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ABSTRACT

Mathematical models are developed for the prediction of heat 

transfer from hot water pipes buried in the soil. Heat transfer in 

the absence of moisture transfer is described as a function of the 

difference between the temperature of the pipe and the temperature 

of the soil surface. The energy balance is used to determine the 

longitudinal temperature distribution of the water. The method is 

extended to describe a system of equally spaced, parallel buried 

pipes. Soil temperature profiles around the pipes are presented.

The model is used to calculate the land area that can be heated 

by an underground piping system carrying cooling water from the 

condensers of a 1000 MW nuclear-electric plant.

A new development of the phenomenological equations for coupled 

heat and moisture flow, based on the theory of Irreversible 

Thermodynamics, is presented. Solutions of the equations for boundary 

conditions representative of buried piping systems designed for 

simultaneous soil heating and irrigation are presented.
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I. INTRODUCTION

The beneficial use of "waste heat" from electric power 

generation facilities is receiving increased attention as a means 

of simultaneously reducing the thermal pollution threat to surface 

waters and "recovering" part of the valuable thermal energy re-

jected from power plant steam condensers. One such beneficial use 

is soil heating to increase agricultural crop production. Such an 

alternative to current power plant heat rejection practices may be 

advantageous where water reserves sufficient to prevent undesirable 

temperature increases are not available and where atmospheric 

conditions preclude the use of cooling towers for closed loop cooling.

An added advantage could accrue from potential return on investment 

from increased crop yields in an integrated power-plant/agricultural 

complex.

Boersma (1) proposed an agricultural complex utilizing 

waste heat to enhance production of fresh or saltwater fish and 

crustaceans, to produce high protein food supplement in warm water 

ponds which use waste rejected from animal rearing facilities 

as raw material input, and to increase conventional crop production 

by soil heating.

The writers' work was initiated in response to a need for better design 

tools by which to study the practicality and cost-effective

ness of soil heating for agricultural purposes. Other investigators have 

predicted land area requirements for power plant heat rejection by soil



heating with grossly oversimplified mathematical models. These 

models, which perhaps give "order of magnitude" information useful 

for preliminary evaluation of soil heating, are not sufficiently 

accurate for design or even cost-study use.

The work performed under this contract can be divided into 

three areas.

1) A thorough literature survey was made to determine the 

present capability for predicting heat and moisture transfer 

through the soil-plant-atmosphere complex from subsurface 

conduits carrying warm water from power plant condensers.

This survey included a study of mathematical models previously 

proposed for heat and/or mass transfer in soil (and to the 

atmosphere from the soil surface) as well as a survey of physical 

data required for such models. The latter include determinations of

thermal conductivity, moisture (liquid and vapor) transfer coefficients 

(i.e. diffusivity), and heat capacity. Such measurements are very 

d ifficu lt in some cases, and therefore only scattered, 

incomplete data are to be found in the literature. This is 

particularly true for the effects on the aforementioned properties of such 

factors as surface tension (capillary effects), "coupled" heat and 

moisture flow, simultaneous liquid and vapor flow, and "history- 

dependence," a ll of which are common and may be important in the 

soil-water system.

2) Mathematical models were developed for predicting heat transfer 

from buried water pipes, by the method of images. The new models

2



allow for temperature variation of the water along the 

length of the pipe, and w ill predict two-dimensional 

temperature fields and accompanying heat transfer for 

systems of multiple, parallel, buried pipes.

Unidirectional flow in a ll pipes as well as flow in alternate 

directions in neighboring pipes (useful for partial 

elimination of temperature gradients throughout the root 

zone) can be modeled. Although the models described 

require the assumption of constant soil—surface temperature 

and constant soil thermal properties, i t  is believed that they 

can be useful in design of subsurface soil warming systems 

when "average values" of thermal properties are used. The 

models allow prediction of land use requirements and 

provide a tool useful for optimizing the soil warming 

system design with respect to such parameters as pipe size, 

burial depth, horizontal spacing, and water flow rates.

3) The last phase of the work was the development of 

mathematical models for the description of simultaneous, 

"coupled," heat and moisture transfer in soil. The 

development is based on the methods of Irreversible 

Thermodynamics. Many investigators have studied 

unsaturated soil moisture flow in the presence of temperature 

gradients, but very lit t le  effort has been made to solve the 

resulting model equations with boundary conditions similar to 

those which would be anticipated in a simultaneous soil 

warming-irrigation complex. Furthermore, previous developments

3



in this area, particularly those based on the methods 

of Irreversible Thermodynamics, have not a ll been 

consistent with thermodynamics theory. I t  is believed 

that the development presented here of the so-called 

"phenomenological equations," which describe coupled 

energy and mass transfer, provides added insight into these 

processes. Although this phase of the work has not been 

completed because of unforseen problems which arose in the 

numerical solution of the equations, the group at the 

University of Arkansas Water Resources Research Center plans 

to continue this investigation on a non-funded basis.

4
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BACKGROUND AND 

LITERATURE SURVEY

The growing demand for electric power is causing concern about 

the effect on the environment of the tremendous quantities of heat 

that must be rejected from steam generation power plant condensers.

The temperature increase of condenser cooling water averages 15°F (1).

The amount of water withdrawn from U.S. waterways for condenser cooling is 

estimated to be 40 trillio n  gallons per year, or roughly 10 percent of the

total surface water flow in U.S. rivers and streams. The return of this 

heated water places a thermal burden of approximately five quadrillion 

Btu per year on the environment (1970 figures).

Many warm water utilization schemes have been proposed for beneficial 

use of reject heat from steam electric power plants. One such 

scheme, proposed by Boersma (2), involves the use of subsurface piping 

systems carrying the hot condenser water discharge to heat soil in 

agricultural complexes. Soil warming has two attractive benefits: 

extension of the growing season (sometimes allowing multiple cropping), 

and acceleration of plant growth.

As the firs t phase of the writers' work, a literature survey was made of 

methods applicable to the modeling of subsurface water-pipe soil heating 

system design and evaluation. Although none of the previously developed 

models were considered satisfactory, a very large body of literature 

bearing directly on the problem was identified. Only the more important 

examples of previous work which were associated directly with further work 

undertaken by the writers' group are dicussed herein. For purposes of convenience



as well as organization, the previous work is divided into two 

groups: (1) heat transfer only and (2) simultaneous heat and moisture

transfer. In addition an extensive lis t of published literature sur

veyed which would be of interest to investigators in this field is 

included as Appendix I.

HEAT TRANSFER ALONE

The firs t published study of heat loss from buried pipes appears 

to have been by Allen (3) in 1920. Allen developed the following 

equation for determining heat loss:

6

where

q = heat flow rate per unit length of pipe 

T1 = temperature of the outside of the pipe

assumed equal to that of the fluid in the pipe 

T2 = average temperature of the ground at a point where 

the heat from the pipe does not affect the ground 

temperature appreciably 

R = outside radius of the pipe

r2 = distance from the center of the pipe at which the 

temperature of the ground becomes T2 

k = thermal conductivity of the ground.

Allen concluded from his studies that the heat loss from a buried pipe 

is not proportional to the external surface area of the pipe. He also 

stated that the burial depth makes lit t le  difference in the heat loss, 

provided the center of the pipe is two feet or more below the surface.

[ 1 ]
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His model assumes an "infinitely extended isotropic, constant property 

soil and can be developed easily by use of an energy balance and 

Fourier’s Law.

Karge (4) presented the following equation in 1945 for predicting

the temperature drop in oil pipe lines:

[2]

where

T = oil temperature at some distance Z down the line

TI = initial temperature of the oil

Ta = atmospheric temperature

R = outside radius of the pipe

Z = length of pipe

Cp = heat capacity of the oil

m = flow rate of oil

U = heat transfer coefficient, oil to atmosphere.

Karge’s model includes the effect of external surface area of the pipe.

A model essentially identical to Alien’s (3) was proposed by Kemler 

and Oglesby (5) for use in heat pump design.

Andrews (6) described the "shape factor method" for predicting heat 

transfer in a solid with complicated boundary conditions. The shape 

factor is used in the equation:

where

q = heat flow rate

k - thermal conductivity of solid

[3]



ΔT = "characteristic" temperature difference 

S.F. = geometrical shape factor.

Using the method of images and the principle of superposition,

Andrews developed shape factors for heat transfer between neighboring 

cylinders and from a cylinder to an infinite plate. He used 

these shape factors to predict heat transfer between two pipes buried 

in the ground. Andrews' method did not account for the effect of the 

soil surface boundary condition. He did, however, suggest an iterative 

procedure to account for temperature gradients along the length of a 

pipe.

Carslaw (7), and more recently Jakob (8) and Kutateladze (9) 

used the method of images to calculate heat transfer from a 

buried pipe to the surrounding soil. Jakob (8) presented the following 

model for the temperature distribution in a homogeneous soil around a 

buried pipe or cable:

[4]

where

T(x,y) = temperature at any point in the soil 

Ts = surface temperature of the soil 

k = thermal conductivity of the soil 

q = heat transfer rate per unit length of cable 

h = depth of burial, measured to the center line of 

pipe or cable

x = horizontal distance from center of cable 

y = vertical distance from soil surface .

8



This model assumes an isothermal soil surface whose temperature 

is controlled by external factors independent of the buried pipe 

temperature. (This assumption is discussed in Section V.)

The previous models were developed in a ll cases with the constraint 

that an analytic solution of the model was required. This requirement 

led to the assumptions of constant soil thermal properties, constant 

soil surface temperature (for the method of images),and one-dimensional 

or symmetrical temperature fields. The use of fin ite difference numerical 

methods designed for digital computer simulation allows treatment of 

variable thermal properties and more realistic boundary conditions.

However, computer simulation of heat transfer from buried pipes does 

not seem to have been pursued to an appreciable extent, at least not in 

the published literature, before 1970. Furthermore, the increased modeling 

capability associated with such methods is gained at the expense of ease 

of computation and, perhaps more important, with some sacrifice of use

fulness in cost optimization studies. Because a goal of the present work 

is to develop mathematical models useful for in itia l design and cost 

evaluation, as well as for use in optimizing design parameters, primary 

emphasis was given to "continuous" (as opposed to fin ite difference) models.

The primary deficiencies in the models previously suggested for 

prediction of heat transfer from buried pipes carrying warm water are

1) assumption of constant property, isotropic soil,

2) neglect of temperature variation along the length of the pipe, and

3) neglect (except in the "method of images" methods) of the effect 

of the soil surface boundary condition.

9



HEAT AND MOISTURE TRANSFER

It is well known that the "effective thermal conductivity" of 

soil increases with moisture content. The early attempts to modify 

heat transfer models for application to moist soils merely incorporated 

increased "average" thermal conductivity values. Schmill (10) used the 

method of images to determine the "effective" thermal conductivity of 

soil around a buried cable when moisture migration from the vicinity 

of the cable had occurred.

Field experiments by Boersma (2) demonstrated migration of 

moisture away from warm water lines buried in the ground. This 

moisture migration leads to the development of a "dry core" around the 

pipe with substantially reduced thermal conductivity and heat transfer. 

It appears at this time that the use of underground soil heating systems 

would be impractical without provision for simultaneous irrigation to 

prevent drying of the soil in the plant root zone. Thus, although pure 

heat transfer models with "average values" of thermal conductivity may 

be useful in determining estimates of the land area required for a 

given heat rejection from power plant condensers, models capable of 

predicting heat and mass transfer will almost certainly be required 

for a final system design.

The published literature on simultaneous heat and mass transfer 

is extensive. Attempts to model this kind of process have ranged from 

almost totally empirical to state-of-the-art theory. The most common 

approach is to combine the classical models of Fourier and Darcy.

Philip and DeVries (11) proposed the following model.

