
MEASUREMENT AND REDUCTION OF DYNAMICAL MECHANICAL PARAMETE~S/ 

OF AQUEOUS SOLUTIONS OF MILLING YELLOW DYE 

By 

RICHARD ALLEN ELY 
" 

Bachelor of Science 

Oklahoma State University 

Stillwater, Oklahoma 

1960 

S11bmitted to the Faculty of the Graduate School of 
the Oklahoma State University 

in partial fulfillment of the requirements 
for the degree of 
MASTER OF SCIENCE 

May, 1962 

.... , ... 



·-! OKLAHOMA 
STATE UNIVERSITY 

LIBRARY 

NOV 7 1962 

MEASUREMENT AND REDUCTION OF DYNAMICAL MECHANICAL PARAMETERS 

OF AQUEOUS SOLUTIONS OF MILLING YELLOW DYE 

Thesis Approved: 

Thesis Adviser 

504400 
ii 



PREFACE 

The apparatus, the mathematical relations, and the experimental 

techniques for the measurement of the dynamical mechanical properties 

of viscoelastic fluids subject to sinusoidal shear are discussed in this 

paper. Sample data obtained using aqueous solutions of milling yellow 

dye are presented. The purposes of the work were to extend previous 

checks of the operation of the test system and the mathematical 

relations, to develop a convenient means for displaying the measured 

dynamical mechanical properties, and to relate the measured dynamical 

properties to microscopic mechanisms. 

The author expresses his appreciation to Dr. G. B. Thurston for 

many hours of patient instruction, for illuminating discussion and 

helpful suggestions, and for supplying and improving the test system. 

He expresses his appreciation also to Mr. John Schrag for aiding in 

the modifications of the test system, and for discussion, comments and 
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Hall and Mr. Frank Hargrove for their precision machining of test 

system components, and for their interest and cooperation. The~uthor 

thanks Professor Arlo Schmidt for supplying electron microphotographs 

of the dye particles. 

This work was made possible through Army Research Office grants 

for Dr. G. B. Thurston's research on the properties of viscoelastic 

materials. The equipment was provided by Grant Number DA-ORD-31-124-61-

G58, and the general support for the work by Grant Number DA-ARO(D)-31-

124-Gl27. 
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CHAPTER I 

INTRODUCTION 

A. Statement of the Problem 

This stlldy was undertaken in an attempt to define a technique for 
·,:·· 

'. 

measuring, displaying, and describing the dynamical me_~hanical proper-

ties of viscoelastic fluids in sinusoidal shear at audio frequencies 

and below. 

The fluid chosen for this. study was an aqtieous· solution of Milling 

Yellow_NGS, a commercial wool dye. The immediate objective was to 

describe, for the case of sinusoidal shear; the dependence of the real 

and imaginary·components of the complex dynamical viscosity of the fluid 

Lipon the frequency of drive, temperature; and concentration of solute; 

~ secondary objective was to relate the variation of the dynamical 

mechanical properties to the microscopic mechanisms. 

On the basis of some simple ·assumptions regarding stress reiaxations 
~i 

in some high polymer suspensions, Ferryl has developed a method whereby 

the simultaneous variation of the real and imaginary components of the 
-

complex dynamical viscosity with frequency, temperature, and composi-

tion can be expressed by a single empirical function for each polymer-

solvent system. 

An attempt was made to simplify the displaying of the results of 

this study by applying a method suggested by Ferry's system for reduction 

of variables so that the data would superpose at all temperatures, 

1 



2 

concentrations, and frequencies of drive. 

The real and imaginary components of the complex dynamical vis­

cosity of the milling yellow solutions were obtained by applying a 

hydrodynamic theory developed by Thurston2 to the measured acoustic 

resistance and reactance which the fluids of interest presented to a 

sinusoidal shear in a circular tube; Thurston2 developed a hydrodynamic 

theory for the axial sinusoidal oscillation of an incompressible 

viscoelastic fluid in a rigid tube of infinite length and circular 

cross-section, using the c6mplex coefficient of dynamical viscosity, 

and experimentally verified his own theory.3 

The acoustic resistance and reactance were obtained with the aid 

of a hydrodynamical test system, which Thurston4 has previously 

described; modifications of the system will be discussed in chapter 

III. The methods of other investigators apply, for audio frequencies, 

only to solids or very viscous fluids, and apply only at ultrasonic or 

subsonic frequencies for less viscous fluids. 

The concepts involved in the analysis of the dynamical properties 

of viscoelastic substances have been outlined by Eirich5; the defini­

tions and mathematical techniques have been summarized by Reiner.6 

B. Importance of the Problem 

In the past there has been no means of determining the real and 

imaginary components of the complex dynamical viscosity in the range of .001 

to 10 poises at audio frequencies. When the real and imaginary compo­

nents of the complex dynamical viscosity are both in the range of .001 to 10 

poises, the shear wave length is comparable to the dimensions of 

commonly used test devices, so that inertial effects are large. By 



using tubes, dimensions can be established which are impossible when 

the dimensions must apply to the acoustic source itself; thus the 

dimensions:...af the active test element can be maintained small with 

respect to shear wave length even in the range of .001 poise for the 

magnitude of the complex dynamical viscosity. 

From the measurements of the dynamical properties of viscoelastic 

fluids of low viscosity at audio frequencies and below, a distribution 

of relaxation times and a mole,cular model may be established in the 

same way that they are for ultrasonic regions or for fluids of con­

siderable viscosity~ However, the low frequency, low viscosity meas­

urements are particularly valuable for two reasons: as a rule, fewer 

relaxation mechanisms are excited at audio frequencies than at ultra­

sonic frequencies, so that a simplified study is provided which 

encourages and facilitates the beginning of a theory of structure. 

Secondly, the regions of low concentration or high temperature--in 

which the magnitude of the complex dynamical viscosity falls in the 

range of .001 to 10 poises for many substances at audio frequencies-­

provide a severe test of existing methods of data analysis and of 

existing theories of structure. It is especially valuable to observe 

the agreement or lack of agreement between theory and experiment in 

the limiting regions of the theory. Further, measurements in the 

region described will provide stringent checks of involved theories 

based on thermodynamics and statistical mechanics which have been 

constructed for those regions. 

