢;. We have that ¢, o @ = my gives a nor-
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mal representation of N on P(L?(M, p) ® H), and mper = ¢ sending T € M to
(T®I)P € (M°P®CI)P gives the normal representation of M°P on P(L?*(M, p)QH).
These two representations commute by construction, since P((M)®B(H))P is the

commutant of (M® & CI)P.

4.0.7 Fifth definition of correspondence

We now set out to show that if NV is a W*-algebra and M is a countably decomposable
finite factor then one can, via Stinespring dilation, define a correspondence between
N and M as a unital, normal, completely positive map between N and M. For this
we include a short discussion of completely positive maps which can be found, for the

most part, in [8].

Completely positive maps

Let N, M be C*-algebras. A linear map
T:N—-M

naturally induces a linear map 7™ (= T ® id,,) from N ® M,(C) into M ® M,(C)
defined by T (a ® A) = Ta® A for a € N and A € M,(C). Alternatively, viewing
N @ M,(C) and M ® M,(C) as M,,(N) and M, (M) respectively, we see that

T (@) iy = (Tay)}

4,j=1 " i,7=1

for (ai;)7 ;=1 € Mn(N).

A linear map T : N — M is said to be completely positive if T is positive for
all n € N.

The transpose map on My(C) is the standard example of a positive linear mapping

that is not completely positive, since if A € M3(C) has the property that (Az,z) > 0
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for all z € C?, then (ATz,z) > 0 for all z € C?, but

0 000

has non-negative eigenvalues 0,0, 0,2, but the map (7)) applied to B yields the

matrix
- F ~T r a9 T _ _
0 0 0 0 0001
01 10 010686
= = T = ST =
0 1 1 0 00160
0 0 0 0 _1 6 O O_

that has eigenvalues -1,1,1,1, one of which is negative.

Since the positive elements in N ® M,,(C) (and M ® M, (C)) are those that can be
written as A*A, and since *-homomorphisms are multiplicative and *-preserving, it is
routine to verify that any s-homomorphism from N into M is a completely positive
map.

Another example of a completely positive map, this time from a C*-algebra N to
itself, is given by x-conjugation Ad(T')(.) = T*.T by any element 7" in N. The com-
plete positivity of this map can be seen as follows: regard NV as faithfully represented
on a Hilbert space H, and regard N.® M, (C) as acting on the Hilbert space H @ C".
If >(A; ® B;) € N ® M,(C) is such that

O (A@B)E®N), (@) = (A& (Bm,n) =0

39

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



forall E@nin H @ C”, then

(Ad(T) @ id,) (D (A:® B)(E @), (E @)
=) (T"AT & B)(¢®n), (E®n)
= > (ATE,TE)(Bim,m) > 0.

It follows that Ad(T') is completely positive. Note that if N is a C*-algebra with unit
Iy, that Ad(T)(In) = T*T does not necessarily equal Iy.

Given a representation 7 of a C*-algebra on a Hilbert space H, and P a projection
in B(H), the mapping mp = Ad(p) o m|py is called the compression of the represen-
tation 7 to the closed subspace PH. Since the map T + T|py, by an argument
similar to the one above, is completely positive, the map 7p is the composition of
three completely positive maps, hence is completely positive.

The compression of a representation is not generally a representation. In fact, any
state p on a unital C*-algebra N may be regarded as the compression of the universal
G NS representation obtained from p to the one-dimensional subspace spanned by
the vector v for which p(A) = (r(A)v,v) for all A € N. The following computation
shows why. Suppose that w € span{v}, and that P is the projection onto span{v}.
We have that

Pr(A)Pw = (w,v) Pr(A)v
= (m(A)v,v){(w,v)v

= (w(A)v,v) Pw

It follows from the Stinespring theorem (a special case of which we prove in the

next section) that every unital completely positive map from a unital C*-algebra N
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into some B(H) must be the compression of some representation of m on a Hilbert

space containing H as a subspace.

Correspondences and completely positive maps

In this section we show how to associate a correspondence between a W*-algebra
N and a countably decomposable finite factor M with a trace 7 to a normal, unital,
completely positive map from N into M and how to obtain a correspondence between
N and M from such a completely positive map. The construction below should work
for any factor, but having a faithful trace 7 instead of just a state p considerably
shortens the construction. We shall mainly concern ourselves with the case where N
and M are type Il factors later on however, so the cost of this assumption is not
too great. First, we shall show how to make N ® M into a correspondence between

N and M using an inner product obtained from a normal, unital completely positive

map ¢: N — M.

Lemma 32 Let N be a W*-algebra and M o countably decomposable factor with
faithful normal state p. Regard M C B(L*(M,p)) and let  : N — M be a unital

completely positive map. The form ( , ) defined on simple tensors by
(S1®T1, 8 @ To)p = (p(5551)T1, T5)

extends to a positive conjugate-bilinear form (, )y : N® M — C on the algebraic ten-

sor product. Here ( , ) denotes the inner product on the GNS Hilbert space L*(M, p).

Proof. The fact that the form ( , ), extends to a conjugate-bilinear form on the
algebraic tensor product N ® M is straightforward. To prove that this map is positive

we must show that, for any element > . ,(S; ® T;) € N ® M, that

DTSR, (S @T)) =D ($(S;S)TT;) = 0.

i=1 =1 1,3
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To do this, consider the algebraic tensor product M ® M,,(C) and the algebraic tensor
product N ® M,,(C). The algebraic tensor products admit C*-norms from those of N
and M, (C), and are complete with respect to these norms, and may hence be viewed
as C*-algebras. Therefore, to show that an element A in M @ M,(C) is positive,
it suffices to show that we may write A = B*B for some B € M ® M,(C). Let
{Ei;}1;=1 denote the standard system of n x n matrix units in M, (C). The element

> 1k=1(SI'S%) ® Eix € N ® M,(C) is positive, since

n

Z (Sl*Sk) ® By, = (}T_l: S ® Ell)*(f: SE ® Elk)

Lk=1 I=1 k=1
Since the map ¢ : N — M is completely positive, it follows that ¢ ® id, : N ®
Mn(C) — M ® M,(C) is positive, and hence the element » ), _, #(5/Sk) ® L is
positive in M ® M,(C). Regard M, (C) as acting on C" with standard orthonormal
basis {e1, ..., €, }. It follows that for any > (Ti®e;) in MQC™ C L*(M, p)®C" = H

we have
(37 05750 ® Ew)(Q_(T:@ei)). Q_(Lioe))n =) Z ST T} (B )
= Z(dJ(Sz*Sk)Tk, Ti)
k.l
= () _Sk®Th), Z(Sz ®T1))e-
k=1 I=1

This shows that the conjugate bilinear form ( , )4 is positive. =
Assume now that ¢ is normal, and let Hy denote the completion of the normed
space (N ® M)/W, where W is the subspace {v|v € N® M and (v,v), = 0}. This is

a subspace because the form ( , ), is positive, and hence admits a Cauchy-Schwartz

>l/2

inequality. The subspace is closed due to the continuity of the norm || - [[5 = (-, )"

We consider the natural action of N ® M on the space N @ M defined by
(S@T) X, (Si®T) =>" (5SS @ T;T). Here the products SS; are taken in N
and the products ;7 in M.
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We now show that the subspace W of N ® M is invariant under this action of
N®M°P and that this action induces an action of N® M on H,. Note, if A € W and
B €N @M, regard B asin N ® M, and then (4, B)y| < (4, 4),/*(B,B)}* = 0.
Now for SR T e N MPandv=73, (S ®Ty) E N® M,

(8@ T, (S®T)v)g = <Z(55k RTT), Y (S @ TiT))

1

Z (S7S*SSKTT, TIT) = > 7(T*T; ¢(S; S*SS)TiT)

Lk

=Y (T PSS SS)TLIT*) = > ($(S;S*SS)TLTT*, Th)
Lk

) Lk

= () (S"SS @ TLTT*), > (S1® T))s = ((S"S @ TT*)v,v)y

l

=((S@T)(S®T)v,v)e.

