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PREFACE

| In this thésis, the qanonical tranéformation approach to quantum
chemistry is developed. The pi electron hamiltonian for the ethylene
molecule is derived from first principles. The hamiltonian is diag-
onalized on the valence space and the electronic excitation energies
are calculated. We compare oﬁr results with experiment and other
ab initio calculations. These calculations are only preliminary
applications of the canonical transformation‘technique which promises
-to be useful for molecular calculations.
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CHAPTER I
INTRODUCTION

This work attempts to transform a many-body problem into a fewer
body problem explicitly and legally (canonically). To be more specific
we are applying the ideas of the canonical transformation1 to the
problem of calculating eiectronic excitation spedtra of large
molecules. Ethylene is the molecule under consideration here but
larger molecules are included in our plans for future study.

In considering large molecules, the spectrum of the molecular

v - .
electronic hamiltonian (with nuclei fixed at Rd ,k =1, . . . A),

-2y >
( N) Z{ Z i Re\ +Z<J~l-€et—€— (I-1a)

plays a distinct role. The electronic eigenstates \ AY;\t>

HW.> =E 1Y)

are in principle, the starting point for'conéidering the dynamic

where

electromagnetic properties of the molecule. We will introduce a new
approach based on an old idea for more accurately obtaining these
stationary states.

We will generally be considering the equivalent hamiltonian,
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which‘contains the single-particle potential \7;. Noté this potential
has been both added and subtracted, so this Q is identical to the
preceding‘g . In this work Uiis a molecular Hartree-Fock potential,
but any single-particle potential would be applicable. vWe further
introduce notation for.the pair potential (the two-body operator in
I-la): .

e" U1 + Uz‘
F-r)  N-1

Our attention will ultimately be focused on biological molecules
involved in photoreception. These molecules usually are medium to
large size containing more than fifty electrons. This size problem
is intractable with rigorous quantum chémistry methods. To date there
have been a few self—consistént—fiéld calculations on large molecules
and complexes, but none of these really approach the Hartree-Fock
limit, much less account for electron correlation effects (for instance
see Clementi2). | |

The usual way to tackle these problems is to abandon the rigorous
quantum chemistry methods in favor of a semi-empirical approach.3
Here the basic parameters of the theories are defined in terms of
rigorous quantum mechanical conéepts——most often the matrix elements
of an effective hamiltonian over a finite dimensional subspace spanned

' by atomic valence orbitals. However, most of these matrix elements are



set equal to zero by invoking such approximations as zero-differential
overlap, the remaining matrix elements (the non-vanishing parameters
of the theory) being evaluated with the help of empirical data. Thus,
arise the so-called "semi-empirical theories.such as those of
Hiickel or Pariser, Parr,‘and Pople (PPP).

Hﬁqkel theory assumes that all of the two-body matrix elements
can be eliminated by choosing a suitable Ui' This choice reduces the

hamiltonian to a sum of one-body operators

N eff ; eff

H = Z -hi

! .
Hiackel theory treats a reduced number of electrons (efg., the valence
electrons or the pi electrons). Furthermore, matrix elements of hfFF
between atomic orbitals not on the éame atom or neighboring atoms are
get equal to zero. The remaining one-electron integrals are chosen
to reproduce the experimental results‘(e.g. spectra) of some prototype
molecule. Notwithstanding all the approximations used, Huckel theory
does produce valuable results. |
By not ignoring the two-electron integrals, a higher level of

pl electron approximation is achieved. However, the eﬁormous number
of integrals required makes it convenient to invoke a zero—differential
overlap (ZDO) scheme within the framework of the Pariser-Parr-Pople

(PPP) method. In this and other similar schemes the "differential"

overlap is séet to zero:

[@u(1) O @, (1) = Spw Opw



for all operators,CT, and where Sﬂﬁ is the Kronecker delta symbol.
The usefulness of this approximation is found when the two-electron
matrix elements are evaluated. If the ZDO scheme were not used, there

would be on the order of Rh integrals like
* Uk 1 ‘ ( \ ci"d“
(moloy) = SS $ul) @ul2) +— @) @y (2) ATidT

to calculate. Here R is the number of pi orbitals. However, with

the ZD0 approximation we are left with only R2 integrals like
(p2|pv) = Yo,

Other "Neglect of Differential Overlap" theories have been

dgveloped.u’5’6’7’8

However, in all of these theories introduction
of empirical parameters is found to be necessary to make the theory
conform with experimental results.

As an example, if a non-empirical calculation of excitation
energies is performed using Slater functions, the results are discour-

9

aging. Noting this, Pariser and Parr chose empirical values for
some of the integrals and achieved results much closer to experimental
values.10 The reasoning for choosing the semiempirical parameters

follows. We consider two chemical reactions
C+C+1 — C"+C~+ €
CtaCre— C s A

Here I is the ionization potential and A is the electron affinity.
Now if we write down the energetics of the above reactions, the

energy of the first term equals the energy of the last term:



Ei_c'4— E:c_-k 1 = E:.cf ¥ ‘;;(:‘ t+ ﬁ\
Now from a theoretically naive point of view we can write for the
energy of a carbon atom
= | + E_
E-c_ Ecore ™

where Ecore is the energy of the five electron core, and E1T is the
interaction energy between the core and pi electron. The energy of
the carbon-plus ion is given by

E =E

ct core’

The energy of the carbon-minus ion is given by
— + + ’ + E ]

That is, the energy of the core plus the energies of the two pi
electrons interacting with the core plus the energy of interaction
between the two pi electrons equals the energy of the carbon-minus ion.

If we assume E  =E_,, the energy equation balances as follows:
ZE.core + Z-E“- * I = ZE'corg +2ET\'+E1W+ A

or

I-A =bE4

Eﬂﬂ is the interaction energy of two pi electrons on the same carbon

atom and is given by

E e = (i) = [faren, T —ﬁ—- ()T 2)

We have reasoned an experimental value for the theoretical



quentity (mm|mm). Considering actual numbers, Mulliken't found

I =11.22eV and A = 0.69eV, hence
1- A= 1053eV = (wwiwm)

 Using integrals evaluated in this-empifical.fashion, aécepﬁable
numbers result for excitation energies. However, the value of (ﬂﬂlﬂﬂ)
using best atomic value Slater-functiohs is found to be 16.93eV.
' These purely theoretical numbers lead to poor values for excitation
energies. |

| This discrepancy befween experiment and theory is caused by

the neglect of correlation effects, and the wrong choice of exponent
for the Slater function. From the unitary transformation point of
view either an effective (unitarily‘transformed) operator should be
represented or a unitérily transformed basis set should represent the
operator. Each statement is egquivalent. The operator to be trans-
formed in this case is l/rlé; the basis to be transformed is the
antisymmetrized product of two atomic pi spin orbitals. The unitary
transformation mixes the effects of the core and excited orbitals
into the operator or basis, depending on the point of view.

When a variational calculation of Z»is‘performed on the carbon

minus ion, a different Qalue is obtained. Intuitively, it would

seem more reasonable to use the & from such a calculation than the
best atom values. In fact, when this &is used, the (mm|mm) integral
is reduced.

The result of this discussion is that it seems the best

calculations of excitation spectra of molecules are performed by using

empirical data and guesswork as input parameters. When this is done



properly, the results of molecular calculations are quite good.

It appears that these semi-~empirical theories will play an
ever more ilmportant role in discussing biological molecules.12
Consequéntly, there have been many valuable efforts put forth in the
past few years to place these semi-empirical theories on firmer foun-
. dationms, aﬁd even predict the parameters for the effective hamiltonian
on the valence orbital space. Of course, if this could really be
carried through, the procedure.would cease to be semi-empirical, and
one could claim to have a first:principles calculation of the elec-
tronic states of a large molecule. The past and present programs to

13

justify the semi-empirical procedure'include work by Harris-~,

15,'and Freedl6.

Linderberg and 5hrnlu, Kvesnicka
Harris' approach focuses on the sigma-pi separability and resulting
effective pi electron hamiltonian arising from a unitary (canonical)
transformation upon the Coulomb hamiltonian Eq. (I-1). Linderberg and
Ohrn tackle the same problem with Green's functions. Kvasnicka
generates a model hamiltonian in the framework of Rayleigh~Schrddinger
perturbation theory. Recently, Fregd has used the cluster decomposi-

7

tion of the wave function due to Sinanoglu and S:‘leerstone1 to set up
formally the matrix elements of an effective hamiltonian in the
model space.

We want to generate from first principlés the valence éhell
hamiltonian and use it to determine the electronic excitation spectrum
of ethylene. This valence hamiltonian is to opefate in a finite
‘dimentional Nv—particle subspace of Fock space. That is, we transform

the electronic hamiltonian not only from an infinite dimensional

N-particle space to a finite dimensional N-particle space, but also



from the finite dimensional N-particle spaée to a finite dimensional
Nv—particle space G%F==number of valence electrons). Consequently,
the valence hamiltonian must have built into it the effects of the
‘remaining Nc (Nc # N - Nv) core electrons, as well as the correlation
effects among the valence electrons; If we had explicitly considered
the infinite dimensional Nv-particle space, these cdrrelation effects
would be ﬁreated by configuration interaction (CI) involviﬁg virtual
- excitations from valence to excited orbitals. However, since we only
implicitly consider the excited orbitals, the correlation effects must
be "built-in" to tﬂe,valence hamiltonian which operates in the finite
ksubspace defined by éll antisymmetrized products of valence orbitals.
A CI calculation then yields the eigenvalues and eigenvectors or the
effective hamiltonian‘on this subspace.

In Chépter IT we chooée an N-electron model space and fhen‘use
a unitary transformationl8 to eliminate the interaction between this
model space and its orthogonal complement. We set forth the conditions
imposed on one-, two-, and three-body operators necessary to achieve
-a partitioning of the effective hamiltonian in N-electron space.
These conditions along with certain restrictions on the core orbitals
uitimately yield the valence shell hamiltonian.

We then re-examine the unitary transformation in terms of a
cluster expansion. The resulting reclassification of terms allows
us to impose the partitioning conditions on the. one-, two-, and three-
body operators. |

Finally we develop formulae for the valence shell hamiltonian
which are constructed as averages ovef the matrix elements of the

N-electron effective hamiltonian. These explicit formulae involve



the one-, two-, and three-body matrix elements in ferms of the core,
valence, and excited orbitals.

The procedure introduced is general, but depends in a somewhat
arbitrary fashién on the division of the complete set of orbitals into
core, valence, and excited sets. However, once this division of one-
particle Hilﬁeft space has been achieved, the remaining part of the
formalism is well defined and complete. The ultimate result of the
procedure is the construction of a valence hamiltonian:

i) operating on a truncated subspace defined by &ll antiQ

symmetrized products of valence orbitals
ii) yielding the low-lying electronic excitation spectrum
of the molecule. “
When these points are achieved, the valence hamiltonian will have built
into it both the effects of the core and the correlation effects of
the excited orbitals.

The method appears applicgble to a wide range of problems
whenever, on the basis of chemical intuition, a division of the one-
electron space into core, valence, ahd excited orbitals is possible.

In Chapter III we use the'formulae for theA#alence shell
hamiltonian to generate an effective pi-electron hamiltonian for
large planar‘conjugated molecules; so this discussion will be framed
in the language of sigma and pi orbitals. In the sigma-pi problem
certain matrix elements vanish by symmetry considerations beyond what
we might hope for in the generai case. The sigma-pi problem is of
particular importance to our ultimate goal of understanding photo-
receptors.

In Chapter IV we discuss the programming involved in performing



10

the canonical transformation.

Chapter V contains a discussion of work on ethylene by other
people and presents the numerical results of our work. The discussions
center on the low-lying excited states of ethylene.

Chapter VI contains a discussion of our results and conclusidns

drawn. Also, we have included suggestions for further work.
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CHAPTER IT
THE EFFECTIVE HAMILTONIAN

The calculation of the electronic states of large molecules beéins
by introducing a set of spin-orbitals ¢1¢2. . ¢i' « « . In principle,
we envision‘this orbital sét to.be complete, and thus infinite. In
practice, however, we can only.introduce a finite set of, say, M spin

orbitals. We shall in general denote complete sets by braces {¢i}»

and finite sets by brackets, [¢i]. The orbitals ¢i are labeled by

¢ = (Ftlg; )= <F§\¢’7(P"‘s>

- A q{pm,(xyzg)

four indices

That is, i stands collectively for four quantum numbers: Y and p
indicate that the orbital belongs to the pth row of the Yth representa-
tion; m = +4 labels the eigenvalues of SZ; and n differentiates
among the occurences of the set (Ypms). If one solves some model
one-electron problem, then n can be chosen as the single-particle
energy.

