74-21,975

HERDMAN, Terry Lee, 1945-
EXISTENCE AND CONTINUATION PROPERTIES OF
SOLUTIONS OF A NON-LINEAR VOLTERRA INTEGRAL
EQUATION.

The University of Oklahoma, Ph.D., 1974
Mathematics

University Microfilms, A XEROX Company , Ann Arbor, Michigan

Tu1S DISSERTATION HAS BEEN MICROFILMED EXACTLY AS RECEIVED.



THE UNIVERSITY OF OKLAHOMA

GRADUATE COLLEGE

EXISTENCE AND CONTINUATION PROPERTIES OF SOLUTIONS

OF A NON-LINEAR VOLTERRA INTEGRAL EQUATION

A DISSERTATION
SUBMITTED TO THE GRADUATE FACULTY
in partial fulfillment of the requirements for the
degree of

DOCTOR OF PHILOSOPHY

BY
TERRY LEE HERDMAN
Norman, Oklahoma

1974



EXISTENCE AND CONTINUATION PROPERTIES OF SOLUTIONS

OF A NON-LINEAR VOLTERRA INTECRA

......... N ANS Akt Veaa

TAITATTNN
ang avay

APPROVED BY

/72 '
\,_‘lt“.‘: .ﬁ? lu,."_,;

DISSERTATION COMMITTEE



ACKNOWLEDGMENTS

I wish to express my appreciation to Professor W. T. Reid for his
guidance and assistance during the preparation of this paper. I am
eternally grateful to my wife, Carol, for her unselfish devotion through-
out my graduate studies.

The research for this paper was supported by the Air Force Office of
FScientific Research under grant AFOSR-71-2069, and the National Science

Foundation under grant GP-36120.

iii



TABLE OF CONTENTS

Section Page
1. Introduction . . « ¢« & ¢ ¢ 4 o ¢ &+ ¢ ¢ s o ¢ s ¢ o o o o 1
2. Preliminary results on linear Volterra
Integral equations . . « 4 4 ¢ ¢ ¢ 4 4 s e e b e e . oe . 3
3. Existence theorems for non-linear
Volterra integral equations . . . « v « o « o o o o« o 8
4., Properties of solutions . . « ¢ ¢« 4 ¢ ¢ ¢ ¢ ¢ 0 0 0 o 23
5. Continuation of solutions . . I R 30

REFERENCES . e e o o e o s & o ¢ o ¢ o . e & & & ¢ o s e e oo 37

iv



EXISTENCE AND CONTINUATION PROPERTIES OF SOLUTIONS

OF A NON-LINEAR VOLTERRA INTEGRAL EQUATION

1. Introduction. The subject of this paper is an n-dimensional

non-linear integral equation of Volterra type,
t
(E) x(t) = £(t) + o g(t,8x(s))ds, t € [0,x),

The prime consideration is the study of properties of solutions of equa-
tion (E). In particular, there are derived sufficient conditions for
thie equation to possess a solution on a subinterval Io = [0,T) of [0,x),
and sufficient conditions for the extensibility of such a solution to an
interval I containing Io'

Section 2 presents some known results for linear Volterra integral
equations, which are used to establish a "Gronwall type" inequality for
integral equations. A device introduced by Tonelli [8] is employed in
Section 3 to find approximate solutions of (E). Using these approximate
solutions as the main tool, there are then established certain existence
theorems for (E). Also within Section 3 there are derived sufficient
conditions to insure that if x is a solution of (E) on a subinterval Io
of I then x can be extended to be a solution of (E) on I. In Section 4
it is shown that whenever (E) possesses a unique solution, a certain
type of stability holds for the set of solutions of a corresponding equa-
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2
sufficient condition for a solution x(t) of (E) on its maximal interval
of existence [0,T) to possess the property that |[x(t)| + + « as t ~ T".
Matrix notation is used throughout; in particular, matrices of one
column are termed vectors. Lower class letters are used for vectors,
and capital letters for all other matrices. The real n-dimensional space
is denoted by R", and for x = (xa) ¢ R" the norm x|l is given by
(xi + eee 4 xﬁ)llz. For simplicity R is used for R;; also Rf is used to
denote {t:t € R, t > 0}, For an m < n matrix A, the matrix norm {A|
is defined as the supremum of |Ax|| on the unit ball {x: [|x| < 1} of BR".
For a general m $< n matrix M = [MEB] the symbol M+ > + 0 signifies

that the elements of M are real, and Ma 20 fora=1,°**,m and

B
B =1,+++*,n. The symbol M*< *0 denotes the condition -M*>- 0; also,
M+ >N is used to signify M- N- 2+ 0. The symbol 0 is used indiscrimi-
nately for the zero matrix of any dimensions. For x € R" the symbol |xl
is employed for the vector (Ixal) a=1,°*+,n,

For T € (0,~) the set {(t,8) :0 <t < T, 0 < 8 s T} is denoted by
QT' A matrix function M(t,s) is said to be an element of LZ(QT) if M(t,s)
is measurable in the Lebesgue sense on QT’ and M(t,s) is quadratically

integrable in the sense of Lebesgue on the square QT; the corresponding

norm of M as an element of L2(QT) is defined as

Il =( ] [ Dacessd 1P acas)™.

Since a vector function p(t,s) is a one column matrix function, the above
also gives the meaning for p & LZ(QT).
For any interval I contained in Rf, and any set B<:.Rp, we denote

by C(I:;B) the class of all functions f:I -+ 8" such that f is continuous
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on I and £(t) € B for all t € I; in particular, C(I;R?) is abbreviated

to simply C(I). Similar to the notations introduced above for matrix
functions on QT’ the symbol L2(I) denotes the set of all functions
£:1 + R® such that f is Lebesgue measurable and the integral II Hf(S)"zds
exists in the Lebesgue sense.

If M and N are matrix functions defined on a common domain &, and
such that M is equal to N almost everywhere on £, then we write simply
M = N. Correspondingly, if M+ <+ N almost everywhere on . 2f, then we
write simply M+ <+ N on 2.

A matrix function is called continuous, integrable, measurable, etc.,

when each element of the matrix possesses the specified property.

2. Preliminary results on linear Volterra integral equations. We

shall consider now the linear vector equation

(L) x(t) = h(t) + Jt K(t,s)x(s)ds, t2>0,
o

under the following hypotheses.

(H1) The function h is an element gﬁ}LZ[O,T] for arbitrary
T € [0,=).
(H2) The matrix function K is an element of LZ(QT) for each

T > 0, and K(t,s8) = 0 for s > t.

As is well known from the Fubini theorem, (see, for example, Taylor
[7; Theorem 7-1, p. 328; Problem 2, p. 333]), upon possibly re-defining
K on a set of two-dimensional measure zero one has the following point

properties;
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(1) for each value of t, K(t,s) is a measurable function of s on

Rf such that
2 t 2
(2.1) k() = | ||k(t,s)||“ds < =, t € [0,°);
o

(i1) for each value of s, K(t,s) is a measurable function of t on

Rf such that

L) Y '2I N fT Hep o \IIZ- ra -
{2.2) o (s;T) = J IK{t,s) | dt < =, s € {0,T].
s

A function K satisfying (H2) 1is called an L2 Volterra kernel on K+ = R*,
but for convenience we shall simply say that K is an L2 kernel.
For an L2 kernel K and T € [0,»), we define an operator A on L2[0,T]

in the following way. For x € L2[0,T] let y = Ax, where
t

(2.3) y(t) = J K(t,s)x(s)ds, t € [0,T].
o

The function y is in L2[0,T], and the integral operator A:LZ[O,T] -+ L2[0,T]
is compact. For proofs of these statements concerning the operator A, see
Taylor [6; p. 167, p. 277].