3 



CHAPTER II 

METHOD OF MEASUREMENT 

A. The Equipment 

The mechanical parameters of milling yellow were obtained from 

the acoustic resistance and reactance which the fluid generated during 

sinusoidal shear in circular brass tubes. The acoustic resistance and 

reactance of the tubes were measured with the aid of a hydrodynamical 

test system described by Thurston.4 The acoustic signal was provided 

by a geophone electromagnetic driver connected to five corrugations 

of a Fulton Sylphon brass bellows #1002 (Sylphon catalog number 105670-

27B); the Sylphon catalog lists the cross-sectional area of the bellows 

at 1.097 square centimeters. The geophone was driven sinusoidally 

from a Hewlett-Packard 202C low frequency oscillator. 

The hydrodynamical test system produces three output signals: a 

volY.age proportional ' to the displacement of the bellows; a voltage 

proportional to the velocity of the bellows; and a voltage proportional 

to the pressure developed across the brass tubes. All voltages were 

measured with a General Radio 736-A wave analyzer at 20 cycles per 

second and above, and with a Hewlett-Packard 403A transistor voltmeter 

at 20 cycles per second and below. 

The construction and calibration of the hydrodynamical test 

system have been described by Thurston.4 Several dimensions have been 

altered since Thurston's description, so that the values of the 

4 
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sensitivities and system residuals have been modtfied. Figure 1 shows some 

of the basic elements of the hydrodynamical test system and temperature 

controlling water bath--explained below--, and gives the present dim.en-

sions. 

The present volume flow sensitivity is 1.522 cubic centimeters per 

second per volt out of the velocity monitor. The coils in the velocity 

monitor have been wound on lucite coil forms in order to avoid eddy 

currents and phase errors. 

The pressilre sensitivity varies a few per cent from day to day from 

3~40 x 1o4 dynes per square centimeter per volt of output from the 

pressure monitor. The pressure is no longer sensed by means of a ca­

pacity"hydrophone utilizing Sylphon bellows, as in earlier descriptions4; 

Thurston obtained a more desirable shunt impedance by replacing the 

pressure-sensing bellows with a capacitive microphone of his own design. 

The pressure sensitivity is no longer obtained by means of a hydrostatic 

head as previously described,4 but by means of a brass tube of known 

impedance. 

An electronic sllIDlll.i.tig circuit is utilized to det.etrmine the component 

of pressure in phase with the volume velocity and the component of 

pressure in phase quadrature with the volume velocity--in phase with the 

displacement. If the in-phase component is denoted by (Ye., and the 

out-of-phase component is denoted by (5>s , the pressure~ may be written 

as 

(2.1) 
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Figure 1. A simplified drawing of the hydrodynamical test system and temperature 
controlling water bath. 
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where \lJ is the angular frequency and t is time; then the measured 

acoustic resistance is 

R = (Jc./ Urrn , (2.2) 

where Ltnn is the magnitude of the volume velocity, and the measured 

acoustic reactance is 

(2.3) 

A block diagram of all the test equipment is displayed in 

figure 2. Figure 3 is a photograph of all equipment used, while 

figure 4 is a photograph of the hydrodynamical test system and temp­

erature controlling water bath. 

7 

The impedance of the brass tubes must be corrected for the 

presence of the impedance of the chamber coupling tubes and driver. 

The correction is accomplished in a manner analagous to the treatment 

of standard alternating current circuits. Figure 5 illustrates the 

schematic circuit for the acoustic elements of the system. The shunt 

compliance and resistance of the coupling chamber were measured by 

sealing the chamber with a 1/8 inch brass plate while using water as 

the test fluid. Previous measurements3 made by sealing the tubes with 

a weight had indicated that the shunt impedance varied with changing 

test fluid, but later checks indicated that variable sealing was 

being established and the leakage impedance, not the shunt impedance, 

was a function of changing test fluid. The value established for 

the shunt compliance was 8.72 x 10-9 gram-1 centimeter4. The resistance 
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Figure,2. A block diagram of the hydrodynamical test system 
and associated electronic equipment. 
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FIGURE LEGEND C 

Figure 3. A.photograph of the hydrodynamical test system and associated 
electronic equipment 

A. The hydrodynamical test system and temperature controlling water 
bath 

B. 4.7 megacycle displacement discriminator . 
C. Vacuum tube voltmeter (RCA Senior Voltohmyst) 
D. Heathkit PS-3 power supply 
E. Hewlett-Packard 522B frequency counter 
F. General Radio 736A wave analyzer 
G. DuMont 322A dual beam oscilloscope 
H. DL1Mont 304A single beam oscilloscope 
I. Hewlett-Packard 202C audio oscillator 
J. 10.7 megacycle pressure discriminator 
K. Sllll1Illing circuit 
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FIGURE LEGEND 

Figllre 4o A photograph of the hydrodynamical test system and temperature 
controlling water bath 

Ao Thermometers--one in test fluid 1 one in inner bath 
Bo Test fluid 
Co Tt1be sample 
Do Pressllre sensing chamber 
E. Capacitive microphone 
F. Moving coil velocity monitor 
G.. Moving coil driver 
H. Steel block 
I. Rubber stoppers 
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Figure 5. A schematic circuit for the acoustic elements of the 
hydrodynamical test system. I-' 
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varied with changing frequency» and ranged from lo75 x 105 gram centi­

meter-4 second-1 at 20 cycles per second to 9.00 x 103 gram centimeter-4 

second-1 at 200 cycles per second. The inertance of the coupling chamber 

and the inertance of the test fluid above and below the brass tube com­

bine to yield an inertance of .558 gram centimeter-4 if there is one 

inch of test fluid above the sample, one component of this series 

inertance will vary in direct proportion to the variation of the density 

of the water in the lower chamber 9 and one component will vary in 

direct proportion to the variation of the density of the test fluid. 
'• 

The series compliance of the polyethylene membrane separating the lower 

chamber from the test chamber is 5.58 x 10-5 gram-1 centimeter4 at 50 

cycles pe:r second and 24 degrees centigrade 9 and the series inertance 

of the membrane is • 217 g:ram centimete:r-4 Ll.ni ts at 50 cycles per 

second and 24 degrees centigrade. 