In this Chapter we will brush aside the precise details of how
the orbital basis {¢i} is to be chosen. Suffice it to say that an
elaborate Hartree—-Fock calculation or perhaps simply a scattered

wave computation using an approximate exchange potential might be done

13
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initially. Even more practically, we can envision introducting a set

of atomic orbitals and orthonormélizing them by the Ldwdin procedure.v
| The intuitive physical model motivating our approach is that in

the independent particle picture fhe electroné may be divided into Nc

core electrons and Nv(=N—Nc) valence electrons. Of course, we wgnt to

go beyond an independent-particle model of the system. Thus, on

the basis of chemical intuition we will divide the one-electron space

spanned by {éi} into three orthogonal subspaces:

1= Do #m] 5 [v1= [Baoreee Pacem,)

[e]‘ = [¢MC+MV+1“ ) ]

In terminology similar t0'other authors, there are Mc core orbitals
and M& valence orbitals; the remaining orbitals outside the "orbital
sea" [c] L) [v] are called excited orbitals. We will take Mc = Nc——
i.e., there is only one configuration of. the core orbitals-~whereas
in general,'M§>>Nv. Stfictly speaking, such a division of the basis
into core, valencé, and excited orbitals is arbitrary. However,
chemical intuition usually opts in favor of one or two obvious choices.

With the orbitals {¢i} we construct the Slater determinants
= = AM(B ... 'x)
@k(x\ "'XN)/ §k‘-(.).(\:”-x“\ &( ) k, ¢kn( N)
-~ N

with §55k1<1k2< <o kN being an ordered set of N spin-orbitals.

Since the orbital basis {éi} is complete, the set of all Slater
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determinants {&k} constructed from them is complete over the N
electron space. In computations the orbitals will comprise a finite
set from which a finite and thus necessarily incomplete set of
Slater determinants can arise. In virtually all calculations only a
subset of thié finite set of determinants is actually used, since the
total number of N-electron Slater determinants able to be constructed
from a total of M orbitals is astronomical even for the most reasonable
choices of M. The selection of which determinants to include is the
vsubject of many inveétigations and the starting point of many formal
analyses of electronic correlation effects.

, In the approach to be pursued here we assume that there can be
a chosen a' priori a set of Q N-electron determinants which, within
a configuration interaction context, would emerge as the most signifi-
cant. Intuitively we expect that to computé the ground state and low-
lying excited states, all of the chosen determinants will have in
common a set of Nc orbitals which, in fact, define the core. The
chosen determinants differ from one another in having different sets
of Nv (=N—Nc) valence orbitals which are selected from a total of

M% valence orbitals. Thus, there are
oo M
NV\- (MV—NV)\.

determinants in the chosen set and these'span a Q dimensional N-
particle space designated.:rﬁ. The infinite-dimensional orthogonal
complement irk is spanned by the remaining N-particle Slater deter-
minants in which s 1f only orbitals from [cl U [v] are used, not all

core orbitals are occupied, or in which, if all core orbitals are
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occupied, at least one excited orbital appears.

Now if the determinantal basis were complete--and for the sake of
the formal development of the theory we now envision this to be the
case~-the set of Q determinants would have the largest coefficients
in:é CI caiculation. However, there still are an "infiniﬁe number" of-
other N-particle determinants which would have to be considered in a.
complete CI calculation. Thesé additional determinants which are

characterized more fully below span the orthogonal éomplement to er,

denoted irN' |
We seek an effective hamiltdniéﬁ .3 which does not mix any state
in 71\1 with those iz; TN»' Thus, the effective hamiltonian can be
diagonalized on :Tﬁ and ffk separafély, and since ZTN is Q dimensional,
the problem of finding Q exact eigenvalues becomes a matrix diagdnali-
zation problem. Of course, the difficulty now is explicitly con~
structing the effective hamiltonian which is partitioned in this way.
Assuming we can accomplish this, we want to go further and define
an operator acting in the space of valence orbitals and having the
same eigenspectrum on this space as does the N-particle effective
hamiltqnian on.trN (to within an additive constant). This will be
possible for the following reason: all basis functions needed to
span tTN have a commoﬁ set of core orbitals and differ from one
another only in their valence orbital occupation. Consequently,
matrix elements of the effective hamiltonian on irﬁ need be labeled
explicitly only by the bra and ket valence orbitals. That is, ﬁe
define the valence shell hamiltonian by a one to one correspondence
of its matrix elements with those of iﬁron.:r'. There is, of course,

N

an actual dependence of these matrix elements on the core orbitals
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chosen, and consequently a parameterization of the effective valence
shell hamiltonian by the core orbitals.

Considering the first part of the paftitioning problem, we know
~ in principle the effective hamiltonian in the N-particle space is
obtained by a unitary (canonical) transformation on the basic elec-
tronic operators of the Schrodinger picture. Thus, we seek to
vdetermine S such that the transformed operator 3{eff, diagonalized

on the space iTN, where

-8 'S
%eq = & H c (I1I-1)

will yield the exact ground state and low-lying excited states. of the

system.

We contend that if
%:{:’f = <@m \ % eff\@“> m,n=12,..Q

is to be a Q x Q matrix which yields Q exact eigenvalues of 9feff
(and thus of H) by diagonalizing on J ., then with |x> any vector

in :rﬁ we require

<<§m\ e—iS \__\eQS \X> — O

When we introduce a basis which spans ir&, say ]xi> (note the basis
|Xi> is infinite though not complete in Hilbert space since it is

missing the set of vectors'{&i}) we can restate the preceding equatiqns
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§M€TN
K; € TT;

o <¢m.\7{eﬁ‘x;>= 0

We emphasize that these conditions are among N-particle vectors. The

matrix representation of :prf on the full N-electron Hilbert space

[2.) V1% = {&)

is schematically shown in Figure 1. We now note that we have not

spanned by

determined S (from the E{is term) uniquely. Indeed, it is obvious
that given {é{]there»are many unitarily»equivalent j#eff's which
will be of the form shown. |

We then can attack the second!part of the problem: replacing the
effective hamiltonian by one which involves only a subset, Nv’ of
particles. We want an Nv-particléihamiltonian whose eigenvalues are
identical to those of H (to within an additive;constant which deter-
mines the zero of energy).' The possibility of accomplishing this
follows from our requirement that all the N-particle wave functions
in TT& contain a specific subset of [¢i] called a "core." We will
require the core to be "closed shell;" that is, for each occurance
7lof”a given representation y all rows and botﬁ spin states Ms =43
appear in the configuration. We have called Mc the number of core
orbitals. Note the number of core orbitals equals the number of
core electrons (i.e., a single configuration for the core electrons).

The representation of the effective hamiltonian in the space :Tﬁ

is
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% g =/ ' eff ! ’
1|-..1Nv;1|...1nv —Q...Mc\‘...le\y 1.--M‘1‘00.1Nv
where in labeling the matrix elements we have dropped explicit
reference to the core orbitals. This can bé done because all wave
functions in :TN have the same set of core ofbitals. We define the

v ,
valence shell hamiltonian H“. by the requirement that to within a

constant times the identiﬁy its matrix elements obey

QL HNY LY
o= QLML LT LML

We now examine the trﬁ

classes of N particle wave functions in.ffk: those which are con-

space in more detail. There are two

structed only from orbitals in [p]\)x_vl but with one or more core
orbitals unoccupied, and thoée with at least one-orbitai outside

[_c] U Lv] Hence, we divide ’TN into | ;J-‘;N and ”j-'"N corresponding vto
the two classes of N particle wave functions. To facilitate this
examination, we will use the language of second quantization. .We

begin by expanding the field operators in terms of the orbital creation

and destruction operators

1}()&): Z XL “'Z @, (x) Aai + Z ¢-.(>QA&;
iefc] ' ielv] iefe]

TV P+ P

core valence excited
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Subsequently, we will show that
% e H e'S
can be written
' n=| :
where W(n) is a sum of "linked" n particle terms:

(ﬂ Z %0 ‘n) (II-2a)
( "’/1.....N> |

In the language of second quantization this becomes:

I

|

n ‘ ‘ ~t .A"‘ )
H = 57 [k dedng P L V)

<xt’"'x'n\7¥(l--‘.n) \X,-..Xn>ﬁ’(><.).. “P(X)

(II-2b)

=TT Ouad W) L iy BB,

Nc...()\“ F‘""f‘h

Thus, in second quantized form:

w = Y O P2 2y, 3,

™

+ Z 2 <}\|)\1\%(‘7')‘“‘H‘>af7‘\&+7‘za‘f*‘a"}*

NN peps
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(I1-2¢)

+ ) Z Q\.\J\s\ 7’/(‘135\H|P1}*>> gk-&Xz&x;a\Msaum&M.

ANy Pefatpy

+oo-

The basis states |ul"° "M, ” are normalized, antisymmetrized

n-particle vectors:

[fuled  duf) - g
v ‘ ¢p,()<z) .
<x',..x,,\“,..-./u“> = v . ,

Bu, (%) B0

In the set x1<X2< . . An or ul<’u2<‘. .+« ¥, an orbital index may
in general stand for either a core, valence, or an excited orbital.
A general orbital label A may be subscripted with ¢, v, or e denoting
a core, valence, or excited orbital, respectivély.

| We now meke some remarks about the coefficients,
Ay o o . Aﬁl R (1. . .n)lu1 T R in tﬂé second quantized

1
expansion of ?#(n):

=L L

PRI IO ,u,(.,ulc_k...ﬁun
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(II-2¢)

<)\‘__.)\“\W(l...n)\fk....pn§ a*)\, ...2{“ Q.- 3,

From the N-particle condition on the effective hamiltonian
G ¥Ry =0 (=T
m v/ T T
| X € Ty

we can reduce the necessary conditions the coefficients,
<>\l . . .)\nl % (1. . .n)[ul. Coeu >
1) if one or more A€ [e] and one or more € [e), then our
unitary transformation imposes no restrictiohs on the matrix
element.
2) if one or more )\ie [e] and g_ggg‘of the uie[e) then by choice

i L] L] L] L] . . L] . . >
of S the matrix element A4 )‘n_l% (1 n) ]ul M

must be forced to vanish. Similarly if none of the )\ie [e]

and one or more uie[e]' then we must require that S be such

that the matrix element <)\1. . .AnI y, 26 .n)lul. . oeu > = 0.
In themselves conditions 1) and 2) will insure %eff is of the i;orm
shown in Figure 2.

The conditions on %(n) will make blocks [U;/, z"]and [TN' . 7;,}
vanish as required , but they -also force blocks [:_7;’, ﬁ":\and [’j;/”, j;']
tq vanish. This latter consequence does not gain anything for us;
but, of course, we do not destroy the intended structure of ?{aff
either. It appears that we could eliminate this superfluous result
(namely [:—T;I, j/”}vanishes) at the expense of making the conditions

on the matrix elements dependent on the configuration of the remaining
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N-n particles. Indeed, such conditions do appear in the formulation
due to Freed.g' These conditions wouid imbly that the transformed
hamiltonian cannot be written as the sum of one-, two—,'three;, etc.
body operators, that each term is really an N-electron operator.
These complications are eliminated if we aécept thé-vanishing of the
17,771 ema [T, 7] tlocks. |

However, we still must make blocks [7; ) ;j:,,-l ‘and [7;’, :T;,-}
vanish in Order to meet fully the N-particle condition imposed on the
effective hamiltonian. Wé impose a thifd festriction‘on the para-
meters (though more stringent than necessary it clearly achieves
the intended result).

3) matrix elements off-diagonal in the core orbital indices

-vanish.
In other words, if a certain subset:of core-brbitals appeﬁrsbin
<}ix2. . .xnlxthat same subset must appear in |ulu2 + . o> or the
matrix element must be made to vanish. Conditions 1), 2), and 3)
imply the structure of the N-particle effective hamiltonian shown
in Figure 3. »

Recall we are interested in the [Jy, U | block which, if all
conditions on the matrix elements are satisfied, can be diagonalized
to yield Q exact eigenvalues of the many-body s&stem. We notéd
previously that the matrix elements on [7:,, 7:,] need be labeled
only by valence.orbitals (since each N—particle basis function ih :Tﬁ
contains the same se£ of core‘orbitais). Hence, in constructing

ﬁﬂv'from Zfeff we need consider onlyvthat subset of terms in
Eq. II-2 which connect ém andi§n both in Zrﬁ. Also, we can replace

-\.

a_ 3, in all operators by unity (the occupation number of each
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Figure 3. Final Structure of HSLY Obtained by Satisfying Conditions
(l) ’ (2) » and (3)
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core orbital in any state in TT&).

