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CHAPTER 1

INTRODUCTION

The structure of many mathematical systems is much more compli-
cated than just being an algebraic system. Many times two or more
algebraic systems are involved where the action between certain of
the algebraic systems is very significant.

For example, a module over a ring has both an Abelian groun and
a ring involved with the action having to do with the scalar multi-
plication. 1In topological groups there is a similar situation; there
is a group G, a topology on G, and an action on the topological group
having to do with the operations on G being continuous mappings with
respect to the topology on G. We will not be concerned with this last
situation but will restrict our discussion to where the systems involved
are algebraic systems.

In fact, we will be interested in the case where there are only
two algebraic systems involved. Such a system will be called a mixed
algebra and will be studied in chapter II. There we will be concerned
mainly with universal concepts, not with particular kinds of mixed
algebras. It will be easy to see that the results contained there can
be generalized to the case where more than just two algebraic systems

are involved.



In 1966 havis [10] first introduced the concept of an arena and
studied some of its properties. An arena is a particular kind of
mixed algebra. The'concept of an arena was motivated by certain
considerations in algebraic logic. In chapter III we will develop
a theory of arenas which will be used in chapter IV to study some
algebraic logic. We will look at several different kinds of arenas
and several imbedding theorems for arenas.

The concept of a free mixed algebra is introduced in chapter II
and in chapter III we show that there do not exist free arenas in
this sense. It would be interesting to consider under what conditions
a free mixed algebra would exist. We do not undertake this question
here, but do show that a negative solution holds in the case of arenas.

Henkin, Monk, and Tarski [16] along with Halmos ([15] have contri-
buted much to the theory of algebraic logic. Their methods were some-
what different. Halmos uses the concept of a polyadic algebra whereas
the others use the concept of a cylindric algebra. The arena concept
gives a third approach to algebraic logic. It is quite different from
the other two methods. In chapter IV we show, among other things,
that certain mappings from a Boolean algebra into itself are quantifiers

in the sense of Halmos.



CHAPTER II
A THEORY OF MIXED ALGEBRAS

In many mathematical contexts situations arise where two alqebras
of possibly different types are involved. For example, a vector space
over a field has both an Abelian group and a field involved in which
certain action, left and right scalar multiplication, hold satisfying
certain prescribed conditions. Such a general system will be called
a "mixed algebra". 1In this chapter we develop a beginning theory of

such algebras.

Definition 2.1: By a mixed algebra we mean a system

@= (a, B, *1+ %5 ), where
(1) A and B are algebraic systems, not necessarily of the
same type,
(2) '1 tAxB +A : (a,b) +ab
*2 t: Bx A > : (b,a) * ba

are mappings which satisfy a certain number of conditions.

The mappings *l and *2 are called the action for the mixed alqebram.

- ®
Definition 2.2: Two mixed algebras mﬁ ( Al' Bl' 11’ *12 )

and @‘= ( Az, Bz, *21, *22 ) are of the same kind if Al and Az are

algebras of the same kind and Bl and 82 are algebras of the same kind.

We assume throughout this chapter that ®.. and %are mixed

3



algebras of the same kind unless otherwise stated.

Example 2.3: FEvery module M over a rinqg R is a mixed alaecbra

( Ml Rr *lr *2 ), where

(1) M is an Abelian group,
(2) R is a ring,

(3) *l:MXR-’M

® . x &>
2.R M M

are the right and left scalar multiplications defined on M

satisfying the usual properties of a module.

Definition 2.4: A mixed algebra @' = ( A', B', *i, *é ) is a

mixed subalgebra of a mixed algebra D.= (2, B, *1. *2 ) if

(1) A' is a subalgebra of A,
(2) B' is a subalgebra of B,

(3}

Y — & and*',,* .
1 lA'XB' 2B'><A'

Thus @.' is a mixed subalgebra of @, if @:is a subsvstem of the
mixed algebra @which is also a mixed algebra. The proofs for the
next two results are similar to those which will be done later for
arenas and consequently are omitted here.

Theorem 2.5: The intersection of any family of mixed alaebras

@. = (A, B, *,, *,) of amixed algebra D= (A, B, *, * ) is

1’ 2
a mixed subalgebra of Q.

Corollary 2.6: The family of all mixed subalgebras of a mixed

algebra forms a complete lattice.

Given a mixed algebra @\= ( A, B, *., * ) it follows that if

1’ 2

S is a nonempty subset of the algebra A and T is a nonempty sub<et of



the algebra B, then there exists a smallest mixed subalgebra
[
@ = (nr, B, *i, *é ) of Qso that S A' and T = B'.

[
Definition 2.7: The mixed subalgebra @ of a is called the

mixed subalgebra of @, generated by the subsets S and T.

Definition 2.8: Let Q.= ( A, B, * » *, ) be a mixed algebra.

By a mixed algebra congruence on @, we mean a pair ( =~_, zz ) so that

1

(1) :ul is a congruence on A,

(2) “2 is a congruence on B,

(3) if a=~, a andbzzbl, then ab ~, a,b, and ba ~, b.a

1 17171 17171

Theorem 2.9: Let @= (a, B, *l' *2 ) be a mixed algebra and let

(=,,, ™, ) be congruences on @Q. Then ( ﬁzil' f\zi ) is a mixed

2

algebra congruence on 0,

Proof: Clearly nzil is a congruence on A and ﬂz. is a congru-

i2
ence on B, If p (nzil) q and x (ﬂmiz) vy, then pm., d and x N, Vo

for all i. Since each (zil' ] ) is a congruence on Q, then

i2
pX =0 qy and xp i1 vaq, for all i. Thus px (/\xu) gy and
Xp (nxil) ya. Hence ‘n“n'n 512 ) is a mixed algebra congruence

on @. /s

Corollary 2.10: The family of all mixed algebra congruences on

a mixed algebra a forms a complete lattice.

A mapping from one mixed algebra into a second mixed algebra
which preserves the action of the first mixed algebra and also preserves
the structure of the algebras in the first mixed algebra will be called
a mixed algebra homomorphism.

Definition 2.1l: By a mixed algebra homomorphism from ml to Qz

we mean a pair {f,g) of mappings so that



(1) f is a homomorphism from A, to A

1 2’

(2) g is a homomorphism from B, to B

1l 2'
(3) f(ab) = f(a)g(b),

f(ba) = g(b)f(a),

for all a € Al' for all b € Bl'

Statement (3) written out explicitly would be

* *
£( ll(a.b)) 21(f(a),q(b)).
* = *
£( 12(b.a)) 22(g(b),f(a)),
for all a € Al, for all b € Bl' It simply states that (f,q) preserves
the action of the mixed algebra @,‘. We write

(£,9) : @|* @.z

Definition 2.12: A mixed algebra homomorphism (f,q) is one-to-one

pif both £ and g are one-to-one. A mixed algebra homomorphism (f,g) is
onto if both f and g are onto. 1f (f,q) : m'-# @215 a mixed algebra
homomorphism from Gaﬁto QDiwhich is one-to-one and onto, then (f,q)

is called a mixed algebra isomorphism and we say that thand Gahare

isomorphic mixed algebras and write

@,z o

By a mixed algebra monomorphism we mean a mixed algebra homomorphism

(f,g) so that (f,g) is one~to-one. A mixed algebra monomorphism is

also called a mixed algebra imbedding. By a mixed algebra epimorphism

we mean a mixed algebra homomorphism (f,g) so that (f,g) is onto.
We now state a couple of trivial results for mixed algebras which

have to do with mixed algebra homomorphisms.