Temperatll!'e control was achieved by means of a non-circulating 

water bath which was contained by a do11ble walled lucite box; the dimen-

sions of the lucite box are given in figure 1. The portion of the bath 

surrounding the sample holder and test fluid was provided with a close 

fitting lucite cover. Thermometers were placed through holes in the 

lid into the test fluid and water batho 

In preliminary measurements the fluid was first established at a 

temperature removed from room temperature and the mechanical properties 

observed while the fluid :returned to room temperature, then the fluid 

was established at room temperature and the mechanical properties 

observed while the fluid moved away from room temperature--no signifi-

cant differences in the mechanical properties of the fluid at a given 

temperature were noted for the two cases. Any error in the measurement 
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of the temperature probably -would have manifested itself as an incon­

sistency at this pointo Measurements of the mechanical properties of 

the fluid versus temperature -were conducted using brass components and 

using lucite for all components except the tubes; no significant 

differences in the mechanical properties of the fluid at a given temp­

erature -were noted for the two cases; again there must have been no 

serious errors in the measurement of the temperature of the test fluid. 

However, use of brass components facilitated the experiment, since it 

hastened the temperature changes. It was necessary to establish the 

bath at 80 degrees centigrade several times in order to raise the 

test fluid to 70 degrees centigrade. Ice water was placed in the bath 

in order to lower the temperature--it required about one-half hour to 

cool the test fluid t o three degrees centigrade if the brass compo­

nents were used. 

The sensing elements of the hydrodynamical test system were isolated 

from the test fluid and sample holder by the 1/4 inch lucite container 

-which held the water bath and by the polyethylene membrane which 

separated the test fluid from the lower chamber; feeling the portion of 

the hydrodynamical test system containing the sensing elements indi­

cated that it did not deviate seriously from room temperature after 

maintaining the test fluid about 20 centigrade degrees below room temp­

erature or about 40 centigrade degrees above room temperature for many 

hours. 

Measurements indicate that the shunt impedance does not vary 

significantly with temperature. Possible temperature variations of 

the impedance of the polyethylene membrane were not investigated, since 

the correction for the membrane impedance is small. 
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B. Range of the Measured Parameters 

The measured sample impedances must not be allowed to far exceed 

1/lOth of the value of the shunt impedance at a given frequency, or the 

corrections are undesirably large. Inertial forces must not be allowed 

to become comparable to viscous and elastic forces if accurate measure­

ments and calculations are to result. These two restrictions provide 

limits on tube diameter, tube length, number of tubes per sample, 

magnitude of the complex dynamical viscosity of the test fluid, and 

frequency. The tube samples available allow the restrictions to be 

satisfied if the magnitude of the complex dynamical viscosity ranges 

from .01 poise to 10 poises while the components of the complex dynami­

cal viscosity vary from .001 poise to 10 poises and the frequency 

ranges from 2 cycles per second to 200 cycles per second if proper tube 

interchanges are conducted at crucial points. Ratios of sample impe­

dances for a fluid in question to sample impedances of a known fluid 

allow estimates of the magnitude of the complex dynamical viscosity 

sufficient for assigning samples. 

Volume velocities must be experimentally determined for each 

combination of fluid, tube, and frequency in order to avoid non-

linearity. The volume velocity is adjusted so that halving ·or doubling the 

volume velocity results in halving or doubling the pressure across the tubes. 

The tube samples available range from 55 tubes at .03 centimeter 

diameter to 4 tubes at .7 centimeter diameter. Samples with more 

tubes would extend the range of measureable components of the complex 

dynamical viscosity. 
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C. Determination of the Real and Imaginary Components of the Complex 

Dynamical Viscosity from Primary Data 

Thurston2 has obtained expressions for the acoustic resistance and 

reactance of a homogeneous, isotropic viscoelastic fluid for the case 

of sinusoidal shear in a circular tube. The expressions are valid for 

restricted values of a dimensionless parameter (\< u) defined by 

lko..)= Q~f w/11 , '2 •4' 

where f is the fluid density, 

~ is the angular frequency, 

0.. is the tube radius, 

and i1 is the magnitude of the complex dynamical viscosity. 

( \<Q.) can be interpreted as an indicator of the significance of 

inertial forces. For most purposes(\<~) must remairi smaller than 1. 

The expression for the imaginary part of the complex dynamical viscosity 

is not valid in the region of viscoelastic resonance; viscoelastic 

resonance occurs when 

where(\) is related to the complex dynamical viscosity, "f/*, by 

where "'Y1 is the magnitude of the complex dynamical viscosity. 
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I 

When the expressions for the aco11stic resistance and reactan:ce of' 

the flu.id are solved for the components of the complex dynamical !vis-

cosity the reslllt is 

2 

'Y/'= ('~O. Pa 
II 2 

'7=f':Cl (t-Qo), 

where Po is the value of P for ( \<o..) small, 

and ~o is the value of ~ for ( ~~ small; 

p and~ are defined by 

where N is the nwnber of tubes in the brass sample, 

'R is the measured aco11stic resistance of the sample, 

X is the measured acoustic reactance of' the sample, 

'a:nd ~e. is an effective length7 given by 

where jl is the actual tube length. 

(2.7) 

(2.9) 

(2.10) 

(2.,11) 

i 

The calculations of ""fl' and Yin were carried through with the aid 

of an IBM 650 digital computer, since the calclllations involved in 

correcting for shunt impedance are time conswning. 

/ 



17 

The measured parameters f> and ~ provide a check of the theory 

which yielded equations (2.7) and (2.8), since that theory requires 

that ? and~ be given respectively by the real and imaginary parts 

of the function 

01-' -\ 

' 
(2.12) 

where J 0 and J, are zero and first order Bessel functions, and 

(2.13) 

Curves for ? and ~ versus (\<o..) have been prepared3 from 

measurements of acoustic resistance and reactance for several sub-

stances including aqueous milling yellow solutions and distilled water, 

and for many tube diameters, and good agreement with theory was 

obtained. 