We are now in a position to state'the most important result of
thié work. To within a constant the matrix elements of 9¥eff between
N—eiectron basis vectors Spanning :T‘N will be the same as the matrix

elements of the valence hamiltonian (for i,je[v])

H = }:j;;“ﬂ 33, +—j§,§:'ﬁﬁ|‘ WA

1<\, j\‘j'-

(11-3)

on the Q dimensional valence space spanned by

| \]"1'1 "']'NV> = b‘*l{a*'h.“ afllﬂ\, \ O>

Vi va
Here the parameters “{[)’E{HHj jl are defined as follows: Q'ELJ € [V})

Hi = Glva)y+ Z<u|mu>\cp Y. decril o lee Py o e

cec’

(11~ ha)

H.. = <\\ii\?¥(\z)\j.jz>

hl)ide

+ z <C.\\'\’,_\?{(\13)\c3‘:\7_> § ove  (TI-4D)

C



28

and in general

H = G0y

‘ . | (II-ke)
Ne | |
F Y AY enadiin| MOz mle e
kot \Ci¢...€Cy

In the expression for ||’ the indices o I
to valence orbitals (all ék for ke{y]); in the definition of
“{z:~h3r‘-3n the sums are over all core orbitals, [c]. “&xr
is an operator in the space of antisymmetrized products of Nv valence
orbitals and by explicit construction takes into account the effects
of the core orbitals and the valence shéll correlation effectsr

The problem now turns to computing the'<)l . . .)&J % (1. . .n)
Vﬁ: .+ parameters to fulfill conditions 1), 2), and 3) by an
appropriate choice of f; . According to these conditions the one-,
two-, and three-body matrices of 3¥eff must have the structures shown
in Figure 4, 5, and 6. For instance, in Figure 5 the label (cv)
denotes the space spanﬁed by all possible two particle kets made
up of one core and one valence orbital. Tﬁe subspaces (ce), (ve),
and (ee) are, of course, infinite dimensional. In these figures, the
conditions are to be imposed in order to yield explicit zeroes;
further, the subblocks indicate the representatién is block diagonal

in the core indices. This means a matrix element such as

<cv.vz\7¥(\l3§ | v/ vz'>
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Figure 4. Explicit Form Required of the Matrix Elements of 2$(1)
to Satisfy Conditions (1), (2), and (3). "C" Denotes
Core Orbitals, "V" Denotes Valence Orbitals, and
o' Denotes Excited Orbitals. The "e" Space ig in
Prineciple Infinite. The Hatching in This and Subseguent
Figures Denote Nonvanishing Matrix Elements
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(cecec) (cev) (cvw) (vwv) (cce) (cve) (cee) (vve) (vee) (eee)

e [FglO|O|O|O|O|O|O|O]O
v | O [Bglo|0|0|0|0|0|0]|O
(ew) | O | O ,/OOOOOOO
wi|0oloJololo|o|o]o
(cce) 1O O |O|O %7/7/7//&7/
(eve) [ O | O | O|O ////7//%%@7///
w0000
we |0 | O OO
NEBRR 7/
(ece) | O| O | OO 7/%%7/7/4%

Figure 6. FExplicit Form of Matrix Elements of 2#(123) in Order
That Conditions (1), (2), and (3) be Fulfilled.
(eve), etc. Represent Antisymmetrized Products of
Three Spin-Orbitals
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vanishes unless ¢ = ¢'. Finally diagonal hatches indicate no condi-
tions need be imposed on the matrix elements on these subépaces.
We can now write down the form of the n-body matrix element

1
types of n-body basis kets with ¢ and v orbitals but no e orbitals.

29 VI .xnI%(l. .. n)lul « + «u >. There are (n+l) different

For instance, for one-body kets there are types: |c> and |v>:  for
two-body kets there are three types: |cc'>, |cv>, and |vv'>: etc.
The n-particle matrix elements with m core orbitals and n-m valence

orbitals must have the form:

<C\... Cea V. - - .Vn‘_m\W(\...h)\c',...c'm\/l' . .;.V:.-m>

= gc.C,'"' éCmC'm <C‘ "'v“'"\\}((l"'n)\c‘l "t V;-m >

That is, they must be diagonal in the core orbitals. We now turn to
the.problem of the cluster expansion of 9{eff in order to exhibit the

one-, two-, three-~, . . . body operators.
Cluster Expansion of 7{eff

In the precéding section, we set up the conditions that certain
natrix elemenmts of the effective hamiltomian, ¥ ®ff, should vanish.
Thése conditions should determine our choice ofAS . However, there
remains the problem of explicitly determining the operators, (i),
¥ (13), H(ijk), . . . . Since S is originally defined only by

conditions on the N-electron space, the operators on subsets of
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particles cannot be uniquely defined in any rigorous sense. However,

the adoption of the following form for S

S = ’S|+Sz+"' SN,'." S t8,% ... + St Sa

| (II-6)
Z Z ...i; :

ns=j 1“‘\1 . '\“

leads to a well defined e:épansion for %eff.
The problem, then, is to arrange and classify (according to
the number of interacting particles) the terms of the unitarily

transformed hamiltonian:

W e - - -1l 1)+ S0 s [, ] ]+ -
(11-7)

Although the original hamiltonian, H, contains only one- and two-
particle operators, the transformed hamiltonian contains many-particle
interactions. Each commutator in the preceding equation contains
one-, two-, . . .I N-body terms due to the ﬁature of S .

We want to re-express equation (II-7) in the following form:

%ef‘r W(l) + %{(z)_‘- o %(N)
2%“)-&- Z%(”\)""

l<\

Z Z %<|.... »

n1_l<

I

I

(11-8)

|
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That is, we want ){eff to be expressed as a sum of one-body operators

(9{(')-—-2%(\) ), two-body operators (HW® = 2 (G, ete.
i Wiy

This problem is attacked by cluster expansion techniques.lz’13

It is essential to keep in mind that various cluster expansions are
based upon differeﬁt resolufions of the identity operatbr.. Thué, if
completelj sumﬁed, a cluster decomposition of the operator is guar-
anteed to yield the original operatbr. It is in this spirit that
defining the N-body operator :hFeff does not uniquely determine
H (1), H(i3), K (ijk), ete.

On the other hand, only those expansions which can be meaningfully
* truncated in low order ( % °ff ~ jﬁél) + (2)-+ jﬁ((3)) and thus
presumably lead to a tractable computational procedure are worthwhile
considering. We now argue that the Van Kampen cluster decomposition13
leads to a practical scheme for generating "linked terms" in expanding
the effective hamiltonian. Our definition for "linked terms" and
their importance will be discussed shortlj.

We begin by introducing'the following set of operators: N one-

body operators,

T B -2, 3
) = €zn Lpr T Uje

= eni.s; \’M E?;Si
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N ° (N-1)/2 two-body operators,

(5 +S; +s

j=e h}HgJ

(S; +SJ+S"~D

and, in general N‘ / {h‘ (N'Y\)‘,} n-body operators

| S B(iyeni) i
R e - Zh\f, 28\ (‘ )

?‘

where

i)=Y Y Sun -'
3(‘: l> p=1 {l'l""lf/i.'\r--:j 1 e

Here the notation 2{21. . .ILF/il. . .in} implies our summing over all
terms with p ordered indices 21<£2 . . .JLP chosen from the given set
il< 12<. . .-in. In these equations the subscripts are particle labels

and all the operators are assumed to be symmetric functions of the
particle labels.

Each operator' 81 . . .in is defined in terms of a unitary

1

transformation on the n-particle subspace. Thus, it may be expanded

in a commutator series:
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Vi, = {;/: hi, + L. 3'?‘1}

Py,

VEo]
- %;ch@,...an),uu...g.@,{;w Zigi',;,tm)r

13

cluster development is

-ild (a,...anx,{‘;

The basic insight of the Van-Kampen

that we can write a hierarchal series of equations:

p=1 {L'flr/h'“\“}

" which implicitly define the operators, 9{(21. . .ﬂp) in terms of

the g's. Explicitly, we write

8(|=93((|) "\=1,....N '
% = W+ N+ Hip, i<j=1,...N

ijh = H 5+ Q)+ K0+ HGP + H 1)+ H (0
+ %(‘\J‘\«‘)‘ |
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ete. Note that in the equation for E}il. .+ i, all the
N (SL I 2 ) operators with'p(n have already been defined in terms
of previous equatlons in the hierarchy, with the 9 1° .i itself
having been expllc:.tly deflned (in terms of S ) in equatlon (II 9c)
Thus, the ‘equations impllcltly deflne %(1 . . .1 ).

The trapsformed hamiltonian % is itself the N-body operator
% 1...8° the clué"ber expansion of which implicitly defines X (1...8).

However, an essential characteristic of a useful cluster expansion of

= BN T N

i=) (II-11)

is that we are able to truncate it after two or three sums:

eﬂ“ Z
Z H (i) + Z W)+ 2 H (k)
|<JL
In such a case, the required operators W(i), ¥ (1j), and H (ijk)
would be expréssed in terms of the one-, two-, and three-body 9'3.
In general, the equation implicitly defining 9%(21. .,.zq), can

be inverted to yield the explicit formula

1 9P
W Gia) = ) 1)
h Z i’/\ %

p=1

(I1-12)
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In particular we have that

X0 = %i
H(ij) = %ﬂj - %'\ ‘%ﬁ
%(\)\«) = %'\jk’%'\j’%ik‘gjk+%i+%j+%k

While it is obvious that %(iil. . .iq) depends only upon operators

acting upon the kets in the gq-particle space labeled i . .iq , the

1°
precise structure of these operators is not yet clear.

We now seek to establish the theorem that a given cluster
operator (equation II-12) is composed of terms in which: i) all
factors are "linked" énd, ii) all g-particle labels (il. . .iq)
occui'. A "linked" term is one in which each factor in the term con-
tains at least one particle\lé.bel which appears in another factor.

For example, terms like 512 813, Sl3 h3, 5123 812 are linked,
whereas 512 h3, SlQ 831“ 513 62,+ are not linked. Thus, all
terms in the expansion for % (ijk) will contain i, j, and k and will
be linked.

The proof of these assertions: isv .straight forward. First, since
each 921. . .SLP in equation (II-12) may be written as a sum of nested
commutators (recall definitions in equation (II-9)) no unlinked terms.
appear, for clearly, two factors having no partiéle labels in common

th
commute. Second an n order commutator such as
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S sy e

in vhich k,. . .k, is a proper subset of il} . .iq occurs in all

1 t 1. . p-

%}Zl. . .lp's forvwhich the set k.. . .k, is contained in % AL
'Because each E}Zl. . ;Qp enters with a factor + 1 in equation (I11-12),

we find the overall coefficient of such a commutator to be given by

der (o )] ‘e
w (9-1)! v (q-t)! _[oteq
Z( (q-p(p-t)! Z( 1) (CL’L *‘)‘. ri | 1 t=9q

Hence, all terms containing only a proper subset of the particle
labels il. . .1 cancel from the expansion of ?{Kil. .‘.iq). Thus,
the theorem is established.

The result derived here leads us.to argue on physical grounds

that the many-particle terms in the cluster expansion

e” Z?{ )+20)¥(Hl)+...+z ?3[(\\1-.. ) .

\ 4\1 \<1 <- \

contain only the linked-parts of the interaction among many particles
and may be neglected in comparison with, say, the one-, two-, and
three-particle terms. Of course, any blanket statement such as this
must be tempered by calculations on the particular system.

Implicit in this proof is an assumption which must be more

fully explored. We have assumed, for example, that the two-particle
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operators, such as 812 and 512 are linked. Y,arisll has argued that
the generators of the unitary transformation are themselves linked
in the sense that, for example, 5512 does not contain terms such as
(51 + 52) or Sl 52. On the other hand, it is clgar that 812 is
unlinked in this very sense since, by definition
2 1
Eg _ e _ \)1 + \Jz
N
T PQ"X. '

Therefore, the three-body commutator in P (123), [S 13° 812]’con_.

~tains a term

Sal, - U,S,
N-1

depending on only two, rather than alll three, particle indices.
Generally, if 812 is "split-up," then clearly linked terms enter
n-body operators which have only n-1 particle indices. Note that such
terms are multiplied by (N—l)‘l.

| It is evident that if the operators gij are considered to be
split-up, the statement that the n-body %(il. . .in) contains only
terms with all n indices (il. . .in) cannot apply to certain terms
containing the Ui ".s. One can easiljr show, however, that these (n-1)-
particle terms can be combined with identical terms arising from
(n~1)-particle cluste_rs. Such a splitting up and vrearrangement‘ of

terms results in one linked expansion for

2

<15 i
e (Y &) e®

9 iy 1]
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and a second linked expansion for
N .
-iS N
(% Ui )e
=

The factor (N-1)"T has disappeared, a fact which formally follows
from the regrouping of n-body and (n—l)—bo® cluster terms. A little
reflection indicates this result is obvious since the original opera-
tor can be written:
2 ~ ) )

L LlE - e

_.8‘5_ ~ LGy N-1

\¢J 1 & \) :
)} ). U,

1 43 1J ' i

|

. : . )3 2
Thus, instead of transforming 1j 81 3’ we may transform 1<j e /rij

and - ;.V:Ui» separately, expanding the results in two linked cluster
series. The proof that each series is linked goes through exactly
as above. |

However, we can look on 8 1j formally as the Pasic two-body
interaction in the sense of a vpair potential. Consequently, we will
keep 8 1] .intact. ' The matrix elements that enter for the "dressed"
two-body potential, 8ij’ will therefore have an explicit dependence

on the potential Ui and the total number of electrons, N, in the

system.
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Effective Hamiltonian Operators

We can now return to the construction of the valence shell
hamiltonian, HY. ¥For our purposes we take the orbitals in which we

expand J(x) to be eigenfunctions of h:
h1\¢3> = éj \¢J>

The one-body operator is thus already diagonal in the orbital indices
and, hence, we take ‘Si = 0. Our problem is to choose 512, 8123’
etc. so the matrices in Figures 5 and 6 will have the required struc-
ture.