10



Classical Model

The Philip and DeVries model describes moisture and heat 

transfer in porous media under combined moisture and temperature 

gradients. The model is said to apply in a ll ranges of moisture 

content:

[5]

11

where is the liquid flux, g/cm2sec

Dθϑ is the isothermal liquid diffusivity of water in soil, 

cm2/sec

is the volumetric water content, cm3 of water/cm3 of soil 

DTϑ is the thermal liquid diffusivity, cm2/sec°C 

K is the unsaturated hydraulic conductivity, cm/sec 

i is a unit vector in the vertical direction 

qv is the vapor flux, g/cm2sec

is the density of liquid water, g/cm3 

Dθv is the isothermal vapor diffusivity, cm2/sec 

is the thermal vapor diffusivity, cm2/sec 

qn is the heat flux, cal/cm2sec 

A is the thermal conductivity, cal/cm sec°C

L is the heat of vaporization, cal/g

Cϑ is the specific heat capacity of liquid water, cal/g°C
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To is an arbitrary reference temperature, °C 

T is the temperature, °C

qm is the total moisture flux = qϑ + qv, g/cm2sec 

V is the gradient operator.

The various diffusivity values are further given by DeVries (11) as:

where Datm is the molecular diffusion coefficient of water vapor in 

air, cm2/sec

v is a mass flow factor, dimensionless

ϐ = dρv/dT, g/cm3oC

is the density of saturated water vapor, g/cm3 

(ΔT) is the average temperature gradient in air-filled pores,

°C/cm

f = S , 0ϑ < 0 ϑ k

f  = a +  a θϑ/ ( s - θϑk )

a is the volumetric air content, cm3 of air/cm3 of soil 

is the value of θ  at which liquid continuity fails 

S - is the porosity .

dtϑ = KγΨ

where γ is the temperature coefficient of surface tension, 1/°C 

Ψ is the matric suction potential, cm.

where a is a tortuosity factor for diffusion of gases in soil,

dimensionless

DTV = fDatmVϐh(ΔT)a/ρϑΔT



g is the acceleration due to gravity, cm/sec2

ρv is the density of water vapor, g/cm3

R is the universal gas constant, erg/g°C.

This model ignores the coupling effects between the liquid 

phase moisture transfer and the vapor phase moisture transfer.

Equations [5], with appropriate boundary conditions, could be 

solved to predict heat and moisture transfer in a soil warming- 

irrigation system. However, measurement of the information re

quired for specification of the diffusivity coefficient is 

d ifficu lt.

A model very similar to that proposed by Philip and DeVries 

can be "developed" by the method of Irreversible Thermodynamics 

(12, 13, 14). Cary and Taylor (12) presented the following 

model for simultaneous heat and moisture transfer in soil, using 

this method.

Irreversible Thermodynamic Model

Cary and Taylor (12) used the method of Irreversible Thermo

dynamics to develop equations describing the transfer of heat and 

mass in soil. The equations are applicable only in the high moisture 

content (liquid dominant) range:

JW = -ρD[Vθ + ϐ*VϑnT]

Jq = -ρDϐΔθ - Lqq ΔϑnTq qq

where is the liquid water flux, g/cm2 day 

is the heat flux, cal/cm2 day

θ is the volumetric water content, cm3 of water/cm3 of soil

13
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Lqq is a phenomenological coefficient equal to the thermal

conductivity of the soi l  multiplied by the temperature, 

cal/day•cm

T is the temperature, °K

D is the isothermal coefficient of diffusivity of liquid water 

in soil, cm2/day

p is the density of the system, g/cm3 (assumed constant)

3* is a coefficient defined as Δθ/ΔϑnT at steady state and zero 

water flux, dimensionless

3 is a coefficient defined as Δμ /ΔϑnT at steady state and zero

water flux, cal/g

μw is the chemical potential of water, cal/g (assumed a single 

valued function of θ)

V is the gradient operator.

Both the Cary and Taylor and Philip and DeVries models have 

been tested in experimental studies involving frozen soil conditions 

(15), and evaporation from soil (16), and in sealed laboratory soil columns 

(17, 18). The general consensus in the literature seems to be that 

the Philip and DeVries model applies but the Cary and Taylor model 

does not. Most of the studies, however, were performed with 

fairly dry soils. A careful re-evaluation of one of the studies (18) 

indicated to the investigators that the Cary and Taylor model 

does predict moisture transfer under the influence of both moisture 

and temperature gradients. I t  should be noted that no independent 

measurements have been made of the heat flux in any of the experimental 

studies found, and the applicability of either model for prediction 

of the heat transfer has not been tested.



The principal investigator believes that the Cary and Taylor 

model, or a suitable modification thereof, can be used to predict 

heat and moisture transfer in unsaturated soils under conditions 

anticipated in subsurface soil warming-irrigation systems.

However, a development of the phenomenological equations is presented 

which- is believed to lend further insight into the model.

15
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I I I .  DEVELOPMENT OF THE MATHEMATICAL MODELS FOR HEAT TRANSFER

Consider an arbitrary length of water pipe buried at a 

constant depth in the soil. Assume that there is a temperature 

variation in the water in the longitudinal direction only.

A steady-state energy balance written for the system defined by 

the outside boundary surface of the pipe and the ends of a small 

length of pipe, Z and Z + AZ, gives

( 1 )

where m = mass flow rate of water through the pipe

H = specific enthalpy of water crossing the boundary 

q = heat flow rate per linear length unit at boundary of system 

Z = coordinate on longitudinal axis 

ΔZ = a small length of pipe 

At <= arbitrary length of time.

Equation (1) expresses the requirement that at steady state the 

net rate of heat transfer across the system boundary is equal to 

the net rate of energy transfer associated with mass flow across 

the system boundary.

Dividing Equation (1) by ΔZΔt , and taking the lim it of 

the result as AZ approaches zero, gives

( 2 )

I f  the enthalpy of the fluid crossing the boundary is considered 

a function of temperature only, then
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(3)

where Cp = heat capacity of water at temperature

= temperature of water at coordinate Z.

Using Equation (3), one can write Equation (2) as

(4)

Equation (4) is the differential energy balance for any 

point in the system. If q can be described as a function of the 

temperature of the water in the pipe at any longitudinal position 

Z, Equation (4), with appropriate boundary conditions, can be 

solved for the longitudinal temperature distribution of the water 

in the pipe. The length of pipe which is required to transfer 

a given amount of heat to the surrounding soil thus can be determined.

CASE I:

Consider a single pipe buried in a homogeneous soil at a 

constant depth, h. Assume that the water in the pipe is at a 

temperature higher than that of the surrounding soil, that there 

is no temperature variation in the water in the radial direction, 

and that the temperature drop across the pipe wall is negligible. 

If the soil medium were infinite, the steady-state radial flow of 

heat, at any cross-section of the pipe, from the water into the 

soil would be described by Fourier’s second law,

(5)

where k = thermal conductivity of the soil
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r = radial distance from the pipe center 

T = temperature of the medium at any radial distance r. 

The boundary conditions are:

(6 )

where R = outside radius of the pipe, and

T = Tw at r = R . (7)

If one assumes that the thermal conductivity of the soil is 

independent of temperature, Equation (5) becomes a linear, ordinary 

differential equation and can be solved by standard techniques.

The integrated form of Equation (5) for the stated boundary conditions 

is

(8 )

Equation (8) is invalid for points in a semi-infinite soil 

medium. However, i t  can be modified to describe the case of semi-

infinite soil by the method of images (8). Refer to Figure 1.

The method consists of supposing the soil medium to be infinitely 

extended. The pipe is represented by a line source of heat, located 

at the centerline of the pipe, with the same heat strength, q, as 

that of the pipe at the cross-section. A plane of constant temp

erature, Ts, at a distance h from the line source, is simulated 

by the superimposition of the effect of a line source of heat 

strength -q reflected symmetrically to the desired isothermal plane. The 

system is now an unbounded soil medium with a heat source, a heat
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Figure 1 Configuration Of Heat Source And Fictitious
Heat Sink (Image) For Determination Of 
Temperature Distribution Around A Buried 
Pipe By Method Of Images



sink, and an isothermal plane representing the surface of the ground. 

The effect of the superposition of the heat sink is to cancel any 

temperature variation at the plane y = 0 which results from the 

temperature contribution of the positive source.

I t  is convenient to transform the temperature scale so 

that Ts is the zero temperature point. Mathematically, this 

transformation is represented as

θ = T - Ts (9)

where θ = temperature excess above or below the soil surface 

temperature.

Equation (8) can be written as

(10)

where θw = temperature excess of the water above the soil surface 

temperature (Tw - Ts).

The "prime” indicates that the temperature excess is due to the 

source without presence of the sink.

The temperature field which would be established by the 

heat sink alone is described by the negative of Equation (10),

(11)

where θ = the temperature excess at radial distance ri 

θi =  temperature excess at ri  = R 

ri  = radial distance from image heat sink.

Summing the separate temperature fields represented by

20
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Equations (10) and (11) gives

(12)

Noting that , and that , one can

write Equation (12) as

(13)

where x = horizontal distance from source or sink

h = distance from soil surface to source

(h+y)= vertical distance from source

(h-y)= vertical distance from image sink.

Temperatures calculated from Equation (13) for points inside

the radius r = R have no physical meaning because it is assumed ini

tially that there is no temperature variation in the water in 

the radial direction.

The temperature calculated at the point (0,-h+R) approximates

the water temperature. This temperature is, from Equation (13),

(14)

It is important to note that q is not constant along the length 

of the pipe.

Equation (14) may be solved for q,

(15)



Substituting q from Equation (15) into Equation (4) yields

(16)

Equation (16) is a firs t order ordinary differential equation. 

The in itia l condition is

Tw - TI at Z = 0 (17)

where TI = in itia l water temperature.

Solving Equation (16) by standard techniques yields

(18)

(19)

For a required temperature drop of the water, the necessary length 

of pipe can be calculated from Equation (19).

CASE I I :

Consider a system of equally spaced parallel pipes, a ll

buried at the same depth below the surface of a homogeneous soil.

The arrangement is illustrated in Figures 2-a and 2-b. There are N

pipes on either side of the center pipe, for a total of (2N+1) pipes 

in the system, a ll having the same radius R. Water flows in the same 

direction at equal velocity in a ll pipes. The center pipe in the 

layout is taken for analysis.

Because Equation (13) is the solution to an ordinary, 

linear differential equation with linear boundary conditions,

or, solving for Z,

22



Figure 2-a Top View Of Soil Warming System With
Water Flowing In The Same Direction In 
Neighboring Pipes

2
3



Figure 2-b Cross-Sectional View Of Soil Wanning 
System With Water Flowing In The Same 
Direction In Neighboring Pipes

24



the temperature field established by each pipe (considered to be 

a line source) at an arbitrary cross-section is independent of 

a ll the other pipes (line sources) in the field. Thus, the effects 

of a ll sources can be superimposed to determine the temperature 

at a given point. The temperature field established by a single 

source was derived in CASE I  (Equation (13)).

The temperature established at an arbitrary point P 

(refer to Figure 2-b) by the nth source (numbered from the

center source) on the positive x-direction side is

(20)

where (nS-x) = the horizontal distance from the source to point P 

S = lateral distance between sources.

The temperature established at point P by the nth source on the 

negative x-direction side is

( 2 1 )

where (nS + x) = the horizontal distance from the source to point P.

A ll sources are of the same heat strength q. Superimposition 

of the fields established by a ll the sources, at point P, yields

25
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As in CASE I, the temperature at the point (0,-h+R) 

approximates the water temperature. This temperature is, from Equation (22),

(23)

I t  should be noted that a ll sources were taken to be of 

equal heat strength. The logarithmic series in Equation (23) 

converges rapidly. For a large number of pipes, the equal source 

strength analysis is a valid simulation for a ll pipes except those 

very near the sides of the field. The variation in the boundary 

area pipes can be ignored without significant error for the 

application considered here.