D. The Test Fluid 

Milling yellow is one of a group of dyes known as yellow mordant 

azo dyes.8 Milling yellow is used in wool dying, and, being a mordant 

dye, in color photography. 

The milling yellow used for this study was Milling Yellow NGS, a 

product of National Aniline Division. It is obtained in the form of 

a dry, yellow, finely divi4,~d solid. Private correspondence9 revealed 

that the chemical structure for Milling Yellow NGS is 
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Freundlich and Gilli.ngslO recorded the optical and mechanical 

properties of a substance physically similar to Milling Yellow NGS, and, 

with the aid of an optical microscope, observed rod-shaped particles in 

aqueous solutions. They used a substance they called cotton yellow, 
I 

which was British Company's "Chlorazol Fast Yellow 5GKS"; the structural 

formula for that substance islO 

The dry milling yellow is not significantly soluble in water at 

room temperature, but is readily soluble in boiling water. The solutions 

used in this study were prepared by two methods. The first method con-

sisted of adding the proper amount of milling yellow to boiling distil led 

water, boiling gently for twenty minutes, filtering immediately, and 

setting the fluid aside to allow it to cool to room temperature undis-

turbed. The second method consisted of diluting a fluid of known con-

centration with distilled water, reboiling momentaril y and refiltering. 

The fluids were filtered to remove impurities which sometimes serve as 
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nuclei of crystallization. During the boiling process the bottom of 

the container must not be heated too quickly or the fluid is "scorched" 

and discolors. 

ELectron microphotographs indicate that the "raw" milling yellow 

and milling yellow obtained by drying a prepared solution are composed 

of ellipsoidal particles whose dimensions vary widely but average about 

2 x 10-4 centimeter long and 6 x 10-5 centimeter in diameter; these 

dimensions agree with dimensions obtained by Prados and Peeblesll from 

optical measurements .on aqueous ~illing yellow solutions. There is 

some question as to whether the particles maintain their identity in 

solution regardless of temperature or concentration. The previously 

mentioned observations of Freundlich and GillingslO of rod-shaped 

particles in aqueous solutions similar to Milling Yellow NGS solutions 

might cause one to suspect that the particles do maintain their rigid 

ellipsoidal form in solution. Further, microscopic examinations of 

the Milling Yellow NGS aqueous solutions were included in the study 

being presented, and rod-shaped particles could be seen whose size 

agreed with the electron microphotographs. However, the reproducibility 

of the microscopic observation of the rod-shaped particles was so poor 

that one must consider the possibility that the particles were produced 

by non-reproducible surface effects. Further evidence that there are 

rigid ellipsoidal particles in t~e aqueous milling yellow solutions 

will be presented in chapter V, and evidence that the particles do not 

maintain their identity with changing concentration and temperature will 

be presented in chapter IV. 

The concentrations of the aqueous milling yel l ow solutions were 

determined by two methods. The first method consisted of taking the 
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ratio of the weight of milling yellow added to the water and the 

weight of the final solQtion. The second method consisted of placing 

a known weight of solation in a 10 CQbic centimeter bottle and heating 

at 90 degrees centigrade for at least 12 hoQrs after the solvent was 

evaporated--the concentration was then the weight of the residQe divided 

by the weight of the original solQtion. Both methods were safficiently 

accQrate for this stQdy, bQt the first method shoQld not be expected 

to yield errors smaller than one per cent, for the dry milling yellow 

is hygroscopic--its weight will vary with humidity and time exposed to 

open air. Since the milling yellow is hygroscopic, great care mQst be 

exercised to caQse even the second method to yield errors smaller than 

one per cent. The weighing bottle shoQld be provided with a stopper 

so that the 11dry11 air resalting from heating may be trapped above the 

residQe before the bottle and residQe are weighed. It shoQld not be 

necessary to QSe stop-cock grease at 90 degrees centigrade; if stop­

cock grease is QSed, the greased stopper shoQld be inclQded in the 

heating process to drive OQt trapped moistQre. In any case, the heating 

and weighing process shoQld be carried OQt in the same way for the empty 

bottle as for the bottle containing the dry residQe, except that one 

hoQr heating time SQffices for the empty bottle. Unless precaQtions 

are taken, or eqQilibrium conditions at constant hQffiidity are established, 

the condensation of water vapor on the oQtside of the hot, stoppered 

bottle dQring the weighing process will generate error. 

AqQeoas milling yellow solQtions were chosen for this stQdy becaQ~e 

they are strongly viscoelastic at concentrations in the range of 1 to 2 

per cent by weight. The solQtions are also brilliantly birefringent 

at concentrations in the range of 1.4 to 2 per cent by weight at room 
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temperature, so that they provide an excellent opportunity for relating 

optical phenomena with mechanical phenomena. Further, milling yellow is 

inexpensive, readily available, and the solutions are not difficult to 

prepare and handle, and do not have offensive odors. 

If the aqueous milling yellow solutions are prepared in carefully 

cleaned containers and are protected from air-borne debris, they are 

stable for many months. 

Measurements of the acoustic resistance and reactance of lucite 

tubes and brass tubes of identical dimensions under identical test con­

ditions indicate no dependence of the mechanical properties of the fluid 

on tube material. 

Steady flow measl,ll'ements of the optical properties of aqueous 

milling yellow solutions have been conducted by Prados and Peeblesll; 

steady flow measurements of the mechanical properties of aqueous milling 

yellow solutions have been conducted by Honeycutt and Peebles.12 
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CHAPTER III 

REDUCTION OF PARAMETERS 

A. Introduction 

Measurements of the mechanical properties of fluids are difficult to 

interpret and extrapolate when referred to literal molecular models. 

