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CHAPTER I

INTRODUCTION

-

1.1l. Preliminary Remarks. Contimuous rectangular plates can bread-
ly be classified into two groups depending upon the mumber of directions
of contimuity. "One-way" contimuious plates are those that are contimious
over supports in only one direction, and "bwo-way" continuous plates are
those that are contimious in two mutually orthogonal directions.

One-way recbangular plates continous over rigid supports have been
treated by Marcus (1), Jensen (2) and Hawk (3). Newmark (4) extended the
distribution method to one-way continuous plates over flexible supports.

Rigorous solutions for two-way contimuous plates are available for
limited special cases only. Southerland, et. al. (5) and Neilson (6)
treated the problem of a plate consisting of a number of identical panels
and supported by beams of equal stiffness. Approximate solutions of two-
way continuous plates over rigid supports have been presented by Bittner
(7) and Maugh and Pan (8). Engelbreth (9) and Newmark (10) independently
developed approximate distribution procedures for determining the total
moments across any section for plates continmious over rigid beams.
Lechter (11) extended the flexibility method to two-way continuous plates
over rigid supports. The basic structure in this approach was a simply
supported rectangular plate. Angular functions were defined in terms of
influence coefficients for deflection of a simple plate obtained from a

set of tables prepared by Tuma, Havner and French (12). Single panel
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solutions were extended by the method of moment distribution to the
analysis of two-way contimuous rectangular plates supported by beams
with flexural and torsional rigidities by Ang and Newmark (13).

1.2. Scope of Study. This study extends the flexibility method
of approach to the solution of rectangular plates continuous in two
directions and supported by flexible beams. Torsional stiffness of the
beams is not teken into consideration because of the complex nature of
the problem.

The essentials of the flexibility approach to contimuous rectangular
plates were discussed by Tuma in a graduate course in plate structures
during fall 1961-1962. A rectangular plate supported by four columns at
corners and having all edges free, is selected as a basic structure. A
method of obtaining influence coefficients for deflection for the select-
ed basic structure is described in Chapter II. In Chapter III general
moment and reaction equations are derived in terms of flexibilities from
compatibility conditions at the junction of two adjacent panels, and a
matrix formulation for the solution is presented. All the flexibilities are
defined in terms of the influencecoefficients for deflection in Chapter IV.
An example problem is worked out in Chapter V and a summary and

conclusions are given in Chapter VI.



CHAPTER II
DEFLECTION INFLUENCE COEFFICIENTS BY FINITE DIFFERENCES

2.1. General Finite Difference Equation. Consider a thin rectang-

ular plate subjected to normal loads and supported by four columns at the

four corners (Figure 2.1).

t‘ ..—-

!

Figure 2,1. Basic Plate Structure

With usual assumptions, the deflections are governed by Lagrange's

differential equation:

4 2 Bhw a“w = E (2.1)
axzv 3oy | ak D #ke



where,
X, ¥ = Coordinates of a point on the plate surface.
w = Deflection at any point x, y.
p = Intensity of loading at the point.
D = Flexural rigidity of the plate.
Equation 2.1 can be resolved into two equations:

21 a2
M M, .p

= = (2.2)
2y oy P (2.3)
2

where,
2 2
M= -D
&P
Congsider that the plate structure shown in Figure 2.1 is divided

into an arbitrary mumber of equal size rectangular elements Ax and Ay

along x and y-axes. A typical detail of gridwork thus formed is shown
in Figure 2.2.

[ Ax_/Ax _/ .

/[ / /m/n/]

[ Jadbsh dwf
Mr// / /1 1+1\/

o/ ] ]
//////

Figure 2.2. Grid Network



Expressing Equations 2.2 and 2.3 in finite difference form at any

general point ij,

Mgan)s Mg * Ma0)y  Mig) =Pyt Mgy o (2.4)
AxR A)’z H

Y(a1)g g P V1) YaGel) TS Y VIR L o My (205)
Ax2 AyR D

With the following notation

t = ﬁ?_{ ) g m 1 » = t2
AY 2(1+42) 2(1+t%)
= t 5 AA= Ax - Ay
2(1+t<)

the above equations reduce to

Myj = aé"(iafl);i ' M(i-l)j)’ b(Mi(j+1) : Mi(j—l)) =npsh (2.6)
"y - 3("(i+1)3 N "'(1_1);])" "G’i(ju) * "i(j-l)) = -M%i MA - (247)

