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PREFACE

This investigation concerns the application of the
slope-deflection method to continuous rectangular plate

systems which conform to the classical thin plate theory.

. The slope-deflection constants or stiffness factors are

calculated by the method of finite differences.

This research is the result of ideas expressed by
Professor Jan J. Tuma. It is also the result of the
author's desire to develop a more readily understandable,
numerical approach to the solution of continuous plate
systems supported in a general manner.
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ing of the manuscript.
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CHAPTER I

INTRODUCTION

1-1 General

A numerical analysis of continuous rectangular plates
on rigid or elastic supports is developed. The bending
moments and shears acting along the edges of each plate
are selected(as the redundants and are expressed in terms
of the edge slopes and deflections. The resulting equa-
tions . are called'slope—deflecﬁion equations.

The method of finite differences in network form is
used to determine the slope-deflection constants., The equa-
tions are developed in general form and are independent of
the size of the finite difference network. Similar expfes—
sions are developed for the supporting beams including both
the flexural and torsional stiffness. The compatibility
between the plates and beams is secured by means of static
equilibrium.‘ The procedure of analysis is described and
illustrated with numerical examples.

1-2 Historical Background

The study of continuous plates has been conducted by
many investigators. The following discussion is applicable
to thin rectangular plate systems incorporating the small

deflection theory.



Solutions for rectangular plates continuous in one di-
rection (one-way continuous plates) over rigid suppbrts
have been presented by Timoshenko (1)*, Galerkin (2),
Marcus (3), Habel (4) and others. Galerkin is credited
with the first of these solutions in 1933.

The solution of one-way continuous plates over flexi-
ble beams was first presented in 1937 by Weber (5). One
year later Jensen (6) published more general results. Also
in 1938, Newmark (7) developed a distribution procedure for
the analysis of one-way continuous plates over rigid sup-
ports or flexible beams with the side edges always simply
supported.

An approximate analysis of rectangular plates contin-
uous in two directions (two-way continuous plates) over
rigid supports was first presented by Bittner (8). Girk-
mann (9), Engelbreth (10), Maugh and Pan (11), and Siess
and Newmark (12) also cbntributed appfoximate solutions of
this problem. Ying (13) presented a rigorous solution
using the Rayleigh-Ritz energy approach.

Nadai (14) and Galerkin (15) both considered the prob~-
lem of a plate composed of an infinite number of identical
panels supported by point columns and uniformly loaded.
Sutherland, Goodman and Newmark (16) treated the same
problem with beams of equal flexural stiffness framed be-
tween the point columns. Nielsen (17) made analyses of

these same problems using finite differences.

*Numbers in parenthesis refer to entries in the bibliography.



The solution of two-way continuous rectangular plates
supported by flexible beams having boﬁh flexural and tor-
sional stiffnesses has thus far apparently defied a rigorous
mathematical treatment. Ang (18) used finite differences
and a numerical procedure analogoﬁé to moment distribution
to analyze this type of structure with the restfiction that
infinitely stiff rectangular columns of dimension 1/10 of
the appropriate span be present at the corner of each panel.
Ang with Newmark (19) and Prescott (20) published soluﬁions
using this approach. The use of Ang's method requires that
a digitalvcomputer with a large storage capacity be avail-
able. Oden (21) also presented an approximate approach
using trigonometric series.

In 1956, an investigation of floor slabs Was initiated
at the University of Illinois in order to better understand
the structural behavior of two-way and flat slab reinforced
concrete floor systéms. The investigation included both
theoretical and experimental studies. The theoretical stud-
ies considered the effects of 6penings in slabs (22) and the
effects of varying column stiffnesses on moments and deflec-
tions of slabs (23). The experimental studies included the
testing of five nine-panel reinforced concrete floor slabs
and the results of analyses for moments have been reported
(24,25,26,27,28,29). The effects of beam and column stiff-
nesses on moments and a correlation of‘computed and measured
moments have also been reported (30). A study of deflec-

tions of reinforced concrete floor slabs was presented by



Vanderbilt, Sozen and Siess (31). This study discusses
curfent building code requirements, design practice and
introduces an approximate method for determining center
span slab deflections.

In summary, solutions are available for the analysis of
one-way continuocus plates over rigid and flexible supports
‘with certain limitations as to the type of load functions
" and typé of edge support conditions. Most solutions use a
uniform load, hydrostatic load or a point load at the center
of a panel and the support conditions are either all rigid,
or the interior is rigid with the sides flexible, or the
sides are rigid with the interior flexible (3,8,9). Also,
the torsional rigidity of the flexible support is usually
neglected. There are‘not "exact" or approximate solutions
available for two-~way continuous plate systems subjected to
a general loading conditioﬂ'and supported in a general man-
ner. Ang's (19) approximate solution is the best available
at this writing but it is liﬁited as to the type of support
condition and requires the use of a large digital computer.

This investigation was therefore undertaken to develop
an approximate solution for continuous plate systems without
restriction as to the loading or edge support conditions, and
its application should not require the use of a large computer.

1-3 Statement of the Problem

This investigation is concerned with the analysis of
continuous plate systems. The plates are rectangular, thin

and of constant thickness, loaded perpendicular to the plate



surface and supported by beams which are symmetrical with
respect to the middle plane of the plate. Thebbeams may
have a constant or variable cross section.

The exterior edges of the plates are free, fixed, sim-
ply or elastically supported. The loads are st&tionary
and of constant or variable magnitude.

1-4 Limitation of the Problem

The study is subject tovthe following limitations:

1. The material is linearly elastic, homogeneous,
isotropic and continuous.

2. The plate thickness is constant and smali in com-
parison with the other dimensions.

3. Stresses normal to the middle surface of the plate
are negligible.

4. Planes normal to the middle surface of the plate
before deformation, remain normal after deforma-
tion.

5. All deformations in the plate are small in compar-

ison with the plate thickness.

6. Loads are applied normal to the middle surface of
the plate.

7. There is no deformation in the'middle plane of
the plate.

8. Deformations due to shearing force are negligible.

1-5 Mathematical Model

The plate is represented by a network of straight

lines as shown in Figure 1-1. The intersections of the



lines are called nodes. In determining the slope-deflec-
tion constants, equilibrium and compatibility are satis-
fied only at each node.

1-6 Sign Convention

The positive directions of the edge moments and reac-
tions are shown in Figure 1-2. Positive edge slopes and
deflections are in the direction of the respective positive
edge moments and reactions. Positive loads are taken as
downward.

Positive directions of moments and shears acting on
interior elements are shown in Figure 1-3, and positive
stresses are shown in Figure 1-4.

1-7 Nomenclature

All symbols are defined when they first appear and are

arranged alphabetically in the list of symbols.
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CHAPTER IT

DIFFERENTIAL EQUATIONS

2-1 Deflection Surface

The differential equation of’the deflection surface
which was first obtained by Lagrange in 1811 is available in

the literature and is restated here for convenience:

94w MW YW _ g _
ax"” 3°X3°%y + 3y® D (2-1)

where W is the deflection in the z-direction, g is the inten-

sity of load distributed-oVer‘theiuppervplate surface and D =

3 :
Tf%%:UYT ' with h the plate thickness, v is Poisson's ratio

and E is the modulus of elasticity of the material.

'2-2 Moments and Shears
The moments and shears acting on a typical interior
element (see Fig. 1—3) are expressible in terms of the deflec-

tion surface as follows:

33w ., a3w )

sz - nD(BXJ IxXIy“ (2-2)
33w 33w
Vyz - _D(ByJ ¥ Bxéay) (2=3)
o 32W 32W _

11



M = "D(W'z- + v W (2-5)
Mxy = Myx = D(1l-v) EERT (2-6)

The development of Egs. (2~1) through (2-6) can be found in
reference (l); page 79. The units of the moments and shears
are the intensity of moment and shear per unit length, re-
spectively.

2-3 Boundary Values

The edge moments (bending and twisting) and edge shears
can be reduced to only two unknowns at a specified edge point
| by imposing the Kirchhoff boundary conditions. This boundary
treatmént may be found in Timoshenko (1), p. 84 or Tuma (33),
p. 15. Using the sign convention of Fig. 1-2, the expressions

for edge moment and edge reaction are as follows:

- Top Edge
- 3°W 92W
My = D(W'z- + v _5-}?2-) (2 7)
_ 33w 33w
RYZ = D{WE + (2-\))W} (2 8)
Right Edge
_ 3°W 32w
MX = +D[-2§2- + v 'a_yz‘) (2 9)
N 33w ' 33w _
RXZ = “D{E;{—g + (2 \)) W} . (2 lO)
Bottom Edge
_ 3°W 3°W
My = +D(Wz- + v WJ (2 ll)
. _~r3°W _ 33w . _
R = D{Wg + (2 \)) -ay—a;{—z} (2 12)

Y2
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Left Edge
B 32y 32w '
M, = —D{axé + v ayz) (2-13)
_ 33w 3 3W ‘
Byz = Plags + 27V gigy7? (2-14)

The types of edge support of the plate model are sim-
ple, fixed and free. In terms of the deflection surface,
these become (for the top edge):

Simply Supported Edge

W=20
M_ =0 22W _ (2-15)
Y - oy
Fixed Edge
= oW _ -
W=20 5y - 0 _ (2-16)
Free Edge
o 32W 32W
My = O ’ 3—y—2' + v %—}?-2' = 0 (2 17)
=0 33w _ 33w _ _
Ryz - 0 ’ 'é?g' + (2 \)) W - 0 (2 18)

The above conditions must be satisfied at each point on the
edge of the plate.

2-4 Stresses

When the shears and moments are determined, the maxi-
mum stresses can be calculated from the following equations,

(1), pp. 42, 82:

6M 6M
(Ox)max. = HYE ! (Oy)max. = HTX
6M
(Txy)max. = —Eél (2-19)
(t,.) =3 YEE y (1) =3 YXE
Xz’ 'max. 2 h yz ' max. 2 h



CHAPTER III

FINITE DIFFERENCE EQUATIONS

3-1 Deflection Surface

The application of the finite difference method in the
solution of differential equations is available in the liter-
ature and will not be restated (32). Central differences are
used wherever possible because they are more accurate than
backward or forward differences in boundary value problems,
(32), p. 63.

At a typical interior node i,j, Eg. (2-1) becomes (see

Fig. 3-1):
) |
T Wio2, 57 4Wy g, g OW5=aW, g s Wi p 50 F
2
G 2oy 2 Mio1,3-172W5o1, 54050y, 541720, 5o F4W; -
My 341 a1, 5o Mg, 3 g0, e Y
N — 4w +6W, .—4W +W ) = 21 (30
(By) T Wi, 9-27W1, 5-1F0W, 4740, 501 Wy 540) = )

Multiplying Eq. (3-1) by (ax)" and letting t = %% and put-

ting in operator form, then

14
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J (3-2)

where qij is the equivalent uniform load acting in the
domain of node i,j . For a’concentrated load Qij

applied at node 1i,j ; 'q.j becomes

1
J%5 e | (3-3)
915 T Ixdy ~ ¥ij (&2x) 2 |
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3-2 Moments and Shears

The moments and shears at a typical interior node i,Jj are

expressed in finite differences.

-t2W, + t2

i-1,9-1 Wit1,5-1

- -D -
Vez) 15= 7005 | Wiz

’

2 - 2
j+(2+2t \)Wi-l,j (2+2t )Wi+l,j+Wi+2,j :]

_e2 2 -
EWil1, 541 T E WL g4 (379)
- 3w
t Wirj_z
- 3494 -
L Oy ) ot REM2OW, -t
Vodiy = 70T 3
- (@e%20)W,
3 -
TV 1,541 TR a2t 54 (375
2 .
VERN, L g+
| _ _ D _ )
(Mx)ij ; TKETZ [ Wi—l,j (242vt )Wij + Wi+l,j }
2 -
+ vt Wi,j+l (3-6)
2
2wy o+
M).. = W S (2t2420)W, . F VW, .. .
M)iy = Tz [ VWi_p, 3 TRETH2VIW, S VW, }
+ t2w, (3-7)
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Dt Wi—llj_l - Wi+l,j_l (3-—8)
(M ) ., o= —_— . (l."\))
xy’ 17 (Ax)
Wio1, g+ Y Wig1, 441
My iy = 7 Myy) sy

3-3 Boundary Values

The finite difference expression for the bending moment

at point T,i on the top edge, referring to Fig. (3-2) is

' 2
t WTT,i +
- - _D (224 -
(My)T,i 55y 2 { vWT,i—l (2t +2v)WT,i+vWT,i+l } (3-9)
2
+ t Wl,i

The analytical expression for the top edge reaction is

: B 33w | - 3%w
Ryz — D{F; + (2-v) W} ‘ (2-8)

If‘Eq°3(2—8)vis'approximated by central differences, node
points twice removed from the boundary would be introduced.
The fictitious_défleétions of these nodes have no relation
to the actual déflecﬁions in the plate for a fixed or simply
supported edge. It was therefore decided to use céhtral
differences on the second derivative of the first term in
Eg. (2-8) and then a forward difference to obtain the third

derivative. Using central differenéés exclusively on the
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second term, the finite difference expression for Eq. (2-8)

at point T,1i is

- Z—v _ 2 _2—V
5 Wopp,i-1" (85724 Woq 5 === Wop 47
2
e + 3t WT,l
yZ 7,1 (2x) + 2o 2 4+ 2=V
T3 ,1-1 T BEAZTVIW T ST i
+ t2w2 (3-10)
. [ !
Right Edge (Fig. 3-3)
2
vt WR,j—l +
D 2
. = + - , . -
(MX)R,j W l: Wn,j (2+2vt )WR,j + WRR,] } (3=-11)
2
+ vt WR,j+l
2t2 -, t2 2t2-yt?
T T 4, 5-1 t =5 gg, -1

=D - 2 42 _ _og2 2

2- 2 2. 2
_ 2tc-vt W + 2tc~-vt W

2 n,j+1 — 2 "RR,j+1

(3-12)

The finite difference répresentation of Egs. (2-11) through
(2—;4) for the bottom and left edges of the plate are similar

to Egs. (3-8) through (3-12),.



77 -/ |77 ¢ T 7+
7 4 7/
: ) ~Jop Ldge
ziz |7 |z {7
i’ 7Er 7 ErZ ‘
>§
N ’ . .
[i~/ /4 /o
] .
Z¢
Ax 4x
Figure 3-2 Network Nomenclature at General
Point on Top Edge of Plate
Lt Lge
0/ ey g
n-ly 14y £/ W
S "4 L4 v
n st e e £ jrt
Figure 3-3 Network Nomenclature at General

Point on Right Edge of Plate




21

The boundary requirements of a simple, fixed or free
edge are expressible in finite differences and become (for
the top edge, Fig. 3-2):

Simply Supported Edge

Wp g =05 i=1,2,...,n | (3-13)‘
WTT,i = _Wl,i ; 1 =1,2,...,n
Fixed Edge
WT,i =0 ; 1=1,2,...n (3-14)
Wep 3 = +Wp 5 5 1= 1,2,...n
Free Edge
2
t fTT,i
- 2 A = . i1 =
VWT,i-l (2v+2t )WT,i +vaT,i+l 0 ; 1 1,2,...,n
+
2 » -
t Wl'i (3~15)
2—~v 2. 2-v
3 Wpp,i-1 F (ETm2E) Wy W 541
+ .
- 2 = -
3t WT,i 0 (3-16)
+
- 2"\) 2 _ - 2—\)\ s
> Wl,i—l + (3t +2‘V)Wl,i _7—w1,1+l i=1,2,...,n

3-4 Application

Consider the rectangular plate shown in Fig. (3-4)
loaded with a uniform pressure, g. The plate is arbitrar-
ily divided into six horizontal and six vertical strips.