We begin by considering the two-body term. In second quantized

form they are
*7 =T T NN @) 2,
MR JS e

where

P> = g (PRSI

In principle, we can choose 512 so that the matrix representation of

"4 (2) yos the form shown in Figure 5. That is, we would like,
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<CC' \7“(\1) \ PP’ > v either p = c” (# c',’c’)
- <(’f’ \ W (12)|ccy= O mless o p'=c"(* ¢y (11-14e)
or \PF'>:: \CC'> ’

LeviX G |ep>
= <CP\‘5¥(\7—)lcv> = (O unless o= v’ (ITakb)
<V'V'\ w () |pp'> unless \pp’}=l\l"\/"’> (II-1kc)

= {ppIH 0D |w) =0

It is impossible in practice to impose these conditions and
solve for S . By approximating ¥ (12) s, Wwe can develop a tractable

approach to the problem.

w0y = &5 [hiehrgale™ - b, -h,
g + (D)[Sishirhet g |

SOl TS| R

We also partition g5 into the sum of a "diagonal" part and an "off-

diagonal™ part, writing

diag oﬁ-diag
8\7. = 8\1 -+ I
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where

82&«; _ Z \7\')\'L><)\|)\z\ 8\1\)")‘1><7\')\‘\

YRS

and

oq—d‘aé ) dl.ﬂg

Egn.- = Eg'; B Egu

Now, we define the operator Wl2 over all two-particle space as
: . ’ diag
W = gemilSwshehoe g™ g

This could be an approximation to the transformed two-body operator

W (12). Inserting this definition into equation (II-15), we find:

L

LS, i W - g - 8HH

+
2! \

RN ENE Sl R
=W, - =[s..e""]

2.

=2 |8 i Wa g -i[s.l,ef'm]n""'

ww) =W, -i[S,, g0 ™
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. %X\Sn .’[Sn_ ’ 8:,?-ai‘agkfx .

SRVESA i B4 (T

(II-17)

1
commutators. However, we still cannot impose conditions (II-1L4) on

We will approximate ¥ (12) as the sum of W o Plus the first order

this approximation and find a tractable equation for S Conse-

12°

quently, we impose conditions analogous to (II-1%) on the first term in

the approximation, W12 .

approximation for W (12). The corresponding matrix elements of <

The resulting 512 can be substituted into our

12
are then given by:

Ounal Sl gy

_ \<)\,>\1_\ 8\1\M|Pz>
E)M + &3, t <\\)\1‘8\L\}‘l)‘7>_€f4. - E/Jz- - <,“-P}\8'u\ﬂ.ﬁk;> '

This result follows immediately from inserting a complete set of two-

body states between the operator factors in
. di v ;
\/\/n, = 8\1. - ‘{Sl?.(h_‘*'\‘l"' 8!2‘6) - (h."' h-,."' 8?7.‘6) S \1}

and recognizing that, for example:
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(hoh,s g Ipper = (ﬁﬁﬁpr(wt\au\P-Mb} | oy

We shall choose the remaining matrix elements of £312 equal to zero.
The structui'es of \A/12 and 512 are shown in Figures 7 and 8.

In general, fhe symmetry operators for the Coulomb hamiltonian

commute with hl + h2, but not with gi;ag . Imposing the conditions
. (Eq.'s II-14) on W12 then leads to an effective hamiltonian that does

not possess the original symmetry. The problem arises with our

diag
12

defined. These two-particle vectors are antisymmetrized products of

choice of the two particle states with respect to which g is
spin orbitéls and, therefore, they are basis vectors for reducible
- representations of the symmetry group.

The result of this broken symmetry is that when CI calculations
are performed, the ensuing energy levels which were triplets for

the 1/r12 operator are no longer degenerate. The definition of

diag
€10

the S =1 m = O state with the S =0 n = 0 state. Our purpose in

in terms of antisymmetrized products of spin orbitals mixes

defining W,, as in Eq. II-16 was to include in a tractable form as

12
much of the dynamics as possible. The destruction of symmetry is a

very disturbing consequence of this choice and a compelling reason for
diag
12

were defined

modifying it. There are various modifications of g which could

diag
12

gt = 211 gal1H (1]

be posed for keeping the symmetry. If g



(cc) (cv) (vv) (ce) (ve) (ee)

(CC)EhO O|lo|o|O
(cv). O %,// OO0 |00
w) | O OI%Q O
-[o[olo 77777
w|O| 0|0 /////////////



‘,()

(cv )%

'()

(¢ )

(v )

4()

()(CV)()()()()

//

//

7

.

2

o

%

2

7

e

L—

AN

(

)

N

4




49

where the |I> are antis&mmetrized two particle singlet and triplet
bases, then the problem would not occur.

We might be tempted to qult after the two-body cluster terms.
As a matter of fact, even if we consider only the two-body generators

1

A detailed comparison of Harris' work and our thrée-body clusters

S 59 linked single commutators also occur in the three-body clusters.

indicate these three-body terms play a crucial role in defining

the pi-electron effective interaction. In principle we should choose
f;123 so as to insure the linked thrée—body operators have the form
showﬁ in Figure 6. However, for the time being, we shall set

S

- body clusters.

123 = 0 and use the 512 determined above to evaluate the lthree-

In considering the three-body terms we again keep the double

commutators; however, because of the definition of W

107 they can be

re-expressed in the following form:

[SH.QY_SB , h,+ h; + 813]] = [Sn a[sru \'\__\"'\'\34“ 8??6]]
ALSEN ]

it ) 6]
{ o 87? e + {Sn, WB d:g}}

+ 8,08, 8] ]
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We find the three-body terms can be expressed as:

451,45,
T [

B - ,5{6" ',{\r\,f\\‘ﬁg.,le + e D\ﬁhgg,;}e S

| + e_;szsih,_+\‘\3+ 813] 6{5”} + h. Al hz“’ h3

= -i{[s|z,8\4+[S.l,gn]+[s.5,g.1}+[5.3,g;,]+[s,,,gu]
R (CHCIRORER BN IR
+[5.05.., .z+8\3]){S.L,[S.z,»m\\,*gg] ASalSahhagd)

' ([Su050, g ] (a8 80 001] [SsfSunrBuv8] |
4 s hehe 8]+ [Se S hohye gl |
SERERCIRTR| IS EMENERER| SRR
1SS, hehag]] +(Se,[Sushis o anﬂ}
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Combining the previous two equations we get (disregarding terms

with two or more commutators):

%(123) = {{'SI'L, 8\‘6 dms} {Su, o d‘*ﬁ] ‘_Srss " d“&]
off-diag off-diag off-diag |
*{S‘” } [SZ” ] [S”’ B l (11-19)

5o )] [S.. g Wl [Su { W) |
REN XM R R PN 8

Valence Shell Hamiltonian

We are now ready to construct the valence hamiltonian. That is,
we evaluate the matrix elements which appear ‘in equations II-la and
II-4b subject to the approximations stated above invequations IT-17.
From equations II-4a and II-Ub we see that the matrix elements needed

$o construct the valence hamiltonian are the following:
|y | {ev|H2)|ev'y, and <CC'V|W(123)|C¢'V>‘
for 72, ; and
<vv’\9={(123\V"v~> and <¢V\/' \ )/(17_3\)\0/" v

for va'v“v“' . To facilitate the discussion of equation II-17, we
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note

<(V <cv\ gulev >

<\/v \ 1 \/ vV’ > <VV \1\V” v>
We further see that

{ev] [saWh] [ev> = ©

{ev|[8n, gi"]jevy = ©
<viv' | 1Sy W

v”v"§ = 0O

and

<vv HSM 8""5 lvv> =0

These results follow from the structure of 55 and le as shown
in Figures 7 and 8. Thus by inserting a complete set of anti-

symmetrized two—bddy states

RIEDNITAYEY

PP
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in [S 12? €12

<cv \W(l?.)\c\/'>. _ <cv\ 8'1\ c'\/'>
mg.?‘e {<CV\S‘1\P,Pl><(a,gl\8f'd;ag\cw>

) ‘Qv\gf-dias\ P'P‘><E'PJ g,L\CV’>} |

For convenience, we now define the symbol

°ff'diag} we find that

AN, M Na

P = oIS Gl €
= Ol g ol S MW}
_ _dalg \}\m><}*,u\80““6\ﬁ*sf‘>

1
{€x+€.>\ +<\7\\8 XX»—E)‘ 67\4_<}\)\\ \))\>

| 1 |
€t (p.uz\gu\p.‘pb— €uy—€py = P Gl papey }
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where the second equation follows from our choice of the matrix

elements of £312' Examination of these matrix elements reveals that
| .
/\/\7\,)\1}\5%'( , /\/\Mqu }1.}4‘.1
’AlHtPBNH T At A ha
and

_——
——

Nk N3 Ay : MiMa Ms M,
M = Mo 2

Furthermore, interchanging two indices within any of the four pairs
(Alxg), (X3A4), (ulua), (u3uh) also changes the sign of M. These
observations simplify the summations in constructing the valence

hamiltonian. In this notation we find

<cv' %(12)\cv’> = {v] ulev) - ‘12’ Z P’\c;,,ti
e

(11-212)

Similarly, we obtain

, ™ = vl g Ly, L WP
Qv | Wy =w'{gnfviv) - Ez [\/\m oy (11-200)
Cepa

We now evaluate the matrix elements of the three-body terms found
in equation II-19. The general considerations found in the appendix
are used. Only the first six commutators in equation II-19 yield

non-vanishing contributions to <ce'v|H(123)|cc'v'> and <evv'|¥ (123)]
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cv''v''!'>, That the contributions of the last six commutators vanish

can be seen by using equation A-k with Y =W diag

12 + g5 and noting
~ the explicit structures of ng + g‘]i_;ag and noting the explicit struc-

tures of W12 and 812 as indicated in Figures 7 and 8. Hence, in

equation A-4 with Y = gigf-dlag and identifying Al = }ll =c,
= = ! - - .
A, | Wy = c', and ?\3 v, }13 v', we obtain

' , v ¢
Leev | Hupjeevy = ~ —l?j : M}C'CS.

c'v pc NACV cp ¢'v pC’
+ co v + ¢p e T Mo ev

cc' Pc' : ce’ pe v V'f (z1-22)
+ ] + I + v ’

‘ov cV V()CV : CP cc A

c'v Pv’ A 2 cc! pv‘
T ‘ce cc’ + /\/\V() cc’

Again, the general result of equation A-4 can be used with )\l =H) = ¢

A2 =V, U, = v'', and A3 = v, 113 = v" in order to find
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vv pc

Levv | ¥y fevivy = —%Zf "

cvV pc ’ cv' cp AWV (’V" _ vV’ ()v"

T /V\VP Vi \IF Vv T Ce C\I"—\— (Jc N (I1-23)

"

cv pv” CAASY eV cv’ V'(J ev' v P
N /v\ B
ev’cV"’ + /\/\V(’ cv” + /\/\ev cv” T l\/\\le cv”

These results for the two- and three-body matrix elemenﬁs are
summed over the core orbitals as indicated in equations II-ka and
II-4b. Certain two- and three-body cluster terms can be combined.
Furthermore, summing over the core orbitals and taking into account
the symmetry of the M 'é results in restricted sums. The resulting
one- and two-body matrix elements for the valence hamiltonian can now

be written.

G = €6, + Téerlgalerd

G LLL ML LYY M

¢ ¢ ¢ ¢ pgldl @#[c]
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| +2222 /V\ JFZZZ(, U(/v\e - /\/\V(Jv >

- C c' ? [:\ . C
SLITM; T e
<\/v \vv> = <vv' 8‘1\V"v'">\
H 1 yv'c'c vy’ P(’
CHILM T Mo

€¢[le¢(]

+ZZZ< vva i/;v:s /\/\W " /\/\ >

Pl

< el

CVPV chv va
+ZZZ( VCV vp ev” /v\(:vcv +/\/\V()

(11-2%)
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We now have explicit formulae for the valence hamiltonian.
Depending on how we choose the core and valenée orbitals, we can
construct the various model hamiltonians of semi-empirical quantum
chemistry from first principles. In practice, this requires the
approiimation of truncating fhe seﬁ of excited orbitals. The valence
shell hamiltonian depends on our choice of [c] and [v) which define
- the model space, trh. Furthermore, given a specific choice of [c]
and [v] the accuracy of any particular calculation depends on how we
choose the truncated set of excited orbitals. In the next section

we construct the pi-electron hamiltonian.



