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Abstract

This major paper is a report on author’s study of some topics on topological
vector spaces. We prove a well-known Hahn-Banach theorem and some important
consequences, including several separation and extension theorems. We study the
weak topology on a topological vector space X and the weak-star topology on the
dual space X* of X. We also prove the Banach-Alaoglu theorem. Consequently, we
characterize the closed convex hull and the closed linear span for sets in X and X*,
identify the dual of a subspace of X with the quotient of its annihilator, and obtain

the Goldstine theorem as well as some characterizations of reflexive normed spaces.



Acknowledgements

I would like to express my gratitude to my supervisor Dr. Zhiguo Hu for her con-
stant support and guidance during my graduate study. Thank you for your kindness
and patience. I could not finish this paper without your help. And you not only teach
me how to learn mathematics but also show me the right attitude towards life.

I would also like to thank Dr. Mehdi Monfared for serving as the department
reader of my major paper and helping me during the study of measure theory.

Further, I am extremely grateful to the Department of Mathematics and Statistics
providing the office and the Graduate Teaching Assistantship for me.

Finally, I would like to thank my parents for their constant love, encouragement

and support.



Contents
Author’s Declaration of Originality
Abstract
Acknowledgements
Chapter 1. Introduction
Chapter 2. Basics of topological spaces

Chapter 3. Topological vector spaces and separation theorems
3.1. Topological vector spaces and seminorms
3.2.  Quotient spaces and linear functionals
3.3. A Hahn-Banach theorem for real linear spaces

3.4. Some consequences of the Hahn-Banach theorem

Chapter 4. Weak topology and weak-star topology
4.1. Definitions and basic properties
4.2. Duality
4.3. The dual of a quotient space

4.4. The dual of a subspace

vi

111

v

17

20

27

27

29

33

34



CONTENTS

Chapter 5. Banach-Alaoglu theorem, Goldstine theorem, and reflexivity and
separability of normed spaces
5.1.  Banach-Alaoglu theorem and Goldstine theorem
5.2. Reflexivity of normed spaces

5.3. Separability of normed spaces

Bibliography

Vita Auctoris

vii

36

36

38

46

48

49



CHAPTER 1

Introduction

This major paper is a report on author’s study of some materials on topological
vector spaces contained in the references, mainly in [2, 3]. We begin the paper with
some basic definitions and properties on topological spaces.

Chapter 3 contains some basic results for topological vector spaces, in particu-
lar, for those topological vector spaces where the topology is induced by seminorms.
We discuss quotient spaces and linear functionals of topological vector spaces. We
prove a well-known Hahn-Banach theorem for real linear spaces and prove some con-
sequences of this Hahn-Banach theorem, which include several separation theorems
and an extension theorem for topological vector spaces.

In Chapter 4, we consider the weak topology on a topological vector space X and
the weak-star topology on its dual space X*, and give some of their basic properties.
We study dual spaces over these topologies, and characterize the closed convex bal-
anced hull and the closed linear span for sets in X and X*. We identify the dual
of a quotient space with the annihilator of the subspace, and identify the dual of a
subspace of a locally convex topological vector space with the quotient space of the
annihilator of the subspace.

In Chapter 5, we prove Banach-Alaoglu theorem and Goldstine theorem, which
say that for a normed space X, the closed unit ball of X* is weak-star compact and
the closed unit ball of X** is the weak-star closure in X** of the canonical image of
the closed unit ball of X. We give a number of characterizations of reflexive normed
spaces. We prove that every reflexive space is weakly sequentially complete, and show
that the converse is not true by checking the non-reflexivity of the weakly sequentially
complete space £;. We end the paper by proving that X is separable if and only if

the closed unit ball of X* is weak-star metrizable.
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CHAPTER 2

Basics of topological spaces

In this chapter, we give some basic definitions and properties on topological spaces
mainly involving convergence, continuity and compactness, which will be used in later

chapters. The main reference for this chapter is [5].

DEFINITION 2.1. Let X be a topological space, and let x € X. A subset N of X
is called a neighborhood of x if there exists an open subset U of X with x € U C N.
The collection of all neighborhoods of x is denoted by N, .

DEeFINITION 2.2. Let X be a topological space.

(a) A base for the topology on X is a collection B of open sets in X such that
each open set in X is a union of sets in B.
(b) A subbase for the topology on X is a collection S of open sets in X such that

the collection of all finite intersections of sets in .S is a base for the topology.

DEFINITION 2.3. Let X be a topological space and let © € X. A net (4)aeca in
X is said to converge to x if for each N € N,, there exists ay € A such that z, € N

for all @« € A with o = ay.

DEFINITION 2.4. Let X and Y be topological spaces, and let o € X. A function
f: X — Y is said to be continuous at zg if f~H(N) € N, for each N € Ny, If f

is continuous at every point of X, we simply call f continuous.

PROPOSITION 2.1. Let X and Y be topological spaces, let f : X — Y, and let

xg € X. Then the following statements are equivalent.

(i) f is continuous at xg.

(i) If (zy) is a net in X with xy — o, then f(z)) — f(xg) in Y.
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DEFINITION 2.5. Let {X;}icr be a family of topological spaces. Let X =[], ; X;.
The product topology on X is the coarest topology on X making all the coordinate
projections m; : X — X; (i € I) continuous. We call X the product space of {X;}ies.

PROPOSITION 2.2. Let {X;}ier be a family of topological spaces and let X be the
product space of {X;} icr. Let (fo)aca be a net in X and f € X. Then f, — f in X
if and only if fo(i) — f(i) in X; for alli € I.

DEFINITION 2.6. Let X be a topological space and let S C X. The closure of S
is defined as S = (N{E : S C E and E is a closed subset of X }. Therefore, S is the

smallest closed subset of X containing S.

PROPOSITION 2.3. Let X be a topological space and let S C X. Then S is closed
in X if and only if S = S.

PROPOSITION 2.4. Let X be a topological space and let S C X. Then
S ={x € X :xis a limit of a net in S}.
In particular, S = {x € X : x is a limit of a sequence in S} if X is first countable.

COROLLARY 2.5. Let X be a topological space and let S C X. Then S 1is closed

in X if and only if every net in S that converges in X has its limit in S.

PROPOSITION 2.6. Let X be a metric space and let Y be a subspace of X such
that Y 1s complete. Then'Y 1is closed in X.

DEFINITION 2.7. Let X be a topological space. A subset D of X is said to be

dense in X if D = X. X is called separable if it contains a countable dense subset.

PROPOSITION 2.7. Let X be a separable metric space and let Y be a subspace of
X. Then'Y 1is separable.

PROPOSITION 2.8. Let X be a topological space, let © € X, and let (x4)aca be a

net in X with x, — x. Then each subnet of (4)aca converges to x.
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DEFINITION 2.8. Let X be a topological space and let (z4)aeca be a net in X. A
point z in X is called an accumulation point of (x4)aca if for all « € A and N € N,

there exists 5 € A such that 8 = a and 23 € N.
PROPOSITION 2.9. Let X be a topological space and let S C X. Then
S = {x : x is an accumulation point of a net in S}.

THEOREM 2.10. Let X be a topological space. Then the following statements are
equivalent.
(i) X is compact.
(ii) Every net in X has an accumulation point.

(iii) Every net in X has a convergent subnet.

PrRoOPOSITION 2.11. Let X be a topological space and letY C X.

(i) If X is Hausdorff and Y is compact in X, then Y is closed in X.
(i) If X is compact and Y is closed in X, then Y is compact in X.

PROPOSITION 2.12. Let X be a compact topological space and let f : X — R be

continuous. Then f attains both a minimum and a maximum on X.

PROPOSITION 2.13. Let X and Y be topological spaces such that X is compact
and Y is Hausdorff, and let f : X — Y be a continuous bijection. Then f: X — Y

1s a homeomorphism.

PROPOSITION 2.14. Let X and Y be topological spaces such that'Y is Hausdorff.
Let A be a dense subset of X and let f,g: X — Y be continuous functions such that
f(z) =g(x) for allx € A. Then f(x) = g(x) for all x € X.



CHAPTER 3

Topological vector spaces and separation theorems

In Section 3.1, we give basic definitions and results on topological vector spaces.
In Section 3.2, we summarize some essential properties about quotient spaces and
linear functionals of topological vector spaces. In Section 3.3, we prove a fundamental
Hahn-Banach theorem for real topological vector spaces. Section 3.4 contains some
consequences of the Hahn-Banach theorem, including several separation theorems and
an extension theorem. The main references for this chapter are [2] and [4].

In this paper, we use the symbol IF to denote R or C.

3.1. Topological vector spaces and seminorms

DEFINITION 3.1.1. A topological vector space (TVS) is a linear space X over IF
together with a topology such that with respect to this topology,
(i) the map X x X — X, (x,y) — z + y is continuous;

(ii) the map F x X — X, (a, y) — ay is continuous.

In this case, it follows that for all 1, 25 € X, if V' is a neighborhood of x; + -,
then there exists a neighborhood V; of z; (i = 1,2) such that V; + V5 C V. Similarly,
for all x € X and o € IF, if V' is a neighborhood of ax, then for some r > 0 and some

neighborhood W of x, we have SWW C V whenever |5 — a| < r.

DEFINITION 3.1.2. Let X be a linear space over F. A function |- || : X — [0, 00)
is called a norm on X if for all x,y € X and a € F, we have
(i) ||z|| = 0 if and only if = 0;
(i) flawl| = [ad[l];
(i) lz +yll < ll=ll + [lyl-
A function p : X — [0, 00) satisfying (ii) and (iii) above is called a seminorm on X.

5
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EXAMPLE 3.1.1. The function R* — [0,00) defined by x = (z1,72) > |z1] is a

seminorm on RR?, but not a norm since z; = 0 does not imply that z = 0.

DEFINITION 3.1.3. Let X be a linear space and let P be a family of seminorms

on X. Let T be the topology on X that has a subbase consisting of the sets

{z :p(x —x0) < €},

where p € P, g € X and € > 0. Thus a subset U of X is open if and only if for every

xo in U, there are py,---, p, in P and positive scalars €4, - - -, €, such that

m{x € X :pj(x —mx) <e;} CU.

Jj=1

This topology T is called the topology defined by P.

LEMMA 3.1.2. Let X be a linear space, let P be a family of seminorms on X, and
let T be the topology on X defined by P. Let x € X and let (z;);cr be a net in X.
Then p(z; —x) — 0 for all p € P if and only if x; — x in (X, T).

PROOF. Suppose p(z; —x) — 0 for all p € P. Let N € N,. Then there exist

p,--, Pn € Pand g1, -, &, > 0 such that () Uy, ., C N, where
j=1

Upj,ﬁj = {y €X :pj(y - x) < ej}'

Let 6 = min{ey,---, €,}. Then () U, s € N. Since pj(z; —x) = 0for j=1,---, n,
j=1

there exists ¢y € I such that when ¢ = ig, pj(x; — ) < 6 for all 1 < j < n. That is,

for all i = dg, 2; € () Uy, 5 € N. Therefore, z; — z in (X, T).

j=1
Conversely, suppose z; — z in (X, 7). Let p € P. Let ¢ > 0 and let

Us={ye X :ply—z)<e}

Then U, is a neighborhood of x. Thus there exists ig € I such that z; € U, for all

i = 1g. That is, p(z; — ) < € for all i = ig. Therefore, p(z; — x) — 0. O
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PRoOPOSITION 3.1.3. Let X be a linear space, let P be a family of seminorms on

X, and let X be equipped with the topology defined by P. Then
(i) X is a TVS;

(ii) each p € P is continuous on X.