Equation (23) can be solved for q,

Substituting q from Equation (24) into Equation (22) yields

(25)

Equation (25) can be used to calculate the temperature at any 

point in the cross-section, with the exception of points inside 

a circle of radius R around each source. Temperatures inside

(24)
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these circles have no physical meaning because of the in itia l assumption 

of no temperature variation in the water in the radial direction. 

Substituting q from Equation (24) into Equation (4)

yields

This is a firs t order ordinary differential equation. The in itia l 

condition is the same as in CASE I,

(17)

Solving Equation (25) by standard techniques yields

or, solving for Z,

(27)

For a required temperature drop of the water, Equation (27) 

can be solved for the necessary length of pipe. By ignoring 

the variation in the boundary area pipes, one obtains the total area heated,

AREA = 2NSZ* (29)

where Z* = length of pipe necessary to drop the water temperature

a required amount.

T = TI at Z = 0.

(28)
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CASE III:

Consider a system of equally spaced parallel pipes, a ll 

buried at the same depth below the surface of a homogeneous soil. 

There is a total of (2N + 1) pipes in the system, a ll having the 

same radius R. Water flows in opposite directions, at equal 

velocity, in neighboring pipes. The arrangement is illustrated 

in Figures 3-a and 3-b, In Figure 3-b, the symbols H and C 

represent the relative temperatures of the water in each pipe at 

an arbitrary cross-section. The center H and C pipes are 

taken for analysis.

sources of heat strength q1 and q2 , respectively. As in CASE II, the 

temperature field established by each source is independent of 

a ll other sources. Thus, the contributions of a ll sources at a 

given cross-section to the temperature at an arbitrary point can 

be superimposed to determine the temperature at that point. The 

temperature field established by a single source was derived 

in CASE I (Equation 13).

The temperature established at point P (referring to 

Figure 3-b) by the nth H source in the positive x-direction 

(numbered from the center H source) is

where (2nS-x) = the horizontal distance from the nth H source to 

point P

(h+y) = the vertical distance from the nth H source to point P.

The H and C pipes in the system are simulated by line

(30)



Figure 3-a Top View Of Soil Warming System With 
Water Flowing In Opposite Directions 
In Neighboring Pipes

2
9
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Figure 3-b Cross-Sectional View Of Soil Warming 
System With Water Flowing In Opposite 
Directions In Neighboring Pipes



The temperature established at point P by the nth H source in the 

negative x-direction is

(31)

where (2nS + x) = the horizontal distance from the nth H source to

point P.

The temperature established at point P by the nth C source in the 

positive x-direction is

(32)

where (2nS-S-x) = the horizontal distance from the nth C source to

point P.

The temperature established at. point P by the nth C source in the 

negative x-direction is

(33)

where (2n-S+x) = the horizontal distance from the nth C source to

point P,

Superimposition of a ll temperature fields established by the 

sources, at point P, yields
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(34)

I t  should be noted that a ll H sources were taken to be of equal 

heat strength, and that a ll C sources were taken to be of equal 

strength. For a large number of pipes, this is a valid simulation 

for a ll pipes except those near the sides of the field, because a ll 

the logarithmic series in Equation (34) converge rapidly. The 

variation in the boundary area pipes can be ignored without 

significant error for the application considered here.

Application of Equation (34) to the point (0, -h + R)

yields

(35)

where Twl = temperature of water in H pipe.

Application of Equation (34) to the point (S, -h + R) yields

(36)

where = temperature of water in C pipe.
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and

and
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Let

(38)

Equations (3 5) and (36) then can be written, respectively, as

(39)

(40)

These equations can be solved simultaneously for q1 and q2. The 

result is

(41)

(42)

Substitution of and q2 from Equations (41) and (42) into 

Equation (34) yields
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(43)

Equation (43) can be used to calculate the temperature 

at any point in the cross-section, with the exception of points 

inside a circle of radius R around each source. Temperatures 

inside these circles have no physical meaning because of the in itia l 

assumption of no temperature variation in the water in the radial 

direction.

Substituting and q2 from Equations(41) and (42),

respectively, into Equation (4) yields

and

(44)

(45)

The in itia l conditions are

Tw1 , = TI at Z = 0 

and

(46)

Tw2 = TF at Z = 0. (47)

Because of the symmetrical layout of the soil warming system,

Tw1 = TF at Z = Z* (48)

and

Tw2 = TI at Z = Z* (49)

where Z* = length of pipe required to drop the water temperature

from TI to TF . 
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The minus sign on the firs t term in Equation (45) is due to the 

fact that the mass flow in the pipe is in the opposite direction 

of the mass flow used in the derivation of Equation (4).

Laplace Transforming of Equations (44) and (45) and rearranging 

give , respectively,

where f(s) = Laplace Transform of (Tw1-Ts) 

g(s) = Laplace Transform of (Tw2-Ts) 

s = Transformation variable•

Solving these equations simultaneously for f(s) and g(s) yields

and

Inversion of Laplace Transforms f(s) and g(s) gives, respectively,

(54)

(50)

(51)

and
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and

The graph of Equation (55) is the translation by Z*  of the mirror 

image of the graph of Equation (54) between the limits of Z=0 and Z*.

For a required temperature drop, Equation (54) or Equation 

(55) must be solved by tria l and error for Z*. By ignoring the 

variation in the boundary area pipes, one obtains the total area heated,

AREA = 2NSZ* . (56)



IV. application of mathematical models for heat transfer

To calculate the land area that can be heated by an 

underground piping system carrying cooling water from the con-

densers of a 1000 megawatt nuclear-powered steam generation electric 

power plant, i t  is necessary to specify the physical conditions 

under which the system is to operate. For purposes of illustration, 

the following conditions are assumed.

1. The thermal efficiency of the power plant is 34 per cent.

2. The cooling water flow rate from the condensers is 

39.6 million gallons per hour.

3. The cooling water is discharged from the condensers

at a temperature of 100∘ F.

4. The cooling water must be cooled to a temperature of 

80°F before i t  is returned to its  natural origin.

5. The underground piping system consists of two-inch 

diameter pipes. The pipe wall thermal conductivity is 

large compared to the soil thermal conductivity.

The pipes are buried at a depth of two feet and are 

spaced three feet apart.

6. The average velocity of the water in each pipe is 

five feet per second.

7. The thermal conductivity of the soil to be heated is 

1.0 Btu/ft.-hr.-°F.

The total number of pipes in the system can be calculated 

by dividing the total water flow rate by the water flow rate 

capacity of a single pipe. The total number of pipes is 2N+1, where

37



38

N is the number of pipes on either side of the center pipe in the 

field. Therefore

= 13,500 pipes.

The total land area heated can be calculated by using 

the results of CASE II  or CASE III .

CASE II: The water flows in the same direction in a ll 

pipes (see Figure 2-a). The length of the center pipe can be 

calculated from Equation (28):

= 18,400 feet.

The total area heated is:

pipe is given by Equation (27):

AREA = 2NSZ* =

= 17,095 acres .

The longitudinal temperature profile of the water in the
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Tw = 64.0 °F + (36.0 °F) exp (-4.48 x 10-5 Z).

The longitudinal water temperature profile is shown in Figure 4.

The temperature of the soil at any point in a given cross- 

section can be calculated from Equation (25). The corresponding 

water temperature at that cross-section to be used in Equation (25) 

can be obtained from Figure 4. Figures 5,6, and 7 are graphic 

representations of Equation (25) at longitudinal distances of 

0, 7400, and 18,400 feet, respectively. In these figures, soil 

isotherms are plotted versus x and y.

As can be seen from Figures 5,6, and 7, the temperature 

distribution in the soil varies from one end of the field to the 

other. This variation is shown in Figure 8, a plot of the 

average temperature of the soil one foot below the surface of the 

ground versus longitudinal position in the field. The maximum 

and minimum temperatures of the soil at the one foot level also are 

shown in Figure 8.

CASE I I I : The water flows in opposite directions in 

neighboring pipes (see Figure 3-a). The length of the center pipe 

can be calculated from Equation .(54) or Equation (55) :



Figure 4 Longitudinal Temperature Profile Of Water 
In Pipe Of Soil Warming System With Water 
Flowing In The Same Direction In Neighboring 
Pipes

4
0
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Figure 5 Soil Temperature Profiles At Z = 0 Feet 
Around Buried Pipes Of Soil Wanning 
System With Water Flowing In The Same 
Direction In Neighboring Pipes
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Figure 6 Soil Temperature Profiles At Z = 7400 Feet 
Around Buried Pipes Of Soil Warming System 
With Water Flowing In The Same Direction 
In Neighboring Pipes
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Figure 7 Soil Temperature Profiles At Z = 18,400 Feet 
Around Buried Pipes Of Soil Warming System 
With Water Flowing In The Same Direction 
In Neighboring Pipes



Figure 8 Temperature Variation One Foot Below
Ground Surface Of Soil Warmed By A System 
Of Pipes With Water Flowing In The Same 
Direction In Neighboring Pipes

4
4
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(80°F-64°F) = (100°F-64°F) cosh (6.05 x 10-5Z*)

Solving for Z*, by tria l and error, 

Z * = 19,360 feet .

The total area heated is:

The longitudinal water temperature profiles in neighboring pipes are shown 

in Figure 9.

The temperature of the soil at any point of a given cross- 

section of the field can be calculated from Equation (43). The 

corresponding water temperatures at that cross-section, to be used 

in Equation (43), can be obtained from Figure 9. Figures 10, 11,

12, and 13 are graphic representations of Equation (43) at 

longitudinal distances of 0, 6000, 9680, and 19,360 feet. In 

these figures, soil isotherms are plotted versus x and y.

As can be seen from Figures 10, 11, 12, and 13, the tempera

ture distribution in the soil varies from one end of the field to

Tw1 = 64.0°F+(36.0°F) cosh (6.05 x 10-5Z)

- (32,64°F) sinh (6.05 x 10_5Z)

T = 64.0°F + (16.0°F) cosh (6.05 x 10-5Z)

- (5.24°F) sinh (6.05 x 10-5Z).

AREA = 2NSZ* =
2(6570)(3.0 f t ) (19,360 ft) 

(43,560 f t . /acre)

= 18,035 acres .