If Equation 2.7 is written at points (i+l)j, (i-1)j, i(j+l) and
1(j=1) successively, the following equations will result:

M441)4,
_LﬁLh)\M=w(i+l)j "’("’(i+2)j * "i:i) “bé(i+l)(:l+1) ¥ w(i*-l)(j-l))

M
—(——-2-1; 2 ABA =W (573 -ﬂ(wij ¥ "’(1-2)3) _b("'(i"l)(j*l) ¥ w(i_l)(j_l))

M_i':(:'jﬂ)"‘“ =Y1(3+1) “”("(i+1)(j+1) " "(:1-1)(j+1)) ‘bé"m&) ¥ “'ij)



2D ag b= vy (g “56(14«1)(3-1) . "(1-1)(3"“1)> “b(wij ' wi(j"z))
(2.8)

Substituting Equations 2.7 and 2.8 in Equation 246, Lagrange's equa-

tion is obtained in finite difference form which can be represented as,

()
( 2ab ) ‘Gb 2ab

29; 1+2a“+2b° 4{2 (w) = -E(MA)z

@@
D

This equation is walid for all the points lying in the rectangle

formed by second interior lines from the edges.



2+.2. Finite Difference Equations for Typical Points Near the Edges.

The general finite difference equation will be modified for various points
near the edges as followss
(a) Point on First Interior Line parallel to the y-axis
(Figure 2.3a).
The boundary condition is

= A, Fw) =
(Mx)edge = D (g;z'!-ngng) =0

- 32w
or (M)edge = =D (1-v) )

y2

Applying this condition to the point (i-1)j

Mi-1)3 - X
D o i';g ("(i—l)(.]'-l) “eW(i-1)3 * "(i—l)(j+1D

Denoting (11';-1)?21&: (1ot = d

the equation can be written as

M
[i-];l).JAaA = md'(w(iw—l)(jml) -Zw(i“l)j + w(i“’l)(ji"lb (2.10)

Substituting this in Equation 2.6 along with Equations 2.7 and
2.8, |



i(f-1)

(1-2)j (=103 H3 (i+1)3

Ll iGky

(a)

i%j—E)

il3-1)

ij (4+1)3

1(3+1)

(e)

Figure 2.3.

. -—1\
HiLmu_“‘L.

|
(1-2)3 (1=1)3 33

Laggia)

(b)

(i=Q)3

(d)

Typical Points Near the Edges



a b+d -2b @

(i;%) (w) = Bam)?

(2.11)

If the point lies on the first interior point parallel to the x-axis

this equation modifies to

e+ ~b(1+2d") (@+d),
—6297 1+2a°4b° —C.za e W) = Ban)?
| (2.12)
2ab -2b 2ab
where d' = ﬁ My = A1-p)



(b) Point on the Free Edge parallel to the y-axis (Figure 2.3b).
When point ij falls on the edge, points (i-2)j, (i-1)]
(i-1)(j=1) and (i=1)(j+1) lie outside the plate. The deflec~
tions at these points are expressed in terms of the deflections
at the points on the plate by msking use of the boundary
conditions:
The first boundary condition is

(M) oage = 0 07 (1) g g = -D(1-0)2Y

3y*
In finite difference form this becomes,
ﬁ§f=w4*@uun*Wbﬂﬂ*ﬁuﬁn*%ﬁdﬂ
= =l vy (g-1) =gt Wi(j+19
from which
w(g1)g = g =2 '(%)'Q’i(.hl) ¥ Wi(julﬁ" V(1+1);

(2.13)
Similarly, expressing the same boundary condition at points
i(§+1) and i(j=1):

(1-2d) + (d-b)
a a

¥(1=1) (341) © ¥i(j41) gt “i(j+2)) T(141) (341)

(2.14)
W(1-1) (3=1) = “4(3-1) 12251‘ ¥ Ld;b) (“ij & “i(jmz)) “W(141)(3-1)

(2.15)

The second boundary condition is

R_= -D(-:%’ + (%)%) = 0.
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Expressing this in finite difference form

1 et 2= _
PYeC) W(i+2)] "PV(141)5 *2V(1-1)3 -w(i"-‘Z)'Q * 2ixiy? (“'(i+1)(j+1)
“W(1-1)(3+1) ~2¥W(3+1)3" M(1-1)3 ~V(2-1)(3-1) T

*”(itl)(j—{i> =0 .