PROOF. (i) We just need show that the addition and scalar multiplication on X
are continuous.

Let z,y € X. Let (z;) and (y;) be two nets in X with z; — = and y; — y. Let
p € P. Then

p((zi +yi) = (x +y)) = p((x;: = ) + (Wi = y)) <plx:i = ) + plyi = y)-

By Lemma 3.1.2, p(z; —z) — 0 and p(y; —y) — 0. So, p((z; +y;) — (x+y)) — 0. By
Lemma 3.1.2 again, z; + y; —  + y. Therefore, the addition on X is continuous.
Let A € F and z € X. Let (\;) be a net in I with \; — A, and let (x;) be a net

in X with x; — . Then
pAixi — Az) = p((N — Nz + M, — x)) < | N — Ap(x;) + [Ap(x; — ).
Since p(z; —x) — 0 (by Lemma 3.1.2), p(z;) < p(x; —x) +p(x), and A; — A, we have
A = Alp(zi) < [Ai = Alp(zi — =) + A = Alp(z) — 0.

Hence, p(\jz; — Az) — 0. By Lemma 3.1.2, \;x; — Az. Therefore, the scalar multi-
plication on X is continuous.

(ii)) Let p € P. Let (x;) be a net in X with ; - x € X. By Lemma 3.1.2,
p(z; — x) —0. Since p(z; — z) = p(x;) — p(x) and p(z — x;) > p(x) — p(z;), we have

p(zi) — p(@)| < p(z; — 2) = 0.
Thus p(z;) — p(x). Therefore, p is continuous on X. O

DEFINITION 3.1.4. A locally convex space (LCS) is a TVS whose topology is
defined by a family P of seminorms such that [ ker(p) = {0}.
peP
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THEOREM 3.1.4. Let X be a TVS with the topology defined by a family P of
seminorms on X. Then X is a LCS if and only if X is Hausdorff.

PROOF. Suppose X is a LCS. Then A = ) ker(p) = {0}. Let z,y € X with
x #y. Then x —y # 0, and thus z — y ¢ A.pGI:IDence, there exists p € P such that
p(x—y) > 0. Let § = p(x —y). Then U, = {z € X : p(z — x) < §} is a neighborhood
ofz, Uy={z€ X :p(z—y) < %} is a neighborhood of y, and U, NU, = ). Therefore,
X is Hausdorff.

Conversely, suppose X is Hausdorff. Let xg # 0. Then there exists a neighborhood
Ny of 0 such that zq ¢ Ny. Thus there exist p; € P and ¢; > 0 such that ‘(7}]1 By, € N,

where B), = {y € X : pi(y) < &} (i =1,---, n). So, xg ¢ () Bp,. It implies that
i=1
pi(z) # 0 for some i. Thus xo ¢ [ ker(p). Therefore, X is a LCS. O

peEP
DEFINITION 3.1.5. Let X be a TVS and let ¥ be a non-empty subset of X. The

closed linear span of E, denoted by span(F), is the intersection of all closed linear

subspaces of X which contain E.

LEMMA 3.1.5. Let X be a TVS and let E be a non-empty subset of X. Then
span(FE) = span(E).

PROPOSITION 3.1.6. Let X be a TVS and let A be a countable non-empty subset
of X. Then span(A) is separable.

3.2. Quotient spaces and linear functionals

DEFINITION 3.2.1. Let X be a linear space over IF and let M be a linear subspace
of X. For z,y € X, define x ~ y if x —y € M. Then ~ is an equivalence relation on
X. Forxe X, let [z] ={ye X :y~z}. Then zg] =2+ M ={x+m:m e M}.
Let

X/M ={[z] : x € X}.

Then X/M is a linear space over I with scalar multiplication and addition defined by
alr] = [ax] and [2]+ [y] = [z +y] (0 € F, 2,y € X). The map X — X/M, z — [x]

is linear and surjective, called the canonical quotient map.
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PROPOSITION 3.2.1. Let (X,T) be a topological space, let Y be a set, and let
q: X =Y beamap. ThenTy ={U :U CY and ¢ *(U) € T} is the largest topology
on Y that makes q continuous, called the quotient topology on Y induced by q.

PROPOSITION 3.2.2. Let (X,T) be a TVS and let M be a linear subspace of X.
Let X/M be equipped with the quotient topology Ty induced by the canonical quotient
map Q : X — X/M. Then Q : X — X/M is open.

PROOF. Let U € T. Then we have Q"1 (Q(U)) =U + M = |J (U + m). Since

meM
U+m e T forallm e M, Q 1 (Q(U)) € T. By the definition of the quotient topology,

Q(U) € Ty. Therefore, the map @ : X — X/M is open. O

PROPOSITION 3.2.3. Let X be a linear space, let M be a linear subspace of X, and

let p be a seminorm on X. Define p: X/M — [0,00) by
plx+ M) =inf{p(x+y) :y e M}.

Then P is a seminorm on X /M.
If X is a LCS and P s the family of all continuous seminorms on X, then the
family P = {p: p € P} defines the canonical quotient topology on X/M.

PROOF. Let z € X. If a € F — {0}, then

plax + M) = inf{p(ax +y) : y € M} = inf{|a|p(x + %) cy € M}

= |a|inf{p(z +2) : z € M} = |a|p(x + M).
If @ =0, then p(ax + M) = inf{p(y) : y € M} = 0. Hence,
plax + M) = |a|p(z + M) for all z € X and a € F.
Let 21,25 € X. Then

plry +xo+ M) =inf{p(z1 + 22 +y):y € M}

=inf{p((z1 +vy1) + (x2+ y2)) : y1,y2 € M}
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< inf{p(z1 + 1) + p(x2 + y2) : y1,92 € M}
= inf{p(zy +y1) 1 y1 € M} +inf{p(xs +y2) : yo € M}

=p(r1+ M) +p(xg + M).

Therefore, p is a seminorm on X /M.

Suppose X is a LCS and P is the family of all continuous seminorms on X. Then
P = {p:p€ P} is a family of seminorms on X/M. Let Tr be the topology on X/M
defined by P, let Q : X — X/M be the canonical quotient map, and let T be the
quotient topology on X /M induced by Q). We show below that Ty, = Tp.

Note that V' C X/M is Ty-open if and only if Q~1(V) is open in X. So, we only
have to prove that V' C X/M is Tp-open if and only if Q~'(V) is open in X.

Suppose V is Tp-open in X/M. Let zp € Q7 *(V). Then zo+ M € V. By the
definition of 7}, and Definition 3.1.3, there exist p, € P and ¢; >0 (i = 1,---, n) such
that ﬁ{:p—i—M € X/M :pi(x + M — (xg+ M)) < ¢} CV. Let

=1

U:ﬁ{x+M€X/M:E($+M—(xO+M))<£Z-}.

=1

Then g + M € U C V. We have

<
S

I
D-

Q'{r+MeX/M:pi(x+M—(zg+ M)) < &})

<.
Il
N

Q'{zx+ M€ X/M :pij(x — 29+ M) < &})

I

@
Il
—

{re X inf{pi(r —xo+y):y € M} <e}l

I

s
I
—_

Now we show that for 1 <7 < n, we have

{re X inf{pi(r —xo+y):ye M} <e}= U (y+ {z € X : pi(x — 20) < &}).
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Let a € X be such that inj‘f/jpi(a — 20+ y) < ¢ Let
=
e — inf p (@ —z0+y)
Then there exists yg € M such that
pi(a — o +yo) < inf pi(a — 0 +y) + 0 = &
yeM

Let 2o = a + yo. Then p;(z0 — xg) < €. Since a = (—yo) + 20 and —yy € M,

a€ U (y+{r e X :p(zr—m) < ¢g}). Hence,
yeM

{re X :inf{p;(r —2o+y):ye M} <e} C U (y+{z € X :pi(x — ) < &}).

Conversely, suppose a = yy + 2o for some yg € M and zy € X with p;(z9 — 29) < &;.

Then p;(a — zo + (—yo)) = pi(z0 — x9) < €&, and thus inﬂapi(a —xo+y) < &. So,
ye

a€{re X inf{p(r—xo+y):ye M} <e}. Therefore,

{re X inf{p(r—zo+y):ye M} <e}= U (y+ {z € X : pi(z — x0) < &}).

yeM
Hence, Q~'(U) = ﬁ U (y+{z € X : pi(z — z0) < &}), which is open in X. Since
r+MeUCV, ’;01 yeej‘g)_l(U) C Q7 Y(V). Therefore, Q~(V) is open in X.
On the other hand, suppose Q~!(V) is open in X. Let xo+ M € V. Since X is a
LCS, the topology on X is defined by a family P’ of seminorms on X. By Proposition
3.1.3, P' C P. Since 2y € Q'(V), by Definition 3.1.3, there exist p; € P’ and ¢; > 0

(¢=1,---, n) such that

ﬂ{x € X :pi(x —x) <&} CQHV).

i=1
Let p = max{p1,---, pn}, € = min{ey,---, €.}, and B = {z € X : p(x — x¢) < e}.
Thenpe P, e>0,and g € BC ({r € X : pi(x —x) < &} C Q7 (V). We have

i=1

QB)={z+M e X/M : p(y — ) < € for some y € v+ M}.
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Now we show that

{z+M e X/M:ply —x) <eforsomeycz+ M}

={z+Me X/M: in&p(x—l—m—xg) < e}
me

Let a+ M € {x+M € X/M : p(y — o) < € for some y € x + M}. Then there exists
b € a+ M such that p(b — xy) < €. Thus there exists my € M such that b = a + my

and p(a +my — zo) < €. Hence, in&p(a +m — ) < e. Therefore,
me
a+Me{z+MeX/M: in&p(m—i—m—xo) < e}
me

Conversely, let a + M € X/M be such that in&p(a +m —xp) < €. Let § =
me

€ — T’ilreljpr(a +m — xg). Then there exists mg € M such that
pla+moy — o) <nire1]pr(a—|—m—wo)—|—5: €.
Let b = a+ mg. Then p(b— () < ¢. Thus
a+Me{x+MeX/M:ply—x) <eforsomey € x+ M}
So, we obtain that

{z+Me X/M:ply —x) <eforsomey e+ M}

:{:)3+M€X/M:Wilg£4p(a:+m—xg) < e}
Hence, we have
Q(B):{x+MEX/M:nir€1£4p(x+m—xo) < ¢}
={z+M e X/M:p((x+ M) — (zg+ M)) < ¢},

which is T,-open. Since 2o € B C Q1 (V), o+ M € Q(B) C V. Therefore, V is
T,-open. 0
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If (X,||-]]) is a normed space and M is a linear subspace of X, we define
|z + M| = inf{|lz + y|| : y € M} (2 € X).

PROPOSITION 3.2.4. Let X be a normed space and let M be a closed linear subspace
of X. Then the function || - || on X/M defined above is a norm on X/M.

PROOF. By Proposition 3.2.3, the function || - || on X/M is a seminorm. Suppose
that x € X and ||z + M| = 0. Then there exists a sequence (y,) in M such that
|z 4+ yn|| — 0; that is, (—y,) — 2. Since M is closed and the sequence (—y,) is in M,
by Corollary 2.5, x € M. Hence, z + M = 0. Therefore, || - || is a norm on X/M. O

PROPOSITION 3.2.5. Let X be a normed space and let M be a closed linear subspace

of X. Then the canonical quotient map @Q : X — X/M is a bounded linear map and
QI <1

DEFINITION 3.2.2. Let X be a linear space and let M be a linear subspace of X.
Then M is called a hyperplane in X if dim(X/M) = 1.