The longitudinal temperature profiles of the water in 

neighboring pipes are given by Equations (54) and (55):



Figure 9 Longitudinal Temperature Profile Of Water 
In Adjacent Pipes Of Soil Warming System 
With Water Flowing In Opposite Directions 
In Neighboring Pipes

4
6
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Figure 10 Soil Temperature Profiles At Z = 0 Feet 
Around Buried Pipes Of Soil Warming 
System With Water Flowing In Opposite 
Directions In Neighboring Pipes



48

Figure 11 Soil Temperature Profiles At Z = 6000 Feet 
Around Buried Pipes Of Soil Wanning System 
With Water Flowing In Opposite Directions 
In Neighboring Pipes
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Figure 12 Soil Temperature Profiles At Z = 9680 Feet 
Around Buried Pipes Of Soil Warming System 
With Water Flowing In Opposite Directions 
In Neighboring Pipes
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Figure 13 Soil Temperature Profiles At Z = 19,360 Feet 
Around Buried Pipes Of Soil Warming System 
With Water Flowing In Opposite Directions 
In Neighboring Pipes



the other. This variation is shown in Figure 14, a plot 

of the average temperature of the soil one foot below the surface 

of the ground versus longitudinal position in the field. The 

maximum and minimum temperatures of the soil at the one foot level 

also are shown in Figure 14,

Figures 15, 16, 17, and 18 show the effect of burial 

depth, lateral spacing, pipe radius, and soil thermal conductivity, 

respectively, on the total land area heated by cooling water from 

the condensers of a 1000 megawatt nuclear-powered steam generation 

electric power plant, for the CASE II and CASE II I  soil warming 

systems.
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Figure 14 Temperature Variation One Foot Below
Ground Surface Of Soil Warmed By A System 
Of Pipes With Water Flowing In Opposite 
Directions In Neighboring Pipes
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Figure 15 Effect Of Pipe Burial Depth On The Total Land 
Area Heated By Condenser Cooling Water From 
A 1000 Megawatt Nuclear-Powered Steam Generation 
Electric Power Plant Carried In Soil Warming 
Systems With Water Flowing In The Same Direction 
In Neighboring Pipes (CASE II) And With Water 
Flowing In Opposite Directions In Neighboring 
Pipes (CASE III)
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Figure 16 Effect Of Lateral Pipe Spacing On The Total 
Land Area Heated By Condenser Cooling Water 
From A 1000 Megawatt Nuclear-Powered Steam 
Generation Electric Power Plant Carried In 
Soil Warming Systems With Water Flowing In 
The Same Direction In Neighboring Pipes 
(CASE II) And With Water Flowing In Opposite 
Directions In Neighboring Pipes (CASE III)
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Figure 17 Effect Of Pipe Radius On The Total Land Area 
Heated By Condenser Cooling Water From A 
1000 Megawatt Nuclear-Powered Steam Generation 
Electric Power Plant Carried In Soil Warming 
Systems With Water Flowing In The Same Direction 
In Neighboring Pipes (CASE II) And With Water 
Flowing In Opposite Directions In Neighboring 
Pipes (CASE III)
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Figure 18 Effect Of Soil Thermal Conductivity On The 
Total Land Area Heated By Condenser Cooling 
Water From A 1000 Megawatt Nuclear-Powered 
Steam Generation Electric Power Plant Carried 
In Soil Warming Systems With Water Flowing 
In The Same Direction In Neighboring Pipes 
(CASE II) And With Water Flowing In Opposite 
Directions In Neighboring Pipes (CASE III)
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V. DISCUSSION OF HEAT TRANSFER MODELS

The mathematical models developed here involve 

several assumptions which must be considered in their application.

The assumptions have been made to simplify the problem suffiently 

to allow analytical solution. The important assumptions are:

1. Constant, uniform soil thermal conductivity.

2. No radial temperature variation in the water; pipe wall 

temperature equal to water temperature.

3. Constant, uniform soil surface temperature.

4. Steady-state operation.

5. The heat transfer in the soil is by conduction.

6. Heat is transferred in the soil in the radial direction 

only.

The assumption of constant, uniform thermal conductivity 

of the soil greatly simplifies the determination of the heat loss 

from a buried piping system. In design applications, a survey 

of the soil thermal conductivity should be conducted at the site 

of the proposed soil warming system. If  the soil thermal conductivity 

does not vary greatly throughout the site, an average value of the thermal 

conductivity can be used in the mathematical models developed 

herein. If the soil thermal conductivity does vary sig

nificantly at the site, the proposed site can be divided, for 

purposes of analysis, into two or more "homogeneous" sections.

The mathematical models then can be applied to each section.

For turbulent flow the assumption of no radial variation 

in the water temperature is reasonable. The thermal conductivity
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of most pipe construction materials is large compared to the soil 

thermal conductivity; thus the resistance to heat flow through 

the wall of the pipe can be ignored. Under the conditions of 

turbulent flow and a pipe wall of high thermal conductivity, the 

water temperature is approximately equal to the outside pipe wall 

temperature.

In their present form, these mathematical models omit 

daily and seasonal soil temperature variations. The use of 

maximum soil surface temperature in the mathematical models w ill 

give conservative estimates of the land area required. It is 

possible to extend the proposed mathematical models to account 

for the seasonal temperature variation of the soil by assuming 

that the soil warming system responds instantly to a soil surface 

temperature change. However, the results of previous work on the 

response time of soil warming systems suggests that systems 

respond very slowly to such temperature changes. The time required 

for the proposed soil warming systems to reach steady-state operation 

is not considered in the models. The heat transferred from the 

pipe system w ill be minimum when the system is operating at steady 

state.

In addition to heat transfer in the soil by conduction, 

energy is transferred by moisture migration in both the liquid and 

vapor phases. The error resulting from omitting these modes of 

energy transfer w ill depend on the thermal conductivity and moisture 

content of the soil at the proposed site. Extension of the models to 

include effects of moisture movement may be necessary to allow practical 

usage in some cases.



The mathematical models developed here also assume 

heat transfer in the soil in the radial direction only. It has 

been determined experimentally that the temperature gradient 

in the radial direction is of the order of magnitude of 105 

greater than the temperature gradient in the longitudinal direction. 

Therefore, omission of heat transfer in the longitudinal direction 

should not cause significant error.

As can be seen from Figures 15, 16, 17, and 18, the piping 

layout with opposite flow direction in neighboring pipes serves 

slightly more land area than the single flow direction arrangement, 

for equal amounts of heat dissipation. By comparing Figures 10,

11, 12, and 13 with Figures 5, 6, and 7, one sees that the opposite 

flow direction arrangement results in a more even temperature 

distribution throughout the field than is obtained with the single 

flow direction arrangement. This result is further exemplified by a 

comparison of Figures 14 and 8, which show the average temperature 

of the soil one foot below the surface of the ground versus longi

tudinal position for the two flow arrangements. An even soil 

temperature distribution in the root zone can be important i f  the 

crop to be grown in the field is sensitive to the temperature of 

the soil around its roots.

Figures 15, 16, 17, and 18 show the effects of various 

parameters on the total land area required to dissipate a given 

amount of heat. The most critical parameter is the soil thermal 

conductivity, which is a strong function of the moisture content 

of the soil. Water serves to f i l l
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the voids in the soil, thus increasing the thermal conductivity of 

the soil by substituting water for air in the voids. Other 

investigators (19 ) have observed that soil moisture migrates 

away from a hot pipe, creating a dry core around the pipe. This 

dry core has a low thermal conductivity and reduces the heat 

disposal efficiency of the soil warming system. These facts 

emphasize the need to maintain a wet soil.

Figures 15 and 16 show the effect of lateral spacing and 

pipe burial depth on the total land area required to dissipate a 

given amount of heat. It appears that a closely spaced, shallowly 

buried system of pipes would yield the minimum land area required 

to dissipate a given amount of thermal energy. It must be stressed, 

however, that the mathematical models assume an isothermal soil 

surface. As the pipes are moved closer together and nearer the 

ground surface, this assumption becomes questionable. However, for 

most agricultural uses the pipes would have to be buried at least 

one foot deep to allow for cultivation, and therefore this assumption does 

not appear to impose major limitations on the use of the models.
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VI. DEVELOPMENT OF MATHEMATICAL MODELS 
FOR SIMULTANEOUS HEAT AND MOISTURE TRANSFER

Consider the process of moisture flow through a non- 

uniform temperature soil section with the following simplifying 

assumptions (which the investigators believe to be defensible in many 

practical situations of interest and importance, including subsurface 

irrigation with warm water).

1. Assume the soil is not saturated with water, but that 

the moisture content is high enough that a continuous 

liquid phase is present.

2. Ignore the presence of dissolved salts in the water 

phase.

3. Assume that the flow of water through the soil in the 

vapor phase is negligible in comparison with the flow in the 

liquid phase. (The validity of this assumption will 

depend on the temperature of the water in the soil and

on the moisture content of the soil).

4. Ignore adsorption forces between the liquid phase and 

solid soil particles.

Define a thermodynamic "system" for analysis by location of 

the boundary so as to include the liquid phase (water) only, 

excluding a surface layer of a few molecular thicknesses adjacent 

to any phase discontinuity (liquid-gas, liquid-solid). The system 

is then an open system, i.e., mass is transferred into and out of 

the system at the locations where the boundary of the soil section 

cuts across the liquid water phase. The system boundary 

specified will be very irregular, with a high area to volume ratio.



The system is single-component, liquid water, and the equation of 

change (local balance equation) which describes the variation of 

internal energy (total energy minus macroscopic kinetic and 

macroscopic potential energies) can be written as (20) :

where

ρ = local density

U = local internal energy per unit mass

v = local velocity (vector)

ϭ = local, generalized stress tensor 

Jq = local heat flow rate (vector) 

t = time •

The left side of Equation (1) can be identified as the local rate 

of accumulation of internal energy. The terms on the right side 

are associated with mass transfer, work transfer, and heat transfer 

respectively.

Using the definition of the "substantial derivative" operator,

(2 )

(3)

For a single-component system, with no surface effects (there 

is no surface tension at the boundary of the system), the fundamental 

property relation of thermodynamics (Gibbs Equation) can be written 

as

where PE is the external pressure on the system.

( 1)
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One can rewrite Equation (1) as

(4)
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Now c o n s id e r in g  E q u a t io n  ( 3 ) ,  th e  i n t e r n a l  e n e rg y  b a la n c e  

e q u a t io n ,  one m u s t be  a b le  to  d e s c r ib e  th e  g e n e ra l s t r e s s  te n s o r  

i n  te rm s  o f  m a c r o s c o p ic a l ly  o b s e rv a b le  p r o p e r t ie s .  I t  i s  a b a s ic  

a s s u m p tio n  o f  f l u i d  m e c h a n ic s  t h a t  th e  s t r e s s  te n s o r  i n  a f l u i d  

i n  m o t io n  can  be decom posed in t o  an " e q u i l i b r iu m "  p a r t  and a 

" n o n e q u i l ib r iu m "  p a r t  as f o l lo w s :

(5 )

w h e re

PE = " e q u i l i b r iu m "  p re s s u r e ,  e q u a l to  e x te r n a l  p re s s u re  

 = com ponent o f  s t r e s s  te n s o r  r e la t e d  to  v e l o c i t y  

g r a d ie n ts

I  = th e  u n i t  te n s o r  .

The w r i t e r s  c o n te n d  t h a t  i n  th e  ca se  w h e re  s u r fa c e  e f f e c t s  a re  n o t  n e g l i g ib le  

th e  g e n e r a l iz e d  s t r e s s  te n s o r  ca n  be  re p re s e n te d  as

(6)

w h e re

∏s i s  a com ponent o f  th e  s t r e s s  te n s o r  in d u c e d  b y

s u r fa c e  te n s io n  e f f e c t s .  I f  one f u r t h e r  a ssum e  ∏g to  

be i s o t r o p i c ,  th e  r e l a t i o n  can  be  r e w r i t t e n  as

ϭ = -  (P E +  Ps ) I  -  ∏ (7 )

w h e re  i t  has  been  assumed t h a t

C o m b in in g  E q u a t io n s  ( 3 ) ,  (4 )  and ( 7 ) ,  and ig n o r in g  th e  s t r e s s  te n s o r  

com ponen ts  a s s o c ia te d  w i t h  v e l o c i t y  g r a d ie n t s ,  one can  w r i t e
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E q u a t io n  (8 )  ca n  be re a r ra n g e d  to  g iv e

(9 )

E q u a t io n  (9 )  i s  a l o c a l  b a la n c e  e q u a t io n  f o r  e n t r o p y .  I n t e g r a t i o n  

o v e r  th e  vo lu m e  o f  th e  s y s te m , V ( t ) ,  w i t h  a re a  A ( t ) ,  y ie ld s

(10)

The i n t e g r a l  te rm s  on th e  R .H .S . o f  E q u a t io n  (1 0 ) a r e ,  fro m  

l e f t  to  r i g h t  r e s p e c t iv e ly ,

1 ) th e  n e t  r a t e  o f  e n t ro p y  t r a n s f e r  to  th e  sys tem  a s s o c ia te d  

w i t h  mass f lo w  a c ro s s  th e  b o u n d a ry ,

2 ) th e  n e t  r a t e  o f  e n t ro p y  t r a n s f e r  to  th e  sys tem  a s s o c ia te d  

w i t h  h e a t t r a n s f e r  a c ro s s  th e  b o u n d a ry , and

3) th e  r a t e  a t  w h ic h  e n t ro p y  i s  p ro du ce d  i n  th e  s y s te m .