Eg. (3-=2) is applied at each interior node of'the plate.

For example, at node (3,3), if a = b (t=1), Eqg. (3-2) gives:
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2W22 - BW + 2W

Wo, = BW

31 + 20W - 8W

33
+

2W42 - 8W43 + 2W

+

32

44
W - (3=17)
at node (1,1), Eg. (3-2) becomes

Wippy
+
0+ 0+ 0
+
q a
Wepp — O + 20Wp; - 8Wy, + W5 = —= (5)
+
0 - 8W,, + 2w
+

W3l (3-18)

From Eg. (3-13), WLLl = —Wll and from Eg. (3-14), WTTl= +Wll'

Substituting into Eg.. (3-18):

9
_ %11 ,a,4 _
20Wpy = By * W3 = 5 @ (3-19)

—8W2l + 2W22

+ W3l

where 477 = 933 = 49 1in this problem.:
Eg. (3-2) is written for each of the 25 interior nodes
which results in 25 equations with 25 unknowns. Matrically,

these equations are

_ g ,a,4 _
[(A] {wW} = 5 (g) {11} (3-20)

where [A] is a 25 x 25 coefficient matrix, {W} is a 25 x 1
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column matrix of-the unknown deflections and {1} is a unit

column matrix. The solution of Eg. (3-20) is

o= (Al hE @ (3-21)

where [A]_l is the inverse of [A].
With the deflection of each node now known, the moments,
shears and reactions may be determined from their appropriate

finite difference expressions.



CHAPTER IV

SLOPE DEFLECTION EQUATIONS - PLATE

4~1 General Form

Since at each point on the edge of a plate there is one
slope and one deflection in the direction of the reactive
forces, the general form of the slope deflection equations

is (for any point Ti on the top edge)

Mpi = CRpip1 Oy + CRpypp ¥ oo * Kpypg O -

+ CKpimp Oy * CKpiggOgy * oove + CRpip Op. + oo

+ CKpyp Opn + «oe ¥ CKTiLneLn +

FSMyymqdpy *oeee F SMpio Ao b oeee S Ap

+ ... + SMTiBnABn + .. + SMTiLnALn + FMTi (4-1)
Rpj = SRpimyOpy + ooe + SRyim On + oo SRpip 0o + oo

* SRoien®Bn T oot SRpipn®n t CTpiqilfor -

t Toipidpg *oee ¥ CTpiqpbpy *oeee * CTpipidpy

+ ... + CTTiBnABn + ... + CTTiLnALn + FRTi (4-2)

25
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where

MTi = the bending moment at point Ti on the tqp edge of
the plate

Rns = the reaction at point Ti on the top edge of the
plate.

Omy = the slope ‘at point Ti in the direction of Kni i

Aps = the deflection at point Ti in the direction of
TriTi

KTiTi = the momeﬁt at Ti necessary to produce a unit
slope at Ti with all other edge ©'s and all edge
A's equal to zero

Toipi = the reaction at Ti necessary to produce a unit
deflection at Ti with all other 'edge A's and all
edge @g's equal to zero.

CKTiRn = the bending moment induced at Ti by KRan

SMpipn = the bending moment induced at Ti by TsnBn

CTTiLn = the reaction at Ti induced by TLnLn

SRTiTn = the reaction at Ti induced by KTnTn

FMTi = the bending moment at Ti due to loads with all

edgete's and A's equal to zero (fixed-edge
moment)
FR.,. = the reaction at Ti due to loads with all edge

T1

0's and A's equal to zero (fixed-edge reaction)

4-2 Load Functions

For a given condition of loading, the value of the moment.
and reaction at each edge point of the plate model is deter-

mined., The edges of the plate model are fixed against
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translation and rotation.

Eg. (3-2) is applied at each interior node of the plate
model subjected to the given loading condition, whiéh‘re—
sults in n2 equations with n2 unknowns. The deflections of
the node points outside the boundary are expressed ih terms
of the deflections of the interior nodes by Eg. (3-14). The
set of n2 equations in matrix form are

[a, (W) ={q}i4—]’§lli | (4-3)
whose solution is

(W = [Alrl{q}ﬂgﬁ (4-4)
where [Al] is the n2 X n2 coefficient matrix and [Al]_l is
its inverse. With the deflection surface, {W}, known, the
fixed-edge moments and reactions are determined from Egs.
(3-9) through (3-12). PFigure 4-1 illustrates the load func-
tions for an arbitrary lbading if n is taken as four.

4-3 Stiffnesses

The moment stiffness factor, K at the point Ti on

TiTi’

the/top edge of the plate is defined as the moment per unit
length necessary to cause a unit rotation at Ti with all
other edge points fixed against rotation and displacement.

The carry-over stiffness factors CK and SR .  , for ex-

RJTi “RTi
ample, are. the values of the moment and reaction per unit

length induced at the fixed edge point Rj on the right edge

‘due to K Figure 4-2a shows the deflection surface and

TiTi*®

the carry-over stiffnesses caused by the moment KTiTi' Fig-

ure 4-2b illustrates how K is applied to the plate model.

TiTi
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The resultant moment is KTiTi (Ax) and the magnitude of each

. . . _ 1
force in the equlva;ent couple 1is KTiTi (Ax)Ay or t KTiTi’

When Eq. (3-2) is applied to node (1li), the equivalent uni-

form load dqy is 2'

_ Kpipg  F fpimg '  (aes)
911 (Ax) Ay (Ax)2

Upon application of Egq. (3-2) to each interior node along
with the boundary requirements, the following équations are

obtained: 5 >
£ Ky py (8%)

) (4-6)

[AZJ{W}.= {l}Ti
where {l}Ti is_a column matrix such that each element 1s zero

except the one corresponding to the node (1li) which is unity.

The equations of Eq. (4-6) are solved for the unit value

{l}Ti and KTiTi is @etermlned from the condition that eTi be
unity. Now
Wi
Op; = iy = 1, .. Wyy = Ay (4-7)

If Wii is the deflection at node (11i) from the solution of

Egs. (4-6), then

2 2
t°K. . . (AX) '
_ ' T1T1 _ _ _
Wi = Wq4 D = by | (4-8)
and
D Ay 1 D ¥
K _. R —p— o 7 = (4—9)
TITL 2 (ax)2 W14 t3(Ax)Wi.
lv
-
The deflection surface due to KTiTi is now known and the

carry-over stiffnesses are determined from Egs. (3-9) through
(3-12).

The reaction stiffness factor, T

Tepimi 7 at the point Ti on

—

the top edge of the plate is defined as the force per unit
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length necessary to cause a unit displacement at Ti with all
other edge points fixed against rotation and displacement.

The carry-over stiffnesses, CT and SM for example,

R3TL RYTi’

are the values of the reactions and moments per unit length
induced at the fixed edge point: Rj on the right edge due to
Tpimi-

Figure 4~3 shows the deflection surface and the carry-

over stiffnesses caused by the reaction T To determine

TiTi°®
this deflection surface, the biharmonic plate equation, Eq.
(3=-2), is applied to each interior node and such that all

q's are zero. The boundary requirements are that all edge

slopes be zero and all edge displacements be zero except WTi’

which is unity. 1In matrix form, the set of equations is

[a,] (W} = ~{x} (4~10)
where ] o | 1,1
?
0 1,i=2
2t? 1,i-1
~4t2-4th 1,1
282 1,i+1
{X} = 0 1,i+2 (4-11)
O Z,ial
£t 2,4
0 2,1i+1
B 0 | nn
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With the solution of Eg. (4-10), TTiTi is calculated
from Eg. (3-10) and the carry—oVer stiffnesses from Egs.
(3-9) through (3-12).

4-4 sStiffness Matrices

The slope deflection equations of the edge moments and
reactions for a typical plate are, in matrix form,\

{M} = [K]J{0e} + [sM] {a} + {FM} “ (4-12) "

It

{R} [SrR]{e} + [T] {a} + {FR} (4-13)

where [K] is the moment stiffness matrix

— ]

Kpqpp *+* CRpypn ++ “Kogpn * ¢ “Kpipn * -+ CKpion
CRppmy *++ CRpomy +o+ CRpgp ees CRpop o vew CRpooo
CKTnTl o 0 a KTnTn . e CKTan * e e CKTan e o CKTnLn

[K]= . S . . .

CKpomq +++ CRpooo +ee Kpoooowew CKp oo wu. CRpoo o
CRanr1 *** “gnrn *** “®enrn **° Xenen *°° “Kenin
CKLnTl L I I cKLnTn ® e 0 cKLan LI I CKLan ® & o KLnLn
. B -

[eM] is the carry-over moment stiffness matrix,



[sM]=

SM1) pSMpq g e+« SMpq gy e+ + SMpy gy e -

SM -...SM

S T2Tn

Mpop1SMpoqp- -

T2Rn"* °

SM
TnTlSMTnTZ"°

SM TnTn. s o

SM S

RnT1l

SMp "

SMLnTi

’anRnn ..

.S oo« SM,

TlLn

® ¢ o SMTZ‘Ln

MTan

'SMTZBn

.SM

BnBn”® "

SM

" Inin
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(4-15)

[SR] is the carry-over reaction stiffness matrix similar to

Eg.

[T]=

Each stiffness matrix is a 4n x 4n square matrix.

(4-15), and [T] is the reaction stiffness matrix.
Tr1r1CTr1m2 s *CTp1on e« CTo1rn  *CTrign - CTrimn
1Ty Toom2 e e« CTp2mn = <« CTporn s = CTropn = *CTrorn
CTTnTlCTTnT2°°°TTnTn"

CTRnTlCTRnTZ"' TRan. o

CTBnTlCTBnTZ cc TBan"
ETLnTlCTLnT2'°' e TLnLn

(4-16)

For a continuous plate model (n»«) the moment stiffness

matrix, [K], and the reaction stiffness matrix, [T], are
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symmetrical about the main diagonal. The carry-over stiff-
ness matrices have a transpose relationship, that is

[SR] = [sM]%, or SR,., = S

i5 (4-17)

M,.
ji
However, for a finite value of n, the plate model is not
a continuous media and the above relationships will not nec-
essarily be true.

4-5 Modified Stiffnesses

Loading conditions occur such that there is symmetry and/
or anti-symmetry about either or both of the major axes of
the plate. It is advantageous for the analyst to take this
into account. Referring to Fig. 4-~4:

Case 1 Symmetry About 0-0 Axis

@Rj B _OLj; ARj - ALj; Op, mik = Or,m-k’ Ao mbk =
by m-k’ (4-18)
= - - . _ n+l. _

eB’m+k - eB’m_k’ AB’m+k - AB,m_kl m = 2 ’ k = llzlnnol

n/2 for n odd
, +1 1 -
j = 1,2,...,1’1; m = n'z-_"‘-]:’ k = 2"%,‘-..’% fOI‘ n even
Substituting into Egs. (4-12) and (4-13):
{M} = [K'] {0} + [sM'] {A} + {FM} (4-19)

{R}

[SR'] {0} + [T'] {A} + {FR} : (4-20)
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Figure 4~4 Speclal Cases of Basic Plate
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Eq. (4-19) is

Flvl | B ¥ 4 V v v 1 V ' 4
Tl Yrir1 “Kripz--- K TleCKTlBl - +CRp1Bm CKTlLl"°CKTlLl'"CKTle"'CKTan
- ° '. [} T T . V
Mool (“Brmrl Reprz- - - KTmeCK mBl"'CKTmBm CKTle "CKTle"'CKTij...CKTan
. - L ]
Mpq CKp111
—_— t
Manl = |“¥pmr1
. b' [
ol |“Faim
]
Msl “Rogma
1 ] . 1
Mln CKLnTl e °"KLnLn

8¢
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\

where Krip1 = ®rirs ¥ “Kpimn
CKpipg = CKpyps ¥ Kppppoyr I<m
CRLjri = SKpgmi * Kpypp-gr 0
CK{ ps = CKpips = CKpspsr 4= 1, woy (4-22)
etc. : , / -

These are-called modified stiffnesses. Eg. (4-20) is similar

Case 2 Anti-Symmetry About o-o Axis

°ry T %L’ fmy T TPyt O ek T TOTumek’ fr,mek T
—AT,m—k
eB,m+k = -OB,m—k; AB,m+k = _AB,m-k; J = 1,2,...yn (4-13)
m = Egij k = 1,2,...,E%i'for n odd
_ n+l _ 1 3 n=-1 :
m = —5=; k = S Fr eeer T3 for n even

Substituting into Egs. (4-12) and (4-13)

{M}

[k"] (e} + [sM"] {a} + {FR} o (4-24)

{R}

[SR"] {0} + [T"] {a} + {FR} (4-25)
where the elements of the modified stiffness matrices are |
analogous to Eqg. (4-22).
- Cases 3 and 4 are similar to Cases 1 and 2.
Case 5 Symmetry About Axes 0-0 and 1-1

0. = =0 .3 A_. = A

Bi Ti’ ®Bi i’ Oy T "On37 By T fpyf 143 F
1,2,'...,1’1 (4—26)
Or, itk = O1,i-x’ Or,i+k T %1,i-x7 %nL,5+k T °n,3-k
_ P n-1
AL,j+k = AL,j—k’ i, =m=—~ k=1,..., 5 for n odd
. n+l 13 n-1
1,] =m= =, k = 7,5,...,—§—lfor n even
e) =0 A =A.; J=1,2,...,n



Substituting into Egs.

{M}
{R}

Eg. (4-27) 1is

Mpp

Mo

M

ij

where

v

Kpipy =

CRpymp =

etc.

Cases 6, 7,

(4-12) and (4-13):

and 8 are analogous to Case 5.

41

= [KV]{0} + [sMV]{a} + {FM} (4=27)
= [SRV]{e}+ [T']{A} + {FR} (4-28)
v v v 1 [
Kriry CRpipp 0 Rpppn| Om
v v v
CRpory Brope +o- CRpoqp Or2
v v
_?KTmTl CKTmT2 e TmTm | L@Tm_
(4-29)
PR v v ] i 7 B 7]
SMpypy SMpypp oo s SMpgpp Apy FMpyp
v v v
SMpopy SMpoqpy <00 SMyoqp Apo FMp,
v v v
_fMTmTl SMTmT2 v SMTme_J _ATm_ _FMTm_
Kpipr & CRoymn ~ SKpar: ~ Ropign ~ SKpip:
= CRpypn * Rpipy T CRpirp (4=30)
CRpymy * CRpyppo1 = Kopigy ~ Kopigp-2
= CRpypy 7 Rpign-2 Y Ko t Koipn-o (4-31)



CHAPTER V -

BEAM CONSTANTS

5-1 General

The sﬁpporting beam along the edge of the plate is
divided into the éame humber of segments (n+l) as the plate
model. The twisting moment and the shearing force in the
beam are expreséed in terms of the angle of tQist, @, and
’the deflection, A.