LEMMA 3.2.6. Let M be a linear subspace of a linear space X over IF.

(i) M is a hyperplane in X if and only if M = ker(f) for some non-zero linear
functional f on X.
(ii) If f and g are linear functionals on X, then ker(f) = ker(g) if and only if

g = Bf for some p € F —{0}.

PROPOSITION 3.2.7. Let X be a TVS and let f be a linear functional on X. Then

the following statements are equivalent.

(a) f is continuous.

(b) f is continuous at 0.

)
)
(c) f is continuous at some xy € X.
(d) ker(f) is closed in X.

)

)

(e) x — |f(z)| is a continuous seminorm on X .
(

f) f is bounded in some neighborhood of 0.
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If the topology on X is defined by a family P of seminorms on X, then each of (a)-(f)
1 equivalent to

(g) there exist py,---, p, in P and positive scalars oy, -+, a, such that

|f(z)] < Zn:akpk(:c) for all z € X.
k=1

PROOF. (a)=-(c). This is obvious.
(¢c)=(b). Suppose (c) holds. Let (z,) be a net in X with x,, — 0 in X. Then

Tp + To — xo. Since f is linear and continuous at zy € X, we have

f(xn) + f(20) = f(zn +20) — f(20).

Hence, f(z,) — 0. Therefore, f is continuous at 0.
(b)=(d). Suppose (b) holds. Let z € X and let (x,) be a net in ker(f) with

T, — . Then z, —x — 0. Since f is continuous at 0, we have

f(zn) — f(x) = f(zn —2) = f(0) =0.

It follows that f(z) = lim f(x,) = 0; that is, € ker(f). By Corollary 2.5, ker(f) is
closed. '

(d)=(a). Suppose ker(f) is closed in X. If f =0, then f is continuous. Assume
that f # 0. By Lemma 3.2.6, ker(f) is a hyperplane in X. Then there exists a
linear isomorphism 7' : X/ker(f) — F. Let ¢ : X — X/ker(f) be the quotient map

x+— x+ ker(f), and let g =T oq. Then g : X — F is linear and continuous. Now
z€ker(f) < q(z)=0 <= T(q(x)) =0 <= g(z) =0 < z € ker(g).

Hence, ker(f) = ker(g). By Lemma 3.2.6, f = g for some 5 € ' — {0}. Therefore,
f is continuous.

(a)=-(e)=-(b). This is obvious.

(b)&(f). Suppose M > 0 and |f(z)| < M for all x in a neighborhood V' of 0.
Let » > 0 and let W = (r/M)V. Then W is a neighborhood of 0, and |f(x)| < r

for all x € W. Hence, f is continuous at 0. Conversely, suppose f is continuous at
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0. Let A={a €F:|a] <1} and B = f~'(A). Then B is a neighborhood of 0 and
|f(z)| < 1forall z € B.

In the rest of the proof, we assume that X is a LCS with the topology defined by
a family P of seminorms on X.

(g)=-(b). This follows immediately from Lemma 3.1.2.

(b)=-(g). Suppose f is continuous at 0. Since f(0) = 0, for ¢ = 1, there exist
P1, -, Pn € P and €,---, &, > 0 such that |f(2)] < 1 for all z € (n] Up, ¢;, Where
Up, e, ={y € X 1 pily) <&} (i=1,---, n). Let 6 = min{e; : 1 gl?g n}. Then
|f(2)] < 1forall z e ﬁ up, 5. Let x € X. We consider the following two cases.

Case 1: pi(z) = (Z):%or all 3. Then for all ¢ > 0, p;(tx) = tp;(x) = 0, and thus
tr € ﬁ Up, 5. So, |f(tx)] < 1 for all ¢ > 0. It follows that |f(z)| < } for all ¢ > 0.
Hencéﬂ f(z)] = 0. Therefore, in this case, the inequality in (g) holds with any choice
of positive scalars aq, -+, a,.

Case 2: p;,(z) # 0 for some ig. Then

J J x J
" (22;;1@(@95) ) ézgl(pix) Sp=?

for k=1, -+, n. Hence, mx € () up,s- Therefore,
=1 i=1
) 1
Uyt sy e A

which implies that |f(z)| < >, 2pi(z).
Let oy =2 (i =1,---, n). Then |f(z)] < X1, cyps(a) for all z € X. O

For the convenience of later use, we close this section with some results about

linear functionals.

LEMMA 3.2.8. Let X be a linear space over C.
(i) Let f : X — R be an R-linear functional. Then g(z) = f(z)—if(ix) (z € X)
defines a C-linear functional on X and Re(g) = f.
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(ii) Let g : X — C be a C-linear functional and let f = Re(g). Then g(x) =
f(z) —if(iz) (x € X) and f is an R-linear functional on X.

LEMMA 3.2.9. Let X be a linear space over ¥, let f be a linear functional on X,

and let A be a convez subset of X. Then f(A) is conver.

LEMMA 3.2.10. Let X be a linear space over ¥ and let f, fi, ---, fn be linear
functionals on X such that ﬂ ker(fi) C ker(f). Then there exist scalars aq,-- -, ay
in F such that f=3,_, ozkfk

PROOF. Let F' be a subset of {1,---, n} such that ) ker(f;) € ker(f) but for
allke F, () ker(fi) € () ker(f;). Let us write F :ZG{Fl, oo, n}

i€ F—{k} i€F

Case 1: n = 1. In this case, ker(f1) C ker(f).

If ker(f) = ker(f1), then by Lemma 3.2.6, there exists oy € F — {0} such that
f=aifi.

If ker(f1) G ker(f), then there exists yo € ker(f)—ker(f1). Let zg =
f(zo) =0 and fi(zo) =1. Let x € X and let y = x — fi(2)xo. Then

Y
f1 (zo) . Then

fl(y) = f1($) - fl(fE)fl(Io) =0.

Since ker(f1) C ker(f), f(y) = 0. Hence, f(y) = f(x) — f(xo)fi(x) = 0; that is,
f(z) = f(xo)fi(z) =0 for all x € X. Putting ag = 0, we get f = ay fi.
Case 2: n > 1. Now fn] ker(f;) & N ker(f;) for all 1 <k < n.
J#k

j=1

Then for each 1 < k < n, there exists y, € () ker(f;) such that y, & () ker(f;).
i#k j=1

So, fr(yk) # 0 but f;(yx) = 0 for all j # k. Let zx = [fe(yr)] ‘yr. Then fi(zg) =1
and fj(zg) =0if j# k. Let v € X and let y =z — >, fi(x)x). Then for each j,

fily ka ) filwn) = fi(x) = fi(@) i) = fi(@) = fi(x) =
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Hence, y € (n] ker(f;). Since (n] ker(f;) C ker(f),
I )

Jj=1 Jj=

Fly) = f@) =Y fula)flxr) = 0;

that is, f(z) = > ,_, fu(z)f(x) for all z € X. Taking oy, = f(ay) (k=1,---, n), we
get f =311 aufr O

3.3. A Hahn-Banach theorem for real linear spaces

DEFINITION 3.3.1. Let X be a linear space. A function ¢ : X — R is called

sublinear if

(i) for all 7,y € X, q(x +y) < q(z) + q(y);
(ii) for x € X and a > 0, ¢(az) = ag(x).

THEOREM 3.3.1. Let X be a real linear space and let ¢ : X — R be a sublinear
functional. Let M be a linear subspace of X and let f : M — R be a linear functional
such that f(x) < q(x) for allx € M. Then there exists a linear functional F': X — R
such that F(x) < q(x) for allx € X and Fly = f.

PrROOF. We can assume that M is a proper linear subspace of X.

First we assume that dim(X/M) = 1. Let 2o € X — M. Then {27+ M} is a basis
of X/M, and X = {tzg+y:t € R,y € M}. Now for all z € X, there exist unique
t € R and y € M such that x = txg + y.

Suppose that F': X — R is such a linear extension of f. We want to see how F
looks like in order to conclude that such F' does exist. Write a = F'(z). Then for all
teRandye M,

F(tzo +y) =tF(xo) + F(y) = tF(x0) + f(y) = ta + f(y).

Let t > 0. If y; € M, then F(tzg+y1) = ta+ f(y1) < q(tzo + y1), and thus

1 1

dltmn + 1) = 3 () = aleo + 1) — SGn).

a <
= t t

S
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Therefore,

a < q(zo +y1) — f(y) for all y; € M.

Similarly, if yo € M, then F(—tzg+ y2) = —ta+ f(y2) < ¢(—tzo + y2), and thus

1 1 1 1
az —;Q(—mo + 1) + ;f(yz) = —q(—xo + 292) + f(;yz)-

Therefore,

a > —q(—xo+y2) + f(yo) for all yo, € M.
It follows that the number a = F'(z) satisfies
—q(=xo +1y2) + fy2) < a < qlxo+y1) — f(y1) for all yy,yo € M.

Note that for all yy,ys € M,

Fly) + f(y2) = fF(yn +v2) < q(ya +v2) < q(zo + 1) + q(—z0 + o)
that is, —q(—zo + y2) + f(y2) < q(wo +y1) — f(y1) for all y;,yo € M. Hence,

sg]\[}(—q(—xo +y)+ fy) < JQAE(C](% +y) — f(v))-

Let a € [SSE(—Q(—IO +y) + f(y)), inf (q(zo +y) — f(y))], and let

inf
yeM
F(tzo+y) =ta+ f(y) (t € R,y € M).

Since for all z € X, there exist unique ¢ € R and y € M such that x = tzy + v,
F: X — R is well defined. For all y;,y2 € M and ty,t3, A € R, we have

F(tizo 4+ y1 + Mtawo + y2)) = (t1 + M2)a+ f(y1 + Aya)

= tha+ f(y1) + AMtaa + f(y2)) = F(tizo + y1) + AF (tazo + y2).

Hence, F': X — R is linear. For all y € M, we have F(y) =0-a+ f(y) = f(y). Thus
Flyy = f. Forallt >0 and y € M, we have

Fitro +y) = tla+ F(0)) < taleo + 1) — F() + F(19) = alto + 1),
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and

F(~tro ) = t(~a+ (79)) < tla(~20+ 79) — (70 + F(79) = al~tzo + ).

Hence, F(z) < q(z) for all x € X.

For the general case, let S be the collection of all pairs (M, fi), where M; is
a linear subspace of X such that M C M; and f; is a linear extension of f with
fi(z) < gq(z) for all x € M;. Then S # () since (M, f) € S.

For (M, f1), (Ma, f2) € S, define (My, f1) < (Ms, f2) if My C My and fa|y, = fi
Then < is a partial order on S. Let C' = {(M;, f;) : i € I} be a chain in S, and let
M= U M;. Then M is a linear subspace of X since C' is a chain in S. For z € M,
deﬁnelejg(x) = fi(z) if z € M, for some ¢ € I. Suppose x € M; N M,. Since C is a
chain, we can assume that (M, f;) < (M;, f;), and thus fi(z) = f;(z). Therefore,
f : M — R is well defined. Let 2,y € M and a € R. Then z,y € M; for some j € 1
and hence z + ay € M;. Thus

flx+ay) = fila+ay) = fi(z) + afi(y) = fx) + af(y).