The e n t ro p y  p r o d u c t io n  te rm  c o n s is ts  o f  th e  sum o f  th e  p ro d u c t  

o f  " f l u x e s "  and c o n ju g a te  " f o r c e s . "  The two f lu x e s  can be  e a s i l y  

i d e n t i f i e d  w i t h  m a c r o s c o p ic a l ly  m e a s u ra b le  q u a n t i t i e s  i f  th e  

e n t ro p y  p r o d u c t io n  e x p re s s io n  i s  w r i t t e n  as f o l lo w s :

(11)

(8)



w h e re

SP = r a t e  o f  e n t ro p y  p r o d u c t io n  

Jq = h e a t  f l u x
 

Jw = Pv, mass (m o is tu r e )  f l u x  

T *  a b s o lu te  te m p e ra tu re  

Ps = i n t e r n a l  " p r e s s u r e "  due to  c u r v a tu r e  o f  

l i q u i d  s u r fa c e .

F o l lo w in g  th e  m ethod o f  i r r e v e r s i b l e  th e rm o d y n a m ic s , 

assume a l i n e a r  f u n c t io n a l  r e la t i o n s h ip  b e tw e e n  f lu x e s  and fo r c e s  

as f o l lo w s :

(12)

E q u a t io n ( s )  (1 2 ) a re  l o c a l  e q u a t io n s ,  i . e . , a p p ly  a t  any  p o in t  

i n  th e  s ys te m  s p e c i f i e d .  H ow ever, as  was p o in te d  o u t

b y  G ro e n v e lt  and B o l t  (2 1 ) ,  e x p e r im e n ta l m easurem ents  o f  f lo w  in  

p o ro u s  sys tem s  a re  l im i t e d  to  f lu x e s  in t e g r a te d  o v e r  a c r o s s -  

s e c t io n  o f  th e  s y s te m . E q u a t io n s  (1 2 ) th e n  s h o u ld  be  in t e g r a te d  o v e r  

a c r o s s - s e c t io n  o f  s o i l  p e r p e n d ic u la r  to  th e  b u lk ,  m a c ro s c o p ic  f lo w  

d i r e c t i o n .  I n  t h i s  c o n te x t ,  we s t i p u l a t e  t h a t  i n  E q u a t io n s  (1 2 ) th e  

c o e f f i c i e n t s  L 1 1  L 1 2 , L 2 1 , L22 a re  based on a u n i t  c r o s s - s e c t io n  o f  

th e  s o i l - w a t e r - a i r  s y s te m . th e n  can  be r e la t e d  to  th e

th e rm a l c o n d u c t i v i t y  o f  F o u r ie r 's  Law , L 22 i s  a p h e n o m e n o lo g ic a l c o e f f i 

c ie n t  r e l a t i n g  mass f lo w  r a t e  to  p re s s u re  g r a d ie n t  i n  a f l u i d ,  and 

L 12 and L 21 a re  th e  s o - c a l le d  " c r o s s - c o e f f i c i e n t s "  r e l a t i n g  h e a t  and 

mass t r a n s f e r  to  g r a d ie n ts  i n  p re s s u re  and te m p e ra tu re  r e s p e c t iv e ly .
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L 11 can  be e s t im a te d  fro m  th e rm a l c o n d u c t i v i t y  m easurem en ts  on 

m o is t  s o i l  (a s  a f u n c t io n  o f  m o is tu r e  c o n t e n t ) .  R e c a l l in g  t h a t  

Ps i s  th e  i n t e r n a l  " p r e s s u r e "  com ponent due  to  s u r fa c e  te n s io n  

and s u r fa c e  c u r v a tu r e ,  and n o t in g  t h a t  th e  s u r fa c e  c u r v a tu r e  

depends d i r e c t l y  on th e  m o is tu re  c o n te n t  f o r  u n s a tu r a te d  s o i l ,  one 

can  w r i t e

(1 4 )

a n d , a lth o u g h  g r a d ie n ts  i n  p re s s u re  may be la r g e  b ecause  o f  th e  s t ro n g  

e f f e c t  o f  0 on Ps , te m p e ra tu re  g r a d ie n ts  a re  much s m a lle r  ( i n  th e  p re s e n t  

a p p l i c a t i o n ) . T h e re fo re  assume

(1 5 )

66

(1 3 )

w h e re

0 = f r a c t i o n a l  m o is tu r e  c o n te n t  = m o is tu re  c o n te n t /

m o is tu r e  c o n te n t  a t  s a t u r a t io n  .

The v a lu e  o f  Ps , w h ic h  v a r ie s  g r e a t l y  fro m  p o in t  t o  p o in t ,  c a n n o t 

be  m easured  d i r e c t l y .  H ow ever, th e  s ta n d a rd  " s o i l  t e n s io n "  

m easurem ent i s  an in t e g r a te d  v a lu e  o f  Ps ( in t e g r a t e d  o v e r  la r g e  

enough vo lu m e  t h a t  p re s s u re  v a r ia t io n s  a re  n o t  e v id e n c e d  e x c e p t 

as th e  d e g re e  o f  s a tu r a t io n  c h a n g e s ) .

F u r th e rm o re ,

One th e n  can r e w r i t e  E q u a t io n s  (1 2 ) as

(1 6 -a )

(1 6 -b )



67

w h e re

E s t im a te s  o f  L 11 and can  be  o b ta in e d  fro m  l i t e r a t u r e  m easure 

m en ts  o f  th e rm a l c o n d u c t i v i t y  and s o i l  m o is tu re  d i f f u s i o n .

Because as C a ry  and T a y lo r  (1 2 ) have  show n, E q u a tio n s  (1 6 ) 

h o ld  f o r  a l l  v a lu e s  o f  th e  f l u x ,  in c lu d in g  J w = 0 , th e  r a t i o  

o f  L 21 to  L 22 m us t be g iv e n  by

(1 7 )

and (1 8 )

U s in g  O n s a g e r 's  r e l a t i o n  (2 )

(1 9 )

T h e r e fo re  one ca n  w r i t e

w h e re

(20)

The f o u r  p h e n o m e n o lo g ic a l c o e f f i c i e n t s  th u s  ca n  be  d e te rm in e d  fro m

e x p e r im e n ta l m e a su re m e n ts . A summary o f  s o i l  p r o p e r t y  d a ta  c o m p ile d  d u r in g  

t h i s  s tu d y  i s  in c lu d e d  i n  A p p e n d ix  I I .

TEST OF MODEL WITH EXPERIMENTAL DATA

Gee (1 8 ) p re s e n te d  th e  e x p e r im e n ta l m o is tu r e  c o n te n t  d a ta

shown i n  T a b le  1 f o r  a s e a le d  s o i l  co lu m n  o p e r a t in g  a t  u n s te a d y  s t a t e
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T a b le  1 . V o lu m e t r ic  M o is tu re  C o n te n t as a
F u n c t io n  o f  T im e and D is ta n c e  From 
Warm End o f  a S ea le d  S o i l  Colum n 
W ith  Combined T e m p e ra tu re  and 
M o is tu r e  C o n te n t G ra d ie n ts  (From  
Gee [ 1 8 ] )

D is ta n c e
(cm)

T im e
(d a y s )

M o is tu r e
C o n te n t

D is ta n c e
(cm)

T im e
(d a y s )

M o is tu re
C o n te n t

1

2

3

4

0

1

4

9

14

17

0

1

4

9

14

17

0

1 .

4

9

14

17

0

1

4

9

14

17

0 .1 5 0

0 .1 3 7

0 .0 8 5

0 .0 7 5

0 .0 6 5

0 .0 6 5

0 .1 5 1

0 .1 5 4

0 .1 3 5

0 .0 8 6

0 .0 7 6

0 .0 7 4

0 .1 5 0

0 .1 5 5

0 .1 5 4

0 .1 0 9

0 .0 9 0

0 .0 8 9

0 .1 5 0

0 .1 5 5

0 .1 5 8

0 .1 4 9

0 .1 2 5

0 .1 2 2

5

7

9

0

1

4

9

14

17

0

1

4

9

14

17

0

1

4

9

14

17

0 .1 5 2

0 .1 5 3

0 .1 5 9

0 .1 5 9

0 .1 6 6

0 .1 6 7

0 .1 5 0

0 .1 5 0

0 .1 5 7

0 .1 8 3

0 .1 9 3

0 .1 9 3

0 .1 5 0

0 .1 6 0

0 .1 9 8

0 .2 2 0

0 .2 2 7

0 .2 2 7



w i t h  com b ined  te m p e ra tu re  and m o is tu r e  g r a d ie n t s .  U s in g  G e e 's  

s te a d y  s t a t e  m o is tu r e  and te m p e ra tu re  p r o f i l e s  ( f o r  t im e s  g r e a te r  

th a n  14 d a y s ) ,  th e  w r i t e r s  h ave  c a lc u la te d  ϐ*  and g b y  E q u a t io n s  (1 7 )
d P

and ( 2 0 ) .  V a lu e s  o f  s /d 0  w e re  ta k e n  fro m  m a t r ic  s u c t io n  v s .  

m o is tu r e  c o n te n t  d a ta  p re s e n te d  b y  Gee ( 1 8 ) .  I t  s h o u ld  be 

n o te d  t h a t  g * and ϐ v a r y  m a rk e d ly  as a f u n c t io n  o f  m o is tu r e  c o n te n t .  

V a lu e s  o f  th e  s o i l  m o is tu r e  d i f f u s i v i t y ,  L2 2 , a ls o  w e re  ta k e n  fro m  

Gee ( 1 8 ) .  U s in g  th e  d a ta  g iv e n  i n  T a b le  1 ,  th e  w r i t e r s  com puted  th e  

in s ta n ta n e o u s  m o is tu r e  f l u x  Jw as a f u n c t io n  o f  t im e  and p o s i t i o n  

i n  th e  co lum n  as  f o l lo w s .

The c o n t i n u i t y  e q u a t io n  can  be w r i t t e n  as

(21)

w h e re
J w = m o is tu r e  f l u x

ps = s o i l - w a t e r - a i r  s ys te m  d e n s i t y ,  

assumed c o n s ta n t .

I t  f o l lo w s  fro m  E q u a t io n  (2 1 ) t h a t  th e  f l u x  o f  m o is tu r e  m u s t 

be com puted  fro m  th e  f o l lo w in g  r e l a t i o n  when th e  f lo w  i s  u n s te a d y  -  

s t a t e ;

w h e re  x  = p o s i t i o n  (m easured  fro m  th e  end ) i n  th e  co lu m n . 

The f o l lo w in g  s te p s  w e re  p e r fo rm e d .

1 . P lo t  6 v s .  t  as  a f u n c t io n  o f  x .

2 . A t  a g iv e n  x ,  d e te rm in e ,  g r a p h ic a l l y ,  d 0 / d t  as  a 

f u n c t io n  o f  t .

3 . P lo t  d 0 / d t  v s .  x  as a f u n c t io n  o f  t .



