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THE CATEGORY OF NODE-AND-CHOICE FORMS,
WITH SUBCATEGORIES FOR
CHOICE-SEQUENCE FORMS AND CHOICE-SET FORMS

Peter A. Streufert
Economics Department
Western University

ABSTRACT. The literature specifies extensive-form games in several styles, and
eventually I hope to formally translate games across those styles. Toward that
end, this paper defines NCF, the category of node-and-choice forms. The
category’s objects are game forms in any style, and the category’s isomor-
phisms are made to accord with the literature’s small handful of ad hoc style
equivalences.

More specifically, the paper develops two full subcategories: CsqF for
forms whose nodes are choice-sequences, and CsetF for forms whose nodes
are choice-sets. I show that NCF is “isomorphically enclosed” in CsqF in the
sense that each NCF form is isomorphic to a CsqF form. Similarly, I show
that CsqFj is isomorphically enclosed in CsetF in the sense that each CsqF
form with no-absentmindedness is isomorphic to a CsetF form. The converses
are found to be almost immediate, and the resulting equivalences unify and
simplify two ad hoc style equivalences in Kline and Luckraz 2016 and Streufert
2018a.

Aside from the larger agenda, this paper makes three practical contribu-
tions. Style equivalences are made easier to derive by [1] a natural concept of
isomorphic invariance and [2] the composability of isomorphic enclosures. In
addition, [3] some new consequences of equivalence are systematically deduced.

1. INTRODUCTION

1.1. GENERAL MOTIVATION

To set the stage, this paragraph recalls that there are many styles in which
to specify an extensive-form game. Streufert 2018a (henceforth “S5”) lists five of
them. [1] Nodes and choices' can be specified abstractly without restriction, as in
Kuhn 1953 and Selten 1975. [2] Nodes can be specified as sequences of choices as in
Osborne and Rubinstein 1994. [3] Nodes can be specified as sets of choices as in S5
itself. [4] Choices can be specified as sets of nodes, as in Alés-Ferrer and Ritzberger
2016 Section 6.3. [5] Both nodes and choices can be expressed as sets of outcomes,
as in von Neumann and Morgenstern 1944, and Alés-Ferrer and Ritzberger 2016
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2111x85384, Economics Department, University of Western Ontario, London, Ontario, N6A 5C2,
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I thank Deanna Walker for many valuable suggestions.

IThe terms “choice”, “action”, and “alternative” are fundamentally synonymous. See note 17
for further discussion.



2 1. INTRODUCTION

Section 6.2. S5 Section 1 provides examples of the five styles, and S5 Section 7
explains how each style has its own advantages and disadvantages.

It is difficult to formally compare the different styles. Indeed, the first such results
have only recently appeared in Alés-Ferrer and Ritzberger 2016 Section 6.3, in
Kline and Luckraz 2016, and in S5 (whose Figure 1.2 provides an overview). These
contributions show, by ad hoc constructions, that the five styles in the previous
paragraph are of roughly equal generality. To be somewhat more precise, these
papers argue that one style is at least as general as another style, by showing that
each game in the first style can be reasonably mapped to a game in the second
style. Then two styles are regarded as equivalent if such an argument can be made
in both directions. Notice that each such argument hinges upon an ad hoc mapping
linking games in one style to games in another style. Lacking is a way to compare
styles that is based on a systematic way of comparing games. I hope to provide that
systematization in a fashion that is compatible with the prior style equivalences.

Further, I have a larger agenda in mind. Suppose that two styles have been
compared and found to be equivalent. Then I hope to do more than merely translate
each game in one style to an equivalent game in the other style. I hope to translate
properties, defined for games, from one style to the other. I hope to translate
equilibrium concepts from one style to the other. And ultimately, I hope to translate
theorems from one style to the other. In other words, I hope to formally translate
game theory from one style to another.

I believe this would be useful. Since each game-theory paper typically uses just
one style, one can sort the game-theory literature into separate subliteratures cor-
responding to the different styles. Then, the present lack of formal translation
across styles implies that communication across the subliteratures is informal. So,
unavoidably, a considerable amount of game-theoretic understanding is informal.
Formally defragmenting the literature would increase communication, reduce the
likelihood of laboriously reproducing past results, reduce editorial effort, and facil-
itate teaching. In addition, the ability to translate would help researchers to freely
choose the style that is most insightful and/or most convenient for the particular
task at hand.

Formal translation is a daunting task. Fortunately, category theory promises to
be a natural and powerful tool. In order to gain access to this tool, my intermediate-
range objective has been to construct a category [a] whose objects are extensive-
form games in any style, and [b] whose isomorphisms accord with the handful
of style equivalences already in the literature. My first step was Streufert 2018b
(henceforth “SP”). That paper defined NCP, which is the category of node-and-
choice “preforms”, where a preform is a rooted tree with choices and information
sets. My second step is the present paper. Here I will define NCF, which is
the category of node-and-choice “forms”, where a form augments a preform with
players. Later, a third paper will augment NCF forms with preferences in order
to define extensive-form games.

Little categorical work on game theory has been done elsewhere.? Lapitsky 1999
and Jiménez 2014 define categories of simultaneous-move games. Machover and
Terrington 2014 defines a category of simple voting games. Finally, Vannucci 2007
defines categories of various games, but in its category of extensive-form games,
every morphism merely maps a game to itself.
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1.2. CATEGORICAL INVESTMENTS

As suggested, this paper constructs a category of forms [a] whose objects are
forms in any style, and [b] whose isomorphisms accord with the style equivalences
already in the literature. Goals [a] and [b] are discussed in the next two paragraphs.

Section 2 introduces NCF, which is the category of node-and-choice forms, in
which both nodes and choices are specified abstractly without restriction. Thereby
goal [a] is achieved. Further, one special kind of node-and-choice form is a choice-
sequence form, in which nodes are choice-sequences. Correspondingly, Section 3
introduces CsqF', which is the full NCF subcategory for choice-sequence forms.
Similarly, another special kind of node-and-choice form is a choice-set form, in
which nodes are choice-sets. Correspondingly, Section 4 introduces CsetF, which
is the full NCF subcategory for choice-set forms. Finally, consider again the five
styles in the paper’s opening paragraph. NCF itself corresponds to style [1], CsqF
corresponds to style [2], and CsetF corresponds to style [3]. Left for future research
are style [4] with its node-set choices, and style [5] with its outcome-set nodes and
outcome-set choices. These two additional styles will correspond to two additional
subcategories of NCF, as suggested in Section 5.2’s discussion of future research.

To achieve goal [b], Section 2 defines NCF’s morphisms in such a way that
the category’s isomorphisms accord with the style equivalences in the literature.
Since this paper does not build subcategories for the node-set and outcome-set
styles, only two of the literature’s style equivalences remain: [i] Kline and Luckraz
2016 Theorems 1 and 2, which are essentially an equivalence between node-and-
choice forms and choice-sequence forms, and [ii] S5 Theorems 3.1 and 3.2, which are
essentially an equivalence between (no-absentminded) choice-sequence forms and
choice-set forms. As discussed earlier, each of these two equivalences is a matching
pair of results, in which each result states that each form in one style can be
reasonably mapped to a form in the other style. Section 3.2 proposes to strengthen
each such result by requiring that each form in one style is NCF isomorphic to a
form in the other style. This new kind of result is called an “isomorphic enclosure”,
and a matching pair of isomorphic enclosures is called an “isomorphic equivalence”.
Equivalence [i] accords with Corollary 3.3(b), which states that NCF and CsqF are
isomorphically equivalent. Similarly, equivalence [ii] accords with Corollary 4.3(b),
which states that CsqF5 and CsetF are isomorphically equivalent. The paragraphs
after these two corollaries provide historical context, more details, and more senses
in which the two corollaries accord with literature’s equivalences [i] and [ii].

Other results show that NCF is pleasant in other ways. Theorem 2.3 shows that
NCF is a well-defined category. Theorem 2.4 shows that an NCF isomorphism
can be characterized by bijections for nodes, choices, and players. Theorem 2.7
shows that there is a forgetful functor from NCF to NCP, which is SP’s category
of node-and-choice preforms. In addition, various results in Sections 2.1-2.3 show
that the category interacts naturally with game-theoretic concepts like the assign-
ment of information sets to players. Also, Section 2.4 shows that the properties of
no-absentmindedness and perfect-information are invariant to NCF isomorphisms.

2Extensive-form games are not readily comparable to the games defined in the theoretical
computer-science literature. Categories of such games are developed by Abramsky, Jagadeesan,
and Malacaria 2000, Hyland and Ong 2000, McCusker 2000, and Hedges 2017. The last seems
the most relevant, but does not seem to accommodate players with different information.
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Finally, the paragraph after Corollary 3.5 shows how the negation of isomorphic en-
closure formalizes the notion that a property is truly “restrictive” and “substantial”
as opposed to merely “notational”.

1.3. CATEGORICAL DIVIDENDS

Section 1.2 above argues that NCF systematizes prior style equivalences and
that it is a pleasant category in a variety of other ways. Also, Sections 1.1 and
5.2 argue that NCF promises to be of practical importance in the larger agenda
of translating game theory across styles. Further, the following three paragraphs
identify three practical ways that NCF directly contributes to game theory.

First, isomorphic invariance is a natural and powerful concept. For example,
two elementary propositions in Section 3.3 use isomorphic invariance to find [1]
general circumstances in which one subcategory is strictly isomorphically enclosed
by another and [2] general circumstances in which an isomorphic enclosure can
be restricted to smaller subcategories. The latter proposition is used by Corol-
lary 3.7(b) to easily construct an isomorphic enclosure for the proof highlighted in
the next paragraph. Further, both propositions are used by Section 4.3 to easily
derive new results about perfect-information.

Second, isomorphic enclosures can be composed (note 15). Such compositions
can make it much easier to derive other isomorphic enclosures. For example, the
proof of Corollary 4.3(b)’s reverse direction is just six lines long, and the third para-
graph following the corollary’s proof explains how this simple argument replaces six
difficult pages in S5’s proof of its Theorem 3.2. Thus the isomorphic equivalence of
Corollary 4.3(b) is much easier to prove than the corresponding ad hoc equivalence
of S5 Theorems 3.1 and 3.2 (this was called equivalence [ii] above).

Third, isomorphic enclosures have consequences for form derivatives, and Section
5.1 deduces them simultaneously for all isomorphic enclosures. More specifically,
each isomorphic enclosure is defined via isomorphisms, and Proposition 2.6 implies
that each such isomorphism has consequences not only for form components (such
as nodes, choices, and players) but also for form derivatives (such as the precedence
relation among nodes, and each player’s collection of information sets). In contrast,
the literature’s ad hoc style equivalences concern only form components.

1.4. ORGANIZATION

Section 2 develops NCF, the category of node-and-choice forms. Less generally,
Section 3 develops the subcategory CsqF for choice-sequence forms, and Section 4
develops the subcategory CsetF for choice-set forms. Sections 3.2 and 3.3 use the
context of CsqF to introduce the general concept of isomorphic enclosure, and to
introduce general propositions about isomorphic invariance. Further, Section 5.1
uses parts of Sections 3 and 4 to illustrate some general consequences of isomorphic
enclosure. Finally, Section 5.2 discusses future research.

Although many proofs appear within the text, twelve lengthy proofs and their
associated lemmas are relegated to the appendices. Appendix A concerns NCF,
Appendix B concerns CsqF, and Appendix C concerns CsetF.
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2. THE CATEGORY OF NODE-AND-CHOICE FORMS

2.1. OBJECTS

Let T be a set of elements t called nodes. As in SP Section 2.1 (where “SP”
abbreviates Streufert 2018b), a pair (T, p) is a functioned tree iff there are t° € T
and X C T such that [T1] p is a nonempty function from T\ {¢°} onto X and [T2]
(VteT~{t°})(ImeN;) p™(t) = t°. Call p the (immediate) predecessor function.

A functioned tree (uniquely) determines many entities beyond T and p. First, it
determines its root node t° and its set X of decision nodes. Second, it determines its
stage function k:T—Ny by [a] k(t°) = 0 and [b] (Vt€T~{t°}) p*® (t) = t°. Further,
it determines its (strict) precedence relation < on T by (Vt'€T,t?cT) tt < 2 iff
(3meN;) ! = p™(#?). Relatedly, it determines its weak precedence relation < on
T by (VH'eT,t?eT) t' < 2 iff (ImeNy) t* = p™(¢?). Finally, it determines the set
Z of maximal chains in (7, <). This can be split into the set Zg of finite maximal
chains and the (possibly empty) set Zi,q of infinite maximal chains. These derived
entities and their basic properties are developed in SP Sections 2.1 and 2.2.

Let C be a set of elements ¢ called choices. A triple I = (T,C,®) is a (node-
and-choice) preform (SP Section 3.1) iff

[P1] there is a correspondence® F:T—C and a t°€T
such that ® is a bijection from® F& onto T~{t°},
[P2] (T, p) is a functioned tree where p:T'~\{t°}—F~1(C)
is defined® by p&" = {(t*,1)€T?|(3ccC)(t,c, t*)€®®}, and
[P3] H partitions F~1(C)

where H C P(T) is defined by H = {F~1(c)|ceC}.

Call ® the node-and-choice operator, and let t®c denote its value at (¢,¢) € F&".
Call F' the feasibility correspondence, call t° the root node, call p the immediate-
predecessor function, and call H the collection of information sets. In addition, let
X equal F~1(C) (inconsequentially, SP uses F~!(C) rather than X). Call X the
decision-node set.”

A node-and-choice preform IT (uniquely) determines many entities. First, it
determines its components 7', C'; and ®. Second, it determines its F, t°, p, H, and
X, as discussed in the previous paragraph. Third, [P2] determines the functioned
tree (T, p), which in turn determines k, <, <, Zx, and Zisn, as discussed in the
second-previous paragraph. Finally, define the preform’s previous-choice function

3I adopt the conventions that Ny is {0,1,2,...}, that Ny is {1, 2, ...}, and that, for any function
f, fO is the identity function.

4To be clear, let F:T—C mean that F' is a correspondence from T to C, which means that
(VteT) F(t) C C. Also, for c € C, let F~1(c) = {t€T|ceF(t)}. Also, let F~1(C) = Ucec F~1(c).

5In contrast to SP, the present paper notationally distinguishes between a correspondence
and its graph, between a function and its graph, and between a binary relation and its graph.
Thus [P1] distinguishes between the correspondence F' and its graph F& C T'xC. Also, [P2]
distinguishes between the function p and its graph p& C T'xT', and between the function ® and
its graph ®8& C T'xCxT. Also, for example, Proposition 2.2(o) distinguishes between a relation
< and its graph <& C T'xT.

6SP Lemma C.1(a) shows that [P1] implies the well-definition and surjectivity of p.

7SP Lemma C.1(b,c) implies that a preform’s t° and X coincide with the underlying tree’s ¢
and X. Hence the symbols t° and X are unambiguous.
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¢T~{t°}—=C by ¢& = {(t,c)eTxC|(3eT)(t,c,t")e®#}. All these entities and
their basic properties are developed in SP Sections 3.1 and 3.2. Among the basic
properties is the convenient fact that (p,q) = ®!. Further properties appear in
SP Lemmas A.1, C.1, and C.2, and also in Lemma A.1 here.

Let I be a set of elements 4 called players. A quadruple ® = (I, T, (C;)icr,®) is
a (node-and-choice) form iff

[F1] (T, C,®) is a preform where C = U,;¢;C;,
[F2] (Viel, jel~{i}) C;NC; = &, and
[F3] (VteT)(Jiel) F(t) C C;.

Each C} is the set of choices that are assigned to player i. The definitions in this
paragraph are new to this paper (and an earlier version, Streufert 2016).

A node-and-choice form @ (uniquely) determines many entities. First, it deter-
mines its components I, T, (C;);es, and ®. Second, [F1] determines C' and the
preform (T, C,®), which in turn determines F, t°, p, ¢, H, X, k, <, <, Z&, and
Zinft, as discussed in the second-previous paragraph. In addition, define (X;);er
at each i by X; = Ueeo, F~1(c). X; is the set of decision nodes that are assigned
to player i. Further, define (H;);cs at each i by H; = {F~1(c)|ceC;}. H; is the
collection of information sets that are assigned to player 3.

Proposition 2.1. Suppose (I,T,(C;);, ®) is a node-and-choice form with its X,
H, (X;)ier, and (Hi)icr.- Then the following hold.
(a) UiGIXi =X and (VZGI,jGI\{’L}) XZQXJ = .
(b) (Viel) H; partitions X;.
(C) UictH; = H and (ViEI,jEI\{i}) /Hiﬂ,Hj =d. (P’I“OOf Ag)

Here are two minor remarks. [1] A preform can be understood as a one-player
form. Specifically, (T, C, ®) is a preform iff ({1}, T, (C), ®) is a form, where (C;); =
(C) is taken to mean C; = C. [2] A player i in a form is said to be vacuous iff
C; = @. A vacuous player ¢ necessarily has X; = @ and H; = @. Vacuous players
can be convenient. For example, one can posit the existence of a chance player, and
yet create a game without chance nodes by letting the chance player be vacuous.

