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ABSTRACT

The induced path number p(G) of a graph G is defined as the minimum number of subsets
into which the vertex set of G can be partitioned so that each subset induces a path. A
complementary prism of a graph G that we will refer to as C'P(G) is the graph formed from
the disjoint union of G and G and adding the edges between the corresponding vertices of
G and G. These new edges are called prism edges. The graph grid(n,m) is the Cartesian
product of P, with P,,. In this thesis we will give an overview of a selection of important
results in determining p(G) of various graphs, we will then provide proofs for determining

the exact value of p(C'P(grid(n,m))) for specific values of n and m.
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CHAPTER 1

INTRODUCTION

1.1 Preliminary Definitions

In this thesis, we follow the notation of G. Chartrand and L. Lesniak, Graphs €&
Digraphs: Sizth Edition, Chapman & Hall, London, 2016. [3]. All graphs referenced are
simple graphs, where V(G) denotes the vertex set of a graph G, and E(G) denotes the edge
set of a graph G. The complement G of a graph G is the graph with vertex set V(G) such
that two vertices are adjacent in G if and only if these vertices are not adjacent in G. A
graph H is a subgraph of G if V(H) C V(G) and E(H) C E(G), and we write H C G. For a
nonempy set S of V(G), the subgraph G[S] of G, induced by S, has S as its vertex set and
two vertices u and v are adjacent in G[S] if and only if u and v are adjacent in G, and a
subgraph H of G is called an induced subgraph if there is a nonempty subset S of V(G) such
that H = G[S]. For an integer n > 1, the path P, is a graph of order n and size n — 1 whose
vertices are labeled by vy, vs,...,v, and whose edges are v;v;11 for i = 1,2,....n — 1. The
subpath for a path P is a path from vy to v; with edges v;v; 11 for K <¢ <1 —1. The induced
path number p(G) of a graph G is defined as the minimum number of subsets into which the
vertex set of G can be partitioned so that each subset induces a path. A complementary
prism of a graph G, denoted as C'P(G), is the graph formed from the disjoint union of G
and G and adding the edges between the corresponding vertices of G and G. These added
edges are called prism edges. The graph grid(n,m) is the Cartesian product of P, with

P,,. We are interested in finding p(C'P(grid(n,m))) for various values of n, m.



FIGURE 1.1

C'P(grid(2,3))
All edges of C'P(grid(2,3)) are shown

P

N
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FIGURE 1.2

Path Induced by the vertices @, d, e, f,e,b, ¢

1.2 Previous Research
Several papers have been published where exact bounds of the induced path number
for various graphs have been found [1], [2], [4], [7], [8]. I. Broere, G. S. Domke, E. Jonck, and
L.R. Markus, [1] made the following observations. For a path on n vertices p(P,) = 1 and
for the cycle on n vertices p(C,) = 2, and for the complete graph on n vertices p(K,) = [5].
From G. Chartrand, J. Hashimi, M. Hossain, J. McCanna, and N. Sherwani, [2] we certainly

have p(grid(n,m)) =1forn=1or m = 1.



THEOREM 1.1. [2] If m > 2and n > 2 then p(grid(n,m)) = 2.

As examples of cases where determining p(G) is more difficult, Broere et al. [1]

provide the following two theorems.

THEOREM 1.2. [1] If n > m , then

if n is even and n > m,

IS IS

p(K,, x K,,) = + [4] if n is even and n=m

2L+ (2] if nois odd
THEOREM 1.3. [1] Suppose m and n are positive integers. Then

p(Cp x Cy) < 3.

Broere et al. [1] also give the induced path number of the complement of certain
classes of graphs, including the Cartesian product of complete graphs, and various combina-
tions of Cartesian products of paths and cycles. This area of research is still very active. In

an interesting case Broere et al. were unable to give a proof of the following conjecture:

CONJECTURE 1.4. (1] p(K,, x K,,) = ["2] except when:
1. m=3andn € (3,5,8,10,11,13,14,15, ...)

2. m, n are odd; m,n >5 and mn =0 mod 5

In Cases (1) and (2) the conjecture is

p(Im x Kn) = [%] 41

Papers by J.H. Hattingh, O.A. Saleh, L C. van der Merwe and T. Walters [7], [8]
established Nordhaus-Gaddum type results, which give bounds on the sum of the induced

path number of a graph and its complement.

THEOREM 1.5. [7] For any Graph G of order n, \/n < p(G) + p(G) < [%].
3



Hattingh et al. [8] use the above results and methods to improve the bounds under
specific conditions and give results for various graphs using ¥(G) to denote p(G) + p(G),

such as:

THEOREM 1.6. [8] Let G be a graph of order n > 3 such that neither G nor G is a

complete graph. Then V(G) < [3(";1)1. Moreover, this bound is best possible.

COROLLARY 1.7. [8] The upper bound in Theorem 1.6 is achieved if and only if G or

G is a complete graph.



CHAPTER 2

INDUCED PATHS IN CP(grid(n,m))

2.1 Labeling and Definitions
We now wish to calculate p(C'P(grid(n,m))) for some values of n and m, where
grid(n,m) is P, x P,,. It is helpful to have a good labeling system for the vertices of the graph
grid(n,m), which we call the grid side of C'P(grid(n,m)), and Wn,m), which we call the
complement side of CP(grid(n,m)), (refer to Figure 2.1). For any grid(n,m) and grid(n, m)
with n,m > 1 we label the vertices of grid(n,m) as an ordered pair (7, 7) for 1 <i <n and
1 <j<mandi,je N. Each vertex (i, j) in grid(n,m) is adjacent to the following vertices

{(i—1,7), (i4+1,9),(1,5—1),(¢,54+1) } if they exist. In grid(n, m) the vertices are labeled (i, )

and they correspond to the vertices of grid(n, m). In grid(n, m) each vertex (i, j) is adjacent

to every other vertex except the vertices {(: — 1, ), (¢ + 1,7),(i,7 — 1), (i, 5 + 1)}, if they ex-

ist. For any given vertex (i, j) we call these vertices non-adjacent-vertices of (7, j), and taken

together for any vertex (i,7) we call it the non-adjacent-vertex-set of (i,7), NAVS((3,7)).

If while finding NAV S((4, 7)) there is a (k,[) where k =0or k >n,morl=0orl>n,m,

then that vertex does not exist and so (k,[) has a smaller NAV S((, 7)).

We call any vertex (7, j) with exactly four vertices in NAV S((7, 7)) an interior verter,

any vertex with exactly two vertices in NAV S((i,7)) a corner vertez, and any vertex with

exactly three vertices in NAV S((i,j)) an edge vertex.



FIGURE 2.1

Some Edges and Vertices for CP(grid(n,m))
Not all edges are drawn

2.2 Induced Paths in Complementary Prisms

First we will provide two proofs for results on complementary prisms in general and

then give characterizations of the induced paths in C'P(grid(n,m)).

THEOREM 2.1. Induced paths in complementary prisms have at most two prism edges.