70

4 . G r a p h ic a l ly  in t e g r a t e  th e  p l o t  o f  s te p  3 fro m  0 to

x  to  o b ta in  a c tu a l  f lo w  r a t e  ( f l u x )  as a f u n c t io n  o f  x  

and t ,

The a c tu a l  m o is tu r e  f lo w  r a te s  so o b ta in e d  a re  com pared w i t h  p r e d ic te d  

m o is tu r e  f lo w  r a t e s  com puted b y  E q u a t io n s (1 6 ) i n  co lum ns 3 ,  4 , and 5 

o f  T a b le  2 . The a r i t h m e t i c  mean o f  th e  r a t i o s  o f  o b se rve d  t o  p r e d ic te d  

m o is tu r e  f lo w  r a te s  was 1 .0 0 5 4  w i t h  a s ta n d a rd  d e v ia t io n  o f  0 .3 5 9 . T h is  

a g ree m e n t i s  c o n s id e re d  as s u b s t a n t ia t in g  th e  m o d e l, f o r  th e  ra n g e  o f  

m o is tu r e  c o n te n t  show n, i n  v ie w  o f  th e  m ethod o f  e x p e r im e n ta l d e te rm in a 

t i o n  o f  Jw w h ic h  r e q u ir e d  e x te n s iv e  g r a p h ic a l  a n a ly s is ,  and th e  

e x p e c te d  e x p e r im e n ta l e r r o r .  (N o te  t h a t  Gee c o n c lu d e d , in c o r r e c t l y  th e  w r i t e r s  

b e l ie v e ,  t h a t  h is  d a ta  showed th e  C a ry  and T a y lo r  m ode l to  be i n v a l i d . )

V I I .  APPLICATION OF MATHEMATICAL MODEIS FOR SIMULTANEOUS

HEAT AND MOISTURE TRANSFER

A f t e r  an e x te n s iv e  l i t e r a t u r e  s e a rc h  ( 2 3 ) ,  th e  w r i t e r s  fo u n d  no 

r e fe r e n c e  to  any m a th e m a t ic a l s o lu t io n s  o f  E q u a t io n s (1 6 ) f o r  

b o u n d a ry  c o n d i t io n s  s im i la r  to  th o s e  in  s u b s u r fa c e

i r r i g a t i o n .  The w r i t e r s  a ls o  f in d  t h a t  th e  " c r o s s - e f f e c t s "  ( f o r  exam p le ,

mass f l u x  due  to  te m p e ra tu re  g r a d ie n ts  and h e a t f l u x  due to  p re s s u re  

o r  m o is tu re  c o n te n t  g r a d ie n t ) , commonly a re  n e g le c te d  on th e  b a s is  o f  th e  

a rg um en t t h a t  th e  c ro s s —c o e f f i c ie n t s  a re  s m a ll i n  co m p a riso n  w i t h  th e  th e rm a l

c o n d u c t i v i t y  and m o is tu re  d i f f u s i v i t y .  Such an a rgum ent i s  n o t  v a l id  

in  g e n e ra l because  i t  i s  th e  p ro d u c t o f  th e  c o e f f i c i e n t  and th e  fo r c e  

w h ic h  m u s t be c o n s id e re d  r a th e r  th a n  th e  c o e f f i c i e n t  a lo n e .  The 

m a g n itu d e  o f  th e  fo r c e  c a n n o t be e s tim a te d  w ith o u t  s o lu t io n  o f  th e

e q u a t io n s .
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D is ta n c e  From 
Warm End o f  Column 

(cm)

T im e

(d a y s )

A c tu a l  F lu x  
D e n s ity  

(cm /d a y )

P re d ic te d  F lu x  
D e n s ity  

(cm /d a y )

R a t io  
( A c tu a l /  
P re d ic te d )

V o lu m e t r ic
M o is tu re
C o n te n t

1

2

3

4

5 

7 

9

1

4

9

14

1

4

9

14

1

4

9

14

1

4

9

14

1

4

9

14

1

4

9

14

1

0 .0 5 1 0

0 .0 1 6 0

0 .0 0 2 8 5

0 .0

0 .0 6 5 2

0 .0 2 1 0

0 .0 0 9 6

0 .0 0 05

0 .0 6 0 0

0 .0 2 9 5

0 .0 2 2 1

0 .0 0 2 5

0 .0 5 0 9

0 .0387

0 .0 3 5 5

0 .0 0 6 5

0 .0 4 1 6

0 .0 3 92

0 .0 0 8 9

0 .0 3 7 4

0 .0 3 7 4

0 .0 3 1 5

0 .0 2 9 7 5

0 .0 0 6 2

0 .0 2 04

0 .00317

-0 .0 0 0 7 8

-0 .0 0 0 2 6

0 .0 5 29 5

-0 .0 0 6 8 1

-0 .0 0 0 0 5

-0 .0 0 0 0 8

0 .06177

0 .0 4 24 9

0 .0 0 15 8

0 .0 0 06 9

0 .0 6 17 7

0 .0 6 17 7

0 .0 1 68 2

0 .0 0 9 0 0

0 .0 5 2 9 5

0 .0 5 14 8

0 .03397

0 .0 2 30 6

0 .0 3 88 3

0 .0 5 86 8

0 .0 0 52 8

0 .00528

0 .0 1 13 3

1 .2 3

0 .9 7

0 .7 0

0 .8 2

0 .6 3

2 .1 1

0 .7 9

0 .7 6

1 .1 5

0 .5 9

0 .9 8

0 .5 4

5 .6 3 *

1 .8

0 .1 3 7

0 .0 8 5

0 .0 7 5

0 .0 6 5

0 .1 5 4

0 .1 3 5

0 .0 8 6

0 .0 7 6

0 .1 5 5

0 .1 5 4

0 .1 0 9

0 .0 9 0

0 .1 5 5

0 .1 5 8

0 .1 4 9

0 .1 2 5

0 .1 5 3

0 .1 5 9

0 .1 5 9

0 .1 6 6

0 .1 5 0

0 .1 5 7

0 .1 8 3

0 .1 9 3

0 .1 6 0

*O m it te d  fro m  S t a t i s t i c a l  A n a ly s is

T a b le  2 . E x p e r im e n ta l v s .  P re d ic te d  
M o is tu re  F lo w  R a te s  In  a 
S ea led  S o i l  Column W ith  
Combined T e m p e ra tu re  and 
M o is tu re  C o n te n t G ra d ie n ts  
(E x p e r im e n ta l D a ta  fro m  
Gee [ 1 8 ] )
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The writers studied Equations (16) for a set of physical boundary 

conditions similar to those expected with a subsurface irrigation 

system. Consider the boundary conditions shown for one-dimensional 

mass and heat transfer in soil (omitting gravity effects) shown 

in Figure 19.

The configuration shown in Figure 19 which describes a cylinder 

of soil "suspended in air," with one-dimensional fluxes, is not 

accurately descriptive of heat and moisture transfer from a pipe 

buried in the soil. However, it was chosen for study so that 

the effects of inclusion of "coupling effects" could be studied 

first without the additional difficulties of having to solve the 

differential equations in two dimensions.

Steady-state balances on energy and mass in the unsaturated 

area indicated in Figure 1 give

where
= specific enthalpy of water.

Substituting the expressions for Jq and Jw from Equations (16)

and integrating the resulting equations with respect to radial 

distance from the pipe, r, gives (after considerable manipulation),
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QLwo = Long Wave Radiation from Soil Surface, cal/cm2 — day

Qsw = Short Wave Radiation to Soil Surface, cal/cm2 — day

QLwi = Long Wave Radiation to Soil Surface, cal/cm2 — day

Qc = Net Convective Heat Transfer, Soil to atmosphere, cal/cm2 — day

Qe = Energy Transfer, soil to atmosphere, with evaporation, cal/cm2 — day
JE = Evaporation mass flux, soil to atmosphere, gm/cm2 — day

Jw1 = Moisture Flux through soil at pipe, gm/cm2 — day

Jq1 = Heat Flux through soil at pipe, gm/cm2 — day

Figure 19. Boundary Conditions For One-Dimensional Simulation 
of Subsurface Irrigation with Warm Water
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—>
Jw1 = moisture flux at r = R1 

hw1 = specific enthalpy of water at r = R1.

Equations (23) with the boundary conditions shown in Figure 1 

constitute two simultaneous boundary value problems. One must 

find a value of Jw1 and by trial and error, which will satisfy

the differential equations and the boundary conditions.

Equations (23) have four possible types of boundary conditions:

An actual soil surface undergoes almost constant changes in 

temperature and volumetric moisture content because of variations of 

climatic conditions, the season, the time of day, rainfall, evaporation, 

etc. If the temperature and volumetric moisture content of the soil 

surface are controlled by these "external" conditions but not by the 

heat and moisture transfer initiated by the source, Type I boundary 

conditions may be justified. Boersma [19 , 24] observed for a field 

heated by buried electric cables that the temperature of the soil

(24)
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surface was not increased by the cables, but for lower soil

surface temperatures the heat transfer from the cables in

creased. Trezak and Obeng (25) showed that for lower soil surface temperature, 

the heat transfer from a buried source increased, but for a 

hundred-fold change in the convective heat transfer coefficient at 

the soil surface, no appreciable change occurred in the heat transfer 

from a buried source. These studies indicate that the heat transfer 

from a buried source is a function of the soil surface temperature 

but the soil surface temperature is not a strong function of the 

heat transfer from the buried source.

Type IV boundary conditions require specification of heat and

mass flux at the soil-air interface. A steady-state energy balance

on the soil gives

(25)

A steady-state mass balance gives:

(26)

Expressions for the various components of heat and mass flux 

from the surface can be written as functions of the soil surface 

properties, air properties, and the radiative heat flux in the 

atmosphere (23). Table 3 gives a summary of the relations used 

in this study. Literature sources are given in Bondurant's thesis (23). 

Equations (23) with both Type I and Type IV boundary conditions 

were integrated by means of the IBM Continuous Systems Modeling Program. 

The solutions required a lengthy trial and error search for the unknown
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Qc = 86400 (H) (W/4.47) (Ta - Ts)

where Qc
H

= convective heat transfer, cal/cm2 - day
= convective heat transfer coefficient, computed for a wind velocity 

of 2 meters/sec., 3.91 x 10-4 cal/cm2 — sec — C
Ta
Ts

= air temperature, C
= soil surface temperature, C

QLwi= Beef (4.11 x 10-8) [ (Ta)(1.8) ]4 252 ]
[(30.48)2]

where QLwi ~ Long wave radiative heat transfer from air to soil surface, cal/cm2 - day 
Beef = cloud cover factor, usually taken as 0.8, dimensionless

QLwo=e (4.11 x 10-8) [(Ts) (1.8) ]4[ 252 ]
[(30.48)2]

where Qlwo = Long wave radiation heat transfer from soil surface to air, cal/cm2 - day
e = emissivity of soil surface assumed equal to 0.8, dimensionless

Qsv/ - 2280 cal/cm2 — day (representative of ground level solar influx at mid-day in summer) 

->
Qe = [ Je/ Esat ] Qvap

where Je = evaporation rate from soil surface, gm/cm2 - day 

Esat= evaporation rate from saturated soil surface, gm/cm2 — day 

Qvap = evaporation heat transfer from water surface, cal/cm2 — day
and Qvap= 11 w [ Exp (21.6 - (5431.3/TS)) - RH-EXP(21.6 - (54313)/Ta) )]• 

[ 252/(30.48)2 ]

where w = wind velocity, mph
RH= relative humidity, dimensionless

Je = Esat ( θ /θsat)

where θ = soil moisture content
θsat = soil moisture content at saturation

Y = arbitrary coefficient, assumed equal to 1.0 for this study

Esat = CH (Pos-Pas ) (86400)

where C = 2.93 x 10-3 gm — C/cm2 -- cal - mm Hg
pos = saturated vapor pressure of soil surface, mm Hg 
pas = saturated vapor pressure of air, mm Hg

TABLE 3. SPECIFICATION OF BOUNDARY CONDITIONS



77

initial boundary condition. The primary difficulty apparently was 

due to the extreme mathematical "stiffness" of the differential 

equations (26). "Stiffness" refers to the requirement for 

extremely small integration step sizes to maintain numerical 

stability. Because of the extreme dependence of the moisture flow 

phenomenological coefficients on moisture content, the moisture 

profile may be very steep in some locations. In addition to the 

effect on stability, this behavior results in difficulties in the 

boundary value search for the second initial condition (heat and 

moisture flux at the inside boundary). Figure 20

shows this behavior, as it appears that a value of moisture flux 

of 16.3055 cm3/cm day would result in the moisture content curve 

agreeing with the outside boundary condition. The extreme 

sensitivity of the solution to small changes in the inside moisture 

flux specification made the boundary value search very difficult. 