CHAPTER III
PI ELECTRON HAMILTONIAN

We now address the sigma-pi problem. From the formulae de#eloped
in Chapter II,-we can construct a pi-electron hamiltonian. We started
out with an N-electron problem on the full N-electron space. We then

transformed the full N-electron hemiltonian to an effective N-
electron hamiltonian operating on a truncated space. We.further
reduced the problem by defining our concept of a valence shell
hamiltonian 1 ¥ and the conditions which it must satisfy. We now
want to consider a planar molecule with a pi electron system and let
Nv equal the number of pi electrons. Our model consists of a core
of sigma orbitals——designated Oc--a set of valence pi orbitals-—-
labeled Wv—-and an excited set of orbitals consisting of both
symetries—-labeled o_ and m_. With this idea in mind, we then can
construct a pi electron hamiltonian which will in principle yield the
exact low-lying excitation potentials. Such a hamiltonian has been
the essential starting point of semi-empirical calculations of large
organic molecules. To the extent we succeed, we would have a non-
empirical basis for applying quantum mechanics to the mobile pi-
electron subsystem of such moiecules.

First, however, we note a traditional gb initio pi electron

calculation corresponds essentially to choosing the generator of the

canonical transformation 5312 = 0, in Eq. II-24 and II-25, whence we
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have

vl

H““ = ev-‘gwmj + ; <02TY;\8|1\GZTT3\> (I1I-1)

[N

and
vz |
Hmmm“l B <TT"“3\ 8“‘“‘*“1 > (I11-2)

Here éﬂiﬂj is the Kronecker delta symbol. - Thus, the presence of the
core is introduced only into the one-body terms by summing over the
core orbitals. The effects of the excited orbitals as well as the
remaining effects of the core orbitals are ignored. We use these
operators to perform a pi electron approximation calculation.

The canonically transformed one—parficle matrix elements
<ﬂi| H1V1|ﬂj> are given by Eq. II-24 by identifying v - " and v' - M
In fact, simplifications are obtained due to the sigma-pi symmetry
which implies the vanishing of two-bédy matrix elements such as
<ﬂﬂ'|g12|ﬂ"c> and <06'|g12|0"ﬂ>. Thus, for example, examination of

the structure of the M's given by Eq. II-20 implies that

G, 6. 0.”
M = O

0. 6" 0. I,

and so no terms arise from the three-fold sum over core orbitals,

(2;5: P ) in Eq. II-24. Similar restrictions in the sums over p
e @&’ o
in the other terms also occur with the final result that
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> = endnm, + Y damlgaloom>

AT TL MO YT M
-“-Vo-e o—c z “eu_e O-Q T

G T G G Te Te ;

iy G‘E o, T, ¢1r

1 mr C.Ne zz ¢ Oefc Mc i Ge

_ZZZZ T @ _— AR Tl 0.0
) ¢’ Te S

c.' COe

- Z_ Z z Ty 0101 w‘m (%Y

) P
; 0—c -'TV c 0- -lTe

(111-3)

Here we have labeled the core summation index c¢ as Oc to emphasize
it is in fact a sigma orbital. The restrictions on the p summations

are indicated explicitly by specifying the sets over which the
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Turning now to the effective two-body interactions, we identify

. '_)'TT. L i Tt .
v+l,v J,v K’ and\v Q

orbitals ¢ is again rewritten O

restrict the general sums over p to specific subsets of orbitals.

time we obtain

<“‘“j H" wm >

z z TT T\' 6.0’
4 0.0, Tr.JT
LYY Mo
A nene T
: Te Te ¢
.1 z z c“| TMe6c
Z “3“& “k-“-l
G.c Tre

The summation index over core

Sigma-pi symmetry is invoked to

= <TTiT(j\8n\\T\<TH>

LYY oMt
Geﬂ'e’ .‘Tk-“—l
0e 0§
LYY M
2 Tlle Tty

“y -‘Te

G-C“J G'{We
«

'“'\.“.e .“.\‘-“1
|'\'\' ey
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2 o' . T [\/\ :
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We now wish to maeke a specific division of the m space. We
envision all pi-orbitals are in the valence space and consequently
have no pi-orbitals in the excited set; thus, the summations con-
taining ﬂe's simply do not occur. However, in theory, this leads to
a valence. space defined by an infinite number of orbitals and
consequently, we would have to pefform an infinite CI calculation to
arrive at the exact energies. In practice, we must perform a limited
. configuration interaction calculation within the Nv pi-electron space,

and thus we compute only approximate excitation energies. With this
choice in mind, We‘eliminate three summations in the calculations of
~each matrix element of “{‘ﬂ'and }“ve. Of the remaining terms in
Hv2’ the Z%} sums are the "particle conserﬁng" terms so called by
Harris. Theié gzrms arise exclusively from the three body terms in
the cluster expansioh. The relevant matrix elements which enter these
sums hﬁve one valence orbital in each of the initial, final, and
intermediate states. The two remaining sums, E: Y. and 5: E:

G O Te Ce
result from both two~ and three-body cluster contributions and cor-
respond to the scattering of electrons in two pi orbitals to two pi
orbitals through two intermediate sigma orbitals.

We note in each particle conserving term of 2; ?;: only one
excited orbital appears; this limits the number of Ewo—;ody matrix
e;ements <A1A2]g12|A3A4> that need be evaluated for use in this
particular summation. We envision the set of excited orbitals,
which is infinite in principle, to be approximated by a finite but
large orbital set, [e]. We then find that if we neglect the terms

§: , the number of two body matrix elements required in the calcula-

0-e<0‘e

tion is a linear function of the number of excited orbitals. Thus,
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larger basis sets [e] can be used. In the calculations reported
here, terms involving two external orbitals ee' are kept in both }QV1
“and }[vg.

In neglecting fhe We summations, we have epvisioned the number
of valence pi orbitals to be infinite. In prectice, of course, only
a finite set of M% valence pi orbitals can be introduced. Hence,
the effective valence shell hamiltonian is truncated and acts in the
resulting finite dimensienal vector space. According to the formalism
-the remaining m orbitals should appear in the excited set making
themselves felt through the canonical transformation.

‘We now have the formulae forvthe coefficients (matrix elements)
in the second quantized expansion of the valence shell hamiltonian
(Eq. II—3). These coefficients will be used to calculate the
representative of the valence shell hamiltonian in Nv—particle space.
The basis which defines this representation consists of antisymmetrized

products of Nv spin orbitals from.[v]. There are

Q= M“\'/(Nv\.{mv-m\)

members in this basis. This number could prove to be astronomical so
even this basis might be truncated. (In the case of ethylene the
number was small enough for both basis sets to use all Q configurations)
Once the representative of the valence shell hamiltonian is
constructed, it is diagonalized. The eigenvalues and eigenvectors

are then our source for solutions.



CHAPTER IV
PROGRAMMING CONSIDERATIONS

During the last three years we have written, debugged and
checked the programs necessary for the computations in this thesis.
As anyone familiar with large scale programming knows, the frustrations
are many and pérsistant. However, in the end we feel the struggle
was worthwhile and rewarding. Our programming must:

1. obtain a basis set of orbitals. We do a self-consistent-
field calculation (SCF) using contracted gaussian orbitals;

2. generate the one- and two-body matrix elements in the
(orthonormal) molecular orbital basis. This involves
transforming the atomic orbital matrix elements with the
transformation matrix arising from the SCF procedure.

3., evaluate the matrix elements of }nv according to the
canonical transformation and core averaging formulae
developed in previous chapters.

4. perform a configuration interaction calculation on the
valence shell hamiltonian to determine the excitation
energies of the molecule.

The self-consistent-field calculation is performed by a QCPE
program GAUSSIAN-70. GAUSSIAN-70 requires as input the molecular
geometry and a basis set. Alternatively, one can specify that
GAUSSIAN-T70 use one of its own internally stored basis sets. In either
case the basis sets consist of groups of contracted gaussian functions.

These functions usually approximate Slater-type atomic orbitals centered

on each nucleus. Thus,
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where ¢j is a Slater type function and is defined as:

¢J. = ¢Y\,1m1

. 2_n5+1-% .- ’-Z' :
- <2(232,)‘. e \Q"‘x(e’ @

and ‘{@m(e,¢) is the spherical harmonic. The X

are gaussian

functions:

X| = anlml

1
2

% ng +1 2ng+ -d;rt
(’% 5 !r‘n"-1 O(;—;{-—l - N Yl (9, (P)
(2ng- 1)1 ™

. -

I

Stewartl did calculations on gaussian function expansions of Slater

type orbitals and published the results of one, two,. i . six function

expansions of various Slater type orbitals. Stewart's expansion
coefficients and exponents are used in this work.

The first part of GAUSSIAN-70 calculates all of the one-body

integrals

X v, A - Z.et N
Xl v +Z~‘ F-Ra | Ky(F)dP
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and all of the two-body integrals

gl = [ XX = XX @ dnn

The second part of GAUSSIAN-70 performs a self-consistent-field
calculation. That is, the program finds the eigenvalues and eigen-

vectors self-consistently of the closed shell Fock operator

A 2
K _a -L,€
F(l\ = —'z;\ Vv, F Z{ m\?,—g,‘\

+ ) (JP(F.B - K,um)

A= Occh'\ed.

where

* 1
Jp(?){: 7y) *jdr ¢p (Ft\)‘r

3, (%) (%)

ity = |42 477

GAUSSIAN-T70 first diagonalizes the atomic orbital representation of

Y A~ L,ef
2 Y
2 LA

d=1




68

and constructs the eigenvectors of this one-body operator. These
eigenvectors are then used as an initial guess for the ¢'s in the
self-consistent-field procédure. The solutions are iterated until
a desired convergence tolerance is reached. The end result is a
set of eigenvalues € belonging to the set.of eigenfunctionsv¢i. The
¢i aré linear combinations of the input atomic orbitals.

The resulting output data are dne—quy matrix elements, two-
body matrix elements, overlap matrix elements (all in the atomic
orbital represehtation), the eigenvalues € and the coefficient matrix
which transforms the atomic orbital (AO) basis into the (SCF) molecular
orbital (MO) basis.

The second part of our programs uses the coefficient matrix to
transform the one- and two-body matrix elements into the MO basis,
The transformation of the two-body matrix elements involves the four-

(¢i¢3\¢k ¢1> = Z‘E 2 EA: Caicbjcckcdl(XaXb\Xch\>

where i, j, k, 1 refer to the molecular orbitals and a, b, ¢, d

refer to atomic orbitalsf The problem as stated involves a computation
time proportional to Mg where M is the number of spatial orbitals.
Using Horner's rule2 however, the time for the four-fold summation for
each of the Mu molecular orbital integrals cén be reduced to a time
proportional ﬁo MS. The transformation is broken up and the indices

are transformed one at a time as follows:
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(ablc1) = 2.Cq (ablcd)
(ablkL) = L Cufablel)

(ajlkl) = Zcbj(ab\u)

(iylkl) = };Ca\(d}\kw

Because we are workihg on pi-electron systems, we found that
the more effici\ent procedure for transforming the two-body matrix
elements was to take advantage of the sigma-pi symmetry. Whence,
four separate subroutines were written, one for each of the following

types of MO matrix element:
(eoloe)
(ewlom)
(o )
(mw\w)

where
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* 1
(O‘;O”jla“ko'l) :jjd F dF, ¢:i(ﬁ3 ¢¢j( T . ¢¢k(v‘*.3 §5¢1(FJ

Following the MO transformation we construct the Hartree-Fock

potential 1Jij'

Uy = (&:1Ulg)) = sy ”(Vjil"gvud;:l?%\m

The pair potential matrix elements, (ij]glglkl) are then constructed

from the two—bbdy matrix elements ahd the Hartree-Fock potential:

U?kgél + Ujlgik
N-1

(ijl gel k1) = (1K) -

All these data are then sorted and arranged on various direct
access files for ease of later manipulations. We found that the
greatest amount of computer time was spent on these two steps (vis.
SCF and MO transformation), approximately 80-90%. If the canonical
transformations could be carried out in a non-orthogonal basis, both
of these steps could be eliminated.

The third part of our series of programs uses the (ij|g12|k2)'s
and the ei's to consfruct the matrix elements of the effective

hamiltonian. That is, we construct according to Eqs. III-3 and III-}4

<TY;\HV1}T[\-\> and . <1T;TYJ- |HVZ\1\JTL>. |
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Here, the angular brackets refer to antisymmetrized products of
spin orbitals. The output of this series of programs serves as
input to the configuration interaction programs.

The fourth and final part of our programs performs a configuration
interaction calculation on the valence space, or iﬁ this case
the pli electron space.

'The first subroutine in this series sets up the pi space basis
functions.  We have chosen to represent this Nv—particle basis in the
occupatioﬁ number representation and found that the binary bit
positions in the IBM single precision word do this job admirably. For
both basis sets the number of possiblé determinants was sufficiently
small so that a complete configuration interaction calculation on
‘the pi electron space was possible.