Theorem 2.13: If (f,qg) : Gl'* this a mixed algebra homomorpvhism,

then ( f(Al), g(Bl), *52 ) is a mixed subalgebra of , Wwhere *}

Py
21’ 21



and *52 are the natural restrictions of *21 and *22, respectively.

Theorem 2.14: If (f,q) : O."‘ @his a mixed algebra homomorphism

'
= [ X * ! : )
and @.‘ ( Az, BZ' 21" *22 ) is a mixed subalgebra of Qa, then

-1, , -1, 0 x . . .
( £7(a%), g (B}, *;., *1,) is a mixed subalgebra of @l' where *,

and *]'_2 are the natural restrictions of *ll and *12, respectively.

Definition 2.15: If (£,9) : @,~ @‘and (h,k) : @f @, are

mixed algebra homomorphisms, then by the composition of (f,q) and
(h,k) we mean the mapping
(hf kg) = @, + By,
where hf and kg are the natural compositions.
Theorem 2.16: The composition of two mixed algebra homomorphisms
is a mixed algebra homomorphism.
Theorem 2,17: Let (f,q) : @'-’ @zbe a mixed algebra homomor-
phism and define
X (zf, zg ) v if and only if £(x) = £(y) or g(x) = glv).
Then ( Mg, zg ) is a mixed algebra congruence on Q.‘.

Proof: Clearly ”’f and zg are congruences on A_ and Bl' respect-

1

ively. Moreover, if a N al and b “q bl' then f£(a) = f(al) and

g(b) = g(bl) . Thus

f(ab) = f(a)g(b)
~ = f(al)g(bl)
= f(albl) ’
that is, ab o albl. Similarly ba o blal. Hence .( N sg ) is a

mixed algebra congruence on @ " //

Definition 2.18: This congruence (zf, xg )} is called the mixed

algebra congruence on @‘ induced by the mixed algebra homomorphism (f,q).
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Let ( Ny N, ) be a congruence on the mixed algebra @ and let

a ixEA:lea},
b EyEB:yzzbs,

b
for all a € A, for all b € B. Then the quotient algebras A/',::l and

B/za2 are defined. We wish to construct a mixed algebra

X x
1" 2

for some appropriate ;l and *_. Define

2

.

1} A/al x B/&s2 -»> A/:sl,

;2 : B/:ts2 x A/asl -»> A/zl,
by #(a,b) = 3,

* (b,a) = ba,
for all a € A/zl, for all b € B/~,. We must show that ;1 and ;2 are
well-defined. 1If a = a, and b = bl' then a ~y a1 and b”z bl’ Since
( zl, . ) is a congruence on the mixed algebra 0 , then ab 8y albl

~ ab = 3 b ba = b a * *

and ba 1 blal' that is, ab albl and ba b1 1° Hence 1 and 2

are well-defined.

* ) is a mixed algebra of the

. *
Theorem 2.19: ( A/ml, B/zz, 1’ Y2

same kind as ( A, B, *1, * ).

2

Proof: Tedious but easy. //

) is

Definition 2.20: This mixed algebra ( A/zl, B/ssz, ;1, ;2

called the quotient mixed algebra induced by the mixed algebra congru-

ence ( Ry N, ) and is denoted by @/( Ny N, ).
Theorem 2.21: (Fundamental Homomorphism Theorem) Let (£,9) be
a homomorphism from the mixed algebra m‘ to the mixed algebra @‘which

is onto. Then



where ( zf, “g ) is the mixed algebra congruence on qnwinduced by the
mixed algebra homomorphism (£f,g).

Proof: Define

iy B/ m 0 > By

by ha) = £(a), if a€ A /e,

k(b) = g(b), if b€ B) A
We must show that (h,k) is well-defined, 1If a= 51, then £(a) = f(al)
so that h is well-defined. If b = 51, then g(b) = g(b,) so that k is

well~defined. Thus (h,k) is well-defined. (h,k) is a mixed algebra
homomorphism since

h(ab) = h(ab)

f (ab)

i

f(a)g(b)

h(a)k (b),

and h(ba) h(ba)

f(ba)

g(b) £(a)

]

k(b)h(a) .
(h,k) is onto since both f and g are onto. If h(a) = h(Sl), then

f(a) = f(a,) so that a=a,. Similarly, if k(b) = k(El), then

1

g(b) g(bl) so that b = 51. The last two sentences show that (h,k)

is one~to-one. Hence

'

Q /() &a- //
We conclude this chapter with a discussion of a possible class

of mixed algebras which we will call free mixed algebras. Throughout

the remainder of this chapter we let (3 be a class of mixed algebras
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of the same kind.

Definition 2.22: Let S and T be any sets. By a free mixed algebra

on (S,T) with respect to the class ewe mean a mixed algebra

¢ F
m = | AF, BF, oFWF ) together with a mapping (f,g) : (S,T) -+ a

1’ 2
F
so that (1) ®. is a mixed algebra in 6,
(2) 1f &is any mixed algebra in C and (h,k) is any mapping
from (S,T) to @., then there is a unique mixed algebra

B
homomorphism (m,n) : @. + @. so that the following

diagram is commutative.

/
(h,k) \ // (m,n)
y

a

It may or may not happen that a free mixed algebra on (S,T) exists;
however, if one exists, then it is unique up to a mixed algebra isomor-

phism.

Theorem 2.23: If m‘ and @are free mixed algebras on (S,T)
with respect to the class (3, then Q'@_ Q‘.

Proof: Since Q.is free, then there exists a mapping (fl.ql)
from (5,7 to @, satisfying condition (2) of definition 2.22. Similar-
1y, since &zis free, then there exists a mapping (fz,gz) from (S,T)
to a‘satisfying condition (2) of definition 2.22. Since @.‘ and @,z
are free mixed algebras, there exist unique mixed algebra homomorphisms
(hl'kl) and (h2 ,kz) so that the following diagram is commutative.

(£,,0,) __ (5,7 (£,.9,) o,

a "

(h) k,) a (h..k.)\

1)
2'72
! 2
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By the uniqueness requirement, we have

hh, =1 , h2h1=1

172 A A’

1 2

kk, =1, kk =1,
172 Bl 21 B2

where lY is the identity mapping on the algebra Y. Hence (hl'hz) is

a mixed algebra isomorphism and

ﬂ'a ./

If a = ( A, B, * ) is a free mixed algebra with respect to

*
1’ 2
the class c , then the freedom of &implies the freedom of A and B,

but not conversely as we will see in the arena case.

Theorem 2.24: If m= (A, B, * *_ ) is a free mixed algebra,

)

then A and B are free algebras of their respective kinds.

Proof: This follows immediately from definition 2.22. //



CHAPTER IIIX
ARENAS

This chapter deals with a particular kind of mixed algebra called
an arena. The basic definitions and terminology in the beginning of
this chapter are due to Davis [10].

Definition 3.1: By an arena we mean a mixed algebra

m= ( P' x' *l' *2

where (1) P is a lattice,

),

{2) X is a semigroup,

(3) *1:P"X4P

*2 : XX P +P : (x,p) *xp,

(P,x) -> PX,

are mappings so that
(a) pixy) = (px)y and (xy)p = x(yp),
(b) p < q implies px < qx,
(c) p < (xp)x,
(d) =x(pAgx) = xpAq,
for all x,y € X, for all p,q € P.
The mappings *1 and *2 are called the action of the arena Q.
We now give some examples of arenas.