5-2 Flexural Stiffness

Consider a segment of a beam of length A where
a.

n+1l

if a is the length of the edge of the plate and n is the

A= (5-1)

number of edge points selected. Using the notation of Fig.

5-1, the shears are expressed in terms of the bending moments.

: _ 1 - - -
ij =3 (Mjk + Mkj) = ij (5-2)
From the elementary theory of beams,
‘ 2
d z
M., = =EI- = =M . (5-3
Jjk. dx2 kJ )

where EI is the flexural rigidity‘of the beam segment. The

finite difference approximation of Eg. (5-3) is (letting  A=z)
_-EI _ o -
Mjk = 3z (Ai 2Aj + Ak) ‘ (5-4)
- EI - -
Mkj =+ 37 (Aj 24, + 84) (5-5)
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Substituting into Eg. (5-2)
ET

Vik = %3 (-8, + 365 7 34, + ) (5-6)
_ EI - _ . e
ij = T3 (Ai 3Aj + 34, Al) (5-7)

Egs. (5-6) and (5-7) are the slope-deflection equations of
the beam segment for shear.

5-3 Torsional Stiffness

Referring to Figure 5-2, it is necessary to express the

k

Assuming elastic behavior and no warping of the beam in the

twisting moments in terms of the angles of twist, Qj and ©, .

length A, the elementary torsion theory gives

de T
dx =~ GJF (5-8)

where GJ* is the torsional rigidity of the beam.

Multiplying Eq. (5-8) by dx and integrating between j

and k,
_ GJ* _ -
T]j = = (O] @j) (5 9)
. GJ* - ;
Tj] = B (Oj @]) (5~10)

which are the slope-deflection @quations of the beam segment

for torsion.

5-4 Modified Stiffnesses

If symmetry exists in the edge beam of Fig. 5-3, then
by = b, 5 © =0, ; A; = A 5 0 =0

and Egs. (5-6) and (5-7) become
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= BL ,_ - -

Vig = 3T (mhp + 4y = 30 =V (5-11)

V.. = BL (A - 4A, + 38.) =0 | (5-12)
ji = 7% %n i 3 ~

If anti-symmetry exists, then
by = =By 5 @ = -0, ; Ay ==& G 0] = -0
and V,. = 5L (~A_ + 24, - 34.) = -V, (5-13)

1] A h i | kj

V., = 2L (o = 2A, + 3A.) = =V (5-14)
ji ~ A% '°n i 3 ik

It is noted that the equations for shear do not include

the weight of the beam segment.

///‘g? of Beam

Figure 5-3 Portion of Edge Beam



CHAPTER VI
COMPATIBILITY RELATIONSHIPS

6~1 General

A two-way continuous plate system supported and loaded
in a general manner is divided into basic plate elements
and edge beams., A plate model is selected for the basic
plates and the bending moment and reaction at each edge
point of the basic plates are taken as the redundants. A
slope deflection equation is written foryeach redundant and
the continuity or compatibility requirements of the contin-
uous plate system are determined by the moment and force
equilibrium equation at each edge point or "joint." The
resulting set of simultaneousbequations in terms of £he un-
known €'s and A's is expressed matrically and certain rela-
tiohships are notea.

6-2 Joint Compatibility Equations

Consider the two-way continuous plate system of Fig-
ure 6-1 supported with beams along the edge of each plate
element. A typical basic plate and‘the corresponding plate
model are shown in Figure 6-2., Figure 6-3 shows thé free

body at "joint 3," which represents point 3 on the top edge
of plate I, point 3 on the bottom edge of plate II and

point 3 on the edge beam.

46
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Figure 6-3 Freebody of Joint 3

The equilibrium requirements at joint 3 are
JF, =0 and [M_ =10 (6-1)
which gives

I II _g=0 (6-2)

Vig * V34 * Rpg + Rgy
1 IT _
Typ + Tyy + Moy + ML = 0 (6-3)

It is noted that in Eg. (6-3) the rotational effect of the

plate reactions is assumed negligible.

6-3 Compatibility Matrix

| Equations (6-2) and (6-3) satisfy the compatibility
and. equilibrium requirements at joint 3  and when applied>to
each edge joint these requirements are satisfied for the
entire system. The bending moments, shears and reactions
are expressed in. terms of the slopes.and deflections of.
each. joint, that is, the slope déflection equations fox the
moments, shears, and reactions are substitutéd into Egs.

' (6-2) and (6-3). The resulting set of simultaneous
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equations when placed in matrix form is called the compat-
ibility matrix.

As an example, consider the two-way plate system of
Figure 6-4 supported rigidly along the edges of each plate
element and loaded in a general manner. Since the supports
are rigid, all A's are zero and the edge rotations, @i, are
the unknowns. The plate model of Figure 6-2 is selected
for each basic plate and Eq. (6-3) is applied to each
joint. There are n joints on each edge and ten edges,

resulting in 10n equations

‘

)+ Mi+l =0, i=1,2,...,m33=1,2 (6-4)
M? =0, K =1,2/.0.,8

Substituting Egs. (4-12) and (4-14) into Eg. (6-4) the

following matrix equation is obtained.

T B L R

_ : a7 T i
. | |
i j
B 1
[x ]t | ot Ft
L L L't R B
po4 i 1 S
R Ll// | /
_____L__“éé J N {22
Tl , | :
—TR] T 0% | + FM? | = 0
R: T 'R B L -
' |7//"’__“‘_—”__ /
|
BL________'_T_///J o (4
|
R !
: rx]3 03 FMS
B
Li
N I L L R
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The shaded areas represent a summation of the ‘respective
elements of each stiffness or load matrix. All elements
outside the dashed lines in the combined stiffness matrix

are 2Zerxo.

®

N o

N
)

1 ]| e |

A 2 =

Figure 6-4 Two-Way Continuous Plate System.
on Rigid Supports
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6-4 Incompatibility at Corners

Compatibility and equilibriumare not satisfied at the
corners of the plate elements because a slope-deflection
equation cannot be written for the bending moment at a cor-
ner. ' For the plate model adopted in‘this study it is impos-
sible to determine the moment stiffness factor at a'corner
of the basic plate. The plate corner poiht»is actually'a
point of discontinuity and the slope of that point is iﬁ—
determinate. The deflection of the corner point may be
included in the analysis butrwas omitted from thié study.
For a further discussion of the plate behavior at a corner

refer to reference (1) p. 85.



CHAPTER VII
NUMERICAL APPLICATION OF THE THEORY

7—1- Plate Model

The mathematical model of the plate adopted for numer-
ical application of the theory is shown in Figure 7-1,
which is ﬁhe general model of Figure 1l-1 with n=5. This
means that in a given plate system, equilibrium and compat-
ibility are satisfied at only five points (exclusive of the
carners) on each plate edge. The numbér five was selected
to keep the number gf unknowns at a minimum while assuring
a "reasonable"” accufacy of solution.

In calculating the elastic stiffness constants at the
selected edge points, a finer gridwork was employed as
shown by the solid and dashed lines in Figure 7-1. That
is, lZl'ipterior nodes.were used to calculate the eléstic
constants at the five séleCted,points on each edge.

7-2 Calculation of Stiffness Matrices

J

The procedure to follow in calculating the stiffnesses

due to moment was outlined in Section 4-3 relative to the
general plate model of Figure 4-2. For the numerical model
of Figure 7-1 the plate edge is allowed to rotate. freely

between the points adjacent to the point in question. For.

52
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Figure 7-1 Plate Model

example, in determining K the edge between points 2

T3T3 '
and 4 is simply supported and therefore the total applied

moment at point 3 is KT3T3(2AX) . Eg. (4-6) then becomes
2t2KT3T3(AX)2 '
[A2]{W} = {l}T3~ 5 (7_%)
and Eq. (4-9) is
' D
K o= (7-2)
T3T3 2t3(Ax)W'

13
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The moment stiffness factors and the carry-over moment
and reaction stiffnesses are tabulated in Appendix A for a
square plate.

The plate model adopted to calculate the reaction stif—
fness factors is shown in Figure 7-2 for TT3T3° Thé edge
displacement between the points adjacent to the point in
guestion is assumed linear. Applying Eg. (4-10) to Figure

7-2; then Egq. (4-11) becomes

0 1,1
0, 1,3
t, 1,4
-2t" 1,5
~2t° -4t 1,6
, £ 1,8
{X} = 0 1,9 (7-3)
0 2,4
4
5t% 2,5
t:i 2,6
5t 2,7
0 2,8
i 0 | 121,121

The reaction stiffness factors and the carry-over
stiffnesses are tabulated in Appendix A for a square plate.

7-3 Load Functions

The fixed~edge moment and reaction are determined from
the application of Egs. (4-3) and (4-4) to the plate model

of Figure 7-1 for a unit concentrated load applied at. the

\
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darkened nodes shown. These values are tabulated in Appen-
dix B for square plates.

7-4 Numerical Examples

Three numerical examples are.presented to iilustrate‘
the method and to. determine the-acduracy of the plate model. :

To improve the accuracy of the solution and to reduce
the number of equations, the stiffness:factors were calcu-
lated for three special plates which could occur as exterior
plates in a continuous system. These factors are listed in
Appendix A and are used in some of the example problems.

Example 1.

It is desired to find the moments at the supports and
the center moments and deflection-of the continuous plate

system shown in Figure 7-3.

T

NN

N W
N NN S
[N

@ i e ©

a a 4

ITT T T T TTIITT] .
A VAN AN VAN,

Figure 7-3 Example 1. Three Span Continuous Plate on Simple,
Rigid Supports
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Plate ‘A
Taking advantage of symmetry, noting that all support
deflections are zero, and applying the slope-deflection

equation to edge points 1, 2, and 3 from Table A-X,

A _ _ _ - -
Ml = (31.2-96l 8.724@2 2.214@3 0.677@4 0.218@5)
-Since 65 = Ol and 94 = 62:
e = - - D
M —~(31’07®l 9°40162. 2.21463)a
M® = (-8.680. + 23.890. - 2.210.)2
2 ° 1 ° 2 ‘ 37a
A _ _ - D
M3 = ( 4.08@l l7u29@2 +’25'68@3)a
Plate B
From Tables A-IX and B-I:
B
Ml = (31.41@l - 8.652@2 - 2.126@3 - .601@4 - .17665
D
+ .398@6 + .555@7 + °469@8 + .290@9 + .127910)5
- .0393ga’
From symmetry, 66 = _@l"@7 = —@2, 98 = —@3, .o '
0 = +0;, O, = +0, .
Therefore,
B _ _ ' _ D _ 2
Ml = (30.71@l lO.lOG)2 2_.6063)a . 0.0393qa
B _ D _ 2
M2 = ( 9°35®l + 22.94@2 9.38@3)a 0.0610aqg
MB = (-4.796, - 18 640. + 25.146¢6 )2 - O'O677qa2
3 ) 1 ° 2 ‘ 3'a : ,
Equilibrium

M, = 0 : M? + M? =0, i=1,2,3

plo



58

3
- 19.500, - 4.8l0, = ,039392

.. 61.7806. 3

1

. 3 )
~18.030, + 46.830, - 18.096, = .0610 da

e g7a - a5 — 07793
8.87@l 35.93@2 + 50.82@3 .0677,D

Solution

1
B
1

3 3 3
3a = : da = ga_
+.00221%— , 0, = +.00388=5— , 0, = +.00446=g

-.0223qa% , Mo = -.0345ga’® , M? = -.0384qga”

M

Center Moments , v = .2

B = 133220, + o
X a 1

- 0 + 515739(0 + 0, -0
a 2

5 Y6 10’ 4 7

| D, _ | 2
- 0g) + .11762(05 = 04) + .0307qa

g)

B

MP = .05172(0. + 0. -0, - © + .2502(0. + 0. - 0
3% a1 a2

5 6 10) 4 7

D

, . 2
- 99) +_;43665(@3 -0

g) + -02312qa

B

M2 = + .0354qa” , Mi + .0313qa’

Center Deflection , Plate B

Il

W= .01398 a(o; + 0, - O, - ©

5 ’ 1) *-02491 a(e, + o

4

- 0, - 99) + .03029 a(G)3 -0

7

4
ga
8) + .OOZQO )

W

4
ga
.00278—5—

Example 2

A square piate is elastically supported on each edge
and is subjected to a uniform load of intensity g. It is
reqﬁired to find the moments and deflection’ at the center
of the plate. The torsional stiffness of the beam is neg-

lected,
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Figure 7-4 Example 2. Square Plate With Edge Beams
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In matrix notation, the slope-deflection equations of
the plate are:
{M}

[K]{oe} + [sM]I{A} + {FM}

it

{R} = [SR]{e} + [T]{a} + {(FR}

Referring to Figure 7-4 and Tables A-I, II, III} IV and B-I:

M., = 2(39.640
a

1 - 6.690@2 - 1.3470, = .2790

3 - .042@5

1 4

+ .038@6 + .10697 + .11298 + .06699 + .0179lO

+ .0389l + .1038@ + .1100 + .,0650 + .017¢

1 12 13 14 15
- 9.3120, - 3.2220,, - .9060, - .2360,5 - .0410,)
D
+ ;2(129.5Al - 45.494, - 1.2784 + .337a, + .2944,
+ 01218, - L1544, - 19444 - L0554y + 0674,
+ 1044, - .1568,, - .196A, 5 - .0588,, + .0664
- 50.508,¢ = 9.8904;, - 9540 + 1508, + .2360,)
- .01915ga®
From symmetry, @5 = @l, 915 = —@5, @6 = _916' 916 = @l,
020 = 9167 85 T 87 = b5 = L1 = byg = 8y T by T byge etc.
Therefore,
_D - - D
M, = 2(30.1350; - 10.7676, - 2.4750,) + a2(79.888Al
-~ 55.3164, - 2.6224,) - .01915qa”
M, = 2(-12.5110. + 21.9420. - 10.5040.) + 2 (-49.2044
2 < 3 . 1 . 2 . 3 2179 1
4 96.2484, - 53.5174;) - .04128ga’
M. = 2(=5.9120. - 21.4300. + 24.4240.) + 2 _(.290a
3 = 7> 1 . 2 : 3 2t 1

- 106.7084, + 101.6714,) - .04949ga°
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R, = 22(—499.256@ + 51.9270, -~ 13.51193) + 23(694.316A
a f a

1 2 1

- 469.2164, + 20.1264;) - .14103qa’
_ D _ i 2 - )
R, = ;2(20.39791 347.2440, + 55.5090,) + a3( 537.2684,
+ 1004.1924, - 530.01445) - .29377qa
- D » ~ 304. D
R, = ;2( 46.7400, + 103.566, - 304.4920;) + a3(30.150Al
- 1076.4084, + 1008.9474,) - .34617qa

In the supporting beam AB, referring to Egs. (5-6) and (5-7),

_ EI/ - - .
Vi, —kxj(Al(“l3AA + 38, = 4,)
v = EE(ZA - A,.) since A =.-A_. because M is zero
10 A3l 2 1’ 1 Al :
. _ EI _
Vl2‘ = F(E]Al 3A2 + A3)
- _ EI,_ h L
VZl = Ts—( 3Al + 3A2 A3)
I 7 -
V23 = ﬁ( Al + 3A2. 3A2 + A4)
A = EI(—A + 4A, - 3A,), since A, =-A
23 ~ A3V 71 2 3/ 4 2
_EI,, _
V32 = F(Al 4A2 + 3A3)
- EI, _ -
V34 = }\—3'( Az + 3A3 3A4 + AS)
_ EI _ |
V34 = )\—3-(Al 4A2 + 3A3)
Equilibrium

Summing vertical forces at joint 1l:

ARy + Vi, + V, =0

or

1 = = 2
R, + (Vg + V =0 , A=2

12!