Solving for W(i-2)j *

¥(1-2)] = ¥(142)] “Aia)g T A(1-1)y *°6’(i+1)(3+1)‘

B a131 Py -1 (0

+w(i+l)(j"1D (2-16)

where ¢ = (2-p)t2

“V(1-1)(341)

The unknown values w(3_1)j » W(1-1)(j.1) &% W(3_7)(3-1) ©&n
be eliminated from the above equation by using Equations 2.13,
2.1 and 2.15.

Substituting Equations 2.13 to 2.16 in the general equation
(2.9), the operator equation obtained is
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b2 (d=b) (2b-ac)
-2b4+2(d-b) (a4ac-1) e
+(1-2d) (2b-ac) ka
2 2
e e PV
~2b+2(d=b) (a+ac~1) 2
T fate
b2=(d-b) (2b-ac) (w) = ﬁ% (Aaa)* (2.17)

If the point lies on the free edge parallel to the xz-axis, the

equation modifies to

- [2a 2(at-a) 14282420 +(1-2d")| [ra(dt-a) -
2-(a1=-a)—{(b+bet=l) (b+bet-1)+2(d-a) }—{(b+bet=1) + AFQ-(d'-a)
(2a=bc?)

(2e~bet) (1-2d1)(2a~be!)| [(Ra=be!) (1-2d1)(2a~be!) |
bRe! _4bR(1+ct?) @
2b? (w) = & A(8A)2  (2.18)

where d! = .(lg_”). and e! = !2-2]2!
- : t

(¢) Point adjacent to a support on the Free Edge parallel to the

The boundary conditions are:

(1) ¥ (3-1) =0 (2.19)



@) sy = Wpdy(ga) = ©

From which it follows that

V(1-2)j = “Yij

Substituting in Equation 2.17,

1 282 bR42(1-2d) (a+ac~1)
+3(d~b) (2b~ac)

~2b+2(d-b) (a+ac-1)

+(1-2d) (2b~ac)

bR- (d-b) (2b-ac)

(

[ 42 (1u) ~

(w) = & (A84)?

13

2.20)

(2.21)

If the point is adjacent to a support on the free edge

parallel to the x-axis, the above equation takes the form,

1+a2 20 +(1-2d1)|  [-2a+2(d'-a)
(b+be!)+3(d=a) (b+be t1)+ 82w (d1-a)
(2a~be?) (1-2d 1) (2a=be!?) (2a-btct)
ey 2
212 (w) = % (Aaa)?

(2.22)
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(d) First Interior Corner Point (Figure 2.3d).

The boundary conditiors are:

(1) (i) (31) = ©

(i1) (Mx) (3=1)j = (My)i(j-l) =0

Applying this condition at points (i-1)j and i(j-1),

M(s_ _
-(i-r%)-h“ = "dG‘(i-l)(Jd) ~2W(3-1)3 *“'(1_1)(;;-19
(2.23)

M
2U=Rna = -ar(veg 0y 50y 2 (31) w(iﬂ)(j"lD

Substituting Equations 2.23 along with Equations 2.7 and
2.8 in 2.6,

~-b(1+2d1)Hb(a+d?)

l—a(1+2d)J_|l+a2+b2|4€2 W) = & (a2 (2.24)
O—O-®

2.3. Deflection Influence Coefficients. The deflection at a point

ij due to a unit load at point k1 is defined as "Deflection Influence
Coefficient" and is denoted by Tg; + The deflections at all network points
of the basic plate structure shown in Figure 2.1, due to a unit load at any
point k1, can be determined by writing the equations derived in previous
sections at various points and solving them simultaneocusly. A matrix
forrmlation and computer solution is very convenient in such cases. Using

the abbreviated notation, the matrix formulation takes the form
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1]

4] [¥]

[A] = Coefficient matrix

[p] (2.25)

where

[w] = Deflection matrix

[P] = Load matrix
From Equation 2.25 "

= T B @2

Thus the deflection influence coefficients due to unit load at k1l
can readily be obtained by inverting the coefficient matrix A by means of
a computer and post multiplying it by load matrix p which has unity as the
element corresponding to k1, the remaining elements being zero.