For a given L2 kernel K we define the iterated kernels Ri as follows:
(2.4) RI(C,S) = K(t,s),

Ri+1(t,s) = j: K(t,u)Ri(u,s)du, (1 =1,2,+°).

t
Also, we shall let c(t,s) = I kz(u)du for 0 < t < T, and
8
t 2
c(t) = j k" (u)du = c(t,0), where k is defined by (2.1).
o

LEMMA 2.1. TIf K gatisfieg (H2) then the iterated kernels R (t.g),

o= T ZZoSooTE N == = R

i=1,2,---, defined by (2.4) satisfy (H2).
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The proof of Lemma 2.1 follows directly from applying the Schwarz

inequality and using mathematical induction.
A sequence {Rh} of L2 matrix kernels will be said to be "relatively
uniformly convergent" to R i1f there is a non-negative real valued L2

kernel p(t,s) such that for T € (0,%) and ¢ > 0 there is a positive integer

b -~
HR {t,8) - R(t,s)ﬂ < ¢ p{t,8), whenever n 2> no(e,T), (t,s) € QT’

The limit matrix function R is again an L2 kernel. An infinite series of
L2 kernels is said to be relatively uniformly convergent if the sequence
formed by its partial sums is relatively uniformly convergent. Finally,
an infinite series El Rh(t,s) of L2 kernels is said to be ''relatively
uniformly absolutelg_convergent" if the series ) ||R(t,s)| is relatively
uniformly convergent. The concept. of relativei;luniform convergence was
introduced by E. H. Moore [3].

The following theorem gives the principal properties of relatively
uniform convergence pertinent for the proofs of results listed in Theorems
(2.2) - (2.5). For a proof of this theorem the reader is referred to
Smithies [5; p. 24].

THEOREM 2.1. (i) If Rn(t,s) -+ R(t,s), as n+=, as a relatively

uniformly convergent sequence of L2 kernels, and x ig_gg.Lz([O,T])

function for T € (0,x), then

T T
j Rn(t,s)x(s)ds > j R(t,s)x(s)ds, as n - =,
o
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{2.5) )

R (t,s) = R(t,s),
n=l °

the left-hand side being a relatively uniformly absolutely convergent

geries of L2 kernels, and x(t) is an L2([O,T]) function for T € (0,»),

then

8

/I (T
Rh(t,s)x(s)ds = J R(t,s)x(s)ds,
o

it~

nlJO

the series being relatively uniformly absolutely convergent.

Proofs for the following lemma and theorem are found in Smithies
[5; pp. 32-35].

LEMMA 2.2. If K is an 12 kernel, then for T € (0,») we have

1/2

IR 4 (sl < <uxu;;;/un-1m Dk (E)b(s;T), (t58) € Qpy 0 = 1,2,:-.

THEOREM 2.2. If K is an L2 kernel the series X Rn 1is relatively
n=1

uniformly absolutely convergent.

-
The function R = ) R 1is called the "resolvent kernel" correspond-
n=1

ing to the kernel K, and possesses the following well-known properties,
(see, for example, Miller [2; Chapter IV], Smithies [5; Chapter 11}, or
Tricomi [9; Chapter 1]).

THEOREM 2.3. If K satisfies (H2) then for T > 0 the function

[ -]
R(t,s) = X Ri(t,s), where Ri is defined by (2.4), is an element of
i=}

LZ(QT) and satisfies both equation

t
(R) R(t,s8) = K(t,s) + J R(t,u)K(u,s)du
)

and



(a4

7

R®") R(t,s) = K(t,s) +J K(t,u)R(u,s)du
S

+

for almost all (t,s) in the region R X R+. Moreover, the function R

satisfies the inequality

IR, )| < [RCe,0) ] + k(b3 | [ee@n /1112, for (c,0) Q-
i=2

The matrix equations (R), (R”) are called the "resolvent equations'
assoclated with the kernel K. The basic property of the resolvent kermel
is given in the following theorem.,

THEOREM 2.4, If hypotheses (H1l), (H2) are satisfied, and x gatisfies

equation (L) on the interval [0,T], then

t
(2.6) x(t) = h(t) +I R(t,u)h(u)du, for t € [0,T].
o

THEOREM 2.5. Suppose that in addition to hypotheses (Hl) and (H2),

we have
+ +
(H3) K(t,8)*2°0, for (t,s) e R < R.

Then for T > 0, and x € L2[0,T] satisfying

t
(2.7) x(t) « <- h(t) + I K(t,s)x(s)ds, for t € [0,T],
: o
we have
t
(2.8) x(t) <+ h(t) + j R(t,s)h(s)ds, for t € [0,T],
o]

where R is the resolvent kernel defined by (2.5).

If K satisfies (H2) and (H3), then the resolvent kernel R defined
by (2.5) is an element of LZ(QT) for arbitrary T € (0,~), and R(t,s) ->+0

for (t,s) € R+ b3 R+. Consequently, if T € (0,») and h € LZ[O,T], then
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function r € L"[0,T] with r(t) * >+ 0 and

t
x(t) = h(t) - r(t) + J K(t,s)x(s)ds, for t € [0,T].
0

Then by Theorem 2.4 it follows that

t

t
x(t) = h(t) + ;[ R(t,u)h(u)du - {r(t) + J[ R(t,u)r(u)du},
o o

and as r(t) *2+ 0 on [0,T], and R(t,s) * >+ 0 for (t,s) € R+ x R+, we
have that x satisfies (2.8).

The inequality of Theorem 2.5 is a "Gronwall type" inequality. For
a similar inequality under somewhat different hypothesis, see Chu and

Metcalf [1].

3. Existence theorems for non-linear Volterra integral equatioms.

We shall now state some hypotheses concerning the vector functions f and

g occurring in the non-linear Volterra integral equation (E).

(H4) The function f is continuous on R
+ + n
(85) The function g is defined for all (t,s,x) € R X< R X< R,

g(t,s,x) = 0 whenever s > t and x € Rn; moreover, g(t,s,x)
is measurable in s on [0,t] for each (t,x) € rY < R", and

g(t,s,x) is continuous in x for each fixed pair

(t,s) e B < &'

(B6) There exists an n < n matrix function M and an n-dimensional

vector function p satisfying the following conditions.

(i) M(t,s) +2-+0, p(t,s) +>+0, for (t,s) € R < &, and

M(t,s) = 0, p(t,s) = O whenever s > t.
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\11) nmeL \QT) and p € L (QT), for each T € (U,*®).
+

(1i1) For (t,s,x) € R’ x R’ x R" we have that

(3.1) |g(t,s,x)| + <+ M(t,s)|x| + p(t,s).
(H7) If J is a compact subinterval of R+, and B is a compact set

in Rn. then the function w(t:x) = ,f g(t.s.x(s))ds is con-
J

x € CJ

tinuous in t on J; uniformly with respect

(H8) For T € (0,~), and B a compact set in Rn, the function

u
v(t,u;x) = j g(t,s,x(s))ds is continuous in (t,u) on Q,
o

uniformly for x € C([0,T];B).

(49) For the functions M and p of (H6) we have that:

(1) there exists a kz(T;M) < «» guch that

t
(3.2) J ||M(t,s).|2ds < kz(T;M), for t € [0,T];
o

(11) there exists a k(T;p) < = such that

t
(3.3) J lpCt,ys) fds < k(T;p), for t € [0,T].
o -

If hypothesis (H8) is satisfied then it follows that hypothesis (H7)
is also satisfied. Hypotheses (H7), (H8) hold if certain corresponding
conditions with "norm" inside the integral sign hold; for example,
hypothesis (H7) is satisfied if the following condition holds for the

function g.