Hence, f : M — R is linear. Since M C M; C M and f\M = fyforalli eI, f\M =f
and f < qon M. Thus (M, f) € S and (M;, f;) < (M, f) for all i € I. Hence, (M, f)
is an upper bound of C. By Zorn’s lemma, (5, <) has a maximal element (Y, F').
Assume that YV # X. Let zp € X —Y and let Z = {tzop+y :t € R,y € Y}.
Then Z is a linear subspace of X containing M and dim(Z/Y) = 1. By the proof
above, there exists a linear functional G : Z — R such that G(z) < ¢(x) for all
x € Z and G|y = F. Hence, (Z,G) € S, (Y, F) < (Z,G) and (Y, F) # (Z,G), which
is contradicting to the fact that (Y, F) is a maximal element of (S,=<). Therefore,
Y = X; that is, F' is a linear functional on X such that F(z) < ¢(x) fo
and F|y = f. O

rall z € X
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3.4. Some consequences of the Hahn-Banach theorem

PROPOSITION 3.4.1. Let X be a TVS, let G be an open convexr subset of X that

contains the origin, and let
q(z) =inf{t : t >0 and x € tG} (x € X).
Then q is a non-negative continuous sublinear functional on X and
G={re X qx) <1}

PROOF. For all z € X, we have £ — 0 when n — oo. Since G is a neighborhood of
0, there exists ng > 0 such that ;= € G; that is, © € ngG. Hence, {t > 0: x € tG} # 0.
Therefore, ¢ is well defined and non-negative.

If a > 0, then
aq(z) = ainf{t : z € tG} = inf{at : x € tG} = inf{at : ax € atG} = q(ax).

Note that ¢(0) = inf{t : 0 € tG} = 0. Hence, ¢(az) = ag(z) if a > 0.

Let z € X and let r = ¢(z). Then for every 6 > 0, there exists ¢; such that
0<ti<r+4+4dandz € t;G. Now we claim that aG C bG if 0 < a < b. Let g € G.
Then ag € aG. Since G is convex and contains 0, (1—%)0+%g € G, and thus ag € bG.
Hence, aG C bG. Since x € t;G, by the claim above, x € t;G C (r + §)G, and thus
x € (r+9)G forall § > 0.

Now let y € X and s = q(y). Then y € (s + §)G for all § > 0. Thus ;%5 € G

Y i i 0 _x s+6 Yy i i
and 5 € G. Since G is convex, we have =255 =5 4 225 € G. It implies that

rf:f% € G; that is, z +y € (r + s + 20)G. Tt follows that ¢(z +y) < r+ s+ 24.

Let 6 — 0. Then g(z +y) < r + s; that is, ¢(x + y) < q(x) + ¢(y). Therefore, ¢ is a

sublinear functional on X.

For any given ¢ > 0, we define u = eG N (—eG). Since G contains 0 and eG
and —eG are open, u is open and contains 0, and thus w is a neighborhood of 0. Let
xo € X and let (x;);er be a net in X with x; — xo. Then there exists ig € I such that

x; — xg € u for all 7 >= 1y. It follows that x; — zg € ¢G and xo — x; € ¢G. Since ¢ is
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sublinear, we have
q(zi) — q(zo) < q(z; — 20) < € and g(z0) — q(2:) < (w0 — ;) < ¢

that is, |q(x;) — q(xo)| < €. Hence, q(z;) — q(x¢). Therefore, ¢ is a non-negative
continuous sublinear functional on X.

Since X is a TVS, the map FF x X — X, (o, x) — ax is continuous. Let zy € G
and a« = 1. Then G is a neighborhood of xy, and for some r > 0, there exists a
neighborhood U of x4 such that U C G whenever | — 1| < r. Now let 8 = 7 + 1.
Then (1 + %)U C G. In particular, it follows that =g € (1+ %)7'G. Thus

r
q(zo) < (1+ 5)_1 < 1.

So, G C{re X :q(x) <1}

Conversely, suppose ¢(zg) < 1 for some g € X. Let ¢ = 1 — ¢(zp) and let
a = 1—5 = q(z9)+5. By the proof in the 3rd paragraph, we have z € aG. Since G is
convex and a € (0, 1), we have zy = (1—a)0+a™ € G. Thus {r € X : q(z) <1} C G.
Therefore, G = {x : ¢(x) < 1}. O

THEOREM 3.4.2. Let X be a TVS and let G be an open conver non-empty subset

of X that does not contain the origin. Then there exists a closed hyperplane M in X
such that M NG = (.

PROOF. Case 1. Suppose X is a TVS over R. Let g € G and let H = xq — G.
Then xy — z € H for all x € G. Now let x1, 29 € G. Then for all ¢ € [0, 1], we have

t(xo—x1) + (1 —t) (g — 22) =20 — [t + (1 —t)as) E g — G = H,

since GG is convex. Thus H is convex, and 0 = zg — 2o € H. Therefore, H is an open
convex set containing 0. By Proposition 3.4.1, there exists a non-negative continuous
sublinear functional ¢ : X — R such that H = {x € X : ¢(z) < 1}. Since G does not

contain 0, we have z¢ ¢ H, and thus g(x¢) > 1.



3.4. SOME CONSEQUENCES OF THE HAHN-BANACH THEOREM 22

Let Y = {axy : @ € R}. Define fo : Y — R by fo(axy) = aq(zg). If a > 0,

then fo(axg) = aq(zg) = q(awxy); if @ < 0, then fo(azy) = ag(zy) < a < 0 < g(awx).

Hence, fo < g on Y. By Theorem 3.3.1, there exists a linear functional f : X — R

such that fly = fo and f < qgon X. Put M = ker(f). Then M is a hyperplane in
X. Now if z € G, then xy — x € H, and thus

fzo) = f(z) = f2o — 2) < gqlzo —x) < 1.

Hence, f(z) > f(xg) — 1 = q(x¢) — 1 > 0 for all x € G. Therefore, M NG = {).

Since f < gon X and ¢(z) < 1for all z € H, f(x) <1 for all z € H. It follows
that f(—z) = —f(x) > —1 for all x € H. Thus |f(z)| < 1 forall z € HN (—H).
Let V.= HN (—H). Then V is an open neighborhood of 0. By Proposition 3.2.7,
M = ker(f) is a closed hyperplane in X.

Case 2. Suppose X is a TVS over C. Since X is also a TVS over R, by Case 1
above, there exists a non-zero continuous R-linear functional f : X — R such that
(ker(f)) NG = 0. Let F(z) = f(x) —if(iz) (x € X). Then by Lemma 3.2.8, F is
a non-zero continuous C-linear functional on X and f = Re(F'). Hence, F(x) = 0 if
and only if f(z) = f(iz) = 0. Let M’ = ker(F'). Then M’ is a closed hyperplane in
X and M' NG C (ker(f))NG = 0. O

DEFINITION 3.4.1. Let X be a TVS. The dual space X* of X is the linear space of

all continuous linear functionals on X together with the pointwise linear operations.

LEMMA 3.4.3. Let X be a real TVS, let A be a non-empty open convex subset of
X, and let f € X* be non-zero. Then f(A) is an open interval in R.

PROOF. By Lemma 3.2.9, we only need show that f(A) is open in R. Let x € A.
Then A — x is a neighborhood of 0 since A is open and 0 € A — x. Since f # 0, there
exists g € X such that f(z¢) = 1. Since the map F — X, a — axg is continuous,

there exists € > 0 such that axy € A — x whenever |o| < e. Thus

f(z)+a=f(z+ax) € f(A)if |a| < €.
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Hence, (f(z) — €, f(x) + €) C f(A). Therefore, f(A) is open in R. O

The next result is a Hahn-Banach separation theorem over real TVS. We will also

prove some other separation theorems that follow from this one.

THEOREM 3.4.4. Let X be a real TVS and let A and B be two disjoint non-empty
conver sets in X with A open. Then there exist f € X* and a € R such that

fla) <a < f(b) foralla€e A and b € B.
If B is also open, then f(b) > « for allb € B.

PROOF. Let G ={a—b:a € Abe B}. Letaj,as € A, let by,by € B, and let
t €10,1]. Then

t(a1 — bl) + (1 - t)((lg — bQ) = [t(ll + (1 — t)a,g] — [tbl + (1 — t)bg] € G,

since A and B are convex. So, G is convex. Also, since G = [J (A —b), G is open.
Moreover, since ANB = (), 0 ¢ G. By Theorem 3.4.2, there exigfég a closed hyperplane
M in X such that M NG = (. Let f: X — R be a continuous linear functional such
that M = ker(f). Then 0 ¢ f(G). Assume that there exist x1,x2 € G such that
f(z1) > 0 and f(z2) < 0. Since G is convex, by Lemma 3.2.9, f(G) is convex. Let

to= 2@ Then t, € (0,1) and

flz2)—f(z1)
tof() + (1~ o)) = L 2 TEIEL g g

contradicting that f(G) is convex. Therefore, either f(z) > Oforallz € G or f(x) <0

for all z € G.
Suppose f(z) < 0 for all z € G. Then for all a € A and b € B,

fla—=1) = f(a) — f(b) <0;

that is, f(a) < f(b). Let a = sup{f(a) : a € A}. Then a < inf{f(b) : b € B}. Since
A is open, by Lemma 3.4.3, f(a) < « for all a € A, and now f(b) > « for all b € B.
If B is also open, by Lemma 3.4.3 again, f(b) > « for all b € B.
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Suppose f(x) > 0 for all x € G. Let ¢ = —f. Then g is a continuous linear
functional on X and g(z) < 0 for all z € G. Thus the assertion follows by replacing
f above by g. O

LEMMA 3.4.5. Let X be a TVS, let K be a compact subset of X, and let V' be an
open subset of X such that K C V. Then there exists an open neighborhood U of 0
m X such that K+U CV.

PROOF. Let U be the family of all open neighborhoods of 0. Assume that for each
U in U, K + U is not contained in V. Then for each U in U, there exist xy € K
and yy € U such that xy +yy € X — V. Order U by reverse inclusion. Then U is
a directed set, and (zy) and (yy) are nets. Now yy — 0 in X. Since K is compact,
by Theorem 2.10, (xy) has a subnet (x,) such that z, — z for some x € K. By
Proposition 2.8, y, — 0. Hence, x, + vy, — x. Since z, + vy, € X —V, by Proposition
24, 2 € X —V = X — V, which is contradicting to the fact that x € K C V.
Therefore, there exists an open neighborhood U of 0 such that K +U C V. ]

THEOREM 3.4.6. Let X be a real LCS and let A and B be two disjoint non-empty
closed conver subsets of X with B compact. Then there exist f € X*, a € R, and
e > 0 such that

fla) La<a+e< f(b) forallae A and b € B.

PROOF. Since B C X — A, by Lemma 3.4.5, there exists an open neighborhood
Uy of 0 such that B+ U; € X — A. Let P be the family of seminorms that defines
the topology on X. Then by Definition 3.1.3, there exist p; € P and ¢; > 0 such that
V= (n] B; C Uy, where B ={r € X :p;j(z) < ¢} (i=1,---,n). Let 1 <i<nand

=1
x1,29 € B;. Then for all t € [0,1] and x5 = txq + (1 — t)x2, we have

pi(z3) < pi(try) + pi((1 —t)za) = tpi(zr) + (1 — )pi(za) < te; + (1 —t)e; = &

Thus each B; is convex. Hence, Vi is an open convex subset of U;. It follows that

B+ V] is an open convex set and (B + V;) N A = (). By Theorem 3.4.4, there exist a
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continuous linear functional f on X and o € R such that
fla) < a< f(c)foralla € Aand c € B+ V.