\Y and V.,

Letting EI = 100Da and substituting for Rl; 10 12
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D (-499.2560. + 51.9270. - 13.5116.) + 2.(648,694.324
2 1 2 1105 3 84
a . . a .
- 518,869.224, + 129,620.134;) - .14103qa = 0
. . .y o1 —
At joint 2, R2 +v—}\—(V21 + V23) = 0 and

D 5 D
—2(20.3976l - 347e24462 + 55.50903) + —-3(--518,937.27Al
a a
+ 908,204.19A2 - 518,930.01A3) - .29377qa = 0

At joint 3, R, + L

3 T(V32 + V = 0 and

34)
D - D
—-2(--46.'7409l + 103.56062 - 304.49293) + -3(259,2300,15Al
a a
-”1,"037,876.»4A2 + 778,608.954,) ~ .34617qa = 0
Since the torsional stiffness of the edge beams is neg-
lected, equilibrium of moments at joints 1, 2, and 3 yields

Ml =0 = M2 = M3. A simultaneous solution of these six

equations gives:

3 4
= 5 g_?‘__, = g.i_

@l '006l7llD . Al .000224 5
o qa3 ' qa4
v.®2 = ;011896—5— 42‘— .000386—5—
| ga3 qa4
05 = 0013792 5= A3 = .000444—5~

The moments and deflection at the center of the plate are
obtained by multiplying the values of center moment and de-
flectibn due to unit edge slope and deflection with the
'abdve solution and summing along each‘idge. This gives

2

= ,= _— g—a-——
Moo= M "= .0511ga” , & = .0050433

The solution of this same problem with %% = 0 (corner

supported‘platg) resulted ih
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3 4
= ga = ga
@l = °00149_ﬁ— Al .0113 )
3
= a. = a
@2 °00132gﬁ— A2 015733—
3
= ga_ = ga_
93 .00112 ) A3 .0170 )

At the center of the plate,

4
M, = M = .0619gqa® , A = 019793

Example 3

The two-span continuoUé plate system shown in Figure
7-5 1is subjected to a line load of 100 lbs. per ft. along
the longitudinal center line. Therplates are rigidly sup-
ported transversely at. their ends and elastically supported
with beams along their longitudinal edges. The following

properties are assumed:

ET GJ*

D—a-=50 ’ Bé- = 12 ’ v = .20

The torsional and flexural stiffness of the edge beams are

included in the analysis. From symmetry, 66 =0 = 67 =

Og = 99 = Opp7 O11 = 7O1r 915 = 7Ops 837 = 830 85 = by
etc. Therefore, the slope-deflection equations for plate A

using Tables A-IV, V, VI, VII and B-IV and B-V are:

=D - - - _
Ml = 5(39°60®l 6,79962 1.48263 .393@4 .12265)
D. ;
+ ;—2(--129.39Al +v45.34A2 - l.085A3 - .379A4
e181A5) - 100(%)(Q0223_+ .0369 + .0287 + .0159
+ .0064)
= D/ : - - _
M2 = E( 8.,146@l + 28.,1762 8.16563 2.31764 .730@5)
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7-5 Example.3. Two Span Continuous Plate
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+ 2 (42250, - 109.654, + 47.974, + 1.257a

a 1 2 3 4’

. a '
- .393A5) 1006(.3295)

- 8.891e, + 25.910, - 9.1606, - 2.4960,)

D

g(-l.840@l 5 3 4
D

+ ;2(—.214Al + 47,734, - 108.424, + 48.204,

+ 1.4804) - 29%2 (.4601)

) ,

2(-.5020, - 2.3%0, - 9.171e, + 25.830, - 9.1570)
D,

+ ;2(-.7994l + 1.1304, + 48.17a, - 108.12a,

+ 48.614.)- 2292 ( 4420)

5 3

D .

3(-+1490) - .7040, - 2.3250 - 8.4916, + 31.040,)
5 L

# 2)(-.2938; = 4360, + 1.47085 + 48601, 109.654,)

- 120a (.2734)

) o - R

;2(-414.391 + 68.000, - 11.900, - .6340, + .3340,)
D

+ ;3(1295.6Al.— 496.58, + 6.2750, + 9.9654,

. 100a

+ 3a307A5) - —ga— (.2141)

D

;2(56,2501 - 390.56, + 63.920, - 17.130, - 2.850,)
D ,_ C_

+ ;3( 465.1a + 1035.14, - 525.74, + 1.4984,

+ 7.9614.) - 299 (1.4032)

5 3
D
;2(-16.6291 + 61.166, - 309.86, + 62.530, - 19.400,)

D : :
+ ;3(17.57Al - 523.3A2 + 1018.3A3 - 532.3A4 - 3.43A5)

_,igg (2.1524)



Considering the flexural stiffness of the upper edge beam

o)
li

D . - : -
;—2(-2.2416l 18.3162 + 62.21@3 310.664
D . N
+ 59.36@5) o 23(14'05Al + 3.042A2 531.96
+:1011.8A, -~ 540.9A_.) = 100 (2.1160)
4 5 6

22(-;31161 - 3.10392 - 18.2363 + 63.04@4
a i ‘
~360.50.) +‘E (4.725A, + 8.6661A, - 3.2084A

5 a3 1 2
- 540.9A4 + 1015.3A5) - l%g (l.3185)

of plate A, then, from Eg. (5-6) and Example 2:

From

v —

10

Vig =

Vo1 =

v =

23

Viz =

V3yg =

Vyz =

Vs =

Vgg =

Vg

Eq. (

Ti0 ©

Ty =

%%(4Al - 8,)

2330, = 30, + Ay)
%%(—3Al + 34, = 45)
SS(-ap + 30, - 305 + 4,
S5(=a = 38, + 345 - 4,)
TH(=d, + 344 = 30, + Ag)
=38, - 30, + 38, - A)
%%(-A3 + 30, - 38;)
%%(A3 - 38, + 3a;)

EI

5-9) the beam torsional moments are:
GJT* _ GJ*
x (81 eo) = 3%
GJ* _
v (0 = 01) = Ty

A

3

3

66
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GJ*

Typ = 5 (03 = 03) = ~Ty3
T4y = H-(0, = 05) = Ty,
Ty, = S(0g - 0,) = ~T,;
A

Equilibrium at joint 1 requires that

ZFZ = 0 , ARl + VlO + V12 = 0
ZMy = 0 , AMl + TlO + le = 0
- Q) *
Substituting, with %% = éﬁL%QQE and Gi = 423D :
a
D
;2(—414'391 + 68f0092 - ll.90®3 .634@4 + .334@5)
+ D (454,895.7A, - 259.696.5A, + 64,806.3A, + 9.965A
a3 1 2 : 3 4
+ 3.307A5) - 3.568 =0
D .
3(903'691 - 438.8@2 - 1.48293 .393@4 .12265)
D .
+ ;2(—129.3913l + 45.34A2 - l.085A3 - .379A4 .181A5)
- 1.853 = 0

Applying the equilibrium equations at joints 2, 3, 4, and 5

and putting all equations in matrix form:



[-414.3
' 903.6
56.25
~440.2
~16.62
-1.840
~2.241
~.502
-.311

-.149

454,896.

-129.390

42.25
64,817.6
-.214
14Q05
-.799

4,725

L

-.293

~259,665.

68.00
-438.8
~390.5.
892.2
61.16
~440.9
-18.31
-2.393
~3.103

-.704

-259,696.
45,34

389,835,

 -109.65

-259,723.

47.73
64,803.
1.130
8;662

-.436

~11.90 ~.634
~1.482 -.393
63.92  -17.13
~440.6  -2.317
~309.8 62.53
889.9  -441.2
62.21  -310.6
-441.2 889. 8
-18.23 63.04
-2.325  -440.5
64,806.3 9.965
~1.085 ~.379

-259,726. 64,801.5
47.97 1.257
389,818, -259,732.
-108. 42 48.20
-259,732. 389,811,
48.17 -108.12
64,796.8 =-259,741.

1.470 48.60

.334 |
-.122
~2.85
-.730
~19.40
-2.496

59.36
~441.2

~360.5

895.0

3.307
-.181
7.961
-.393

64,796.6

1.480
-259,741.
48.61

325,015,

-109.65]

68

1

2

3

4

5I +
[3.568]
1.853]
23.39
5.492
35.87
17.668
35.27
7.367
21.97
4.557)
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The simultaneous solution of these equations gives

2 ' 3

= a_ ' = a_

@l = ,02586 ) Al .001233D
a2 a3

@2 = .0487473 A2 =».003288TT
a2 a3

93 = .0598775 A3 = '004702TT
a2 a3

94 = .0540977 A4 = '0045937T
a2 : a3

Substituting back into the respective slope-deflection

equations,

M, = -1.276a M, = -2.38la
M2 = =-5.,072a M7 = =5.692a
M3 = -7.301a M8 = ~-7.092a
M, = ~-7.071a My = ~5.692a
M, = -4.283a - 3 M), = -2.38la

The values of moment and deflection at the center of each
plate are determinéd by multiplying the values at the center
in Table A-V by the respective 0's and-the values at the
¢énter in Table A-VII by the respective A's»and~summing‘with
the center values in Table B-VI. Then,

3
M = 6.753a , M_= 9.130a , & = .3270%
X Y D

7-5 Comparisons

The following is a summary of the results of-the first
and second example problems compared with some published

solutions.
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“Solution (v = .2)

Plate Function Thesis - Timoshenko (1) Marcus (35

Example 1 »
A at center .00278 - -
MX at center .0354 .0375 -—
My at center .0313 .0317 | -
My at edge ¢ -.0384 -.0381 -

Example 2
(a) EI/Da=100

A at center . .00504 .00412 -

Mx’My at center .OSll .0443 -

(b) EI/Da=0

A at center .0197 .0257 .0249
Mx’My at center .0619 .1065 .1010
A3 at edge {_ .0170 : - . .0171

Note: Moments are multiplied by qa2 and A's by qa4/D

Example problems 1 and 2 provide a basis for estimat-
ing thevaccuraéy of the plate model used. In problem 1 the
solution is quite close to the series solution reported by
Timoshenko, (1) p. 231, because the stiffness factors were
determined for plates which satisfied the boundary condi--
tions of the simply supported edges. Therefore, this prob-
lem is quite accurate and shows the slope-deflection
approach at its best. The difference invsolutions varies
from 1 percent to 5.6 percent.

v Example problem 2 was intended to show the selected

plate model at its worst, because only a relatively few

number of edge boundary conditions are satisfied (i.e.,
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five on each edge, not counting the corners).. This probleﬁ
was worked twice, once with edge -beams (neglecting torsional
resistance) and once without: edge beams (corner supported
plate). The difference in solutions varied from 15 percent
to 22 percent in the case of the edge beams. For the corner
supported plate, the-difference'ih the slope-deflection
approach -and- a series solution was 237percent and 42 per-
cent. A comparison-with another numerical solution:
resulted ‘in a variance of 22 . percent and 39 percent in‘the

values at the plate center, and the same edge deflection (3).



CHAPTER VIII

SUMMARY AND CONCLUSIONS

8-1 Summary

The analysis of continuous rectangular plate systems
loaded perpendicular to their surface was presented. Thé‘
slope-deflection equations were developed for a general
plate model using the. finite difference method.

To apply the theory to numerical systems, a specific
plate model was adopted. The plafes were divided into six
horizontal and six vertical strips and the slope deflection
constants were calculated at the five points on each edge.
The plate equation and the boundary conditions were approx-
imated by central differences in order to obtain the solu-
tion. The assumptions and limitations of the solution are
those incorporated in thin plate theory and the finite
difference method of solving boundary value problems.

Fixed edge moments and reactions were determined for a
uniform load and concentrated loadsvat.each of twenty-five
points on the/plate.

Three example problems were solved to illustrate the
application of the slope-deflection equations to confin—
uous plate systems. Elastic edge beams with flexural and:

torsional stiffnesses were included.

72
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8-2 Conclusions

“From the-comparisonslof section 7-5, it is concluded
that the plate model selected and the resulting slope-
deflection equations are sufficiently accurate for analyz-
ing continuous plate systems.

Proﬁer use of the tables of coeffiéients listed in the
appendices will enable an engineer to analyze any one-way
or two-way continuous plate system subject to the assump-
tions found in section 1-4. The advantage of this method
is founa in its "relative" simplicity and_ease‘of applica-
tion to plate systems supported either partially or contin-
uousiy along its edges with elastic beams of varying stiff-
ness '(from zero to infinity). Few solutions are avadilable
for continuous plates having unsymmetrical and discontin-
uous edge support and loading conditions. This is because
a displacement function must be found which satisfies the
plate equation (2-1) and the boundary or edge conditions
of the system ahd.explains why there are few solutions
available for loading conditions other than uniform, hydro-
static or a point load at the center of the plate.

The Slope—deflection equation for square plates de-
rived in this fhesis can be used to obtain a solution for
plate systems supported in any normal manner and loaded in
any fashion pefpendicular to’the-plate; and the accuracy
of the solution should be within 20 percent-.of a more rig-

orous solution. The more restraints imposed upon the system,
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the more accurate the solution will be. The method presented
in this thesis can also be used to analyze space frames
composed of elastic beams, columns and plates which hith-

erto have not included the stiffnesses of the plate in the.

analysis.
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APPENDIX A
STIFFNESS MATRICES

The foliowing tables contain the stiffness matrices
for square plates with various edge conditions. A hash-
marked line, 2 , denotes a fixed edge and a plain line
denotes a simply supported edgé. In all cases Poisson's
ratio, #» , is taken as 0.20. The edge nomenclature is
shown in Figure A-1l.