Proof: (refer to Figure 2.2) Let G and G be the two complementary graphs of the
prism. Suppose to the contrary that there exists an induced path P in the prism that contains
at least three or more prism edges. Then there exists u,, up, u. € G and g, Up, U, € G such
that P has the edges u,Tq, uplp, Ule. Since G and G are complements, the following is true:
either u, is adjacent to wu; or %, is adjacent to u,, and either u, is adjacent to u. or u, is

adjacent to u., and either wu; is adjacent to u. or u, is adjacent to .. Since P is an induced
6



path, no vertex on the path is adjacent to three other vertices. Without loss of generality
assume u, is adjacent to uy, then u, is not adjacent to u. and so u, is adjacent to u.. Now wuy
is not adjacent to u,. since u, would be adjacent to three other vertices, and so w, is adjacent
to u., this is a contradiction because then u,. is adjacent to three different vertices on the

path. O

(—w e

@ @ —®e

FIGURE 2.2

Induced Paths can not have three prism edges

THEOREM 2.2. Suppose an induced path in a complementary prism contains the two
prism edges aa and bb, then either G or G has exactly two adjacent vertices of the induced
path. Furthermore, the induced path has the form Uy...w,aabbtwy... Wy, or vy...v,aabbxy ...y for

k,n > 0.

Proof: (refer to Figure 2.3) Suppose an induced path P in a complementary prism
contains prism edges a@ and bb with a,b € G and @,b € G. By Theorem 2.1 there are only
two prism edges. Clearly either a is adjacent to b or @ is adjacent to b. Suppose that a is
adjacent to b in G. Then the edge ab is on the induced path, and @abb is a subpath of P. The
whole path is of the form a;a;_;...a1@abbb;...b,. Since there are no additional prism edges
then all a;a;_;...a; and by...b, are in G and the only edge in G is ab. A similar argument
holds assuming @ is adjacent to b for G and the other subpath aabb. O

7



OanOXe

FIGURE 2.3

An induced path in a complementary prism with two prism edges

We now show that in grid(n, m), induced paths have at most four vertices. We will
also describe how these four vertices can be arranged. The following lemmas provide us with
information about the (NAVS) of vertices that will help in providing a proof for the nature

of induced paths in grid(n,m).

LEMMA 2.3. For any (a,b), (¢,d) € grid(n,m); if (a,b) € NAVS((c,d)), then

NAVS((a,0) N NAVS((c,d)) = 0 and (c,d) € NAVS((a,b)).

Proof: (refer to Figure 2.4) Let (a,b) € NAVS((c,d)). The NAVS((c,d)) is

{(c—=1,d),(c+1,d),(c,d—1),(c,d+ 1)}, so (a,b) is one of those vertices. Suppose that

(a,b) = (¢ —1,d), then the NAVS((a,b)) is {(c —2,d), (¢,d),(c—1,d—1),(c—1,d + 1)}

which has no common members of the NAV S((¢,d)). Repeat for the other three vertices in

the NAVS((¢,d)) and it is clear that NAVS((a,b)) N NAVS((¢,d)) = 0. O



0, ©

CNONO
ONONO

FIGURE 2.4

(a,b) € NAVS((c,d)) and (¢, d) € NA_VS((CL b)) )

NAVS(@ b)) = { (c.d).3.4.5} and NAVS((e.d)) = { (a.0),1,2.6}

LEMMA 2.4. If there are two different vertices a,b € grid(n, m) such that NAV S(a)N

NAVS(b) # 0, then the two vertices are adjacent in grid(n,m).

Proof: (refer to Figure 2.5) Assume to the contrary that two vertices @ and b share at
least one member of their (NAVS) in common and @ is not adjacent to b. Thena@ € N AV S(b)
and b € NAVS(a), and by Lemma 2.2 NAVS(a) N NAVS(b) = () contradicting our

assumption. Therefore @ is adjacent to b. O



FIGURE 2.5

NAVS(a)N NAVS(b) = {3}

@ is adjacent to b on the complement side

LEMMA 2.5. If there are three vertices @,b,¢ € grid(n,m) such that NAV S(@) N

NAVS(b) N NAV S(¢) # 0, then these vertices induce a triangle.

Proof: (refer to Figure 2.6) Apply the previous lemma three times and we see that

@ is adjacent to b and ¢, and b is adjacent to ¢ So they induce a triangle.O

10
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FIGURE 2.6

NAVS(@) N NAVS(b) N NAV S(¢) = {3}

a, b, and ¢ induce a triangle

THEOREM 2.6. Induced paths in CP(grid(n,m)) have at most four vertices in the

grid(n,m) side.

Proof: (refer to Figure 2.7) Using the notation established in Section 2.1 the fol-

lowing vertices in grid(4,4) form an induced path; (1,3), (1,1), (1,4), (1,2). Therefore it is
possible to have four vertices in an induced path in Wn,m) Now we show that every
induced path in C'P(grid(n,m)) has at most four vertices in the complement side. Assume
to the contrary that an induced path in C'P(grid(n,m)) has the five vertices @, b, ¢, d, €
in W Without loss of generality, assume that starting from one end of the induced
path the first of these we encounter on the path is @. Since this is an induced path, @ is
adjacent to at most one of b, ¢, d, or . Without loss of generality, assume that @ is not
adjacent to ¢, d, nor . We have then that @ € NAV S(¢),a € NAVS(d),and @ € NAV S(e).
Therefore, it follows that NAV S(€) N NAVS(d) N NAVS(€) # () and by Lemma 2.4, ¢, d,

and € induce a triangle and it follows that five vertices do not induce a path, contradicting
11



our assumption. Therefore any induced path in C'P(grid(n, m)) has at most four vertices in

grid(n,m). O

FIGURE 2.7

Five vertices in grid(n,m)
¢, d, and € induce a triangle.

THEOREM 2.7. If an induced path in C'P(grid(n,m)) has three or more consecutive

vertices in grid(n,m), then that induced path has at most one prism edge.

Proof: (refer to Figure 2.8) Suppose the we have an induced path P in C P(grid(n,m))
that contains two prism edges a@ and bb and three consecutive vertices in grid(n,m). By
Theorem 2.2 P is of this form uy...w,aabbwy...wy. By Theorem 2.6 we can have at most
four vertices in W, and P is of the form wyuzaabb or aabbwiws. Suppose P is Uuzaabb
then NAV S(uy), NAV S(w;), and NAV S(a@) all contain b, and by Lemma 2.4 they induce

a triangle and we have contradiction. If P is aabbwiw; a similar contradiction follows. O
12



FIGURE 2.8

Two prism edges and three consecutive vertices in grid(n, m)
b, wy, and ws induce a triangle.

THEOREM 2.8. If ab is an edge in grid(n,m) of CP(grid(n,m)), then any induced
path in CP(grid(n,m)) containing the vertices a,b,a@,b, has at most two more vertices, which

can only be in grid(n,m), with one adjacent to @ and the other adjacent to b.