If‘n%% is the deflection influence coefficient as defined above, the

deflection at ij due to a unit load at k1 becomes
L k1l
E AR, g 20

The deflection influence coefficients due to unit load at other
points can be obtained by changing the elements of matrix p successively
and pre-miltiplying by [A:['l.

If the computer being utilized has internal storage capable of
directly inverting a matrix of order 'n! and if the order of matrix A
exceeds this, a method which utilizes the geometric symmetry of the basic
structure and the principle of superposition can be applied.

An unsymmetrically loaded symmetrical plate can be represented as the
summation of four symmetrically and antisymmetrically loaded plates as

shown in Figure 2.4.
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Sym AntiSym
+P +P -P +P
3 L | g 5
= Sym j Sym
- +P +P ~P +P +
L L I} L
Sym AntiSym
+P +P -P +P
" s k| k¥
AntiSym AntiSym
+
-tl.P-\n -'IEA *'l?- -P
& I i %

Figure 2.4. Resolution of Antisymmetrically Loaded Symmetrical Plate.

It can be easily seen that the deflections in the upper right quad-
rant are sufficient to determine the deflections throughout the entire
plate in each of the four plates on the right side. When once the de-
flections throughout these plates are obtained, the deflections due to
unsymmetrical load P on the plate on the left side can be obtained by the
method of superposition. Thus, the problem reduces to inversion of

matrices of much smaller order than A.



CHAPTER III

GENERAL MOMENT AND REACTION EQUATIONS

3.1. Derivation of Moment and Reaction Equations. A continuous

rectangular plate subjected to loads normal to the middle plane of the
plate is considered (Figure 3.1). The flexural rigidity in any panel
is constant., The supporting beams are flexible and their tersional

rigidity is neglected.

Figure 3.1l. General Structure

17
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There are three unknowns at any point along the commorn boundary of
any two adjacent panels A and B, These are the moment and the two reac-
tions between the panels and the beam. These can be obtained from the
compatibility conditions:

(i) The sum of the normal slopes of adjacent panels at any point

along a supporting beam is zero.

(ii) The displacement of each of the panels at any point along the
beam must be equal to the displacement of the beam at that
point.

If (Bi)A and (ei)B are rotations at i of panels A and B, the first

compatibility condition requires that (See Figure 3.2)

Olwa
ZZiéﬁﬁﬂ::ji//:E;;)B
@) L="7
/

Figure 3.2. Slope Compatibility of
Adjacent Panels



(8,), + (05 = 0 . (3.1)

If (B‘)A' (a;)g and (ai)Beam are the displacements at i cf panels A,
B and the supporting beam, respectively, the second compatibility condi-

tion requires that (Figure 3.3)

Figure 3.3. Displacement Compatibility

(a), = (a)%" (3.2)

(a)p = (a)%" . (3.3)
The algebraic expressions for the slopes and displacements are:
(8,0, = i’r WP+ (F )M, + E,GijM + (T, )'R{ + 2(=-Qi )'R‘ (3.4)
(6,5 = z—r e * (FylgM; + ga ij + (=T, )"R} + g(-Qij)"R'j' (3:5)
(4,), = iaik e (T M+ )"..Qle + (=D, )'R} + i(mHij)'Ré (3.6)
(8,)g = T8 P + (Ti)"Mi + zqgjnj + (D, )"RY + z(uﬂi,.)"ﬁz; (2.7)

1 B B B J o



(A% = 6% + D)+ THOR, + QLM + QM (3.8)
* > Beam g .

Where:
j is any point, other than i, on the boundary of the panels.
k is a typical interior point of the parnels.

The angular load function.Tik is the edge slope at i due to a unit

load at k, considering the plate as supported by columns only at the
corners (hereafterwards referred to as "basic structure').

The displacement load function 6{ (ng) is the edge displacement

k’

at i of the basic structure A, (B) due to a unit shear at k.

The angular flexibility (F'i)A g 1s the edge slope at i of the basic
]

structure A or B respectively due to a unit moment at i,

The angular-displacement flexibility Tj, (Tg) is the edge displace-

ment at i of the basic structure A, (B) due to a unit moment at i.
By virtue of Maxwell-Betti Reciprocal Theorem, Ti can also be defined
as the edge slope at i due to a unit shear at i.

The angular carry-over Gi is the edge slope at i of the basic

J

structure due to a unit moment at j.

The angular-displacement carry-over Q&j' (Q;J) is the edge deflec-
id

tion at i of the basic structure A (B) due to a unit moment at i.