Example 3.2: Let S be a compact Hausdorff space. If we take P

to be the class of compact subspaces of S and X to be the class of all

12
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continuous mappings of S into itself, then 0 = (P, X, *1, *2 ) is
an arena, where px and xp are the inverse and direct images of p under
X, respectively.

Example 3.3: Let S be any algebra. If we take P to be the class
of all subsystems of S and X to be the class of all endomorphisms of S,
then Q= (P, x, *1’ *2 ) is an arena, where px and xp are the inverse
and direct images of p under x, respectively.

Example 3.4: Let S be a set. If P is a collection of subsets of
S which forms a lattice and X is a collection of mappings from S into
S which forms a semigroup s» that ms (p, X, *l' *2 ) is an arena,
where px and xp are the inverse and direct images of p under x, respect-
ively, then m is called a set arena.

For more examples, see Davis [10]). 1In this chapter we will he
concerned with arenas where the lattice P is a Boolean algebra. Hence
from now on we will always assume that given any arena, the lattice
P is a Boolean Algebra.

An alternate definition of an arena is given by the following
theorem.

Theorem 3.5: 0.= (P, X, * *2 ) is an arena if and only if

1’
P is a Boolean algebra, X is a semigroup, and the mappings *1 and *2
satisfy the following conditions:

(1) pixy) = (px)y and (xy)p = x(yp),

(2) p £ q implies px < gx and xp < xq,

(3) =x(px) < p < (xp)x,

(4) if p < xq, then p = xr, for some r < q,

for all x,y € X, for all p,q € P.
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Proof: Assume that @, (P, X, *1. *2 ) is an arena.

Clearly (1) holds. Let p < q. If xq < r, then

pta
< (xq)x
< rx.
Thus p A rx = p. So

Xp = x(p Arx)
= xpAr.
Thus xp < r. Taking r = xq, we obtain xp < xq, and so (2) holds.
If xq < p, then q < (xq)x < px. Thus x(px) < p and (3) holds.
Let p < xq. Then xgqAp = p. If r = gApx, then
xr = x(qA px)
= XgAp
=p
and (4) holds. Conversely, if (1) - (4) hold, then we need only show
that x(pAgx) = xpAqg. Clearly x{(pAgx) < xp and x(pAgx) < x(gx) < q,
so that x(pAgx) < xpAgq. If r < xpAQ, then r < xp and r < q.
Since r < xp, then by (4) we have r = xs, where 8 < p. Since
xs = r < q, then we have
s < (xs)x
< gx.
Thus s f_p',éx and r = xs < x(pAqgx). Hence x(pAgx) = xpAq. //
Theorem 3.6: If @ = ( P, X, * ¢+ *, ) is an arena, then
(1) x0 =0, 0= x(ox),
(2) 1x=1, 1= (x1)x,

(3) x(ax) = x1Aq,
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(4) x(1x) = x1,
for all x € X, for all g € P,
Proof: For any q € P we have
x0 = x(0Apqx)
= x0Aq.
Thus x0 = 0. Since x(px) < p, for all x € X, then x(0Ox) = 0. Hence
(1) holds. Since x1 < 1, then 1 < (x1)x < 1x. Thus 1x = 1. Since
p < (xp)x, for all p € P, then 1 < (x1)x. Hence 1 = (x1)x and (2) holds.
For all q € P we have x(1 Agx) = x1Aq, that is, x(gx) = x1A g and (3)
holds. 1In particular for g = 1 we have
x(1x) = x1A1l
= xl.
This completes the proof of this theorem. //
Theorem 3.7: If @ = ( P, X, *1, *2 ) is an arena, then xp < q if
and only if p < agx.
Proof: 1If xp < q, then p < (xp)x < gx. Thus p < gx. Conversely,
if p € gx, then xp < x(gx) < q. Thus xp < q. //
Theorem 3.8: Let Gln (P, X, *1, *2 ) be an arena. Then
x(pvq) = xXpV¥xq,
for all p,gq € P, for all x € X.
Proof: Since p < pyq and q < pyq, then xp < x(pvqg) and
xq < x(pva). Thus xpVxq < x(pvdq). If xp¥xq < r, then xp < r
and xq < r. By theorem 3.7 we have p < rx and q < rx. Thus pyq < rx
and x{pyq) & x(rx) £ r. Taking r = xpyxq, we have x(pvq) < XpV xq.
Thus x(pvq) = xp Vxq, for all p,q € P, for all x € X. //

We can actually prove a more genaral result than the previous
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theorem.

1’ *2 ) be an arena and let x € X.

Then the mapping p # px preserves all infima and the operation p % xp

Theorem 3.9: Let &= (P, X, *

preserves all suprema.

Proof: Assume that Api exists. Since I\pi < Py for all j, then
(Api)x < pjx, for all j. If q f_pjx, for all j, then by theorem 3.7
we have xq < pj, for all j. Thus xq < Api. Again by theorem 3.7 we
have q < (I\pi)x. Hence (Api)x = /\(pix). The second part of the
theorem can be shown by the dual argument of the first part. //

Corollary 3.10: Let Q.- (P, X, *

*
1’ %2 ) be an arena and ipi'gc P.
if I\p:.L exists, then (Api)x = I\(pix). If Vpi exists, then
x(Vpi) = V(xpi).
Proof: Immediate from theorem 3.9. //

Theorem 3.11: If Q- (P, X, * *2 ) is an arena, x € X, and

1’
p € P, then

xp = A §_q t P < qxz
and pX = Viq:xqf_p}.

Proof: We prove only the first half of the conclusion; the other

half can be demonstrated bj a similar arqument. First note that
xp € {q : piqu' If r € iq : pf_qx}, then p < rx. Thus

xp < x(rx)

<r

and xp is a lower bound for the set iq H +) f_qx} . If r <a, for all
q € P so that p £qgx, then r < xp, since p < (xp)x. Hence

' Xp = /\iq : pin}- //

Corollary 3.12: In the context of theorem 3.11 given either *1 or
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*2, the other is uniquely determined.

Proof: This is precisely the statement of the last theorem. //

One may expect that the action determined by *1 and *2 will
completely determine P and X, given one or the other. In some cases
this may be the case, but in general it is not.

If there are enough Boolean algebra elements to distinguish
elements of the semigroup, then the arena @.= « P, X, *1, *2 ) is

called operational.

Definition 3.13: By an operational arena we mean an arena

Q.= (p, X, "k, ) so that if xp = yp, for all p € P, implies that

x =y, for all x,y € X.
Let 0.= (P, X, *1, *2 ) be an arena and let x € X. Define a
mapping 'I‘x : P +P by
Tx(p) = Xp,
for all p € P.

Theorem 3.14: An arena 0= (P, X, *l' *2 ) is operational if

and only if T, = '.l‘y implies x = y, for all x,y € X.

Proof: Immediate from definition 3.13. //
In the non-operational arena case the action of the arena can be
very general indeed.

Example 3.15: Let P be any Boolean algebra and X be any semigroup.

Define the action by
PX = Xp = p,
for all p € P, for all x € X. Then Q.a (P, X, *1, *2 ) is an arena

which is non-operational in the worst possible way, that is, the semi-

group does not act on the Boolean algebra.
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Theorem 3.16: An arena m.- (p, X, * *2 ) is operational if

1'
and only if px = py, for all p € P, implies x = y, for all x,y € X.