The next subroutine inserts the effective operator matrix
elements into the correct locations of the CI matrix. We chose to
construct the CI matrix elements in this manner rather than do the
sums explicitly because the number of two-body matrix elements in
future calculations could becomé too large for the computer storage
at hand.

After the CI matrix is constructed, all that remains is the
matrix diagonalization and construction of the eigenvectors. This
was done by an IBM scientific subroutine package (SSP) program EIGEN.

With this series or programs the calculations were performed
in double precision. Also because of the extensive use of periphéral
equipment these programs are localized to the IBM 360—370 series of
computers. However, it is anticipated that only minor modifications

would be necessary for use on another brand of computer.
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CHAPTER V
THE ETHYLENE MOLECULE

The main objective’of this thesis was to write and execute
programs which do the canonical transformation on pi-electron systems
in molecules. The first molecule of interest is the ethylene molecule
which is fhe smallest pi-electron system. This chaptervis concerned
with the particulars of the ethylene ﬁolecule.

Calculations on the ethylene molecule data back to the 1930's
and 1940's when semi-empirical methods were used to determine
vibrational force constants and twistihg fgyequency. Parr and Craw-
ford1 calculated the out—of—piane vibrational force constants using the
method of antisymmetrized molecular orbitals. They considered ethylene
as a two electron problem and claimed no semi-empirical data other
than molecular geometry. However, in allowing for the interaction of
the two electrons with the core they ignored altogether the hydrogen
atoms. Further, they described the interaction of the electrons

with the carbon atoms as

H (1) = H°1 (1) + Hc‘2 (1)

where Ho(l) is "mutual potential energy of electron 1 and the single-

bonded H,C-CH, framework"; H_ (1) is the "potential representing
1

attraction of electron (1) by carbon atom C plus repulsion of

1
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électron‘l by the other 5 electrons." Thus, each pi-electron is in a
field of C+ ions. Obviously some dynamics have been left out of this
picture. Howevef, this was "a step towards the ideal 'first principle'
treatﬁent."

In 1965 Moskowitz and Harrison® did the first full SCF caleulation
on ethylene including all the sigma and pi electronsf Their results
showed that gaussian functions couid be used in such a calculation
and accuracy éttained. Theirs also was one of the first molecular
electronic structurevcalculations to make large scale use of the
computer. They concluded that the idea of sigma-pi separation is
a.valid one. The calculation of excitation energies achieved only
fair agreement with experiment, however. Also‘to be noted is the
single configuration used. No attempt was made to include configura-
tion mixing.

About two years later, Schullman, et al3 publishéd results of an
SCF calculation using contracted gaussian basis sets. They used
virtual orbitals to construct the excited statés and thence the
excitation energies. Some of their findings are listed in the
following table (Table I). Again these numbers are the reaults os

single configurations studies.



[P,

TABLE I

ENERGIES OF EXCITED STATES RELATIVE TO GROUND STATE
(Schullman, Moskowitz, and Hollister)3

1B (m > m*) 9.3eV (V)
1u

3Blu (1 > m*) 4.19eV (T)

1B3u (T>0 *) 9.826V

3B3u (m > o%) 9.46eV

lBlg (G > %) 9.79eV

3Blg (o > ™) 9.27eV

McKoy and Dunn:lng’+ used the equations of motion method for the
excitation operator to study the excited states of ethylene. They
performed SCF calculations with a minimum basis set then used the
random-phase approximation to calculate the excitation energies.
Their result on the lowest lying singlet state was 9.4l4eV above the
ground state. For reasons of convergence they did not report the
triplet energy of interest. However, they did report other low-lying

excited states.
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In 1971 Buenker, Péyerimhoff, and Kammer5 published the first
combined SCF and 1imitéd CI calculations on ethylene. They performed
separate SCF calculations on the ground states and each of several
excited states. From each SCF calculation came the molecular orbitals
and corresponding orbital energies. For the caiculation of the CI
ground state the MO's from the SCF calculation of»the ground state
were used to construct the 16-particle determinants. Fér the calcula~-
tion of the first excited triplet stéte (lb3u > 1b, ; 38 a state) the

2g 1

MO's from the SCF open?shell calculation of the 3B state were used.

1u
The CI calculations were limitéd calculations on each state of
interest. All configurations which differed from the ground state
by less than four electronic excitations were included in each CI
calculation. The point of using different MO's for different states
was the following: If éll the ‘CI states wefe considered, the need to
use different orbitals for different states would not arise, since
the space would then be as complete as the finite number of orbitals
would allow. However, since there would be a truncation of the number
of CI states allowed, it was hoped that by using orbitals that were
constructed with a particular state in mind improved accuracy would
result. This proved not entirely true, however, when a lower ground
state was achieved during a calculation aimed at the first excited
triplet state.

The calculation of the excited singlet and triplet states (m-> m¥)

yielded the following results:
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TABLE IT

ETHYLENE EXCITATION ENERGIES BY BUENKER, ET AL5
‘ (Energies in eV)

State Excitation Energy Experiment

1 . a
Biy (V) 1b3u > 1b2g 8.323 ~,7.66

3 R | b
1 (T) 1b3u 1b2g 4.255 L.6

®P. G. Wilkinson and R. S. Mulliken, J. Chem. Phys., 23, 1895
(1955). . x

bD. F. Evans, J. Chem. Soc., 1960, 1735.

The results of the calculations of Buenker et al are encouraging
to theoreticians because the numbers were closer to experimental
values than any previous ab initio calculation.

In a later calculation which also appeared in 1971 Del Bene,
Ditchfield and Pople8 studied the results of an extended basis set
and limited‘CI on the calculations of excited states of ethylene
(among other molecules). They chose two different basis sets
STO-46 (which is close to minimal) and 4-31G (extended basis set) and
calculated excitation energies with and without CI. The CI calcula-
tions were limited in the following manner: select M highest occupied
orbitals and M lowest unoccupied orbitals and form from these all

singly excited configurations. M was allowed to vary from 1 to 8.
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M = 1 refers to a single configuration (i.e., no configuration inter-

ation). Their results follow:

ETHYLENE EXCITATION ENERGIES BY DEL BENE, ET AL

TABLE ITI

8

(Energies in eV)

STO-4G : 4-31G
State o CI With CI No CI With CI  Experiment
lBlu © 12.83 10.97 10.31  9.16 7.65%
3 | .
B, 3.46 3.29 3.85 3.80 4.59

2a. Herzberg, Molecular Spectra and Molecular Structure (Van
Nostrand, Princeton, N.J. 1966) Vol. 3.

In August 1972, Bender, Dunning, Schaefer, Goddard, and Hunt1

0

published work on ethylene using multiconfiguration wave functions.

They carried out calculations on the T(3Blu) and V(lBlu) states only,

using previous ground state calculations of‘Dunning.ll Their

calculated singlet-triplet splitting was ~3.9eV. When this is added

to Dunning's previous calculétion of the N» T transition energy of

4.22eV we find
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3p N+T  L4.22V

B N>V 8.1eV
lu

This calculation again invgléed cdnfiguration interaction and studied
the effeéts of different "classes of configurations included." The
largest CI pe?formed included the ground state SCF configuration

plus all singly- and doubly-excited configurations.

We have discussed some of the ab initio calculations on ethylene.

The recurring themes in these calculations follow: 1) The T state
is/better defined both theoretically and experimentally than the V
state. The experimental value for the N + T excitation energy most
often quoted is 4.6eV and most large ab initio calculations fall in
the range 3.6-4.2eV for this excitation. Also, in the calculations
the triplet state is easy to identify with the spectroscopic T state.
Experimental discussion of the T state is found in Miullikin’s12
paper. Much of his discussion of this state is based on the work of
Evans.13 The paper of Evans reports observations of ethylene spectra
in the range 3506-2600& (3.54-4.77eV). The light absorption curve
of ethylene stafts at 35002 and increases with humps (showing
vibrational states) until it reaches a maximum at about 27003 (4.59eV).

Evans concludes that this particular electronic transition is the

lA > 3B

g 1u (N > T) transition of ethylene. Mulliken points out that

0
although the curve should reach a maximum at 2700A it actually is
swamped by the beginning of an N > V transition.

2) The singlet V state is not well defined, either theoretically

or experimentally. Ab initio calculations have found it to be
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\ anywhere from 6.5eV to 10eV above the ground state. The interpreta-
tions of the calculations are clouded by the appearance of a diffuse
singlet very near the V state. This state shows up when diffuse
orbitals are added to the basis. Theoretically the V state has been
-assigned the () configuration whiéh in a simple valénce—bond |
model yields the first eicited singlef state. However, with the
addition of diffuse orbitals to the basis, not only is the energy of
the V state lowered but also there appears additional singlet states
(Rydberg states) very close to the V state. Experimentally, the
question is whether the first excited state is the V state or a
Rydberg state. M‘ullikenl2 states with some assurance that the absorp-
tion curve for the N + V transition starts at 21503 and continues
increasing with an irregular progression of bands until it disappears
under the intense bands of the first Rydberg transition. However,
if the curve were continued, it would have a maximum ab about 16202
(7.65eV). Mulliken's extensive discussions‘about the excited states of
ethylene conclude that the first excitéd singlet state is a Rydbefg
state occuring at 17443 (7.11eV). The V state occurs at 16201
(7.65eV). These conclusions were based on analysis of spectrographs
and theoretical assignments of states.

From the above discussion we found the most often quoted
experimental excitation energies for the T state and the V state are
4.6eV and 7.6eV, respectively. Further, we feel the best gb initio
calculation is that of Buenker, et al. We will relate our calculations
to these numbers.

Ab initio calculations involving all N electrons (N = 16 in

ethylene) are difficult and time consuming. Since the number of
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configurations necessary td span the N particle space is generally

. very large, severe truncations of the N particle basis afe necessary.
The first serious attempts to reformulate this problem in terms of

a true valence shell hamiltonian for ethylene was based upon Freed'slh
gh‘igiiig derivation of the pi-electron hamiltonian from many-
elecfron theory. Using two different basis sets (one small, the
second containing the first plus 1 diffuse 2s orbital and 1 diffuse
2p shell), Iwata and Freedlu calculated the singlet and triplet
excitation energies. Fér the V state they got 9.4leV and 9.73eV

for the small and large basis sets, respectively. For the T state
they got 4.79eV and 4.84eV.

This brings us to our calculations on ethylene and comparison

with other work.
SCF Calculations

We begin by doing an SCF calculation on ethyiene using GAUSSIAN-
70. We chose three atomic orbital basis sets. The atomic functions
are linear combinations of gaussian functions which approximated
best atom value Slater functions. The first basis set contained 1ls,
1s', 1s", 2s, 2s', 3s, 3s', Us, 4s', and 2p functions on each carbon
atom and 1s and 2 s functions on each hydrogen atom. The second
contained 1s, 2s, 3s, 2p, and 3p functions on each carbon atom and
1ls and 2s functions on each hydrogen atom. The third basis set
contained the second plus a diffuse 2s and 2p function on each carbon
atom. The second and'third basis sets were chosen to be very similar
to Freed's choice for comparison purposes. The diffuse orbitals

were added in Freed's work to try to lower the excitation energy of
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the V state. Table IV describes more fully the basis sets; Table V
 and Figure 9 show the SCF results.