From Maxwell-Betti Theorem Qi can also be defined as the slope at

J

i due to a unit shear at j.

The displacement flexibility D} (D;) is the edge displacement at i

of the basic structure A (B) due to a unit shear at i,

The displacement carry-over H{if (H;j) is the edge sliope at i of the

basic structure A (B) due to a unit shear at j.

The displacement load function af is the displacement at i due to

the weight of the beam,
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Lk

The displacement flexibility Df is the displacement at i cf the beam

mn due to a unit shear 'i', considering the beam to be simply

supported.

The displacement-angular carry-over (Qi)Bm i is the displacement at
]

i of the beam mn due to a unit moment at m or n respectively, con-
sidering the beam to be simply supported.

The displacement carry-over Hfj is the displacement at i of the beam

mn due to a unit shear at any other point j on the beam.
Pk is any load applied at k.

Mi and M. are the bending moments at i and j respectively.

J

R{ and Rg are the reactions at i of the panels A and B respectively,
assumed to be acting upwards (Figure 3.4).

Ri and Rg are the reactions at j of the panels A and B respectively,
assumed to be acting upwards.

Mﬁ and ME are the moments at ends of the beam mn.

Ri and Rj are the reactions on the beam mn at i and j assumed to

be acting dowawards (Figure 3&).

A graphical illustration of the various angular and displacement functions

is given in Chapter IV.

A |

{ ' " (B
4% "/ R Ib“z‘;qh[ R, O -1}(

Figure 2.4. Reactions Between Plates and
Supporting Beam



From Figure 3.4 it can be easily seen that

Ri = R{ + R; + 4 (3.9)

where
q is the weight of beam of length Ax or Ay.

Similarly,

Rj = Ra + R'j' +G . {(3,10)

Substituting Equations 3.4 and 3.5 into 3.1, Equations 3.6, 3.7, 3.8,
3,9 and 3,10 into 3.2 and 3.3 the general moment and reaction equations

are obtained:

ZP T. +M ZG, + E M.G.. + R' wT ) i 1 JRY + R"(wT )
apEik " i, gd o, g Jid A 4375
Bl "o .
+ B( Q‘ij)Rj 0 (2.11)
D, B " (]

CEBkPk+6)+M(T) +}:Qijn.-Ri{(DA+D}-an_iﬂlaaa-
- T HR -3 R"H - M =0 (3.12)
Baiit ij j Besit le Qi

B B
(}%&ikpk + 8] ) + M (T ) +ZQiij - Rj"{(Di)B 4 Di}w R'i'Di - EBHinE -

N Hij' z R"HB nqin (3.13)
Beam Beam
The moments Mm and Mn can be determined from the centinuity condi-
tion of the supporting beam. Two isolated spans of & continuous support-
ing beam loaded by reactions from the plate are shown in Figure 3,5,
Using the flexibility method of analysis of continuous beams (14), the
three moment equation is

B

B B B
18 T o+ Mm(Fﬁl + Fin) + Hlel + MnGmn ¥ I R‘Qmi =0 . (3.14%)
M, mn lm,mn
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Figure 3.5. Continuous Supporting Beam

where

Angular load function Ti is the slope at m of the beam mn due to its

weight.

Angular flexibility Fﬁn (or Fﬁf is the slcpe of the beam mn (or 1m)

at m due to a unit moment at m.

Angular carry-over Gmn (or Gml) is the slope of m at the beam mn (or

1m) due to a unit moment at n (or 1).

The displacement-angular carry-over Qmi is the end sicpe at m dus

to unit shear i,

As many such equations as ths number of continuous supports can te
written for each supporting continuocus beam. Equaticns thus okbtained,
when comkined with those obtained by writing Equations 3.11, 3.12 and
3.13 at various points along the boundaries of continuous plate panels,
yield the complete sclution of the problem.

A digital computer sclution suggests itself because of ths large
number of unknowns involved. A matrix from the above general mcocment and

reaction equations can be formulated as follows:
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where the subscript s corresponds to the total number of boundary pcints.
Mm, Mn, etc. are the moments in the beam over the supports.

The solution can be obtained by inverting the coefficient matrix,
as already explained in Chapter II.

In case the unknown moments and reactions are too many to be handled
by the computer, they can be reduced by adopting the following matrix
reduction.