Proof: Assume that m= (P, X, * *2 } is an operational arena

1'
and let px = py, for all p € P. 1If q € P, then by theorem 3.11 we
/\§;>= q ﬁ.pﬁ}
NAip : a <py§

= yd.

have xq

Since m is operational and q € P is arbitrary, then x = y. The converse
can be shown by a dual argument. //

In an operational arena ma (P, X, * *2 ) we will see that the

l'
number of elements in P and X are somewhat related.

Theorem 3.17: Let Q = (P, X, * *_ ) be an operational arena

1’ 2
so that P is a finite Boolean algebra with n elements. Then the semi-
group X has at most n" elements.

Proof: If @ is an operational arena, then for each x € X, there
is a mapping Tx : P » P defined by

T, (pP) = xp,

for all p € P, By theorem 3,14 @ is operational if and only if
Tx = Ty implies x = y, for all x,y € X, There are nn possible mappings

of P into P, and hence only n" possible mappings Tx' Hence X has at

most nn elements. //

:
Definition 3.18: An arena ﬁ = (p', X', *i, *é ) is a subarena

of the arena Q.= ( P, X, oY *2 ) if

(1) P' is a Boolean subalgebra of P,

T(2) X' is a subsemigroup of X,

(3) *! = and *} = * .
1 lP'xX' 2X'XP'
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Thus &' is a subarena of ﬁif, in terms of mixed algebras, @\
is a mixed subalgebra of @ .

Theorem 3.19: The intersection of any family of subarenas

@1= ( pi' xi' *ill

arena if ﬂxi #* ¢

*iz)ofanarenaﬁa(P,x,* * ) is an

1’ 2
. o= * *
Proof: Let Qi ( Py X, i1¢ *jp ) be subarenas of the arena
@.= (p, X, *lr *2

N Q- « Ne,, nxi' Ay n*iz )

is an arena, since nPi is a Boolean subalgebra of P, ﬂxi is a

). Then

subsemigroup of X, if ﬂxi # ¢ , *il = *1 , and
P, x X.
*.2 = *2 . // 1 i
t X. x P,
i i

Corollary 3.20: If the family of all subarenas @,‘.'of an arena
mis such that nxi # ¢, then the family of all subarenas forms
complete lattice.

Given an arena &= (P, X, * *2 ) it follows that if S is a

1'
nonempty subset of the Boolean algebra P and T is a nonempty subset

of the semigroup X, then there exists a smallest arena

(
@. = ( P', X', *i, *é ) so that SS P' and T € X'.

{
Definition 3.21: The subarena @ of @ is called the subarena

of @, generated by the subsets S and T.

Definition 3.22: By an arena congruence on the arena

D-=(p, x, *
ona.

Theorem 3.23: Let mz (P, X, *

1’ *2 ) we mean a mixed algebra congruence ( Ry N, )

1’ *2 )} be an arena and let

(zil' o ) be congruences on m Then (ﬂzn, (\wiz ) is a congruence
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OHQ.

Proof: Clearly n”il is a congruence on P and ﬂziz is a conqru-
ence on X. If p (nzil) q and x (ﬂf.siz) v, then P, q and x ™. Vs
for all i. Since each (:sil, Mo ) is a congruence on @., then
px “il qy and xp ""’il va, for all i. Thus px (nwil) qy and

Xp (nwil) vya. Hence (nzil, nwiz ) is an arena congruence on@. . //

Corollary 3.24: The family of all arena congruences on an arena

Q. forms a complete lattice.

A mapping from one arena into a second arena which preserves the
action of the first arena and also preserves the structure of the
Boolean algebra and semigroup of the first arena will be called an
arena homomorphism.

Definition 3.25: By an arena homomorphism from an arena

A= (p, x, W ) into an arena m' (p', X', *i, * ) we mean
a pair (f,g) of mappings, where
(1) £ : P -+>P'is a Boolean homomorphism,
(2) g : X »X' is a semigroup homomorphism,
(3) £(px) = £(p)g(x),
f(xp) = g(x)£(p),
for all p € P, for all x € X.
In the context of mixed algebras an arena homomorphism is simply
a mixed algebra homomorphism for arenas. If (f,g) is an arena homo-
morphism from @.into a', then we write
(£,9) : Q- ﬂ'.

Definition 3.26: By an arena monomorphism we mean an arena

homomorphism (f,g) so that both f and g are one-to-one mappings. An
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arena monomorphism (f,g) is also called an imbeddinq. By an arena
epimorphism we mean an arena homomorphism (f,g) so that both f and g

are onto mappings. By an arena isomorphism we mean an arena homomor-

phism (f,g) so that both £ and g are one-~to-one and onto mappings.
If there is an arena isomorphism from ml onto 02, then we say that
@. and mz are isomorphic and write
Gl|3i dhd
We now state some trivial results for arenas.
Theorem 3.27: If (f,q) : Q.-ﬁ Q,‘ is an arena homomorphism,

then ( f(Pl) ’ g(xl) , ¥ *! ) is a subarena of Qz, where *! d

]
21 22 21"
*1 i ot * * i '
22 are the natural restrictions of 21 and 227 respectively.

Theorem 3.28: If (f,q) : Qb.“b 0,2 is an arena homomorphism and

]
= ' ] x *x? :
@2 ( Pz, X!, 21 *22 ) is a subarena of @.z, then

-1 ' -1 [ x 'Y

is a subarena of @', where *Jl.l and *]'.2 are the natural restrictions

)

of *11 and *12, respectively.

Definition 3.29: If (f,g) : Q. » Qlaand (h,k) : @,’-. Q,are

arena homomorphisms, then by the composition of (f,g) and (h,k) we mean
the mapping (heof ,keg) : Q.-r Qg' where hef and keg are the rnatural
compositions.

Theorem 3.30: The composition of two arena homomorphisms is an
arena homomorphism.

Let @.z (p, X, *1, *2 ) be an arena and (wl, ~, ) be an arena
congruence on @ Then P/zl and x/ss2 are well-known quotient structures.

We would like to define mappings *l and ‘-*2 so that ( P/zl, x/xz,

* i
1'2)

is an arena. Define
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* -
L PP/ X X, B,

* . :
: x/a*s2 x P/z:1 -DP/zl,

2
by PX = px,
Xp = Xp,

for all 5 € P/zl, for all x € X/'.sz. This construction gives precisely
the guotient mixed algebra in the case of arenas. As a consequence of
the theory of mixed alcebras we obtain the following result.

Theorem 3.31: ( P/zl, X/zz, * :2 ) is an arena.

ll
Proof: This is a quotient mixed algebra in the particular case

of arenas. //

Definition 3.32: This arena is called the quotient arena of

( P, X, *1, *2 ) determined by the congruence (zl, ~, ) and is denoted

by @./( Ny Ry ).
Let (f,9) : @'-D @‘be an arena homomorphism from an arena

@,-¢r

Define (zf, zg ) on Q' by

® * =
12 ) onto the arena Q‘ (P

ll xll ll) )-

2 20 "1 2
P, g if and only if f£(p) = f(q),
X ~g ¥ if and only if gi{x) = g(y),
for all p,q € PL' for all x,y € X.
Theorem 3.33: (""’f' zq ) is an arena congruence on @,.
Proof: This is a mixed algebra congruence in the particular case
of arenas. //

Definition 3.34: This congruence (“f' zq ) is called the arena

congruence on @| induced by the arena homomorphism (£f,q).