The results shown in Figure 20 were obtained only after a long series 

of runs in which the effects of different initial moisture and heat 

fluxes were studied.

Although we were not able to explore this numerical problem to

a really satisfactory solution because of time limitations, the writers are 

continuing work on the computer solution of this type of model.

To compare the predicted results from Equations (2 3) 

with a similar model which omitted coupling effects, it was assumed that

(27)
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Figure 20. Volumetric Moisture Content vs. Distance From The Pipe
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instead of

Jq =-L11 VlnT + L12 V0 (28)

T

->
Jw =-L21 VlnT + l22 vθ.

T

The model using Equations (27) did incorporate the effect of moisture 

content on thermal conductivity and therefore should provide for a 

valid comparison of the solutions to determine the effect of the 

"coupling" terms.

The result of a solution of the model using Equations 27, with 

other conditions the same as those specified for Figure 20,are shown 

in Figure 21. Comparison of Figures 20 and 21 indicates that the 

effect of coupling of heat and mass transfer on the prediction of 

heat transfer is small. However, because the predicted mass transfer 

is nearly thirty times greater with "coupling," it appears that the 

effect of coupling must be included in the model to predict moisture 

transfer accurately.
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Appendix II

SOIL PROPERTY DATA

The following tables list typical values of the parameters

necessary to solve the Cary and Taylor model of coupled heat

and. moisture transfer in unsaturated soils. Parameters were

taken from sources indicated, or calculated from data.

taken from these sources.

Explanation of Tables

Soil Description

Sand _ Percentage of particles in the medium with diameter 0.2-6.02 mm.

Silt - Percentage of particles in the medium with diameter 0.02-0.002 mm.

Clay - Percentage of particles in the medium with diameter < 0.002 mm.

Saturation Moisture Content

Density - Bulk density of the medium, g/cm3

Porosity

Source - Literature citation

ψ - Matric suction potential, cm of water

D - Coefficient of diffusivity of liquid water in the medium,
cm2/min

λ - Thermal conductivity, Kcal/cm sec°C

-B* - The ratio of the moisture content gradient to the ln
temperature gradient for a sealed soil column operating 
at steady state

θ - Volumetric moisture content, cm3 of water/cm3 of soil

* - Denotes moisture content on a weight basis, g of water/g
of soil

EX - Denotes 10X (Fortran IV notation).
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Table A.II -1. Values of the ratio of the volumetric moisture content 
gradient to the ln temperature gradient (B*) in sealed 
soil columns operating at steady state vs. volumetric 
moisture content.

β* θ

Soil Description:
Sand:
Silt:
Clay:

Columbia Fine Sandy Loam 3. 75
1.5

12.5

0.03
0.085
0.12

Saturation Moisture Content: 
Density:
Porosity:
Source:

1.6

(17)

Soil Description: 0.5-1.0 mm.Palouse Silt Loam,ΔT=15.5°C 1.6 0.055
Sand: 
Silt: 
Clay:

-
2.4
4.0

13.5
35.0

0.059
0.065
0.085
0.11

Saturation Moisture Content: (?) 35.0 0.16
Density: 
Porosity: 
Source:

1.05

(18)

13.5
6.0

0.18
0.21

Initial Moisture Content = 0.180

Soil Description:
Sand:
Silt:
Clay:

See (28) 6.0 
12.0 
22.0 
22.0
11.0

0.04
0.0675
0.0725
0.1125
0.13

Saturation Moisture Content: 6.0 0.145
Density: 
Porosity: 
Source:

2.5-2.6

(18)

3.0
0.5

0.15
0.16

Soil Description: Millville Silt Loam 15.5 0.06
Sand: 
Silt: 
Clay:

-
15.5 0.20

Saturation Moisture Content: 
Density:
Porosity:
Source:

0.35-0.50 
0-2 )
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Table A.II -1 (continued)

β* θ

Soil Description: 0.5-1.0 mm.Pa1ouse Silt Loam,ΔT=15°C 2.5 0.060
Sand: -
Silt:
Clay:

Saturation Moisture Content:
Density: 1.05
Porosity:
Source: (18)

12.5
21.0
27.5
35.0
35.0
19.0
9.5

0.080
0.100
0.105
0.110
0.150
0.170
0.190

Initial Moisture Content = 0.152

Soil Description: 0.5-1.0 mm.Palouse Silt Loam,ΔT=10°C 2.5 0.070
Sand:
Silt:
Clay:

Saturation Moisture Content:
Density: 1.05
Porosity:
Source: (18)

6.0 
23.0 
32.5 
32.5 
16.0
5.0

0.080
0.100
0.150
0.155
0.170
0.190

Initial Moisture Content = 0.180

Soil Description: 0.5-1.0 mm.Pa louse Silt Loam,ΔT=5°C 5.0 0.08
Sand: -
Silt:
Clay:

20.0
34.0
34.0
13.0

0.09
0.095
0.145
0.170

Saturation Moisture Content:
Density: 1.05
Porosity: -
Source: (18 )

Initial Moisture Content = 0.180

7.0 0.190

Soil Description: 0.5-1.0 mm.Palouse Silt Loam,ΔT=10°C 2.5 0.065
Sand:
Silt:
Clay:

Saturation Moisture Content: -
Density: -
Porosity: 1.05
Source: (18)

Initial Moisture Content - 0.152

12.0
18.0
32.5
32.5
15.0

0.090 
0.100 
0.110 
0.155 
0.18
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Table A.II -1 (continued)

Initial Moisture Content = 0.152

β* 6

Soil Description: 0.5-1.0 mm.Palouse Silt Loam,ΔT=5°C 2.0 0.065
Sand:
Silt:
Clay:

11.0
20.0
23.0
30.0

0.080
0.100
0.110
0.125

Saturation Moisture Content: 
Density:
Porosity:
Source:

1.05

(18)

30.0
17.5
10.0

0.150
0.170
0.180

Soil Description:
Sand:
Silt:
Clay:

Saturation Moisture Content:
Density:
Porosity:
Source:

Soil Description:
Sand:
Silt:
Clay:

Saturation Moisture Content: 
Density:
Porosity:
Source:

Soil Description:
Sand:
Silt:
Clay:

Saturation Moisture Content:
Density:
Porosity:
Source:
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Factors concerning the use of β*

Units:

From the Cary and Taylor model,

Use of the identity ΔlnT = -ΔT/T

Substituting units

B* is now seen to be dimensionless. The data of Cassel et al.

[17] are presented by the authors as l/ln°K. The data of Gee [18] are 

presented by the author as 1/°K, although this perhaps should be l/ln°K. 

The numerical values of the data of Cassel et al. (17) and Gee (18), how

ever, are correct as presented in Table A. II-1.

Effect of Temperature:

B* appears to be only a weak function of temperature.

where is the flow of moisture, g/cm2-unit time

D is the coefficient of diffusivity of liquid water in soil, 

cm2/unit time

T is temperature, °K

p is the density of the system, g/cm3

Δ is the gradient, 1/cm.
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Table A. II -2. Values of thermal conductivity in Kcal/cm sec°C vs. 
volumetric moisture content.

λ θ

Soil Description:
Sand:
Silt:
Clay:

Saturation Moisture Content: 
Density:
Porosity:
Source:

Quincy Sand at 25°C
90

6
4

0.48

(2 4)

0.7
0.9
1.4
2.2
2.7
3.2
3.5
4.0
4.2

0 .05
0.10
0.15
0 .20
0.25
0.30
0.35
0.40
0.45

Soil Description:
Sand:
Silt:
Clay:

Saturation Moisture Content: 
Density:
Porosity:
Source:

Quincy Sand at 45°C
90

6
4

0.48

(24)

1.0
1.8
2.5
3.0
3.4
3.8
4.0
4.2

0.05
0.10
0.15
0.20
0.25
0.30
0.35
0.40

Soil Description: 
Sand:
Silt:
Clay:

Cloquato Loam at 25°C
43
37
20

0.5
0.5
0.5
0.9
1.5

0.05
0.10
0.15
0.20
0.25

Saturation Moisture Content: 
Density:
Porosity:
Source:

0.62

(2 4)

1.8 
2.0 
2.2
2.3
2.4
2.5
2.5

0.30
0.35
0.40
U45
0.50
0.55
0.60

Soil Description: 
Sand:
Silt:
Clay:

Cloquato Loam at 45°C
43
37
20

0.6
0.8
1.3
1.8
2.0

0.05
0.10
0.15
0.20
0.25

Saturation Moisture Content: 
Density:
Porosity:
Source:

0.62

(24)

2.1
2.2
2.3
2.4
2.5
2.6
2.6

0.30
0.35
0.40
0.45
0.50
0.55
0.60
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Table A.II -2 (continued)

A θ

Soil Description:
Sand:
Silt:
Clay:

Saturation Moisture Content: 
Density:
Porosity:
Source: (29)

0.5
2.0
2.5
3.0
3.5
4.0

0.00
0.10
0.15
0.25
0.35
0.50

Soil Description:
Sand:
Silt:
Clay:

Saturation Moisture Content: 
Density:
Porosity:
Source: (25 )

0.074
3.73

dry 
wet

Soil Description:
Sand:
Silt:
Clay:

Saturation Moisture Content:
Density:
Porosity:
Source:

Sandy

(19)

0.66
0.90
1.20
1.63
1.86
2.02

0.022
0.033
0.05
0.10
0.15
0.20

Soil Description:
Sand:
Silt:
Clay:

Saturation Moisture Content: 
Density:
Porosity:
Source:

Clayey

(19)

0.30
0.72
1.14
1.56

0.10
0.20
0. 30
0-40
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Table A.II -3. Values of the coefficient of diffusivity for liquid 
water in soil in cm /min vs. volumetric moisture 
content (* denotes moisture content on a weight basis).