(Note: This computation was shortened by the traciality assumption.)

Now we see that if v € W, then
0<{((S®T)v,(S®T))={((SRT)*(SRT)v,v)
<{(S®T)(S @ T)v, (S®T)(S ® Ty (v,v)* = 0,

therefore [((S ® T)v, (S®T)v)y| =0 and (S ® T)v € W. We have proven that W
is invariant under the action of N ® M. Tt follows that the action of N ® M on
(N ® M)/W given by

(ST v+W)=(ST)v+ W

is well-defined.

We are able to obtain more from the above computations, however. Given v =
> 11 (S ® Ti), the positivity of the form ( , )4 tells us that the linear functional on

N defined by

S @ Inror 1= ) (B(SSS)Ti, T) = (S ® Lugen)v, v)gs

1k
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is positive, and hence bounded with norm (v,v)4. Since 7 and ¢ are both normal,
this linear functional is again normal. Similarly the linear functional on M given
by

In®T = Y ($(STS)TT, Th) = (v(In & T), )¢
Lk

is positive, normal and has norm (v, v).

From these, we have that for any v = >, _,(Sx ® T}) € N ® M, we have that

(S @ Inger)]|5 = {(S @ Ingor)v, (S & Ipger )
= ((S ® Ipgor)™(S @ Ingor)v,v)p = ((S*S @ Inger)v, v}y

< (Uv v>¢'HS*SHN7

so that each S ® Iyer is a bounded operator with norm at most ||$*S||N> = ||S]|n,
with || - ||~ the operator norm on N. Similarly, we have that each Iy ® T' is bounded

with norm at most ||T||aree. It follows that each S® T = (S ® Iy )(Iy ® T') acts
as a bounded operator on N ® M, and therefore all finite linear combinations do as
well, so the action extends by continuity to all of Hy.

ultraweak

By the normality of the functionals above, if Sy ® Iner  — S ® Ippor in N,

then for every vector v € Hy, we have that
(S @ Tngor)v, )6 = {(S @ Inger)v, v)y

and hence Sy ® Iysop wor S ® Iyer as acting on Hy, so the action is normal when
restricted to N ® Ippop, and similarly normal when restricted to Iy ® M°P,

It follows that H, is a correspondence between NV and M.

We now show how to recover ¢ from Hy. Given T € M C L*(M,1y), define
= : M — Hg such that Z(T) = Iy ® T. By the above remarks this extends to a

contractive linear operator on all of L#(M, y;), which we shall also call Z. We have,
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for each 77,75 € M, and § € N, that

(E(8 ® Tui)ET, Tob = (5 © Ta) Iy ©T1), (U T

=((50T), U~ @Ta))s = Tm(T59(S)T1) = ($(5) 11, T2)ry,-

Hence the “coefficients” of Z*(S ® I« )E match those of ¢(5), and ¢(S) = =Z*(S @
Ingor)E.

The previous paragraph suggests how we may canonically associate a completely
positive map to a given correspondence H. Now choose a bounded vector ¢ in H,
that is, let £ be a unit vector with the property that there is a ¢ > 0 so that for all
T e M, (£TT*, &) < ery(TT*). To see that such bounded vectors exist, consider
first the case where H = L?(M, 7y), and choose £ € M C H unitary, then appeal
to the classification of right modules parallel to the earlier treated classification of
left modules to obtain the general case. (Rough-hewn hint: We know that H is
isomorphic to (L*(M) ® L?(N))P, and that P cannot kill all simple tensors of the
form U ® S with U unitary in M and S € L?(N). Choose such a simple tensor, and

note that given 7' € M,

T e S)P(TeNP|E < I(Ue ST @ DI

= 1TV z2anlISIZ2 ey = ell Tl an)

where ¢ = ||5]|72()-)
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Define Z : L*(M, 1) — H by extending the map on M defined by Z(T) = £T.

Since H is a correspondence, Z is a bounded operator such that

E N (S)E(IT )T, To)ry = (7w (S)ETLT), (§T2))ry
= (Taror (D) (S)(ET1), (€T2))ras
= (N (S)(ET1), Taaor (T)(€T2)) s
= (7n (S)(ET1), mager (T7)(€72)) 7as
= (1N (S)(ETh), €T2T"))ry = (E"7n (S)ETL, ToT)ry

= ((JT*J)E*mn (S)ET:, To)ry-

This shows that Z*my (S)Z commutes with JMJ = M’, and hence E*ny(S)E € M" =
M. Tt follows that the range of the map Ad(Z)omy : N — B(L%(M, 7)) is contained
in M. Note also that the map defined by ¢(S) = E*nx(S5)E is a composition Ad(E)o
my of two normal completely positive maps, *-conjugation by = and the normal
representation 7y, hence ¢ is also completely positive and normal. We have thus
obtained from the correspondence H between N and M a normal, unital, completely
positive map ¢ from N into M. This motivates the following fifth interpretation of

correspondence.

Definition 33 Let N be a W*-algebra, and M be a countably decomposable factor.

A correspondence between N and M is a normal, unital completely posi.tive map from

N into M.

4.0.8 Equivalence and containment of correspondences

In this section we define what it means for two correspondences between W*-algebras
N and M to be equivalent. Suppose that H, H' are correspondences between N

and M, and that ny and 7y are the representations of NV ® M on H and H’
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respectively. Recall that 7y is unitarily equivalent to my if there exists a unitary

linear map U : H — H' so that mg = Ad(U) o 7.

Definition 34 Let N, M be W*-algebras and let H, H' be correspondences between
N and M. We say that H is equivalent to H', written H ~ H', if the associated

representations of N @ M°P are unitarily equivalent.

If H is a correspondence, we denote by H its equivalence class under ~. We
denote the set of all equivalence classes of correspondences by Corr(N, M). When no
confusion is likely, we will sometimes omit the hat”and use the same notation for a
correspondence and its class.

We now introduce the notion of subcorrespondence as an N ® M°-invariant sub-

space of H, i.e. a subrepresentation of N ® M°? on H.

Definition 35 A subcorrespondence of a correspondence H is a subrepresentation of
N®M° on H. A correspondence K is said to be subequivalent to H if K is equivalent

to a subcorrespondence of H.

4.0.9 Examples of correspondences

We now give a few examples of correspondences. The first two shall play a key role in
what follows. The last example demonstrates that the “category” of correspondences
is, in some sense, much richer than that of left-modules. Although these examples
may be considered in full generality (using a faithful normal weight in place of a

faithful normal state), we shall only include what we need below.

Example 36 (the identity correspondence, or trivial correspondence) Let M be a
W*-algebra with faithful normal state p, and let L*(M, p) denote the standard GNS

Hilbert space. By the Tomita-Takesaki theory, M acts on this Hilbert space by left

47

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



and right multiplication,

(T,€) — T¢

(6,T) = JT"JE = €T

The left multiplication gives a normal representation of M, and the right multipli-
cation giwes a normal representation of MP. These representations commute, and
hence Hyy = L?(M, p) becomes a correspondence between M and itself, called the triv-
ial or identity correspondence. By basic GN S considerations, using any other state at
the outset shall yield an equivalent correspondence, hence the identity correspondence
18 unique up to equivalence.

It should be noted that if M is finite and countably decomposable, then a correspon-
dence H between M and itself contains the identity correspondence Hiy as a direct
summand if and only if there exists a separating central vector for M in H, that is,
a vector £ € H such that for any T € M, if T¢ = 0 then T = 0. To see this, note
that if H = H,q ® K, then the vector (&,0) is the desired separating vector with &
the separating vector for the action of M on H;y. Conversely, if & is a separating
vector for the action of M on H, then we may write H = [M£] & [ME£)*, and [M€]

is isomorphic to Hyy.