When using the tables in a problem; the rule of matrix
multiplication must bevemployed, that is, row by-column
multiplication. For example, in the general slope-deflec-
tion equations for moment

M} = [K]{e} + [sM]{a} + {FM} '
Ml equals the sum of the‘products of the elements in the
first row of the K mafrix by the corresponding elements
of the 6 column matrix plus the same operations for the

SM matrix times the A matrix plus FM Equation (4-1)

lo

indicates the manner of expansion.
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Figure A-1 Plate Notation for Stiffnesses



TABLE A-I
IFFNESS MATRIX (K)
RIGHT
5 1 2 3
-0e042 0e038 Qo106 0e112
-0e340 Oe266 0551 04518
~1.649 1011 14450 14092
~7e994 3¢470 2842 14477
39.64 9312 34222 04906
9312 39e64 —6e689 —1e347
3¢470 -T70994 28465 -84105
10011 -1-649 -80304 27.16
0e266 =-0e340 —-1e4822 -8.105
0038 —0e042 —0e279 ~-1e347
0e017 ~0e017 -0e066 —-0.112
0e083 ~=0e084 ~0e294 -04518
Oeld45 =00151 —-0e545 -1.092
06132 ~0el42 —-0e584 —1e477
0038 =0e041 ~0e236 -0906
-0e041 0«038 0103 06110
~0el42 O0el32 0e348 04404
-0e.151 0eld5 (06416 04552
~-0e084 0083 0267 0004
~-0e017 0017 00065 06110

i
VALUES AT CENTER OF PLATE DUE TO UNIT ROTATION OF EDGE NODE

MOMENT ST
EDGE TOP
NODE 1 2 3 .4
1 39e64 —60689 —1e347 —0e279
2 ~T7e¢994 28465 —84105 ~14822
3 ‘1.649 -80304 27.16 —80304
4 -00340 “10822 —80105 28.65
5 —0e042 —0e279 —-1e347 -64689
1 0e041 06236 06906 34222
2 00042 0.584 1.477 2e842
3 0e151 00545 1092 1.450
4 0084 06294 0518 06551
5 0017 06066 06112 0.106
1 0038 06103 06110 04065
2 0132 0e348 06404 00267
3 Oel45 0e4l16 06552 06416
4 0e083 06267 06404 04348
5 0e017 0065 064110 06103
1 ~94312 —34222 —0e906 ~0e236
2 —3eT740 —=2e842 -1e477 —-04584
3 —1e011 —14450 -14092 —-04545
4 ~0e266 —0e551 —0e518 —-0e294
5 —0e038 —-0106 -0+112 -0.066
M{X) e 0424 2467 4339 42467
MLY) «0215 40355 ~e0007 #0355
W « 0066 0174 40230 0174

MULTIPLY ALL MOMENTS

e 0424 =40215 =-40355 40007
00215 -00424 ‘02467 —.4339
00066 ‘00066 ‘00174 —00230

BY-g AND W BY a

Lok,

] Z
;W y V%»X
7 2
—t— Yty
1y
4 5
0e066 0e017
0e294 De084
0e545 04151
0e584 0e142
0e236 04041

~0e279 =0e042
~1.822 -0e340
-84304 —14649

2Be65 =T7e¢994
—64689 39464

~0e106 —-04038
—-0e551 —0e266

‘—1le450 —-14011

—-2e842 —-3.470
~36222 —-9e312

0.065 04017
0267 04083
"0e41l6 0el45
0348 04132
0103 0038

-e0355 ~40215
-02467 ‘00424
—00174 -.0066

08



TABLE A-1 CONT.

EDGE BOTTOM

NODE 1 2 3 4 5 1
1 0e038 04103 06110 04065 06017 =94312
2 0el32 0e348 06404 06267 04083 =~34470
3 Oeld45 Qo416 06552 0Qe4l6 06145 =14011
4 0e083 04267 0404 0348 06132 -0.266
5 - 0e¢017 04065 04110 06103 06038 -0.038
1 ~0e017 —06066 —0e112 =0e106 -04038 0+038
2 ~0e084 ~0e¢294 —06518 =0e551 -0.266 Del32
3 —0el151 —0e545 ~1¢092 —-1e450 —-14011 Del45
4 —~0el42 —0e584 =1¢477 =2e842 —=34470 0«083
5 ~0e04]1 =0e236 —0e906 =34222 =-9.312 0017
1 39¢64 —64689 ~14347 —04279 —-0e042 Oe041
2 ~T7e994 28465 —84105 —1e822 =0e340 Oell?
3 “1.649 "80304 27.16 —8.304 ‘1.649 00151
4 ~0e340 ~14822 —-84105 28465 —7.994 0+084
5 —0e042 ~0e279 =1e347 —-64689 39.64 0017
1 0e038 06106 0ell2 06066 0017 39,64
2 06266 06551 0518 06294 0084 -—T7e994
3 1011 1e450 14092 06545  0el151 =~1e649
4 3470 24842 1le477 0584 0el42 -0e340
5 94312 364222 06906 0236 06041 =0e042
VALUES AT CENTER OF PLATE DUE TO UNIT ROTATION

MIX) =e0424 —e2467 —=a4339 —42467 —40424 «0215

MIY) —40215 —e0355 0007 =e0355 -40215 e 0424
W ~e0066 —e0l74 —e0230 —=e0174 —-.0066 « 0066

LEFT
2 3

-3.222 -0.906
—2.842 —1,477
~14450 -14092
04551 =0.518
04106 -0,112

0e«103 0s110
0e348 04404
Oe4l6 04552
0267 04404
0«065 0.110

0236 04906
0e584 14477
0e545 14092
0294 04518
0066 0ell2

-60689 —10347

28e65 =84105
-84304 27416
—1.822 —-8.105
‘00279 —10347

OF EDGE NODE
00355 ~,0007
02467 <4339
e 0174 40230

4

-00236
—00584
"00545
—0e294
_00066

0e065
0e267
0416
0348
0.103

36222
24842
le450
0e551
0e106

—0e279
-l.822
-8.304

28.65
"6.689

.0355
e2467
L0174

5

-0e041
—0e142
—00151
—0084
*00017

Oe017
0083
Oel45
Oel32
C.038

G312
3470
1011
0e266
0038

—O . 042
~Oe 340
—1e649
~T7994

39464

40215
$0424
<0066

18



o

EDGE
NODE

v U W= U~ W=

U W N

CARRY-CVER MOMENT STIFFNESS MATRIX

1 2

12945 ‘45049
-42404 109.0
0e459 —48442
0e964 =14510
0e294 04337
“00236 ‘00150
_00413 01437
—-0e366 040612
°00221 00341
-0«067 04055
~0«104 D0De156
-0e212 0616
~0e254 (0691
_00195 00370
—0066 04057
-50e49 -948%0
—9e370 —84359
~0e934 =34.5631
0e201 -1.119
0e¢121 —-0e4154
MULTIPLY

TOP
3

-1.278
-48.79

1074
48479
-1.278

0e954
24853
24275
1.040
CelS4

0196
00834
le179
Oe834
0e196

—-0e954
—2.853
—-2+275
-1.040
-0e194

4

0e337
-14510
~48e42
105.0
~-45449

94890
8e359
34631
la119
0el54

06058
0370
0691
0e616
06156

0150
—Ce437

=0s612

"00341
-0+055

ALL VALUES BY

TABLE A-T11

5

0e294
0e564
Oe459
-42.04
12945

5050
94370
0.934
-0.201
-0e121

-04066
~0¢195
—0e254
-0e212
-0e104

0«236
O0e413
0e366
06221
04067

D
a?

1 2

0e121 —-0elb4
0e201 1.119
—~0e934 -3.631
‘9.370 “8.359
—50.50 ‘90890

—12%9e5 45449
42004 _10900
-0e6459 48442
~0e964 14510
~0e294 ~-0e337

-00067 00055
-0e221 0e341
—0e366 (Ceb1l2
-0e413 Q4437
—0e236 -04150

0«104 —-0.156
De212 —-04616
00254 ‘Oo691
00195 ‘00370
0066 —-04058

(SM)

RIGHT
3

-0.194
-1.040
~24275
—-24853
-0.954

le278
48479
=107e¢4
48479
14278

0el94

1.040

2275
24853
0954

-04196
-04834
-1.179
‘00834
-0.196

4

-0.055
—0e341
-0e612
_00437

0«150

-04337
l1.510
48642

~-109%9.0
45449

Oel54
le119
34631
8359
9.890

-0.057
—-0370
—0e691
-0e6156
-0e156

0067
0e221
0366
Oe&413
0e236

-0e294
~0e964
—-0e459

42404
~12945

—0e121
-0.201
0934
9370
5049

0066
0195
0e254
0e212
0104

z8



EDGE
NODE

v wnN= U wN e U NY =

v~ N

1

0104
0e212
0254
0el1l95
0e066

"0-067
-0e221
-0e366
“0-413
-0e236

~12945

42404
-0e459
—00964
—-0e294

0el21
0e201
—0-934
-94370
-50e50

2

~04156
_00616
0691
-0e370
-0.058

0.055
Oe341
06612
0e&437
-0e150

45649
-109.0
48642
1510
~00337

~-0e154
_10119
—-84359

BOTTOM
3

-04196
—0¢834
_10179
—0e834
—0e196

O«l194
1.040
20275
24853
0954

le278
48479
48,79
le278

-0.194
—-14040
—2e¢275
—2.853
-04954

TABLE A-11
4 5

-0.058 04066
—~0e370 06195
-0e691 0e254
—0e616 0212
‘00156 OOIO4
Oe¢lb4 -0.121
lell9 -0e201
36631 04934
8+359 94370
9890 50450
_00337 —00294
14510 ~0e964
48442 ~04459
~109«0 42404
45649 =12945
~0e055 =0.067
_00341 0e221
~0e612 04366
-0e437 04413
06150 04236

CONT «

1

-50.50
-0e934
0201
Oel21

-0-104
‘00212
-0e254
~-0e195
-0e 066

—0-236
-00413
‘00366
-0e221
-0.067

12945
~42 404
Oe459
OeF64
0e294

2

_90890
-8e359
‘60631
~1e¢119
“00154

06156
0e616
0e691
0370
ND«058

-0.150
Qo437
0e612
Oe341
0055

109.0
~48e42
-1.510

0337

LEFT
3

-0e954
—2.853
—24275
—10040
-0e194

0e¢196
0.834
1179
0«834
0e196

0e954
24853
26275
1.040
0194

—-1.278
-48479

1074
-48479
-1.278

4

0e150
-O~437
-0e612
—00341
_00055

0.058
0370
0691
0«616
0156

9890
8359
34631
1,119
Oe154

06337
-1.510
~48e42

109.0
~-45449

5

0e236
Oe&l3
0e366
0e221
0067

—00066
—00195
-0e254
-0e212
“00104

5050
94370
0934
-0.201
-0e121

04294
0e964
0e459
-42.04
129.5

€8



TABLE A-III

LLLLL

e X
'Y
4 5

0eb615 (0e216
0005 1e184
-00078 2.204
2¢517 24553
44712 16168
9.200 24560
44756 1le71
—-521e¢2 1538
1036e —46648
-497¢5 1295,
0e978 1lel42
—2787 3066
~15449 —4.072
—35414 -91.51
11428 —606e7
0e555 06202
-0e391 14020
~le436 1e563
~0e768 14509
0e944 (04728
—e5243 —43169
e8297 —e4696
e0791 —e0046

REACTION STIFFNESS MATRIX (T)
EDGE TCOP RIGHT
NODE 1 2 3 4 5 1 2 3
1 12956 —497e5 56470 96200 24560 lel42 0e978 06765
2 —466.8 10360 “522-8 4.756 11.71 30066 ‘20787 —20316
3 15638 =521e2 1025¢ =521e2 1538 ~44072 —=1549 ~6.438
4 11e71 44756 —522e8 10366 —466e8 =—91e51 —~35e414 —-3,203
5 26560 9200 54470 =49745 12954 =606e7 11628 13623
1 16168 44712 13423 11428 —606e7 1295¢ —497e5 54470
2 2553 24517 —34203 =35414 —91451 ~46648 1036e —522.8
3 20204 —0e078 —6e438 —15e49 —4.072 15438 =521e2 1025
4 14184 06005 —24316 -2.787 34066 11671 46756 —52248
5 0e216 0eb615 06765 04978 14142 2¢560 94200 54470
1 Oe728 06944 04731 04555 0.202 Oe216 06615 0765
2 16509 —0e768 —14695 —04391 14020 lel84 0005 —-2.316
2 10563 —1o436 _30177 —1.436 l1e563 2.204 —00078 -6.438
4 1e020 —0e391 =1e695 =0e768 1506 2¢553 24517 -3.203
5 0e202 0555 0e731 0944 06728 1168 44712 13.23
1 —606e7 1128 13e23 46712 14168 Oe728 0e944 06731
2 —91e51 —-35e14 =34203 24517 24553 1e509 —0e768 ~14695
3 ~44072 —15e49 —64438 —0s078 24204 1le563 —1e436 —34177
4 36066 —24787 =24316 04005 1le184 16020 ~0e391 -1.695
5 lel42 06978 06765 04615 04216 0e202. 0e555 04731
VALUES AT CENTER OF PLATE DUE TO UNIT DEFLECTION OF EDGE NODE
MIX) —=e4696 8297 24651 e8297 ~e4696 —e3169 —45243 ~1.282
MY) —43169 —e5243 —1e¢282 —e5243 =¢3169 —e4696 8297 24651
W -e0046 40791 ¢1254 40791 —e0046 —e0046 40791 41254

78



TABLE A-IIT1 CONTe

EDGE BOTTOM LEFT

NODE 1 2 3 4 5 1 2 3 4
1 0e728 04944 06731 0555 04202 =-606e7 1128 13423 4712
2 16509 —~0e768 —1e¢695 —0e391 14020 =—-91e51 =35el4 -3.023 2.517
3 16563 =1e436 —3e177 —=16436 1563 —4e072 —15e49 —~6e438 -0.078
4 1e020 —0s39]1 —14695 ~0e768 1509 3e¢066 —2¢787 —~2e316 0005
5 0e¢202 06555 0e721 06944 0.728 leld42 Qe978 (Qe765 04615

1 0216 0e4615 0765 0978 1e142 0e728 0944 04731 04555
2 lel84 06005 —2e316 —-2787 34066 1le509 —=0e768 —-1695 —04391
3 20204 =0e078 —64438 —15649 —4.072 le563 =1e436 =34177 —1e436
4 2¢553 24517 —34203 -35414 -91.51 1020 —0e39]1 ~1e695 —04768
5 1el68 44712 13423 11le28 —-606e7 06202 06555 0e731 06944
1 1295e¢ —49T7e5 54470 94200 24560 1e1l68 44712 13423 1128
2 46648 10366 —522e8 44756 11471 2¢553 24517 =3,203 —-35.14
3 1538 —=521e¢2 10254 -521e2 15438 2¢204 =0e078 —64438 —-15449
4 1le71l 44756 —522¢8 1036s —46648 lelB4 04005 -24316 -2.787
5 24560 94200 5470 —497e5 1295 0216 0615 0765 04978
1 lelt42 06978 06765 06615 04216 1295¢ =49745 54470 94200
2 36066 —24787 —24316 06005 1e184 —466e8 10366 —522e8 44756
3 —4e072 —15649 —6e438 —-0078 2204 1538 —=521e2 1025e¢ —521s2
4 ~91e51 —=35e14 —34203 24517 24553 11e71 44756 —-52248 1036
5 —606e7 1128 13623 4e712 14168 26560 94200 56470 =497e¢5
VALUES AT CENTER OF PLATE DUE TO UNIT DEFLECTION OF EDGE NODE

MIX) —eb4696 8297 24651 8297 —e4696 —o3169 —¢5243 —1,282 =,5243

MIY) —e3169 —e5243 —1e282 —e5243 —e3169 —e4696 48297 24651 48297
W —e0046 «0791 #1254 0791 —e0046 —e0046 <0791 1254 0791

MULTIPLY ALL MOMENTS BY g%AND W BY 1

5

le168
2553
20204
lel84
06216

0.202
1.020
le563
l1.509
0e728

~606e7
=-91.51
"4.072
34066
lel72

2560
11.71
15438
—466.8
1295.