2.2. MORPHISMS

A (node-and-choice) preform morphism (SP Section 3.3) is a quadruple a =
II,IT', 7, 6] such that IT = (T,C,®) and I’ = (T",C’,®") are preforms,

[
[
[

PM1] TT—=T,
PM2] 0:C—C", and
[PM3] {(7(t),0(c), 7(t)) | (t,c,tF)E®® } C @'".

SP Propositions 3.3 and 3.4 give two characterizations of preform morphisms which
feel more category-theoretic. A (node-and-choice) form morphism is a quintuple
B=[2,9,.,71,0]st. &= (I,T,(Cy)ics,®) and &' = (I', T, (Cl,)irecr,®") are forms,

[FM1] [IT,II', 7, 6] is a preform morphism where
I = (T7 C, ®), C =U;erC;, II' = (T’,Cl7®l), and C' = Ui/ejlcg/,
[FM2] v:I—T', and

[FM3] (Viel) §(Cy) C Clfyy-
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The first paragraph of Proposition 2.2 rearranges the definition of a morphism.
Meanwhile, the second and third paragraphs concern the many derivatives which
can be constructed, via Section 2.1, from the source and target forms. Parts (k) and
(m) are new, while the remainder are obtained by combining [FM1] with various
SP results for preforms and trees.

Proposition 2.2. Suppose & = (I, T, (C})icr,®) and &' = (I',T',(Cl))ier, Q")
are forms. Let C = U;e1C; and C' = UyepCl,. Then [@,9',1,7,0] is a morphism
iff the following hold.

(a) :1—=1.

(b)T:T—=T.

(c)6:C—C".

(d) (Viel) 6(Ci) € C ;.

(e) {(1(),8(c), 7(t")) | (¢, c,t)€@® } C @'#".

Further, suppose [@,9',1,7,0] is a morphism. Let II = (T,C,®) and II' =
(T",C",®"). Also, derive F, t°, p, q, X, (X;)icr, H, and (H;)icr from II and &.
Also, derive F', ¢°, p', ¢', X', (X!)irer, H', and (H})yer from IT' and &'. Then
the following hold.

(f) {(7(t),6(c)) | (t,c)eFE} C F'E.

(0) t° < 7(t%).

() {(r(t%), 7(t)) | (¢, £)ep® } C p'®".

(i) { ((t),8(c)) | (%, c)eq® } C ¢'¥".

(3) T(X) € X'

(k) (Viel) 7(X;) C X ;.

(1) VHeH)(3H'eH') 7(H) C H'.

(m) (Viel, HeH;)(AH'€H, ;) 7(H) € H'.

Finally, derive k, <, =%, Zg&, and Zinge from (T,p). Also, derive k', </, %', Zf,,
and Z! . from (T',p’). Then the following hold.
(n) (VteT) K'(1(t)) = k(t) + K (7(t°)).

(o) {(r(t1),7(t)) | (¢!, #*)e<e} C <'&".
(p) {(r(t"), 7(t?)) | (t",1?)e<®} C <&
(q) (VZe2x)(3Z'€ 24U Zg) T7(Z) C Z'.
(1) (V2 Zup) (32 € Zlyq) 7(2) C Z'. (Proof A.4.)

2.3. THE CATEGORY NCF

This paragraph and Theorem 2.3 define the category NCF', which is called the
category of node-and-choice forms. Let an object be a (node-and-choice) form
& = (I,T,(Ci)icr1,®). Let an arrow be a (node-and-choice) form morphism g =
[@,9,1,7,0]. Let source, target, identity, and composition be

/BsrC = [¢7 Q/’ L’ T’ 6]Src = Q,
ﬂtrg = [¢7¢/7 Ly T, 6]trg = @l7
idqs = id(IyTa(Ci)iE17®) S [@,@, id], idT, iduielci]’ and
Blop =@ &\ 1" 60[® P 17,0 = [P,P", i 01,7 01,8 06],

where idy, idp, and idy,_, ¢, are identities in Set.
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Theorem 2.3. NCF is a category. (Proof A.5.)

Theorem 2.4. Suppose 8 = [@,9',1,7,0] is a morphism. Then (a) B is an
isomorphism iff v, T, and & are bijections. Further (b) if 5 is an isomorphism, then
=@, @, 77 67, (Proof A.7.)

Corollary 2.5. Suppose [®,P',¢,7,8] is a morphism. Let IT be the preform in
&, and let IT' be the preform in &'. Then [@,P',1,7,08] is an isomorphism iff [1]
[II,II', 7, 6] is a preform isomorphism and [2] ¢ is a bijection. (Proof here.)

Proof. Note [II,II', 7, 4] is a preform morphism by [FM1] for [@,®’, ¢, 7,d]. Thus
SP Theorem 3.7(a) shows that [1] is equivalent to the bijectivity of 7 and §. There-
fore [1] and [2] together are equivalent to the bijectivity of ¢, 7, and J. By Theo-
rem 2.4(a), this is equivalent to [®, ®’, ¢, 7, d] being an isomorphism. O

Proposition 2.6 organizes some® of the consequences of a form isomorphism.
The proposition’s first paragraph concerns form components, while the second and
third paragraphs concern form derivatives. Consequences (a)—(c) repeat the forward
direction of Theorem 2.4(a). Consequences (d), (k), and (m) are new, while the
remainder are obtained by combining the forward direction of Corollary 2.5 with
SP results about preforms and trees. The entire proposition is comparable to
Proposition 2.2 for morphisms, and Section 5.1 will discuss how the proposition
contributes directly to game theory.

To address a minor technical issue, note that many of the proposition’s con-
sequences are formulated by restricting functions. In each case, the codomain of
the restriction is defined so that the restriction is surjective. Some other minor
technical issues are discussed in notes 5, 9, and 10.

Proposition 2.6. Suppose [®,P',1,7,0] is an isomorphism, where & = (I, T,
(Ci)i617®) and &' = (II,T/,(Cl{/)i/e]/,@/). Let C = UjesC; and C' = Ui/EI’Cl{h
Then the following hold.

(a) v is a bijection from I onto I'.

(b) 7 is a bijection from T onto T'.

(c) 6 is a bijection from C onto C".

(d) (Vi€l) dl¢, is a bijection from C; onto C’Z(i).g
(e) (1,6,T)|ge is a bijection from @8 onto ®'E".

Further, let I = (T,C,®) and II' = (T",C",®"). Also, derive F, t°, p, q, X,
(Xi)iGI; H; and (Hi)iel f'f'OTTl II and &. AZSO; derive F,z tlo; p/7 q,’ X,’ (Xz{’)i’EI’;
H', and (H})icr from II' and &'. Then the following hold.

(f) (1,0)|pe is a bijection from F& onto F'&".

(g) T(t°) = 1.

(h) (1,7)|per is a bijection from p& onto p'¥&.

(i) (T,0)|qe is a bijection from g® onto ¢'€".

(5) Tlx is a bijection from X onto X'.

(k) (Viel) T|x, is a bijection from X; onto XL’(i).9

8The proposition’s list of consequences is far from exhaustive. For example, in the nota-
tion of the proposition’s second paragraph, Lemma A.2(b) deduces that (Ve€C) 7(F~1(c)) =
(F)~1(5(c)).

9To be clear, parts (d), (k), and (m) do hold when there is a vacuous player 7. In this case,
C; is empty, and thus, d|¢;, C:(i)’ Xi, Tlx;s XZ(W Hi, 7|, , and Hi( ) are all empty as well.

i
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(1) 7|y is a bijection from H onto H'.*°
(m) (Vi€I) 7|u, is a bijection from H; onto M. %10
Finally, derive k, <, <, Zg, and Zinge from (T,p). Also, derive k', </, %', Zf,,
Z! & from (T",p"). Then the following hold.
(n) (VteT) K'(7(t)) = k(t).
(0) (1,7)|<e is a bijection from <& onto <'&".
(p) (7,7)|<e is a bijection from <8 onto <'&".
(q) 7|z, is a bijection from Zg onto Z{.'°
(1) 7|z is a bijection from Zinse onto Z! . 1% (Proof A.9.)

As already noted, the definition of a form incorporates a preform, and the def-
inition of a form morphism incorporates a preform morphism. Correspondingly,
Theorem 2.7 shows there is a “forgetful” functor P from NCF to NCP. Inciden-
tally, SP Theorem 3.9 shows there is a similar functor F from NCP to Tree. Hence
FoP is a functor from NCF to Tree.

Theorem 2.7. Define P from NCF to NCP by
Po : (I,T,(Cy)icr,®) — (T,U;c;Ci, ®) and
Py @ [@,9,1,7,8] — [Po(®),Po(P),T,0].
Then P is a well-defined functor. (Proof A.10.)

2.4. NO-ABSENTMINDEDNESS AND PERFECT-INFORMATION

Consider an arbitrary category Z, and a property which is defined for the objects
of Z. The property is said to be isomorphically invariant iff, for each object, the
object satisfies the property iff all of its isomorphs satisfy the property. This section
explores two isomorphically invariant properties: [1] no-absentmindedness and [2]
perfect-information. Both properties restrict information sets.

No-absentmindedness is a standard property which is widely regarded as being
very weak (see, for example, Alés-Ferrer and Ritzberger 2016 Section 4.2.3). To
define this property in NCP, consider an NCP preform with its < and H. Then the
preform is said to have no-absentmindedness iff (BHEH, t*cH,tPcH) t4 < tB. 1
Further, consider an NCF form with its preform. Then the form is said to have
no-absentmindedness iff its preform has no-absentmindedness.

Proposition 2.8. (a°) If [II,II',7,6] is an NCP morphism and II' has no-
absentmindedness, then II has no-absentmindedness. (a) No-absentmindedness is
isomorphically invariant in NCP. (b°) If [P, D', ¢, 1,8] is an NCF morphism and &'
has no-absentmindedness, then ® has no-absentmindedness. (b) No-absentminded-
ness is isomorphically invariant in NCF. (Proof A.11.)

101y parts (1), (m), (q), and (r), 7 is understood to be the function P(T) 3> S
{r(t)[teS} € P(T’). For example, if H € H, then 7(H) = {r(t)[teH}. Similarly, if
Z € ZxUZing, then 7(2) = {7(t)|teZ}.

1pjccione and Rubinstein 1997 Figure 1 provides an example of absentmindedness. A cor-
responding NCP preform IT = (T,C,®) can be defined by T = {{}, (a), (b), (a,a), (a,b)}, C =
{a,b}, and ® = {({}, 2, (a)), ({},b, (b)), ((a),a, (a,a)), ((a),b, (a,b)}. No-absentmindedness fails
because H contains H = {{}, (a)} and {} < (a). A corresponding NCF form & = (I, T, (C;);, ®)
can be defined by setting T and ® as above, setting I = {1}, and setting C1 = {a,b}. The
existence of this example is used in the proof of Corollary 3.5.
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Let NCPj5 be the full subcategory of NCP whose objects are preforms with
no-absentmindedness. (I am endeavouring to use subscripts for isomorphically in-
variant properties.) Similarly, let NCF5 be the full subcategory of NCF whose
objects are forms with no-absentmindedness. No-absentmindedness will appear
again in Section 3.3.

Perfect-information is another standard property. It is restrictive, and at the
same time, there are many interesting games which satisfy it (see, for example,
Osborne and Rubinstein 1994 Part IT). As in SP Section 3.5, an NCP preform, with
its collection H of information sets H, is said to have perfect-information iff (VHeEH)
|H| = 1. Perfect-information is strictly stronger than no-absentmindedness.!? '3
Further, an NCF form is said to have perfect-information iff the form’s preform
has perfect-information. (In spite of Proposition 2.9, the existence of a morphism
does not lead to any logical relationship between the source’s perfect-information
and the target’s perfect-information.)

Proposition 2.9. (a) Perfect-information is isomorphically invariant in NCP.
(b) Perfect-information is isomorphically invariant in NCF. (Proof A.12.)

Let NCPy be the full subcategory of NCP whose objects are preforms with
perfect-information. (The subscript zp would be equivalent to the subscript p, be-
cause no-absentmindedness is implied by perfect-information, as shown in note 12.)
Further, let NCFy, be the full subcategory of NCF whose objects are forms with
perfect-information. Perfect-information will appear again in Section 4.3.

3. THE SUBCATEGORY OF CHOICE-SEQUENCE FORMS

3.1. OBJECTS

Let a (finite) sequence be a function from {1,2,...m} for some nonnegative inte-
ger m (to be clear, the empty sequence'* with empty domain is admitted by m = 0).
I will regard a sequence as a set of ordered pairs. For example, t* = {(1, g), (2,f),
(3,f)} is a sequence with domain {1,2,3}. An alternative notation for the same
entity is t* = (g,f,f). Yet another is t* = (¢})2_, where t; =g and t; = t5 =f.

n=1
Let the length of a sequence ¢ be |t|. For instance, the length of the example
sequence is |t*| = [{(1,g), (2,f), (3,f)}| = 3, which is consistent with the observation
that (2,f) # (3,f). Note that the length of the empty sequence {} is [{}| = 0. Next,

1276 see that perfect-information implies no-absentmindedness, assume no-absentmindedness
is violated. Then there is H € H, t4 € H, and t® € H such that t4 < t5. Thus t4 # tB. So
|H| > 1 and perfect-information is violated.

13The “horse game” of Selten 1975 Figure 1 is an interesting example which satisfies no-
absentmindedness but not perfect-information, and SP Section 4 spells out (several) corresponding
NCP preforms. However, the simplest example with this combination of properties is an extensive
form of a two-person simultaneous-move game. A corresponding NCP preform IT = (T, C, ®) can
be defined by T = {{}, (a), (b), (a,¢), (a,d), (b,c), (b,d)}, C = {a,b,c,d}, and ® = {({},a, (a)),
{}, b, (b)), ((a),¢,(a,c)), ((a),d,(a,d)), ((b),c,(b,c)), ((b),d,(b,d))}. Note that H consists of
H = {{}} and H' = {(a),(b)}. No-absentmindedness holds because [i] H is a singleton and
[ii] neither (a) < (b) nor (a) > (b). Perfect-information fails because |H’| # 1. A corresponding
NCF form ¢ = (I,T,(C;)i,®) can be defined by setting 7' and ® as above, setting I = {1,2},
and setting C; = {a,b} and C>» = {c,d}. The existence of this example is used in the proof of
Corollary 4.4.

14T he empty sequence is the empty set. Further, {} and @ are alternative notations for the
empty set. I use {} for a root node, and use @ for all other purposes.
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let the range of a sequence t be R(t) = {t,, |n€{1,2,...|t|} }. For instance, the range
of the example sequence is R(t*) = {t} |ne{1,2,3} } = {g,f,f} = {g,f}. Note that
the range of the empty sequence {} is R({}) = 2.

Let the concatenation t®s of two sequences t and s be {(1,t1), ... (|t|,ty),
(|t[+1,51), ... (|t|+]s],s}s))}. Thus the concatenation of a sequence t = (t1, 2, ... t4)
with a one-element sequence (c) is t®(c) = (t1, 12, ... tj¢|, ¢). Next, for any sequence
t and any ¢ € {0,1,2,...|t|}, let 1t, denote the initial segment (t1,ta,...t¢). Thus
for any sequence t, 1tg = {}.

A choice-sequence NCP preform is an NCP preform (7, C, ®) such that

[Csql] T is a collection of (finite) sequences which contains {},
[Csq2] (¥ (t,c, t*) € ®#") td(c) = tF.

Let CsqP be the full subcategory of NCP whose objects are choice-sequence pre-
forms. Proposition 3.1 lists some of the special properties of CsqP preforms. In-
cidentally, property (h) and assumption [Csql] together imply that each node in a
CsqP preform is actually a choice sequence, as the terminology suggests.

Proposition 3.1. Suppose (T, C,®) is a CsqP preform. Derive its F', t°, p, q,
k, <, and <. Then the following hold.
(a) t° = {}.
(b) (WEET{{}}) p(t) = 1th, | and q(#) = 1], .
(c) @8 ={ (t,c,t)eTxCxT | t&(c)=t* }.
(d) F& ={ (t,c)eTxC | t®(c)eT }.
(e) (VteT,me{0,1,...[t[}) p™(t) = 1t}t|—m-
(f) (Vt€T) k(t) = [t].
(9) (Vt€T) t = (qopI (1)L,
(h) C = UerR(1).
(i) (VAT tPeT) t4 <7 iff (jt] < [tP] and t4 =1t[l,)).
() (MAETAPeT) th < 7 iff (jtY < [tP] and t* =1t[ls)). (Proof B.1.)

Finally, let a choice-sequence NCF form be an NCF form whose preform is a
CsqP preform. Then let CsqF be the full subcategory of NCF whose objects are
choice-sequence NCF forms.

3.2. ISOMORPHIC ENCLOSURE

Consider two full subcategories A and B of some overarching category Z. Say
that A is isomorphically enclosed in B (in symbols, A — B) iff every object of A is
isomorphic to an object of B. Note that A — B concerns not only the subcategories
A and B but also, implicitly, the overarching category Z within which isomorphisms
are defined. Further note that isomorphic enclosures can be composed in the sense
that A — B and B — C imply A — C.'® Finally, let A <> B mean that both
A — B and A < B hold. Call < isomorphic equivalence. Isomorphic equivalence
implies the standard categorical concept of equivalence in MacLane 1998 page 18.