Proof: (refer to Figure 2.9) Let P be an induced path containing the edge ab and
the vertices @,b. Since P is induced, the prism edges aa and bb are in P. By Theorem
2.1, P does not have another prism edge, and any other vertices on P are in W By
Theorem 2.6 we only have two more vertices on P. So, P contains the subpath @abb and
possibly two more vertices only in W Now suppose, without loss of generality, that
the induced path is @, a, b, b,¢,d. This contradicts Theorem 2.7, and similarly we can not

have ¢, d, @, a,b,b. Thus, the induced path is of the form ¢, @, a,b,b,d. O

13
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FIGURE 2.9

Induced path of the form ¢,a, a,b,b,d

2.3 Four Types of Induced Paths in CP(grid(n,m)) With
Four Vertices In grid(n,m)
Induced paths in C'P(grid(n,m)) with four vertices in grid(n, m) follow four partic-

ular patterns that we will call B-paths, L-paths, Z-paths, and U-paths.

A B-path is an induced path with the following vertices; either (a + 1,b), (a + 3,b), (a, b),

(a+2,b) (a vertical B-path) or (a,b+ 1), (a,b+ 3), (a,b), (a,b+ 2) (a horizontal B-path).

14



FIGURE 2.10

B-paths

An L-path is an induced path with the following vertices; either (a 4 2,b), (a,b),

(@126 1),(a+ 1,6 or (a,0), (@+2,0),(a,b £ 1), (@ + 1,0) or (a, b+ 2), (a, ), (a £ 1,6+ 2),

(a,b+1) or (a,b),(a,b+2),(a+1,b),(a,b+1).

yE\ N\
(1,1) (1,2) @

FIGURE 2.11

L-paths
15



A Z-path is an induced path with the following vertices; either (a + 1,b), (a + 2,b+ 1), (a, b),

(a+1,b+1)or(a+1,0—1),(a,b),(a+2,b—1),(a+1,b)or (a+1,b+1),(a,b), (a+ 1,0+ 2),

(a,b+1)or (a—1,b+1),(a,b),(a—1,b0+2),(a,b+1).

FIGURE 2.12

Z-paths

A U-path is of the form described in Theorem 2.8 with the following vertices

(a+1,b0+1),(a,b),(a,b),(a+1,b),(a +1,b),(a,b+1) or (a+1,b+1),(a,b),(a,b),

(a,b+1),(a,b+1),(a+1,0b).

16



grid(n,m) ((1,1) (1,2) @

FIGURE 2.13

U-paths

THEOREM 2.9. If an induced path in C'P(grid(n,m)) has two prism edges and four

vertices in grid(n,m), then the induced path is a U-path having ezxactly siz vertices.

Proof: Let P be an induced path in C'P(grid(n,m)) with two prism edges and
four vertices in grid(n,m). By Theorem 2.8 the path must be of the form wyuuvvry
since we have exactly four vertices in grid(n,m). Since P is an induced path, @y is not

adjacent to T nor vy in grid(n,m), and @ is not adjacent to T nor vy in grid(n,m). Consider

the specific case v = (a,b) and v = (a,b+ 1). Then w = (a,b), v = (a,b+ 1), Uy €

NAVS(v), and 17 € NAV S(uw). The vertices in NAV S(v) are (a — 1,b+ 1), (a,b+ 2) and
(a+1,b+ 1), so Ty must be one of these. Similarly, the vertices in NAV S (%) are (a — 1,b),
(a,b—1) and (a+ 1,b), so 77 must be one of these. Suppose that 77 is (a,b+ 2), then
any possible 77 will be adjacent to w; and we do not have a path. Similarly v7 can not be

(a,b—1). We can not have uy = (a — 1,b+ 1) and 77 = (a + 1,b) since these vertices are
17



adjacent in grid(n,m). Similarly we can not have uy = (a +1,b+ 1) and 77 = (a — 1,b).

Therefore we get the U-path (a — 1,0+ 1)(a,b)(a,b)(a,b+ 1)(a,b+ 1)(a — 1,b) or the U-

path (a+ 1,0+ 1)(a,b)(a,b)(a,b+ 1)(a + 1,b)(a — 1,b1).

THEOREM 2.10. If an induced path in CP(grid(n,m)) has one prism edge and four
vertices in grid(n,m), then the graph induced in grid(n,m) by these four vertices is a B-

path, L-path, or Z-path.

Proof: (refer to Figure 2.14) Using Theorem 2.6 and without loss of generality
the induced path has the form @bédduv,...v,. Since this is a path we know the following
¢ € NAVS(a), d € NAVS(a), b € NAVS(d), and @ € NAVS(d). We also know that
b¢ NAVS(a), b¢ NAVS(e), e ¢ NAVS(b), and ¢ ¢ NAVS(d). Since the path is induced
the subpath @bed is a path in W Starting with end vertex @ the remaining vertices
can only be in the following locations acording to their NAV'S. If we are close to the edge

of the grid(n, m) then some of these may not exist.

18



FIGURE 2.14

Possible locations of b, ¢, d relative to @

Starting at @ we go to any b in the image above. Once we choose a b we go to € such
that b ¢ NAV S(¢). From here we go to any d ¢ NAV S(¢) and d € NAVS(b). Following
this algorithm we only produce L-paths (Figure 2.14), B-paths (Figure 2.15), or Z-paths

(Figure 2.16). O
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FIGURE 2.15

An L-path produced by the algorithm

FIGURE 2.16

A B-path produced by the algorithm

20



FIGURE 2.17

A Z-path produced by the algorithm

COROLLARY 2.11. Any induced path in CP(grid(n,m)) that has four vertices in

grid(n,m) is a U-path or has a B-path, L-path, or Z-path as a subpath.

The proof of Corollary 2.11 follows from Theorem 2.9 and Theorem 2.11 O
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CHAPTER 3

INDUCED PATH NUMBER OF SPECIFIC C'P(grid(n,m))

3.1 Specific Examples of p(CP(grid(n,n)))

Now, since there are nm vertices in grid(n,m) and each induced path in a cover
for CP(grid(n,m)) contains at most four vertices from grid(n,m), we have p(grid(n,m)) >
[%7]. Using the above notation system we provide p(C'P(grid(n,n))) forn = 1,2,3,4,5,6,7.

For n =1 it is trivial and p(CP(grid(1,1))) =1 =[3] = (%W

For n = 2 p(CP(grid(2,2))) # (%1 because all the vertices would need to be in

the induced path and the four vertices in grid(2,2) clearly induce a cycle. It is easy to

show however, that p(CP(grid(2,2)) = 2 = [%} + 1 with the following induced paths;

P = (17 1)7 (272)7 (272)7 (172)3 Py = (172)7 (2? 1)7 (27 1)7 (17 1)

For n = 3 the induced paths are the following: P, = (2,2),(2,3),(2,3),(1,2),(3,3);

P, =(3,3),(3,2),(3,1),(2,1),(1,1),(1,2), (1, 3), (1, 3), (2, 2);

Py =(3,1),(1,1),(3,2),(2,1), and we have p(CP(grid(3,3))) = 3 = [2]

For n = 4 (refer to Figure 3.1) the induced paths are the following: P, = (4,1),(2,1), (4,2),

mv (371)7(372)><373>7(374)7(474); P2 = (373)7(474)7(2?3)7(473)7(47 3)?(47 2)><471); P3 =