—e3169
—e4696
—« 0046

'58



EDGE
NODE

U W DN e e

Ut W

CARRY~-OVER REACTION STIFFNESS MATRIX

1 2

-39848 67470
56451 ~30840
~16+00 62477
-14621 —15.83
0¢190 —~04835

0209 04202
—0e¢248 —-1a.7456
~0e408 ~14940
—0el77 —0867

0«068 04106

0160 04158
—0e246 -0.936
—0e396 —14363
-0e176 -0.734

0«067 0.112

‘101.3 —15060
—32¢66 —16.98
—6e764 —T74687
~0e985 =2,151

0150 0.084

MULTIPLY

TABLE A-IV

TOP
3 4

~12.15 —-0.835
64463 —-15483
_293.2 62.77
64463 ~308.0
~12e15 6770

—1e573 =15460
~6.148 -16.98
—44712 -T7e687
—1le811 ~24151

0.085 0,084

0el27 0el12
—10162 "00734
—1.868 —14363
~14162 -06936
0e¢127 04158

—1.573 04202
—64148 —-1e746
—44712 =1940
—1le811 —0e867

0.085 00106

ALL VALUES BY

5

0«190
-le621
-16.00

56451
~39848

~101.3
-32.66
~6e764
~0e985

0«150

0067
—00176
-0.396
~0e246

0e¢160

0209
-0e248
-0.408
-0e177

De068

D
a?

1

-0e150
0985
Ge 764
32466
1013

39848
-56451
1600
14621
-0.190

‘00068
0el77
O« 408
0e248

“00209

-0e160
Oe246
0e396
0e176

“00067

2

-0.084
2151
7687
16498
1560

~67¢70
30840
~626e77
15483
0835

—00106
0867
1940
le746

”00202

-0.158
0936
16363
Oe734

_00112

(SR)

RIGHT
3

-0.085
le811
4e712
6el48
1.573

12415
—~64463
29342
—64463
12.15

-0.085
le811
4e712
6.148
1.573

~0.127
1,162
1.868
lelb2
_00127

SLLL L L

4

~06106
0867
1940
l.746
-0e202

0835
15483
—62.77
3080
-67.70

~-0.084
24151
Te687
16498
15,60

-00112
Oe734
14363
0936

_00158

5

-00068
Oel77
0«408
0248

—-0e209

-0¢190
le621
16.00

—56.51
39848

-0+150
0985
6764
32.66
10143

”00067
Oel76
0e396
Oe246

—0¢160 -

98



EDGE
NODE

U W v W Ve N

U prwNe

1

-0e160
0e246
0e396
Oel76

-0067

-0068
0el77
0e408
Oe248

-0.209

398.8
~56451
16.00
1e621
-0e120

-0e150
0«985
6764
32.66
101.3

2

-09158
06936
l1.363
Oe734

-0e112

~0e106
0867
1.940
la746
-0e202

-67.70
308.0
“62077
15483
0.835

-0.084
2151
T¢687
l6.98
15.60

BOTTOM
3

‘00127
lel62
le868
lel162

—00127

-0.085
le811
44712
6e148
16573

12.15
~64463
29362
—64463
1215

-0.085
l1e811
4,712
6.148
16573

TABLE A-I1V CONT.,

4

—0ell2
Oe734
1.363
0936

—00158

‘00084
2151
Te687
16.98
1560

0«835
15.83
-62¢77
3080
_67070

-0e¢106
0e867
le940
l.746

-0e202

5

—-0e067
0el76
0396
0e246

-0.160

-04150
0e985
66764
32.66
101.3

-04190
le621
16.00

-56.51
35848

-0.068
0e177
0«408
0e248

~-04209

1

=101.3
~32466
~62764
-0+985

0150

0.160
-00246
“00396
~-0e176

0067

0« 209
-0e248
-00408
=0e177

0«068

~398.8
56651
-16.00
-10621
0190

2

-15660
—-16.98
—T7.687
-24151

0084

0.158
-0.936
‘1.363
-00734

0el12

0202
-1e.746
-1+940
—00867

04106

LEFT
3

-1.573
~6.148
-4e6712
-l.811

0.085

0el27
~lelb2
-1.868
-l.162
Oel27

—-1.573
-6.148
~4e712
-l.811

0.085

4

06202
‘10746
-1.940
~-0e867

0e106

Oell2
—00734
—1e363
_00936

0e«158

-15.60
-16.98
~7.687
-2.151

0.084

67¢70 -12e15 —-0.835

-30800

62«77
-15.83
-0e835

64463
—-293.2
6463
-12.15

-15.83
6277
-308.0
67«70

5

0209
—00248
-00408
—00177

0.068

0067
—-0e176
-0.396
“00246

0160

-~101.3
-32.66
—6.764
~0+985

04150

0e190

-le.621

—-16.00
56451
—-398.8

L8



TABLE A=V

MOMENT STIFFNESS MATRIX

FDGE TOP
NODE 1 2 3 4 5 1
1 39464 —64690 —1e353 —-0e4284 -04044 0« 040
2 ~84001 28660 —-84123 —-1e841 =-0e347 0e273
2 —1e659 —=86s327 27408 =86327 —-14659 l1.021
4 —0e347 —1e841 ~84123 2860 —-86001 3.478
5 ~0e044 ~0e284 —=16353 -64690 39464 9,313
1 0e043 06241 0e913 34226 9313 394,64
2 0152 04611 1e512 24868 34480 -8.004
3 0el72 06607 1175 1e515 14034 -1a6732
4 0119 0397 04660 Deb664 06306 —-0e383
5 O0eC55 06180 06275 06239 0086 -0.093
1 0e0 Oe0 0.0 0e¢0 0«0 0.0
2 0«0 0«0 De0 00 0e0 0«0
3 0«0 00 0«0 0e0 0«0 0«0
4 De0 0.0 0«0 0«0 0«0 0«0
5 0«0 0«0 0e0 00 0«0 0«0
1 —9e312 —34226 —0e913 —-0e241 —-0.043 0e 040
2 ~3e480 ~Z2e868 ~14512 =0e611 —-0e152 Del4?2
3 —1e034 —1e515 —1e175 —0e607 —0e172 Oe167
4 ~0e306 =0e664 —06660 ~0e397 —-0e119 0e119
5 —0e086 —0e239 —=0e275 —0e180 —-04055 0.056
VALUES AT CENTER OF PLATE DUE TO UNIT ROTATION
M{X) « 0488 02649 « 4575 02649 « 0488 -40282
MLY) « 0220 20369 «0012 ¢ 0369 «0220 =40429
W « 0070 «0185 « 0245 «0185 «0070 =40070

()

RIGHT

2 3
Oell4 04128
0e578 04575
1e487 14169
2867 1e531
34226 0,918
“6.688 —10356
2855 —84135
~8¢393 26463
—14993 ~84493
~0e497 =1.933

0«0 0.0

00 0.0

0«0 0.0

0«0 00

0«0 0«0
O«111 0.126
De384 04480
0e498 06723
0«¢400 Q678
0207 06392
OF EDGE NODE
~e0608 ~+0549
_12484 —.4352
—«0190 -« 0264

MULTIPLY ALL MOMENTS BY g—AND W BY a

AN

4 5

0090 04045
0«385 04190
06672 04304
0s678 06263
0260 04075

—0e303 —0077
~14932 =-0e4516
—84484 -24075

2658 —84627
~74999 31.43

[eNeoNeoNoNe]
oo NeoNoNe]
[eNeoNeoNoNe]

e o o
[oNeoNeoNeoNe]

04090 04045
04385 04214
0e676 0421

0e749 06530
0.492 04388

"'01245 —01188
~-e2477 —e0506
—e0224 -40131

88



EDGE
NODE

oW U N

oW

1
2
3
4
5

MX)
MY)
W

TABLE A-V CONT.

1

~-94313
3478
-1.021
-0e273
-0e040

_00040
-00142
—0e167
-00119
-03056

;

oNoRoNoNS )
QOO OD

39.64
-8.004
—~14673
_00383
—Oc093

« 0282
« 0429
« 0070

2

34226
—24867
-1.487
—00578
-0e1l1l4

~0.111
“00384
-0498
-0+400
_00207

OO OOD
O OO OO

~6.688

28455
—84393
~14993
-0e497

« 0608
« 2484
«0190

LEFT
3

~0.918
-1.531
-14169
_00575
-0.128

-0e126
-0+¢480
“00723
-0e678
‘00392

« 0549
«4352
e 0264

4

~0e260
—-0.678
-00672
-0e385
~0.0590

-0090
—0e385
—0e676
“00749
-0e492

O OO OO0
[eNeoNeoNoNe]

-0e303
-1.932
—-8+484

26458
—74999

«1245
e 2477
« 0224

5

_00075
~00263
—00304
-04190
‘00045

‘00045
_03214
-0e421
~-0e530
“00388

[eNeoNoNoNe]
e o o o
O OO OO0

-0e077
_00516
-2.075
—8e627

31443

1188

« 0506 .

«0131

~

68



EDGE
NODE

e wN e U LN wm P wne

VoW N =

1

42403
‘00477
'00977
“00297

0e239
Ce&31
0.407
0e291
0149

loNeoReoNe NG
loNoNeNoNe/

5049
9352
0891

~0e277
—00215

MULTIPLY ALL VALUES By —

CARRY-OVER MOMENT STIFFNESS

45450
—109.0
48446
1.543
-00328

Del41
-0.480
-0.709
-00498
-0.220

oNeoNeoNeNe]
e o o o o

OO OO0

9.899
8e404
3738
1305
06373

TOP
3

le293
48.85
-107.3
48,485

14293

_00970
—20929
—20449
-1.334
—00525

OO O OO0
D0 0 00

L J
L ]
L ]
L ]
L]

0970
24929
20449
l.334
0e525

4

-00328
1e¢543
48446

-10%9.0
45450

-94899
~-84404
—-34738
~-14305

‘00373

loNeoNoNoNe]
(e NeoNeoNoNe]

—Nel4l
0480
0e709
0e498
04220

TABLE A-VI

5

~0e297
-0e977
-0e477

42,03
~129e5

-50e49
-9.352
-0.891
06277
0215

~0e239
-04431
-00407
-0e291
-0e149

D
a?

MATRIX

1 2
0el27 —~0el61
0e221 —14145
—0e906 =-3.,666
_90349 "8.385
-50e49 -94.897
‘129.5 45050
42.01 -109.0
~0e528 48450
-1.092 1e632
-00465 -00237

0«0 0«0

00 0«0

0«0 0.0

0«0 0«0

0e0 De0
O.llO —00163
0238 —-04651
Oe314 =-0.770C
0e293 ~0e502
00172 -00199

(SM}

RIGHT
3

~0e226
—-14159
—2e441
~2.978
‘00989

1.313
48496
~106.9
49455
20220

oNeoNoNoNe]
OO OO0

—-0.228
-0.988
“10523
-1.378
-0e750

SNNANE

4

—00128
—00622
-1.016
_00752

0.061

—0e247
1,977
49464

=106e4
49477

OO0 OO0
oo NoRe N/

‘00132
“00720
-14439
-1.720
-1le167

5

~0e042
-0e218
_00301
“00132

0082

~0¢138
-0e072
26274
49479

=10847

OO0 OO0

OO0 OO0

—-0e043
—-0e321

~0e794

-1e177
—00952

06



TABLE A-VI CONT.

EDGE LEFT

NODE 1 2 3 4 5
1 ~50e49 =9.897 —0e989 0061 0.082
2 ~9e34G —84385 —2978 —0e752 —-0es132
3 —00906 “3-66() "‘20441 —10016 “00301
4 Ne?22]1 —14145 ~1e159 ~0a622 —0.218
5 00127 =0e161 —0e226 —0e128 —0e042
1 ~04110 0e163 06228 06132 0043
3 ~0e314 0e¢770 1523 16439 0794
5 ~0el72 Neal99 06750 1el67 06952
1 0«0 0«0 Q0 D0 00
2 D0 Qe Qe0 Oe 0 0«0
3 00 0«0 0«0 0N Qa0
4 040 DeD 00 OeN Qe
5 0.0 00 Oe0 Qe 00
1 ~129e5 45450 14313 -0s247 -0.138
2 42401 ~109e0 486496 14977 —04072
4 —14092 16632 49455 -106e4 4%479
5 ~0el465 —06237 26220 49477 —-108.7

16



TABLE A-VII : Z
a g
REACTION STIFFNESS MATRIX (T) / ;
EDGE  ToP RIGHT rY
NODE 1 2 3 4 5 1 2 3 4 5
1 12954 =49745 56493 94213 24555  1.134 0e988 04813 04735 Oeb43
2 ~46648 1036e —523e0 46666 11475 34121 =24859 =2.643 ~0e757 06054
3 15e44 ~52143 1025 52163 15444 —34981 —15661 =6+984 ~14392 0e132
4 11e75 40666 =523,0 1036e —46648 —91446 —35421 =3.544 14681 14243
5 24555 94213 54493 —49745 12954 —606e7 1129 13+29 44689 1564
1 1e164 44722 13425 11429 —606e7 1295+ —497¢5 5,507 94312 2.902
2 24616 2¢368 ~3e46C =35,30 —91445 —466e7 1036e ~523e5 34043 84497
3 20400 ~00527 —74262 —16401 =34866 15473 =52145 1023 =527e6 ~0e862
4 1586 —0e841 —34964 —=34864 34510 12450 4e155 =527¢4 1018 =53645
5 00759 —06354 —1e314 —0e440 1e814 34856 84953 —0e724 —~53645 1019
1 06251 2¢589 3,016 14645 =04205 =0e397 14580 34938 54633 4eb674
2 14117 =04127 =04345 04464 04709 04722 04781 04577 14310 2.662
3 10219 ~04690 =14971 =04690 14212 14606 00472 =24539 ~4,659 14192
4 06709 0el6h ~0e345 ~0e127 1el117 16971 24497 14317 =16e44 ~15409
5  =0e305 14645 3,016 2¢589 04251 04337 64355 18489 13465 ~16746
1 —606e7 11¢29 13425 44722 14164  0e722 04951 0.768 04653 04405
2 =91445 =35430 —=34469 24368 24616 16560 —0e891 =24225 —14545 —0+536
3 -3.866 '16.01 "7.262 -00527 2.400 ]10838 _10809 "40741 “4.678 —20571
4 30510 —3¢864 —34964 —0eB841 14586 14552 =1e113 44560 —64166 —44369
5 10814 ~04440 14314 =04354 04759 04869 -04291 =2.484 =44350 =34670
VALUES AT CENTER OF PLATE DUE TO UNIT DEFLECTION OF EDGE NODE
M(X) —04934 08891 2.752 08891 *04934 "03531 —04767 "’10064 —00189 04122
M{Y) ~43189 —e5199 —14274 —e5199 ~e3189 =eb4726 o8329 2.668 <8803 —e3647
W —e0062 «0828 41317 +0828 —e0062 =+0070 +0820 41392 +1131 +0520
D

MULTIPLY ALL MOMENTS BY Z—ZAND W By 1

6



EDGE
NODE

v W v W UopwN =

L2 I SR SV G I

MIX)
M{Y)
W

TABLE A-VII CONT.