For some classes of fluids under proper measurement conditions the use 

of mechanical models a.nalagous to the actual molecular mechanisms'has 

made it possible to predict the results of measurements of the mechanical 
' i 

properties of fluids without explicit descriptions of the statistical 

mechanics, thermodynamics, and hyd;odynamics of the fluid. 13,14,15,16 

Since analagous mechanical models make it possible to combine ~any 
i 

parameters, the analogs obviate the need for writing explicit equations 

for the temperature, frequency, and concentration dependence of the 

mechanical parameters of fluids; such eqt1a.tions are usually very diffi­

cult to write over any useful range of parameters, since the mech~nical 

parameters of the fluid vary in too complicated a manner. 

Some investigators have, with little or no theoretical justification,17 

combined data at different frequencies and temperatures by shifting the 

coordinates of the curves displaying the logarithm of the real and 

imaginary parts of the complex dynamical viscosity versus the log~rithm 

of the frequency. The use of analagous mechanical models leads tq a 

redt1ced parameter theory which justifies the coordinate shifts. 
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B. The Maxwell Specification of Fluids 

The Maxwell specification of flu.idsl8 states that the behavior of 

an isotropic viscoelastic fluid in small deformations corresponds to the 

behavior of a parallel array of Maxwell elements/9 providing that the 

flu.id obeys the superposition principle.20 The parallel array is shown 

in figure 8 and will be discussed after the individual elements are 

described,, 

The Maxwell element consists of a spring which has a rigidity of 

(;co in series with a dashpot which has a viscosity of Ylo , as shown 

in figure 6. 

F 
Figure 6. A Maxwell element consisting of a 

spring of rigidity GIX> in series with a 
dashpot of viscosity "f"lo. A force F 
acts across the spring and dashpot, causing 
a displacement XG across the spring and 
a displacement X"l across the dashpot. 

The spring is Hookian--the force across the spring is proportional to the 

extension. Thedashpot is Newtonian--the rate of extension is proportional 

to the''"force across the dashpot. The force exerted across the model is 
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common to the spring and dashpot. If the model is acted on by a ~orce 

F , as shown in figure 6, the displacement of the spring, X G !, will 

be given by Hooke's law 

and the displacement of the dashpot, X'"'I , will be given by Newtof • s 

law 

(3~2) 

• 
where X...,, is the time derivative of 'X"'l · The total displacement., 'j\ , 
is the swn of the displacements of the spring and dashpot; then 

C3p) 
i 

' If the spring and dashpot connect two unit areas a unit length 

apart, the force f= is analagous to the shea~ing stress """{'9 actin~ 

on a unit dimension cube of the fluid to be described, and the di,­

placeme~t )( of the spring and dashpot combination is the same a~ 
i 

the extension e of the cube of test material. Under these conditions 
I 

. I 

the spring and dashpot can represent a unit volwne of the fluid tQ be 

described (if the fluid exhibits only one relaxation mechanism). 

Figure 7 shows a unit dimension cube of the fluid to be described by 

a Maxwell element. The fluid is acted on by a shearing stress T 
and consequently undergoes an extension ~ • 



I 
I 
I 

-r 
I 
I 

I 

Figlll'e 7. A unit dimension cube of the fluid 
to b.e described by a Maxwell element. 
The fluid is acted upon by a shearing 
stress T and consequently undergoes an 
extension e . 

If equations (3.1) and (3.2) are rewritten in terms of the shearing 

stress and the strain (for the case described by figlll'e 7) the 

result is 

(3.4) 

(3.5) 

where ee, is the strain exhibited by the spring, and e.1 is the time 

derivative of E!YJ --the strain exhibited by the dashpot. If 

equation (3.4) is solved. for the time rate of extension and added to 

the rate of extension given by equation (3.5) the result is 

(3.6) 

• 
where~ is the time rate of extension of the unit cube of material, 

25 
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• 
and Tis the time rate of shearing stress. 

The rate of extension may be r~written for sinusoidal deform~tion 
- ) I 

' ' 
by introducing a complex dynamical shear viscosity which has been: 

! 

justified by thermodynamic considerations21 and by analogy with a~ter-

nating current circuit theoryo22 The complex shear viscosity, Y'l-Jt-, 
is defined as 

Introducing equation (3.7) into equation (3.6) yields 

• 
· T . .L T 
e=yf*= 1t) + Goo. 

For sinusoidal processes.,- may be represented by 

(3~7) 

(3~8) 

(3~9) 

where t is time, W is the angular frequency, 6 is some phase ! 

angle, and T.ax is the maximum value of T ; then 

(3.:),0) 
; 

i 
Substituting equation (3.10) in equation (3.8) and dividing by Ji 
yields 

(3.11) 
! 



Solving equation {3.11) explicitely for 'l*' one obtains 

(3.12) 
I 

If ~ is defined as the ralaxation time O , equations (3. 7) an~ 

(3.12) yield 

I flo~ ~ 1/o Gee~ 
Y/ ::. Ga,•"' 1~... =. 1-+ffi::)"' ~).-::. I -+ -:::."-\$" · (3.13) 

n''-floa.GCQ--w Ga>~ _ Goo~~~ 
· t - ~+"f}:I>)~ -t~--""'" \tJ~ - '+ n·\A· 

(3.14) 

Ylr Geo~, (3.15) 

where "fls is the value of yt I for u.\~£.<. I ; if the deformations are 

large, Y}s becomes, what is often referred to as the steady flow vis­

cosity. The magnitude of the complex dynamic viscosity is given by 

(3.16) 

$ubstitution of equations (3.13) and (3.14) into equation (3.16) 

yields 

Alfreyl9 states that the Maxviell specification is founded onithe 
i 

27 
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following visualization of actual molecular phenomena: "The stress on 

a given cross section of the material is supported by interatomic\ or 
I 

intermolecular forces exerted upon the atoms and molecules lying :in 
I 

the cross sectiono These forces may be given the generic name or: 'bonds' 

connecting the material on the two sides of the cross section. E~ch of 
i 
I 

these bonds will have its own stiffness and its own characteristic rate 
i 

of relaxation. A distribution of elastic relaxation times is thils 

correlated on the mol~cular scale with a distribution in the relaxa­

tion times of the interparticle bonds." 