(174)7

(3,4),(1,3),(2,4),(2,4),(2,3),(2,2),(2,1),(1,1); P, =(2,2),(1,1),(3,2),(1,2),(1,2),(1,3),

(1,4), and we have p(C'P(grid(4,4))) = 4 = [£].
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FIGURE 3.1

Induced paths for C'P(grid(4,4))

For n =5 the induced paths are the following: P; = (TB), (3,3),(2,3),(1,3),(1,4),
(17 5)’ (27 5)’ (37 5)7 ( 75>7 (57 5)7 (57 4)7 (57 3)’ (57 2)7 (57 1>7 ( Y )7 (37 1)7 (27 1)7 (17 1)7 P2 = (27 5)7

(273)7
(4,5); Py = (4,4),(4,2),(5,4), (4,3); P = (5,1),(5,3), (4, 1), (5,2); P = (3,1),(1,1),(3,2),

175)7 (274)7 (274>’ (374)7 (474)7 (4’ 3)7 (472)7 (37 2>’ (272)7 (172); P = (37 5>’ (575)7 (374)7

—~

(2, = (1,2),(1,4),(2,2), (1,3), and we have p(CP(grid(5,5))) =7 = [%]

For n = 6 the induced paths are the following: P, = (2,2),(1,1),(3,2),(1,2),(1,2),

(1,3),(1,4),(1,5),(1,6); P» = (1,6),(3,6),(1,5),(2,6),(2,6),(2,5),(2,4),(2,3),(2,2), (2, 1),

(1,1); Py = (4,1),(2,1),(5,1),(3,1),(3,1),(3,2),(3,3), (3,4), (3,5), (3,6), (4,6), (5,6), (5, 5),

(5,4),(5,3),(5,2); P1 = (3,5),(5,5),(2,5),(4,5),(4,5), (4,4), (4,3), (4,2), (4,1), (5,1), (6, 1),

(672)7 (673)7 (674)a (67 5)? (676); Ps = (174)7 (374)7 (173)? (274)3 Ps = (373)7 (573)7 (273)7 (473)3
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P = (672)7 (47 2)7 (67 1)7 (572)3 Py = (674)7 (4? 4)7 (673)7 (574)3 Py = (676)7 (476)7 (67 5)? (576)7

and we have p(C'P(grid(6,6))) =9 = [Q1

4

For n = 7 the induced paths are the following: P, = (5,2),(7,2), (4,2),(6,2), (6,2)

I

(67 1)’ (77 1)7 P2 = (67 1)7 (47 1)’ (7’ 1)7 (57 1)7 (5’ 1)7 (57 2)7 (573)’ (67 3)7 (77 3)7 (7’ 2)’ P3 = (57 6)7

(7,6),(4,6),(6,6),(6,6), (6,7),(7,7); o= (6,7),(4,7),(7,7),(57),(5,7),(5,6), (5,5), (6,5),

(7,5),(7,6); P = (3,6),(2,7),(3,5),(3,7),(3,7), (4,7), (4,6), (4,5), (4,4), (5,4), (6,4), (7, 4);

Ps = (372)7(374>7(2’2)7(373)7<3a 3>’(473)7<47 2>a(4’1)7(371)7(2a1)’(171>7(172>7(173); Py =

(L,7),(1,7),(2,7),(2,6),(3,6),(3,5), (3,4); Ps = (2,4),(2,6),(2,3),(2,5),(2,5), (1,5), (1,6);

Py=(1,5),(1,3),(1,6),(1,4),(1,4),(2,4),(2,3),(2,2), (3,2); Pio = (1,1),(3,1),(1,2),(2,1));

Pll = (573>7 (773}7 (473>7 (673)); P12 = (575)7 (77 5)? (47 5)7 (67 5))7 P13 = (574)7 (7? 4)7 (474)7 (674))7

and we have p(C'P(grid(7,7))) =13 = f7—21

4

3.2 Proof of p(CP(grid(n,m))) for n,m > 4

THEOREM 3.1. Forn,m >4 , p(CP(grid(n,m))) = [%2]

Proof: We proceed by examining the 16 possible modulo cases.

Case 1: n =0 mod 4 and m = 0 mod 4
It has already been shown that to cover all the vertices for C'P(grid(4,4)) we need 4 induced
paths. Now suppose n = 4k and m = 4l for k,l > 1. There are 32kl vertices in the prism.
The rows and columns will increase by multiples of 4 in both grid(n,m) and grid(n,m).
We cover all the vertices with copies of the induced paths provided for C'P(grid(4,4)), each
copy has 4 induced paths and we will need [ columns and k rows of the copies. Therefore

we will need 4kl = [188] = [™] induced paths to cover all the vertices.
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Case 2: (efer to Figures 3.2 and 3.3) n = 0 mod 4 and m = 1 mod 4
Suppose n = 4k and m = 4l + 1 for k,l > 1, and there are a total of 32kl 4+ 8k vertices to
cover. We cover 32kl vertices with copies of the induced paths used to cover C'P(grid(4,4))
starting in the upper lefthand corner for a total of 4kl paths. What remains is the farthest
right column of vertices in both grid(n, m) and grid(n, m). To cover the remaining vertices in
grid(n, m) we extend the path corresponding to Py from the C'P(grid(4,4)) case. The vertex
(1,m —1) will be the end of a path, continue it to (1, m), (2,m),...(n,m) and all the vertices
in grid(n,m) will be covered without a new path. Now we cover the remaining 4k vertices
in grid(n,m) with k vertical B-paths for a total of 4kl + k = [L0RLEART] — [ww = ["]

induced paths.

FIGURE 3.2

Example for grid(8,9)
4 copies of induced paths for grid(4,4), with extended path
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o o (0] (0] (0] o o o g

(¢] (¢] o o o o o o

FIGURE 3.3

Example for grid(8,9)
4 copies of induced paths for grid(4,4) and 2 B-paths

Case 3: (refer to Figures 3.4 and 3.5) n = 0 mod 4 and m = 2 mod 4
Suppose n = 4k and m = 4l + 2 for k,l > 1, then the total number of vertices to cover is
32kl + 16k. As before, we cover 32kl vertices with copies of the induced paths used to cover
CP(grid(4,4)) starting in the upper lefthand corner for a total of 4kl induced paths. What
remains are the farthest right 2 columns in both grid(n, m) and grid(n, m). For the remaining
vertices in grid(n, m) we extend two paths corresponding to P, and P in the original cover of
CP(grid(4,4)). From the vertex (1,m—2) continue to (1, m—1),(2,m—1),...,(n—1,m—1)
and from the vertex (n,m — 2) continue to (n,m — 1), (n,m), (n — 1,m),...(1,m). Now we
cover the 8k vertices in grid(n,m) with 2k vertical B-paths for a total of 4kl + 2k =

[10kli8k] — [ARAE2)) — [om] i quced paths,
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FIGURE 3.4