1

-606e7
-91.46
-3.981
3121
l.134

0e722
1600
l1.838
le552
34856

0337
1.971
le606
06722
~0.397

1295,
~466e07
15473
12.50
3.856

-+3531
-e4726
-.0070

11.29
_15.61
~24859

0988

0e951
-00891
-1.809
-1.113
_00291

64355
26497
Oet&72
0781
1.580

—49745
1036«
-52145
44155
84953

—e&4767
28329
«0820

LEFT
3

13.29
-3e544
-6.984
-20643

0e813

0.768
-24225
4e741
‘4.560
“2.484

18489
-1317
-2+539

0e577

3938

5507
-52345
1023,
-0e724

-1l.064%
24668
e1392

_

4.869
l.681
—1.392
—~0e757
Oe735

0e653
-1.545
44678
-6.166
~44350

13.65
-16.44
14310
5.633

94312
3.043
-527e6
1018
-53645

—«0189
«8803
«1131

5

le564
le243
0e132
0.054
Oeb&43

0+405
_00536
—24571
~44369

-16746
-15.09
l1e192
24662
4eb6T4

20902
84497
"00862

~-53645-

1019.

4122
"03647

~¢0530

€6



EDGE
NODE

O wN g HwN - v N

VS wnN -

CARRY-OVER REACTION STIFFNESS MATRIX

1 2

—-398.7 67480
5654 =307e4
~16e04 62491
—1le641 —15.88
00193 —OL826

0«211 04208
-0.280 -1.840
—0e506 —24229
-0e365 —1e437
-0e157 —0.605

0504 1a065
~0e¢106 —-04480
—00222 “00878

00004 —00226

0«304 04849

~101<3 —-15459
—32469 —17.07
—6e875 —7e595
~1¢219 —-2.800
~-0s165 —0.791

MULTIPLY

TABLE A-VIII

TOP
3 4

-12413 -04826
64483 —15.88
-29203 62.91
64683 —=307e4
-12.13 67480

—1e564 —-15459
—6e269 —=17.07
-5e104 -T7e995
—2e613 —24800
—0e959 -04791

le207 0849
—0e515 —0e226
—le244 —-0Qe878
_00515 _00480

1207 14065

—1e¢564 04208
—6e269 —14840
—54104 -24229
—2e613 -1e437
—0+959 —-0.605

ALL VALUES By

5

0el93
-1le641
-16.04
56454
~-39847

-101.3
—32.69
~6e875
—1le219
“00165

0e304

0004

_00222
0e204

0.211
—0280
—00506
-0.365
-0e157

D
a?

1

~0.153
1.005
66797
32.68
10143

41445
-56453
16412
le871
Oel47

—-0+309
‘OpOll
0+220
0+106
~0e3575

‘00163
0280
0e498
0370
0.164

2

~0.095
24225
74803
1704
15.57

~67483
3894
-62490
1686
24365

_00956
0180
1150
1.129

‘10545

_Olléé
l1.061
le741
l1e451

O.738

{SR)

RIGHT
3

-0.109
le964
44956

66277

14533

12.05
—-65e34
3072

-64482

1671

—1.662
0o 440
24699
4,274

-1.058

~-0.146
le423
2648
2606
l.523

VDI NN

4

'00146
lell2
24347
1990

-0e249

Qe 777
16.00
_65006
3076
~65.04

Qe&34
3.884
10.58
12.17

—0e143
le121

24519 .

20968
1,999

5

“00114

Oeb465
0+508
0569

—0e265

~0e229

24249
17.83

’61.50

35849

_10604

0074
24826
14410
71.28

-0.105

0601
1le572
24138
1605

149



EDGE
NODE

U N U N Ut pwN

U N

TABLE A-VIII CONT.

1

~101e3
—-32.68
‘60797
“1.005

0e153

0163
~0e280
“00498
‘00370
—00164

06575
-0.106
_00220

0.011

0309

41445

56453
-16412
-1.871
-0e147

2

~15457
-17.04
~7.803
—-24225

04095

0e166
-1e061
‘10741
—1le451
-0e738

14545
-1.129
~1l.150
_00180

0956

67483
-389.4

62490
~16486
—24365

LEFT
3

—1533
~6e277
~44956
~1.964

0109

Oel46
-10423
2648
—2-606
~14523

1.058
-40274
—2 4699
‘00440

1e662

—12005
65434
_307.2
6482
~-16e671

4

Qel249
“1-990
—2e347
-1ls112

Oel46

. 0e143
—1le131
~24519
—24968
-1.999

-12417
~10.58
-3.884
_00434

2.018

—00777
-16.00
£5.06
—-3207e6
65.04

5

0265
—00569
’00908
_09465

Oell4

0e105
-00601
—1e572
—2.138
—~1le605

—-71.28"

-14410
_20826
—00074

1e604

06229
‘20249
-17483

6150
-35849

6



TABLE A-IX

MOMENT STIFFNESS MATRIX

EDGE TOP
NODE 1 2 3 4 5 1
1 3le4]l —84007 =-1e4964 ~0e559 -0.176 0e398
2 ~—Be652 26444 —8a543 —-24139 =-04601 0e555
T 3 ~2e126 —-8e595 26405 —-84595 -2.126 Oe&469
4 ~0e601 —26139 —-84543 26444 —84652 0290
5 =0el176 —0e559 —~1e964 -84007 31ls4l 0e.128
1 0e398 04515 06433 04269 04128 3letl
2 0e555 0804 0779 0554 0290 —84652
B 3 0e469 06784 06918 06784 06469 24126
4 0290 0554 0779 04804 06555 =06601
5 0el28 0e269 06433 06515 06398 =06176
VALUES AT CENTER OF PLATE DUE TO UNIT ROTATION
M{X) e0517 2500 4366 2500 0517 =40517
M(Y) e1332 41573 41176 1573 41332 =-,1332

W «0140 40249 40303 40249 L0140
’ D

(K

BOTTOM

2 3
Oe515 (04433
0eBO04 D779
O« 784 0+918
0e554 04779
0e269 0s433
-80007 "10964
2644 —-8,4543
-B84595 26405
—24129 ~B84543
~0e559 ~1.964
OF EDGE NCDE
—¢2500 —-44366
—e1573 ~,1176

20140 -+40249 -.0303

MULTIPLY ALL MOMENTS BYET AND W BY 4

0e269
0e554
Oe784%
0804
0«515

~0e559
~2.139

26644
—-84007

—+2500
~—e1573
-« 02469

0e128
0290
0e&69
0e555
0«398

-0el175
“O.éOl
~2e126
—8e652

3le4l

—+0517
—.1332
-+0140

96



EDG
NOD

U W N

TABLE A-=X

MOMENT STIFFNESS

E
E 1 2
31.29 -84724
_80050 26.15
“2-038 ’80646
~eb6267 ~24255
—e2182 —46765

MULTIPLY ALL

MATRIX(K)
TOP

3 4
=2e214 —e6765
-8.711 —2.255
25468 —846456
-8.711 26415
2214 ~84724

D

VALUES BY —

a

—

—e2182
—06267
-2.038
“80050

3129



APPENDIX B
LOAD FUNCTIONS

The following tables give the values of fixed edge
moments and reactions and center moments and deflection
for various loading conditions. Figure B-1 illustrates

the plate notation used in the tables.
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Figure B-1

Plate Notation for Loads




100

TABLE B-I

FIXED EDGE MOMENTS AND REACTICNS AND CENTER MOMENTS
AND DEFLECTION FOR UNIFORMLY LOADED SQUARE PLATES

I
U=

V=2
Llhiitf ¥ L __~4
X ¥ .
!—-———'- g A 74
; i S
*y Vrwasmr . “f | 7
FM FR - FM FR FM FR
-e01915 -414103 ~e01988 -.13562 -«03929 =-.32308
~e04128 ~429377 -e04397 -.34357 —e06103 —443797
~e 04949 =434617 ~s05315 —,40858 ~e06771 —e46688
—e04128 —~429377 —e04397 ~,34357 -.06103 =-443797
-+e01915 =-.14103 -+01988 ~,13562 -e0392G9 =-.32308
1 «01915 =~-414103 «01989 -,13368
2 04128 =e29377 e 04492  ~434075
3 L04949 —434617 «05800 —442736
4 204128 —429377 05612  —-442582
5 01915 =~414103 «03733  -.32202
1 01915 =414103 e03929 -,32308
2 04128 ~429377 06103 —e43797
3 04949 —434617 06771 =e46688
4 04128 ~e29377 06103 —e43797
5 601915 ~,14103 003926 —432308
1 —~e01915 =-.14103 —e01989 —,13368
2 —o04128 =429377 ~e Q4492  —,34075
3 —e 04949 ~.34617 ~«05800 =—e42736
4 -e04128 —-429377 —+05612 -e42582
5 —e01915 =-o14103 -s03733 -,32202
M(X)=e02137 M(X)=e02615 M(X)=e02312 qa?
M{Y)=s02137 M{Y)=e02177 M{Y)=403072 qa?

W=.0013¢ W=400165 W=.00200 qa¥D
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EDGE
NODE

OO~V Ps wWwN

FIXED EDGE
TOP
1 2 3 4

—e1679 —20896 —-40289 ~.0081
~e0875 —42466 —41233 -.0391
—e0272 —01227 ~e2625 =41227
—e0074 —4039]1 —-,1233 -.2466
—e0013 —e0081 —40289 —-«0896
~20662 —e0770 —e0437 —e0176
~e0715 —e167]1 —el1353 —-e0635
"‘00383 "01335 "‘01988 —01335
~e0150 —e0639 —e1353 -41671
—e0036 —=40176 —40437 —e0Q770
~e0220 —e0410 -e0326 —-e0162
—e0361 —eNF19 —4N214 —e0521
~e0271 —eNB893 —-41224 —0893
~e0133 —4052]1 —-40914 —-40919
—e0037 —e01l62 —e0226 —e0410
-00066 "00167 -00162 —00091
—e0141 —e0408 =-40454 —-40283
~e0131 —e044]1 —40597 —-e0441
-e0073 —e0283 —e0454 -40408
~e0021 —-e0091 =40162 -e0167
—e0013 —e0040 —e0043 -40025
—e0035 —=enNlll =-40131 —e0084
‘00036 "OO].ZQ -00175 "00129
"00021 _-0084 "00131 —.Olll
- 0006 —o0025 —-40043 =4 0040

MULTIPLY ALL VALUES BY

TABLE B~1I1

5

—e¢0013
~e0074
-e0272
-.0875
—e1679
-«0036
—-+0150
-+0383
~e0715
—e0662
-e0037
-«0133

—e 0271

—-.0361
-e¢0220
-+0021
~e 0073
-.0131
—-e0141
-+ 0066
-+0006
—+0021
—.0036
-«0035
—~e 0013

p

0013
0066
$022C
0662
e1679
«0035
e0141
$0361
0715
0875
0036
0131
0271
.0382
0272
.0021
.0072
0133
. 0150
0074
0006
0021
0037
<0036
0013

MOMENTS DUE TO CONCENTRATED

2

« 0040
«0167
«0410
«0770
« 0896
«0111
« 0408
« 0916
e1671
e 2466
«0129
e 0441
«0893
«1335
«1227
« 0084
«0283
eC521
« 06369
e 0291
« 0025
2 0061
«0162
«Q0176
«0081

LOADSP

RIGHT
3

«0043
«0162
«0326
$0437
<0289
<0131
«0454
<0914
$1352
$1233
<0175
«0597
e1224
.1988
$2625
.0131
« 0454
«0914
«1353

«1233 |

« 0043
« 0162
« 0326
« 0437
e 0289

4

«0025
«0091
«0162
«0176
.0081
« 0084
«0283
.0521
<0635
«0391
.0129
«0441
<0893
<1335
$1227
L0111
« 0408
<0919
$1671
$2466
L0167
«0410
«0770
c 0896

5

«0006
«0021
« 0037
«0036
« 0013
«0021
«0073
«0133
«0150
« 0074
«0036
«0131
« 0271
«03873
« 0272
« 0035
Cl4l
« 0361
¢« 0715
<0875
«0013
«0066
«0220
e 0662
« 167G

10T
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1 2
20013 <0040
<0035 0111
.0036 0129
.0021 .0084
.0006 .0025
<0066 0167
20141  ,0408
.0131 0441
20073 0283
.0021 .C091
.0220 0410
20361 0919
«0271 .0893
.0133 ,0521
<0037 40162
«0662 +0770
<0715 1671
<0383 41335
<0150 0639
.0036 .0176
«1679 <0896
<0875 <2466
$0272 41227
<0074 0391
«0013 L0081

MULTIPLY

BOTTOM
3

2« 0043
«0131
«0175
«0121
«0043
0162
e 0454
« 0597
« 0454
« 0162
«0326
«091¢4
01224
«0914
«0326
« 0437
«1353
1588
«1353
«0437
«0289
«1233
«2625
1233
«0289

TABLE B-11
4 5
«0025 40006
«0084 L0021
20129 40036
.0111 .0035
. 0040 L0013
«0051 0021
.0283  L,0073
0441 40131
« 0408 20141
<0167 0066
«0162 40037
0521 40133
«0893 L0271
«0919 .0361
«0410 0220
20176 0036
0639 40150
1335 L0383
«1671 0715
e 0770 <0662
«0081 0013
«0391 <0074
e1227 40272
e 2466 40875
«0896 1679

ALL VALUES BY

1

«1679
—e0662
~+0066
-e0013
-+0875
~e0715
-«0361
«0141
—00035
«0272
«0383
—00271
-«0131
—00036
-+0074
-«0150
-00133
~-+0073
«0021
«0013
« 0036
« 0037
«0021
~¢0006

CONTINUED

2

-+ 0896

e 0770
e O“-+10

"'-0167

~¢ 0040
~e 2466
—e1671
-+0919
_00408
~.0111
~e1227
‘_01335
—+.0893
—e 0441
“00129
« 0391
e 0639
e 0521
e 0283
~« 0084
“"00081
-e«0176
-e0162
-«0091
-00025