Gemant22 noticed that equation (.3.6) may be compared to a s.im,Uar 

equation for electric current, where the current is composed of tw'o 

terms: one in phase with voltage-r- --corresponding to the curre*t 

in a resistance Y']o --, and the other in phase quadrature-~corres~ond­

in:g to a clll'rent in a capacitance I/Git,, • Yj * in .;uation (3.sj 
can be compared to the complex electrical .impedance established bf a 

resistance ~o and a capacitive reactanceGri4\fJ. In this electr1-

mechanical analogy of the first kind23--the impedance analogy-- i~ 

which electromotive force is analagous to mechanical force, elect~ic 

current to velocity, mass to i~ductance, compliance to capacitancJ, 
i 

and mechanical resistance to electrical resistance, the electrica~ 

analog of the mechanical parallel circuit is the electrical series 
I 

circuit. The reason for the difference in structure between the ;wo 
i 
I 

circuits is that voltage is common to all the elements in a parallel 

electric circuit, while force--analogous to voltage--is additive ~n a 

parallel mechanical circuit; further, the current is additive in J 
I 

i 

parallel electrical circuit, while rate of extension--analogous t9 

current--is common to all the elements in a parallel mechanical 
! .:· 

circuit. 

I 
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i 
I 

The impedance analogy justifies the conclusion of Ferry, Sawyer, and 

13 I ' ~1 '()',. Ashworth : 'The equations for frequency dependence of ~ , .1 

and \GA for any model can be obtained by strict analogy with the 

treatment of alternating current circuits, adding the components of 
I 

G (or '1 ) when they appear in parallel and adding their reciprocals 
! 

when they appear in series." I 

According to the Maxwell specificationl9 of fluids referred to 

earlier, more complex fluids may be represented by an unlimited number 

of Maxwell elements in parallel and with a continuous distribution of 

relaxation times.24 Figure 8 presents the parallel assemblage of 

Maxwell elements representing the unit cube of the complex fluid st1b-

jected to a shearing stress '1'"" and undergoing an exte~sion e!.. i 
!~ 

0 
The \ th Maxwell element in the assemblage is composed of a spri~g 

of rigidity ~i in series with a dashpot of viscosity i]oi , wh~re 

Goo and "i) 0 have the same meaning as before. 

. I 
I l F=z.F0 

1 
Figure 8. The parallel assemblage of Maxwell 

elements representing a unit volrane of 
complex test fluid; f is analagous to 
the shearing stress, T , acting on the 
unit volume if test fluid, and X is 
analagot1s to the strain,~, undergone 
by the unit cube of test fluid. 



The force F 
! 
i 

acting on the 11nit cube is the sllm of the forces acting 
' I 
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• on the· I Maxwell elements. The extension of the material is comm.on 
l 
I 

to all the i Maxwell elements. 

Equations -(3.13), (3.14), (3.15) and (3.18) and the impedance 
! 

l 
analog justify describing the parameters of .the parallel array byi 

i 
I 

(3.19) 
! 

i 

i 

(3.20) 
! 

The Maxwell specification of fluids will not yield resonance dis-

persion25 of the complex shear viscosity. If a mass is placed in! 
i 

series with the spring and dashpot, the model will exhibit a resonance--

force minim.llm for constant velocity. Inclusion of a mass'in the model 

accompanies a consideration of inertial forces25 on the microscopic 
i 

scale. If frequencies are below several thousand cycles per seco~d 
' 

the inertial effects are small for most substances,25,26 since th~ 

masses of the particles being displaced are small and the ac'celer~-

tions are small. 

If there is only one relaxation mechanism--only one Maxwell 

element in the analagous model-- equations (3.19) and (3.20) takeithe 



form 

(3.;24) 

The curves of Y/.'lf/o I and ~/'flol versus ~~\ are displayed in 

figure 9o 

C. Temperature Variation 

If the temperature is changed from a reference Kelvin temper+ 

ature To to a Kelvin temperature T , and if we assume that all :. 

the Maxwell elements in the parallel array specifying the fluid are 

affected in the same way, then the change in the "Y[ai and Ge», can 

be describ~a. by 

where G and 
0 O 

f ~ are functions of T , and Y/o, and Geo\ 'are 

the values of '10, and (;~at the reference temperature. If equation 

(3.26) is divided by equation (3.27) the result is 

31 
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Figure 9. The theoretical normalized real and imaginary componehts 
of the complex dynamical viscosity versus normalized frequency;for 
a single Maxwell element of relaxation time~' with a dashpot of 
viscosity "f1o,. 



or 

1 F ~ 0 o ..1·, =- ....L " - a..,. :\. 
F~ \ - I ' 

(3.29) 

where j \ is the relaxation time of the \ th Maxwell element at: 

temperature T , ~IO is the relaxation time of the T th, Maxw~ll 

element at temperature To , and 0..T ls a f~ction of T. 
When equations (3.27) and (3.29) are incorporated in equs.tio~s 

(3.19), (3.20) and (3.23) the result is 

'•\\ 

'fl•= t faG.;(n/f~):)( = ft~t · ' ' .. -· 

(3.30) 
! 

(3.31) 
I 
I 

'Y)So Y) ol ."() fl I i ti 
where . ( ·· , . ( and . ( 0 are the val11es of "'fl$ , Y/ an4 "/ 

I ,, . o/ no" I 
at To ; Y/ and YJ are f11nctions of 'll), and Y/ and .1 a1e 

fllnctions of a reduced freq uericy:-- W f. /F~. 
Equations (3.30) and (3.31) demonstrate that dynamicai data 

I/ ,, ' 
at different temperatures should superpose if 'f/ t F. and 1 /f, are , 

plotted against \l) F./fi., since such a plot transforms Y/ I and ~ II 

at any temperature T and frequency ~ into the reference 'Y/cl a9d 
u I 'Y/ 0 at frequency '\,ufa /f. . 1 

Equations (3.30), (3.31) and (3.32) may be solved for f\ 
yielding 

33 
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Eqt1ation (3.35) indicates that R can be obtained from the ratios of 

the steady flow viscosities ( YI' for w~(( \) at the two temperatures. 