Example for grid(8,10)
4 copies of induced paths for grid(4,4), with extended paths

o o (0] (0] (0] (0] o o
o o (o] (o] (o] (o] o o
o o (o] (o] (o] (o] o o
(¢] (¢] o o o o o o

o o (0] (0] (0] (0] o o

FIGURE 3.5

Example for grid(8,10)
4 copies of induced paths for grid(4,4) and 4 B-paths
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Case 4: (refer to Figures 3.6 and 3.7) n = 0 mod 4 and m = 3 mod 4
Suppose n = 4k and m = 4l + 3 for k,l > 1, then the total number of vertices to cover is
32kl + 24k. As before we cover 32kl vertices with copies of the induced paths used to cover
C'P(grid(4,4)) but this time starting 1 column to the right in the upper lefthand corner for
a total of 4kl induced paths. What remains are the farthest right 2 columns and farthest left
column in both grid(n,m) and grid(n,m). To cover the remaining vertices in grid(n,m) we
continue the paths corresponding to Py, P;, and P, in the original cover of C'P(grid(4,4)).
From vertex (1,m — 2) continue to (1,m — 1), (2,m — 1),...,(n — 1,m — 1). From vertex
(n,m — 2) continue to (n,m — 1), (n,m),(n — 1,m),...,(1,m). From vertex (n,2) continue
to (n,1),(n —1,1),...,(1,1). Now we cover the 12k vertices in grid(n,m) with 3k vertical

B-paths for a total of 4kl + 3k = [18kLH2ET] — [ww = [%*] induced paths.

—O——0—O0 (0] (0] o o

FIGURE 3.6

Example for grid(8,11)
4 copies of induced paths for grid(4,4), with extended paths
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o o o o (¢] (¢] o o

FIGURE 3.7

Example for grid(8,11)
4 copies of induced paths for grid(4,4) and 6 B-paths

Case 5: n =1mod 4 and m = 0 mod 4
This is isomorphic to Case 2

Case 6: (refer to Figures 3.8 and 3.9) n = 1 mod 4 and m = 1 mod 4
Suppose n = 4k + 1 and m = 4l + 1 for k,l > 1, so the total number of vertices to cover
is 32kl + 8k + 81 4+ 2. As before we cover 32kl vertices with copies of the induced paths
used to cover C'P(grid(4,4)) starting in the upper lefthand corner for a total of 4kl induced
paths. What remains are the farthest right column and bottom row in both grid(n,m)
and grid(n,m). To cover the remaining vertices in grid(n,m) we extend a path corre-
sponding to P, in the original cover of C'P(grid(4,4)). From the vertex (1,m — 1) we con-
tinue to (1,m), (2,m), ..., (n,m), (n,m — 1), (n,m — 2)...,(n,1). For the remaining vertices

in grid(n,m)) we cover the farthest right column with & vertical B-paths starting
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at the top, with 1 vertex left at the bottom right corner. We cover the bottom row starting
on the left with [ horizontal B-paths and the same vertex leftover that will be a singleton

vertex path. This brings the total number of induced paths needed to 4kl + 1+ k + 1 =

4k+1) (4141 nm
(16kl+4ﬁll+4k+l“ _ (( + i( + )w = [nm7,

FIGURE 3.8

Example for grid(9,9)
4 copies of induced paths for grid(4,4), with extended paths
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o o (0] (0] (0] o o o g
(¢]

FIGURE 3.9

Example for grid(9,9)
4 copies of induced paths for grid(4,4), 4 B-paths, and one vertex

Case 7: (refer to Figures 3.10 and 3.11) n = 1 mod 4 and m = 2 mod 4
Suppose n = 4k + 1 and m = 4l + 2 for k,l > 1, then the total number of vertices to cover
is 32kl + 16k + 81 + 4. As before we cover 32kl vertices with copies of the induced paths
used to cover C'P(grid(4,4)) starting at the top and 1 column to the right for a total of
4kl induced paths. What remains are the farthest right column, farthest left column, and
bottom row in both grid(n, m) and grid(n,m). To cover the remaining vertices in grid(n,m)
we extend a path corresponding to P, and P, in the original cover of C'P(grid(4,4)). From
vertex (1,m — 1) we continue to (1,m),(2,m), ..., (n,m), (n,m —1),...,(n,1) and from the
vertex (n — 1,2) we continue to (n —1,1), (n —2,1),...(1,1). For the remaining vertices in

grid(n,m)) we start on the upper left corner for the left column and use k vertical B-paths,
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with 1 vertex leftover in the bottom left. Starting at the bottom left we use [ horizontal B-
paths to cover the bottom row except for 2 vertices. Now we use k — 1 vertical bars starting
at the upper right corner to cover that column except for the 5 bottom vertices in the right

column and the 2 right vertices in the bottom row. We cover these with two induced paths

P, = (nm-1),(n—2,m),(n,m) and P, = (n—4,m),(n—1,m),(n — 3, m) This comes

out to a total of 4kl+k-+1+(k—1)+2 = 4ki42k+1+1 = [10k48kiai2] _ [UALDANZ)) _ fm]

induced paths.

FI1GURE 3.10

Example for grid(9, 10)
4 copies of induced paths for grid(4,4), with extended paths
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o o o (¢] (¢] o o

o o o o o o_o o

FIGURE 3.11

Example for grid(9, 10)
4 copies of induced paths for grid(4,4), 5 B-paths, and two paths of three vertices

Case 8: (refer to Figures 3.12 and 3.13) n = 1 mod 4 and m = 3 mod 4
Suppose n = 4k + 1 and m = 41+ 3 for k,[ > 1, then the total number of vertices to cover is
32kl + 24k + 81+ 6. As before we cover 32kl vertices with copies of the induced paths used to
cover C'P(grid(4,4)) leaving the leftmost column, the 2 rightmost columns and the top row
for a total of 4kl induced paths. To cover the remaining vertices in grid(n, m) we extend the
paths corresponding to Py and P, in the original cover of C'P(grid(4,4)). From vertex (n,2)
continue to (n,1), (n—1,1),...,(1,1),(1,2),...(1,m), (2,m), ...(n,m). From vertex (2, m — 2)
continue to (2,m —1), (3,m—1), ..., (n,m — 1). For the remaining vertices in grid(n,m)) we

start on the lower left corner for the left column and use k vertical B-paths, with 1 leftover
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in the upper left corner. Starting at that vertex use [ horizontal B-paths leaving the last 3
vertices on the right side of the top row. Now use 1 L-path covering those 3 vertices and 2
vertices of the farthest right column. Now use 1 more L-path starting in the second from

last column to cover 3 of those vertices and the vertex (4, m). Now we use the induced path

P, = (n,m),(3,m), (n,m — 1) and the remaining vertices are covered with 2(k — 1) vertical

B-path. This comes out to a total of 4kl +k+1+1+1+1+2(k—1) =4kl +3k+1+1=

[LEkLE12k 48] [URHDERES) [=2] induced paths.