LEFT
3

-+0289
-« 0437
-.0326
-e0162
-+0043
-e1233
-+1353
“00914
—~e 0454
—~e0131

-e2625

~¢1988
—el1l224
—+0597
-«0175
~ e 1233
—¢1353
- 0914
—e 0454
-+0131
-0289
~e 0437
-+0326
-e0162
‘-0043

«0081
«0176
-.0162
«0091

—e0025

- 0391
« 0639
«0521
«0283
« 0084
«1227
—«1335
«0893
—e 0441
-«0129
_02466
-«09165
«0408
«0111
« 0896
~e0770
e 0410
—e0167
« 0040

1

«0013
«0036
_‘00037
-«0021
—+0066
—-«.0074
-e¢0150
«0133
~-e0073
« 0021
~e0272
«0383
-+0131
"‘00036
—«0875
-+¢0715
-.03061
—e01l41
« 0035
e1679
e 0662
«0220
« 0066
«0013

t

|

0T
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TABLE B-I11

FIXED EDGE REACTIONS DUE TO CONCENTRATED LOADSP

EDGE TOP RIGHT

NODE 1. 2 3 4 5 1 2 3 4 5
1 14629 —e8808 —e2154 —40382 40015 «0029 —+0096 —e0134 —-.0064 0013
2 —e829G =24332 —1lelly =a2630 —e0206 —e0008 —=40553 —40611 ~00289 0020
3 —el1751 14102 —24437 =1.102 =e1751 =—o0505 —al781 —el463 —e0607 «0003
4 ~ 00206 —o2630 =lells =24332 ~¢8299 ~o3185 —,4650 —e2430 -40758 —-.0009
5 e0015 —e0N382 —a2154 =e8808 —1e629 —14629 —o8808 —+2154 —.0382 <0015
6 —e3185 —o4650 —e2430 =e0758 =~40009 e0025 —40332 -40459 —,0252 +0023
7 —¢3686 —+9825 —48037 —e3274 —e0321 —e0124 —41473 -e1809 -40092 ~e00C3
8 —e1522 =e 7740 =16l72 =e7740 —e1522 —e0985 —e4120 —e4288 -4217% —e0150
9 —+032]1 —e3274 ~o8037 —e9825 —43686 —43686 —49825 —=e8037 —a32274 —e03<1
10 —e0009 —e0758 —e2430 —e4650 =63185 =aB8299 ~2,332 -lellld —-42630 —«0206
11 —e0505 —e1781 -41463 -20607 «0003 s0019 —40401 —e0626 —e0401 « 0019
12 —00985 —04120 -04288 ‘02175 —00150 —00092 —01616 _02410 —01616 '00092
13 —e059N ~a2379 =45775 —e3979 —eC590 =e0590 —e3979 ~e5775 —43979 -40590
14 —.Ol%ﬂ _02175 ‘04288 —04120 --0985 —e1522 "07740 '10172 ‘07740‘—01522
15 eNON3 —e0607 —eldb3 —e1781 —e0505 —21751 —14102 —24437 —-1102 —e1751

16 ~e0008 —e0553 —40611 -20289 0020 e0023 ~a0252 —-e0459 =-40332 0025

17 —e0124 =al473 ~al180C9 —e0903 —40003 —e0003 —-e0993 —e1809 —»1473 —s0124
18 ~e00G92 —el6156 —a2410 —e1616 —e0092 =—40150 —e2175 ~a&288 ~e4120 —o0985
19 ~e0003 —40993 —,1809 —e1473 —e0124 —a0321 =¢3274 —e8037 —-49825 —43686
20 e0020 —e0289 —40611 —e0553 —¢0008 =—e0206 —42630 —lellld —24332 -482G59
21 «0029 —40097 —e0134 —e0064 +0013 e0013 —40064 —e01%34 —40096 « 002G
22 00025 “00332 '00459 —00252 00023 OOOZO —00289 —00611 “00553 “OOOOB'
23 eC019 —e0401 —e0626 —e0401 «0019 e0002 —eNHO0T7 —~el463 —-41781 —+0505
24 00023 ‘00252 ‘00459 —-0332 00025 -OOOOQ “00758 _02430 _0*650 —03185
25 0001% ‘00064 ~00134 —00007 00029 00015 00382 *.2154 *08808 -10629
P

MULTIPLY ALL VALUES BY a

€0T
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25

1 m

P

i

i

f

1 2
«0029 -e00%6
« 0025 —40332
«0019 —+0401
«0023 -e0252
«+0013 —-.0064
«s0008 —-e0553
a01l24 —e1473
«N092 —e1616
«(003 -e0993
0020 ~.0289
«0505 -,1781
«0985 —-.4120
«0150 =42175
«0003 —~40607
«3185 -¢4650
« 3686 —+9825
«e1522 —e 7740
00321 “93‘274
«00NG —-40758
10629 —48808
«8299 —-2.332
01751 -10102
00206 -02630
«0015 —a0382

MULTIPLY

BOTTOM
3

«0134
« 045G
-s0626
s 0459
«0134
«0611
—-¢1809
—e2410
-e1809
—.0611
—e1463
«4288
—e5775
—e4288

|

!

“01463
—-e24320

-lel72
-s8037
—e2430
—e2154
"20437
—1«:114
—e2154

TABLE B-ITI

4 5
-«0064 50013
-e0252 .0023
~-0401 eQ019
~e0332 <0025
—«0097 «0C29
-«0289 40020
-« (0993 -aN003
—e1616 —.0092
-+ 1473 —aC124
-«05532 -,0008
—« 807 40003
-¢2175 -40150
~e32979 ~40590
—e 4120 —40C985
~e1781 —e0505
-e0758 -¢0009
—e2274 -40321
—e 7740 —el522
-c9825 —-43686
—e45650 —432185
~e(0282 L0015
~e25320 -e0206
-1lel02 —el751
—2e322 —e8299
—eB8808 —-1.629

P

ALL VALUES BY

a

CONTINUED

1

~1e0529
—¢3185%
-e0205
-«0008
«0C29
- 8299
-e3686
~e (0985
—-0124
« 0025
-e1751
-el1522
~+0590
«001¢
~e0206
“00321
-e0150
-'QI\)OOB
«eD023
«0015
-0009
« 0003
«0029
«0013

-3808
-+ 4650
-.1781
~:0553
-« 0096
~2 9332
- 9825
-e 4120
-«1473
"00332
-1.1C2
~e 7740
~e3979
~e1616
-2 0401
« 2630
e 3274
~e2175
« 0963
«e0252
«0382
« 0758
« 0607
~.0289

}

—e2154
-« 2430
~2 1463
-2 0611
« 0134
~lelld
~e 8037
~e4288
-+1806
-« (0459
26437
-1.172
~-e5775
~e 2410
~+06206
-lelld
~o 8037
—04288
-¢1809
-e0459
~e2154
—e2430
~e 1463
—+0611
—+0134

4

~e0382
-+0758
-e0607
-e0289
‘_00064

'
.
N

1
.
O

L

—.O‘096

5

«0015
-«0009

+« 0003

« 0020

«00153
—e0321
-20150
-.0003
—e1751
—e1522
-+05%0
~.0092

«0019
—e8259
«3686
—«0%8%
«01l24
« 0025
~1e629
«3185
«0505
-«0008

e 029

POT
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FIXED
1 2
—e1680 -.0898
~40877 —e2472
~+e0275 —41236
—e0076 —e0398§
—+0014 —e0084
— 0664 —40779
—e0721 ~41694
"003Ql b ] 1364
~e0156 —.0661
~-+0038 ~-.018%
—-e0226 —40429
~e0374 —40966
-¢0287 —40953
—e0145 —40568
—e0Q042 ~e0180
-.N075 —.N198
—e0162 —e0483
~¢0156 ~a0534
~+0092 —40354
-+s0029 —40119
—~e0022 —40074
-+0058 —.0194
~—e0063 —-40228
—e0041 -.0160
-+0012 —o0055

MULTIPLY

TABLE B-1V

EDGE REACTIONS DUE TO CONCENTRATED LOAD,P

TOP
3
~e(0292
—el241
—e26327
~e0292

—e2028

«1384
~e (0449
-+0351
—«0977
-«1305
-e0977
_00202
-.0723
~e0553
—-+0202
~«0086
~-.0238
~«0310
-.0086

4
-+0084%
«0398
—«1236
—e2472
«0898
«0184
_00661
01364
e1594
—e 0779
«0180
~«0268
—-+¢0953
-« (0966
~e 0429
-«0354
~-e0483
«0198
« 0055
« 0160
«0228

~e0194

—e 0074

ALL VALUES BY

5
« 0014
« 0076
—e 0275
<0877
«1580
<0038
«0156
« 0391
~e0721
- 0664
-« 0042
—e(145
~+0287
- 0374
—+0226
—.Ong
-+ 0092
-+0156
-0075
«0013
~e 0041
~-e¢0063
—«0058
-~ 0022

i

P

1
«0013
« 0068
0223
D664
«1680
<0037
«0148
«03¢69
«0721
«0877
« 0041
«0142
«0397
« 0278
« 00279
« 0093
«0159
«0171
«0083
«0013
« 0042
« 0064
.0C60
«0023

2_
«0043
«0176
. 0422
«0779
. 0899
$0122
«0%38
.0958
«1703
$2478
«0503
.0974
«1401
«1254
.0120
<0376
$ 0646
c0744
$ 0436
«0062
«0187
«0295
.0293
<0134

RIGHT
3
<0049
.0182
«0352
.« 0458
<0296
.0156
«0522
.1005
e1427
.1261
.0226
<0735
e1411
$2145
$2689
<0209
. 0661
.1201
«1607
«1345
<0120
<0370
«0631
.0728
<0432

4
«0035
«0123
«0208

«0094
N124
« 0396

$0677

0769
« 0441
«0211
« 0668
«1211
«1615
«1347
« 0738
«1407
«2139

«0483

«1324

«1216

GO0T
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11
12
13
14
15
16
17
18
19
20
21
22
23
24
25

TABLE B-1V CONT,

-+1680
~e 0664
-+0223
-.0068
~¢0013
-e¢0877
~e 0721
—« 0369
“'0148
-.0037
-.0278
e 03Q7
-.0287
-¢0143
e 0041
-.0083
-+015%
-+ 00932
-.0029
"‘00023
-« Q060
-« 0064
- 0042
-.00132

!

20899
20779
« Q422
«s0176
20043
« 2478
«1703
« 0958
«0438
«0122
e1254
«1401
« 0974
«0503
« 0152
« 0436
0744
« 0646
« 0376
«0120
«0134
«0293
«0295
«0187
« 0062

LEFT

3
« 0296
« 0458
«0353
«0182
«C049
«1261
e 1427
«1005
« 0522
e0156
«2689
«2145
«1411
« 0735
« 0226
«1345
«1607
s1201
e 0661
«0209
« 0432
« 0728
<0631
« 0370
«0120

4

-—«Q094
-e0212
—+0208
"00123
~+0035
—e 0441
—~« 0769
~e 0677
-+0396
~+0124
—-e1347
-«1615
-e1211
—«0668
—+0211
—e2691
—¢2139
—e1407
~«0739
-—e1216
-e1324
—e 0917
—-e0483
—e0152

0028
« 0079
«008%
« 0057
«0017
s 0137
« 0307
«0313
«0198
« 0064
s 0433
«0733
«0638
«0375
«0121
«1216
«1325
«0919
« 0484
«0152
2260
01411
«0775
«0368
0112

90T
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11
12
13
14
15
16
17
18

19
20

21
22
23
24
25

FIXED

1 2
—1e628 —~+8814
-e8296 —-243324
~e1748 =-1.104
—00203 _02648
«e0015 —-+0388
~-63182 —e4673
—e3676 —e9888
-«1509 -.7820
~e0312 -433236
—«0006 —-40781
—00497 "01832
—00964 "'04250
—e0565 —-e4143
—e0130 —«2302
«0011 —-40656
00006 "'00636
-+¢0091 -.1678
‘00054 —01870
e 0027 —e1189
eN032 —-e0366
«0048 -.0187
«0061 —-«0555
«0059 -40675
« 0054 —~e0459
«0027 =e0145
MULTIPLY

TABLE B-V

EDGE REACTIONS DUE TO CONCENTRATED LOADSP

TOP
3

—~e2163
-1e117
—20441
‘_10117
—e2163
—e2467
—e8139
-1.185
—-«8139
—e2467
—e1544
—e4499
—e6043
—«4499
—el544
—e 0742
—e2137
~e2825
"02137
«0742
«0275
<0810
«1072
«0810
« 0275

|

|

!

4

—+0388
~e2648
-1le104
—-2e334
~.8814
~e0781
~e3336
—«7820
"'.9888
—e&4673
-+0656
—-+2302
—e4143
~-e4250
-e1832
-«0366
—e1189
—-«1870
“‘0063()
—e0145
—e0459
-«0675
-e0555
~e0187

ALL VALUES BY

5

20015
~-¢0203
-e1748
—e8296
—14628
~e¢0006
-e0312
-¢1509
-e3676
—e3182

«0011
-90130
-+0565
~e 0497

« 0032

«0027
—+009%1

«0006

«0027

« 0054

«0059

« 0061

«0048

P

a

1

«0030
-s0006
~-+0503
_10629

« 0027
~«0117
~+¢0976
-03679
~e829€

«0025
-.0078
"00572
-¢1507
-e1745

«0032

«0019
=e0122
-+0298
~e0195

«0025

«0045

«0032

«0016

«0028

RIGHT
2 3 4

-20106 —-60163 «0120
~-¢0583 =e0703 =-40470
"01822 —01589 "‘00863
"‘04681 —-2530 _00967
—e8818 -+2187 -40453
~e0370 —e0572 =-20468
~¢1578 -42128 -.1618
"04259 "04724 03060
—e9937 —-48395 -44032
"2.336 _10128 —02930
"00480 -00861 "00836
~¢1828 —-¢3051 «2848
—e4263 —46662 «5785

i

—e 7975 —1e249 —-49404

—lelll =2.469 -14176
~e0373 ~e0807 =-+0944
—e1312 —e2755 =43227
—e2613 —e5653 —-a06874
~e3653 —49297 —-1.,268
—+0183 —e0464 -,0628
—e0612 ~41533 —=e2146
~e1075 —42896 —44578
—¢1188 —-¢3901 -48115
—e0D076 ~42928 ~-1.115

5

-e 0054
« 0206
«0332
« 0293
-+0084
-«0237
—+0784
—e1320
"‘01387
-~ 0485
—+1600
—e2991
«3376
62954
-+0633
—e2162
-e8132
-1s116
-~ 0473
—e1670
—e3943
—-e8571
—-Z2¢188

1

LOT
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TABLE B-v CONTINUED

1

-12629
"03183
“‘00503
-0 00056
<0030
-e8296
"‘03679
<0976
w0117
« 0027
e 1745
-.1507
"‘00572
-.0078
0025
- 0195
~.0298
-60122
<0019
s 0032
« 0028
«0016
«0032
« 0045
« 0025

2

~28818
-.45681
-61822
-00583
-+0106
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