Eqt1ations (3.33) and (3.34) indicate that f\ can be obtained from 

the ratio or the imaginary components of the dynamical viscosi:t;ies at 
. : 

the two temperatures and the ratio of the real components·or the i 

dynamical viscosities at the two temperatures; since "Yf•' is the talue 

of l' at temperature To and at a freq llency 'r, /\ times the freq u~ncy 

for the corresponding · · Y/ I at temperature T , F~ must be specified 
' 

at least as a f'11nction of F\ . Further, s11ccessive approximati~n 
. . . : 

will be necessary in eqt1ation (3.33) and (3.34) in order to obtain 
I 

~l from dynamic data. If F. is not to be written as a f~ctionjof 
I 

may be obtained from steady flow measurements, and th~n 
: 

f~ may be obtained from equations (3.33) and (3.34) by sllccessi~e 
! 

appro~imations utilizing ra, . 
I 

lf the f11nctions f\ and fa. have been determined, and thus a., 
in equation (3.29) is known, a plot of log 0.T 

i 

against temperattjre 
I 
i 

provides a convenient comparison point with theory and past meas~e­

ments. Empirical studiesl7 have revealed that, when the reductio~ of 

variables is successful for many different polymers, 0., could be i 
i 
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represented by 

where To is an arbitrary reference Kelvin temperature, T is the 
I 

Co o 
test Kelvin temperature, and \ and C~ are constants to be qeterm.ined 

empirically. 

Statistical mechanical, thermodynamical, and hydrodynamical 

theories yield 0., ,17 and can provide val11es for the constants in 

eq11ation (3o36). Th11s, if a valid theory is available, empirical 

determination of the constants in eq11ation (3.36) allow the deterI)lina-
' 

tion of the statistical mechanical q11antities--position distributfon 

functions, free volllID.e and molecular mobility--, thermodynamic 

quantities--thermal expansion coefficients and activation energie~--, . ' 
and hydrodynamical q11antities--solvent viscosity and friction coeffi­

cients. 

Williams, Landel and Ferryl4 demonstrate. a particular applic~tion 
! 
' 

Qf the functions describing the change in relaxation times. They 

found that 0., , after a suitable choice of reference Kelvin temp­

erature i-~, can be expressed by 

I 

( 3 • .37) 

Over a T range of 1,;!.':iO Kelvin, eq11ation (3.37) applies to a 

wide variety of' polymers, polymer solutions, organic glass-formin~ 

liquids, and inorganic glasses. -,-~ is usually chosen to lie about 
' 

50 degrees above the glass transition temperature. Williams, Lante1, 
I 
I 
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arid Ferryl4 obtain, from 0.T data, information concerning the inprease 
i 

in the thermal expansion coefficient at the glass transition temperature, 

the fractional free volllme at that point, and the dependence of free 
' 

voll.lme on temperature. 

Fletcher and Gen·t15 present reduced variable curves and curv~s of 
i 

0.,- versus T for some rubber-like materials and demonstrate ho'W 

to obtain values of the dynamical shear properties at temperature$ 

other than measurement temperatures from graphical presentations ~t 

standard temperatures. 

Ferry, Fitzgerald, Grandine, and Williamsl6 present reduced' 

variable curves and a curve of a., versus T for some polymers of 

high molecular weight. They obtain a check of experimental results 

by obtaining a distribution function of relaxation times by calculation 

from dynamical datao 

D. Concentration Variation 

If the concentration is changed from a reference concentratiqn 

Co to a concentration C..., and if we assllme that all the MaXvJell 

elements in the parallel array specifying the fluid are affected in the 

same v1ay, then the change in the "fl O\ and Gco1 can be described by 

(3.38} 
I 

(3 • .39) 

where f3 and f + are functions of C.. , and 
() 0 

"Y>~, and Gell), 
'( \ I 

are the values of "fl 0 ~ and lict), at the reference concentration. !f 
' 



equation (3.38) is div;ided by equation (3 .. 39) the result is 

(3.40) 
! 

or. 

(3.{i-1) 

wqere ~ I is the relaxation time of the i th Maxwell element at 

. C ~,o cqncentration , ..J 

element at concentration 

is the relaxation time of the\ th Maxwell 

Co , and O..c:.. is a function of C.. • 

When equations {3o39} and (3.41) are incorporated in equations 

(3.19), (J.20) and (3.23) the result is 

where Y/s0 
' 

at Co ; 'Y}' 
£unctions of a 

o I o II 1/ and YJ are the values of Y/'!. , 
'Y) ,, 

and '( are functions of ul, 

reduced frequency-- wn/F"t o 

I 
and Y/ 0 

(3.42} 

I 

(3.44) 

YJ 1 ' and 7(. 11 . 

and 'Y/0 11 a~e 

The reduction of data and determination of the functions f'3 and 

fi are identical to the same processes for the case of temperature 

variation presented previously. 

E. Temperature and Concentration Variation 

37 

The equations applicable to varying concentration and temperature 
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may be obtained by multiplying coefficients in equations (3.30) 

(3.42) and in equations (3.31} and (3.43). The results are 

I 

I 

(3.f5) 

l 
i 

(3.~6) 
I 

where the superscript~" now refers to the reference concentrati9n at 
I 

I : 
the reference temperature; .Y/ and "Y/ 11 are functions of ~ , a*d 
'Y) I O ,, . F \ F'3 ! 