Using abbreviated notation, the general moment and reaction matrix

(o] [q]
(o] [£] [¢]
[#] [#]

=

' 0 — |
e
¥ s N O, QU
i
[
I 1
(=]
L

(3.16)

I:G_1 and [GB] are the submatrices of the angular functions of the
plate and beam, respectively.

[Q- and [QB] are the submatrices of the angular-displacement carry-
overs of the plate and beam, respectively.

[H_ is the submatrix of the displacement functions of the plate and

beam.

[M_ is the submatrix of the moments in the plate cver the continucus
supports.

[R] is the submatrix of the reactions between the plate and supporting
beams.,

[MB] is the submatrix of the moments in the beam over the supports.
[T] anda [TB] are the submatrices of the angular lcad functions of the

plate and beam, respectively.
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[6] is the submatrix of the displacement load functions of the
plate and beam,

Le] [Ml - [Q1 [®] = -] (3.17)
(o) []-[e] [=]-[&] [#] =-[6] s
-[€] [3]-[¢] [#] =[] (3.19)

" Solving for [M] ) l

i) = - [T [+ o] ) -
[ ] @7 W67 kD)7 ]
LT (07 607 0T 7))

(3.20)
Thus by successive inversions and other algebraic operations cf coeffi-

cient submatrices, the moments can be evaluated. The values of [R] and

[MB] are abtainid as 1
- [ 1+ [ T s
[T [#) - [T (€] [ -

Thus the remaining unknowns [R] and [MB] can be determined

successively from [M].



CHAPTER IV

ANGULAR AND DISPLACEMENT FUNCTIONS

L4,1. Angular and Displacement Load Functions. Consider a rec-

tangular plate supported by columns at the corners to be acted upon by
a load P = 1 at point k (Figure 4.1). From the definitions given in the
previous chapter, the slope of the deflection curve at i due to Pk =1
is the angular load function Tik and the displacement at i due to Pk = 1

is the displacement load function 6ik°

Figure 4.1l. Angular Load and Displacement
Functions
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If the plate is divided into an arbitrary number of equally sized
rectangular elements with sides Ax and Ay in the directions x and y

respectively, the slope of deflection curve at 'i' can be approximated as:

w - W
i+l i
e e add
where
wi+land w, are displacements at points i+l and i,

If n(i+1)k and'uﬁiare the influence coefficients for the displace-

ments at i+l and i respectively due to unit load at k,

e
Y14k = D ARY M(g41)k (4.2)
1
Wi = 5 ORY My, (4.3)
where
D is the flexural rigidity of the plate.
From Equations 4.2 and 4.3
Axdy 1
Tik =D E?c(n(i-i-l)k 'Thg
or
- &X =
Tik =D <'"(1+1)k “11; Pk
and
5, = LXN (4.3)

ik D Nik®

If i is on edge parallel to the x-axis,

fivs
Tik = 'D-@(iﬂ}k = '”19" (4.6)

4,2, Angular and Angular-Displacement Flexibilities., Consider a

rectangular plate supported by columns at the corners, to be acted upon

by a unit moment at point i (Figure 4.,2). From the definitions given in



the previous chapter, the rotation and displacement at i due to Mi s 1

are angular and angular-displacement flexibilities Fi and Ti respectively,

—_— X

Mj.: g .
¥/ :
+1 A+2

i
I Fi
09
Ax
[ Ax /Ax /
; L
J

Figure 4.2. Angular and Angular-Displacement
Flexibilities

The moment can be replaced by a couple with forces vi’-;c at i and i+l

as shown with dotted lines in Figure 3.2. From the definition of the

influence coefficients for the displacement,

W - W
i+l 3
Fy = = x = Mx) {(1+1)(i+1) UIEPS] )Q Gi(l-l-l) >}
But from Maxwell's Reciprocal Theorem, Mg+D)s = Miaen)® Therefore, the
above equation can be written as:
-1 Ay -
150 & {“(i+1)(i+1) 2T (141) +nii} (h7)

From the discussion above, it follows that



U

1
7, = & QE(1+1) 'Tla

wt

or AR

. '%:61(1»,1) “By) (4,8)

If i is on edge parallel to x=-axis,

1 k&
1% E{Tkiﬂ.)(iﬁl) = Misa1) *Myg (4.9)
& ]
o= ?@i(iﬂ) - '”19 (4.10)

4,3, Angular and Angular-Displacement Carry-Overs. Consider a

column supported rectangular plate to be acted upon by a unit moment at
j (Figure 4.3). From the definitions, the rotation and displacement at
i due to Mj = 1 are the angular and angular-displacement carry-overs Gij

and Qi respectively.