Example 37 (The coarse correspondence) Let M and N be W*-algebras with faithful,
normal states pn,pm respectively. The coarse correspondence between N and M s
the Hilbert space L*(N, px) @ L*(M, par), such that N acts via left multiplication in
the first coordinate, and M acts via right multiplication in the second coordinate, that

is, for Se€ N andT € M,
(S@T)¢=S(JTJ)¢ = SET.

We may also identify the coarse correspondence with the Hilbert space of all Hilbert-

Schmidt operators L2(L2(N, py), L*(M, par)) by identifying simple tensors with “rank-
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one operators”. Let € € L*(N,py), S€ N, T € M, then
(SQT)E) = (&, S)onT € L*(M, pur).

The left action of N is given by So(S @ TY(E) = (€, 505),,T and the right action of
M by (S @ TYIH(&) = (&, S) pnTTo, which are the natural choices.

If M is a factor, let Aut(A) denote the group of all x-automorphisms of M. Two
such automorphisms ¢; and 6, are said to be outer conjugate if there exists a unitary
element W € M and ¢ € Aut(M) so that ¢™1 06 0 ¢ = Ad(W) o 5. We say that 6;

and 6y are trivially outer conjugate if ¢ = id.

Example 38 Let M be a factor of type 11y with faithful normal trace T and let 6 €
Aut(M). Consider the Hilbert space Hy = L*(M,T). We define an M-M bimodule
structure on Hy as follows. Let S, T € N and & € Hy. Define the left and right
actions by

S €T = S(JO(T*)J)E.

We claim that if 6, and 05 are distinct automorphisms of M, then Hg, is isomorphic
to Hy, if and only if 6, is trivially outer conjugate to 8y. If ¢ : Hy — He, is an

isomorphism of correspondences, then for T' € M and & € Hy, we have that
0(JO,(T™)JE) = JO(T*) T p(€)

and hence that JO(T*)J = ¢~ J0,(T*)Jp. Multiplying on the left and right by J
and using the facts that J? = I and M is a self-adjoint algebra, we have that for all
TeM,

01(T) = (JpJ) " 0:(T)(J ).
Note that JpJ € M”, since ¢* (as well as ) commutes with the left action of M, and

hence lies in M' C B(L*(M, 7)). Conversely, suppose that there is a unitary element

U e M so that 6.(T) = 6(U*TU) for every T € M. We then have that the unitary

49

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



operatorJ8,(U*)J : Hy, — Hp, is an M-module isomorphism, since 02(U)01(T) =
6.(TU)
£02(T)0:(U) = £6,(TV)
= £0:(U)0,(T)
and this action commutes with left multiplications.
From this example, we see thatl there are at least as many isomorphism classes

of correspondences between a factor of type 11, and itself as there are trivially outer

conjugacy classes of automorphisms of that factor.

4.1 Amenability and correspondences

4.1.1 Topology on correspondences

Unless otherwise explicitly noted, from now on assume that all W*-algebras consid-
ered have separable predual. We now define a topology on the set of equivalence
classes Corr(N, M) of separable correspondences between W*-algebras N and M.
This topology is defined in a way analogous to the standard topology on the space of

unitary representations of a group.

Definition 39 Let Hy € Corr(N,M) ande > 0. Let F C N, E C M and X =
{&1,....&} © Ho be finite sets. We define

U(Ho;e, F, E, X) C Corr(N, M)

to be the set of classes of correspondences He Corr(N, M) for which there ezists

{7717 "':nn} g H such that

[(SET, &) — (SniTymy)| <e

forallSe F, T € E and1<1,j <p. The U-topology on Corr(N, M) is the one for

which the sets U form a basis of open neighborhoods.
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We may define another topology on this class that turns out to be equivalent to

the U-topology on Corr(N, M).

Definition 40 Let Hy € Corr(N,M) ande > 0. Let F C N, E C M and X =
{&, ... &} C Hy be finite sets. We define

V(Hp;e, F, E, X) C Corr(N, M)

to be the set of classes of correspondences He Corr(N, M) for which there exists a
correspondence Hy in the class H such that H, = Hy as a Hilbert space and such that
if S-&-T denotes the bimodule structure on Hy (with £ € Hy = Hy) and SET the

bimodule structure on Hy, then
||S-&-T -S| <e

forallS € F, T € E and £ € X. The V-topology on Corr(N, M) is the one for which

the sets V' form a basis of open neighborhoods.
Proposition 41 The U and V topologies on Corr(N, M) are equivalent.

As a result of the above proposition, we shall not need to specify which topology
on Corr(N, M) we are speaking of from now on. We now introduce an important

notion for our consideration of amenability in terms of correspondences.

Definition 42 Let Hy,H be equivalence classes of separable correspondences between
W*-algebras N and M. We say that Hy is weakly contained in H if H is in the closure

of Hy, i.e. there exist bimodule structures -5 on Hy such that in the V -topology picture
T 2&25~TES|| — 0.
We write this as H € Hy.
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Neighborhoods of H

In this section we describe the neighborhoods of the identity correspondence in more
detail. Let M be a finite factor throughout this section. Given a positive real number
e and a finite subset E of M, we define W (e, E) to be the set of equivalence classes of
correspondences H between M and itself such that there exists a unit vector EeH
with the property that ||T€ — £T|| < e for all T' € E. This is to say that W (e, F) is
the set of classes of correspondences that have a vector which almost commutes with

every element in the finite set .
Proposition 43 The sets W form a basis of neighborhoods of H in Corr(M, M).

Proof. Let F' be a finite subset of M so that I, € F, and & the trace vector in
LM, 7) = Hy. If H e V(Hy §, F, F,{&}), then there exists a vector n € H such
that ||T1613 — 11 - n - Ta|| < £ for all 1,7y € F. Recall that H = H;; as a Hilbert
space, but with different left and right actions. We use a “.” to denote the actions
in H. Since Iy € F, we have that ||T¢ — T - n|| < § and ||§T — - T] < § for all

T € F, therefore by the fact that & is a trace vector,

T -n—n-T||=|T-n-T&+&T —n-T||
<|IT - n = Téoll 4+ 1|éoT —n - T

<fiio
2 2 7

therefore H € W (e, F). We have shown that V(Hig; S, E F {&}) SW(e, F).

We shall now show that for any € > 0 and finite subset F of M, there exist ¢/ > 0
and a finite subset F' of M such that W (¢, F') C U(Ha;e, F, F, {&}).
To this end, suppose that £ and F are given. The Dixmier approximation theorem

tells us that for any €’ > 0, there exist unitary operators Uy, ..., U, in M such that

1, ,
HE z U;SlS2Ua; - T(Slsz)IMH <é€

¢=1
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for every S; and S in F. Define the set Fy = FU{U 515, : 81,8, € FY, U{U I,
and then F’ = Fy U F'. Now suppose that H € W (', F'). In this case we have
that there exists a unit vector £ € H so that ||T-§ - ¢ - T|| <& forall T € F'. If
Ty, Ty € F', then
(4)
(T - € T2, 8) — (T1&oT2, &0)| = {T1 - § - T2, &) — T(NTR)]
=[T1- & T2, 8) — (T2 §,6) + (T2 - &, §) — 7(TTR))
<KM€ T 8) — (T (T2 €), 1 + (T2 - €, ) — (D)
=[{T1-(§ T-T2-6),O + (T2 - £ &) — 7(hTL)]
< |lle’+ (hTe - €, €) — 7(LTh)]
(i)
(WTy - €, €) — (T2T1 - €,6)]|
= (T2 &8 — (T2 & T1,8) + (T2 £ T0, &) — (T2Th - £, 6)]|
<N &8) — (T & T O+ (T - & 11,6 — (Ta - (T1 - €),€)]
=0T &8 — (T2 & T, O+ (T2 (§- T = T1 - €), )
<|(T2- €8 — (T2 - & T, 1 + | T2l
=T+ &8) — (T2 - &€ T + || Tallef
=011+ §,€) — (T2 £ T7,8) + (Ta- £ T7, &) — (Tn- &€ - T + || Talle
SUNT2-&6) — (- & T1. O+ (T2 € 17, 6) — (T - &€ - T + || Tall¢’
= (1T &§,8) — (To- & T7, O + (T - € (T7,€ = £ T))| + (| Tal¢’
<SHNT2-6,8) — (T2 €17, )] + 2| Tafle’

= 2||To|¢’
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Now we let T3 = U}S15; and Ty = U in (i) to yield, foreach i =1,2,...,m

(UFS185U; - €, &) — (U;U 515, - €, €)]
= I(Uz*‘slSQU’L : 535) - <Sls2 : ga §>i
< 2|l = 2" < 25'%2%[[7"}[ = 2'c.