Theorem 3.2. (a) NCP — CsqP. In particular, suppose II = (T,C,®) is
an NCP preform with its p, q, and k. Define T = {(quk(t)’f(t))lgg |teT },

150 prove composability, recall A — B means that [a] each A form is isomorphic to a B form.
Similarly, B — C means that [b] each B form is isomorphic to a C form. [a] and [b] imply that
each A form is isomorphic to a C form, and this is what is meant by A — C.
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define 7 T—T by 7(t) = (qopk(t)’z(t))lggl), and define ® by surjectivity and Q8 =
{(F@#), e, 7(t) | (t,c,t*)e®E }. Then I = (T,C,®) is an CsqP preform, T is
a bijection, and [II,1I1,7,idc] is an NCP isomorphism. (b) NCF — CsqF. In
particular, suppose ® = (I,T,(C;)ic1,®) is an NCF form. Define T, 7, and @ as
in part (a). Then & = (I,T,(Ci)ic1,®) is a CsqF form and [@,®,id,7,idy;.,c;]
is an NCF isomorphism. (Proof B.3.)'°

Corollary 3.3. (a) NCP < CsqP. (b) NCF « CsqF. (Proof here.)

Proof. (a). NCP — CsqP by Theorem 3.2(a). Conversely, each CsqP preform
is an NCP preform by definition. (b). This is very similar to (a). Change “preform”
to “form”, P to F, and (a) to (b). O

This equivalence has a long history. In the more distant past, it was informally
understood that game trees could be specified in terms of either [i] a collection of
nodes and a collection of edges or [ii] a collection of sequences. Harris 1985 page
617 provides an example of this informal understanding. Specification [i] uses the
nomenclature of graph theory (e.g., Tutte 1984), and specification-[i] trees were the
basis on which Kuhn 1953 and Selten 1975 built game forms. Later, specification-|[ii]
trees became the basis on which Osborne and Rubinstein 1994 built game forms.

Kline and Luckraz 20167 (henceforth “KL16”) develop this equivalence by a
pair of theorems. In recognition of the above authors, they call specification-|i]
forms “KS forms” and call specification-[ii] forms “OR forms”. Then, one of their
theorems (their Theorem 2) shows that a KS form can be derived from each OR
form, while the other theorem (their Theorem 1) shows that each KS form can be
mapped to an OR form.'® These two theorems are depicted by the two arrows in
Figure 3.1(a). The arrows are dashed to convey that the equivalence is ad hoc.

(a)

KS <¢- - OR
KL16 KL16
T2 T1

(b)
D> T3.2(b)
C3.3(b)

FIGURE 3.1. (a) The ad hoc equivalence of Kline and Luckraz
2016 (KL16). (b) The isomorphic equivalence of Corollary 3.3(b).
T = Theorem. C = Corollary.

16Theorems 3.2 and 4.2 draw upon Lemmas A.14 and A.15. These nontrivial lemmas show
how to construct isomorphisms in NCP and NCF from bijections for nodes, choices, and players.
These lemmas appear to have application beyond this paper.

17The terms “choice”, “action”, and “alternative” are fundamentally synonymous. However,
the literature tends to use “choice” when it is assumed that information sets do not share alter-
natives, and conversely, to use “action” when the assumption is relaxed. The assumption itself is
insubstantial in the sense that one can always introduce more alternatives until each information
set has its own alternatives (see S5 Section 5.2, first paragraph, for more discussion). This pa-
per makes the assumption for notational convenience, and correspondingly, uses “choice” (see SP
Proposition 3.2(16b) and the paragraphs beforehand). In contrast, KL16 relaxes the assumption
and uses “action”.

1895 Theorems 3.2 and 3.1 adapt and slightly extend KL16 Theorems 2 and 1.
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Corollary 3.3(b) develops the equivalence further. Specification-[i] forms are
written as NCF forms, and specification-[ii] forms are written as CsqF forms.
Corollary 3.3(b) is then a pair of results: one half (the very easy half) shows that
an NCF form is isomorphic to each CsqF form, while the other half (Theorem 3.2)
shows that each NCF form is isomorphic to a CsqF form. Thus the corollary’s
isomorphic equivalence strengthens the KL16 equivalence by introducing isomor-
phisms.

There are further senses in which the corollary’s isomorphic equivalence accords
with the KL16 equivalence. In the backward direction, KL.L16 Theorem 2 is appeal-
ing because the nodes in the constructed KS form are identical to the sequences
in the given OR form. This is possible because KS nodes admit OR sequences
as special cases. Nonetheless KL16 Theorem 2 is nontrivial because KS forms do
not admit OR forms as special cases. Here the analogous result is cleaner: NCF
forms have been defined so that NCF forms admit CsqF forms as special cases.
In the forward direction, KL16 Theorem 1 is made appealing by KLL16 Lemma 2,
which shows that there is a bijection « from the “vertex histories” in the given KS
form to the nodes in the constructed OR form. That bijection is closely related to
Theorem 3.2’s bijection 7, which maps from the nodes of the given NCF form to
the nodes in the constructed CsqF form.

3.3. MORE ABOUT NO-ABSENTMINDEDNESS

3.3.1. Proposition 3.4 describes a general situation in which one subcategory
strictly isomorphically encloses another. In the proposition, w and s are two prop-
erties defined for the objects of Z. Further, w <7 s means that w is strictly weaker
than s. In other words, w <% s means that [a] each object of Z satisfies w if it
satisfies s, and [b] there is an object of Z that satisfies w but not s. Corollary 3.5
applies Proposition 3.4 to the nonvacuous property of no-absentmindedness.

Proposition 3.4. Suppose w and s are properties defined for the objects of Z,
and that s is isomorphically invariant. Let Zv, be the full subcategory of Z whose
objects satisfy w, and let Zg be the full subcategory of Z whose objects satisfy s.
Then w < s implies Zy <+ Zs. (Proof here.)

Proof. Suppose w <=7 s. To see Zy, < Zs, take an object of Zg. Since w <« s,
the object is also an object of Zy. Thus (trivially) the object is isomorphic to an
object of Zy. To see Zy 7~ Zs, note the assumption w <% s implies that there is
an object of Z that satisfies w and violates s. Thus there is an object of Z, that
violates s. Thus since s is isomorphically invariant, this object does not have an
isomorph that satisfies s. Thus the object does not have an isomorph in Zs. O

Corollary 3.5. (a) NCP <+ NCPj;. (b)) NCF +-A NCF5. (Proof here.)

Proof. (a). Consider Proposition 3.4 at Z equal to NCP, when w is the
vacuous property satisfied by all objects of NCP, and s is the property of no-
absentmindedness. No-absentmindedness is invariant by Proposition 2.8(a). Fur-
ther the vacuous property is strictly weaker than no-absentmindedness because
there exists an absentminded preform (recall note 11). Thus Proposition 3.4 im-
plies that NCP,, = NCP strictly isomorphically encloses NCPg = NCP5. (b).
This is very similar to (a). Change “preform” to “form”, P to F, and (a) to (b).
O
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To better interpret Corollary 3.5, recall Theorem 3.2(b) which states NCF —
CsqF. Formally, this means each NCF form is isomorphic to a CsqF form. This
can be interpreted to mean that the property of having choice-sequence nodes is
not “restrictive”. In contrast, Corollary 3.5(b) implies NCF 4 NCFj. Formally,
this means there is at least one NCF form (such as the one in note 11) that
is not isomorphic to an NCFj5 form. This can be interpreted to mean that the
property of no-absentmindedness is “restrictive”. Informally, the first result states
that choice-sequence-ness is “purely notational”. In contrast, the second result
states that no-absentmindedness is “substantial”, “significant”, and “real”, and
that it “limits the range of decision processes and social interactions that can be
modelled”. The categorical concept of isomorphic enclosure (—) serves to formalize
and to standardize these important terms. Note that both an isomorphic enclosure,
and the negation of an isomorphic enclosure, are meaningful.

3.3.2. Next, Proposition 3.6 shows that an isomorphic enclosure can be restricted
by any isomorphically invariant property. Corollary 3.7 uses this result to restrict
Corollary 3.3 by no-absentmindedness. Corollary 3.7 will in turn be used in the
remarkably quick proof of Corollary 4.3.

Proposition 3.6. Suppose that A and B are full subcategories of Z, and that w
is an isomorphically invariant property defined for the objects of Z. Let Ay, be the
full subcategory of A whose objects satisfy w, and let By, be the full subcategory of
B whose objects satisfy w. Then A — B implies Ay — Byw. (Proof here.)

Proof. Suppose A — B. To show Ay, — By, take an object of Ay. Then [1]
the object is an object of A and [2] the object satisfies w. By [1] and A — B,
the object has an isomorph in B. By [2] and the isomorphic invariance of w, the
isomorph satisfies w. The conclusions of the previous two sentences imply that the
isomorph is in By,. O

Corollary 3.7. (a) NCP; <> CsqPs. (b) NCF5 < CsqF5. (Proof here.)
Proof. (a) follows from Corollary 3.3(a), Proposition 3.6, and Proposition 2.8(a).

(b) is very similar to (a). Just change (a) to (b). O

(T Figure 3.1(b) — — — — — — \
| NCF s CsqF |
o __cs3Mb)_______ Y

Q Q

CRa cRa

NCFz <= CsqF;

C3.7(b)

FIGURE 3.2. Half of the previous figure, augmented with some results
about no-absentmindedness. C = Corollary.

3.3.3. Finally, Corollary 3.8 could be proved by mimicking the proof of Corol-
lary 3.5, in which case Proposition 3.4 would be employed once for part (a) at Z
= CsqP, and again for part (b) at Z = CsqF. Instead, Corollary 3.8 is proved by
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composing isomorphic enclosures (note 15), and the proof of the corollary’s part (b)
is illustrated by Figure 3.2. Both proof techniques are straightforward, and a more
interesting example of composition will soon appear in the proof of Corollary 4.3.

Corollary 3.8. (a) CsqP < CsqP3. (b) CsqF <4 CsqF35. (Proof here.)

Proof. (a). This is very similar to (b). Change F to P, and (b) to (a). (b). To see
CsqF < CsqFj, note that CsqF < NCF < NCFj; < CsqFj by, respectively,
Corollary 3.3(b), Corollary 3.5(b), and Corollary 3.7(b). To see CsqF #4 CsqFsj,
suppose it were. Then NCF — CsqF — CsqF; — NCFj by, respectively, Corol-
lary 3.3(b), the supposition of the previous sentence, and Corollary 3.7(b). This
contradicts Corollary 3.5(b), which states that NCF /4 NCFj. O

4. THE SUBCATEGORY OF CHOICE-SET FORMS

4.1. OBJECTS
Let a choice-set NCP preform be an NCP preform (7', C, ®) such that

[Cset1] T is a collection of finite sets which contains {} and
[Cset2] (V(t, ¢, t*)e®8") tu{c} = th.

Then let CsetP be the full subcategory of NCP whose objects are choice-set NCP
preforms. Proposition 4.1 lists some of the special properties of CsetP preforms.'®
Incidentally, property (f) and assumption [Csetl] together imply that each node in
a CsetP preform is actually a choice set, in accord with the terminology. More sig-
nificantly, property (g) shows that every CsetP preform has no-absentmindedness.
In this sense the combination of [Csetl] and [Cset2] is restrictive.

Proposition 4.1. Suppose (T,C,®) is a CsetP preform with its F, t°, p, q, k,
=<, =%, and H. Then the following hold.
(a) t° = {}.
(b) (VEET~{{}}) a(t*) ¢ p(t*) and p(tF){q(t*)} = 1.
(c) (VteT) k(t) = |t].
(d) (VEET, me{0,1,...[t]}) p™(t) Ct and t~p™ (£) = { qop™ (t) | m>n>0}.
(¢) (VET) t = {gop" (1) | | >n>0}.
(f) C =UT.
(9) (T, C,®) has no-absentmindedness.
(h) (VteT,HeH) tNF(H)| < 1.
(i) (VEAET #BET) tA C tB implies t4 = plt”1=-1t*1(1B).
(G) (VAT tBeT) t4 < tB iff t4 C tB.
(k) (VAT tBeT) t4 < tB iff t4 C B,
(1) @8 ={ (t,c,t"eTxCxT | cgt, tu{c}=t* }.20
(m) F& = { (t,c)eTxC | c¢t, tU{c}eT }. (Proof C.2.)

Finally, let a choice-set NCF form be an NCF form whose preform is a CsetP
preform. Then let CsetF be the full subcategory of NCF whose objects are choice-
set NCF forms.

19 Almost every CsetP property in Proposition 4.1 has a CsqP analog in Proposition 3.1. The
properties are merely presented in different orders because they are proved in different orders.
The exceptions are that properties (g)—(i) have no CsqP analogs in Proposition 3.1.

20Lemma C.1 shows the following are equivalent: [a] c¢t and tU{c}=t?. [b] t#tf and tU{c}=t!.
[c] t#tt and t=t!~{c}. [d] tCt! and {c}=tf\t.
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4.2. ISOMORPHIC ENCLOSURE

Theorem 4.2. (a) CsqP5z — CsetP. In particular, suppose I = (T,C,®)
is a CsqPgs preform. Define T = R(T), and define @ by surjectivity and Q@8 =
{(R(t),¢ R(#*)) | (t,¢,t*)e®8" }. Then I = (T,C,®) is a CsetP preform, Rt is a
bijection, and [II,II, R|,ids] is an NCP isomorphism. (b) CsqF5 — CsetF. In
particular, suppose ® = (I, T, (C;);c1,®) is a CsqFa form. Define T and ® as in
part (a). Then @ = (I, T, (C;);c1,®) is a CsetF form and [®,®,idf, R| 7, idy, ¢
is an NCF isomorphism. (Proof C.3.)

Corollary 4.3. (a) CsqP3; <> CsetP. (b) CsqF; < CsetF. (Proof here.)

Proof. (a). This is very similar to (b). Change “form” to “preform”, F to P,
(b) to (a), and the last phrase to “because it has no-absentmindedness by Propo-
sition 4.1(g)”.

(b). Theorem 4.2(b) shows CsqFz — CsetF. Thus it remains to show CsqF3 <
CsetF. Since isomorphic enclosures can be composed, it suffices to show [1] CsetF
— NCFj; and [2] NCF5 — CsqF3. [2] is the forward direction of Corollary 3.7(b).
[1] holds simply because any CsetF form is a NCF 5 form. To see this, take a CsetF
form. It is an NCF form by construction. It has no-absentmindedness because its
preform has no-absentmindedness by Proposition 4.1(g). O

ORa ¢-- --» Sbces
TS5 TSS
3.2 3.1
(b) ‘
****** Figure 3.2 — — — — — —~

NCF —> CsqF
Q C3.3(b) Q
21 21
=% R

+— — CsetF

C3.7(b) easy T4..2(b)
\& *********** Wj

D ([1] in C4..3(b)’s proof)

FIGURE 4.1. (a) An ad hoc equivalence from S5. (b) The previous
figure, augmented with Corollary 4.3(b) and its proof. T = Theorem.
C = Corollary.

Corollary 4.3(b) is analogous to an ad hoc style equivalence in S5. There, a pair
of results argues that no-absentminded OR forms (“ORa forms” in this subsection)
are equivalent to S5-choice-set forms (“S5cs forms” in this subsection). One of the
results (S5 Theorem 3.2) shows that an ORa form can be reasonably derived from
each S5cs form, and the other result (S5 Theorem 3.1) shows that each ORa form
can be reasonably mapped to an S5cs form. These two theorems are depicted by
the two dashed arrows in Figure 4.1(a).

Corollary 4.3(b) strengthens this equivalence. CsqF35 forms are like ORAa forms
in that both specify nodes as choice-sequences, and CsetF forms are like S5cs
forms in that both specify nodes as choice-sets. Then, Corollary 4.3(b)’s isomorphic
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equivalence is a matching pair of results: one half (labelled “easy” in Figure 4.1(b))
shows that a CsqFj form is isomorphic to each CsetF form, while the other half
(Theorem 4.2) shows that each CsqF5 form is isomorphic to a CsetF form. Thus
Corollary 4.3(b) strengthens the S5 equivalence by introducing isomorphisms.?!

Corollary 4.3(b)’s proof highlights how useful it is to compose isomorphic en-
closures. In particular, consider the reverse direction of Corollary 4.3(b), which is
CsqF3 « CsetF in Figure 4.1(b), and compare it with S5 Theorem 3.2, which is
ORa «-- Shcs in Figure 4.1(a). The lemmas and proof for S5 Theorem 3.2 span
six difficult pages. In contrast, the reverse direction of Corollary 4.3(b) is proved
in six lines by composing an easily-proved enclosure (CsetF — NCFj in part [1]
of proof) with a previously-proved enclosure (NCF5z — CsqF3 from the forward
half of Corollary 3.7(b)). Figure 4.1(b) shows this composition as the curved arrow
followed by the forward direction of Corollary 3.7(b).

4.3. MORE ABOUT PERFECT-INFORMATION

Corollaries 4.4 and 4.5 are additional applications of Section 3.3’s general propo-
sitions using isomorphic invariance.

Corollary 4.4. (a) NCPj3 <~/ NCPy,. (b) NCF3 <~/ NCFy. (Proof here.)