+ n
u7-°) For J 2 compact subinterval of & , B a bounded set Lo R,
+
and t € R, we have that
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sup{JrJ ig(t,s,x(s8)) - g(to,s,x(s))ﬁds : x€C(J;B)} >0as t~> t,-

In Miller [2; Chapter 1I], hypothesis (H7”) is employed to prove
existence theorems for solutions of equation (E).
Let T € (0,~») be given, and kZ(T;M) be the constant of (H9) such that

(3.2} holds on [0,T]. In view of the Schwarz imequality, it follows that
t 1/2
Iue,o)llds < (T, (TsM)) ™%, for t € [0,T].
o
Thus as a consequence of (H9), there exists a kl(T;H) < «» guch that
t
j IM(t,s)]|ds < k, (T;M), for t € [0,T].
o

Now consider the equation (E) where the vector functions f and g are
such that hypotheses (H4), (H5), and (H6) are satisfied. By definition
a "solution" of (E) on an interval I, of the form [0,T] or [0,T), is a
function which is continuous on I and satisfies (E) on this interval.

For equation (E) all existence theorems involve some sort of limit-
ing process to pass from an "approximate" solution to an actual solution
of this equation. For I of the form [0,T] or [0,T), a function y:I - r"®

is said to be an ct-approximate solution of (E) on I if y is continuous

on this interval, g(t,s,y(s)) is integrable in s on [0,t] for t € I, and

t
(3.4) ly(e) - £(t) - J g(t,s,y{s))ds| < €, for t € I.
o}

Clearly a solution of (E) on an interval 1 is also an e-approximate solu-~
tion of (E) on this interval for every positive real number e.

THEOREM 3.1. Suppose that hypotheses (H4) - (H7) and (H9) are

satisfied. 1;_{em} is a sequence of positive constants converging to
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zero, and {y‘m)(t)} 1s a corresponding sequence of em-approximate solu-

tions satisfying (3.4) for € = e, on the interval [0,T], then there exists

(
a subsequence {y mk)(t)}, (m1 < m, < ««+), which converges uniformly on

[0,T] to a solution y of the equation (E).
(m)

Define the vector functions r € C([O,T];Rp) as

o

(3.5) ™) =y @) - £ - J g(t,8,y™ (s))ds, t € [0,T],

o
for m = 1,2,+++, Equality (3.5), together with the assumption that y(m)
is an em-approximate solution of equation (E) on [0,T], implies that
||r(m) @) < e, for all t € [0,T]; in particular, the sequence e ™ ey}

converges to zero uniformly on [0,T].

From (3.5) we have that

3.6 Iy™®| <. g + 1™ o]
t
+ J lgCt,s,3™ (s)) |ds, for t e [0,T1,
0
and thus in view of (H6) it follows that

<o lg@] + 2™ )]

a0 y™

t (m) t
+ M(t,s) |y " (s) |ds + p(t,s)ds.
) o

t
Lettingh(m)(t)= [£Ce)| + Ir(m) )] + Jo p(t,s)ds, and w(m) (t) = Iy(m) ()|

for t € [0,T], (3.7) can be written as

t
(3.8) a® ) <o W@ +f M(t,s)w ™ (s)ds, t € [0,T].
[o]

Each function h(m) :{0,T] -+ &" is an element of LZ[O,T], and M is an element
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of LZ(QT), while w(m) € LZ[O,T]. Consequently inequality (3.8), together

with Theorem 2.5, implies that
t

.90  v™@) o 0™ ey + J H(t,s)h ™ (s)ds, for t e [0,T],
o]

where the matrix function H is the resolvent kernel corresponding to the
kernel M. As was seen in Section 2. the function H is an element of
LZ(QT), and H(t,s) *2° 0 on Rf > R+.

Concerning the functions h(m), we have that

A

t
B® @l < lz@ ]+ 1= @l + [ fpcoles

o

t
sup{[[£(e)]| : 0 s £ < T} + ¢+ J lp(t,s)|lds, for all t € [0,T].
o]

LAY

In particular, applying (3.3) of (H9), and noting that {sm} converges to
zero, it follows that {h(m)(t)} is uniformly bounded on the interval [0,T].
Let BO(T) be a real number such that "h(m)(t)" < Bo(T) for t € [0,T], and

each m = 1,2,-++. From (3.9) it follows that

.10 Jy™ )] = v™ (o]

A

t
™ ] + jo JHCE,8)h(s)| ds,

in

t
B (T) + BO(T)JO |a(t,s)|ds,

for t € [0,T]), and each m = 1,2,
Applying the moreover part of Theorem 2.3 to the resolvent kernel
H, it follows that
t T
Ga) i) < ] + ( nn(t,u)nzdu>1/2(j e, 9] 2aw) 2,
‘o s

for (t,s) € QT
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® (T tu 2 i i/2
where a = ) ([J° J M(u,s)|| “ds dul™/11)"/“, (see Miller [2; p. 197]).
i=2 °

Inequality (3.11), together with the Schwarz inequality, yield

t t
j luCe, )] ds < j MCe, 8] ds
[o}

(o]

t
o[ Hu(t,u)ﬂzduds\llz(ft " Mg, 82l % \1/2,
Mo Jo /7 Nols

which implies

t t 1/2 /2
G-12) [ Ince,odlas < [ Iuce,alas + or (j e wrh 2en e

for t € [0,T).

Inequality (3.12) and hypothesis (H9) imply the existence of a positive

t
constant B.(T) such that j lace,s)lds < B, (T) for t € [0,T}. From (3.10),
(o]

(3.11) it then follows that

(3.13) Iy™ ()]l < B(D) + B (MBy (M), for t e [0,T].

In particular, the bound of (3.13) is independent of m. Since inequality
(3.13) holds for each t € [0,T], it follows that the sequence {y(m)} is

uniformly bounded on [0,T].

Now consider the sequence of functions {z(m)} defined by
(3.14) (m)(t) = f(t) + I g(t, s,y( )(s))ds, for t € [0,T].

For each m = 1,2,°°°, we have that z(m): io,T1 » R". Also in view of

(H6) it follows that for eachm = 1,2,+++, we have

t t
VY . m P Y . rgrs S
I [ n(t.,u)iy( )\s)ins + Jro p(t,s)jds,

for t € [0,T].



oliows that the sequence {z } is

(%
~r
[ N
“
[al]
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2 Lo

uniformly bounded on [0,T].

If t;,t, € [0,T] then

T

ty
J g(ti,s,y(m)(s))ds = I g(ti,s,y(m)(s))ds, for i =1,2,
o o

since g(t,s,yom)(s)) = 0 whenever s > t. We now have that for m = 1

(m) (m)

3.16) |z (tl) -z

(el < fECey) = £Ce)i

' (m) (@)
+HL {g(ty,8,5 ™ (8)) - 8(ty,8,3 " (8))}ds] .

Inequalities (3.13), (3.16), together with hypotheses (H4), (H7), then imply
that the sequence {z(m)(t)} is uniformly equicontinuous on the interval
[0,T]. Hence by the Ascoli selection theorem, (see for example Reid [4;
p. 527]), there is a continuous function y and a subsequence {z(mk)},
(m1 <m, < «++), of the sequence {z(m)} such that {z(mk)} converges
uniformly to y on [0,T].