Note that

I Z(U:SPS?Uz ’ 575) - m<3152 ’ 51 §>l < Z I<UZ*5152U1 ’ 575) - (Sng €,§>| < 2me'c
i=1

i=1

and therefore

|‘771; Z<Ui*3182Ui £,6) — (8152 -&,6)| < 2¢c.
i=1
From this follows
|T(S15%) — (5152 - €, 6)]
< 7($19) (I - €, €) — -7% S (Urs18:U: - £,€) + l—nl; > (U S18U; - €,6) = (8185 - €, )]
=1 i=1
< H;‘nl‘ ; U S18:U; — 7(5189) ]| + 2€'c
< ¢+ 2¢¢

< éec+2¢c= 3¢,

where the last inequality follows because there are unitary operators in F”.

Combining (4) and (¢44) with ¢’ = -, we obtain

(T1- € T2, &) — (ThéoTn, &) < Tle" + (W T2 - €, ) — 7(1hT3))
< ||T||g’ + 3¢c

<d4élc=¢

for every Ty and T3 in F”. It follows that HeU (fA{id; e, F, F, {&}) and the proposition

is proven. ®
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Amenable groups

A locally compact group G is said to be amenable if there exists a finitely additive
measure p on the Borel subsets of G which is invariant under the left translation action
of G on itself and satisfies y(G) = 1. It is a well-known fact that the amenability of
a group can be characterized by its representation theory, in the sense that a group
is amenable if and only if the left regular representation of the group weakly contains
the trivial representation. We explain what is meant by this below. In what follows,
L*(G) shall denote the Hilbert space of square-integrable functions with respect to
normalized Haar measure on GG. Recall that the left regular representation of G on

L*(@) is defined by hf(g) = f(h™'g) for all g,h € G and f € L?(G).

Definition 44 The left reqular representation of a locally compact group G on the
Hilbert space L*(G) is said to weakly contain the trivial representation if for any e > 0

and any compact subset S C G, there exists v € L*(G) such that ||v|| = 1 and
sv,v) — 1] < ¢
for any s € S.

Theorem 45 (Huliniski) A locally compact group G is amenable if and only if the

left reqular representation of G weakly contains the trivial representation.

Proof. (see A. Hulaniski, Means and Fglner conditions on locally compact groups,
Studia Math., 27 (1966), 87-104.) m

Correspondences and group representations

Let N be a von Neumann algebra. If M = N x G is the von Neumann algebra crossed
product of N by an action of a locally compact group &, then there is a canonical
way to associate a correspondence between M and itself to a given strong-operator

continuous unitary representation 7w of G on a Hilbert space H,;.
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Let H = H, ® L*(M). We take the actions on L*(M) from the left and right
regular representations of M along with the action of G on H, and define a bimodule

action on H. The right action is given, for T € M, ¢ € L*(M), and € H, by
(n®@&ET =no (7).

The left action is given, for S € N, by

Sm®@&) =n1(5¢)

and for g € G by
g(n®&) = (r(g)n) ® &

Now that we have a canonical way to assign correspondences to group represen-

tations, let us look at some examples.

Example 46 Recall that the trivial representation of G is the representation mwy :
G — C such that m;4(g) = 1 for all g € G. We see that the correspondence canonically
assigned to the trivial representation is the identity correspondence C ® L*(M) =

L2(M) = Hy.

Example 47 Now consider the left reqular representation A : G — L*(G) such that
Mg)f(h) = f(g7th) for all g,h € G. In this case we get the correspondence L*(G) @
L3N xG). If N =C and G is a discrete group, then since the elements of G form
an orthonormal basis for the dense subspace M of L?*(M), we have that L*(G) =
L*(CG) = L*(M). Under the assumption N = C we also obtain that the left action
of N on L*(G)®@L?(N xG) becomes trivial. From the previous two sentences it follows
that the correspondence canonically associated to the left regular representation is the

coarse correspondence L*(M) @ L*(M) = H...
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4.2 Correspondences and the amenability of von Neumann

algebras

In this section we restrict our attention to type I]; factors since our goal is to develop
an invariant for type /; factors which will measure the “amenability defect” of such
a factor. The examples of the previous section suggest that the natural definition for
amenability for a type I11; factor should shadow the representation-theoretic definition
for groups we have given. This is to say that a von Neumann algebra M should
be called amenable if the identity correspondence is weakly contained in the coarse
correspondence. Although this is only one of myriad equivalent characterizations for
the amenable von Neumann algebras, it seems to provide the right point of view for
bootstrapping notions of amenability defect for groups to get notions in the type I
factor setting.

In this section we prove the equivalence of this notion of amenability with injec-
tivity in the case of type I factors. This essentially recasts the celebrated theorem

of Connes in the language of correspondences.

Definition 48 A von Neumann algebra M is said to be amenable if the identity

correspondence H;y of M is weakly contained in the coarse correspondence H., of M.

Recall that a von Neumann algebra M C B(H) is called injective if there is a
norm-one Banach space projection (conditional expectation) of B(H) onto M. A
special case of the famous theorem of Alain Connes states that a type I, factor is
injective if and only if the factor is hyperfinite. We now give a proof, due to Sorin
Popa, that a type I factor is amenable if and only if it is hyperfinite. To prove the

theorem, we cite part of Theorem 5.1 of [6], but do not prove it here.

Proposition 49 Let M be o factor of type 117 with trace 7 aciing standardly on 'H

(= L3(M,T)). The following are equivalent:
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(i) M is injective.

(ii) There is a hypertrace on M, that is a state ® on B(H) that restricts to a
normal trace-state on M.

(iii) Given {x1,x2,...,2n} C M and € > 0, there exists a nonzero finite-rank

projection e € B(H) such that Vi € {1,2,...,n}

<.Tj€, e)H‘S.
(6, e)H.S’.

;. elllms. < ellel|ms. and |7(z;) —
Proposition 50 A type I1; factor M is amenable if and only if M is injective.

Proof. Suppose that M is injective. Given any finite subset ' C M, by the result

of Connes, there exist finite-rank projections 7, on L*(M) so that
1T = 1T ||ms. — 0

for any T € F. These finite rank projections are Hilbert-Schmidt operators on L?(M),
and hence may be regarded as elements of the coarse correspondence H,. As a result,
we see that H,; is weakly contained in H..

Conversely, suppose that M is amenable. Let A denote the directed set of finite

subsets of M. Using the hypothesis, find a net {n;}ica € Ho,, = L*(M) ® L*(M)
of unit vectors so that ||Tn;, — nT|| — 0 for all T € M. Let ®(T) = limp (T, i)
for T € B(L*(M)) denote a Banach limit over A. It follows that ® is a state on

B(L*(M)), and that given any unitary element U € M, we have that

BUTU") = (U TV )
= lan(TU*m, Ut = lijr\n<TmU*, nU™)

= lim(Tn;, 75) = (7).

Hence & is a hypertrace on M C B(L?(M)), and therefore M is injective. ®
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Chapter 5

Foglner Invariants

In the previous chapter we saw how the condition in theorem 5.1 of [6] could be used
to show that injectivity of a type II; factor is equivalent to the amenability of that
factor. In this chapter we will more closely examine this condition and then use it to
define a nontrivial invariant for type I1; factors. The main task after having defined
this number is to show that it is computable and can distinguish two non-hyperfinite
factors from one another. The latter task will provide us with a lot of work in the
future.