Proof. (a). Consider Proposition 3.4 at Z equal to NCP, when w is the prop-
erty of no-absentmindedness @, and s is the property of perfect-information p.
Perfect-information is isomorphically invariant by Proposition 2.9(a). Further no-
absentmindedness is strictly weaker than perfect-information by notes 12 and 13.
Thus Proposition 3.4 implies that NCPj5 strictly isomorphically encloses NCPy,.
(b). This is very similar to (a). Change P to F, and (a) to (b). O

Corollary 4.5. (a) NCP, <+ CsqP, <> CsetP,. (b)) NCF, <+ CsqF, <
CsetFy. (Proof here.)

Proof. (a). Corollary 3.7(a) and Corollary 4.3(a) imply NCP5; + CsqP;
CsetP. Thus, Propositions 3.6 and 2.9(a) imply that NCPs, <> CsqPzp
CsetPy, where NCPyjjp, is the full subcategory of NCP consisting of those objects
that satisfy both no-absentmindedness and perfect-information, and where similarly
CsqPsp is the full subcategory of CsqP consisting of those objects that satisfy
both no-absentmindedness and perfect-information. Since no-absentmindedness
is weaker than perfect-information (note 12), NCP5, = NCP,, and CsqP3zp, =
CsqPy. (b). This is very similar to (a). Change P to F, and (a) to (b). O

Incidentally, since isomorphic equivalence implies categorical equivalence, Corol-
lary 4.5(a) implies NCPp,, CsqPp, and CsetP}, are categorically equivalent. Fur-
ther, SP Theorem 3.13 and Corollary 3.14 show that NCPy, Tree, and Grph, are
categorically equivalent, where Tree is the category of functioned trees which SP
uses in its development of NCP, and where Grphe, is the full subcategory of Grph
whose objects are converging arborescences. Thus, NCP,, CsqPp, CsetP, Tree,
and Grphc, are categorically equivalent.

Figure 4.2’s arrow diagram illustrates most of the isomorphic-enclosure results
from Sections 3.2 and following. In addition, the diagram has some unlabelled

2l There is also another sense in which Corollary 4.3(b) accords with the S5 equivalence. The
forward half of the corollary is Theorem 4.2, and that theorem transforms choice-sequence nodes
to choice-set nodes via the bijection R|#. That same bijection is used in S5 Theorem 3.1.
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ffffffffffffffffffff Figure 4.1(b) — — — -
. NCF < CsqF |
| Q c3.3(b) A !

@ . W@ . |
1 Z; = .T [
| £ g |
' NCF; <+~ CsqFs <~ CsetF |
\ €3.7(b) C4.3(b) )

Q

N 1 1

GRa H +

NCF, +——  CsqFp +— CsetF,

C4.5(b) C4.5(b)

FIGURE 4.2. Most of the previous figure, augmented with some results
about perfect-information. C = Corollary.

arrows. They are derived by composing arrows as in the proof of Corollary 3.8.
Many diagonal arrows could be similarly derived.

5. FURTHER REMARKS

5.1. DEDUCING CONSEQUENCES FROM AN ISOMORPHIC ENCLOSURE

Consider this paper’s first isomorphic enclosure. Theorem 3.2 shows that each
NCF form & is isomorphic to a CsqF form & by means of an isomorphism which
transforms nodes via the bijection 7. Proposition 2.6 deduces many consequences
from such an isomorphism. For example, its part (o) implies that (Vt'e€T,t?€T)
t1 < 2 iff 7(t') < 7(¢?), where T is the node set of @, < is derived from &, and <
is derived from @. Although such consequences about form derivatives like < and
=< are tantalizingly natural, the consequences about form derivatives in Proposi-
tion 2.6(f)—(r) take about 10 pages to prove. That work is important because such
consequences are fundamental to drawing more conclusions from the isomorphic
enclosure of NCF in CsqF.

As Section 3.2 explained, the isomorphic enclosure of NCF in CsqF is analogous
to KL16 Theorem 1. No consequences about form derivatives have been deduced
from that ad hoc theorem, and an analog of Proposition 2.6(f)—(r) would likely
require about 10 pages to prove. Moreover, like KL.L16 Theorem 1, no consequences
about form derivatives have been deduced from KL16 Theorem 2 or from S5 The-
orems 3.1 and 3.2. Each of these ad hoc theorems has its own formulation, so
deriving analogs of Proposition 2.6(f)—(r) for the three of them would likely require
another 3x10 = 30 pages.

In contrast, Proposition 2.6(f)—(r) applies not only to the isomorphic enclosure
of NCF in CsqF. It applies to any isomorphic enclosure. Thus it applies to all
the arrows in Figure 4.2, as well as to all isomorphic enclosures in the future.

5.2. FUTURE RESEARCH

As discussed in Section 1.1, this paper is part of a larger agenda to translate game
theory across specification styles. In this larger context, isomorphic enclosures can
be seen as a way to translate form components from one style to another, and on the
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basis of these isomorphic enclosures, Proposition 2.6(f)—(r) (discussed just above)
can be seen as a way of translating form derivatives from one style to another.

The results of this paper wait to be expanded in three orthogonal directions.

[1] There is more to translate beyond forms and their derivatives. This would
include properties that forms might satisfy, and theorems that might relate these
properties to one another. (This paper makes some limited progress in this direction
by exploring the isomorphically invariant properties of no-absentmindedness and
perfect-information, and by identifying some special properties of CsqF forms and
CsetF forms via Propositions 3.1 and 4.1.) Expanding in this direction would
correspond to expanding the three substantive sections of this paper.

[2] This paper concerns only three styles: NCF, CsqF, and CsetF. There are
other styles to explore, including the two neglected styles mentioned at the start of
this paper, namely, the “node-set” style of Alés-Ferrer and Ritzberger 2016 Section
6.3, and the “outcome-set” style of von Neumann and Morgenstern 1944 and Alés-
Ferrer and Ritzberger 2016 Section 6.2. Expanding in this direction will require
defining new NCF subcategories for “node-set” forms and “outcome-set” forms,
and will correspond to adding, to the present paper, two new sections for the two
new subcategories.

[3] This paper concerns only forms, which need to be augmented with preferences
in order to define games. At the higher level of games, many more issues emerge.
To return to [1], there is more to translate, including equilibrium concepts and
the theorems which might relate one equilibrium concept to another. To return to
[2], there will be more than five specifications because there are alternative ways
to specify preferences over the same form. Expanding in this third direction will
require building a new category for games that incorporates this paper’s category
for forms.

APPENDIX A. NCF

Lemma A.1. Suppose (T,C,®) is an NCP preform with its F, t°, p, q, and
‘H. Then the following hold.
(@) |T] > 2, [C] > 1, |&#] > 1.
(b) (VHEH,ceC) c € F(H) iff F~(c) = H.
(c) (VHeH, theT~{t°}) q(t*) € F(H) iff p(t*) € H.

Proof. (a). In the paragraph after SP equation (1), remark [ii] shows that (At€T)
p(t) = t. Thus, since p is nonempty by [T1], there are distinct t! € T and t?> € T
such that t! = p(¢?). Thus, by the definition of p in [P2], there is ¢ € C such that
(t' e, t?) € @F.

(b). (Forward direction). Suppose [a] ¢ € C, [b] H € H, and [¢] c € F(H).
[c] implies there is [d] ¢ € H such that [¢] ¢ € F(t). [e] implies [f] t € F~1(c).
Meanwhile, [a] and [P3] imply [g] F~1(c) € H. Since H is a partition by [P3], [b]
and [g] imply H and F~!(c) are elements of the same partition. Hence [d] and [f]
imply H = F~1(c).

(Reverse direction). Suppose ¢ € C, [a] H € H, and [b] F~!(c) = H. Since
H belongs to a partition by [a] and [P3], there is [c] t € H. [c] and [b] implies
t € F~1(c), which implies ¢ € F(¢). This and [c] imply ¢ € F(H).
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(¢). (Forward direction). Suppose H € H, [a] t* € T~{t°} and [b] q(t*) € F(H).
[b] and the forward direction of part (b) imply [c] F~'(q(t!)) = H. Mean-
while, [a] and SP Proposition 3.1(b) imply p(t*)®q(t*) = t*. This and [P1] imply
(p(t*), q(t*)) € F&. This implies p(t*) € F~1(q(t*)), which equals H by [ ].

(Reverse direction). Suppose H € H, [a] t* € T~{t°} and [b] p(t*) € H. [a] and
SP Proposition 3.1(b) imply p(t*)®q(t!) = t*. This and [P1] imply (p (tﬁ),q(tﬂ))
€ F&. This implies ¢(t*) € F(p(t*)). This and [b] imply q(t*) € F(H). O

Lemma A.2. *2 Suppose a = [II,II',7,6] is a preform morphism, where IT =
(T,C,®) determines F and where II' = (T',C",®") determines F'. Then the fol-
lowing hold. (a) (VeeC) 7(F~1(c)) C (F")71(6(c)). (b) Suppose « is an isomor-
phism. Then (VeeC) T7(F~1(c)) = (F')~1(5(c)).

Proof. (a). Take c. I argue

T(F~Ye)) = { 'eT’ | (3teT) t'=7(t) and teF'(c) }
={t'eT’ | (FteT) t'=7(t) and (t,c)eF?& }
C{teT | (FeT) t'=7(t) and (7(t),d(c))eF'& }
={t'eT’ | (FteT) t'=7(t) and (t',6(c))eF'® }
C{YeT | (t',o(c))eF'® }

= (F')71(3()).
The first inclusion holds by (18a) of SP Lemma C.6. The second inclusion holds
because 7(T') C T' by [PM1]. The equalities are rearrangements.

(b). Take c. I argue

7(F~c)) = { €T’ | (3teT) t'=7(t) and teF~*(c) }
= { €T’ | (FteT) t'=7(t) and (t,c)eF& }
= {t'eT’ | (FteT) t'=7(t) and (7(t),d(c))eF'& }
= {t'eT’ | (FeT) t'=7(t) and (t',6(c))€F'8" }
= { el | (t',6(c)eF'e }

= (F')71(8(c)).
The third equality holds by SP Proposition 3.8(c). The fifth holds because 7 is
a bijection by SP Theorem 3.7 (second sentence). The remaining equalities are
rearrangements. O

Proof A.3 (for Proposition 2.1). (a). First I show [1] U;c;X; = X by arguing,
in steps, that U;cr X; by the definition of (X;);er equals Ujer(Usec, F~1(c)); which
by rearrangement equals Uecyu,.,c,F~*(c); which by the definition of C equals
UcecF~1(c); which by definition equals F~1(C); which by definition (in Section 2.1)
equals X. Thus it remains to show that (Viel, jeI~{i}) X;NX; = &. Toward that
end, suppose there are i' € I and i? € I such that [2] i' # i? and X;:NX;2 # 9.
This nonemptiness and [1] imply there is [3] ¢t € X such that [4] ¢t € X;1NX;2. [3]
and [F3] imply there is ¢* € I such that [5] F(t) C C;«. [4] implies ¢ € X1, which

22This lemma excerpts parts of proofs from SP. In particular, the proof of part (a) rearranges
part of SP Proof C.12’s argument for SP Proposition 3.5, and the proof of the part (b) rearranges
part of the argument for SP Lemma C.17(e).
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by the definition of X;1 implies there is [6'] ¢! € C;1 such that t € F~1(c!). The
previous set membership is equivalent to [7!] ¢! € F(t). [7!] and [5] imply ¢! € Cj-,
and thus [6'] and [F2] imply [8!] i' = i*. Similarly, [4] implies ¢ € X;z, which by the
definition of X;2 implies there is [6%] ¢ € Cj2 such that t € F~!(c?). The previous
set membership is equivalent to [7%] ¢ € F(t). [7?] and [5] imply ¢ € C;«, and
thus [62] and [F2] imply [82] i? = i*. [8!] and [8?] imply i' = i?, which contradicts
[2].
(b). Take i. First I show [1] H; € H. I do this by arguing, in steps, that H;
by definition equals {F~!(c)|ceC;}; which by the definition of C' is a subset of
{F~(c)|ceC}; which by definition (in [P3]) equals H. Since H is a partition by
[P3], [1] implies that the elements of H; are nonempty and disjoint. Thus it remains
to show that UH; = X;. I argue, in steps, that UH; by the definition of H; equals
U{F~(c)|c€C;}; which by the definition of X; equals X;.

(c). First I show U;e;H; = H. I do this by arguing, in steps, that U;e;H; by
the definition of (H;);cs equals U;er{F~1(c)|c€C;}; which by rearrangement equals
{F~(c)|c€U;esC;}; which by the definition of C equals {F~!(c)|ceC}; which by
definition (in [P3]) equals 7. Thus it remains to show (Viel, jeI~{i}) H,H,; # 2.
Toward that end, suppose i* € I and i? € I satisfy [1] i' # i? and H;aNH2 # 9.
This nonemptiness implies there is H € H;NH;2. H € Hy and part (b) implies
H is a nonempty subset of X;:1. Similarly, H € H;2 and part (b) implies H is a
nonempty subset of X;2. The previous two sentences imply X;1NX, 2 # &. Hence
part (a) implies i' = 2, which contradicts [1]. O

Proof A.4 (for Proposition 2.2). The next two paragraphs prove the first
paragraph of the proposition. In particular, the next two paragraphs show that
[@,&,1,7,0] is a morphism iff (a)—(e) hold.

Forward Direction. Assume [@,®’ 1, 7,d] is a morphism. Then [FM1] implies
(T,C,®),(T,C',®"),T,0] is a preform morphism, so [PM1] implies (b), [PM2]
implies (c), and [PM3] implies (e). Further, [FM2] implies (a), and [FM3] implies
(d).

Reverse Direction. Assume (a)—(e). Since @ and ¢’ are forms by assumption, it
suffices to show [FM1]-[FM3]. [FM3] holds by (d). [FM2] holds by (a). For [FM1],
note that IT and IT’ are preforms by [F1] and the assumption that ¢ and &' are
forms. Thus it suffices to show [PM1]-[PM3]. [PM1] holds by (b), [PM2] holds by
(¢), and [PM3] holds by (e).

Henceforth assume that [®,®’, ¢, 7, d] is a morphism. The remaining two para-
graphs of the proposition follow from Claims 1, 2, 4, and 5 below.

Claim 1: (k) holds. Take i. I argue, in steps, that 7(X;) by definition equals
7(Ueec, F71(c)), which by rearrangement equals U{7(F~!(c))| c€C; }, which by
Lemma A.2(a) is included in U{ (F")"((c)) | c€C; }, which by rearrangement is
U{ (F")~Y() | d€d(C;) }, which by [FM3] is included in U{ (F")~1(c) | el iy}
which by definition is Xb’(l.).

Claim 2: (m) holds. Take i and H € H;. By the definition of #;, there exists
[1] ¢ € C; such that [2] H = F~Y(c). Let [3] H = (F')~'(6(c)). [1] and [FM3]
imply 6(c) € C};). Thus the definition of H; ) implies (F")71(8(e) € H; ;- This
and [3] imply H' € ] ,). Thus it remains to show that 7(H) C H'. T argue, in
steps, that 7(H) by [2] equals 7(F~1(c)), which by Lemma A.2(a) is included in
(F")~1(8(c)), which by [3] equals H'.
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Claim 3: (a) [II, II,7,0] is an NCP morphism. (b) [(T,p),(T,p"), 7] is a Tree
morphism. (a) follows from [FM1]. For (b), note that (a) and SP Theorem 3.9
imply that Fy([I, II', 7, §]) is a Tree morphism. By that theorem’s definition of F,
Fl([H7 I, 6}) = [FO(H)v Fo(H/), T] = [(T7p), (T/,p/)7 T}'

Claim 4: (f), (h), (i), (j), and (1) hold. Because of Claim 3(a), these parts follow
from various results in SP. In particular, (f) follows from SP Lemma C.6(18a). (h)
follows from SP Lemma C.9(20a). (i) follows from SP Lemma C.9(20b). (j) follows
from SP Proposition 3.4(22a) since Section 2.1 defines X equal to F'~!(C') and thus
X’ equal to (F")~1(C"). (1) follows from SP Proposition 3.5.

Claim 5: (g) and (n)-(r) hold. Because of Claim 3(b), these parts of the propo-
sition follow from various parts of SP Proposition 2.4. In particular, (g) follows
from SP Proposition 2.4(a). (n)—(p) follow from SP Proposition 2.4(c)—(e). (q)
follows from SP Proposition 2.4(h). (r) follows from SP Proposition 2.4(g). O

Proof A.5 (for Theorem 2.3). The next two paragraphs draw upon SP Theo-
rem 3.6, which showed that NCP is a well-defined category.