For t € [0,T] it then follows that
lly(mk)(t) -y = ||r(mk)(t) + £(t) + Jz g(t,s,y(mk) (s))ds - y(B) |,

1= o + 12 ) - vl

IA

A

£m, + Iz(mk)(t) -y, te(o,T].
)

As the sequence {emk} converges to zero, and the sequence {z T } con-
(m)

verges uniformly to y on [0,T], the sequence {y T } of emk-approximate

solutions converges uniformly to y on [0,T]. From (3.13) it follows that

foe N\

there exists a compact set B C B" such that each function y\mk’(t) is
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contained in B for t ¢ [0,T], and hence the limit function y(t) is con~
tained in B for t € [0,T]; that is, y € C([0,T];B).
Clearly y(0) = £(0), since z ™ (0) = £(0) for k = 1,2,+++, and

{z(mk)

(0)} converges to y(0). Now fix t. in the interval [0,T], and fix

1
8y in the interval [O,tll. From (H5) we have that g(t,s,x) is continuous
in x for any fixed pair (tl,sl) € QT’ and this, together with the uniform
convergence of {y(mk)} to y on [0,t1], implies that {g(tl,s,y(mk)(s))}
csnverges.to g(tl,s,y(s)) for every s € [O,tl]. In view of hypotheses
(H6), (H9), and inequality (3.13), we have that g(t,s,y(mk)(s)) is
bounded by a function integrable in s on the interval [0,t]. As each of
the functions y(mk) is continuous on [0,T], hypothesis (H6) implies that

(my)

g(t,s,y (s8)) is measurable in s on [0,T], and hence using the Lebesgue

dominated convergence theorem it follows that for each t € [0,T] we have
t (m,) t
Io g(t,s,y T (8))ds — J g(t,s,y(s))ds, as k + =,
o

By (3.4) we have
t 'm, )
z(mk)(t) = f(¢) + Jo g(t,s,y( k (s))ds, for t € [0,T],
and hence upon taking the limit as k > «» it follows that

t
y(t) = £(t) + J g(t,s,y(s))ds, for t € [0,T];
[o]

that is, the function y is a solution of equation (E) on [0,T].

THEOREM 3.2. Given T > 0, suppose that hypotheses (H4) - (H9) are

satisfied. Then we have the foliowing results.

(1) For each real number € > 0 there is a corresponding

e-approximate solution of (E) satisfying (3.4) om [0,T].

(11) There exists a function y which 1s a solution of (E) on [0,T].




In view of Theorem 3.1, conclusion {ii) is a ready consequence of
conclusion (i). Indeed, 1f conclusion (i) is valid and for a sequence
{em} of positive constants converging to zero a corresponding approximate
solution satisfying (3.4) on [0,T] with € = € is denoted by y = y(m)(t),
then from Theorem 3.1 it follows that there is a subsequence of these
approximate solut;ons that converges uniformly on [0,T] to a solution y
of (E).

For 0 < 6 < T define the function y(t;s) : [0,T] R as

£ (t;6)

(3.17) y(t38) = £(¢) + J g(t,s,y(s;6))ds,

(o)

where the function ¢ (t;é8) : [0,T] - Rf is defined by
(3.18) z(t38) = 0 for t € [0,8], z(t;6) =t -6 for t € [6,T].

Fix § € (0,T), and let r be a natural number such that
(r-1)6§ < T < ré. For j =1,°*,r-1, the knowledge of y(t;6) on the
interval [0,(j~1)8] provides the value of y(t;§) on the larger interval
[0,36], and the knowledge of y(t;§) on the interval [0,(r-1)8] provides
the value of y(t;8) on the entire interval [0,T]. From (3.17) and
(3.18) we have that y(t;8) = £(t) on [0,6], and hence it follows that
y(t;8) is a well defined function on [0,T].

Clearly y(t;8) is continuous on the interval [0,6] in view of
hypothesis (H4). From (H4), (H8) it then follows that y(t;§) is con-
tinuous on the Interval [§,26]. Continuing this argument for each of
the compact subintervals [j§,(3+1)8}, j = 1,-°°r-2, and [(z-1)6,T], we
estaﬁlish that the function y(t;é) is continuous on each of these
intervals. Thus it follows that y(t;§) is a continuous function on [0,T].

Now for the function y(t;8) of (3.17) we have that
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ro(t;8)
£(t)]| + J |g(t,s,y(s;8))|ds,
0

ly(t;8)] <+

e e

t
£(t) | +J |g(t,s,y(s;8))]|ds, for t € [0,T],
o

where the second inequality holds since z(t;S) < t for t € [0,T]. Thus

it follows by hypothesis (H6) that

(3.19) ly(ts8)| <+ |£(0)] + Jo M(t,s)|y(s;8)|ds

t
+ jo p(t,s)ds, for t € [0,T].

Inequality (3.19) implies that the functions y(t;§) of (3.17) are
uniformly bounded on [0,T], independent of § on (0,T). Indeed, this
uniform bound may be established by an argument similar to the one used

(m) of Theorem 3.1.

to establish a uniform bound for the vector functions y
Let B denote a compact set in R" such that y(t;8) € B for all t € [0,T]
and all é6 € (0,T).

Let € > 0 be given. From (H8) we have that there exists a real

number p = p(e;T;B) > 0 such that if 0 < § < p then
t
(3.20)  |ly(t;8) - £(¢) - Jo g(t,s,y(s;6))ds|| < €, for t e [0,T];

that is, for § € (0,p) the function y(t;8) is an e-approximate solution
of (E) on [0,T].

The device used in the above determination of approximate solutions
was introduced by Tonelli [8] in the proof of existence theorems for
functional equations of Volterra type.

Theorem 3.2 establishes the existence of a solution for equation (E)

ined on the dnterval {0,T]. Now ihere may be other solutions
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of (E) that exist on some subinterval, say [O,Tl] or [O,Tl) of the
interval [0,T], and for any one such solution there is the possibility
that it may be impossible to extend its interval of definition to be the
whole interval [0,T]. In Theorem 3.3 below we prove that under the
hypotheses of Theorem 3.2 such an extension of the interval of definition
is always possible.

THEOREM 3.3. Suppose that hypotheses (H4) - (H9) are satisfied and

that T € (0,~) is given. If ¢ is a solution of equation (E) on the

interval [O,Tl), where 0 < T1 < T, then there exists on [0,T] a solution

y of (E) such that y(t) = ¢(t) for t € [0,Ti).
Hypothesis (H6), together with the result of Theorem 2.5, implies
that the solution ¢ is bounded on [O,Tl). Let 8§ be any real number

satisfying 0 < § < T,, and define the function y(t;§) for t € [0,T] as

1’

}'(t;ﬁ) = ¢(t)a for t € [OQT]_'G],
T1=-6
Y(t;‘s) = f(t) +J g(t,s’¢(3))d3; for t € [T1’6’T1]’
o)
t-§
y(t;8) = £(t) + I g(t,s,y(s;8))ds, for t € [T,,T].
[o]

Then we have

(3.21)  y(t;6) = £(t) +

n(t;8)
I g(t,s,y(s;8))ds, for t € [0,T],

0
where the real valued function n(t;s) is defined as n(t;8) = t on

[O,Tl-G], n(t;8) = T.-6§ on [Tl-G,TI], n(t;8) = t-§ on [Tl,T]. Since

1
0 < n(t38) < t on [0,T] and |n(t;8) - t| < 6§ on [0,T], as in the proof

of the corresponding results for the vector function (3.17) it follows
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that y(t;6) is a continuous function on [0,T], and y(t;8) is bounded on
[0,T] independent of § € (O,Tl). Let B denote a compact set in R" such
that y(t;8) € B for all t € [0,T] and all § € (o,'rl).