Since B is compact, by Proposition 2.12, inf{f(b) : b € B} = f(by) for some by € B.
Thus f(b) = f(by) = a+ ¢ for all b € B, where ¢ = f(by) — a > 0 since f(by) > «.
Therefore, f(a) <a<a+e¢e < f(b) foralla € Aand b e B. O

THEOREM 3.4.7. Let X be a complex LCS and let A and B be two disjoint non-
empty closed convex subsets of X with B compact. Then there exist f € X*, a € R,

and € > 0 such that
Re(f(a)) < a<a+e < Re(f(b)) foralla € A and b € B.

PROOF. Since a complex LCS is also a real LCS, by Theorem 3.4.6, there exist a

continuous R-linear functional f; on X, o € R, and € > 0 such that
fila) La<a+e< fi(b) foralla € Aand b € B.

By Lemma 3.2.8, f(z) = fi(x)—ifi(iz) is a C-linear functional on X and Re(f) = fi.

Therefore,
Re(f(a)) S a<a+e< Re(f(b)) foralla € Aand b € B.
Clearly, f : X — C is continuous since f; : X — R is continuous. O

THEOREM 3.4.8. Let X be a LCS, let M be a closed linear subspace of X, and let
xo € X — M. Then there exists h € X* such that h(xo) =1 and h|y = 0.

PROOF. Since {z} and M are disjoint closed convex sets in X with {z,} compact,

by Theorems 3.4.6 and 3.4.7, there exist ¢ € X*, a € R, and € > 0 such that
Re(g(m)) < a < a+ ¢ < Re(g(x)) for all m € M.

Assume that Re(g(mp)) # 0 for some my € M. Let A\ = #ﬁio)). Then Amgy € M

and Re(g(Amg)) = ARe(g(mg)) = a + 1, which is contradicting to Re(g(Amy)) < a.
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Hence, Re(g(m)) = 0 for all m € M. By Lemma 3.2.8, g(m) = 0 for all m € M.
Since Re(g(rg)) > Re(g(0)) = 0, we have g(xg) # 0. Let h = —*~g € X*. Then

g(zo)

h(xzy) =1 and h(m) = 0 for all m € M. O

COROLLARY 3.4.9. Let X be a LCS and let M be a linear subspace of X. Then
M = ({ker(f) : f € X* and M C ker(f)}.

Therefore, M is dense in X if and only if O is the only element of X* that vanishes
on M.

THEOREM 3.4.10. Let X be a LCS, let M be a linear subspace of X, and let
f € M*. Then there exists h € X* such that h|y = f.

PROOF. We can assume that f # 0. Let My = ker(f). Let 2o € M be such that
f(xg) = 1. Then zy ¢ M, by the continuity of f. By Theorem 3.4.8, there exists
h € X* such that h(xg) = 1 and h(m) = 0 for all m € M,. Now for all z € M, we

have

f@ = f(x)wo) = f(x) = f(x)f(w0) = 0,
and thus x — f(x)zg € My C My. Hence, h(z) — f(z) = h(x — f(x)zo) = 0 for all
x € M. Therefore, h|y = f. O

The proposition below holds by Theorem 3.3.1, Lemma 3.2.8 and Proposition 2.14.

PROPOSITION 3.4.11. Let X be a normed space and let Y be a linear subspace of
X. Let f € Y*. Then there exists g € X* such that gly = f and || f|| = ||g]|-

Furthermore, if Y is dense in X, then the extension g € X* of [ is unique.

COROLLARY 3.4.12. Let X be a normed space and let x € X. Then

2]l = sup{[f(2)] : f € X* and ||f]| <1}.



CHAPTER 4

Weak topology and weak-star topology

In Section 4.1, we consider the weak topology wk on a TVS X and the weak-star
topology wk* on its dual X*, and give some of their basic properties. In Section 4.2,
we study basic results on the dual of (X, wk) and (X*, wk*), and characterize the
closed convex balanced hull and the closed linear span for sets in X and (X* wk*)
via bipolars and biannihilators, respectively. In Sections 4.3 and 4.4, we identify the
dual of a quotient space with the annihilator of the subspace, and identify the dual of
a subspace of a LCS with the quotient space of the annihilator of the subspace. The
main references for this chapter are [2] and [3].

For z € X and z* € X*, (x,z*) and (z*, z) both will stand for z*(x).

4.1. Definitions and basic properties

PROPOSITION 4.1.1. Let X be a linear space and let f be a linear functional on

X. Then the function py: X — [0,00),2 +— |f(x)| is a seminorm on X.

Let T7 and T be two topologies on a set X. If T3 C T, then we say that Tj is

weaker that T5, or that T; is stronger than 77.

DEFINITION 4.1.1. Let X be a TVS. The weak topology (X, X*) on X, also
denoted by “wk”, is the topology on X defined by the family {p,« : z* € X*} of

seminorms on X.

PROPOSITION 4.1.2. Let (X,T) be a TVS. Then (X, wk) is a TVS, and o(X, X™)

1s weaker than T'.

PROOF. By Proposition 3.1.3, (X, wk) is a TVS. Let 2y € X and let (z;) be a net

in X with z; — zoin (X, 7). Then for all z* € X*, p,« (z;—x¢) = |2*(z;) —x*(z0)| — O.

By Lemma 3.1.2, z; — x¢ in (X, wk). Therefore, o(X, X*) is weaker than 7. O
27
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PROPOSITION 4.1.3. Let X be a normed space. Then (X, wk) is a LCS.

PROOF. Let xyp € X — {0}. Then by Theorem 3.4.8, there exists z* € X* such
that 2*(x0) # 0; that is, p,«(z0) # 0. Hence, 29 ¢ (\,+cx-{7 : P2 (x) = 0}. Therefore,
(X, wk) is a LCS. O

DEFINITION 4.1.2. Let X be a TVS and let x € X. Then 2 defines a linear
functional Z on X* via z(f) = f(z) (f € X*).

DEFINITION 4.1.3. Let X be a TVS. The weak-star topology o(X*, X) on X*,
also denoted by “wk*”, is the topology on X* defined by the family {p; : z € X} of

seminorms on X *.

Since (X*, wk*) is a Hausdorff space, the proposition below follows immediately

from Theorem 3.1.4.
PROPOSITION 4.1.4. Let X be a TVS. Then (X*, wk*) is a LCS.

By Proposition 3.1.3 and the definition of o(X*, X), & € (X*, wk*)* for all x € X.
Clearly, the map X — (X*, wk*)*, z — 2 is linear. We will use X to denote the linear
subspace {Z : z € X} of (X*, wk*)*.

PrRoOPOSITION 4.1.5. Let X be a TVS. Then the linear map X — )?, T T s
injective if and only if (X, wk) is a LCS.

PROOF. Suppose the map X — )?, r — & is injective. Let x € [\ ker(py).
Then z(f) = f(z) = 0 for all f € X*. Thus £ = 0 and hence z = OJTE)fI*‘herefore,
(X, wk) is a LCS.

Conversely, suppose (X,wk) is a LCS. Let x € X be such that £ = 0. Then
f(x) =z(f) =0 for all f € X*. Since (X,wk) is a LCS, = 0. Therefore, the map

X — X, z — 2 is injective. 0

We will see in the next section that for all TVS X, X = (X*, wk*)* and hence
o(X*,X) = o(X*, (X*, wk*)*).
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4.2. Duality

THEOREM 4.2.1. Let X be a TVS. Then (X, wk)* = X*.

PROOF. Let g € X*. Let z € X and let (z;) be a net in X such that z; ks
Then (g,z;) — (g,x). So, g is weakly continuous on X. Therefore, X* C (X, wk)*.
Conversely, let f € (X,wk)*. Then for all open sets G in F, f~'(G) is open in
(X, wk). Since o(X, X*) is weaker than the original topology on X, f~(G) is open
in X. Hence, f € X*. Therefore, (X, wk)* C X*. O

Recall that for a TVS X, X denotes the linear subspace {# : z € X} of (X*, wk*)*.
THEOREM 4.2.2. Let X be a TVS. Then (X*, wk*)* = X.

PROOF. We only have to show that (X*,wk*)* C X. Let f € (X*, wk*)*. By

Proposition 3.2.7, there exist x,---, x, € X and positive scalars cy, - - -, ¢, such that

n

lf(@))] <Y exl(zg, 2™)| for all 2" € X*.
k=1

Thus () ker(zx) C ker(f). By Lemma 3.2.10, there exist aq,---, a,, € I such that
k=1

f=>0" az;. Let x =37  ayx;. Then f=1 € X. Hence, (X*,wk*)* C X, O
THEOREM 4.2.3. Let X be a LCS and let A be a convex subset of X. Then
A=A" (the weak closure of A in X ).

PROOF. Since o(X, X*) is weaker than the original topology on X, every weakly
closed set is closed in X. By the definition of a closure, we have A C A

Conversely, let z € X —A. Then by Theorems 3.4.6 and 3.4.7, there exist z* € X*,
a € R and ¢ > 0 such that Re(a,2*) < a < a + ¢ < Re(x,z*) for all a € A. Hence,
AC B ={y € X : Re(y,z*) < a}. Since z* is weakly continuous by Theorem
4.2.1, B is weakly closed in X, and thus A C B. Since x ¢ B, we have = ¢ av

Therefore, At C A. O

The corollary below follows immediately from Proposition 2.3 and Theorem 4.2.3.
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COROLLARY 4.2.4. Let X be a LCS. Then a convex subset of X s closed if and

only if it is weakly closed.

DEFINITION 4.2.1. Let X be a TVS. Let A C X and B C X*. The polar of A,
denoted by A°, is the subset of X* defined by

A° ={2" € X" : [{a,2")| <1 for all a € A},
and the prepolar of B, denoted by °B, is the subset of X defined by
°B={zxe X :|(z,b")] <1forall b* € B}.

The bipolar of A is the set °(A°) (also denoted by °A°), and the bipolar of B is the
set (°B)° (also denoted by °B°).

DEFINITION 4.2.2. A subset S of a linear space is called a balanced set if S C S

for all scalars a in F with |a] <1

PROPOSITION 4.2.5. Let X be a TVS. Let A C X and B C X*.

a) A° and °B are convex and balanced.

(a)

(b) If Ay C A and B, C B, then A° C A and °B C °B;.

(c) Ifa € F and a # 0, then (aA)° = a™tA° and °(aB) = a ' (°B).
(d) AC°A° and B C °B°.

(e) A° = (°A°)° and °B =°(°B°).

PROOF. It is trivial that (a) and (b) hold.
(c) Let o € F —{0}. Let 2* € A°. Then for all a € A, [{aa,a 'z*)| = |z*(a)] < 1.
Thus a'z* € («A)°. Hence, o™t A° C (aA)°; that is, A° C a(aA)°. Replacing o by
L and A by aA, we get (aA)° C a'A°. Therefore, (0A)° = a1 A°. Similarly, we
can prove that °(aB) = o '(°B).
(d) Let a € A. Then |{(a,z*)| <1 for all z* € A°. By the definition of a prepolar,
a € °A°. Therefore, A C °A°. Similarly, we have B C °B°.
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(e) By (d), we have A C °A°. Then by (b), (°A°)° C A°. Taking B = A° in (d),
we have A° C °(A°)° = (°A°)°. Therefore, A° = (°A°)°. The equality °B = °(°B°)

can be obtained similarly. U

DEFINITION 4.2.3. Let X be a TVS. If A C X, then the closed convex hull
(respectively, closed convex balanced hull) of A in X is the intersection of all closed

convex (respectively, closed convex balanced) subsets of X that contain A.