After the SCF calculation the one- and two-body matrix elements

© were transformed to the MO basis, sorted, and arranged for easy

access on disk storage.
! -~ The Canonical Transformation

The canonical transformation was performed using the molecular
orbital matrix elements generated by GAUSSIAN-70. The equations

which were summed follow:

Wy = enby+ L Camlgnlacmy)

1 Z Z Z [\/\c_c“i “v Ge
Z -“VG.Q 0-¢T\'j
GC -“—V G-C. .
AR T (M
~ )R PR ¥ TeTi ULT‘S 06, G0
c [3 e ' '
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ZZZM““
-“‘“-V 0';0‘
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TABLE OF THREE BASIS SETS USED

TABLE IV

IN THIS THESIS
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. Number of
Atom Type Zeta () Gaussian Functions
I
Carbon 1s 32.0 3
1s! 16.0 3
- 1ls" 8.0 3
2s 4.0 3
2s! 2.0 3
3s 0.8 3
3s! 0.2 3
4s 0.08 3
hst 0.02 3
2p 1.59 3
Hydrogen 1ls 1.24 3
2s 1.24 3
II ,
Carbon 1s 5.67266 Y
28 1.60833 3
3s 1.60833 2
2p 1.56789 L
3p 1.56789 L
Hydrogen 1s 1.24000 3
2s 1.24000 3
III
Carbon 1s 5.67266 L
2s 1.60833 3
2s! 0.20000 3 diffuse
3s 1.60833 2
2p 1.56789 L
2p' 0.20000 4 diffuse
3p 1.56789 4
Hydrogen 1s 1.24000 3
28 1.24000 3




TABLE V

SCF RESULTS

(LAu = 27.2116eV)

8l

- Orbital- Symme try Energy (Au) Orbital Symmetry Energy (Au)

BASIS SET I: M =7 M =2 M =23
: Cc v e
1 b -11.1307 17
2 2, -11.1205 18
3 2 - 1.0219 19
L blu - 0.7750 20
5 b, - 0.6200 21
6 ag - 0.5478 22
7 b3g - 0.4797 23
8 b3u - 0.3575 24
9 b1u - 0.0000213 25
10 ag 0.0000267 26
11 ag 0.000414 27
12 b1u 0.00133 28
13 a, 0.0051% 29
14 by, 0.00865 30
15 blu 0.1238 31
16 2, 0.1325 32

Total Energy = -77.035802 Au.

o' o
[+ S M \0)
‘& 0-
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=
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0.261Y4
0.3737
0.5092
0.5398
0.5669
0.8928
1.1888
1.5529
1.6518
1.6572
7.2611
8.1619
104.18
106.58
919.07
926.27



TABLE V (Continued)
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Orbital Symmetry Energy (Au) Orbital Symmetry Tnergy (Au)
BASIS SET IT: M = 7 M =L M =15
C v e
1 a, -11.2020 14 blu 0.7150
2 : blu -11.2008 15 7 b3u 0.8552
3 ag - 1.0163 16 ag 0.8571
4 blu - 0.7759 17 b2u 0.9027
5 b2u - 0.6250 18 2, 0.9928
6 | ag - 0.5641 19 b1u 1.0342
7 b3g - 0.4879 | 20 b2g 1.0860
8 7 b3u - 0.3516 21 2 1.5310
9 T b2g 0.2330 22 b211 1.5835
10 ag 0.3219 23 b3g 1.601L
11 bgﬁ 0.3480 oL blu 1.6080
12 blu 0.3673 25 ng +1.9790
13 b3g 0.5369 26 blu 2.2126

Total Energy = -77.668159 Au



TABLE V (Continued)

Orbital Symme try Energy (Au) Orbital Symmetry Energy (Au)

BASIS SET III: M =7 M =6 M =21
[¢] v e

1 ag -11.2052 18 ag Q.3h86
2 plu -11.2040 19 b2u 0.3560
3 ag - 1.0196 20 b1u 0.4061
Y blu - 0.7788 .21 b3g 0.5530
5 b2u - 0.6280 22 blu 0.7799
6 ag - 0.567h4 23 b3u 0.8724
7 b3g - 0.4906 24 8 0.8888
8 1 b3u - 0.3541 25 b, 0.9131
9 ag 0.00887 26 2 1.0056
10 b1u 0.0130 | 27w b2g 1.1049
11 b2u 0.0199 28 b1u 1.1594
12 7 b3u 0.0234 29 2, 1.5674
13 ™ b2g 0.0384 30 b2u 1.6099
1 b3g 0.0387 31 b3g 1.6370
15 2, 0.0504 32 blu 1.7217
16 blu 0.0981 "33 b3g 1.9762
17 7 b2g 0.2374 34 blu 2.2250

Total Energy = -77.670498 Au
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This is a one-body effective hamiltonian metrix element. Since
we included no excited pil orbitals, the sums over these orbitals do

not occur. The effective two-body matrix elements are given by

<“"“}:\1} g y = <Wi“j\ g | T )

2 Z LU A z Z T Ged,’
, 0" G, “\(“1 d'g'e “k-“—\
1 z Z Mm " feTli CeTy
-4 M -
Z Ge“’ 0-“1 ‘ “' o.e o—t‘“‘K (v 2)
. OCe )

TgT\':\ M Ce ':'\'\"J Tf-l.ﬁ'e
+ M M
G 0. T T ;6 0Tk

w

" We chose two definitions for W Eq II-16. The first

\/\/n‘~ = g [S'l s{h h,+ BMQH (V-3a)

is the definition used to develop the formalism. However{ the
resulting effective interaction does not possess the symmetry of
the original hamiltonian as discussed in Chapter II. To overcome

this problem, we have chosen an alternate definition for Wi2:
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\/\/|1 = Bin — i‘[sn.‘a \\,+\m} - | (V-3b)

This definition avoids the symmetry problem by simply dropping

diag

815 Our calculations were done using both definitions.

Configuration Interaction

After constructing the one- and two-ﬁody terms in the valence
shell hamiltonian, we next perform configuration interaction
studies to diagonalize this valence shell hamiltonian on the NV
particle valence space. In the ethylene problem there are two valence

electrons (pi electrons), Nv = 2. The number of configurations is

given by

M\
(M NDIN

and for basis sets I, II, and III, Q equals 6, 28, and 66, respec-

tively. In all three instances the number of configurations was small
enough to perform complete CI calculations. For each basis set the
same determinantal basis was used in i) the pi electron calculation,
ii) the effective operator calculation without two-body matrix ele-
ments in the denominator and iii) the effective operator calculation
with two-body matrix elements in the denominator.

Prior to CI studies with the canonically transformed effective

operators, we did CI studies in the pi-electron approximation with
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matrix elements defined in Eq.'s IIT-1 and III—é.

The third part of our programs generatéd the necessary matrix
- elements for use in the configuration interaction programs. The
CI calculations were run with both definitions for Wi2 and for all
three basis sets. The results of the CI calculations in the pi
electron approximation and using the canonically tranéformed
operators are in Table VI. The calculations without two-body terms
in the denominatqr (Eq. V-3b) are denoted IDENOM = 0; calculations

with two-body terms in the denominator (Eq. V-3a) are denoted

IDENOM = 1.



TABLE VI

EXCITATION ENERGIES WITH PI ELECTRON APPROXTMATION,

WITHOUT TWO-BODY TERMS IN DENOMINATORS, AND

WITH TWO-BODY TERMS IN DENOMINATORS
Energies in eV)
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Basis Set
I II III
Pi Electron Approximation
N T 4,780 4.6616 4.6066
v 13.072 11.730 11.993
7 18.277 16.570 17.797

Canonical Transformation IDENOM = O

3.1527 ER TN 3.9288
10.5909 10.1057 10.6148
15.882Y4 15.3077 15.2340

Canonical Transformation IDENOM = 1

T

v

Z

3.1526(3.1437)%  3.8241(3.8258)% 3.3088(3.2894)%
10.572k 10.0278 9.9812
15.8899 15.6918 14.7017

®Because the spin symmetry is broken when IDENOM = 1, the
triplet states split and we get one energy for m, = +1 and another

energy for m

= 0 (inside parenthesis).
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CHAPTER VI
DISCUSSION AND CONCLUSIONS

We will discﬁss our configuration interaction results in the
context of the ground state [N>, and excited triplet |T> and singlet
|V> states associated with the single excitation configuration ﬂﬂ*.>
For the purpose of this preliminary discussion we will assuﬁe the
configuration interaction effects can be neglected. The two-electron

independent particle states are written:

Ny = |TaTed

> =5

T TTg B — | TupTig <

and

1 x *
VY = eI - g

Here T, is the lowest energy ungerade pi molecular orbital. It can

be expressed as (neglecting the overlap <pa|pb>)

1
-ﬂu:_\ﬁ_—‘— Pa"’Pb

*
where pa(pb) is an atomic pi orbital on center a(b). T is the first
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excited T orbital. Its inversion symmetry is gerade and it is

expressed as:

* 1
Ty =T { Pa= Pe

Our discussion involves only two pi atomic orbitals. If we
choose to include more, we may consider that they are part of the
excited set. To include them in this discussion would obscure the
| conclusions with tedious algebra and argumgnts about overlap.

The single configuration two-particle ground state can be

represented in terms of P, and Py:

IND> = |TaTp)

= %[Pa(n Pa(z)"’ Pa(ﬂ PL(Z) |
o(,ﬁ.,_ - Bldl
2’

+ P\’U) Pa(2) + Pb(l) Pb(ﬂ}

The triplet and singlet states are represented:

™ =5 | e 6> +\m@ngd>}

— { P\,(ﬂ \)3\(2) - Pa(ﬂ P\’(—L»} di&+ 6|dl

2
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and

V>

\

& Imangey - Inmi

{ ?Al) ?a(l) - o) Pb(l)} dv@fz_-’ Bkx

I

Note the triplet state is purely covalent (electrons 1 and 2
are always on two different centers) and the singlet state is purely

ionic (the electrons are either both on center "a" or both on center
ubn) .

If we now examine the expectation value of the effective hamil-

= NHNY = 204 (pon Hv\gwf)}
N %{(F*P*’ | paps) + Cpupal ™90 )
e (pape " pap) + (pope|H™ pops )
+ (papu [H" [ pp) + (papa| L pope )
+ (PaPB‘HVL\ P"?‘J + (PAP\D\HVL\ Fa?a)}
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Er = <TIHT = 2 (popl ' pen)
+ 5 (p-p | H" [ o)

(Bl - (ool

and

E, = <VIH'IVY = 5 (ol perp)
+ 2 (peopel ' pi-po)

+ { (s | F" [ pap) = (| 1 ?\,M}

(paH' ) = pob W' |pbiD

and

) = CphpiH bt

are matrix elements of the effective two-body operators. Now since

(pupe L

ve . . . . . . .
ﬂﬂ_ is invariant under particle exchange and inversion operations

we have the following identity:
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(Epl R ) = (e T ) = (o o)

The transition energies are given by

E--Ey = ~(plpa) = Cpalpe)

- 5 &(PaPa\\?aPQ = (paps| PaPO}
"[(PaPa\Pbe> 4+ (PaPa\Panv + (PAP\:\ Pb?b)

e (Pplpp) + (papelups) - (papol popa))

(pa\PQ = (P“\»H\“\FQ
(Pan\ Pa?s) = (P‘*P"\HVZ'\?“F*’>

E,-bEy = = (Pel pa) = (pal PQ
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5 (papalpep) = (palpape))

= [lppalpups) + (pepalpaps) + (paprlpvpe)

+ (poprlpepe) « (Pepulpore) = (papulpupe)|

We thus have expressions for the T and V state excitation
energies. At this point we could discuss the triplet-singlet
splitting with respect to these calculated single configuration
energies. However, by invoking the zero differential overlap
approximation, we will be better able to relate to the semiempiricists
point of view. Further, we should see the largest contributions to the

splitting. Therefore, in the ZDO scheme
' 1
ET —EN = ‘(Pa\?b)* (?\o\?ﬂ‘ 3 B

and

o= T = - (plpy)- (plpa) + 5 8

where

A = (papal papa) — (PaPulpapy) |
= 7[;3 - “(;b
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We are then led to
EV - ET = A

Empirical values for A depend on the semiempirical parameters
Yaa and Yab' The success or failﬁre in predicting the V-T splitting
is partly reflected in how well Yaé and Yéb are modified from their
bare coulomb values towards their semiempirical values.

From Eq.'s V-1 and V-2 we calculate corrections to the one-body
and two-body operators in the molecular orbital basis. Since
the Yaa and Yab refer only to ﬁhe two-body terms in the AO basis,
we transform the corrections of the two-body terms back to the atomic
orbital basis. These corrections can then be looked upon as corrections
to the bare coulomb matrix elements as is shown in Appendix B. Our
corrected values for Yaa and Yab as well as the bare coulomb values aﬁd
semi-empirical values afe listed in the following table (Table.VII).

Our vy, matrix elements are reduced by 0.8 to 1.6eV and Yab
is raised about 0.2eV (depending on approximations and basis set).
However, we are still 2.5-3.0eV from the empirical values derived
from experimental results.

We have used four basic approximations in our work:

i) truncating the cluster expansion and including
only up through the three-body terms

ii) keeping at most only part of the second order
commutators

iii) approximating the solutions to the equations for
the generator 812, as well as assuming 8123 =0
iv) using a finite basis set for the excited orbital
space to evaluate the formulae
We feel that of these four sources of error the basis set problem is

the most serious. The extent of the basis set bears on two conceptually



TABLE VII

TWO BODY ONE AND TWO CENTER MATRIX ELEMENTS
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Yaa Yab a

(using STO's) 16.93 9.31 7.62

r

12

Semiempirical 10.53% 7.38% 3.15
CT Basis set I ID=0 15.47 8.96 6.51
1 15.46 9.66 5.80
CT Basis set II 0 15.76 9.50 6.26
1 16.02 9.44 6.58
CT Basis set III 0 16.09 9.38 6.70
: 1 15.34 9.67 5.67

aR. Pariser and R. G. Parr, J. Chem. Phys., 21, 767 (1953).
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distinct questions. The first is the completeness of the pi orbital
valence space. In principle; we have taken it to be infinite whence,
the effective valence shell hamiltonian should be represented by an
infinite matrix. Diagonalizing the effective hamiltonian--assuming

we have somehow found its exact matrix elements--on-a finite subspace
yields atbbest approximate stationary states. The second question
concerns the completeness of the sigma orbital space. Calculation of
any one matrix element of the effective hamiltonian requires in prin—b
ciple a complete set of sigma orbitals (e.g., the sum over 9 is
infinite).