Hypothesis H(8) then implies that for arbitrary € > 0 there exists
a real number p(e;T;B) > 0 such that 1f 0 < 6 < min{Tl,p(e;T;B)} then

rt
fly(e;6) - £(t) - Jo g(t,s,y(s;8))ds| < e, for t € [0,T].

Let {em} be a sequence of positive constants converging to zero, and
choose a sequence {Gm} which converges to zero, and such that
0<s¢ < min{Tl,p(em;T;Bﬂ for m = 1,2,°**. For each m the function
y(t;Gm) is an € -approximate solution of equation (E) on [0,T], and thus

)1,

as a consequence of Theorem 3.1 there is a subsequence {y(t;$

oy
(m1 <m, < +++), which converges uniformly on [0,T] to a solution y of (E).

As y(t36_ ) = ¢(t) on [0,T1-6mk] and {Gmk} converges to zero, it follows

"

that the limit function y is identical to the function ¢ on [0,T It

1)'
is to be noted that if ¢ is a solution of (E) on the closed interval
[O,Tll, then by the continuity of the limit function y and the left-hand
continuity of ¢ at Tl’ we have that y(Tl) = ¢(T1), and therefore y is a
sclution of (E) on [0,T] and y(t) = ¢(t) for t € [O,Tll.

The following hypothesis for the function g of (E) is employed in

the next theorem.

(H10) There is a T” > 0 and n > 0 for which there exists a vector

function | QT‘ > 8" such that:

1) p € LZ(QT,). P,(t,8) *2° 0 on Q., and p_(t,s) = 0

whanavar o > &
Y AL BAwr ¥ Y b - - E
————y
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(i) ig(t,s,x)i °s po(t,s) for (t,s,x)e A, where

A= {(t,8,%) : (t,8) € Qp., [x - £(&)] < n};

(111) there exists a value k(T’,po) < = guch that
t
f lpg(tss)ids < k(1”,p), for ¢t < [0,7°].
o
As a consequence of Theorem 3.2 we have the following local exis-
tence theorem.

THEOREM 3.4. If hypotheses (H4), (H5), (H8) and (H10) are satisfied

then there exists a number 8 > 0 and a function y such that y is a

solution of equation (E) on the interval [0,8] satisfying

Iy(t) -~ £(t)| < n. Moreover, if ¢ is a solution of (E) on a subinterval

[0,81), where 0 < 8, < 8, then there exists on [0,8] a solution y of (E)
such that y(t) = ¢(t) on [0,31), and {y(t) - £(t)]| < n on [0,B].
Let T be the positive constant of hypothesis (H10), and define the

vector function h on R+ > R+ =< R® as:

(3.22) h(t,s,x) = g(t,s,x), for (t,s,x)€A;
and
(3.23) h(t,s,x) = g(t,s,£(s) + n(x-£(s))/||x- £(s)]),

for all (t,s,x) € A°

{(t,s,x) : (t,s) € Qp-» l|x=-£¢s) || 2 n};
h(t,s,x) = 0, elsewhere.
For (t,s,x) € {(t,s,x) : (t,s) € Q > ”x-f(s) " =n}, we have that

g(t,s,x) = g(t,s,£(s) + n(x-£(s))/|x ~£(s)]|), and for all (t,s,x)e A’

it follows that

l£¢s) - {£¢s) + n(x- £ /x- £@IY = nCx-£¢s) M]x- £ = n.



21
In particular, the function h is well defined on R+ < R+ x R" and
satisfies

(3.24) In(t,8,%)| 5 p (t,8) for (t,s,x) € Q< R

Inequality (3.24) implies that the function h satisfies (H6), where M
is the zero matrix and p = P, for (t,s) € QT" p £ 0 elsewhere in
R+ > R+. Clearly hypotheses (H4) and (H9) are satisfied for the func-
tions f and M= 0, p = P, respectively. The only non-trivial point in
showing that the function h defined above satisfies (H5) is the measur-
ability of h(t,s,x) in the variable s on the interval [0,t] for each
(t,x) € mf' b S m?, (see Reid [4; Problem 3, p. 99]).

For T > 0 and B a compact set in Rp, we have that there exists a
k(B) < = such that if x € C([0,T];B) then |x(t)| < k(B) for t € [0,T].
Let r = max{k(B), sup[]|£(t)|] : t € [0,T]] + n}, and denote by B, the
closed ball centered at the origin having radius r. For each function
x € C([0,T];B) define x as follows for s € [0,T] : &(s) = x(8) if
lx(s) = £(s) || < n; %(8) = £(8) + n(x(s) = £(s))/[|x(s8) ~ £(s)] if
Ix(s) - £(s)]

and g(t,s,x(s)) = h(t,s,x(s)) for s € [0,T].

A

v

n. Then the function § is an element of C([O,T];Br),

Let € > 0 be given. For T > 0 and the compact set Br’ hypothesis
(H8) implies that there exists a p{e;T;Br) > 0 such that if
(t u ), (t;,u;) € Qy and "(to,uo) - (tl,ul)" < p(e3T;B ), then it follows
that
u]

g(tl,s,x(s))dsﬂ <g, for all x € C([O,T];Br).
0

uO
I f g(t,8,%(s))ds - j
o

Consequently it follows that if u; = min{uo,T‘} and ui = min{ul,T‘h then
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uO lll
”I h(to,s,x(s))ds - J h(tl,s,x(s))ds"
o o

»

uc’, ul
= "J g(to,s,ﬁ(s))ds - f g(tl,s,ﬁ(s))dsﬂ < e,
0

o
for all x € C([0,T];B) whenever (to,uo),(tl,ul) € QT and satisfy

H(to,uo) - (tl,ul)" <p = p(e;T;Br). That is, the function h satisfies
(H8), and thus h also satisfies (H7).

As a consequence of Theorem 3.2 we have that the equation

t

(E*) x(t) = £(t) + Jo h(t,s,x(s))ds
has a solution y on each interval [0,T] for T > 0, and, in particular the
interval {0,T"].

let d = n + sup{“f(t)": t € [0,T°]} + k(T‘,po) where k(T‘,po) is the

positive constant of (H10), and let B, denote the closed ball in R®

d
centered at the origin and having radius d. Hypothesis (H7) implies that

there existsap(n;T';Bd) such that if 0 < 8 < min{T”’,p(n;T ;Bd)} and

z € C([O,T’];Bd), then
t T”

(3.25) IlJ h(t,s,z(s))dsl = “I {h(t,s,z(s)) - h(O,s,z(s))}ds"
o 0

<n, for t € [0,8].
Since y is a solution of (E”) on [0,T"}, and (3.24) holds, we have that
t
lye)| <<+ |£C0)| +J p,(t,s)ds, for t € [0,T°],
o

which implies that |y(t)| < d for t € [0,T”]. Thus y is an element of

C([O,T‘];Bd) and (3.25) holds with z = y. From (3.25), we have that



23

fy(s) - £(s)ji < n on [0,8], and thus h(t,s,y(s)) = g(t,s,y(s)) on the set
L(L5,y(8)) & (£,8) € Qu, lly(s) - £(a)]| < n}. That is,

t

t
(3.26) y(t) = £(t) + I h(t,s,y(s))ds = £(t) + J g(t,s,y(s))ds,
(o] .

o
for t € [0,81],

and hence y is a solution of equation (E) on [0,8]. Application of the
result of Theorem 3.3 to the equation (E”), and the fact that the result-
ing vector function y(t) has the property that {(t,s,y(s)) : (t,s) € QB}
is inA, then implies the final conclusion of the theorem.