Theorem 3.35: (Fundamental lomomorphism Theorem) If @..and Qz

are arenas and (f,q) : &l-b ﬂa is an arena homomorphism from @,



23

onto Qha, then
@,/ (0, ) 2 By
where ( Neo “q ) is the congruence on thinduced by the arena
homomorphism (f,q).
Proof: This is a corollary of the fundamental homomorphism
theorem for mixed algebras in the arena case. //

There are two natural types of arenas: those which are similar

to a set arena in which the join of two elements of the Boolean algebra
is given by set-union and those which are not. The first kind of
arena is distributive in the sense that the inverse image of the join
of two elements is the join of the inverse images and the inverse image
of the zero element is itself.

Definition 3.36: By a distributive arena we mean an arena

@-=(», x,*

(1) (pva)x = pxvax,

1’ *2 ) so that

(2) Ox =0,
for all p,q € P, for all x € X.

At first glance there seems to be no properties of an arena which
have anything to do with complements. We will show, however, that this
is far from the case.

Theorem 3.37: Let @ = ( P, X, *., *_ ) be a distributive arena.

1" 2
Then the following statements are equivalent:
(1) (px)' = p'x,
(2) (pAg)x = pxAQqx,
for all p,q € P, for all x € X.

Proof: Assume that (px)' = p'x, for all p € P, for all x € X.
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Then (pPAd)X (p'vq') 'x

((p'va')x)'

(plx vqux) '

(plx) L) A (qlx) L

p' XA q' 'y
= pXAQx,
for all p,qg € P, for all x € X. Conversely, assume that

(pAQ)x = pxAqx, for all p,q € P, for all x € X. Then

pxvp'x = (pVvp')x
= 1lx
=1,

and PXAp'x = (PADP')x

Ox

= 0,
Hence (px)' = p'x, for all p € P, for all x € X. //

Theorem 3.38: Let @ = (P, X, * ) be a distributive

1’ *2
arena. Then (px)' = p'x, for all p € P, for all x € X.

Proof: Let p € P and x € X. Since (pAQ)x = px Aaqx holds in
every arena, then by theorem 3.37 the result is immediate. //

Theorem 3.39: Let Q = (P, X, *1, *2 } be an arena so that
(px)' = p'x, for all p € P, for all x € X. Then @ is a distributive
arena.

Proof: Let p,g € P and x € X. Then

(pVva)x = (p'Aq')'x
= ({(p'aa')x)’

= (p'xAq'x)’
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]

{(p'x) 'V (a'x)"

= (px)'' V(gx) "’
= px N ax.
Also Ox = 1'x
= (1x)'
=1
= 0.

Hence @ is a distributive arena. //

Corollary 3.40: Let @ = ( P, X, *1, *2 ) be an arena. Then @

is a distributive arena if and onlv if (px)' = n'x, for all p € P,

for all x € X.

This last corollary gives us an alternate definition for a distri-

butive arena.

Let dh==( P, X, * *2 ) be an arena and let x € X. Define a

l’
mapping Rx : PP by

Rx(p) = px,
for all p € P.

Theorem 3.41: If Q.= ( P, X, *,, *_ ) is an arena and x € X,

1" 2

then the mapping Rx is a lower semi-lattice homomorphism.
Proof: This is the statement of corollary 3.10. //
If ﬂlis a distributive arena, then much more can be said.

Theorem 3.42: If Ql==( P, X, *, *2 )} is a distributive arena

1
and x € X, then the mapping Rx is a Boolean algebra homomorphism from
P into P.

Proof: Let p,q € P. Then by theorem 3.4l we have

Rx(pn q) = Rx(p)A Rx(q) .
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Since dn.is a distributive arena, then

Rx(p vq) (pval)x

1}

px Vax

R (P) VR (q),

and Rx(p') p'x
= (px)'
= (R ‘.
( x(p))
Hence Rx is a Boolean algebra homomorphism from P into P. //
It is natural now to inquire whether or not the converse of

theorem 3.42 is also true.

Theorem 3.43: 1If @= (P, X, *

1’ *2 ) is an arena so that the
mapping Rx is a Boolean algebra homomorphism for all x € X, then Q is
a distributive arena.
Proof: 1If Rx is a Boolean algebra homomorphism, then
Rx(p') = (Rx(p)) 'y
for all p € P; that is, p'x = (px)', for all x € X, for all p € P.

By theorem 3.39 we have {\ is a distributive arena. //

. ¥ ) be an arena. Then @.

Corollary 3.44: Let @ = (P, X, *l 2

is a distributive arena if and only if Rx is a Boolean algebra homomor-
phism, for all x € X.

Combining corollary 3.40 and corollary 3.44 we have the following
result.

Theorem 3.45: If @1 = (P, x, *

1’ *2 ) is an arena, then the
following statements are equivalent:
(1) @ is a distributive arena,

(2) (px)' = p'x, for all p € P, for all x € X,
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(3) R, is a Boolean algebra homomorphism for all x € X.

Theorem 3.46: A subarena of a distributive arena is a distributive

arena.

Proof: Obvious. //

Theorem 3.47: The homomorphic image of a distributive arena is a
distributive arena.

Proof : Obvious. //

Theorem 3.48: If @ = (P, X, *1, *2 ) is a distributive arena
and ( ssl, zz ) is an arena congruence on & , then the guotient arena

&/ Ny N, ) is a distributive arena.

Proof: Let 1-3.5 € P/:esl and x € x/zz. Then

(PVA)X = (PVQX

= (pva)x

= pX Vqx
= pxVvax
= pX VaX.
Hence @ /( Ny N, ) is a distributive arena. //
Note that a subarena of an operational arena is not necessarily
an operational arena.

Example 3.49: Let S

{s,ts and &= (p, x, * *2 ) be the

set arena determined by S.

s e a b c

el e a b ¢

{s} {t} al a a ¢ ¢
bl b a e ¢

P: 0 X: cl ¢ a a ¢
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The above diagram gives the Boolean algebra P and the operation table

gives the semigroup X, where

Sl SIS P G P N e e

That 0 is an operational arena is easily checked bv considerinqg the
following action table:

p ep ap bp cp
0 0 0 0 0
] 1s3 @St {t} g}
15 { IR LS T 5 B 1 B £

s s {s} S {ty .

The subarena @'= (

* * i =
Pl, Xl' 11° "12 ) of a determined by Pl {0,3}
and X, = {e,b} is clearly not operational.

By corollary 3.10 we have

MV%)=VWQL

whenever Vpi exists and
(/\p.)x = /\(p.x) '
i i
whenever A Pi exists, where {pb € P. We may inguire whether or not
V.
A (x_pi)

hold. The first condition seems very natural and is what motivates

(VPi)x

or x(A Pi)

consideration of the following Aefinition.

Definition 3.50: By a complete arena we mean an arena

a. = ( Pr XI *11 *2 ) so that
{1) P is a complete Boolean algebra,
(2) 1If [pig C P and x € X, then (Vpi)x = V(pix).

We would like to characterize complete arenas. Without some
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restrictions we will see that this is not easy.

Theorem 3.51: 1If 0= (p, X, *

1’ *2 ) is a distributive arena
where P is a complete Boolean algebra, then m is a complete arana.
Proof: Let {pj} S P and x € X. Then by theorem 3.38 we have

(Vpi)x = (((Vpi)x)')'

((Vpi) %)

((/\ppx)'
(A(p:!Lx))'
(Apgn:

((Vipxn 1
=V (p;x) .