This paragraph shows that, for each form &, idg is a form morphism. Toward
this end, take a form @ = [I,T,(C;)icr,®]. By [F1], let IT = (T,U;c1C;, ®) be
its NCP preform. It must be shown that ide = [@,P,idr,id;,idy,_,c,] satisfies
[FM1]-[FM3]. [FM1] holds because [II,II,idr,idy,_,c,] is an NCP identity, and
hence, an NCP morphism. [FM2] holds because id;:I—1. [FM3] holds because
(Vi€l) idu,e,0,(Cj) = Cj = Cig, (j)-

This paragraph shows that, for any two form morphisms 3 and 3', 8’08 is a
form morphism. Toward this end, take form morphisms 8 = [®,¢',,7,6] and
g =1[9,9",/, 7,8, where & = (I,T, (Cy)ic1,®), D = (I',T',(Cl)irer,®"), and
Q" = (1", T",(Cll)irer,®"). By [F1],1et IT, IT', and IT"” be the NCP preforms un-
derlying @, &', and @”. It must be shown that 8’08 = [®,®" 7'or, 7'01, 6" 0d] satisfies
[FM1]-[FM3]. For [FM1], it must be shown that the quadruple [II, II", 7 o7, § 0d]
is an NCP morphism. This holds because [a] the quadruple equals [II', IT" 7/, ¢']o
[IT,II',7,6] in NCP, and because [b] [II,II',7,6] and [II',II",7',4'] are NCP
morphisms by [FM1] for 8 and 8’. For [FM2], it must be shown that /ou:I—1I".
This holds because ¢:I—1" by [FM2] for 3, and because /:I'—I" by [FM2] for 5’
For [FM3], it must be shown that (Viel) (6'00)(C;) € C/l, ;- To prove this, take
i. Targue 6'(6(Cy)) € &'(C;)) € CJ,, ;) where the first inclusion holds because

o(C;) Cc @) by [FM3] for 8, applied at ¢, and where the second inclusion holds by

L
[FM3] for p’, applied at i’ = ¢(7).
The previous two paragraphs have established the well-definition of identity and
composition. The unit and associative laws are immediate. Thus NCF is a category
(e.g. Mac Lane 1998, page 10). O

Lemma A.6. Suppose [, 1,7,0] is a morphism, where ® = (I, T, (C)icr, ®)
and &' = (I',T',(Cl)ier,®"). Further suppose that v and & are bijections. Then
the following hold.

(a) (Vi€l) d|c, is a bijection from C; onto C’Z(i).
(b) (Vi'el’) 5_1|le, is a bijection from Cj, onto C,-1(;ry.

Proof. Define C' = U;¢;C; and C" = Uy e/ C,. The lemma follows from Claims 3
and 4.
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Claim 1: § is a bijection from U;e1C; onto Uy e Cl,. [FM1] implies [PM2], which
implies ¢ is a function from C to C’. Thus the definitions of C and C’ imply 0 is a
function from U;e;C; to UyepCl. 6 is a bijection by assumption.

Claim 2: (Viel) 6(C;) = Cj;). Take i. [FM3] implies 6(C;) € Cj;). Thus it
remains to show that Cz(i)\é(Ci) = . Toward that end, suppose contrariwise
there is ¢’ such that [a] ¢ € C];) and [b] ¢ ¢ 6(C;). [a] and Claim 1 implies
that 6=1(c’) is a well-defined element of Ugc;Cy. Thus there is j € I such that
571(¢') € C;. This implies [c] ¢’ € §(C;). [c] and [b] imply [d] i # j. Also, [c] and
[FM3] imply ¢’ € C ;). This and [a] imply [e] ¢’ € €, NC] ;). Meanwhile, [d] and
the bijectivity of ¢ imply [f] ¢(¢) # ¢(j). [e] and [f] contradict [F2] for &'

Claim 3: (a) holds. This follows from the bijectivity of ¢ and Claim 2.

Claim 4: (b) holds. Since ¢ is bijective, it suffices to prove that (Vi) 6*1\01(”
is a bijection from CZ(i) onto C;. By Claim 2, this is equivalent to proving that

(Viel) 6~ s(c,) is a bijection from §(C;) onto C;. This follows from part (a). O

Proof A.7 (for Theorem 2.4). Let the components of ¢ be (I,T,(C;)icr, ®),
define C' = U;C;, let the components of &' be (I',T',(Cl)ier,®'), and define
C'=UyCl.

The forward half of (a) and all of (b). Suppose that 3 is an isomorphism (Awodey
(2010, page 12, Definition 1.3)). Recall that 8 = [®,&',1,7,6] and let 71 =
[D*, d**,1*, 7, 6%]. Then

[1] [, &, 0%, 7%, 6*]0[®, D', 1, 7,0] = idg = [P, D,id;, idp,idc] and
[2] [(Zj, @/, L, T, (5]0[@*, @**, L*, T*, 5*] = id@/ = [@,, ¢/7 id[/, idT/, idc/},

where the first equality in both lines holds by the definition of 37!, and the second
equality in both lines holds by the definition of id. The well definition of o in [1]
implies [a] &* = &'. Analogously, the well definition of o in [2] implies [b] &** = .
The third component of [1] implies t*or = id;, and the third component of [2] implies
tot* = idyr. Thus ¢ is a bijection from I onto I’ and [c] ¢* = +~!. Similarly, the fourth
components of [1] and [2] imply 7 is a bijection from T onto 7" and [d] 7* = 7~ 1.
Similarly again, the fifth components of [1] and [2] imply 0 is a bijection from C
onto C’ and [e] §* = §~1. To conclude, the previous three sentences have shown
that ¢, 7, and J are bijections. Further,

ﬁ_l = [¢*7 é**7 I’*V T*7 5*] = [¢/7¢7 L_17 T_17 5_1}7
where the first equality follows from the definition of 37!, and where the second
equality follows from [a]-[e].

The reverse half of (a). Suppose that ¢, 7, and § are bijections. Define 5* =
(@, @, 1,771 67 1]. Derive II from @ and II' from &'. The remainder of this
paragraph will show that 8* is a form morphism by showing that it satisfies

[FM1] [II',I1,771,571] is a preform morphism,
[FM2] 1~ I'—1,and
[FM3/] (Vi'el’) 67H(C}) C Cr-13iry.

To see [FM1'], first note that [II,II',7,¢] is a preform morphism by [FMI] for
B. Thus the bijectivity of 7 and §, together with SP Theorem 3.7(a), imply that



24 ApPENDIX A. NCF

[II', IT,771,671] is an NCP isomorphism. Hence a fortiori, it is a preform mor-
phism. To see [FM2'], first note that t:1—1I' by [FM2] for 5. Thus the bijectivity of
¢ implies that 1 ~1:I'—1I. Finally, to see [FM3'], consider Lemma A.6. The lemma’s
assumptions are met because the theorem assumes that § = [, &, ¢, 7, 4] is a mor-
phism and because the start of this paragraph assumes that ¢ and § are bijections.
Thus the lemma’s part (b) implies that (Vi’el’) 6= 1(C},) = Co=13i1).

To conclude, #* is a form morphism by the previous paragraph. Further,

BB = [@/’ P, L_la 7_—17 5_1]O[¢a 0T, 6] =idg and
505* = [Qja q'S’, Ly T,y 5]0[@I7 @7 L_lv T_lv 5_1] = idg.
Hence 3 is an isomorphism (and incidentally, 37! = 3*). O

Lemma A.8. Suppose [®, &, 1, 7,6] is a morphism, where & = (I,T,(C;)icr, ®)
determines (H;)ier, and where &' = (I',T',(Cl)ier,®") determmes (M}
Further suppose that [II,II',7,8] is an isomorphism, where II = (T,C,®), C

Uic1Ci, I = (T’,Cl,@)’), and C' = Ui/g/C’{,. Then (VZEI,HGHZ) ( ) S HL(Z)

Proof. Derive F from II, and F’ from II'. Since [II,II',7,¢] is an isomorphism,
Lemma A.2(b) implies [1] (VeeC) 7(F~1(c)) = (F")~1(6(c)).

Now take i and H € H;. Then there is [2] ¢* € C; such that [3] H = F~1(c*).
First I show [4] 6(c”) € C};) by arguing, in steps, that 6(c*) by [2] belongs to
0(C}), which by [FM3] is included in C’L’(i). Finally, I argue, in steps, that 7(H) by
[3] equals 7(F~1(c*)), which by [1] equals (F')~1(5(c*)), which by [4] belongs to
H i) O

Proof A.9 (for Proposition 2.6). The proposition follows from Claims 1-4 and
6-7.

Claim 1: (a)—(c) hold. The forward direction of Theorem 2.4(a) implies that ¢,
7, and § are bijections.

Claim 2: (d) holds. This follows from Lemma A.6(a).

Claim 3: (k) holds. Take i. Since 7 is a bijection by Claim 1 (part (b)), it suffices
to argue that

el
)z rel’-

(X)) = U{ 7(F~1(c)) | c€C; }
=U{ (F")7(3(c)) | c€Ci }
=U{ (F")7H () | €0y } = X5y
The first equality holds by the definition of X; and a rearrangement. The second
equality follows from Lemma A.2(b) because [II,II’,7,0] is an isomorphism by
Corollary 2.5. The third equality holds by Claim 2 (part (d)). The fourth equality
holds by the definition of X’(z)

Claim 4: (m) holds. Take i. Since [II,II',7,0] is an isomorphism by Corol-
lary 2.5, Lemma A.8 implies that 7|y, is a well-defined function from #; into
7—[2(1-). It is injective because 7 is injective by Claim 1 (part (b)). To show that
it is surjective, take H' € H,;. Since [@',®,.7t, 771 67! is an isomorphism
by Theorem 2.4(b), [II’,II,7=!,§7!] is an isomorphism by Corollary 2.5. Thus
Lemma A.8 can be applied to [#',®,77%,.71,67!]. Therefore H' € H,(;) implies
T Y (H') € H,-10,(s)- Hence 771 (H’) € H;. This implies that 7(7—'(H')) = H' is
in the range of 7|y;,.
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Claim 5: (a). [II,II',7,6] is an NCP isomorphism, where II = (T,C,®) and
o= (1,C,Q. (b) (T,p),(T,p),7] is a Tree isomorphism. (a) holds by
Corollary 2.5. For (b), note that (a) and SP Theorem 3.9 imply Fq([{I,II',T,0])
is a Tree isomorphism. By that theorem’s definition of F, Fi([II,II',7,0]) =
[Fo(IT), Fo(II"), 7] = [(T',p), (T", "), 7]-

Claim 6: (e), (f), (i), (j), and (1) hold. These hold by Claim 5(a) and the
parts of SP Proposition 3.8. In particular, (e) holds by SP Proposition 3.8(b).
(f) holds by SP Proposition 3.8(c). (i) holds by SP Proposition 3.8(d). (j) holds
by SP Proposition 3.8(a) since Section 2.1 defines X as F~!(C) and thus X’ as
(F")~1(C"). (1) holds by SP Proposition 3.8(e).

Claim 7: (g), (h), and (n)—(r) hold. These hold by Claim 5(b) and various parts
of SP Proposition 2.7. In particular, (g) holds by SP Proposition 2.7(c). (h) holds
by SP Proposition 2.7(e). (n) holds by SP Proposition 2.7(d). (o)—(r) hold by SP
Proposition 2.7(f)—(i). O

Proof A.10 (for Theorem 2.7). By [F1], Py maps any form into a preform. By
[FM1], P; maps any form morphism into a preform morphism. Thus it suffices to
show that P preserves source, target, identity, and composition (Mac Lane 1998
page 13). This is done in the following four claims.

Claim 1: P1(B)% = Po(5°). Take 8 = [@,&',1,7,0]. Then I argue, in steps,
that P1(8)* by the definition of S is equal to P1([®, P, ¢, 7,d])™, which by the
definition of P; is equal to [Po(®), Po(P'), T, d]°, which by the definition of src
in NCP is equal to Po(®), which by the definition of src in NCF is equal to
Po([@, D', ¢, T,0]°), which by the definition of § is equal to Po(55).

Claim 2: P1(B)"8 = Po(S"®). This is very similar to Claim 1. Simply change src
to trg.

Claim 3: P1(idg) = idpy(@). Take @ = (I,T,(C;)icr,®) and let C = U;C;. First
I show [a] Po(®) = (T, C,®) by arguing, in steps, that Po(P) by the definition of ¢
is Po(Z, T, (C;)ier, ®), which by the definition of Pg is (T, U;c;C;, ®), which by the
definition of C'is (T, C, ®). Then I argue, in steps, that P;(idg) by the definition of
id in NCF is equal to P1([®,®,id;,idr,id¢]), which by the definition of P; is equal
to [Po(@), Po(@), idr, idc}, which by [a] is equal to [(T, C, ®), (T, C, ®), idr, idc],
which by the definition of id in NCP is equal to id(r,c,g), which by [a] is equal to
idp, ()

Claim 4: P1(B08) = P1(8)oP1(B8). Take g = [@,9',1,7,0] and p' = [@', D",
/7', ¢']. First I note that, since Py is well-defined by the first paragraph, P;([®, ¥,
t,7,0]) = [Po(P), Po(P'), 7,6] and Py ([®', D",/ ,7",6']) = [Po(P'), Po(P”),7/,8'] are
preform morphisms. Then I argue that

P1(8'0B) = P1([®',®",//,7",8"]o[®@, &, 1,T,0])

= Py([®, 9", 01,707, 6" 00])

= [Po(®), Po(P"), 7' 01,8 06]

= [Po(®'), Po(2"),7",0"]0[Po(®), Po(2'), T, ]
1([@, 0", 7,6 |oP1[@, @' 1,7, 6])

= Py(
= P1(8")oP1(B),
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where the first equality holds by the definitions of § and ', the second by the
definition of o in NCF, the third by the definition of P;, the fourth by the previous
sentence and by the definition of o in NCP, the fifth by the definition of Py, and
the sixth by the definitions of 8 and 3'. O

Proof A.11 (for Proposition 2.8). (a°). Suppose [IT,II’, 1, 4] is a preform mor-
phism, with [T = (T,C,®) determining < and H, and with II' = (T7,C",®")
determining <’ and #H'. It suffices to show that the absentmindedness of IT implies
the absentmindedness of II’. Toward that end, suppose II has absentmindedness.
Then there are [1] H € H, [2] t* € H, and [3] t® € H such that [4] t* < tB. [1]
and SP Proposition 3.5 imply there exists [5] H' € H' such that [6] 7(H) C H'.
2] implies 7(t4) € 7(H) and thus [6] implies [7] 7(t*) € H'. Similarly, [3] implies
7(tP) € 7(H) and thus [6] implies [8] 7(t®) € H’. In addition, [4] and SP Propo-
sition 2.4(d) (via SP Corollary 3.10) imply [9] 7(t*) <’ 7(tB). [5], [7], [8], and [9]
imply I’ has absentmindedness.

(a). Suppose II and II’ are isomorphic. Then (a fortiori) there is a morphism
to IT from II' and also a morphism from IT to II'. By part (a®) and the first
morphism, the no-absentmindedness of IT implies the no-absentmindedness of II’.
Similarly, by part (a°) and the second morphism, the no-absentmindedness of IT is
implied by the no-absentmindedness of IT’.

(b°). This follows from part (a°) and the definition of no-absentmindedness for
forms.

(b). This follows from part (b°) just as part (a) follows from part (a°). O

Proof A.12 (for Proposition 2.9). Claim 1. If [II,II',7,6] is an isomorphism
and II' has perfect-information, then II has perfect-information.  Suppose
[IT,II',7,6] is an isomorphism, with IT = (T,C,®) determining H and II’' =
(T",C", ®) determining H’. Further suppose IT does not have perfect-information.
It suffices to show that II’ does not have perfect-information. Because II does
not have perfect-information, there are t! € T, t* € T, and [a] H € H such that
[b] ¢! # ¢ and [c] {t',#*} C H. SP Proposition 3.8(e) implies 7|3 is a bijection
from H onto H'. Hence [a] implies [d] 7(H) € H'. Further, SP Theorem 3.7 implies
that 7 is a bijection from T onto 7”. Hence [b] implies [e] 7(t') # 7(t?). Yet further,
[c] implies [f] {7(t'),7(t2)} C 7(H). [d], [e], and [f] imply that T’ does not have
perfect-information.

(a). This follows from Claim 1.

(b). This follows from part (a) and the definition of perfect-information for
forms. O

Lemma A.13. Suppose that (T,p) is a functioned tree and that 7:T—T" is a bi-
jection. Define the function p’ by surjectivity and p'® = { (7(t*), 7(t)) | (t*,t)€p®" }.
Then (T',p') is a functioned tree.

Proof. Since (T, p) is a functioned tree, there exist t° € T' and X C T to satisfy
[T1]-[T2]. Define t* = 7(¢°) and X' = 7(X). It suffices to show
[T1'] p’ is a nonempty function from 7'~ {t'°} onto X', and
2] (HET{#°})(Fm>1) (o) (¢) = t°.
These two statements are shown by Claims 6 and 8.

Claim 1: T|pgpoy:T{t°}=T'~{t'°} is a bijection. This follows from the bijec-
tivity of 7 and the definition of ¢'°.
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Claim 2: 7|x:X—X' is a bijection. This follows from the bijectivity of 7 and
the definition of X'.

Claim 3: T|XOpO(T‘T\{to})71 is a nonempty function from T'~{t"°} onto X'.
The claim follows from composition. In particular, (7|7 qroy) T/ \{t"} =T~ {t°}
is a bijection by Claim 1, p:T~\{t°}—X is nonempty and surjective by [T1], and
T|x:X—X’ is a bijection by Claim 2. These bijections appear on the bottom, left,
and top of Figure A.1.

(rlzgiop) !
T{to) — Y e

F1GURE A.1. Set diagram for Claims 3 and 5.