If g satisfies a Lipschitz condition with respect to x, then the
local solution of equation (E) 1s unique, (see, for example, Miller

{2; Chapter II, Section 1}).

4. Properties of solutions. In this section we shall continue the

consideration of the non-linear Volterra equation (E).

LEMMA 4.1. Suppose that in addition to hypotheses (H4) - (H10) the

following three conditions are satisfied:

(1) {6m}, m=1,2,"**, is a sequence of non-negative constants

converging to zero;

(1i1) {f(m)} is a sequence of continuous vector functions convergin
oL ging

uniformly on the interval [0,T] to the function f of equation (E);

(iii) {y(m)} is a sequence of continuous vector functions defined on

{0,T] and satisfying

t
1im lly(m)(t) - f(“')(t) - J g(c,s,y("‘)(s))dsﬂ = 0, uniformly on [0,T].

m-> ® Sm

(my )
Then there exists a subsequence {y e 1, (m1 < m, < +++), that converges
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uniiormiy on {0,T] to a solution y of equation (E).
Condition (i1) implies that the sequence {f(m)} is uniformly bounded
and equicontinuous on [0,T]. From condition (iii) it follows that there

exists an integer k such that if m > k then

t
Iy ® o) - £ ey - f 8(t,5,y™ ())as|l < 1
Gm
and hence

t ;
cee E™ ()| + J lgCt.s,3y™ (s)) ]ds + (1),
Gm

.1 Jy™ e

for t € [0,T],

where (1) denotes the vector with all components equal to 1. From (4.1)

and hypothesis (H6) it follows that for m > k we have

t t
(4.2) Iy(“’)(:)l <. If(m)(t)l + L M(t,s)ly(m) (s)|ds + J p(t,s)ds + (1)
(o}

for all t € [0,T]. Using an argument similar to the one employed for
the corresponding vector functions y(t;8) in the proof of Theorem 3.2,
and remembering that {f(m)(t)} is uniformly bounded on [0,T], inequality
(4.2) together with the result of Theorem 2.5 imply that the sequence
{y(m)}:=k is uniformly bounded on [0,T}. Since each of the functions

y(m), m=1,2,°*+,k=1, is continuous on [0,T] it then follows that {y

)y
m=1,2,+-., is uniformly bounded on [0,T].

Now for m = 1,2, and tl,tz € [0,T], we have the following inequal-
ity

4.3) Iy ® e - y™ el sa +a, + 8,48,

1 3 4

where
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st
e 8

A = Iy ™) - £® ) - | ategsy™ e,

O

m

A, = e (e, + f

£2
5, B0y P (e - y W e,

Ay = 1™ e - £ eyl

ty

&1
A = "[6 g(t,,s,y(m)(s))ds - f g(tz,s,y(m)(s))dsﬂ.
had s 6

m m
Condition (iii) implies that uniformly with respect to t the quantities
A;, A, are small for large m. As the sequence {f(m)} is uniformly equi-

continuous on [0,T], A, is arbitrarily small whenever Itl - t2| is

3
sufficiently small. Hypothesis (H8) implies that A4 can be made small
by restricting Itl - t2| to be sufficiently small. Thus the sequence
{y(m)}, m=1,2,°*+, is uniformly equicontinuous on [0,T].

Since {y(m)} is uniformly bounded and uniformly equicontinuous on
[0,T], the Ascoli selection theorem yields a subsequence, which will also
be indexed by m, that converges uniformly on [0,T] to a continuous vector

function y. For t € (0,T], pick m sufficiently large so that Gm < t.

It then follows that

t
(4.4) ly(e) - £¢e) - Jo g(t,s,y(s))ds| < Dy, ¥ Doy ¥ Dgs

where
b, = ly(®) - y™ ] + 1t™ (o) - £,

t
g(tss’y(m) (8))ds “)

m

D, = ly® ey ~ £® ey - J’a

t (m) ¢
Dy ‘Ilj g(t,s,y ™ (s))ds - I g(t,s,y(s))ds].
)

o 0
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(m),

he sequences ly ') and {f(m)} converge uniformly on [0,T] to y and f,
respectively, and hence Dlm > 0 asm~> >, Condition (iii) implies that

D, - 0 as m >, Concerning D, , it follows that
2m 3m

t (@) _ *n (@)
D3m = " (S(t,s)y (s)) g(t,s ,Y(S)))dSH + " g(t,s,y (S))dS"a
(o) (o]

and hence the Lebesgue dominated convergence theorem z2lcng with (HS)
implies that D, - 0 as m + . Condition (iii) implies that'{yﬁm)(O)}
converges to £(0), so that y(0) = £(0), and from inequality (4.4) it

follows that for arbitrary ¢ > 0 we have
t
ly(t) - £(t) - J g(t,s,y(s))ds|| < ¢ for t € (0,T].
o

That is, y is a solution of equation (E) on [0,T].

THEOREM 4.1. Suppose that hypotheses (H4) - (H10) are satisfied,

and that ¢(t) is the unique solution of equation (E) on the interval

[0,T]. Then for arbitrary B > 0 there are positive constants el(B),
€,(8) and €,(B) such that if

(a) t€[0,T) and T < el(B),

(b) h is a continuous function defined on [0,T] such that

In(e) - £¢v)] < e,(8) for t € [0,T],
and

(¢) y is a continuous function on [7,T] satisfying

t
ly(e) - h(e) - f g(t,s,y(s))ds]| < €;5(B) for t € [1,T],
T

then we have that [ly(t) - ¢(t)| < 8 on [1,T].

The theorem will be established by an indirect argument. If the



conclusion of the theorem is not valid then there is at least one
positive value 8 = Bo for which there are no corresponding values al(B),
62(8), 23(8) satisfying the conclusion of the theorem. In particular,

the conclusion does not hold for el(B) = sz(B) = 83(8) = 1/my, m=1,2,¢0c,
That is, for each positive integer m there exists a value T € [0,1/m] and

(m) , y(m)

continuous functions h satisfying

(4.5) ™ () - £(0)|| < /m, for t e [0,T1,

(m) _ _ ¢ (m)
(4.6) "y (t) - h¥ 7 (t) g(t,s,y 7 (s))ds| < 1/m, for t € [rm,T],
Tm

(m) -
while there is a point t € [Tm,T] such that |y (tm) ¢(tm)| 2 Bo.
In particular, the sequence {Tm} converges to zero, and from (4.5)
it follows that the sequence {h(m)} converges uniformly on [0,T] to the

function £. We shall extend the domain of each y(m)

to the interval [0,T]
by defining y(m)(t) = h(m)(t) + y(rm) - h(m)(rm) for t € [O,Tm], and thus
extended the sequence {y(m)} satisfies condition (iii) of Lemma 4.1.

From Lemma 4.1 it follows that there exists a subsequence {y(mk}} which
converges uniformly on [0,T] to a solution y of equation (E). Now by
hypothegis ¢ is the unique solution of (E) on [0,T], so that y(t) = ¢(t)
on [0,T], and the uniform convergence on [0,T] of the subsequence

)
{y(mk (t)} to ¢(t) contradicts the above condition that for each m there

is a value t,on [Tm,T] such that "y(m)(tm) - ¢(tm)" > Bo.

Contained in the above thecrem is the following result.