D θ

Soil Description:
Sand:
Silt:
Clay:

Saturation Moisture Content:
Density:
Porosity:
Source:

Traver Sandy Loam
52
39

9

0.28*
1.4-1.5

(30)

0.005
0.04
0.20
2.0

10.0
50.0

0.05*
0.10
0.15
0.20
0.25
0.28

Soil Description:
Sand:
Silt:
Clay:

Saturation Moisture Content:
Density:
Porosity:
Source:

Indio Loam
33
51
16

0.45*

1.3-1.4
(3 0)

0.003
0.01
0.03
0.08
0. 70
2.0
6.0

18.0

0.05*
0.10
0.15
0.20
0.30
0. 35
0.40
0.45

Soil Description:
Sand:
Silt:
Clay:

Saturation Moisture Content: 
Density:

Source:

Chino Clay
11
34
55

0.62*
1.2-1.3

(30)

0.0005
0.0012
0.003
0.008
0.02
0.04 
0.10 
0.20 
0.50 
1.2 
3.0 
7.0

0.05*
0.10
0.15
0.20
0.25
0.30
0.35
0.40
0.45
0. 50
0.55
0.60

Soil Description:
Sand:
Silt:
Clay:

Saturation Moisture Content:
Density:
Porosity:
Source:

Yolo Loam
38
39
23

0.42*
1.25-1.35

(30)

0.002
0.006
0.02
0.06
0.25
0. 70
2.5
7.0

0.05*
0.10
0.15
0.20
0.25
0. 30
0.35
0.40
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Table A.II -3 (continued)

D 0

Soil Description: Medium Sand at 20°C 0 .06 0 .05
Sand:
Silt:
Clay:

Saturation Moisture Content:
Density:
Porosity:
Source:

0 .425

(31)

0.16
0.32
1.0
1.6

10.0

0 .10
0.20
0.30
0.35
0.40

Soil Description:
Sand:
Silt:
Clay:

Saturation Moisture Content:
Density:
Porosity:
Source:

Webster Silty Clay Loam
19.9
48.0
32.1

0.52
1.2

(16)

0.01
0.02
0.03
0.05
0.07
0.10
0.30
1.0
7.0

12.0

0.00
0.05
0.10
0.15
0.20
0.25
0.30
0.35
0.40
0.45

Soil Description:
Sand:
Silt.:
Clay:

Saturation Moisture Content:
Density:
Porosity:
Source:

Pachappa Sandy Loam
59
33

8

0.35*
1.4-1.5

(32)

0 .007
0 .028
0 .080
0 .350
1.4
4.9

0.05*
0.10
0.15
0.20
0.25
0.30

Soil Description:
Sand:
Silt:
Clay:

Saturation Moisture Content: 
Density:
Porosity:
Source:

Pachappa Sandy Loam
59
33

8

0.35*
1.4-1.5

(30)

0 .007
0.03
0.10
0.50
1.5
6.0

20.0

0 .05*
0 .10
0.15
0.20
0.25
0.30
0.35
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Table A. II-3 (continued)

D θ

Soil Description:
Sand:
Silt:
Clay:

Sarpy Loam

Saturation Moisture Content: 
Density:
Porosity:
Source: (33 )

D = 7.45 x
3 19.78θ

10 e

Soil Description: 
Sand:
Silt:
Clay:

Fort Collins Silty Clay Loam

Saturation Moisture Content: 
Density:
Porosity:
Source: (34 )

D = 9.53 x
—2 17.83 θ

10 e

Soil Description:
Sand:
Silt:
Clay:

Loamy Sand
73.5
15.0
11.5

0.1
2.0
5.0

20.0
50.0

0.08*
0.12
0.16
0.20
0.24

Saturation Moisture Content: 
Density:
Porosity:
Source:

0.28*
1.4-1.6
0.4-0.5 

(35)

Soil Description:
Sand:
Silt:
Clay:

Saturation Moisture Content:
Density:
Porosity:
Source:

0.25-0.5 mm Sand

0.375*

(36)

0 .032
0 .661
2.2
4.7
8.0

11.3
19.4
32.2
43.2
48.1
82.2

157
696

1000
3774

o.oio*
0.015
0.021
0.031
0.043
0.055
0.0 70
0.095
0.125
0.165
0.235
0.300
0.320
0.330
0.352
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Table A.II -3 (continued)

D 0

Soil Description: 
Sand:
Silt:
Clay:

Yolo Light Clay
23.8
45.0
31.2

Saturation Moisture Content: 
Density:
Porosity:
Source:

0.495
1.32

(37) -6 320*
D = 3.75 x 10 e

Soil Description:
Sand:
Silt:
Clay:

Pachappa Loam

Saturation Moisture Content: 
Density:
Porosity:
Source:

0.33
1.42

- 3 27,80* 
D = 1.248 x 10 e

Soil Description:
Sand:
Silt:
Clay:

Momona Silt Loam 0.10
25.0

0. 305
0.455

Saturation Moisture Content: 
Density:
Porosity:
Source:

0.455

(3 8)

Soil Description:
Sand:
Silt:
Clay:

Saturation Moisture Content: 
Density:
Porosity:
Source:

Ida Silt Loam

0.47

(38)

0 .25
25.0

0.28
0.47
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Factors concerning the use of D

Hanks and Bowers (33) and Hanks and Gardner (34) demon

strated that a wide variance in the numerical value of D will not 

appreciably affect the flow of moisture except at regions near 

saturation. This relation has not been determined for the case of 

coupled moisture and heat flow and due caution of D therefore must 

be exercised as to the accuracy.

Gardner (32) showed that D is not a strong function of 

temperature except at regions near saturation or with very dry 

conditions.
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Table A.II-4. Values of the matric suction potential in cm vs. 
volumetric moisture content (* denotes moisture 
content on a weight basis.

-ψ θ

Soil Description:
Sand:
Silt:
Clay:

Yolo Fine Sandy Loam
50.8
31.5
17.7

250
200
150
100

50

0.20
0.22
0.25
0.32
0.36

Saturation Moisture Content: 
Density:
Porosity:
Source:

0 .4
1.28

( 39)

Soil Description:
Sand:
Silt:
Clay:

Medium Sandy at 20°C 100
30
30

0.025
0.10
0.40

Saturation Moisture Content: 
Density: 
Porosity:
Source:

0.425

(31)

Soil Description:
Sand:
Silt:
Clay:

Webster Silty Clay Loam
19.9
48.0
32.1

4.0E5
70000
15000

5000
1500

0.10
0.15
0.20
0.25
0.30

Saturation Moisture Content: 
Density:
Porosity:
Source:

0.52
1.2

(16)

700
300
150

80

0.35
0.40
0.45
0.50

Soil Description:
Sand:
Silt:
Clay:

Saturation Moisture Content: 
Density:
Porosity:
Source:

Urrbrae Loam
52.1
31.3
16.6

0.24
1.4-1.6

(40)

2.5E5
30000
10000
2500
1800
1500
450
300

0.025
0.05
0.075
0.10
0.125
0.15
0. 20
0.225
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Table A.II -4 (continued)

θ

Soil Description:
Sand:
Silt:
Clay:

Saturation Moisture Content:
Density:
Porosity:
Source:

Oakley Sand
90.9
3.5
5.6

0.29
1.48

(41)

450
400

80
60
40
20
10

5
0

0.03
0.04
0.05
0.06
0.09
0.14
0.20
0.25
0.29

Soil Description:
Sand:
Silt:
Clay:

Saturation Moisture Content:
Density:
Porosity:
Source:

Yolo Fine Sandy Loam
50.8
31.5
17.7

0.40
1.28

(41 )

290
200
150
130
110
100

80
50
10

0.15
0.16
0.17
0.18
0.19
0.20
0.22
0.28
0.35

Soil Description:
Sand:
Silt:
Clay:

Saturation Moisture Content:
Density:
Porosity;
Source:

Yolo Light Clay
23.8
45.0
31.2

0.495
1.32

(41)

600
400
340
280
220
160
140

80
50
20

0.18
0.19
0.20
0.21
0.22
0.23
0.24
0.2 7
0. 30 
0. 35

Soil Description:
Sand:
Silt:
Clay:

Saturation Moisture Content:
Density :
Porosity:
Source:

Palouse Silt Loam

1.05

(18)

1.0E6
5.0E5
2.0E5
1.0E5
50000
20000
10000

5000
2000
1000

500
200
100

50
20
10

0.025
0.040
0.045
0.050
0.070
0.085 
0.100 
0.135 
0.165
0.185
0.215
0.235 
0.260 
0.310 
0.360 
0.430
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Table A.II -4 (continued)

-ψ 0

Soil Description:
Sand:
Silt:
Clay:

Saturation Moisture Content: 
Density:
Porosity:
Source:

Yolo Light Clay
23.8
45.0
31.2

0.495
1.32

(42)

18000
4000
1200
400
180
100
40
20
12

0.08
0.15
0.20
0.25
0.30
0.34
0.42
0.46
0.48

Soil Description:
Sand:
Silt:
Clay:

Saturation Moisture Content: 
Density:
Porosity:
Source:

Lumbec Sandy Loam

0.46

(37)

280
160

80
40
20

0.30
0.32
0.35
0.40
0.43

Soil Description:
Sand:
Silt:
Clay:

Saturation Moisture Content: 
Density:
Porosity:
Source:

Panoche Clay Loam at 15 cm
- depth

(4 3 )

150
70
40

8

0.35
0.375
0.40
0.425

Soil Description:
Sand:
Silt:
Clay:

Saturation Moisture Content:
Density:
Porosity:
Source:

Yolo Light Clay
23.8
45.0
31.2

0.495

(44 )

592
440
366
278
224
172
140
108

67
50
37
27
16

8

0.238 
0.251 
0.264 
0.277 
0.290 
0.304 
0.317 
0.330 
0.370 
0.396 
0.422 
0.449 
0.475 
0.488
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Table A.II -4 (continued)

-ψ 9

Soil Description:
Sand:
Silt:
Clay:

Saturation Moisture Content:
Density:
Porosity:
Source:

0.25-0.5mm Sand
1

0.357*

(4 5)

60
52
46
40
36
32
28
26
24
22
20
10

0

0.010*
0.014
0.019
0.028
0.036
0.055
0.095
0.125
0.165
0.235
0.300 
0.348 
0.357

Soil Description:
Sand:
Silt:
Clay:

Saturation Moisture Content: 
Density:
Porosity:
Source:

104-109p Sand at 4°C

0.37
1.64

( 46 )

62
65
70
80
95

150

0.32
0.24
0.16
0.12
0.08
0.04

Soil Description:
Sand:
Silt:
Clay:

Saturation Moisture Content: 
Density:
Porosity:
Source:

53-74u Sand at 4°C

0 .38
1.64

(46)

160
165
170
175
180
195
230

0 .32 
0 .28
0 .24
0 .20
0 .16
0 .12
0 .08

Soil Description:
Sand:
Silt:
Clay:

Saturation Moisture Content: 
Density:
Porosity:
Source:

13.0-18.5u Sand at 4°C

0.44
1.46

(46 )

625
690
730
800 

1000 
1200

0.40
0.32
0.24
0.16
0.12
0.09
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Table A.II -4 (continued)

6

Soil Description:
Sand:
Silt:
Clay:

Saturation Moisture Content:
Density:
Porosity:
Source:

Loamy Sand
73.5
15.0
11.5

.28*
1.4-1.6 
0 .4-0.5 
(35)

6000
2000

200
100

60
20

1

0 .04*
0 .08
0.12
0.16
0 .20
0 .24
0 .28

Soil Description:
Sand:
Silt:
Clay:

Saturation Moisture Content:
Density:
Porosity:
Source:

104-109u Sand at 44°C

0.37
1.64

( 46)

52
55
60
70
75

125

0.32
0.24
0.16
0.12
0.08
0.04

Soil Description:
Sand:
Silt:
Clay:

Saturation Moisture Content: 
Density:
Porosity:
Source:

53-74p Sand at 44°C

0.38
1.64

( 4 6)

140
145
150
155
160
175
200

0 .32 
0 .28
0 .24
0.20
0.16
0.12
0.08

Soil Description:
Sand:
Silt:
Clay:

Saturation Moisture Content: 
Density:
Porosity:
Source:

13.0-18.5u Sand at 44°C

0.44
1.46

(46 )

525
590
630
700
900 

1100

0.40
0.32
0.24
0.16
0.12
0.09
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Factors concerning the use of

It has been shown that the Cary and Taylor model

parameter B can be related to ψ by

where -B is the ratio of the chemical potential gradient to the ln 

temperature gradient, cal/g

-B* is the ratio of the volumetric moisture content gradient to

the ln temperature gradient, dimensionless

0 is the volumetric moisture content, cm3 of water/cm3 of soil.

ψ can be seen to have the units of cal/g. To convert ψ from cm of 

water to cal/g use the relation 

where the last term is one over the density of the system in g/cm3.

Moore (47) and Wilkinson and Klute (46) have shown that ψ is 

not a strong function of temperature. Furthermore a comparison of the 

data of Wilkinson and Klute (46) indicates that 9ψ/9 0 is nearly 

constant for temperatures of 4°C and 44°C.
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