J

Figure 4.3. Angular and Angular-Displacement Carry-Overs



The moment can be replaced by a couple with forces é% at j and

j+l. From the definition,

_Yi#l T AxAy 101 - e .
Gij > Ax = 7D ABxAy {(Tki+1)(j+1) '”(14-1)3') (ni(jﬂ) nia’)}"

Nae)s = M)

Substituting in the above equation,

1
%y=9 {n(i+1)(j+1) = Mycge) * My (4.11)
Similarly from the definition,
. Ax m - 1) (4,12)
Qij - D i(j+1) ij i ¢

If i is on edge parallel to x~axis and j on edge parallel to y=-axis,

A
%j = ) @i(jﬂ) =Nyy) (4.13)

If i and j are on parallel edges, (normal to x-direction)

1 A

x
(normal to y-direction)
l =
%3°5 %{n(iﬂ)(jﬂ) = 2T 4542 7 ij} (4.15)

4.4, Displacement Flexibility and Carry-Over, Consider a column

supported rectangular plate to be acted upon by a unit shear at i. By
definition, the displacement at i due to a unit shear at i is the

displacement flexibility D, (Figure 4.4).

« 20
L=, (4.16)



Figure 4.4, Displacement Flexibility and
Carry-Over

The displacement at j due to a unit shear at i is the displacement

carry-over H

317
i1 7 Y5 D Mji

By virtue of the Maxwell-Betti Reciprocal Theorem H,, = 139 the dis-

ji
placement at i due to a unit load at j. Therefore, it follows that

H,, = -éx-ﬁézn (4.17)

. = AXLY g
ij ij D llgg e

4,5, Beam Flexibilities.

(a) Angular and displacement load functions:
Consider a simply supported beam to be acted upen by its
own weight (Figure 4.5). By definition, the slope of the beam
at m and displacement at i are angular and displacement load

functions-rg and.&f respectively.
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Figure 4.5. Angular and Displacement
Load Functions of Beam

If n?j is the influence coefficient for the deflection at

i due to a unit load at j, then

x> _B
Y13 =%f' Mij

where
EI is the flexural rigidity of the beam.

The angular load function can now be expressed as

B "m+l ﬁxB ®
T™m = "hx = E 2 jfln?mﬂ)j (4.18)

where
p is the number of strips in the beam and q is the weight
of each strip.

The diéplacement load function becomes

53‘5"321’115

= jzl ij ° (£+¢19)

1 = E ¢



(b) Displacement flexibility and displacement and displacement-
angular carry=-over:
Consider a simply supported beam mn to be acted upon by
a unit shear at i (Figure 4.6). By definition the displace-

ments at i and j due to unit shear at i are displacement

flexibility Df and displacement carry-over Hji respectively.
M Mx By =L
R ST — .
Ol O
Figure 4.6, Displacement Flexibility
and Carry-Overs of Beam
These can be expressed as
ny = -—“ﬁ £ (4.20)
1% Y3 % BT Nii g
and
3
H, =w,, =298 (4.21)

44 = Y51 T ET N41 ¢
The rotation at m due to unit shear at i is displacement~

angular carry-over Qﬁi'

B “m1  Ax°

B
i ™ Ax = I Mime)i (4.22)
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(¢) Angular flexibilities and angular and angular-displacement
carry-overs:
Consider a simply supported beam mn to be acted upon by
a unit moment at m (Figure 4.7). The slope at m due to a

unit moment at m is the angular flexibility of the beam Eﬁm’

1
et
- (J_QM+Q+I i +M__'ax -1 n
G N AR
N

AN

Figure 4.7. Angular Flexibilities and Carry-
Over Functions of Beam

Replacing the unit moment by a statically equivalent

couple of forces f—'}-{- a distance Ax apart as shown in Figure 4.6,

P - Y(m+1) (m+1) _ax3 1l B

mm Ax T Ax EI N(m+1) (m+1)

or

2
B
Fﬁm = ET M(m+1)(m+1)" (§:23)

The slope at n due to a unit moment at m is the angular

carry-over Gﬁm (Figure 4.7),

B “(n-1)(m+l) px> 1 B
nm AX = Ax EI M(n-1)(m+1)

G



or
2
B Ax™ B
Gnm = EI ‘n(n-l)(m+1) (4e24)

In view of the reciprocal relations for angular carry-overs
and deflection influence coefficients, it can be written

B A

nm " ﬁ“(nﬂl)(n—l) e (4.25)

G

The deflection at any point i on the beam due to a unit

moment at m is the angular displacement carry-over Qfm.