In [9], Fglner used combinatorial methods to obtain a condition on a discrete
group that is equivalent to amenability of the group. Later I. Namioka was able
to obtain Fglner’s condition using functional analytic methods due to Day [18]. In
his classification of injective factors, Alain Connes exploits an analogy between an
invariant mean on a group and a hypertrace on a type I']; factor M acting standardly
on a Hilbert space H. More specifically, Connes follows Namioka and applies Day’s
idea to the hypertrace of the I'l; factor to get a Fglner-type condition for type 71;
factors. This condition is satisfied for the factor M if and only if M is injective, that
is, there is a norm-one Banach space projection from B(H) onto M, vindicating the
analogy between injectivity of factors of type I/, and amenability of discrete groups.
Recently, group theorists have devised ways to measure the degree of non-amenability
of a group. In particular Arzhantseva, Burillo, Lustig, Reeves, Short and Ventura [4]

have discovered the notion of universal Fglner invariant for a finitely generated group

29

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



@, denoted by Fgl(G), which for an n-generated group satisfies 0 < Fgl(G) < 22=2,

In particular, Fgl(G) = 0 whenever G is amenable and Fel(G) = 222 if and only if

G =F,,. This group invariant is based on the Fglner condition, so one hopes that via
the connection with functional analysis the universal Fglner invariant has an analogue
for type 11 factors. In this chapter, we develop such an analogue.

Heuristically, a space satisfies a Fglner-type condition if it can be exhausted by
a family {A,} of sets of finite volume, with boundaries {8A,} of finite volume, such

that
. vol(0An)
nlggo vol(Ar)

= 0. (5.1)
In the case of discrete groups, the volume of a subset is just its cardinality. Various
notions of boundary have been considered for subsets of finitely generated discrete
groups, among which are the Cheeger boundary, the interior boundary and the ex-
terior boundary. Remarkably, the usual notion of amenability of a finitely generated
discrete group G, i.e. the existence of an invariant mean on G, is equivalent to G
satisfying condition 5.1 for any of the competing definitions of boundary.

The notion of boundary of a subset of a finitely generated group G generally

depends on a given finite generating subset X. Arzhantseva, Burillo, Lustig, Reeves,

Short and Ventura define

_ s FOxA
= ie #HA

finite

Fol(G, X) (5.2)

where OxA = {a € Alaz ¢ A for some z € X*'} is the interior boundary of A with

respect to X in G. They go on to define the universal Fglner invariant
Fgl(G) = ig}(f Fol(G, X) (5.3)

where the infimum is taken over all finite generating subsets X of G. If Fgl(G) = 0,
the group G is said to be weakly-amenable and if not, GG is said to be uniformly

non-amenable.
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Our motivation for considering these numbers for type I7; factors comes from
the fact that in the above group theory paper, the authors are able to prove that
for n > 665 odd and m > 1, B(m,n) is uniformly non-amenable. Our hope is to
use the corresponding invariant for type I, factors to glean some information about

Burnside factors.

5.1 Connes’ Fglner-type condition

From Theorem 2.5 in [6], the first condition in the following proposition is equivalent,
without the stipulation that M is finitely generated, to injectivity of a II; factor
M with trace T acting standardly on H (= L*(M, 7)). Let U (M) denote the group
of unitary elements in M. Throughout this paper we only consider von Neumann
algebras that can be generated by finitely many elements; we do this in order to

consider the lower Fglner number.

Proposition 51 Let M be a factor of type 11, with trace T acting standardly on 'H

(= L*(M,7)). The following are equivalent:
i Given {x1,29, ..., 2o} C M and e > 0, there exists a nonzero finite-rank projection
e € B(H) such that ¥j € {1,2,...,n}

<$j€a €>H.S,

<e
<€, €>H,s.

lzj, elllas. < ellellns. and |7(z;) ~

it Given {Uy,Us, ..., Uy} CU(M) M and € > 0, there exists a nonzero finite-rank

projection e € B(H) such that Vj € {1,2,...,n}

<Uj€, e)H.S, .

Uj, elllms. < ellellas. and |7(U;) — e |<e

Proof. (i = i) Suppose ¢ holds and 4 follows directly.
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(¢ = 1) Suppose # holds. Let {z1,292,..,2,} C M and € > 0. Each z; can be
4

written as a linear combination of at most four unitary elements, as z; = Z/\g-i) U J@,
j=1
with A € C. Let § = J{UP} c u(M). Let ¢ = max{A| i € {1,2,...,n};
Z’g
J €1{1,2,3,4}}. By ii, given ¢’ = & we can find a finite rank projection e such that
YU € S, ||IU,elllas < €llellps and |7(U) — igi—';—)"’—s—‘ < &’. Note that if we apply

{e.e) 1.5

the triangle inequality

s elllms = 1Q_AU;)e — e QXU lns

i=1

4
=3 MWPe — eU) s < 4C[UP, elllms. < 4CE'|lellns
j=1

=¢llel|m.s.
and
4 . .
s QAU e s
(zje,e)n.s. @)y _ _3=1
m(z;) — ———=| = |7 AU ) —
Im(@) = e l(;g ;) T rr—
0 (UPee)us
< 40r(UWy - L 2T < 40
< 40| (U;7) s | <

=g.
therefore i holds. m

Remark 52 For the remainder of this paper, we shall refer to property (ii) in the

above theorem as the Connes-Folner condition.

Definition 53 Let M be a von Neumann algebra, and X C U(M) be a finite sub-
set of M. We define the property Q(X,e) to be “there exists a nonzero finite-

rank projection e € B(H) such that V5 € {1,2,...,n}, |l[Uj,¢elllms < elle]las and

U; € LS. »
r(U;) - SRR < o
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Definition 54 Let M be a von Neumann algebra, and X C U(M) be a finite subset
of M. Define
Fal(M,X)=imf{e >0:Q(X,e)}.

Remark 55 Note that for the element I € M, we have that [I,e] = 0 and 7() —

<I516>H.S.
(e,e)H.5.

Q(X,€). More specifically, Q(X,e) holds if and only if Q(X\{{},¢€) holds.

=0, so we may disregard the element I in the sets X for which we consider

Definition 56 Let M be a von Neumann algebra. We define the universal Fgplner
invariant Fol(M) = supy Fal(M, X), where the supremum is taken over all finite
sets X CU(M).

Proposition 57 M is injective if and only if Fgl(M) = 0.

Proof. By Theorem 2.5 of [6] and Proposition 51, F'gl(M, X) = 0 for all finite sets
X of unitary elements of M if and only if M is injective. =

We now prove a monotonicity result.

Proposition 58 Let M be a von Neumann algebra. If Xy and X, are finite subsets
of U(M) that generate M, and X; C Xy, then Fol(M,X:) < Fal(M, X,).

Proof. We have that for any ¢ > 0 that Q(X3,¢2) = Q(X,¢), hence inf{e > 0 :
Q(X1,e)} <inf{e >0:Q(Xz,¢)}. m

Remark 59 Note that if the type II, factor M is not hyperfinite, then there is a

finite subset X for which {¢ > 0: ~Q(X,e)} is not empty, and hence
inf{e > 0: Q(X,e)} =sup{e > 0: -Q(X,¢e)}

under these circumstances.
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Suppose L?(M) is separable. For a positive operator 7' € B(L*(M)), let Tr(T) =
Z(Tei, e;), where {e;}$2; is any orthonormal basis for L?(M). The Hilbert-Schmidt

1=

norm of an operator T € B(L%*(M)) is given by ||T|.s. = Tr(T*T)'/?. We say that
T € B(L?(M)) is in the Hilbert-Schmidt class when ||T||g.s, < co. The class of all

such operators in B(L%(M)) may be regarded as a Hilbert space when equipped with
the inner product (A, B) = Tr(B*A).