4

—O——0—O0 (0] (0] o o o

FIGURE 3.12

Example for grid(9,11)
4 copies of induced paths for grid(4,4), with extended paths
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(¢] (¢] o o o o o o

FIGURE 3.13

Example for grid(9,11)
4 copies of induced paths for grid(4,4), 6 B-paths, 2 L-paths, and 1 path with 3 vertices

Case 9: n =2 mod 4 and m = 0 mod 4
This is isomorphic to Case 3

Case 10: n =2mod 4 and m =1 mod 4
This is isomorphic to Case 7

Case 11: (refer to Figures 3.14 and 3.15) n = 2 mod 4 and m = 2 mod 4
Suppose n = 4k +2 and m = 4l + 2 for k,[ > 1, then the total number of vertices to cover is
32kl + 16k + 161 + 8. As before we cover 32kl vertices with copies of the induced paths used
to cover C'P(grid(4,4)) leaving the leftmost column, the rightmost column, the top row, and
the bottom row for a total of 4kl induced paths.To cover the remaining vertices in grid(n,m)
we extend the paths corresponding to P» and P, in the original cover of C'P(grid(4,4)). From
vertex (n — 1,2) continue to (n — 1,1),(n —2,1),...,(1,1),(1,2),...(1,m). From vertex
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(2,m — 1) to (2,m),(3,m),...,(n,m). For the remaining vertices in W we start
on the upper left corner for the left column and use k vertical B-paths, with 2 leftover
in the bottom left corner. We cover those 2 vertices with 1 L-path that also covers 3
vertices of the bottom row. The remaining vertices in the bottom row are covered with [ — 1
horizontal B-paths with 3 vertices left. We cover those 3 with 1 more L-path that also
covers 2 of the vertices in the rightmost column. We cover the remainder of the column with

k vertical B-paths. We cover the top row with [ horizontal B-paths. This is a total of

Ml k14 (= 1) 41+ h+1 =4kl +2k+20+1 = [lﬁkl+8§+81+4‘| —_ ((4k+221(4l+2)1 = [nm]

induced paths.

FIGURE 3.14

Example for grid(10, 10)
4 copies of induced paths for grid(4,4), with extended paths
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FIGURE 3.15

Example for grid(10, 10)
4 copies of induced paths for grid(4,4), 7 B-paths, and 2 L-paths

Case 12: (refer to Figures 3.16 and 3.17) n = 2 mod 4 and m = 3 mod 4
Suppose n = 4k + 2 and m = 4l + 3 for k,[ > 1, then the total number of vertices to cover is
32kl+24k+161+12. As before we cover 32kl vertices with copies of the induced paths used to
cover C'P(grid(4,4)) leaving the leftmost column, the 2 rightmost columns, the top row, and
the bottom row for a total of 4kl induced paths. To cover the remaining vertices in grid(n, m)
we extend the paths corresponding to P» and P, in the original cover of C'P(grid(4,4)). From
vertex (n — 1,2) continue to (n —1,1),(n —2,1),...,(1,1),(1,2), ..., (1,m), (2,m), ..., (n,m).
From (2, m — 2) continue to (2,m —1),(3,m —1),...,(n,m — 1), (n,m — 2),...(n, 1). For the
remaining vertices in grid(n, m)) we start on the upper left corner for the left column and

use k vertical B-paths, with 2 leftover in the bottom left corner. We cover those 2
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vertices with 1 L-path that also covers 3 vertices of the bottom row. We cover the remaining
vertices in the bottom row with [ horizontal B-paths. We cover the top row with [ horizontal
B-paths leaving 2 vertices left in the top row. For the second from the right column we
start at the top and use k vertical B-paths with 1 uncovered vertex. For the rightmost
column we start second from the top and use k vertical B-paths leaving 1 vertex. Those

remaining two vertices form 1 more induced path. This comes to a total of 4kl+3k+2[+2 =

[LERLEI2kESLE6] ((4“221(4”3)1 = [™2] induced paths.

FIGURE 3.16

Example for grid(10,11)
4 copies of induced paths for grid(4,4), with extended paths
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FIGURE 3.17

Example for grid(10,11)
4 copies of induced paths for grid(4,4), 10 B-paths, 1 L-path, and 1 two vertex path

Case 13: n =3 mod 4 and m = 0 mod 4
This is isomorphic to Case 4
Case 14: n =3 mod 4 and m =1 mod 4
This is isomorphic to Case 8
Case 15: n =3 mod 4 and m = 2 mod 4
This is isomorphic to Case 12
Case 16: (refer to Figures 3.18 and 3.19) n = 3 mod 4 and m = 3 mod 4
Suppose n = 4k + 3 and m = 4] + 3 for k,I > 1, then the total number of vertices to
cover is 32kl + 24k + 241 + 18. As before we cover 32kl vertices with copies of the in-

duced paths used to cover C'P(grid(4,4)) leaving the leftmost column, the 2 rightmost
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columns, the top row, and the 2 bottom rows for a total of 4kl induced paths. To cover
the remaining vertices in grid(n,m) we extend the paths corresponding to P, and P; in
the original cover of C'P(grid(4,4)). From vertex (n — 2,2) continue to (n — 2,1),(n —
3,1),....(1,1),(1,2), ..., (1,m), (2,m), ..., (n,m), (n,m — 1), .., (n,1). From vertex (2,m — 2)
continue to (2,m —1),(3,m —1),....,(n —1,m —1),(n — 1,m —2),...,(n — 1,1). For the
remaining vertices in grid(n,m)) we start on the upper left corner for the left column and
use k vertical B-paths, with 3 leftover in the bottom left corner. We cover those 3 vertices
with 1 L-path that also covers 2 vertices of the bottom row. We cover the second from the
bottom row and the bottom row each with [ horizontal B-paths, leaving 2 vertices and 1

vetex leftover respectivley. We use an L-path to cover the 3 bottom vertices in the rightmost

column and 1 vertex at (n —2,m — 1). Now we cover the rest of the 2 right most columns

using k vertical B-paths each. We cover the rest of the top row with [ horizontal B-paths.

The vertex (n — 1,m — 1) will be 1 induced path in the cover. This comes out to a total of

AR+ 3k + 31 + 3 = [L0RL126 1120007 _ [(EEDIWHD] _ am] i quced paths. O
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FIGURE 3.18

Example for grid(11,11)
4 copies of induced paths for grid(4,4), with extended paths
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FIGURE 3.19

Example for grid(11,11)
4 copies of induced paths for grid(4,4), 12 B-paths, 2 L-paths, and 1 vertex

COROLLARY 3.2.

[%1—%1 n=2

p(CP(grid(n,n))) = {[n_z1 m+£2:m> 1

Proof follows from the above theorem and the examples already provided.O

3.3 Special Cases where n,m < 4

Now to address the special cases where n = 2; first we will show that p(C P(grid(2,m))) >
f%ﬂ for m = 3,4, 6, then we will provide some examples of induced path covers for n = 2.

We will use these to compute p(CP(grid(2,m))) in general.
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LEMMA 3.3. p(CP(grid(2,3))) > 2

FIGURE 3.20

C'P(grid(2,3))
All edges are shown

Proof: (refer to Figure 3.20) Suppose we have two induced paths P; and P to cover
the twelve vertices of CP(grid(2,3)). By Theorem 2.6, P, and P, have at most four vertices
in grid(2,3). So both P; and P, have three vertices in grid(2, 3), or there are four vertices in
one path and two vertices in the other path in QTT(Q,S) A path cannot have six vertices in
grid(2,3), because we would induce multiple cycles. Suppose one of the paths, P, has five
vertices in grid(2,3). In order to not induce a cycle, and without loss of generality, the five
vertices are d, a, b, ¢, f and they induce a subpath dabcf. P; must have at least two vertices
in gTT@,S), but if we continue the subpath to either d or f, there are no more vertices in
W that can be in P, since otherwise we induce a cycle. So the paths do not have five
vertices in grid(2,3) and do not have less than two vertices in grid(2, 3).