Hence G is a complete arena. //

The converse of theorem 3.51 is not true unless 0Ox = 0, for
all x € X.

Theorem 3.52: If ¢= (p, X, *1, *2 ) is a complete arena and
0x = 0, for all x € X, then ﬂ is a distributive arena.

- Proof: Obvious. //

Example 3.53: Let a = (P, X, *l' *2 ) be the arena where

P = {0,13 , X = ix; , and the structure of a is given by the

following action table:

1 | = p|l x  px
I x] X 0 0 1
P: 0 X: 1 0 1

Then @ is a complete arena which is not distributive, since 0x # 0.

Corollary 3.54: 1If a = (P, X, *l’ *2 )} is an arena so that

Ox = 0, for all x € X, and P is a complete Boolean algebra, then @ is



30

a complete arena if and only if @. is a distributive arena.

Proof: Immediate from theorem 3.51 and theorem 3.52. //

For some reasons, which will become clear, it is desirable for the
semigroup of an arena to contain an identity; therefore, we will show
that every arena can bhe imbedded in an arena whose semigroup contains
an identity.

Let ( X, * ) be a semiqroup and X% denote the semigroup
(XU fey , *' ), where

x*y=x*y,

x* e=¢e * x =%,

e *' e=e¢g,
for all x,y € X. This is the usual imbeddina of a semigroup X in a
semigroup x% with identity e.

Let dl= (P, X, * * ) be an arena. We would like to make

1’ 2
e

(p, xe, *i, ’; ) into an arena dn . Where *i and *; are some appropri-
ate mappings which extend *1 and *2, resnectively. Define

e e

*° P x >

1 X P

e

by *1 (Psx) = px,

*l(p.e) = p,

for all p € P, for all x € X. Also define

e

e
* - »
2 X xP 4P
e

by *Z(x,p) = Xp,
e
*2(e.p) = p,

for all p € P, for all x € X.

e
Theorem 3.55: @& = (P, xe, *i, *; ) is an arena with ‘l being

Q
a subarena of 0. .



31

Proof: Let x € X and p € P. Then

(xe)p = xp = x(ep),
(ex)p = xp = e(xp),
(ee)p = ep = elep).

Thus (xy)p = x(yp), for all x,y € xe, for all p € P. Similarly,
p{xy) = (px)y, for all x,y € Xe, for all p € P. If p < q, then
pe < ge. Thus p < g implies px < gx, for all x € Xe. Since e = (ep)e,

then x < (xp)x, for all x € Xe, for all p € P. Since

e(p Age) elpAaq)

= pAq

[

epaAaa,

for all p,q € P, then x(pAagx) = xpAq, for all p,q € P, for all x € xe.

Qe e
Hence @ = ( p, x%, * *® ) is an arena. Clearly @\ is a subarena

2
e
of A~. //

Corollary 3.56: Every arena Q= (P, X, * *? ) can be imbedded

ll

e e

. e .
in an arena @ = (P, X, *1, *; ) , where x® is a semigroup with

identity e.
As a consequence of this corollary we may always assume, if

necessary, that the semiqgroup X of an arena Q = (P, X, * *2 ) has

1'
an identity e such that pe = ep = p, for all p € P.

We next consider the idea of a simple arena and the interplay
between the simplicity of the arena and the simplicity of its Boolean

algebra and semigroup. Since an arena @= (pP, X, * *2 ) can always

1'
e ,e
1’ 2

assume throughout this portion on simple arenas that the semigroup of

e
be imbedded in an arena Q = (P, xe, * )} as above, we will

every arena has an identity e and that pe = ep = p, for all p.
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Let Q.= ( P, x, *,+ *, ) be an arena and let 4, and A, denote the

equality relations on P and X, respectively. Similarly, let AP and Ax

denote the all relations on P and X, respectively. Then ( AP, A ),

X

( AP' Ax ), ( AP’ Ax ), and ( A_, Ax ) are possible congruences on the

P

arena @..

Theorem 3.57: If Q- (P, X, * *_ ) is an arena, then (AP, A

1' 2 )'

X
( AP, Ax ), and ( AP, Ax ) are arena congruences on Q.

Proof: It is immediate. //

As the next example shows it is not the case that ( A?, Ax ) is

always a congruence on d\.

Example 3.58: Consgider the arena dl = (P, X, * * ) civen below:

1’ 2
q eq ug ge qu
0 0 0 0 0
1 e u P P p p 1
pOp' e e u p'| p' 0 p' 0
P: 0 X: u u u 1 1 p 1 1l

Note that (1,1l) € AP and {(e,u) € Ax, but (el,ul) = (1,p) & AP. Thus
( 8;, A, ) is not a congruence on the arena Q.
The following definition now seems very natural in view of

theorem 3.57 and example 3.58.

),

Definition 3.59: The three congruences ({ AP' Ax ). ( L Ax

and ( AP' Ax ) are called the trivial congruences on the arena dh.

Definition 3.60: By a simgle arena we mean an arena which has

only the trivial congruences.
Recall that an algebra is simple if it has only the two trivial
algebra congruences. In the case of semigroups a warning should be

given. There are two common definitions of a simple gsemigroup. A
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simple semigroup in the sense of Clifford and Preston is not the same
as a simple semigroup in the sense which we are using. Our definition
is the universal algebraic definition. It is well-known that the only
simple Boolean algebra is the two element Boolean algebra.

If P ig a simple Boolean algebra and X is a simple semigroup,
then there are just four possible congruences on the corresponding
arena @\, namely the three trivial congruences and ( AP, Ax ). The
next example will at first seem surprising.

Example 3.61: Consider the arena QA= ( P, X, *., *_ ) below:

1’ 2
1 | e u pl ep up pe pu
I e e u 0 0 0 0] 0
P: O X: u u u 1l 1 1 1 1

Note that ( AP' Ax ) is a congfuence on B, for if {p,p) € AP and
(x,y) € A,r then

(px,py) = (p,p) € 8,
and (xp,yp) = (p,p) € 4.

This last example shows that if P is a simple Boolean algebra and
X is a simple semigroup, then the corresponding arena @\ need not be
a simple arena.

Note that this last example alsoc shows given any Boolean algebra P
and any semigroup X how to construct an arena ql.having P and X as the
Boolean algebra and semigroup, respectively. That is, if p € P and
% € X, then define

pX = Xp = p.
This gives an arena which essentially disregards the semigroup com-

pletely. It is clear that this type of arena is of little use.
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Definition 3.62: An arena @ defined as above is called a null

arena.

We use the term null arena to suggest that there is no action
in the arena determined by the semigroup. We would now like to
examine the simple arenas. As a first result we obtain the following
theorem.

Theorem 3.63: If @ = ( P, X, * » *, ) is not a null arena such
that P is a simple Boolean algebra and X is a simple semigroup, then
@. is a simple arena.

Proof: We need only show that ( AP' Ax ) is not an arena congru-
ence. Since @ is not a null arena, then px # p or xp # p, for some
p € P, for some x € X. Por simplicity let us assume that px # p, for
some p € P, for some x € X. The other possibility would be done in a
similar manner. ( AP, Ax ) is not an arena congruence since (p,p) € Ap
and (x,e) € Ax, where e is the identity of X, but

(px,pe) = (px,p) & AP'
since px # p. Hence @ is a simple arena. //

The natural question now is whether or not the converse of this
last theorem is true.