Proposition 60 Let X be a finite subset of U(M) and e a rank (< oo) projection
in B(L2(M)). For allU € X,

U, ellla.s =/2,/1— lleUe]|2.

|lel|z.s.

where || - ||+ is the Hilbert-Schmidt norm on M,(C) with respect to the normalized

trace 7 = 1T on My(C).

Proof. First note that |le|4s = (e,e)us = (Tr(e*e)/?)?2 = Tr(e) = I. The

following computation proves the proposition:

WU, elllms. = |[Ue - eUllu.s,
= (Tr((Ue — eU)*(Ue — eU)))**
= (Tr((eU* — U*e)(Ue — eU)))*?
= (Tr(e) — Tr(U*eUe) — Tr(eU*el) + Tr(U*el))"/?
= 2(Tr(e) — Tr(eU*eUe))"/?

= VBfi—l|eUellys5 = (V2y/1 = lleUel )l fellws.

where in the fourth equality we have used the fact that T'r is a trace (the reason this

is justified may be found in Kadison and Ringrose vol. II). =

Proposition 61 For any type [I; factor M, Fgl(M) < 2.
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Proof. First suppose that X is a finite set of unitary elements in M, such that
e > 2 and ~Qu(X,¢) holds. In particular, € > /2 under these circumstances. If
v2,/1— |[eUe|[2 > ¢ then ||eUe||? < 0, which cannot happen. It therefore must be

that for every finite-rank projection e in B(L?(M)), there exists U € X such that
|7(U) —1i(elUe)| > e.
However, using the triangle and Cauchy-Schwartz inequalities,
2<e<|T(U)—=n(elUe)| < |7(U)| + |n(eUe)| < 2,

a contradiction. B

5.2 Group von Neumann algebras

Let {g:}32, = G be a countable I.C.C. discrete group, and 1 € G be its identity
element. In this section we shall explore Fig [(Lg, X) for sets X of unitary generators
of the factor von Neumann algebra Ly associated to G.

Given g € G, let L, € B(L*(G)) be the operator defined by L,k = gh for h € G.
Assume X = {U4, Us, ..., Ux} and that vUj = Z,ugj)Lt for each j € {1,2,...,k}, where
the sum is a strong-operator limit of finitely ti;?iexed sub-sums. Let e be a finite-rank
projection in B(L?(G)), and suppose that {&,...,&} is an orthonormal basis for the

closure of the range of e in L*(G). Define the operator & ®&; € B(L?*(G)) so that for

!
v € L¥G), (& ®@&)v = (v,§)&. Tt is straightforward to check that e = Z& ® &;.
i=1
Furthermore, suppose that §; = Z)\gi) g, so that ZAgj )/\S) =g, fori,j € {1,2,...,0}.

gelG g€eG

Lemma 62 For all j € {1,2,...,k},

leUselltrs. = e, Ui€o)lgpma |7

where ||+||-, is the Hilbert-Schmidt norm on M;(C) with respect to the (non-normalized)
trace Tr; on M(C).
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Proof. To begin with,

s}

Tr(UreUje) = Z(U*eUegi,gi) = (Ujegi, eU;gs)
=1 g==1
— ZZZMU) (J’) (Liegi, esg;).
i=1teG seG

However for any h € GG, we have

{

eh=> (§RE)MR) = (hE) Z (h, > Mg)¢

7=1 7=1 geG
=330, gve = S A
j=1g€G =1

I !
Hence eg; = Zz\(gi')fp and esg; = Z sgzﬁq It follows that

p=1 g=1

o0

S (Usegs, eUygs) = ZZ}:ZZWWW%\@<Lt£p,§q>,

591
=1 1=1 teG sl p=1 g=1

But

(Ltfp’§q> Z)\('p h, Z/\(q) ZZ)\h(p)@@h’ ’U) — Z)\(P))\(Q)

th s
he@G veG heGueG he@G
and therefore

ZZZZZ“(]) 5% (p)/\gi(Ltfp, £,)

i=1 t€G s€G p=1 g=1

— ZZZZZZ#(J)M(J))\(P)/\@ A(P )\((1)

=1 te@ sEGp-—l q—l he@G

= ZZZZZZM(J N ADAP 2@

gE€GEG s€G p=1 g=1 heG
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Changing the order of summation,

ZZZZZZMU)M(])A@))\@ A(P A(q

geG el s€G p=1 qg=1heG

— ZZ ZZ“U )\(p)/\(q) ZZ”Q)/\(}J}’\(Q)

p-l q—l heGteG gEGseG

- ZZ@:Z“U NNk

p=1g=1 heGieG

= ZZKS‘Z’ Ujép).z

p=1 g=1
since
ZZM(J)/\(P)/\(Q ZVJ(J)Lt’ Z)\(q h, Z)\(p
heGte@ te@ he@ geG
= (U;§§q=£p> = <§qv Uj€p>-
|

Proposition 63 For all j € {1,2,...,k},

U elllas. = V24t = e Ui | oy

Proof. We combine the previous lemma with an earlier result, and this is immediate.

Remark 64 Suppose for a moment that G is generated by S = {g1, g2, .-, gm } In the
above proof, if we consider the finite rank projection e = g1 ® g1 + ... + gr ® g and

the unitary element Lg,, we compute Tr(L -1eLge) = #Sfj ) where
J

S = 1{g: € {01, 92, - Gm} * 9595 € {91, 92, I} }-

We obtain that \/Q(Tr(e)——T7f'(UJ‘4"ere))1/2 = ﬂ(m——#Sg))l/Q in this case. Defining

Séj) g {917 a3 gm} as
SY = {g: € {01, 92, -, Gm} : G39: € g;SAST,
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. . ; ) |
since S = ST USY we get that v2(m—~#S2 = 24/ #58) = /2 %]]e[lg‘g,.
Note that

k
Uséj) = {9 € {91, 92, Gm} 1 395 € {91, 92, -, gm}5.1.9; € 9;SAS} = Oyy,.0} S,

j=1
the (left) interior boundary of S. This is a relation of our concept with the classical

Fglner sets.
Proposition 65 Forallj € {1,2, ...k}, |r(U;)—F522 | = |7 (U;) —n([(, Up&o) b )1,

where 7, = %T 1, the normalized trace on M;(C).

Proof. We show that ${a%0us — T([(€, UFEp)], pmi)- Note that

{(e.€)m.s.

{e,€)ms. = (Tr(e*e)V?)? = Tr(e) =1
and that

<Uj€, €>H.S. = TT‘(B*UjB)

=Tr(Use) = Z(Ujegi,gi>

=1

?l:l k=1

{

= ZZ Ufk:gz

PES |
l

S S AP )
=1k

1

8

8

il

{

=2 2N MUY N9, 90)

t=1 k=1 geG
l

Z S AN Ui, 90

=19€G

8

8

l
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oo 1 —
=355 TS TN g, g:)

i=1 k=1g€GteG

l _
DO IIERG

gEG k=1teqG
! R !
=D D > uABNT =D (6 Uik,
k=1geGte@ k=1
since
ZZM?)/\(’C )\(’ﬂ Z/J,(J)L ZAgk)h, Z/\Ek)w
geGted teG heG teG
= (Ujk, &) = (€ U7 k).
B

Corollary 66 For all j € {1,2,...,k},

(Uje,e)n.s.

IT(Uj) - <676>H.S.

] = IT(UJ) - Tl([(ém Uj&P)]é,p:l)‘)

where 7, = 11’1, the normalized trace on M;(C).

!
Proof. Since a;; = (£, U*&) = (&, UE;) = bji, we have that Tr([a;)i ;) Zau

i=1
I I
> bi= bi=Tri(byli;). m
i=1 i=1
Remark 67 Let ¢ > 0. Since ||e||g.s. = VI # 0, we have that

\/5\/5 - H[(fqv Uj&pﬂfz,p:ln%n
v

= V31~ il Uit .

_ \/5\/ L T U ([ Uil )

= \/—\/1 - ‘?‘ éqv Uj €P>]qp’“1HTl7
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therefore ||[U, elllus < ellellus if end only if

VBT~ U Ul < =

We see also that |T(U;) — %i;?{———fisi] < e if and only if

17(Uj) = 1i([(€o» Uil =)l
This gives us the following definitions and proposition.