THEOREM 4.2.6 (Bipolar theorem). Let X be a LCS and let A C X. Then °A° is

the closed convex balanced hull of A in X. In particular, if A is convex and balanced,

then °A° = A.

PROOF. Let A; be the closed convex balanced hull of A in X. Then A; C °A°,
since °A° is closed, convex and balanced, and A C °A°.

Let o € X — Ay. Since A; is a closed convex set, by Theorems 3.4.6 and 3.4.7,
there exist z* € X*, @ € R and ¢ > 0 such that

Re{ay, ") < a < a+ ¢ < Re(xg, z") for all a; € A;.

Since A; is balanced, 0 € A;, and hence Re(0,z*) = 0 < a. So, we can replace z*

with a~'z* in the above. It follows that there exists § > 0 such that
Re(ay,x*) <1 <1+ < Re(xg, x¥) for all a; € A;.

If a; € A} and (a1,2*) = [{ay,z*)]e? for some § € R, since |[e | = 1 and A, is

balanced, we have e=*a; € A;, and thus
(a1, 2%)| = Rele "ay, ) < 1 < Re(xg, ).

Hence, z* € Aj. Since A C A;, by Proposition 4.2.5, A} C A°. It follows that
x* € A°. On the other hand, since |(xg,2*)| > Re(xg,z*) > 1, we have xy ¢ °A°.
Therefore, °A° C Aj;. O
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THEOREM 4.2.7 (Bipolar theorem, dual version). Let X be a TVS and let B C X*.

Then °B° is the wk* closed convex balanced hull of B in X*. In particular, if B is

convex and balanced, then °B°® = B

PROOF. Let Y = (X*, wk*). Then Y is a LCS and Y* = X by Proposition 4.1.4
and Theorem 4.2.2. By Theorem 4.2.6, the bipolar °(B°) of B in Y is the wk* closed
convex balanced hull of B in X*. On the other hand, due to Definition 4.2.1, we have
B°={ieX:|(x,x*)] <1forall z* € B} = °B, and thus we get

°(B°)={yeY:|{y,z)| <1forall z€°B}
={z" e X" :|(z",z)| < 1forall x € °B} =°B°.
Therefore, °B° is the wk* closed convex balanced hull of B in X*. 0

DEFINITION 4.2.4. Let X be a TVS. Let A C X and B C X*. The annihilator of
A, denoted by A*, is the subset of X* defined by

At ={2" € X* : (a,2*) =0 for all a € A},

and the pre-annihilator of B, denoted by + B, is the subset of X defined by
IB={rec X :(x,b*) =0 for all b* € B}.

The biannihilator of A is the set 1(A1), and the biannihilator of B is the set (+B)*.

PROPOSITION 4.2.8. Let X be a TVS. Let A C X and B C X*. Then At is a

weak-star closed linear subspace of X*, and B is a closed linear subspace of X .

PROOF. Let a € A. Then @ € X = (X*, wk*)* by Theorem 4.2.2. It follows from
Proposition 3.2.7 that ker(a) is a weak-star closed linear subspace of X*. Therefore,

At = (N ker(a) is a weak-star closed linear subspace of X*.

acA
For each z* € B, by Proposition 3.2.7, ker(z*) is a closed linear subspace of X.
Hence, *B = () ker(z*) is a closed linear subspace of X. O

z*€B

PROPOSITION 4.2.9. Let X be a LCS and let A C X. Then +(At) = span(A).
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PROOF. Since At C X*, by Proposition 4.2.8, +(A%1) is a closed linear subspace
of X. By the definition of A*, A C+(A'), and thus span(A) C +(At). Assume that
19 € H(AL) —span(A). Since span(A) is a closed linear subspace of X, by Theorem
3.4.8, there exists f € X* such that f(xg) = 1 and f(z) = 0 for all « € Span(A).
In particular, f(z) = 0 for all z € A; that is, f € AL. Thus f(x¢) = 0, which is a
contradiction. Therefore, +(At) = span(A). O

PROPOSITION 4.2.10. Let X be a TVS and let B C X*. Then (+ B)* = span®*" (B).

PROOF. Let Y = (X*,wk*). Then Y is a LCS and Y* = X by Proposition 4.1.4
and Theorem 4.2.2. Let E denote the annihilator of B in Y* and let I’ denote the
biannihilator of B in Y. By Proposition 4.2.9, F = span**" (B). By Definition 4.2.4,
E={z¢ X i (x,2*) =0 for all 2* € B} = IJ\B, and thus we get

F={yeY:(ye)=0foralleecE}

={z* € X*:(z*,2) =0forall x € *B} = (* B)*.
Therefore, (+B)* = span”*" (B). O

4.3. The dual of a quotient space

THEOREM 4.3.1. Let X be a TVS, let M be a closed linear subspace of X, and
let X/M be equipped with the quotient topology induced by the canonical quotient map
Q:X — X/M. Then p: (X/M)* — M*, f— foQ is a linear bijection.

If (X/M)* has its weak-star topology o((X/M)*, X/M) and M* has the relative
o(X*, X) topology, then p : (X/M)* — M~ is a homeomorphism.

Furthermore, if X is a normed space, then p: (X/M)* — M> is an isometry.

PRrROOF. Let f € (X/M)*. Then for all x € M,

p(f)(x) = (f o Q)(x) = f(x+ M) = f(0) = 0;

that is, p(f) € M*. So, f — f o Q defines a map from (X/M)* to M*.
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Clearly, p is linear. If p(f) = f o @ = 0, then f = 0 since @ is surjective. Hence,
p is injective. Let z* € M*. Define f : X/M — F by f(x + M) = (x,2*) (z € X).
Then f is well defined, since if x1 + M = x5 + M, then x1 — x5 € M and hence

(x1,2") — (w9, ™) = (17 — X, ™) = 0.

Obviously, f : X/M — T is linear. Now fo @ = z*: X — I is continuous. By the
definition of the quotient topology, f : X/M — T is continuous. Thus f € (X/M)*
and z* = p(f). Hence, p : (X/M)* — M is surjective. Therefore, p is a linear
bijection between (X/M)* and M=*.

For a net (f;) in (X/M)*, we have f; — 0 in o((X/M)*, X/M) if and only if
filx + M) — 0 for all x € X, and p(f;) — 0 in o(X*, X) if and only if p(fi)(z) =
filx + M) — 0 for all z € X. Therefore, p : (X/M)* — M* is a homeomorphism
when (X/M)* has its weak*-topology and M has its relative o(X*, X) topology.

Suppose X is a normed space. Let f € (X/M)*. It follows from Proposition 3.2.5
that

oI =Ilfe QI <IfI- el < If]-
Let (z, + M) be a sequence in X/M such that ||z, + M| < 1 and |f(z,+ M)| — || f]].

Since for each n, there exists vy, € M such that ||z, + y,|| < 1, we have

(O = [o() (@n + yn)| = |f (20 + M)[ = | £]]
Hence, ||p(f)|| = ||f]|. Therefore, p: (X/M)* — M* is an isometry. O

4.4. The dual of a subspace

THEOREM 4.4.1. Let X be a LCS, let M be a closed linear subspace of X, and let
r: X* — M* be the restriction map and Q : X* — X* /M~ be the canonical quotient
map. Then r induces a linear bijection 7 : X*/M+ — M* given by 7(f + M*) = f|ar.

If X*/M* has the quotient topology when X* is equipped with o(X*, X) and M*
has its weak-star topology o(M*, M), then 7 : X*/M*+ — M* is a homeomorphism.

Furthermore, if X is a normed space, then 7 : X*/M*+ — M* is an isometry.
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PRrROOF. Clearly, 7 : X*/M+ — M*, f + M+ — f|y is well defined and linear. If
F(f + M*) = flar = 0, then f € M+ and thus f + M+ = 0. Hence, 7 is injective.
By Theorem 3.4.10, for all f € M*, there exists F' € X* such that F|y; = f. Hence,
r: X* — M* is surjective. Since 7oQ =r, 7 : X*/M~+ — M* is surjective. Therefore,
7 X*/M+ — M* is a linear bijection.

Let X*/M+* be equipped with the quotient topology when X* is equipped with
o(X*, X) and M* is equipped with weak-star topology o(M*, M). Let g € X* and
let (g;) be a net in X* with ¢; = ¢ in o(X*, X). Then g;|py — g|a in o(M*, M).
Hence, r : X* — M* is wk*-wk* continuous. Since 7o () = r, by the definition of the
quotient topology, 7 : X*/M+ — M* is continuous.

Recall that for all z € X, pi(2*) = |[(x,2%)| (z* € X*) is a seminorm on X*.
By Proposition 3.2.3, the quotient topology on X*/M+* is defined by the seminorms
{pz : € X}, where pz(2* + M*) = inf{|{x, 2" + 2*)| : 2* € M*}.

Let x € X — M. We claim that p; = 0. Let 2* € X*. By Theorem 3.4.8, there
exists h € M+ such that h(z) = —2*(x). Thus pz(z* + M) < [{x,z* + h)| = 0. That
is, pz(x* 4+ M) = 0 for all z* € X*. Hence, p; =0 for all z € X — M.

Now let (z7 + M*) be a net in X*/M* such that #(z} + M+) = xf|y )
in M*. If + € X — M, then by the claim above, pz(z; + M*) = 0. If z € M,
then pz(zf + ML) < [{x,27)| — 0. Thus pz(xf + M+) — 0 for all z € X. Since the
quotient topology on X*/M* is defined by the seminorms {p; : € X}, by Lemma
3.1.2, xf + M+ — 0in X*/M*. Hence, 7! : M* — X*/M* is continuous. Therefore,
7 X*/M+ — M* is a homeomorphism.

Suppose X is a normed space. Let f € X*. Then for all g € M*,

[l = G+ 9 aell < NP+ gl

Taking the infimum over all g € M+, we get || f|a|] < ||f + M*||. Now let p € M*.
Then by Proposition 3.4.11, there exists f € X* such that f|y = ¢ and ||f]| = ||¢]|-
Thus [If]ull = el = 171 > I1f + M*[. Hence, |f + M*|| = |flarll. Therefore,
7 X*/M+ — M* is an isometry. O



CHAPTER 5

Banach-Alaoglu theorem, Goldstine theorem, and reflexivity

and separability of normed spaces

We begin this chapter with Banach-Alaoglu theorem and Goldstine theorem, which
say that for a normed space X, the closed unit ball of X* is weak-star compact and
the closed unit ball of X** is the weak-star closure in X** of the canonical image of
the closed unit ball of X. In Section 5.2, we give a number of characterizations of
reflexive normed spaces. We prove that every reflexive space is weakly sequentially
complete, and show that the converse is not true by checking the non-reflexivity of
the classical weakly sequentially complete space ¢1. In Section 5.3, we prove that X is
separable if and only if the closed unit ball of X* is weak-star metrizable. The main

references for this chapter are [1], [2], [3], and [6].

5.1. Banach-Alaoglu theorem and Goldstine theorem

For a normed space X, the closed unit ball of X is denoted by ball X.