Now we show that the paths cannot have four vertices in gmd—(2,3) Suppose P; has
four vertices in W, then by Corollary 2.11 the four vertices are in a U-path in
CP(grid(2,3)) or they form a B-path, Z-path, or L-path in QTT(Q,S) A B-path is not

possible in grid(2,3). Suppose P, has a Z-path. Without loss of generality let it be €@ f b.
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Py has at least two vertices in grid(2,3), and does not have two prism edges by Theorem
2.7. So we can not continue to both b and e. Using symmetry, we continue to e. From here
we can only go to d and no farther. Now P, must have the vertices a, b, ¢, f, d,¢. However, ¢
is adjacent to ¢, b, and f, and so P; is not a path, which is a contradiction. Now suppose P,
is an L-path and using symmetry let it be dfae. P, has non-adjacent vertices b and ¢. In
order for those vertices to be on the same path, P, has two prism edges. Using Theorem
2.8, P, is bbce with no additional vertices. Therefore P, has vertices a,d, e, f,d, f,a, e, but
P; is an induced path so it has four prism edges which contradicts Theorem 2.1. Finally
suppose P, is a U-path. Using symmetry, P, can be fbbcée, fbbeec, or b f fcce. If Py is
fbbcce, then vertex d in P, is adjacent to three vertices in P, which is a contradiction. If
P, is fbbeec, then in P, the vertices ¢, f, @, d all have degree one, but a path can only have
two vertices with degree one. If P, is b f fcée, then P, contains the cycle abed, which is a
contradiction. So each path must contain exactly three vertices in grid(2, 3).

We now show that neither P; nor P, can have four vertices in grid(2,3). Suppose P
has four vertices in grid(2,3), we know it must also have exactly three vertices in grid(2, 3).
P, can not have two prism edges because this would contradict Theorem 2.2. The four
vertices in grid(2,3) in P, without loss of generality can be {a,d, e, f}, {a,b, e, f} {a,d,c, f},
or {a,d,e,c}. Suppose P; has the vertices {a,d, e, f} which induce the subpath adef. If we
continue to either @ or f then we can only continue to one more vertex in each case, but we
need three vertices in grid(2,3), and therefore have a contradiction. The case is similar for
{a,b,e, f}. Suppose P, has the vertices {a,d, ¢, f}. These vertices do not induce a subpath
of grid(2,3) and so in order for them to be in the same path P; must have two prism edges,
but this is a contradiction to Theorem 2.2. The case is similar for P; containing the vertices
{a,d,e,c}. So P; and P, both contain exactly three vertices in both grid(2,3) and grid(2, 3).
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Suppose P, and P, both contain exactly three vertices in both grid(2, 3) and grid(2, 3).
Using Theorem 2.2 each path can only have one prism edge so the three vertices in grid(2, 3)
and ng(Z,?)) each induce subpaths. Without loss of generality, we can assume that the ver-
tex a is on P; and the subpath in P; is abe, ade, or abe in grid(2,3). Suppose P; has abc and
P, needs three more vertices in ng(ZS) Using symmetry, continue P; to ¢. From here we
can go to e, or d. If we continue to € we can not get a third vertex. If we continue to d,
the only vertex to go to is f. Now P, has vertices {d, e, f,a,b,€}, but b is not adjacent to
any other vertex in P, which is a contradiction. Suppose P; has subpath abe, then P, has
vertices {d,c, f} in grid(2,3) and d is not adjacent to ¢ or f. So P, must have two prism
edges, but this is a contradiction. Finally suppose P, has ade. If we continue to €, we can
only go to ¢, and therefore we can not get the third vertex of W If we continue to
@, we can go to to f or ¢ If we continue to ¢ we can not get our third vertex. Instead,
continue to f, then to b. Then P, has the vertices {b,¢, f, d,e, €}, but ¢ is adjacent to three
of these vertices, which is a contradiction. So there are not two disjoint induced paths that

cover every vertex in C'P(grid(2,3)). O

LEMMA 3.4. p(CP(grid(2,4))) > 2

Proof: Suppose that p(CP(grid(2,4))) = 2, then there are two disjoint induced
paths, P, and P, that cover all the vertices and they each have four vertices in gr’T(Q,él)
To cover ng(Q,él) with two induced paths, they are two B-paths, two L-paths, or 2 U-
paths. If we use two U-paths we will not cover all the vertices in grid(2,4), since they

each have two vertices in grid(2,4). If we use two B-paths we will have the subpaths

(1,3),(1,1),(1,4),(1,2) in P, and (2,3),(2,1),(2,4),(2,2) in P». By Theorem 2.7 we have

at most one prism edge to extend P;. If for instance we extend P from (1,2) to (1,2) and
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stop at (1,2), then neither P; nor P, can cover (1,1). Instead we continue to (2,2), and
agiain neither P, nor P, can cover (1,1). Extending Py to (1,3) or P, to (2,2) or (2,3)

lead to a similar contradiction. If we use two L-paths, we have at most one prism edge on

each path by Theorem 2.7 and we have the subpath (2,1),(2,3),(1,1),(2,2) in P, and

(1,4),(1,2),(2,4),(1,3) in P,. If we extend P, from (2,1) to (2,1), then there is nowhere

else to go without inducing a cycle. So P, has the remaining vertices and P, will contain a

cycle. By extending P, from (2,2) to (2,2), then we can not cover (2,1) with either P; or

P 0O

LEMMA 3.5. p(C'P(grid(2,6))) > 3

Proof: Suppose that p(C'P(grid(2,6))) = 3, then there are three induced paths and
they each have four vertices in ng(Q,G) The only way to do this is with two L-paths
and one B-path or two B-paths and one U-path or three U-paths. Applying reasoning
similar to the above claim, we can not cover all the vertices without the addition of another
induced path. O

Now we provide specific p(C'P(grid(2,m))) for m = 1,2,3,4,5,6,8,10,12,14. For

m =11t is trivial and p(CP(grid(2,1))) =1 = [Z1].

For m = 2 we have already shown p(CP(grid(2,2)) =2 = [#2] + 1.