Definition 68 Given a finite set X of unitary elements in a II; factor M acting
standardly on H, and € > 0, we define the property Qo(X,¢) to be “there ezists a
finite orthonormal set {&, ...,&} € H such that VU € X,

Va1 = 11, Ul il 2, < € and [r(U) — [{E, U Topr)] < &7

Remark 69 Since we may in general assume that I ¢ X, we have in the case of
a group von Neumann algebras where the generating set X are group elements that
T(Lg,) =0 for all g; € X, and that ];roperty Qo(X, €) reduces to "there exists a finite
orthonormal set {&;,...,&} € H such that VU € X,

Va1 = 1{€0 Uy, < & and [n({(E UEN, o) < 7

Remark 70 Since 0 < Wellms. /5 /1 _ JUEN 1|12, we have that 0 < 1—
q P/ lg,p=1lln

Hella.s.
(& U§p)]fw=1|[%, hence if € > 0, then \/5\/1 — |[{&q5 Ufp)]é’pzlilfl < ¢ is equivalent
to |[{€q UM plln = 4/1 %3 We therefore may rewrite property Qo(X, ) as

“there exists o finite orthonormal set {&y, ...,&} € H such that VU € X,

0 Vel 2 /1~ 5 and [7(U) ~ 7 DGyl < &

{(le

Furthermore, imitating Voiculescu, we may define Q%({Uy, ..., U} : l,n,e) =
Wa,...; Wi) € UM (C)F | R <\[Willn, 5 17U Uiy, s Us,) = Ta(We, Wiy, o, Wi,)| < &
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Jori; € {1,2,..,k} and 1 < j <1} We may then rewrite property Qo{X, €) as "there
exists a finite orthonormal set {&y, ...,&,} € H such that YU € X,

[<§q: UéP)]Z,p::l S Qi/;:;g—({Ul, ceey Uk} . ],,Tl,&")n.

Notice, that the gquantity we have introduced here is not directly related to the I'p
sets of Voiculescu, we simply imitate his notation. We easily have the following

proposition, and omit the proof.

Proposition 71 If M is a type I1; factor associated to an I.C.C. discrete group,
then for all finite sets X of unitary elements that generate M and all € > 0, property

Q(X,¢) is equivalent to property Qo(X, €).

We now attempt to compute explicit lower bounds for Fgl(Ly,, X), for various

finite subsets X.

Remark 72 Let X = {L,, Ly} is the set of standard unitary generators of Lg,, If

&1, ..., & is an orthonormal set in L*(M), then we know that if the quantity

k
Z ﬂgj ? éz

is sufficiently close to 1, then the corresponding quantity

??‘l»-—\

is close to 0 and vice-versa. To see why, note that if we could write each & =
€2 4 &, where €% denotes the part of & with support a... and £° the part of & with
support b.... Notice that (Lo&;, &) = (L&, €8, so that |(L.&;,&)* < [lE2||*. Since
€212 + ||€2))> = 1, we have that if the & are concentrated on the & parts then
the ||€2|1% parts are small. It follows that if Z” N LaE5 EVN? is large (near 1),
then %Zi’jzl (L€, E? < Cmax(||€8]]?) will be small (near 0). This suggests a

“balancing type” result should hold for the standard generators of Lg,. The least
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amount of information is obtained by the above reasoning when the “weights” ||£2||?

and ||&2||* are all 3.
Lemma 73 Let & and & be vectors in L2(Fy), then (La€1, &) = (La&1, €+ ((Laf2 )P, €5+
(Lo )", 687) + ((Laki )", 65)-

Proof. Let 5, C Fy be the set of reduced words in Fy that begin with the letter a.
Similarly define S,-1, Sp, Sp-1.Writing & as £ + €0 + €277 + €07 4 €2, we get that L,
sends €2+ &8+ €871 €5 to vectors with supports in 3pa7i(S, ), and £97" to vectors with
supports in the orthocomplement of this set. This gives the desired decomposition.

Lemma 74 Let & and & be vectors in L*(Fy), then (L,-165,6,) = (Lg-169,€87) +
((Lamr88)",€2) + {(Lan&8)" €0) + ((Lam )7, €5

Lemma 75 Let & and & be vectors in L*(FFy), then
(Lab1,€5) + ((La&8 )8, 88) + (Lal8 ), &87) + (L)%, 65)
= (Lot &) + (€, (Lar&8)") + (€0, (Lamr &)Y ) + (€5, (Lam1£5)°).

Proof. Follows from the properties of the inner product, adjoint, and the previous

two lemmas. B

Lemma 76 Let & and & be vectors in L2(Fy), then (Lo&y, &3 and (L8, &) share
only the term

(Lol 65).
Proof. We have
(Lab1,€5) = (Lal$, €8) + (Lab}, 65) + (Lall,68) + (La&] 1 £8) + (Lo, &)
and
(Lofi ™ &) = (Lol 600+ (Lol )+ (Lo, 65 ) H(Labl .6 )+ (Lt 85).
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Lemma 77 Let & and & be unit vectors in L:(Fy), then

(Lo, €2)] < 11511+ min([|(Zagf™ )Pl 1IESID +
min(||(Lo&§ )" 11, 11687 11) + min(|(Za€5 )1, 1IES ).

Proof. This is an application of the triangle and Cauchy-Schwartz inequalities to

the above decomposition, along with the fact that L, is unitary. @&

Lemma 78 Let & and & be unit vectors in L*(Fy), then

[(Laér, )| < 11511 + €811 + 11 1| + €Sl

Proof. This is an easy consequence of the fact that L, is unitary, and the above

lemma. ®

Lemma 79 Let £, and & be unit vectors in L*(Fy), then
1 o
et O <llg+8+ & + &%

Proof. We have that ||€2][2 -+ [|€8]12 + 11657 117 + (165112 = [|€5 + &5 + & +&51%, since

these are orthonormal pieces. ®

Remark 80 If we project all vectors onto the orthocomplement of the identity, these
bounds all become smaller. We cannot do this withoul changing the property we

consider, though.

Lemma 81 Let & and & be unit vectors in L*(Fy), then

(Latr, €2) = > (Laf &)

£1 aSQE{aUa-—l 7b7b—1 76}

Proof. This is straightforward. ®
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Lemma 82 Let conditions be as above, then

[{Lagh, €3)] < I3NlIE3 1] < min]|€y]], 11&31D).
Similarly for all other terms in the sum of the above lemma.

Proof. Note, since L, is unitary, it is an isometry, so that ||L.&2|| = ||&8]|. The rest
follows from the Cauchy-Schwartz inequality and the fact that both ||&|| and |[|£5]|

are less than or equal to 1. ®

Lemma 83 Let & and & be unit vectors in L*(Fy), then

|(La1, &2))* = 25 > WLa€3, €52)|%, and

e1,e26{a,a~1,bb"1 e}

[(La&1, &) < 25 > [salglisale

e1,e2€{a,a"1,0,6—1 e}
. Tighter bounds hold if we replace each eligible term like ||€27"||2||€8112 by ||(La€2 )Y1211€5) 12,

and we get looser bounds if we replace all terms on the RHS according to ||£8]?]|€5]* <

min({l£7]], [1€31])-

Proof. Uses an elementary inequality, and the previous lemmas. ®

Definition 84 Let M, be finite factors with traces T,, and let [[M, denote their
C*-product, i.e. the C*-algebra of uniformly norm-bounded sequences equipped with
pointwise operations and the supremum norm. Let w € SN\N be a free ultrafilter.
Then
T, = {(A); € 1M, : im (A7 A,) = 0}

is a closed two-sided ideal in [[M,, and by a result of Sakai, the quotient ([IM)/Z.,
is a factor von Neumann algebra []¥M, with a faithful, normal trace 7, defined by
T ((A:); + Z,) = lim, ., 7;(A;). The factor []* M, will be called an ultraproduct of the

M, with respect to the free ultrafilter w, or simply an ultraproduct of the M,.
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Lemma 85 If Fal(M, X) = 0, then whenever Q(X, ) via a rank-n projection e, the
following is true: for each U € X and 6 > 0 there exisis a unitary n X n matriz
W € eB(L*(M))e such that

lleUe — Wi, < 4.