Claim 4: P& = (7| xopo(T|rjey) " 1)E. T argue
#

(1) | (¢, t)ep® }

T(t

);
), 7(1) | F€T~{t°}, t=p(t¥) }
), Top(t*)) | FET{t°} }
), Top(th)) | *ET\{t"}, t*=(7|r qpey) T (tF) }
To(T|p qrey) T (#F), Topo (| quey) TH(EF)) [ HFETN{} }
(t%, opo(Tlp goy) "1 (¢¥)) | tRET'\{t"} }
= (Topo(r|r(rey) " H)E"
The first equality holds by the lemma’s definition of p’8". The second holds since
the domain of p is T~{t°} by [T1]. The third is a rearrangement. The fourth holds

by Claim 1. The fifth and sixth are rearrangements. The last holds because the
domain of (7|7 pey) ! is T/~ {t'°} by Claim 1.

(¢

((
(7(
(7 (¢
(7(
(

7(t

{
{
{
{
{
{

Clatm 5: p' = T|Xopo(7|t\{to})_1, that is, Figure A.1 commutes. This follows
from Claim 4 because [a] p’ is surjective by assumption and [b] 7|xopo(7|e fe3) "
is surjective by Claim 3.

Claim 6: [T1'] holds. This follows from Claims 3 and 5.

Claim 7: (Vt€T~{t°})(Im>1) t° = po|(7|r(to}) 'or|x0p]™ *(t). Take t#t°.
By [T2] there exists m > 1 such that t° = p™(¢). On the one hand, suppose m = 1.

Then the claim holds by the definition of m. On the other hand, suppose m > 2.
Then proving the claim requires several steps. First, I show

(a) Vn|lm—-1>n>1) p"(t) = (T|T\{to})_lo7'|xop"(t).

Take any such n. Since 7 is bijective, it suffices to show that the composition
(Tl to3) " tor|x0p™(t) is well-defined. In other words, it suffices to show [i] that
p"(t) € X and [ii] that 7|xop™(t) is in the domain of (7|7 0})~'. [i] holds because
the codomain of p is X by [T1]. To see [ii], note that t° = p™(¢) and m—1>n>1
imply that p™(t) is in the domain of p. Thus, since the domain of p is T~ {t°} by
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[T1], we have p™(t) € T~{t°}. Hence the definition of ¢° and the bijectivity of 7
imply 7|xop™(t) € T'~{t'°}. This and Claim 1 imply [ii]. Second, I argue

(b) (Ynm—1>n>1) p"(t) = [(t|rqe1) " oT]x0plop™ (1)

This holds because the right-hand side of (b) is a rearrangement of the right-hand
side of (a). Third, I argue

1

(c) Pp"HE) = [(Tr o)) toT|xoplop™ 2(t)

( 1)
[(Trqeoy) ™ oT|x0p]?0p™ 3 (1)
( e

(

Lor|xop]™ 2op(t)

. [ TT\{to
[ TT\{tO})iloT‘Xop]mil(t)v

where the first equality holds by (b) at n=m—1, the second by (b) at n=m—2, ...,
and the last by (b) at n=1. Finally, I argue the claim holds because

t°=p"(t) = popm_l(t) = po[(T\T\{to})_loﬂXop}m_l(t),
where the first equality holds by the definition of m, the second is a rearrangement,
and the third holds by (c).
Claim 8: [T2'] holds. Taket' € T'~{t"°}. Then Claim 1 implies (|7 (¢o}) ' (t')
€ T~{t°}. Thus by Claim 7, there exists m > 1 such that
t° = pO[(T|T\{to})_1OT|Xop]m_1O(T|T\{to}>_1(t/).
I now argue
= rlx ()
= 7lx0opo[(Tlr (o)) orlxop]" T (Tl qrey) TH(E)
= [rlxopo(T™ rqeey) T ™ (t)
= ()" ().
The first equation holds by the definition of ¢’ and the fact that t° € X in any
functioned tree (by remark [iv] in the paragraph following SP equation (1)). The

second equation holds by the definition of m, the third is a rearrangement, and the
fourth holds by Claim 5. O

Lemma A.14. Suppose II = (T,C,®) is an NCP preform. Also suppose
T T—=T" and §:C—C' are bijections. Define ® by surjectivity and Q'8 =
{(1(t),6(c), (") ] (t,c,th)ex® }. Also define II' = (T',C',®"). Then (a) I’ is an
NCP preform and (b) [II, IT',T,0] is an NCP isomorphism.

Proof. (a). By [P1] there exist F:T—C and t° € T such that ® is a bijection
from F'& onto T~{t°}. Define F":T'—C" by F'& = {(7(t),d(c))|(t,c)eF*&}. Also
define t'° = 7(t°). It suffices to show that

[P1] ®’ is a bijection from F'&" onto T'~{t"°},
[P2'] (T',p') is a functioned tree where p":T'~{t"°}—(F')~1(C")

is defined by p'8" = {(¢"*,#")e(T")?|(3€C") (', ¢, t"*)e®'#}, and
[P3] {(F")~1(c)|c'eC"} partitions (F')~1(C").

This is done by Claims 6, 7, and 9.
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Claim 1: (1,0)|pe:F&—F'8 is a bijection. This follows from the bijectivity of
7, the bijectivity of §, and the definition of F’.

Claim 2: T|r oy TNA{t°}—=T'~{t"°} is a bijection. This follows from the bijec-
tivity of 7 and the definition of ¢°.

Claim 3: 7|, jro30®Q0((7,0)|per] ™! is a bijection from F'& onto T'~{t'°}. The
claim follows from composition. In particular, ((7,0)|pe ) 1:F'8 — F#" is a bijection
by Claim 1, ®:F8—=T~{t°} is a bijection by the definitions of F and ¢°, and
Tr oy TN{t°}=T'~{t'°} is a bijection by Claim 2. These three functions appear
on the top, left, and bottom of Figure A.2.

0 -1
recrve <M e

T‘T\{t‘)}

Tty —— s e

FIGURE A.2. Set diagram for Claims 3 and 5.

Claim 4: ®'€ = (T|p_(103000[(T,6)| pe] ~1)&". T argue

@' = {(r(1),6(c), 7(t9)) | (¢, ¢, tF)e® }
= {(7(t),8(c), T(t)) | (t,c)eF®, t*=x(t,c) }
= {((7.0)(t,0), T|rqroroR(t, ) | (£, c)EFE }
{((1,8)(t,0), Tlroyo@(t, ) | (', )EF'®, (t,¢)=[(7,8)|re] " (t', ) }
= {((7,0)0l(7, 8) | pa] 7 (¢, ), Tlr goy0@0(7,0)[per] T (t, ) | (', ) EF#" }
{((
(1

The first equality holds by the lemma’s definition of ®’. The second holds by the
definition of F', and the third by the definition of ¢°. The fourth holds by Claim 1.
The fifth and sixth are rearrangements. The seventh holds by Claim 1.

Claim 5: ®' = T|p qro10@0](T, 8)|rpe]™t, that is, Figure A.2 commutes. This
follows from Claim 4 because [a] ®" is surjective by definition and [b] 7|7 g0y is
surjective by Claim 2.

Claim 6: [P1'] holds. This follows from Claims 3 and 5.

Claim 7: [P2'] holds. Define p by [P2]. [P2] implies that [a] (T, p) is a functioned
tree. Define p’ by [P2']. Claim 6 and SP Lemma C.1(a) implies [b] p’ is well-defined
and [c] p’ is surjective. Because of [b], it suffices to show that (7", p’) is a functioned
tree.

Toward that end, consider Lemma A.13. Lemma A.13’s assumptions are met by
[a] and the injectivity of 7. Thus Lemma A.13 implies that (77, p*) is a functioned
tree, where the function p* is defined by [d] p* being surjective and [e] p*&" =
{(r(#*),7(t)) | (t*,t)€pe }. Thus it suffices to show that p’ = p*.



30 ApPENDIX A. NCF

Toward that end, note [c] and [d] imply that both p’ and p* are surjective. Thus
it suffices to show p’8" = p*&". I argue

p'E = { (tF¢)e(T)? | BdeC) (', ¢, t")ex'® }
= { (", 1)e(T')? | (BeC)(B(t, ¢, t)e®®) (', ¢/, ") =(r(t),0(c), 7(t*)) }
= { (" 1)e(T')? | (3(t, e, t")e®®) (', ¢%)=(r(t), 7(t)) }
= { (7(t),7(1)) | (BeeC)(t, c,t*)e® }
= { (7(#),7(1)) | (t*,)ep® }
s

The first equality holds by the definition of p’ two paragraphs ago, and the second
equality holds by the definition of ®’ in the lemma statement. The C direction
of the third equality holds simply because the variable ¢’ does not appear in the
right-hand side. The D direction follows from ®& C T'xCxT and 6:C—C’. The
fourth equality holds because the codomain of 7 is T'. The fifth equality follows
from the definition of p two paragraphs ago, and the sixth equality follows from [e].

Claim 8: (V'eC’) (F")~H() = 7(F71(671(c)))). Take ¢ € C'. T argue, in
seven steps, that (F’)~1(¢’) by definition is {¢'€T"|c’€F'(t')}, which by rearrange-
ment is {t'€T’|(t', )€ F'#}, which, by the definition of F’, the bijectivity of 7, and
the bijectivity of 6, is {'eT’|(r71(t),071(c))eF&}, which by the
bijectivity of 7 is {¢/|(3teT) t'=7(t), (r71(¢'),6-1(c'))eF#}, which by rearrange-
ment is {r(t)|(3teT)(r o7 (t),6 1(c'))eF®}, which by rearrangement is
T({teT|(t,671(c'))eF¥&}, which by rearrangement is 7(F~1(671(c))).

Claim 9: [P3'] holds. It must be shown that

[a] (Ve'eC”) (F)7H(d) # 2,

[b] (Ve AeC, dBeC’) (F) (N (F) " (dP) + 2
= (F) M) = (F)~(?) , and

[c] Uerer () 7H) = (F)7H(C).

To show [a], take /. By the bijectivity of §, 5=1(¢/) € C. Thus by [P3], F~1(671(¢))
# @. Thus 7(F~1(671(¢))) # @. Thus by Claim 8, (F')~*(¢/) # @. To show [b],
suppose that [b] were false. Then there would be ¢4 and ¢’Z such that (F’)~!(c/4)
and (F")~!(c'P) intersect and are unequal. Hence by Claim 8, 7(F~1(§71(¢'4))) and
7(F~1(671(c*))) intersect and are unequal. Hence by the bijectivity of T,
F=1 6 1)) and F~1(671(¢'B)) intersect and are unequal. This contradicts [P3]
because both 671 (¢/4) and §~!(c’B) belong to C by the bijectivity of §. Finally, [c]
holds by definition (recall the last sentence of note 4).

(b). This paragraph shows that [II, II’, 7,6] is a morphism. IT is a preform by
assumption and I’ is a preform by part (a). [PM1] and [PM2] hold by assumption
(a fortiori). [PM3] holds with equality by the definition of ®’.

Finally, SP Theorem 3.7 implies that [II,II’,T,d] is an isomorphism because
[a] it is a morphism by the previous paragraph and [b] 7 and § are bijective by
assumption. O
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Lemma A.15. Suppose & = (I,T,(C;)icr,®) is an NCF form. Also suppose
v:I—=1', 7 T—T', and 0:U;e;C;—C' are bijections. Define @ by surjectivity and
@8 = {(7(t),d(c), T(t))|(t, c, )€ }. Also define (C})yer at each i’ by Cl, =
6(Cy-13ry). Also define &' = (I',T",(C},)irer,®"). Then (a) &' is an NCF form
and (b) [@,9',1,7,0] is an NCF isomorphism.

Proof. Define C' = U,;¢;C;. Define IT = (T, C, ®). Define II' = (T7,C", ®').

Claim 1: (a) II' is an NCP preform and (b) [II,II',7,6] is an NCP isomor-
phism. Consider Lemma A.14. The assumptions of Lemma A.14 are met because
[i] I is an NCP preform by [F1], [ii] :T—T" is a bijection by assumption, and
[ili] 6:C—C" is a bijection because C' = U;¢;C; by definition and §:U;c;C;—C" is a
bijection by assumption. Further, Lemma A.14’s definitions of ®" and IT’ coincide
with the present definitions of ® and IT’. Thus Lemma A.14 implies this claim’s
two conclusions.

Claim 2: C'" = UpepCl,. T argue, in four steps, that C’ by the bijectivity of &
equals 6(U;erC;), which by rearrangement equals U;c 16(C;), which by the bijectivity
of v equals Uye/6(C,~1(;ry), which by the definition of (C},)ier equals Uy e Cjr.

Claim 3: &' satisfies [F1]. It must be shown that (7", C*,®’) is a preform where
C* is defined as Uy 2 CY,. Claim 2 implies that C* = C’. Hence II' = (T",C*,®").
Hence Claim 1(a) implies that (7", C*,®') is a preform.

Claim 4: 9 satisfies [F2]. Take i’ € I’ and j' € I'~{i'}. The bijectivity of ¢ im-
plies ¢~ 1(i') € I and (~1(j") € IN{71(i)}. Thus [F2] for & implies
C,-1(yNC,—1(j1y = D. Hence the bijectivity of ¢ implies 6(C,-1(;1y) N6(C,-1(;1y) =
. Hence the definition of (C},); e implies CZ{,OCJ’-, =0.

Claim 5: @' satisfies [F3]. Taket' € T’. The bijectivity of T implies 771 (¢') € T.
Hence [F3] for @ implies there is i € I such that F(r=1(¢')) C C;. Hence the bijec-
tivity of « implies there is i’ € I’ such that [a] F(7~'(t')) € C,-1(;y. Also, I show
[b] F(r=X(#")) = 6 Y(F'(¥')) by arguing, in steps, that F(r~1(¢')) by rearrange-
ment equals {c€C|(771(t'), c)€F#}, which by Claim 1(b) and SP Proposition 3.8(c)
equals {ceC|(t',d(c))eF’'e}, which by the bijectivity of & equals {c|(3c'€C")
c=6"Yc'), (t',8(c))eF'®}, which by rearrangement equals {5~1(¢')|(3c’€C’)
(t',¢')eF’e}, which by rearrangement equals 61 ({¢'€C’|(¥',¢')€F'#}), which by
rearrangement equals 6~ (F'(t')). [a] and [b] imply 6 ' (F’(t')) C C,-1(;). Hence
the bijectivity of ¢ implies F’(t') € 6(C,~1(;y). Hence the definition of Cj, implies
F'(t") C Ci,.

Claim 6: @' is an NCF form. This follows from Claims 3-5.

Claim 7: [®,9',1,7,6] is an NCF morphism. @ is an NCF form by assumption,
and @’ is an NCF form by Claim 6. [FM1] holds because [II,II', T, 6] is an NCP
morphism a fortiori by Claim 1(b). [FM2] holds by assumption. For [FM3], take
i € I. Targue, in two steps, that §(C;) by the bijectivity of + equals §(C,~14,(;)),
which by definition of C! (i) equals C/ ()"

Claim 8: [®,9',1,7,6] is an NCF isomorphism. This follows from the reverse
direction of Corollary 2.5 because [a] [, ', ¢, T, 4] is an NCF morphism by Claim 7,
[b] [II,II',7,0] is an NCP isomorphism by Claim 1(b), and [c] ¢ is a bijection by
assumption.

Conclusion. The lemma’s conclusions follow from Claims 6 and 8. O
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Proof B.1 (for Proposition 3.1). The proposition follows from Claims 1-8 and
13-14.

Claim 1: (a) holds. Suppose [a] t° # {}. [Csql] states [b] {} € T. [a] and [b] im-
ply {} € T~{t°}. Thus by [P1], therearet € T and ¢ € C such that (¢,¢, {}) € ®*".
Thus by [Csq2], p({})®(c) = {}. This is impossible because the left-hand sequence
has positive length and the right-hand sequence has zero length.

Claim 2: (b) holds. Take t* € T~{{}}. Claim 1 (a) implies t* € T~{t°}. Thus
the reverse direction of SP Proposition 3.1(a) implies (p(t*), q(t*),#*) € ®. Thus
[Csq2] implies p(t*)d(q(t*)) = t*. Thus p(t*) = 1tftn|_1 and q(t%) = t?m'

Claim 8: (c) holds. Assume (t,c,t*) € ®#. Then [P1] yields (¢,¢c,t*) € TxCxT,
and [Csq2] yields t@(c) = t*. Conversely, suppose [1] (¢, ¢, t*) € TxCOxT and
2] t®(c) = t¥. [2] implies [3] ¢t = 1t‘ﬂtu|71 and [4] ¢ = t‘ﬂm. Further, [4] im-
plies t* # {}. This and [1] implies [5] ¢* € T~{{}}. [5] and Claim 2 (b) imply
(6] p(t) = 1t} _, and [7] g(#*) = ¢}, [3] and [6] imply [8] ¢ = p(t)). [4] and
[7] imply [9] ¢ = q(t*). Further, [5] and Claim 1 (a) imply ¢* # t°, and thus SP
Proposition 3.1(a) implies [10] (p(t*), q(t*), t*) € ®#". [8]-[10] imply (¢,c,t*) € ®E".