COROLLARY 4.1. Under the hypotheses of Theorem 4.1, a continuous

function y satisfying the equation

t
y(t) = h(t) +J g(t,s,y(s))ds, for t € [1,T],
T
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where T and h satisfy conditions (a) and (b), respectively, is such that

lyce) - ¢(t)] < 8 for t € [r,T].

COROLLARY 4.2. Under the hypotheses of Theorem 4.1, if condition

(c) is replaced by

(c”) y is a continuous function on [0,T] satisfying

Iy - b - | g(tis,y@)as] < e5®), for ¢ € [0,1],

T

then it follows that [|y(t) - ¢(t)| < B on the whole interval [0,T].

The proof of Corollary 4.2 differs from that of Theorem 4.1 only by

the fact that we need not extend the domains of the functions y(m).

COROLLARY 4.3. Under the hypotheses of Theorem 4.1, a solution y

of the equation

t
y(t) = h(t) + Jf g(t,s,y(s))ds, t € [0,T],
[}

where h is a continuous function satisfying ||h(t) - f(t) || < ez(B) on
[0,T], is such that [y(t) - ¢(t)| < B for t € [0,T].

The conclusion follows from Corollary 4.2, since y(t) satisfies
condition (c”) of Corollary 4.2 with t = 0.

By definition, an open region (. of the (t,s,x)-space shall be an
open connected set in R < R X Rn, and throughout the remainder of this
section we shall restrict attention to an open region which contains a
point of the form (0,0,x) for some x € R". For an open region R we now

state the following hypothesis concerning the vector function g.

(H11) There exists afunction ﬁ:R < R+ R® such that

1) fi(t:,s) *>2+0, and H(t,s) = O whenever s > t;
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(ii) for every T € (0,%), p € L"(QT) and there exists a

value k(T;B) < = such that for every t € [0,T] we have

t o A
[ Ipce.olas < kemspy,
o

(111) lg(t,s,x)l *<e p(t,8) for (t,s,x)& R .

e cmm shan (o

wE 3Sce Luaat i, Cuntains
some points of the form (t,s,x) where t and s are negative; consequently,

we shall extend the domain of g by defining g(t,s,x) = g(0,0,x) if either

t or s is negative, and define f(t) = £(0) if t is negative.

THEOREM 4.2. Suppose that (R 1is an open region in the (t,s,x)-space

and that hypotheses (H4), (H5), (H8), (Hll) are satisfied, while ¢(t) is

the unique solution of equation (E) on [0,T] with

{(t,s,6(s)):0<s<t<Thin® . If B is a positive constant such that

the set

SB = {(t,s,x) : 0s8stsT, |x- d¢)] <8}

is 1._1_1.01. ,» then there exist positive constants 61(8), 62(8) such that if

0<6 < 62(8) and 0 < 1T < 61(8), then the function y = y(t,8) of (3.17)

gatisfies [|y(t;6) - ¢(t)| < B on [0,T].
Let the vector function ho(t,s,x) be defined on R+ > R+ < R® as

follows

ho(t,s,x) g(t,s,x) on S

B’
h (t,s,%) = g(t,s,6(s) + 8(x - ¢(s))/|x - ¢(s)]})
if (t,8) € Qp and [x - ¢(s) || > 8,

ho(t,s,x) = (0, otherwise.

Using an argument similar to the one employed in the proof of Theorem 3.4
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for the corresponding vector function h{t,s,x) of (3.2z1), (3.22), it
follows that hypotheses (H4) - (H9) are all satisfied for the functions

f and ho' For a given B > 0 we shall denote by €15 €, and €, the

quantities of Theorem 4.1 determined for the equation

t
(4.7) y(t) = £(t) + f h (t,s,y(s))ds t € [0,T].
[a]

Since ho(t,s,¢(s)) = g(t,s,0(s)) for 0 < s < t < T, we have that ¢ is a
solution of (4.7).

Denote by yo(t;G), 0 < 6§ < T, the vector functions determined by
(3.17) with g(t,s,y) replaced by ho(t,s,y). It now follows that there
exists a compact set B such that yo(t;é) € Cc([0,T];B) for each § € (0,T).
Moreover, hypothesis (H8) implies that there exists a p = p(s3;T;B) such

that 1£f 0 < u < p then for 0 £ t £ T we have
u

(4.8) "I ho(t,s,yo(s))ds" < 63/2, uniformly for v, € c([o,T]:B).
o

Now let 61(8) = min{el,p} and 0 < 62(8) < p. In view of (4.8) and (3.20),

it follows that 1f 0 < t < 61(6) and 0 < § < 62(8) then

t
||y°(t;6) - f(t) - Jr ho(t,s,yo(s;G))ds" < &4, for t € [0,T].
Then Corollary 4.2 yields the result that uyo(t;d) - ¢(t)H < B8 on [0,T],
and hence the set {(t,s,yo(s;é)): 0 <s <t <T} lies in SB and
yo(t;é) = y(t;8) on [0,T]. Consequently for 61(8) and 62(6) the values

determined above, we have that Theorem 4.2 holds.

5. Continuation of solutions. Suppose that hypothesis (H1l) is

satisfied for the open region 6L of (t.s.x)-space, and ¢ is a solution

of equation (E) on an interval I of the form [0,T] or [0,T), with
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{(t,s,0(8)) : 0<s<t, t €1} inaa . Tﬁe interval I is said to be a
maximal interval of existence of ¢ if there does not exist a solution
y(t), t € Io’ of (E) with {'.(t,s,y(s)) t:0<s<t, t € Io} in@v, where
Ic Io’ y(t) = ¢(t) for t € I, and there is a t, € I0 such that t < t
for every t € 1.

If a half open interval [0,T) is an interval of existence of a
vector function y(t) with {(t,s,y(s)) : 0 < s < t, t € [0,T)} in@®. , then
y(t; is said to tend to the boundary of R as t » T~ if either T = + o,
or T < + » and for S an arbitrary compact subset of R there is a corre-
sponding To < T such that 1f t € (TO,T) then (t,t,y(t) é S. An alternate
specification of this.latter condition is that there is no point (T,T,n)
in R which is a limit point of the set {(t,s,y(8)) : 0 <s <t, t € [0,T)}.

The following hypothesis is employed in the next theorem.

(H8-Q®.) For the open region ® of the (t,s,x)-space, we have that

for T € (0,~) and B a compact set in R® the function

v(t,u3x) = ju g(t,s,x(s))ds
(o]

is continuous in (t,u), uniformly for x € C([0,T];B)

satisfying (t,u,x(u)) € R for 0 su <t < T.

THEOREM 5.1. Suppose that (R is an open region of the (t,s,x)-space,

hypotheses (H4), (H5), (H8-R) and (H1l) are satisfied, and yo(t),

t € [0,'1‘0), is a solution of (E) with {(t,s,yo(s)) :0<s<tc< TO} in

R . Then there exists a solution y(t), t € [0,T), of (E) which is an

extension of y (t) and such that [0,T) is a maximal interval of existence

for v(t); moreover. v(t) tends to the boundarv of R as t » T,
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Let the rational real numbers greater than To be ordered as a
sequence {Tm}, {(m=1,2,.+.). If [O’To) is not a maximal interval of
existence of the solution yo(t), then there exists a smallest integer m,
such that there is a solution y(l)(t), t € [O,Tml), of (E) which is an
extension of y(o)(t). Now suppose that integers mj, G=1,2,---,k),
have been determined, where m < m, < sse < m s and there are solutions
y(j)(t), te [O,ij], of (E) such that y(j)(t) is an extension of y(j-l)(t)
for j = 1,2,°°*,k. If [O,ka) is not a maximal interval of existence of
y(k)(t), let W41 be the smallest integer such that ka+l > ka, and
there is a solution y(k+l)(t), t e [0,ka+1), which 1s an extension of
y(k)(t). Proceeding in this fashion, there is obtained a finite or
denumerably infinite sequence of solutions y(j)(t), t € [O,ij). If
I = [0,T) is the union of the intervals [O,ij), then for t, € I and k
such that t, € [O,ka), the condition y(to) = y(k)(to) unambiguously
defines a solution y(t) of (E) on [0,T) with {(t,s,y(s)):0 < s <t < T}
inR . Moreover, the manner of choice of the ij implies that [0,T) is
a maximal interval of existence of y(t).