Theorem 3.64: If 0.= (p, X, *1, *2 ) is an arena where X is not
a simple semigroup, then Q is not a simple arena.

Proof: If X is not a simple semigroup, then let R be a non-trivial
congruence on X. It then easily follows that ( AP, R ) is a non-trivial
congruence on &. Hence @ is not a simple arena. //

It remains in doubt whether P not being a simple Boolean algebra

implies that @A is not a simple arena.



35

Example 3.65: Consider the arena @\ given below.

q. eq vq ge

3

p p'

= Mg U O
= 70 v O

0
p
p
1

~ 0 W O

P: 0 X: v v

Clearly the semigroup X is simple but the Boolean algebra P is not
simple. It is easily checked that the non-trivial congruences on P are
1 =8 U 1,0, 0, .0, 1p"]

and R, =4, U {(p,l), (1,p), (p',0), <0.p')}-

R

Hence the possible non-trivial congruences on Q are ¢ AP, A, ),

X
(R, AX ), ( Ry» By Yo ( Ry» Ax ), and ( R,s Ay ). We consider each
of these five possibilities:
(1) (p,p) € 4, and (e,v) € A, but (pe,pv) = (p,p') € 4.
(2) (0,p) € R, and (v,v) € Ax but (Ov,pv) = (0,p') € R
(3) (0,p) € R, and (v,v) € A, but (Ov,pv) = (0,p') € R,.
(4) (0o,p") € R2 and (v,v) € Ax but (ov,p'v) = (0,p) € Rz.
(5) (0,p') € R, and (v,v) € Ay but (Ov,p'v) = (0,p) € R,-
Thus @\ contains no non-trivial congruences and hence @ is a simple
arena.
Thus given an arena @= (P, X, *1, *2 ) with P not a simple
Boolean algebra and with X a simple semigroup, it may well be the case

that Q is still a simple arena.

Definition 3.66: Let Qi- (P, X0 * 1, *:, ) be a fanily of

arenas. Consider the gystem ( P, X, * *2 ), where

1'
(1) P =TI p i is the direct product of the Boolean algebras Pi'

(2) X ='1Txi is the direct product of the semigroups xi'
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* * * ® i .
(3) l-'IT il and Z-Tl‘iz are the mappings '1 : PXX®P
and *2 : X x P +P defined by
* =
l(p,x) (pixi) '
*,(xp) = (x.p.),
for all p = (pi) € P, for all x = (xi) € X.
We denote this system by Tr 0.‘-'.
Theorem 3.67: 'IT Q‘.' is an arena.

Proof: Obvious. //

Definition 3.68: This arena -n" 2 is called the direct product

of the arenas ;.

We will now consider a particular type of direct product of
arenas. Let Q = (P, X, *l' *2 ) be an arena. Then xx is a semigroup
under the natural pointwise operations and 1?x is a Boolean algebra
under the natural pointwise operations. Then

o . (&, 3, 5
is an arena, the direct product of the arena 0. with itself as many
times as there are elements in the semigroup X. We consider conditions
under which the arena @, can be imbedded in the arena 0‘. Define
(.9 : Q> @F
by f(p) = By
glx) = S_,
for all p € P, for all x € X, where Bp :+ X »P and Sx : X *+X are
defined by
Bp (y) = py,
S, (v) = xy,

for all y € X. If (f,g) is an arena homomorphism, then
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(a) f(pva) = f(p)vi(q),

(b) £(p') = (£(p))’',
(c) g(xz) = g(x)g(2),
(d) £(px) = f£(p)g(x),
(e) £(xp) = g(x)f(p),

for all p,q € P, for all x,z € X. 1If @ is a distributive arena,
then the mapping (f,g) satisfies conditions (a) - (d), since

f(pVvqg) =B
(a) (pva) b va

B VB
p 4

f(p)Vv £(q),

b f(p') = B
(b) (p') o
= (B )°*
( p)
= (f£(p))°*,
(c) g(xz) = sxz
=SS
X 2z
= g(x)q(z),

(@) £(px)

B
pX

= B S
p X

= f(p)g(x),
for all p,g € P, for all x,z € X. That prq = pr Bq follows since

prq(y) = (pva)y

pYvay

BP(Y) v Bq(Y)

(B_vB
o q) (y),
for all y € X. That Bp. = (Bp) ' follows since

Bp.(Y) = p'y
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= (py)'
= (B '
( p(Y))
= (Bp)'(y).
for all y € X. That sz = stz follows since
sxz(y) = (xz)y
= x(zy)
= Sx(Sz(Y)).

for all y € X. That Bpsx = B follows since

px
(Bpr)(y) = Bp(Sx(Y))

= Bp(xy)

p(xy)

(px)y
= 13px (v),
for all y € X. It is not the case that (e) holds in general; for if
it did, then
f(xp) = Bxp
= S B
xXp
= g(x)£(p) .

B
ut Bx

» - Sxpp does not always hold. 1If Bxp = stp' then

13xp (y)

(stp) (y)

(xp)y

S, (Bp (y))

Sx (py)

x(py),
for all y € X, and conversely. The following theorem has just been

established.
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Theorem 3.69: If @ = (P, X, *1, * ) is a distributive arena so

2
that (xp)y = x(py), for all p € P, for all x,y € X, then the mapping
(£,9) : Q.+ Qx defined above is an arena homomorphism.

It may be useful to note that

£ = B
(pAq) o Ag
=B AB
P q
= f(p) Af(q),
since B =
p'\q(y) (PAaQ)Y

= pPYAQY
=B (y)AB_(
oY q y)
= (B B
( oA q) (),
for all y € X. Under what conditions will the mapping (£f,g) be an
arena imbedding?

Definition 3.70: By a P-operational arena we mean an arena

@=(p, x, *l' *2)sothatifpx=qx, for all x € X, then p = q.

A P-operational arena is simply an arena @ = (P, X, * )

1 "2
whose Boolean algebra is P and P has enough elements to distinguish
the elements of the semigroup X.

Theorem 3.71: If Q= ( P, X, * 1 *, ) is a P-operational arena,
then the mapping (f,g) defined above is one-to-one.

Proof: If f£(p) = £(q), then Bp - Bq. Thus BP(y) = Bq(y). for
all y € X. That is, py = qy, for all y € X. Since @\ is a P-operational
arena, then p = q and hence £ is one-to-one. Also if g(x) = g(y), then
Sx = Sy. So

X = Xe

= sx (e)
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= sy(e)

= ye

=y,
Thus g is a one~to-one mapping. Hence (f,g) is a one~to-one mapping
of @\ into 0.!. //

Corollary 3.72: If QA= (P, X, *

1’ *2 ) is a distributive
P~operational arena so that (xp)y = x(py), for all p € P, for all x,y € X,
then the mapping (f,g) defined above is an arena imbedding.

Proof: Combine the results of theorem 3.69 and theorem 3.71. //

We consider next a possible collection of arenas which we will

call free arenas.

Definition 3.73: Let S and T be sets. By a free arena on (S,T)

oF
2

F .
(£,9) : (s,T) -+ Q so that if m is any arena and (h,k) is any mapping

[
we mean an arena @ = ( PF, xF ' *F, ) together with a mapping

from (S,T) to @., then there is a unique arena homomorphism (m,n) from

Q.F to @ so that the following diagram is commutative.