Claim 4: (d) holds. By [P1], F C T'xC. Thus it suffices to show (Vt€T,ceC)
(t,c) € F& iff tdc € T. Suppose (¢,¢) € F#. Then [P1] implies there is [1] t* € T
such that [2] (t,c,t¥) € ®#". [2] and Claim 3 (c) imply t®(c) = t*. This and
[1] imply t®(c) € T. Conversely, suppose t@®(c) € T. There there is t* € T such
that t@(c) = t*. Thus Claim 3 (c) implies (¢,c,t*) € ®&. This and [P1] imply
(t,c) € F&.

Claim 5: (e) holds. Taket € T. I will use induction onm € {0,1, ... |t|}. For the
initial step, assume m = 0. Then p°(t) =t = 1tje] = 1tj|—0 = 1t|¢|—m Dy inspection.
For the inductive step, assume m > 0. Note m < |¢| implies [t|—m > 0, which
implies [t|—(m—1) > 0, which implies [1] 1f;|—(m—1) 7# {}. I then argue, in steps,
that p™(t) by m > 0 equals p(p™~1(t)), which by the inductive hypothesis equals
p(ltm_(m_l)), which by [1] and Claim 2 (b) at tﬂ = 1t|t\—(m—1) equals 1t|t‘_(m_1)_1,
which by rearrangement equals 1| _,.

Claim 6: (f) holds. Take t € T. I show pltl(t) = t° by arguing, in steps, that
pll(t) by Claim 5 (e) at m = |t| equals 1t}¢|—|¢|, which equals 1o, which equals {},
which by Claim 1 (a) equals t°. This and the definition of &k imply k(t) = |¢|.

Claim 7: (g) holds. Take t € T. By inspection, the result is equivalent to
(Vee{1,2, ... |t|}) to = qop!!!=*(t). On the one hand, take t = {}. Then |t| = 0
so the result is vacuously true. On the other hand, take ¢ # {}. Then take
[1] ¢€{1,2,...|t|}. First T show [2] plI=*(t) = it, by arguing, in steps, that
pl1=4(t) by Claim 5 (e) at m = |t|—¢ equals 1t}¢|—(j¢|—¢), Which by rearrangement
equals 1t,. Then I argue, in steps, that gop!*!=¢(¢) by [2] equals ¢(1t¢), which by [1]
and Claim 2 (b) equals t,.

Claim 8: (h) holds. Suppose ¢ € C. This and [P3] imply F~!(c) # @. Thus
there is t* € T such that (¢*,¢) € F&. This and Claim 4 (d) imply t*®(c) € T.
Thus ¢ € R(t*®(c)) € U{R(t)[teT}. Conversely, suppose b € U{R(¢)|t€T}. There
there is [1] ¢* € T such that [2] b € R(t*). [1] and Claim 7 (g) imply that t* =
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(qop‘t*"é(t*))‘f;‘l. This and [2] imply there is ¢* € {1,2,...|t*|} such that b =
qoplt” 1=t (t*). This implies b € C since the codomain of ¢ is C' by the definition of
q.

Claim 9: (VAT tPeT) (|tY] <[t?| and t* = 1t[ls)) iff t* C tP. Take t* € T
and t? € T. First, suppose [1] [t*] < [tB] and [2] t* = 1t€A‘. [1] and the definition
of 1t|€A| imply [3] 1t€A‘ c tB. [2] and [3] imply t* C tB. Conversely, suppose
[4] t* C tP. [Csql] implies [5] t4 = {(1,{"), (2,5), ... ({t"],t{}s))} and [6] ¥ =
{(1,75113)7(2,t23),...(|tB|,tﬁB|)}. By inspection, [4]-[6] imply [t4| < |tB| and t* =
1tfa).

Claim 10: (VAT tPeT) (|tA| < [tP| and t4 = 1t|EzA|) ifft* C t8.23 In the proof
of Claim 77190, change < to <, and C to C.

Claim 11: (VtA€T, tBeT) tA < tB iff t4 C tP. Take t* € T and t¥ € T. First,
suppose t4 < tB. This and the definition of < imply there is [1] m € {1,2,... k(t?)}
such that [2] t4 = p™(t#). [1] and Claim 6 (f) imply [3] m € {1,2,...|t?|}. Finally,
I argue, in steps, that t4 by [2] equals p™ (), which by [3] and Claim 5 (e) equals
1t€B‘_m, which by [3] is a strict subset of 1t€B‘, which by inspection equals t5.

Conversely, suppose t* C t%. This and Claim 77190 imply [1] [t*]| < [t&| and
[2] t4 = 1tﬁA|. For convenience, let [3] m = [tB|—|t"|. Note [1] and [t*| > 0 imply
[4] m € {1,2,...|t%|}. T now show [5] t* = p™(tP) by arguing, in steps, that t*
by [2] equals 1tﬁA|, which by [3] equals 1t€B‘7m, which by [4] and Claim 5 (e) at
t = tB equals p™(tP). Finally, [5], [4], and the definition of < imply t4 < 5.

Claim 12: (VtA€T, tBeT) tA < tB iff t4 C tB. Take t4 € T and tP € T. First,
suppose t4 < tB. Then by the definition of <, either t4 < tP or t4 = tB. In the
first case, Claim 77240 implies t4 C tB. Thus t* C t? in both cases. Conversely,
suppose t4 C tB. Then either t* C t& or t4 = ¢tB. In the first case, Claim 11
implies t4 < tB. Thus the definition of < implies t4 < tB in both cases.

Claim 13: (i) holds. Combine Claims 9 and 11.
Claim 14: (j) holds. Combine Claims 10 and 12. O

Lemma B.2. Suppose (T, C,®) is a node-and-choice preform with its t°, p, and
q. Let T = {(qopk(t)*z(t))?g |[teT }. Then

T3t (qop"O @) eT

s a well-defined bijection. Its inverse is

T3 ((..((t°®t)®t) ... )@tg_1)@tg <t €T
(to be clear, T > t° <=+ {} € T).

Proof. Let a be the function from T to T, and conversely, let 8 be the function
to T from T.

This paragraph shows that Soq is the identity function on 7. The composition
is well-defined because [1] the domain of 3 is T' and [2] the range of « is T by the

23Claim 10 says that one sequence is an initial segment of another sequence iff the former is
a restriction of the latter. This may appear implausible. For example, {(2,f)} is not an initial
sequence of t* = {(1,g), (2,f), (3,f)} even though {(2,f)} is a restriction of t*. This is consistent
with Claim 10, because {(2,f)} is not a sequence and thus not an element of T' by [Csql].
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definition of 7. Thus it suffices to show (Vt€T) Boa(t) = t. Toward that end, take
t € T. First, suppose k(t) = 0. I argue, in steps, that Soa(t) by the definition of
« equals B({}), which by the definition of 8 equals ¢°, which by k(t) = 0 equals .
Second, suppose k(t) = 1. T argue, in steps, that Soa(t) by the definition of « equals
Bl(g(¢))], which by the definition of 8 equals t°®q(t), which by k(t) = 1 equals
p(t)®q(t), which by SP Proposition 3.1(b) equals ¢. Third and finally, suppose
k(t) > 2. I will argue

Boa(t) = B( (qop" @ ~*(t)s") )
= [[...[t°®qop* 7L (1) |@gop* I 72 (1)] ... |®qop(t)]®q(t)
= [[..[P*® () @qop* D=1 ()] @qop* I 2 (1)] ... ]@gop(t)]@q(t)

[[--.[[pop™ =1 () @qop" = (1) @qop* 2 (1)] ... |@gop(t)]@q(t)
= [[...[p" O (t)@qop™ D72 .. J@gop(t)]@q(t)

= p(H)@q(t) = t.

The first equality holds by the definition of «, the second by the definition of
B, and the third by the definition of k. The fourth and fifth equalities hold by
a rearrangement and SP Proposition 3.1(b). The sixth equality holds by k(t)—2
similar applications of SP Proposition 3.1(b), and the final equality holds by a final
application of SP Proposition 3.1(b).

This paragraph shows that cof is the identity function on 7. The composition is
well-defined because [a] the domain of « is T' and [b] each value of 8 is a value of ®
and the codomain of ® is a subset of 7. Thus it suffices to show (Vt€T) aoB(t) = .
Toward that end, take ¢. First, suppose ¢ = {}. T argue, in steps, that aoS({})
by the definition of 8 equals «/(t°), which by the definition of « equals {}. Second,
suppose t # {}. Then it suffices to show that (Vt€T) (V¢e{1,2,...[t|}) (acB(f))e =
tg. Toward this end, take ¢ and £. [i] First assume £ < |¢|. T will argue

(@0B(E))e = qop" P =(3(1))
= qop~*(B(D))
= qop! [ ((...((t°®t)@t2) ... )& 7_1)DHq |
= qopl = ((((t°0h)@t2) ... )@ j—2) Ot g1 ]

= qopI= U0 ((((t°®t)@ta) ... )@ g (ji1—0)-1) e — (50 |

= qop°[ ((...((t°t,)®La) ... )@t 1)R; | = .
The first equality holds by the definition of a. The second equality holds because
k(B(t)) = |t| by inspecting the definitions of k& and 8. The third holds by the
definition of 5. The fourth holds by the definition of p. The fifth holds by |¢t|—¢—1

similar applications of the definition of p. The sixth is a rearrangement. The
seventh holds by the definition of ¢. [ii] Second assume ¢ = |t]. Then I will argue

(aoB(B)) 7 = qop* PO~ (B(F))
= qopl 11 (B(2)) = q(B(E)) =g
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The first equality holds by the definition of a and ¢ = |f|]. The second equality
holds because k(3(t)) = |t| by inspecting the definitions of k£ and 8. The third is
trivial. The fourth holds by the definitions of ¢ and . O

Proof B.3 (for Theorem 3.2). (a). Lemma B.2 implies 7:T—T is a bijec-
tion. Thus the assumptions of Lemma A.14 are met at T/ = T, ¢’ = C, and
0 = idg. Further, the definition of & here coincides with the definition of ®’ in
Lemma A.14. Therefore Lemma A.14 implies that (T, C,®) is an NCP preform,
and that [(T,C,®), (T,C,®),7,idc] is an NCP isomorphism. Thus [Csql] and
[Csq2] remain to be shown.

For [Csql], note that the definition of T implies that T is a collection of finite se-
quences. Further, since t° € T by [P1], the definition of T implies
that (qopFt)=¢(t))¥") € T. Thus, since k(t°) = 0 by the definition of k,
(qopofe(to))gzl €T. Thus {} € T.

For [Csq2], take (£, ¢, ) € &. Then by the definition of &, there are t € T and
th € T such that [a] 7(t) = £, [b] 7(t!) = #, and [c] (¢, ¢, t!) € ®¥". [a], [b], and the
definition of 7 imply [d] £ = (qop*®~(1))*™) and [e] # = (qop"*)~¢(##))5¢)). Also
[c] and SP Proposition 3.1(b) imply [f] t = p(¢*) and [g] ¢ = ¢(t*). [f] and the defini-
tion of k imply [h] k(t) = k(t*)—1. Finally, I argue, in steps, that ®(c) by [d] equals
(gop" = (1))F e (c), which by [f]-[h] equals (qop*(t)=1=fop(t4))FD e (g(t4)),

which by rearrangement equals (qopk(tu)*Z(tﬁ))lgg)_l@(q(tﬁ)), which by rearrange-
ment equals (qopk(tu)*e(p(tﬁ));fg), which by [e] equals #*.

(b). By assumption, (I,T,(C;)icr,®) is an NCF form. Thus [F1] implies
(T,Uic1C;, ®) is an NCP preform. Further, part (b) defines T, 7, and ® as part
(a) did. Thus part (a) implies [1] (T, U;e;C;, ®) is a CsqP preform.

Meanwhile, Lemma B.2 implies 7:7—T is a bijection. Thus the assumptions of
Lemma A.15 are met at I' = I, v = id;, T" = T, C' = U;¢;Cy, and § = idy,_,c,-
Further, the definition of ® here coincides with the definition of ®’ in Lemma A.15.
Also, the transparent definitions of ¢ and ¢ here, and the definition of (C)yer
in Lemma A.15, imply that (C},)ier = (Cy)icr. Hence Lemma A.15 implies that
1] (I,T,(C;)icr,®) is an NCF form, and [2] [(I,T,(C;)icr,®), (I, T,(Cs)icr, ®),
id7, 7,idy, ., c,] is an NCF isomorphism.

[1] and [1] imply that (I,T,(C;)icr,®) is a CsqF form. This and [2] are part
(b)’s conclusions. O

Lemma B.4. Suppose (T,C,®) is a CsqP preform. Then the following are
equivalent.
(a) (T,C,®) has no absentmindedness.
(b) (AHEM, teH, (<|t|) 1t, € H.
(c) (VteT,HEH) |{ £:1<U<|t|, tycF(H)}| < 1.%
(d) (VteT) [R(t)| = [¢].
(e) R|r is injective.

Proof. The lemma follows from Claims 5-7.

Claim 1: Not (a) = not (b). Assume absentmindedness. Then there are
[a] H € H, [b] t € H, and [c] s € H such that [d] s < ¢ [d] and Proposition

24The replaces “|” for clarity.
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3.1(i) imply [e] |s| < [t| and [f] s = 1#|,. [f] and [c] imply [g] 1t|s] € H. [a], [b], [e],
and [g] show property (b) is violated at £ = |s|.

Claim 2: Not (b) = not (c). Assume not (b). Then there is H € H, [a] t € H,
and [b] ¢ < |t| such that [c] 1t, € H. [b] implies t;y;1 is well-defined; thus the
definition of F' implies ¢,41 € F(1t¢); and thus [c| implies [d] t¢11 € F(H). [d] and
[a] imply t,41 € F(t); and thus t* = t®(te+1) is a member of T. Finally, I argue,
in steps, that |{¢:1<0'<|t*|,t;, e F(H)}| by [d] is at least [{€: 1< <|t*|,t},=te11}],
which by the construction of t* is at least |{¢+1, |t|4+1}|, which by [b] is 2.

Claim 3: Not (c¢) = not (d). Assume not (c). There there are t € T and H € H
such that [{£:1<¢<|t|,t,€F(H)}| > 2. Hence there are ¢ and ¢’ such that [a] £ < ¢/,
[b] t, € F(H), and [c] t» € F(H). I argue in three steps that [c] by Proposi-
tion 3.1(b) implies ¢(1t¢) € F(H), which by Proposition A.1(c) implies p(1t,) € H,
which by Proposition 3.1(b) implies [d] 1t¢—1 € H. [b] and [d] imply t; € F(1ty—1).
Thus t* = 1tp_1P(t¢) is a member of T. Further, [a] implies ¢} is well-defined and
equal to ¢,. Thus t; = t},. This and [a] again imply |R(t*)| < [t*].

Claim 4: Not (d) = not (a). Assume not (d). There there is t € T such that
|R(t)| # |t|. Since |R(t)| > [t| is inconceivable, |R(t)| < |t|. Thus there are ¢ and
¢ in {1,2,...|t|} such that [a] ¢ < ¢ and [b] t; = t». The definition of F implies
[c] 1te—1 € F~Y(ty) and [d] 1tpr—1 € F~1(tp). [b] and [d] imply [e] 1ter—1 € F~1(t,).
[P3] implies [f] F~1(¢;) € H. Finally, [a] implies —1 < ¢'—1; thus Proposition 3.1(i)
implies [g] 1t¢—1 < 1ter—1. [f], [c], [e], and [g] imply absentmindedness.

Claim 5: (a), (b), (c), and (d) are equivalent. This follows from Claims 1-4.

Claim 6: Not (d) = not (e). Assume not (d). Then there is ¢ € T such that
|R(t)] # |t|. Thus since |R(t)| > |t| is inconceivable, |R(t)| < |t|. Thus there are
¢ and ¢ in {1,2,...|t|} such that [a] £ < ¢ and [b] t; = tp. [a] and [b] imply
R(1t¢—1) = R(1ter). Thus R|r is not injective.

Claim 7: Not (e) = not (d). Assume not (e). Then R|r is not injective. Then
there are s and ¢ in T such that [a] s # ¢t and [b] R(s) = R(¢).

On the one hand, suppose there is not an ¢ in {1,2,...min{|s|, |¢|}} such that
Sy 7é ty. Then [C] 1Smax{|s|,|t|]} = 1tmax{\s|,|t|}- Thus [a] implies ‘S‘ 7& |t‘ Hence
|s|] < |t| or |t| < |s|. Without loss of generality assume [d] |s| < |¢|. Hence [c]
implies [e] s = 1t|5. [d] implies #|4; exists. Thus [b] implies s # {} and there is
[f] £ € {1,2,...]s]} such that [g] s, = t|541. But [e] implies s, = ¢;, and thus [g]
implies t = t|5)41. This and [f] imply |R(¢)| < |t|. In other words, property (d) is
violated.