Now if T < + = 1t will be shown that the assumption that y(t) does
not tend to the boundary of ® as t + T~ leads to a contradiction. Let
the point (T,T,xo)e (R be a limit point of the set
{(t,s,y(s)) : 0 < s <t <Th

Hypothesis (H1l) implies that there exists a natural number k
such that |y(t)| < k for all t € [0,T); that is, for t € [0,T) we have
that y(t) is in the closed ball Bk centered at the origin and having

radius k.

Let {tm} be an increasing sequence of positive numbers converging
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to T, such that y(tm) > X, as m >, For eachm = 1,2,++. define the

function y(m)(t) as

5.1 y® () = y(0), for v e 10,603 Y™ (©) = y(ey), for ¢ e [T,

(m)

For each m = 1,2,°+* the function y is an element of C([0,T];B

k)'
Since (T,T,xo) is a point in(R , there exist constants € > 0 and B > 0
such that the set‘SB,(T) = {(tys,x): T-e“ <8<t <T, Hx-—xoﬂ < B8%}) is
in®R . Let k denote a positive integer such that if m > k then

T-e” <t <Tand Hy(m)(s) - xo” <B8”fort <s<T. It then follows
that for m > & the set {(t,s,y(m)(s)) Pt o<ssts T} is inR .

As a consequence of (5.1), if m > n > k we have that

(5.2)  llycep) = ye Dl < fe¢e) - £¢e )l

t
+ "Jtm 8(tmssaY(s))dS - I ? g(tn:s’Y(B))ds“’
0 (o]

A

fece ) - £¢e)ll

tm t
+ HJO g(t_,8,y™ (s))ds - J " gt s,y ™ (s))asl,

(¢]

A

iEce,) - £l
T (m) (@)

+ “J {g(tm’siy (5)) - g(tn:s’y (s))}ds",
(o]

where the last inequality is a direct consequence of the preceding since
g(t,s,x) = 0 for s > t. As hypotheses (H4) and (H8-(®R) are satisfied,
inequality (5.2) implies that "y(tm) - y(tn)H + 0 as myn + @, and in

increasing sequence {t_} converging to

view of the a } cao
m

bitrariness of the

T, the limit of y(t) as t + T~ exists. When we extend y to be a continuous



34

function on the closed interval [0,T] by defining y(T) to be the limit
of y(t) as t > T*, the function y thus defined on [0,T]} is an element of
C([O,T];Bk). Hypothesis (H8-(R) then implies that y(t) satisfies equa-
tion (E) for t = T, and thus y is a solution of (E) on the interval
[0,T]. From the assumption that (T,T,xo) is a limit point of
{(t,s,y(8)) : 0 < s <t <T} it follows that y(T) = X , and thus
(T,T,y(T)) is in R,

Since y € C([O,T];Bk) and {(t,s,y(s)) : 0 <s <t < T} is in QR ,
there exists a B > 0 such that the set SB(T) =
{(tys,x) : 0s8sts<T, ||[x-y(s) <8} is in(R . Define the function
$: R* »> R" as F(t) = y(t), for 0 < t < T; y(t) = y(T), for t € [T,»).
Now ﬁe have that there is an € > 0 such that the set SB(T + eo) =
{(tys,x) : 0 <8< t<TH+ €, lx - $¢s)|| < B} is inR .

Let {Gm} m=1,2,--- be a decreasing sequence of positive numbers
converging to zero and satisfying Gm <Tform=1,2,-+, and define the

function h: R+ x R+ < Rn as

(5.3) h(t,s,x)

g(t,s,x), for (t,s,x) € SB(T-+e°);

h(t,s,x) = g(t,s,P(s) + B(x- $(s))/|x- H(s)])
for 0 < s s ts T+e°, ||x-9(s)|| 2B

h(t,s,x) = 0, otherwise.

As was seen for the corresponding vector function of (3.22), (3.23), the
function h satisfies (H5), (H7) and (H8), and hypothesis (Hll) implies
that h also satisfies (H6) with M(t,s) = 0 and p(t,s) = 6(:,3).

Now for each ém, m=1,2,+++, we define
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(5.4) y(t;Gm) = y(t), for t € [0,T - Gm],

n(t;é,)
y(e36,) = £(t) + J

h(t,s,y(s;dy))ds, t € [0,T+so]
0

where the real valued function n(t;Gm), m=1,2,--.), is defined by
n(t:;Gm) =t, for t € [O,T-Gm], n(t,cSm) =T - Gm’ for t € [T-Sm,T], and
n(t;Gm) = t-Gm, for t € [T,T+s°].

Since {(t,s,y(s)) ¢ 0 < 8 <t < T} is in(R , we have that
h(t,s,y(s)) = g(t,s,y(s)) for 0 < s < t < T, and thus y(t) is a solution

on [0,T] of the equation

t
(5.5) y(t) = £(t) + J h(t,s,y(s))ds.
(o]

As a consequence of Theorem 3.3 it follows that there is a subsequence
{Smk}, (m1 <m, < eee), of {Gm} such that {y(t;émk)} converges uniformly
on [0,T +e°] to a solution Y, of the equation (5.5); moreover,
yo(t) = y(t) for t € [0,T].

The function yo(t) is continuous on [0,T +s°], and thus there exists

an €, satisfying 0 < e, < €o? and such that ||yo(t) - yo(T)” < B/2 for

1

t € [T,T+sll.

For the function y(t;&mk) » consider the following inequality for

t € [T,T +61],

(5.6) lly(essy ) =y, (M < [yCesém) = y (] +lly (&) -y, D

From inequality (5.6) it follows that there exists a positive integer N

such that if k 2 N and t € [T,T + ¢;] then

0. .o semn L il ’. - N A, I
gyless. ) - Yo T = iy {es8m) ~ y{E)|I < Be

mye
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From (5.3), (5.4) it now follows that h(t,s,y(s;0m)) = g(t,s,y(s56m))

for k = N, 0~ s t~T+¢ That is, while

l‘
t<T+ el} is in SB(T + eo) the vector function

In

{(t,s,yo(s)) :0<s
yo(t) is a solution of (E) on [0,T + e1] and yo(t) = y(t) on the interval
[0,T]. This contradicts [0,T) being a maximal interval of existence of
y(t), and thus y(t) must tend to the boundary of R as t > T .

The following result is clearly contained in the above theorem.

Corollary 5.1. If hypotheses (H4) - (H9) are satisfied, and x(t)

is a solution of equation (E) on a half open interval [O,Tl), where T1

is finite, then x can be extended as a solution of (E) to an interval

[O,To] where To > Tl.
From Theorem 5.1 it follows that if R is the whole (t,s,x)-space
and a finite T is such that [0,T) is the maximal interval of existence

for a solution y of (E), then [y(t)| > » as t »~ T".
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