/
(h,k)\ ," (m,n)
([ §

Thus a free arena on (S,T) is a free mixed algebra on (S,T) in the
case of arenas. As an immediate consequence of this definition we can

obtain the following theorem.

aF
Theorem 3.74: 1f @ = ( PF, xF, *i, *g ) is a free arena on (S,T),

then 1=’F is a free Boolean algebra on S and xF is a free semigroup on T.

This concept of freedom contains mogst others. Consider the case of

free R-modules. We take the mixed algebras to be of the form
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(M, R, *l' *2 ), where M is an Abelian qgqroup, Rk is a (fixerl) rinqg, and

*1 and '2 are the right and left scalar multiplications. If we define
an R-fixed homomorphism to be a mixed algebra homomorphism where the

second mapping is restricted to be the identity mapping on the ring R
and then define an R-free mixed algebra in the obvious manner, then an

R-free mixed algebra is precisely a free R-module in the usual sense.

Theorem 3.75: There does not exist a free operational arena

Q= (P, x, *l' *2 ) so that P is a finite Boolean algebra.

Proof: If @Q.= (P, X, * *2 ) is a free operational arena with

1’
P a finite Boolean algebra, then X must be finite by theorem 3.17.

It is well known that every free semigroup is infinite. Hence @ can
not be free after all. //

If ﬂfFis a free arena on (S,T), then by theorem 3.74 p* ana xF
are determined. The action is all that remains to be found. However,
it may be, as the next example shows, that no action is definable so
as to have a free arena.

Example 3.76: Consider the arena @ = (P, X, * * ), where P

1’ 2

is the free Boolean algebra generated by a single element p and X is

the free semigroup generated by a single element a. Then P is the

four element Boolean algebra and X is a copy of the natural numbers.

Let S = {x,v}, P, = 2%, and X, = s°, where *_. and * _ are the usual

1 11 12

action. Let

Xy X v Xy Xy
e = I u = ( ) ’ w = ( ’ v = .
X Y X X Y Y y X

Then the operation table for X. is given below.

1



e u w v
e e u w v
u  u w w
w w u w u
v v u w e

Clearly @liis an arena. We wish to show that it is impossible for @)\

to be a free arena. Assume otherwise. Define (h,,k,) : ( §p}, fa} ) ~ @
l

i},

V.

by hl (p)

k, (@)

1f @ is free, then

hl(pa) hl(p)kl(a)

{x} v

vy -

This implies that pa = p'. Define (hy k) ( {p}, fa} ) - ﬂll by
h, (p) RS

u.

kz(a)

1f @. is free, then

hz(pa) hz(p)kz(a)
$x3% u
{g,j} .

But this implies that pa = 1. Hence we have a contradiction unless @

is not free.
The same argument as in this last example shows that there do
not exist any free arenas.

Theorem 3.77: There do not exist any free arenas.



CHAPTER 1V
ALGEBRAIC LOGIC VIA ARENAS

Now that we have established a theory of arenas we will consider
algebraic logic by using this theory. Halmos [14] began a study of
algebraic logic in the early fifties and about the same time Tarski
and Thompson [18] were considering algebraic logic via cylindric algebras.
Their points of view differ mainly in that Halmos's system doesn't have
an equality relation whereas Tarski and Thompson's system does.

We will be concerned mainly with Halmos's formulization of algebraic
logic. For sake of completeness we now give his definition of a quanti-
fier in the monadic case.

Definition 4.1: Let P be a Boolean algebra. A mapping & : P + P

is a H-quantifier on P if

(1) Bo=o,

(2) p<3p,

(3) J(pala) = Fpada,
for all p,q € P.

Let Qa.= (P, X, *, *2 ) be an arena and let x € X. Define a

1
mapping Bx : P +Pby

axP = (xp)x,

for all p € P. We shall prove several theorems about this general

43
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setting.

Theorem 4.2: If p < q, then Bxp < 3.49-

Proof: Let p < gq. Then xp < xq and (xp)x < (xq)x. That is,
3., < 3a. //

Theorem 4.3: If q < axp, then axq < ip

Proof: Let q < axp. Then g p 3,p = q.

so xq = x(q A Bxp)

x(q A (xp)x)
= XqAXp.

Thus xq < xp and (xq)x < (xp)x. Hence qu < axp. //

Definition 4.4: By a closure operator on a Boolean algebra P we

mean a mapping C : P + P so that
(1) co=0,
(2) p <Cp,
(3) ccp = Cp,
(4) c(pva) = CpvCq,
for all p,q € P.
Theorem 4.5: If Qa (P, X, *1, *2 ) is a distributive arena and
x € X, then ax is a closure operator on P.
Proof: (1) 3T 0= (x0)x
= Ox
=0,
by theorem 3.6 and definition 3.36.
(2) p< axp, for all p € P, by the definition of an arena.
(3) By (2) above we have p < Bxp. By theorem 4.2 we have

Bxp < Bx axp. On the other hand, if q < axp, then by theorem 4.3
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we have qu < a <& In particular, for q = axp, we obtain
3,.3,p< 3 p. Thus ax axp - gxp
49) 3 (pva

(x(pvqg))x

(xp ¥ xq) x

(xp)x V(xq)x
=3 pv3q,
by theorem 3.8 and definition 3.36. Hence ax is a closure operator
on the Boolean algebra P. //
We can even say more about the mapping ax when Q is a distribu-
tive arena.
Theorem 4.6: If Q.- (P, X, *1, *2 ) is a distributive arena
and x € X, then a x is a H-quantifier on P.
Proof: We need only show that
J.ead @ = 3 padg
for all p,q € P. lLet p,g € P. Then
S ead a = (x(pAlxax))x
= (xp Axq)x
= (xp)x A (xq)x
= 3pada.
Hence ax is a H-quantifier on P. //
Theorem 4.7: If r € SxP, then (xr)x = r.
Proof: Since r < (xr)x, we need only show that (xr)x < r. Since
r€ axP, then r = (xp)x, for some p € P. Thus
(xx)x = (x((xp)x))x
=33
=3 P
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= (xp)x
=r,
Hence (xr)x=r. //

Corollary 4.8: r € EXP if and only if (xr)x = r.

Theorem 4.9: If m= (p, X, *1, *2 ) is any arena, then axl =1.

Proof: Obvious. //

Theorem 4.10: If @a (P, X, *l' *2 ) is a distributive arena

and x € X, then ax(axp)' = (gxp)', for all p € P.

Proof: Since axp/\(axp)' = 0, then x((axp)' A (xp)x) = x0.
Thus x(axp)'l\xp = 0 and (x( axp)'l\xp)x = 0, since the arena @ is
distributive. Thus (x(axp) ')x A(xp)x = 0, that is, we have
ax(axp) 'Aaxp = 0. Thus ax(axp)' < (axp) '. By theorem 4.5 we
have (axp)' < ax(axp) '. Hence ax(axp)' = (axp)'. //

Theorem 4.11: If @ = (P, X, * , *_ ) is a distributive arena,

1’ 2
then the range EXP of the quantifier ax is a Boolean subalgebra of P.

Proof: Clearly O € axP and 1 € sxP. If p,g € axP, then
p= axpandq= axq. So
pag= 3 rada

= (xp)x A (xq)x

(xp A xq)x

(x(p A (xq)x))x

(x(pAg))x

3, eaa.
This shows that pag € axP. By theorem 4.10 we have
' - '
p' = (3 p

= 2 (3p'.
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This shows that p' € a‘P. Hence 5"‘1’ is a Boolean subalgebra of the

Boolean algebra P, //
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