THEOREM 5.1.1 (Banach-Alaoglu theorem). Let X be a normed space. Then

ball X* is weak-star compact.
PRrROOF. Let D, = {a € F : |a| < 1} for each x € ball X. Let
D =][{Ds:x €ball X}.

For each x € ball X, since D, is a bounded closed subset of IF, D, is compact in IF.
By Tychonoft’s theorem, D is compact with the product topology. Also, we equip
ball X* with the relative weak-star topology of X*. Define T : ball X* — D by
T(x*)(z) = (x,2*) (x € ball X). That is, T(z*) is the element of the product space D
whose x coordinate is (z, x*). Let x* € ball X* and let (z}) be a net in ball X* with

36



5.1. BANACH-ALAOGLU THEOREM AND GOLDSTINE THEOREM 37

wk*

xi — x*. Then for each z € ball X,

7

(7)) () = (z,27) = (r,27) = (") (2).

7

By Proposition 2.2, t(x}) — t(x*) in D. Therefore, T : ball X* — D is continuous.

Suppose T(x}) = T(x3) for a7, 235 € ball X*. Then we have (z,x}) = (z,x3) for
all z € ball X and hence for all z € X, and thus 2] = 23. Hence, T : ball X* — D
is injective. Let x* € ball X* and (z]) be a net in ball X* with t(z}) — T(z*) in
D. Then for all z € ball X, t(z})(z) — t(2*)(z). Thus (z,z}) — (x,z*) for all
x € ball X and hence for all x € X. That is, z Ky 2 in ball X*. Therefore,
! : t(ball X*) — ball X* is continuous, and hence T : ball X* — t(ball X*) is a
homeomorphism.

Let f € D and let (z}) be a net in ball X* with t(z}) — f in D. Then for all z
in ball X, lim(x,zf) = limt(z})(x) = f(z) exists. Let x € X. Choose o # 0 such
that ||az|| é 1. Then li;n<x,x;-k> = a 'lim{ax, x}) exists. Now define F : X — F
by F(z) = lim(z, x}). Cllearly, F:X — IzF is linear, and |F'(z)| = |f(z)| < 1 for all
x € ball X siznce f(z) € D,. It implies that F' : X — I is a bounded linear functional
with [|F|| < 1; that is, F' € ball X*. Note that T(F)(z) = (x,F) = f(z) for all
x € ball X. Thus f = 1(F) € t(ball X*). By Corollary 2.5, t(ball X*) is closed in
D. Tt follows from Proposition 2.11 that t(ball X*) is compact. Therefore, ball X* is

weak-star compact since ball X* is homeomorphic to t(ball X*). 0J

For a normed space X, we have |z(z*)| = |z*(x)| < ||z*|| - ||=|| for all z € X and

r* € X* and thus X C X**.

PROPOSITION 5.1.2. Let X be a normed space. Then map X — X x+— 2 is a

linear isometry, called the canonical embedding of X to X™**.
Proor. Clearly, the map X — X** x +— 2 is linear. Let x € X. Then

|z]| = sup{|z(z")| : ¥ € X" and ||z”|| < 1} = sup{|z”*(z)| : " € X" and ||z"|| < 1}.
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It follows from Corollary 3.4.12 that ||z|| = ||z||. Therefore, the map X — X** x> &

is a linear isometry.

The proof of the Goldstine theorem given below was suggested by Dr. Hu.

THEOREM 5.1.3 (Goldstine theorem). Let X be a normed space. Then ball X** is
the weak-star closure of ball X in X**, where ball X = {Z:2 € ball X}.

PROOF. Let Y = (X*,|| - ||) and let B = ball X. Then Y is a LCS and B is a
convex balanced subset of Y*. Thus by Theorem 4.2.7, we only have to show that

°B° = ball X**. By definition, we have

°B={yeY:|(y,b)] <1forall be B}

={feX*:|(f,z)] <1forall z €bal X} =ball X~
Hence, °B° = (°B)° = {z* € X™ : [(*™, f)| < 1 for all f € ball X*} = ball X**. O

5.2. Reflexivity of normed spaces

Two linear spaces V' and W over the same field are said to be isomorphic if there
is a linear bijection T': V' — W. Such T is called a linear isomorphism from V to W.

If two normed spaces X and Y are isometrically isomorphic, we write X =Y.
DEFINITION 5.2.1. A normed space X is reflexive if X** = X.

When X is equipped with the restriction of the norm on X** to X , we have X = X

by Proposition 5.1.2. Since X™** is a Banach space, the corollary below is immediate.
COROLLARY 5.2.1. Let X be a reflexive space. Then X is a Banach space.

LEMMA 5.2.2. Let X and Y be normed spaces with an isometric isomorphism

¢: X =Y. Then the dual map ¢* : Y* — X*, X\ — Noo is an isometric isomorphism.

PROOF. Since ¢ : X — Y an isometric isomorphism, ¢! : ¥ — X an isometric

isomorphism. Let f € X* and let g = fo¢™!. Then g € Y* and ¢*(g) = go ¢ = f.
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Hence, ¢* : Y* — X* is surjective. For all A € Y*, we have

[Xo ol <A lIgll = 1Al = [(A o @) o o7 | < Ao @l - |67 = Ao @]l

That is, [[Ao¢|| = ||A|| for all A € Y*. Therefore, the dual map ¢* : Y* — X* X\ +— Ao¢

is an isometric isomorphism. 0

PROPOSITION 5.2.3. Let X and Y be normed spaces such that X =Y. Then X

1s reflexive if and only if Y 1is reflexive.

PROOF. Since X = Y, there exists an isometric isomorphism ¢ : X — Y. By
Lemma 5.2.2, Y* = X* via ¢* and hence X** = Y** via ¢**. Let mx : X — X™ and
my 1 Y — Y** be the canonical embeddings. Let x € X and let f € Y*. Then

—_

PHE)(f) = 2(9°(f) = &(f o ¢) = f(¢(x)) = ¢(x)(f).

—_—

Thus ¢**(z) = ¢(x) for all z € X; that is, the diagram

X 25 v

wxl Jw

d)**

commutes. Since ¢ and ¢** are bijective, the commutativity of the diagram above
implies that 7x : X — X™ is surjective if and only if 7y : Y — Y™ is surjective;

that is, X is reflexive if and only if Y is reflexive. O

For each 1 < p < o0, let ¢, be the linear space consisting of all sequences x = (z,,)
in I for which ||z], = (i |xn|p)% < 00. Then || - ||, is a norm on ¢,, and ¢, is a
Banach space with respe(?tzilzo this norm.

Let ¢, be the linear space consisting of all bounded sequences = = (z,) in F.
Then ||z]|s = sup{|z,| : n € IN} defines a norm on ¢, and ¢, is a Banach space with

respect to this norm. Let ¢y be the linear space of all sequences in I that converge

to 0. Then ¢j is a closed linear subspace of /.., and hence ¢ is a Banach space.
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REMARK 5.2.4. Let 1 <q<ooandletp:q%1. Then 1 < p < 0o and %+%:1.
Let = (x,) € {;,. Then g,(y) = i TnYn (Y = (yn) € {,) defines a bounded linear
functional on £,. In fact, ¢, : ¢, l:zp*,x > ¢, is an isometric isomorphism. Also,
for each z = (z,) € 4y, f.(y) = io: z2nYn (Y = (yn) € co) defines a bounded linear
functional on ¢y, and ¢y : {7 — co*ib:zl»—> f- is an isometric isomorphism. See Theorem

Pq ®
6.13 and Corollary 6.14 in [6] for the proof of the isomorphisms ¢, = ¢," and ¢, S co*.

Now let 1 < p < oo and let g = p%l. Then ¢, = ¢," and ¢, = {," via ¢, and
g, respectively. By Lemma 5.2.2, ¢,* : £, = £, — X o g, is an isometric
isomorphism. Let T': ¢, — £, be the canonical embedding. Then for z = (x,) € ¢,
and y = (3,) € £, we have ¢,"(2)(4) = #(p0)) = @ W)(x) = 2z = 2y(a)1).

Thus ¢,* o T' = ,; that is, the diagram

gp**
l, = > U,

commutes. Since ¢, and ¢,* are bijective, the diagram implies that the embedding

T : 0, — {,"" is surjective. Therefore, we have the following proposition.
PROPOSITION 5.2.5. Let 1 < p < oo. Then £, is a reflexive space.

By Proposition 5.1.2, the map X — )?,a: — 2 is a linear bijection. Then the

proposition below holds obviously.

PROPOSITION 5.2.6. Let X be a normed space. Equip X with the weak topology
and X with the relative weak-star topology of X**. Then the map X — )/(\', T TS

a homeomorphism.

PROPOSITION 5.2.7. Let X be a normed space. Then X is norm closed in X** iof

and only if X is a Banach space.

PROOF. Suppose X is a Banach space. Since X~ X, X is a Banach space. By

Proposition 2.6, X is norm closed in X**. Conversely, suppose X is norm closed in
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X**. Let (f,) be a Cauchy sequence in X. Then (fn) is a Cauchy sequence in X**,
and hence f, — f for some f € X**. Since X is norm closed in X ** by Corollary

25, fe X. Thus X is complete. Since X = )/(\', X is a Banach space. O

The corollary below follows immediately from Proposition 5.2.7 and Corollary

4.24.

COROLLARY 5.2.8. Let X be a normed space. Then the following statements are

equivalent.

(a) X is complete.
(b) ball X is norm closed in X**.
(c) ball X s weakly closed in X**.

PROPOSITION 5.2.9. Let X be a normed space and let'Y be a dense linear subspace

of X. Then X* =2 Y* via 7 : f > fly, where 7 :Y — X is the inclusion map.

PrRoOOF. By Proposition 3.4.11, 7" : X* — Y™ is surjective, and

IO = [y [l = [If]] for all f e X*.

Hence, 7 : X* — Y™ is an isometric isomorphism. 0

For any normed space X, since X cC X**, we have o(X*, X) C o(X*, X*).

THEOREM 5.2.10. Let X be a normed space. Then the following statements are

equivalent.
(a) X is reflexive.
(b) o(X*, X) = o(X*, X*).
(¢) ball X is weakly compact in X .
Furthermore, each of (a)-(c) implies the following
(d) X* is reflexive,

and (a)-(d) are equivalent if X is a Banach space.



5.2. REFLEXIVITY OF NORMED SPACES 42

PROOF. (a)=(b). Suppose X is reflexive. We only need to show that o(X*, X**) C
o(X*, X). Let f € X* and let (f;) be anet in X* with f; — f in ¢(X*, X). Then for
all v € X,

(@, fi) = (fix) = (fr2) = (&, f).
Since X = X**, f; — f in o(X*, X**). Therefore, o(X*, X**) C o(X*, X).

(b)=(a). Suppose o(X*, X) = o(X*, X**). Then

X = (X*, wk)* = (X*,wk*)" = X

by Theorems 4.2.1 and 4.2.2. Therefore, X is reflexive.
(a)=-(c). Suppose X is reflexive. By Proposition 5.1.2,

ball X = ball X = ball X**.

It follows from Banach-Alaoglu theorem that ball X is weak-star compact in X**. By
Proposition 5.2.6, ball X is weakly compact in X.

(¢c)=(a). Suppose (c) holds. By Proposition 5.2.6, Pall X is weak-star compact in
X**. Since the weak-star topology on X** is Hausdorff, by Proposition 2.11, ball X
is o(X**, X*) closed in X**. By Theorem 5.1.3, ball X = ball X**. It follows from
Proposition 5.1.2 that

X = Sp&@ X) = span(m) = span(ball X™) = X™".
Therefore, X is reflexive.