Proof. Suppose that Fgl(M,X) = 0. Thus for all € > 0, there exists n € N so
i{n)

that 0 < + < e and Q(X, +) and therefore there is an e, = Zéi(”) ® &M where the
=1

{611 are an orthonormal system in L2(M), with

0< M_‘ff_’i \/—\/1- HenUenllm , < !

llenl|ms. n
for all U € X. With e,Ue, = A, = [, U], we have
L= =5 < iy (ApAn) = 7 (A A2) = llenUenl 2,
2n )
Furthermore, since e, is a projection, ||e,|| < 1 and hence

14nll = lleaUenll < [|U}{lenll* < 1,

and hence ||A,A%|| = ||As||* < 1. Let w be a free ultrafilter, and []M,)(C) denote

the ultraproduct factor as defined above. We have a sequence
(An) = {4, n1 <ng=1(n1) <l(n2)}or,
of matrices satisfying

To((AXAL) + T,) = T ((AAY) +T,) = 1

= Tw((In) +Iw)
so by faithfulness of 7,, and the fact that (7, — A, A%), > 0 for all n,
Tw((In - AnA:L)n + Iw) - 01
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so indeed (A,) represents a unitary element in the ultraproduct [[M;,,)(C). Recall
that if

(An) +Z, and (B,) +Z,

represent distinct elements of [[Mj,)(C), then the 2-norm distance between them is

given by

H(An - Bn) +le]2
= Tw(((A;; - B:;) + IW)((AN - Bn) + Iw))l/Q

=[ Hm 7 (A — B;)(An __Bn))]l/z

I(n)—w

=[dim (14 — B, [EFNES

:l(hm HA — B, Hn(n)

Suppose that ¢ > 0 and that for every unitary I(n) xI(n) matrix Wy, ||4n~W,l|-,,, >
§, it then follows that ||[(A, — W,) + Ll > d in LQ(ﬁMl(n)(C),Tw). Since every
sequence (W,,) represents a unitary element in ﬁM(n) (C), and every unitary element
is represented by such a sequence, a contradiction follows, since (A,) represents a
unitary element in ﬁMl(n) (C). Therefore, for all § > 0 there exists a unitary [(n)x{(n)
matrix W, so that ||A, — W,||,, oy < 0, hence we may view W, as a unitary element
of e, B(L*(M))e, (that is, a unitary operator on span{¢™}."% =~ Cl™). =

We can, by a method of Ravichandran, prove the following theorem.

Theorem 86 If X = {L,, Ly} is the set of standard unitary generators of Ly,, then

Fol(Lr,, X) > 0.

Proof. Suppose that Fgl(Ly,, X) = 0. It follows that QX %—)7 so there exists a

positive integer [(= [(n)) and a rank [ projection e = Z{Z ® &;, where the {&}_; is
i=1
an orthonormal system in L?(F;), such that for both U € X

0 < W NS IHU6HHS \/_ HeUel Zz
llellzs.
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Henceforth let U be the generator L, and U’ the generator L,. Let A = eUe and

Ue = B. We have that B*A = A*A = A*B and we may formally write

leve — Vel

~|l4- B

=7((A" - B")(A - B))
=mn(A*A—- B*A—- A*B + B*B)
= 1(A*A) — 7(B*A)

- 7(A*B) +7(B*B)

— 1= n(A*A)
and since 5 < |leUe|[2 = n(A*A), we have that

1
% > 1-7(A*A) = |leUe — Uel|2.

By the above lemma, there is an [ x [ unitary matrix W € eB(L?*(F;))e such that

1.1
A=W, <(1- E);-

Now we have that ||A — Uel|z, < ‘/ and ||A — W|lp. < (1 -2 )—‘7[’, so that

V2
Vi

Ue — r <=
(e = Wiz, < %
so we may write formally,
1
e - W < 5.

Note that since e is the projection onto &1, ...,& and W € eB(L?(Fy))e we have

l
}: [(Ue — W)&|%.

Suppose that ¢ € {1,2,...,1}, and that §; = deﬂ?z }\g) g, where we write ¢ in place of

Ue - WII7, =

N{l——\
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X{g to keep notation simpler,we obtain

|(Ue = W)&IIP = (U -W) > APg]?

g€lFs
I(n)
S R e
g€Fy i=1

For S a non-empty subset of Fy and 5 = 3 _.p pgg € L*(Fy), define ||z =

2 ges | pg)?. It follows that

I(n)
N =gl =3 I, =D waal
ges k=1

We have that

[(U&lls = [IW&lls)| < [I(U = W)&ills
< (U = W)éll.

and

(1U&ll5 — [We&l[5)]

< (U&ls = IWEIDU&s + IWEdls)
< 2([|UGlls — IW&l]s)|

<2l|(U = W)ills

< 2||(U = W)&ill.

so that by the triangle inequality,

I

7 oI - 7 S Il

< 73ISR - el )

5 !
< 7 Z (U - W)&l|
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80

7 IR - 7 S IWEIR)

< EQ U =Wl
4] & )
< LW =Wl

= I3l =Wl

4
= —-WI? < —

=73 cp, Hed € L(Fy), define n|s = 3 e 1g9S2 € L2(S). Note that ||n|s||z2s) =

l1n|ls. We have that

! z
Wels = wabels = YO wird”)g
k=1

g€S k=1
= (W&)ls.
so that ) . L
W o0 0| |&ls A
0 ol | i | =W )g
geS )
_0 0 W_ _les_ _Ag |
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Since W is a unitary operator on C!, we have that

W oo ol [als Bl
o 011 5 [ =W ] : |l
geSsS
0 0 W] |d&ls _,\g”_
o
=> e
ges )\g)
Pfllsﬂ
=] 1725
 &ls |

We may conclude that

! l

YOIWeENE =D I We)sliza)
i= =1

1

{
=Y W&l
=1

= Z H§i|SHiQ(S) = Z H&H%

=1

We also have that for each ¢,

Wels = (- A2,9)ls

gel

= Z Afﬁlgg

geS

= Ugls.

It follows that

l {
> UGlslTags = > NUE)IsliEas)

l

= > |IU&ll3
i=1
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Notice that

1(U&) sl 2 = D A 2

geS
- 3 b
g€a~ts

= |1€ilamrsllT2(@mrs) = l&illa-1s-

We have that
17 SR — i) =
1 : 2 1 l 242
7 LI~ 7 S lldls)

4
< —.
49

Now we shall choose a subset S for which the above inequality will give us a
contradiction. For simplicity of notation, let us define

l
cs =7 Gl

i=1

The above inequality becomes

‘Ca—ls — CSI ~ 49.
If we carry out the above analysis using U’ in place of U, we obtain
lep-15 — cs| < 19

Since S was arbitrary, we could replace S by aS (resp. bS) to get
4
49

)

Choose the set S to be all reduced words in F, that begin with a=!. Then SUaS = F

(resp. |cs — cps| <

and also S, bS and b~18 are pairwise disjoint. Since S U aS = Fy, we have that cg
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or C,g exceeds —%— Since S, bS and b718 are pairwise disjoint, at least one of cg, cys
or ¢p-1g must be < % With no loss of generality, we may assume that % < s It

follows that

! o les| < e c|+(c|<4+c
5 S Cas 5| < lcs s sl S qgTos
so that
1 4<
2 g =

Let us assume, again with no loss of generality, that c;s < —é—, then

i 4
< leg — <= —
cs < fCS CbS' + s < 3 + 19
It follows that
5 <1 4 <. <1+ 4 - 5
12 72 4973749 " 12
which is a contradiction. ®
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