On the other hand, suppose there is an ¢ in {1,2,...min{]s|, |t|}} such that
sp # tg. Let j be the smallest such ¢. Then [h] 1s;_1 = 1t;—1 and [i] s; # ;.
The definition of F' implies s; € F(1sj_1) and t; € F(1t;_1), and thus, [h] implies
] {s;.t;} € F(isj—1). A fortiori [j] and [P3] imply there is H € #H such that
18j—1 € H. Hence [j] also implies [k] {s;,t;} € F(H). Further, [b] and [i] imply
there is j* € {1,2,...|s|} such that [I] j* # j and [m] s;- = ¢;. [m] and [k] imply
] {s;,s;-} € F(H). Finally, I argue that |{£:1<(<|s|,s,€F(H)}| is at least as
great as [{7,7*}| by [n], which is 2 by [l]. Thus the proposition’s property (c) is
violated. So Claim 5((c)<(d)) implies property (d) is violated. O
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Lemma C.1. Suppose C is a set, t CC, c€ C, and t* CC. Then the following
are equivalent. (a) c¢t and tU{c}=t*. (b) t#t* and tU{c}=t*. (c) t#t* and
t=t"{c}. (d) tCt* and {c} =ti\t.

Proof. (a)<(b). Tt suffices to show that if tU{c} = t*, then c ¢ ¢ and t # t*
are equivalent. Toward that end, assume tU{c} = t*. Then both directions of the
equivalence hold by inspection.

(b)&(c). Tt suffices to show that if ¢ # ¥, then tU{c} = t* and t = t*\{c} are
equivalent. Toward that end, assume [1] ¢ # t¥. For the forward direction, assume
[2] tu{c} = t*. [1], [2] imply [3] ¢ ¢ t. [2] implies (tU{c})~{c} = tF~{c}, and [3]
implies the left-hand side is t. For the reverse direction, assume [4] t = t#~{c}.
[1] and [4] imply [5] ¢ € t*. [4] implies tU{c} = (t*{c})U{c}, and [5] implies the
right-hand side is ¢%.

(a)&(d). Assume (a). That is, assume [a] ¢ ¢ ¢ and [b] tU{c} = t*. [b] implies
t C t*. Further, [b] implies (tU{c})~t = t¥\.¢, and [a] implies that the left-hand side
is {c}. Conversely, assume (d). That is, assume [c] ¢ C ¢* and [d] {c} = ##~t. [d]
implies ¢ ¢ t. Further, [d] implies tU{c} = tU(t*\t), and [c] implies the right-hand
side is ¢*. O

Proof C.2 (for Proposition 4.1). The proposition if proved by Claims 1, 3, 5,
6,9, 10, 11, 12, 14, 15, 16, 18, and 19.

Claim 1: (a) holds. Suppose [a] t° # {}. [Csetl] states [b] {} € T. [a] and [b] im-
ply {} € T~{t°}. Thus by [P1], there is ¢ € T and ¢ € C such that (¢,¢, {}) € ®*".
Thus by [Cset2], tU{c} = {}. This implies ¢ € {}, which is impossible.

Claim 2: @ C {(t,c,theTxCxT |c¢t, tu{c}=tt}. Take (t,c,t*) € @#. [P1]
yields [a] (t,¢c,t*) € TxCOxT. [P2] yields [b] t = p(t*). Remark [ii] in the paragraph
following SP equation (1) yields [c] p(t¥) # t*. [b] and [c] imply [d] ¢ # t*. [Cset2]
yields [e] tU{c}=t*. [d] and [e] yield [f] ¢ ¢ t. [a], [f], and [e] are the desired results.

Claim 3: (b) holds. Take t* € T~{{}}. Claim 1 (a) implies that t* € T~{t°}.
Thus SP Proposition 3.1(a) implies that (p(t*), ¢(t*),#*) € ®. Thus Claim 2 implies
that q(t*) ¢ p(t*) and p(t)U{q(t*)} = t*.

Claim 4: (VteT,Yme{0,1,2,...k(t)}) |p™(t)| = |t|—m. Note by inspection,
that Claim 3 (b) implies [a] (VH*€T~{{}}) |p(t*)| = |t¥|~1. To prove the present
claim, take ¢t € T'. I will show (Yme{0,1,2,...k(t)}) [p™(t)| = |t| — m by induction.
For the initial step (m=0), |p°(¢)| = |t| = |[t|-0 = |t|—m by inspection. For the
inductive step (m>1), I first note that by assumption m < k(t), which trivially im-
plies m—1 < k(t), which by the definition of k implies p™~*(t) # t°, which by Claim
1 (a) implies [b] p™~1(t) # {}. Ithen argue, in steps, that [p™(t)| by rearrangement
equals [pop™~1(t)|, which by [b] and [a] at t* = p™~1(t) equals [p™~'(¢)| — 1, which
by the inductive hypothesis equals (|t|—(m—1)) — 1, which by rearrangement equals
[t] — m.

Claim 5: (c) holds. Take t € T. Note [a] [p*®)(t)| = |t| —k(t) by Claim 4 at
m=k(t). Also note [b] [pF® (¢)| = |t°| = |{}| = 0 by the definition of k(t) and by
Claim 1 (a). [a] and [b] imply [¢t| — k(t) = 0. Hence [t| = k(t).

Claim 6: (d) holds. Take t € T. I will use induction on m € {0,1,...|¢|}. For
the initial step (m=0), p™(t) = p°(t) = t and t~p™(t) = t~p°(t) = t~t = {} =
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{qop™(t)|0>n>0} = {qop™(t)|m>n>0}. For the inductive step (m>1), note
m < [t| by assumption; which implies m—1 < |¢|; which implies m—1 < k(t)
by Claim 5 (c); which implies p™~1(t) # t° by the definition of k; which im-
plies p™~1(t) # {} by Claim 1 (a). Hence, Claim 3 (b) at t* = p™~1(¢) implies
qop™~L(t) & pop™~L(t) and pop™ t(t)U{qop™ l(t)} = pmL(1). By
Lemma C.l1(a)&(d), this is equivalent to pop™~1(t) C p™~1(t) and
p™ ()~ pop™L(t) = {qop™ 1(t)}. By a small rearrangement, this is equivalent
to [c] p™(t) C p™~1(¢) and [d] p™~L(t)~p™(t) = {qop™ 1(t)}. Meanwhile, the in-
ductive hypothesis is [e] p™~1(¢) C t and [f] t~p™ 1 (t) = { gop™(t) [ m—1>n>01}. [c]
and [e] imply [g] p™(¢) Ct. [c] and [e] also imply [h] e~p™() =
(™ () U (" (™). b, [, and [d] imply [ t\pm() =
{qop"(t) |[m—1>n>0} U {gop™1(t)}. The right-hand side of [i] is equal to
{gop™(t) |m—1>n>0}, which is equal to { gop™(t) | m>n>0}. Hence [i] is equiva-
lent to [j] t~p™(t) = {qop™(t) [m>n>0}. [g] and [j] are the desired results.

Claim 7: (VtA€T,tPeT) t4 < tB = t4 C tB. Suppose t4 < tB. Then the defi-
nitions of < and k imply there is [a] m € {1,2,... k(t®)} such that [b] t* = p™ ().
[a] and Claim 5 (c) imply m € {1,2,...[t®|}. Thus Claim 6 (d) at ¢t = t¥ implies
[c] p™(tP) C tB and [d] tB~p™(tB) = { qop™(tB) |m>n>0}. Since m > 1 by [a],
{qop™(t?) | m>n>0} is nonempty. Thus [c] and [d] imply p™(¢Z) C ¢P. Thus [b]
implies t4 C tB.

Claim 8: (VtA€T, tPeT) t4 x tB = t4 C tB. Suppose t4 < tB. Then the defi-
nition of < implies t4 < tZ or t4 = t&. The first implies t* C ¢ by Claim 7. The
second implies ¢4 C t7 trivially.

Claim 9: (e) holds. Take t € T. T argue, in steps, that ¢ trivially equals t~{},
which by Claim 1 (a) equals t~t°, which by the definition of k equals t~p*®")(t),
which by Claim 5 (c) equals t~pl*/(t), which by Claim 6 (d) at m = |t| equals
{aop™(t) | [t/>n>0}

Claim 10: (f) holds. Forward direction. Take ¢ € C. By [P3], F71(c) is a
member of a partition, and thus, it is nonempty. Take t* € F~1(c). By [P1],
t*®c € T. Thus by [Cset2], t*U{c} € T. Thus ¢ belongs to an element of 7.
Reverse direction. Take any t. [Csetl] implies that ¢ is a set. Take b € ¢. By Claim
9 (e), there is n such that b = gop™(t). Thus, since the codomain of g is C, b € C.

Claim 11: (g) holds. Suppose there were H € H, [a] t4 € H, and [b] t? € H
such that [c] 4 < tB. [c] and the definition of < imply there is [d] m > 1 such that
[e] t4 = p™(tP). [d] and [e] imply t4 = pop™~1(tB). Thus [P2]’s definition of p
implies there is ¢ € C such that [f] (t4,¢,p™ ! (tP)) € ®¥. Thus the definition of
F implies ¢ € F(t4). This, [a], [b], and SP Proposition 3.2(16a) imply ¢ € F(t?).
Thus the definition of F implies there is t* € T such that (tZ,c,t*) € ®8&". This and
Claim 2 implies [g] ¢ ¢ tZ. But, [f] and Claim 2 imply [h] ¢ € p™~1(¢?). And, the
definition of < implies p™~1(t?) < t&, and thus Claim 8 implies [i] p™~1(t5) C ¢B.
[h] and [i] imply ¢ € tB, which contradicts [g].

Claim 12: (h) holds. Suppose [tNF(H)| > 2. Then by Claim 9 (e), there exist
distinct m’ and mn such that { gop™ (t), qop™(t) } C F(H). Thus by Lemma A.1(c),
[a] { p™t1(t), p™t1(t) } € H. Without loss of generality assume m’ > m. Then
P HL(E) = p™ ~Mop™tL(t). Hence [b] p™ T1(t) < p™T(t) by the definition of <.
[a] and [b] show there is absentmindedness, which contradicts Claim 11 (g).
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Claim 13: (VAT tBeT) t4 C tB implies (Vme{0,1,..[t4}) pm(td) =
pmHIE =1 (48) - Suppose [1] t4 € 8. T will use induction on m.

For the initial step, assume [2] m = [t4|. T argue, in steps, that p™(t4) by [2]
equals pt"1(#4), which by Claim 5 (c) equals p*®") (¢+4), which by the definition of
k equals t°, which by the definition of k£ again equals pk(tB)(tB ), which by Claim 5
(c) again equals plt”!(£8), which by manipulation equals plt*I+t%1=1t*1(¢B) which
by [2] again equals pm+t”1=1t"1(¢B).

For the inductive step, assume [3] m < [t4]. (The next two sentences concern
p™(t4) alone.) [3] and Claim 5 (c) imply m < k(t*), which by the definition of &
implies p™ (t4) # t°. This and SP Proposition 3.1(a) at t* = p™(t4) yield

[4] P () @ qop™ () = p™ (t4).
(The next three sentences concern p™F!t”I=1t*I(¢B) alone.) [3] and manipula-
tion imply m+[tB|—[tA] < [tA|+[tB|—|tA| = |tP|, which by Claim 5 (c) implies
m+[tB|—|tA| < k(tB), which by the definition of k implies p™Ht”1=1t"(1B) £ ¢o.
This and SP Proposition 3.1(a) at t# = pm+t71=1#*1(1B) yield
[5] pm+1+|tB|f|tA|(tB) ® qopm+\tB\f|tA|(tB) :pm+|tB|f|tA|(tB).
Since the inductive hypothesis is p™+1(t4) = pm+1+1t7 =11 (¢B) | [5] yields
[6] pm+1(tA) ® qoper\tB‘,‘tA‘(tB) :pm+|tB|7|tA|(tB).

[4], [6], and the definition of F yield [7] { qop™(t1), qop™+1t"I=1t*1(¢B) } C
F(p™+1(t1)). Also, Claim 9 (e) and [1] yield [8] gqop™(t4) € t4 C tB. Also,
Claim 9 (e) yields [9] gop™*H1t”I=1t*1(¢B) € ¢B_ [7], [8], [9], and Claim 12 (h) imply
[10] qop™ (t4) = qop™ 1t I=1¢1(¢7)

Finally, I argue, in steps, that p™(t4) by [4] equals p™*!(t4)®qop™ (t4), which
by [10] equals p™+1(t4) @ qop™+1t71=1t*1(¢B) which by [6] equals p™*It°I=1t*1(¢B).

Claim 14: (i) holds. This follows from Claim 13 at m = 0.

Claim 15: (j) holds. Because of Claim 7, it suffices to show the reverse di-
rection. Toward that end, suppose [1] t* C tB. [1] and Claim 14 (i) imply
tA = plt"I=1t*1(¢B). Further, [1] and [Cset1] imply [tB|—[t4] > 0. The last two
sentences and the definition of < imply t4 < t5.

Claim 16: (k) holds. Because of Claim 8, it suffices to show the reverse direction.
Toward that end, suppose t4 C tB. Then either t* C t8 or t4 = tB. In the first
case, Claim 15 (j) implies ¢4 < t5. In the second case, t* < tZ holds trivially by
the definition of <.

Claim 17: (Vt€T,c€C,t*€T) (c¢t and tU{c} =t*) = (t,c) = (p(t*), q(t*)). Sup-
pose [a] ¢ ¢ t and [b] tU{c} = t*. [a] and [b] imply [c] ¢ C t* and [d] [t!|—|t| = 1.
[c] and Claim 14 (i) at (t4,tB) = (¢,!) imply ¢ = p/**I=Itl(¢##). This and [d] imply
[e] t = p(t*). Further, [c] implies [f] ¢* # {}. T then argue, in steps, that {c} by
[a]-[b] equals t*\.¢, which by [e] equals t*\p(t*), which by [f] and Claim 3 (b) equals
{q(t")}. Thus [g] ¢ = q(t*). [e] and [g] are the required results.

Claim 18: (1) holds. By Claim 2, it suffices to show the reverse direction. Toward
that end, suppose [a] ¢ ¢ ¢ and [b] tU{c} = t*. [b] implies ¥ # {}. Thus Claim 1
(a) implies t* # t°. Thus SP Proposition 3.1(a) implies [c] p(t!)®q(t*) = t*. Also,
[a], [b], and Claim 17 imply [d] (¢,¢) = (p(t*), q(t*)). [c] and [d] imply t®c = t¢.
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Claim 19: (m) holds. T argue, in three steps, that (¢,¢) € F'& by [P1] is equiv-
alent to [a] (t,c)€TxC and [b] (3t*ET) (t,c,t*)€®8", which by Claim 18 (1) is
equivalent to [a] and [b'] (Ft*€T)c¢t and tU{c} =¥, which by rearrangement is
equivalent to [a] and [b”] c¢t and tU{c}€T. O

Proof C.3 (for Theorem 4.2). (a). Lemma B.4[(a)=>(e)] implies R|p:T—T
is a bijection. Thus the assumptions of Lemma A.14 are met at [1] its (T, C,®)
equal to (T,C, ®) here, [2] its 7:T—T" equal to R|p:T—T here, and [3] its §:C—C’
equal to ids:C—C here. Further, the definition of ®’ in the lemma coincides with
the definition of ® here. Therefore the lemma implies that (T, C,®) is an NCP
preform, and that [(T,C,®), (T, C, ®), R|,ids] is an NCP isomorphism. Thus it
remains to show that (T,C,®) is a CsetP preform. By definition, it suffices to
show [Csetl] and [Cset2].

For [Csetl1], first note that T is a collection of (finite) sequences by assumption.
Hence T is a collection of finite sets by the definitions of 7' and R. Further, {}
belongs to T by [Csql]. Hence R({}) = {} belongs to T

For [Cset2], take (t,¢,t*) € ®&". Then by the definition of ®, there are t € T
and #* € T such that [a] R(f) = ¢, [b] R(#) = t*, and [c] (,¢,#*) € ®. [c] and
[Csq2] implies [d] #@(¢) = . Finally, I argue, in steps, that tU{¢} by [a] equals
R(t)U{c}, which by inspection equals R(#®(¢)), which by ([d]) equals R(#*), which
by [b] equals ¢*.

(b). Lemma B.4[(a)=>(e)] implies R|7:T—T is a bijection. Thus the assumptions
of Lemma A.15 are met at [1] its (1,7, (C;)ier, ®) equal to (I, T, (C;);cr, ®) here,
[2] its ::]—1" equal to idp:[—1T here, [3] its 7:T—T" equal to R|p:T—T here, and [4]
its 8:U;e1C;—C”" equal to iduief@Z:U;ejC';—)U;ejC’g here. Also, the definition of &’
in Lemma A.15 coincides with the definition of ® here. Also, the transparent defini-
tions of § and ¢ here, and the definition of (C},); e in Lemma A.15, imply (C})yer
there equals (Cj);c; here. Hence Lemma A.15 implies that (I, T, (C;)zer, ®) is an
NCF form, and that [(I, T, (Cg)gej, ®), (I, T, (Cg)gej7 ®), id7, RlT? idUZefCE] is an
NCF isomorphism.

It remains to show that (1,7, (C5);cr, ®) is a CsetF form. Since the previous
paragraph showed that it is an NCF form, it suffices to show that its preform
(T,U;c1C5,®) is an CsetP preform. By assumption, (T,U;c;C;, ®) is a CsqPj
preform. Thus the assumption of part (a) is met at (7,C,®) = (T,U;c1C;, ®).
Further, part (b) defines T' and ® just as part (a) does. Hence part (a) implies
(T,U;¢1C5, ®) is an CsetP preform. O
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