For m = 3 (refer to Figure 3.21) we know p(CP(grid(2,3)) > 2 but we cover

all vertices with the following three induced paths. P, = (1,1),(1,2),(1,3),(1,3); P, =

(2,3),(2,2),(2,1),(2,1); Py = (2,2),(L,1),(2,3), (L 2), and p(CP(grid(2,3)) = 3

I
—
[\
S
w
J—

+

1.
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FIGURE 3.21

Paths for p(C'P(grid(2,3)))

For m = 4 we know p(C'P(grid(2,4)) > 2, but we cover all vertices with the following

three induced paths. Pl = (L ]-)7 (17 2)7 (L 3>a (174)7 (174)a (2a ]-)a P2 = (27 1)7 <2a 2)7 (27 3)7 (2a 4>a

(2,4),(1,3); Ps=1(2,2),(1,1),(2,3),(1,2), and p(CP(grid(2,4)) =3 = [%W +1

For m =5 (refer to Figure 3.22) we cover all the vertices with the following three in-

duced paths. P, = (1,1),(2,1),(2,2), (2,3), (2,4),(2,4), (1,3), (2,5), (1, 4); P, = (2,5),(1,5),

(1,4),(1,3),(1,2),(1,2),(2,3),(1,1),(2,2); Ps = (2,1),(1,5), and p(CP(grid(2,5)) = 3 =

el
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FIGURE 3.22

Paths for p(C'P(grid(2,5)))

For m = 6 we know p(C'P(grid(2,6)) > 3 but we cover all vertices with the fol-

lowing four induced paths. P, = (1,1),(1,2),(1,3),(1,4),(1,5),(1,6),(1,6),(2,5); P» =

(27 1)7 (272>7 (273)7 (274>7 (275)7 (276)7 (276)7 (175); P3 = (27 1)? (27?))7 (17 1)7 (272>; P4 = m7

(1,2),(2,4),(1,3), and p(CP(grid(2,6)) =4 = [£8] + 1

For m = 8 (refer to Figure 3.23) we cover all the vertices with the following four in-

duced paths. P, = (2,1),(2,3), (1, 1), (2,2), (2,2); P, = (1,3), (2,4), (L, 2), (1, 4), (1,4), (1,5),

(1,6),(2,6),(2,7),(2,8),(1,8); Ps = (2,6),(1,5),(2,7),(2,5),(2,5),(2,4),(2,3),(1,3), (1,2),

(1,1),(2,1); P,=(1,8),(1,6),(2,8),(1,7),(1,7), and p(CP(grid(2,8)) =4 = [27281.
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FIGURE 3.23

Paths for p(C'P(grid(2,8)))

For m = 10 we cover all the vertices with the following five induced paths. P, =

(27 1)7 (273>7 (17 1)7 (272>7 (272); P2 = (173)7 (175)7 (172)7 (174)7 (174>; P3 = (275)7 (176)7 (274>7

(2,6),(2,6),(2,7),(2,8),(1,8),(1,9), (1,10), (2, 10); P, = (1,8),(2,7),(1,9), (1,7), (1,7), (1,6),

—~

(1,5),(2,5), (2,4),(2,3), (1,3), (1,2), (1,1),(2,1); P5 = (2,10),(2,8), (1, 10), (2,9), (2,9),
and p(CP(grid(2,10)) =5 = (%W

For m = 12 we cover all the vertices with the following six induced paths. P, =

(27 1)7 (273)7 (17 1)7 (272>’ (272); P2 = (173)7 <1v5>7 (172)7 (174)7 (1’4); PS - (275)7 (176)7 (2a4)7
Tﬁ)a (276)7 (27 7)7 (2a8)7 (178)7 (179)a (17 10)7 <2a 10)7 (27 11)7 (27 12)7 (17 12); P4 = m7m7
(1,9),(1,7) (2,10),(2,8)

,(1,7),(1,7),(1,6),(1,5),(2,5),(2,4),(2,3), (1,3),(1,2),(1,1),(2,1); Ps = (2,10),(2,8),

(2,11),(2,9),(2,9); Ps = (1,12),(1,10), (2,12),(1,11),(1,11), and p(CP(grid(2,12)) =6 =
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For m = 14 we cover all the vertices with the following seven induced paths. P, =

(27 1)7 (273)7 (17 1)? (272>7 (272); Py = (173)7 (175>7 (1’2)7 (174)7 (174); PS = (2’5)7 (176)7 (2a4)’

(2,6),(2,6),(2,7),(2,8),(1,8),(1,9),(1,10), (2,10), (2, 11), (2,12), (1,12), (1, 13), (1, 14), (2, 14);

Py =(1,8),(2,7),(1,9),(1,7),(1,7),(1,6), (1,5),(2,5), (2,4), (2,3), (1,3), (1,2), (1, 1), (2, 1);

Ps=1(2,10),(2,8),(2,11),(2,9),(2,9); Ps = (1,12),(1,10),(1,13),(1,11), (1, 11); Pr = (2,14),

(2,12), (1,14), (2,13),(2,13), and p(CP(grid(2,14)) = 7 = [2H1]

THEOREM 3.6.

(27 41 m=2,3,4,6

p(CP(grid(2,m))) = {[Q_m-‘ m#2,3,4,6;m > 1

Proof: The cases for m =1,2,3,4,5,6,8,10,12, 14 have already been shown.
Case 1: Suppose that m is odd and m > 5.
An example has been provided for m = 5, for any other m > 5 and m = 2k + 1 we have

2(2k +1) = 4k + 2 vertices in each grid(2, m) and grid(2, m). Our first induced path is from

(2,1) and (1, m). What remains in grid(2,m) are 2k vertices in the top row and 2k vertices
in the bottom row shifted to one vertex to the right. We cover these with k Z-paths. Now to
cover all the vertices in grid(2, m) we extend two of the previous paths. We extend one path

starting with (1,2) and continue to (1,2), (1,3), ..., (1,m), (2, m), and another path starting

at (2,m — 1) and continuing to (2,m — 1), (2,m — 2),...,(2,1),(1,1) and we have a total of

k+1=[k+1/2] = [£2] = f2(211+1)1 = [22] induced paths to cover all the vertices
Case 2: Suppose that m is even and m > 14.

Since in the examples of m = 8,10,12, 14 the induced paths all have four vertices in the
W side, therefore any m > 14 and even is covered by making copies and combining

the covers used for m = §8,10,12, 14 for a total of f%ﬂ induced paths. Since m = 2k for

k>T7 k=4s+rfors>1 and 0 < rl < 3. Therefore m = 8(s — 1) + (2r + 8) with
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8 < 2r +8 < 14 so we have s — 1 copies of a cover for CP(grid(2,8)) and one copy of

grid(2,2r +8). O

3.4 Future Work

There are many more graphs for which we can try to calculate p(G) and p(C'P(G)).
We also would like to find a proof for Lemma 3.2 that does not require a ”brute force”
method and leave it to future research. The N AV'S for vertices was helpful for finding proofs
in this thesis, and perhaps finding more theorems involving N AV'S for other types of graphs
can help solve other open problems. For the case of n = 3 we were unable to provide a proof,

but believe it is possible. From multiple examples we have the following Conjecture 3.7.

CONJECTURE 3.7.

3m m =
p(CP(grid(3,m))) = {{ﬁ} ! m 17§7i-m > 1
: ,2,45m >

We believe we can generalize p(C'P(grid(3,m))) by using constructions similar to the
ones we provide in Figures 3.24 and 3.25. We believe however, we have to make a special
argument for when m = 4 that might be similar to the arguments made in Lemmas 3.3,

3.4, and 3.5.
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FIGURE 3.24

Six Induced Paths for p(CP(grid(3,7)))
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FIGURE 3.25

Six Induced Paths for p(C'P(grid(3,8)))
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