In practice these two questions influence each other because of
the manner in which the core, valence, and excited orbitals are in
fact found. A finite atomic orbital basis is intréduced and a self
consistent field calculation yields the sigma core orbitals, the
occupied and virtual pl valence orbitals, and the virtual sigma
orbitals which carry the burdeﬁ of mimicing the space of excited sigma
orbitals. Thus, the finite dimensional pi space will influence the
division of the sigma orbital space into core and excited orbitﬁls
through the SCF procedure.

It is not surprising that the practical considerations associated
with the extent and character of the finite atomic orbital basis
set must be thoroughly understood before drawing any conclusions from
the numerical application application of the formalism. Our
intuitive feeling--coloured perhaps by the hope that the formalism will
be a practical aid in performing semiempirical calculations—is that
we should try to get accurate values for the effective hamiltonian

on a somewhat restricted valence space, rather than trying to extend
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the pi orbital space at the outset. Hence, we are led to introduce
an extended set of sigma orbitals as the most direct way of computing
the matrix elements of the effective hamiltonian on the limited
valence space.

The results of our configuration interaction studies are shown in.
the following table (Table VIII). Energy diagrams of the V state
and the T state using the data from Table VIII are shown in the
following figures (Figurés 10 and 11).

These results are rather coarse and are to be expected from
examination of the transformed'matrix elements. Our singlet-triplet
splitting is too high for all three choices of basis. A discussion of
the shortcomings of these calculations along with suggestions for

future work follow.
Conclﬁsions

Our studies were not aimed at making definite conclusions about
the lowest singlet and triplet excitation energies of the ethylene
‘molecule. Rathef, they were to develop the canonical transformation
approach to quantum chemical calculations. Large molecules of fifty
or more electrons are inaccessible to rigorous quantum computations
which include correlation effects. Our intent is to develop a
rigorous albeit useful scheme for studying such molecules.

We chose, as a starting point, to calculate the pi-electron
hamiltonian of ethylene. What now follows is a summary of the
difficulties we encountered.

i) Our choice of ethylene as a prototype molecule of pi-electron

systems seems to have been a poor one. Although the molecular
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N-T N>V VT

Experiment® 4.6 7.65 3.05
Ab Initio® 4.25 8.32 4.07
Freed (1)° 4.793 9.4k 4.65
Freed (2)¢ L.845 9.729 4.88
Basis Set I

Pi Approx 4,780 13.072 8.29

TpENOM=02 3.153 10.591 7.4

IDENOM=1 3.153 10.572 7.42
Basis Set II

Pi Approx 4,662 11.730 7.07

IDENOM=0 - 3.h0k . 10.106 6.70

IDENOM=1 3.824 10.028 6.20
Basis Set III

Pi Approx 4.607 11.993 7.39

IDENOM=0 3.929 10.615 6.69

IDENOM=1 3.309 9.981 6.67

aExperimental values for N°T and N>V transitions are listed
and discussed in paper by A. J. Merer and R. S. Mulliken, Chem.

Rev., 69, 639 (1969).
b
Phys. 55, 814 (1971).

®Basis sets 1 and 2 of S. Iwata and K. F. Freed, J. Chem. Phys.

61, 1500 (197k4).

drpENOM = {2} refers to {¢

exclusion
inclusion
denominators in the calculation of the effective Hamiltonian.

R. J. Buenker, S. D. Peyerimhoff, and E. Kammer, J. Chem.

} of two body potential in
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ofbital approach leads to the inclusion of a pi orbital on each
‘carbon atom, the low lying excited states are strongly suspected to
involve sigma orbitals. Furthermore, the actual interpretation of
the experimental electronic excitation spectrum is disputéd. The
solution to this problem is to do the calculation in the wvalence
electron approach. We need to generalize our programs to compute
the valence hamiltonian. By choosing some of the highest occupied
and lowest unoccupied sigma orbitals along with the pi orbitals to
define the valence space, we feel more satisfying excitation energies
would result. These changes and improvemeénts are currently in progress.

ii) Because of the time consuming nature of transforming two
body matrix elements from atomic orbitals to molecular orbitals,
we were limited in the size of basis sét. Our programming further
limited us to transform basis sets of only thirty orbitals. (The
symmetry of the sigma and pi orbitals éilOWed us to perform the
calculation with basis set III.) Recent results of Westhaus and
Bradfordl suggest the importance of larger basis sets; They have
performed canonical transformation calculations on first row atoms
and have produced excitation energies in excellent agreement with
experiment and relatively independent of the basis set chqsen.
Thus, the need for larger basis sets in molecular calculations is
suggested. We have now generalized programs which can transform up
to one hundred orbitals in approximately 150 kilobytes of core
storage. The programming problem is now eliminated. Only the amount
of computer time required remains as a burden.

iii) Our version of GAUSSIAN-70 has no provisions for

orbitals with "d" symmetry. Recent results of P. C. Hariharan and
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J. P. Pople2 showed the total SCF energy of ethylene to be lowered

by 0.8eV. We feel that to properly account for the delocalized

nature of some of the excited states, inclusion of "d" orbitals is

a necessity. We require a molecular integral program which can handlé

"d" orbitals. Efforts are in progfess to obtain such a prbgram.
Notwithstanding the above mentioned difficulties, we feel the

results and progress thus far obtained merit further work.’ We anti-

cipate molecular calculations having the same accuracy as the atomic

calculations. The canonical transformation réqui¥edyless than 10 per-

cent of the total computation time. If an ab initio N-electron CI

calculation weré desired, it could not be done due to the size of

the N-electron basis. All other calcuiations depend on an

arbitrary truncation of the N-electron basis and thus of ﬁhe N-electron

hamiltonian itself. Our method is an ab initio approach to the same

problem which does not arbitrarily truncate the hamiltonian. It

yields calculation times which are ameﬁable to most computing systems

and budgets and hopefully in the near future accurate results.
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APPENDIX A
- REDUCTION OF THREE BODY MATRIX ELEMENTS

We consider the reduction of the three-body matrix elements to
sums of products of two-body matrix elements. These three-body
matrix elements arise in the three-body clusters discussed in Chapter

IV, where the relevant operators are commutators like [812’ igf diag

diag . .
and[Sl‘2 , 13 g3 ] Thus, examining equation (IV-7) with the
view of letting the two-body operator ‘-Yl3 = igf diag in one case and
diag

113 = W3~ g3

OGNS0 Y050) {5 - a5.)

in another, we write

* {S‘3Y\1 —YnS\“B * {S"-"Y” _Y“S'z} +{S""’\f”~ -Yﬂs"-
+{SuYa-YaSuY | [ppis>

(A-1)

- 6 <}\|}\‘L>\3\{S\1\{\3_Y‘1S\3 \P1P1H3>

= =3 YN (OLQ sl Sele ﬁf’z)((’ IXAR AT 5y

P P~ ea
- Q\D\O\s\Yn\ P‘FLFJ(B & (33\ Sn\ M P1P3>
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Recall that the normalized three-particle ket |ulu2u3> is
constructed as the antisymmetrized product of orbitals. On the other
hand, Iplp2p3) is simply the direct prodﬁct of orbitals. The two
types of three-particle kets and the corresponding bras are distin-

guished by the angular and rounded brackets, respectively. The last

line of (A-1) follows upon using the identify operator

I =2 L leee)pppl

P P Ps

in the usual fashion. The three independent sums on pl, 02, 03 are
each over the complete set of orbitals.

It is necessary to use the identify on the entire three-particle
Hilbert Space rather than just the antisymmetric subspace because

the operator in line two of Equation (A-1) has no particle exchange

symmetry. Now it follows that

OWN[Al e, ()D = ’11'37‘ QnalAlpe) O, 0,

+ <7\3>\,\A\ P f%) %))\ZPB M <}‘17‘3\A\ P Pz> %le3

_ i_ﬁ? O Alpe> 3)3(,3+<>\3>\‘\A\ PPa Exzea

+ QW |Alee, %Nf’s (A-2)
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where the angular brackets denote normalized antisymmetric products

of two orbitals:

\P!P;t> - f%f‘{\fDCZ \Fg>2"'\f%j>\\(x\>i}’

(Peups| Bis [ ppapes )y = ‘1@{<?‘f’5‘5‘)‘*"/*3>5€z#1

(A-3)

+{pp Bl 8o, + L ip 1B #z}*‘>%elp5}

In the above equations A and B can be any two-body operators
symmetric in their particle labels. Upon inserting the results

(A-2) and (A-3) into (A-1) and performing the sums on Py and p3,

we obtain

7;{@\'\1\5\1\(3}*&><P}‘3\Y.z\Pn}*3>‘<\-7\zwu\PP><E7‘3\S\1\P'P5>}
+ z{(mJ Sl oy Qusp IYal pup = QNI e Qe Sl M;} |
i ‘ v

Q;{Q')‘JS&\ Pyl Y pp =Y sy Opl S ,Z\MQ}

+Zr{<ma\5.z\M><?N\Yn\ INECE N ATR QRN }
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+z&<)\.>\3\5.1\Mb@‘l?\Y\I\V1F>‘<)\‘x’\Y‘z \ P‘P><)“P\S"‘\ }‘1}‘>}4
: | | |

@{Q,n\ Sl > Qupl Tl - Ol OuplSl

+Z{<)“)‘3\Sll\ PV‘><P>\' \Yu\ P'P3>§<X‘)‘3\Yu\ PP1><?>" ‘Sn\ f“}‘>>}
f .

2{(”\5.1 YT ATNIVENER SITANIENTS ,@}

Z{(X NalSippy e Yl iy =Yl iy el Sl P>}

The summation over p is over all spin orbitals; core, valence, and
excited orbitals.

In Chapter VI we can use the general result embodied in equation

off-diag
12

in another, and by specifying K1A2A3 lu2u3 as the appro-

(A-4) by identifying Y with g in one set of terms and

diag
Wio - g12

priate core and valence orbitals. As discussed in Chapter IV, these

specific choices lead to further simplications in the general result.

For instance, with our choice of S and (Wl2 - gizag) we find that

12
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<cc’v\[S,z,(w,3—8d,?§>]\cc'v'> = O

<cvv’[ [S,l , (\/\/,3 —86:6 >] \cv"v"'>

This can be seen by equation (A-4) and noting that at least one

(:)

)l

factor in each term vanishes. Thus, only the matrix elements such as

<cc'v \[gn : 8";‘“‘“%] |cc'v >

and

oﬁ-diag

<c,vv'\[5.1 y 8o ]\cvv>

survive in the three-body cluster contributions to the effective

interaction.



APPENDIX B
CORRECTIONS TO TWO BODY MATRIX ELEMENTS

In this Appendix we will show that from equations II-24 and
IT-25 we can derive

1

B =7 { T e TRl G,

(B-1)

+Y Y K VY56 } Ay Ay

AR
yey' VUV

where Gl(GQ) is a canonical transformation correction to the one (two)
body operator. We will show this by writing down the first three
terms of the valence hamiltonian and showing that the Hartree-Fock
potential U cancels explicitly.

"The result of this cancelation is that we can consider G

to be a correction to the bare coulomb interaction matrix element,

(my s | |ﬂ m). The N, particle valence hamiltonian consists of

rie
(Eq. II-24 and II-25)

H =7, 660+ LIl G Jda,

-2)
3T Jwlgaevyectididanas

(AR VA
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Here -
Z EV%W. a"vav, = z <V..\T+\/ +U\V> ai‘vaw
Vv’ | NV’
=V G\ TV da, + Y Gluv da,
VV' . VV'

We want to show the U's cancel in the first two terms in the one-body
operator and the first term in the two-body operator except for an

additive constant. Thus, we will work with the following three sums:

Z<V\U v>ava +2}:Z<v { U*“\v&a Ay

vv>aa By Ay

+ZZ <VVl{ U, + U;}

oyey’ vy

The second sum equals:

-(5) T L U+ U}l
T\%ﬁ NCorez;: UVV' ajt" oy ‘(—%) ‘,\\lv 2 UCC

'The third sum equals:

F)F LY [ Ut = U5

\AZER A"
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| ot
+ UV'V"'gvv" - UV.'V" évv"l} Ay a‘v’ a‘V" a‘V"'
By relabeling the indices and summing over the delta functions, we get

(AN S b —
_.(N-—l-) z UVV' Ay Oy Qyr By =

V Vl vm

1 y T ¥
CAN-1 ZUVV'AV [ZV‘ Sy- Oy | By
Vv

but

Y al.a,. = (NV -1

V ”

when it operates to the left of a_ on an NV particle ket. Hence,

the third summation equals i
1 ¥
- Y1) 0 U ava
\'A'A

A1l three sums give

Ncore T NV - 1
z Uye g"a\"' B Z va' &TV Gy
= N -1

B (S ‘{\v ‘L;UCC

N-1

When this operator operates on any Nv—particle ket, the first two terms

cancel, and we are left with the third term as an additive constant.

Hence, we may consider G2 as a correction to the two~body-bare coulomb

interaction.
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