(b)=(d). Suppose o(X*, X) = o(X*, X**). Then ball X* is o(X*, X**) compact
in X* by Banach-Alaoglu theorem. Since X* is a normed space, by the equivalence
of (a) and (c) proved already, we obtain that X* is reflexive.

In the rest of the proof, we assume that X is a Banach space.

(d)=(a). Suppose (d) holds (that is, X+ = X**). Since X is a Banach space,
by Corollary 5.2.8, ball X is o(X**, X***) closed in X**. Note that o(X**, X***) =
o(X**, X*) by the equivalence of (a) and (b) for X*. Therefore, ball X is o( X, X*)

closed in X**, and hence X is reflexive as shown in the proof of (c¢)=(a). O
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The corollary below was suggested by Dr. Hu. However, the author was unable

to give a complete proof.

COROLLARY 5.2.11. Let X be a normed space. Then the following statements are

equivalent.

a) X is reflexive.

)
b) ball X is weak-star compact in X**.
(c) ball X is weak-star closed in X**.

)

(d ball X is weakly compact in X**.

As seen below, (a)-(c) and (d) in Theorem 5.2.10 are not equivalent if the normed
space is not complete but its completion is reflexive. For this case, we will show the

negation for each of (a)-(c) directly without using their equivalence.

The following example and its proof were suggested by Dr. Hu.

EXAMPLE 5.2.12. Let X be a reflexive space and let Y be a dense linear subspace
of X with Y # X (e.g., X =/, with 1 < p < ocoand Y = (cp, || - ||p)).- Then Y* is
reflexive, but Y does not satisfy any of (a)-(c) in Theorem 5.2.10.

PROOF. Let 7 : Y — X be the inclusion map. Then X* = Y* via 7* (cf.
Proposition 5.2.9). By Theorem 5.2.10 and Proposition 5.2.3, Y* is reflexive.

Since Y # X =Y, Y is not closed in X. By Proposition 2.6, Y is not complete.
It follows from Corollary 5.2.1 that Y is not reflexive.

Now we show that ball Y is not weakly compact in Y. Choose zqg € X with
|zol| = 1 and zy ¢ Y. Then there exists a sequence (y,) in Y such that y, — ¢
by Proposition 2.4. Since ||y,|| — ||zo]| = 1, we can assume that y, # 0 for all n;

|7 yn, we can take the sequence (y,) from ball Y.

furthermore, replacing y,, by |y,
Assume that ball Y is weakly compact in Y. Then (y,) has a subnet (y,,) such that
Yn, — y weakly in Y for some y € ball Y. Hence, y,, — y weakly in X. Note that

we also have y,, — o weakly in X since |y,, — zo|| — 0. The uniqueness of the
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limit implies that o = y, and hence xy € Y, contradicting that zq ¢ Y. Therefore,
ball Y is not weakly compact in Y.

Finally, we show o(Y*,Y) # o(Y™*,Y*™) by finding a net in Y* that is convergent
in o(Y*,Y) but not in o(Y*,Y*). Let M be the family of all finite dimensional
linear subspaces of Y. Then M is a directed set under the inclusion order. Now each
M € M is closed in X. By Theorem 3.4.8, for each M € M, there exists fM ¢ X*
such that fM(zg) =1 and fM|y = 0. Let g™ = 7*(fM) = fM|y.. Then (¢™)rren is
anet in Y* and g™ (y) — 0 for all y € Y. Therefore, g™ — 0 in o(Y*,Y’). Note that
T Y™ — X™* is an isometric isomorphism since X* = Y* via 7*. Let y** € Y** be

such that 7**(y*™*) = Zo. Then for all M € M, we have
=y (T (M) = () (M) = o (fY) = M (@) = 1.

Hence, (g™) is not convergent (to 0) in o(Y™*, Y**). O

REMARK 5.2.13. Note that the isometric isomorphism 7* : X* — Y™ given in
Example 5.2.12 is not a wk*-wk* homeomorphism though, as an adjoint map, it is

automatically wk*-wk* continuous.

COROLLARY 5.2.14. Let X be a reflexive space and let M be a norm closed linear

subspace of X. Then M 1is a reflexive space.

PROOF. Since ball M is norm closed in M and M is a norm closed linear subspace
of X, ball M is norm closed in X. By Corollary 4.2.4, ball M is weakly closed in X.
Since X is reflexive, by Theorem 5.2.10, ball X is o(X, X*) compact in X. Since
ball M C ball X, by Proposition 2.11, ball M is o(X, X*) compact in X. It follows
from Theorem 3.4.10 that X*|,; = M* and hence o(X, X*)|yy = o(M, M*). Thus
ball M is o(M, M*) compact in M. By Theorem 5.2.10, M is reflexive. O

DEFINITION 5.2.2. Let X be a normed space. A sequence (z,) in X is called
weakly Cauchy if for all z* € X*, ({x,,2*)) is a Cauchy sequence in F. X is called

weakly sequentially complete if every weakly Cauchy sequence in X converges weakly.
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THEOREM 5.2.15. Fvery reflexive space is weakly sequentially complete.

PROOF. Let (z,) be a weakly Cauchy sequence in a reflexive space X. Then for
each * in X*, ((x,,2*)) is a Cauchy sequence in I and hence ((z,,z*)) is bounded.
Thus sup |2*(z,)] < oo for all * € X*; that is, sup |[z,(z*)| < oo for all z* € X*.
Since XT} * is a Banach space and F with the absoluTtle value norm is a normed space,
by the Principle of Uniform Boundedness, sup ||z, || < co. It follows from Proposition

5.1.2 that M = sup ||x,|| = sup ||Z,|| < oc.

n
In

Let y, = 3 (n € IN). Tﬁen (yn) is a weakly Cauchy sequence in ball X. Since
X is reflexive, by Theorem 5.2.10, ball X is weakly compact in X. By Theorem 2.10,
(yn) has a subnet (y,/) such that y, &y for some y € ball X. Thus (xn) is a
subnet of (z,) such that z,, Y 2= My € X. Let 2* € X*. Then (Tp,x*) = « for
some « € I, since (z,) is weakly Cauchy in X. By Proposition 2.8, (z,/,z*) — «.
Since x,,/ k2 in X, by the uniqueness of limit in F, (z,,2*) — a = (z,z*). Hence,

Tn NP ¢ Therefore, X is weakly sequentially complete. O

Note that the converse of Theorem 5.2.15 is not true. In fact, as shown below, ¢,
is not reflexive, though it is weakly sequentially complete (see Proposition 2.3.12 in

[1] for the proof of the fact that ¢; is weakly sequentially complete).

EXAMPLE 5.2.16. Recall that o, = /1" and ¢; = ¢o* via the maps ¢, and ¢y,
respectively (cf. Remark 5.2.4). It follows from Lemma 5.2.2 that the dual map
©1* 1™ = 03, A —= Aoy is an isometric isomorphism.

Let 7 : cg — l5 be the inclusion map. Then 7 : ¢y — {4 is not surjective since
xo = (1,1,-++) € boo —co. Let T : ¢g — ¢o** be the canonical embedding. Similar

arguments as given in Remark 5.2.4 shows that the diagram

T
co — U

r| =

cpt —— 61*
p1*
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commutes. Since ¢, and ¢1* are bijective and 7 : ¢g — f is not surjective, the
embedding T : ¢y — ¢p** is not surjective. Hence, ¢; is not reflexive. By Theorem

5.2.10, ¢o* is not reflexive. Since {1 = ¢y*, ¢; is not reflexive by Proposition 5.2.3.

5.3. Separability of normed spaces

DEFINITION 5.3.1. A topological space X is said to be metrizable if the topology

on X is induced by a metric on X.

THEOREM 5.3.1. Let X be a normed space. Then ball X* is weak-star metrizable

if and only if X is separable.

PROOF. We can assume that X # {0}. Suppose X is separable. By Proposition
2.7, ball X is separable. Let C' = {x1, 22,23, -} be a countable dense subset of
ball X. Define d : ball X* x ball X* — [0,00) by d(z*,y*) = Z Hen” =)l 7?” . For all
x*,y* € ball X* and n € IN, we have

o =) _ Nama) + lfea sl 2

— 21—n
on on = oon ’

and thus d(z*, y*) < i 217" = 2 < 0o. Hence, the function d is well defined.

Let x*, y* € ball )n(z*l Then d(z*,z*) = 0, d(z*,y*) > 0, and d(z*,y*) = d(y*, z*).
Suppose d(z*,y*) = 0. Then [(x,,2* —y*)| = 0 for all n € IN. Since C' is dense in
ball X, by Proposition 2.14, (x,z* — y*) = 0 for all € ball X and hence for all
x € X. Thus z* = y*. Hence, d(z*,y*) = 0 if and only if z* = y*. Also, for all

x*,y*, 2% € ball X*, we have

n=1

Therefore, d is a metric on ball X*.

Let T be the topology on ball X* induced by d, let ¢ be the weak-star topology
on ball X* and let I be the identity map from (ball X* o) to (ball X*,T"). To show
that (ball X* o) is metrizable, we only have to show that I is a homeomorphism.

By Banach-Alaoglu theorem, (ball X* o) is compact. Since I is a bijection from a
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compact space to a Hausdorff space, by Proposition 2.13, we only need to show that
I: (ball X* o) — (ball X*,T) is continuous. Let z* € ball X* and let (z}).ca be a

net in ball X* with 2 %+ z*. Then (z,, 2} — 2*) — 0 for all n. Let € > 0. Choose

N e N such that 2'"V < £. For each n € {1,---, N}, there exists o, € A such that
[(zn, 2t —27*)| < 2 for all @ € A with a = a,. Since A is a directed set, there exists
ag € A such that ag = «; for all 1 <7 < N. Hence, we have

@zt — 2| (w2, — 2]
d(ah,a%) =y Hmee + Yy e

2n 2n
n=1 n=N+1
N 0o
<Zi+ d ot porNV &
n=1 2 n=N-+1 2 2

for all & € A with « = ap. Thus z¥, % 2*. Hence, I : (ball X* o) — (ball X* T is
continuous. Therefore, ball X* is weak-star metrizable.

Conversely, suppose ball X* is weak-star metrizable. Then there exists a metric
d on ball X* such that the weak-star topology on ball X* is induced by d. For each
ne N, let U, = {:1:* € ball X*: d(z*,0) < 1}. Then each U, is open in (ball X*, o)
with 0 € U, and ﬂ U, = {0}. Let n € IN. Since 0 € U,, by the definition of the
weak-star topology on ball X* and Definition 3.1.3, there exist z € X and €} > 0
(¢=1,---, my,) such that

({z" € ball X" : (a7, 27)| < €'} C U,

=1

Let F, = {«7,--- 2, } and let F' = (J F,. Then

n=1

{z* € ball X*: [{(x,2*)| =0 forall x € F,,} CU,

for all n, F is countable, and F* is a linear subspace of X*. Let z* € ball F*. Then
[{(z,2*)] = 0 for all z € F,, and n € N. Thus z* € (| U, = {0}. It follows that
n=1

ball F+ = {0}. Hence, F* = span(ball F*) = {0}. By Propositions 3.1.6 and 4.2.9,
L(F1) = span(F) is separable. Therefore, X = +{0} = +(F") is separable. O
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