>
B bx
Un = Yi(me1) = ET Wlme1) (4,26)



CHAPTER V
NUMERICAL EXAMPLE

The plate structure shown in Figure 5.1 is analyzed for a uniform-
ly distributed load of 100 pounds per square foot. All the panels are
four inches thick. Edge beams are provided around the plate structure.

The dimensions of edge beams are:

width = 9 inches

Depth = 1 feot 6 inches.

Poisson's ratio is taken as zero. The structure is supported by rigid

columse.
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Figure 5.1. Continuous Plate Structure
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A square panel supported by four columns at the corners is taken as
a basic unit and is covered by a sixty-four unit finite difference network

as shown in Figure 5.2.

o 9 o f1 p2 iz g4 315 |16

7 118 1o [0 21 P2 P3 P4 p5

26 |27 128 29 30 (31 B2 33 B34

il Jis W6 |37 138 B9 s 151 52

50 Pl

b
b1
=
b1
i
hJ
-\J
Co
£O

p6 77

b

‘1 b2 D3 i

Figure 5.2. Basic Panel

Deflection influence coefficients, obtained by taking advantage of
symmetry of the basic unit as cutlined in Chapter II, are presented in

Table 5-1.
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Deflection influence coefficients for a simply supported beam are

calculated and presented in Table 5.2.

"

Table 5.2
T&j Deflection Influence Coefficients for Beam

A 2 3 4 5 6 7

1| 2.1869 | 3.4997 | 4.0625 | 3.9900 | 3.4375 | 2.500 1.3128
2| 3.4997 | 6.2500 | 7.4990 | 7.500 6.4900 | 4.7470 | 2.4990
3| 4.0625 | 7.4990 | 9.6950 | 9.9940 | 8.8900 | 6.4980 | 3.4364
41 3.9900 | 7.500 | 9.9940 | 11.00 9.9940 | 7.5000 | 3.9900
5| 3.4375 | 6.4980 | 8.8900 | 9.9940 | 9.6950 | 7.4990 | 4.0625
€| 2.500 | 4.7470 | 6.4980 | 7.5000 | 7.4990 | 6.2500 | 3.4997
7| 1.3128 | 2.4990 | 3.4375 | 3.9900 | 4.0625 | 3.4977 | 2.1869

The unknowns in the example are moments at peints 12, 13, 14, 15

and 16, and reactions at points 1 to 11 (Figure 5.3).

All the angular and displacement functions are obtained by using the

relations derived in Chapter IV and utilizing the deflection influence

coefficients given in Tables 5.1 and 5.2.

solution of unknowns and is presented on page L7.

A metrix is fermulated for the
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The sclution of this matrix yields the firal results which ars:
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CHAPTER VI

SUMMARY AND CONCLUSIONS

6.1. Summary. The application of flexibility methods to two-way
continuous rectangular plates supported by flexible beams is presented.
The continuous structure is isolated into appropriate basic structures
and the support moments and edge shears are selected as redundants. A
method of obtaining deflection influence coefficients for the basic
structure by a finite difference approximation is given. Angular, dis-
placement and load functions of the basic structure are introduced and
are expressed in terms of the deflection influence coefficients. Defor-
mation equations in terms of these functions and the redundants are ob-
tained utilizing the conditions of compatibility of deformations over a
continuous support and between plate and the supporting beam. The theory
is illustrated by a numerical example.

6.2. Findings and Conclusions. The flexibility method of approach

to two=way continuous rectangular plates is direct, can ke used for any
type of loading, and affords significant reduction in the number of un-
knowns. The type of basic structure chosen makes possitle the application
of the flexibility method to a wide range of problems.

The availability of deflection influence coefficient tables for vare
ious length-width ratics of the basic structure is a prerequisite to this
method. Evaluation cf such tables can be accomplished readily by the pro-
cedure indicated in this study, with a sufficiently high degree of accuracy

obtainable, in most cases, using the same size network.
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