.1 ° and Y/ are functions of a reduced frequency-- W Fa.,:~ . l 

I 

Equations (3.45) and (3.46} indicate that data at different ~emp-

eratures and concentrations should superpose if -q'/ft f3. and . 'fl 1fl f-a 
F,r3 . I i 

are plotted against \A) f2..f~ , since such a plot transforms 1 an1 
. . I 

"'f}' at any concentration C. , temperature T and frequency ~ iq.to 

. '() D I T/ 0 ,, F1 E:e : . 
the reference 'l and at frequency u.'.)fi.F4 , concentration \Co 
and temperature ~ • 

F. Use of Reduced Parameters in Predicting the Kechanical Proper~ies 

of a Fluid 

· '"'ll I '' ·-rro I Y) •" Prediction of 'I and Y/ from 'f anq ., is· just the· o~poslte 

procedure from that for reduction of all "f) 1 and Y/ 11 • Then eq ua ~ions 

(~.45) and (3.46) demonstrate that one may obtain Y/' and Y/''vers[us 

frequency at some concentration C and temperature T from nieasu;re-
-,,o/ 1 U C . Y) I ,~ . 

ments of . 1 and Y} at O and To by shifting the .. f O , Y/ C) 1 

versus frequency curves so that the frequency scale becomes u.l Fif~ 
I e.n I F~ r!. 

and the 1)! , YJ-- scales become F,l\"1° and ~fa'<)o 11 • i 
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i 

G. 
I 

Application of Reduced Parameters and .A:nalagous Models to Spe 1cif ic 

Fluid Structures 

Ferryl obtained a successful reduction of dynamical mechanic~l 
! 

parameters of concentrated polymer solutions by assl.lilling that alli, relax­

ation times of the Maxwell elements in the parallel array representing 

the fluids were multiplied by the same constant, 0.T , when the 

temperature was changed from a reference temperature To to the test 

tsmperature T ; he assl.lilled that all relaxation times were multiplied 

by the same constant, (le., when the concentration was changed ftom a 

reference concentration Cl) to the test concentration C- . Then Q., 

and O.c. are the quantities which appear in equations (3.29) and ~3.41), 

since those equations were derived from the assl.lillption that all the 

Maxwell elements in the parallel array specifying the fluid are affect­

ed in the same way when the temperature and concentration are var~edo 

Ferryl assl.lilled that the rigidity mechanisms of high polymers are 
' 

rg.bber-like, so that the rigidities of the springs of the Maxwell 

elements in the parallel array specifying the fluid vary directly as 

the temperature; then F;a. in equation (3.27) is T/To, and equation 

(3.29) indicates that f\ is J::_ o.,- when 'T/io is substituted for F~ o 

"To ' 
Fe~ryl found that the measured dynamical properties of conceri-

' 

trated polymer solutions could be described by reduced parameters only 

if he assl.lilled that the rigidities of the springs of the Maxwell elements 
i 

in the parallel array specifying the fluid vary directly as the cqncen-

t:ration; in that case Ft in equation (3o39) is c/co, and equatton 

(j.41) indicates that f?. is ~ ac.. • I 

I 

Riseman and Kirkwood27 predicted the viscoelastic behavior oidilute 
i 

solutions of rod-like and coiled macromolecules. They assl.lilled tha1,t the 
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i 

random motions of a particle can be described by a distribution iunction 

which gives the probability that the particle at a given time will be 

located at a specified position with a specified velocity@ They 1,took 
: 

into account the disorienting effect of Brownian motions, 1!Jhich p'revious 

theories of viscosity28 had failed to do. They asstlilled that the ~nflu-
, 

ence of the surroundings on the particle can be split into two separate 

components, one systematic, and the other characteristic of the f~uctu-

ating Brownian motions. They asstlilled that equilibriran is described by 

setting the hydrodynamic torques equal to the rotary diffusional 

torques. It turns out that the current density ls made up of a diffu­

sive part and a convective part, where the solvent motion contributes 

to the convective part. 

Rlseman and Klrkwood27 assumed that the presence of a polymer 

molecule in a flowing fluid perturbs the flow because of the resistance 

offered by each monomer unit, so that a point in the fluid distant from 
i. 

the molecule will suffer a change in flow which is the stlill of the: 

perturbations of each of the monomeric units, and the effects pre~ent 

at one monomeric unit would contribute to the effects at any other 

monomeric unit 0 They assumed that the friction coefficient is the same 

for all monomeric ll.nits of the coil or rod, and that the value of :the 
' . I 

friction coefficient depends both on the fluid and the structure qf 
I 

tqe monomer. They assraned that the monomers were connected by a bond 
I 
I 

bf fixed distance and angle. They asstlilled that the individual 

macromolecules do not interact, so that the energy dissipation anq 

storage due ton molecules is n times that for one molecule. 

Rouse29 points out that the theory of the linear viscoelasticl proper­
' 

ties of dilute solutiqns of coiling molecules ls inapplicable whe~e there 
I 
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I 

are very rapid relaxation processes involving segments shorter ttir,n the 

monomer, or where segments of the coil are obstructed by other segments 
' 

with which it happens to be in contact. He also points out that the 

polydispersity of any actual polymer would lead to error. 

The viscous and elastic--energy storage--responses of a dilufe solu­

tion will be determined by the interaction of the Brownian forceslwith the 
i 

imposed forces, since those two forces provide the orienting and testoring 

forces which enhance the viscosity and establish the elasticity.2+ Experi-

mental determinations of the frequency, concentration, and temperature 

variations of the dissipative and storage moduli of aqueous solutions of 
I 
I 

milling yellow dye--ranging from dilute to concentrated--are available in 
! 

chapter IV for examination for the presence of the behavior predibted below 
I 

by examination'of the varylng role of the Brownian forces. l 

If the driving frequency is continuously lowered while the ~plitude 

of the displacement is held constant, and thus the rate of shear is lowered 

and the imposed forces 

dilute solutions where 

' become smaller, a frequency will be reached for 
I 

I 

complete Brownian 1motion is approached,26 the par-
1 

ticles are completely disoriented26, and further decreases in fretjuency 
• - • ! 

cannot further aff.ect the orientation; Frish and Simha26 and Ferr330 expect 
I 

that under such conditions--where the particles are not significarltly 
I 
I 

oriented by the imposed forces--the elastic effects will decline ~nd the 
I 
I 

viscosity effects will vary slowly with further decreases of the jJmposed 

force. 

If the driving frequency is continuously raised while the amplitude of 
I 
I 
; 

the displacement is held constant, a frequency will be reached fo~ dilute 

solutions where the .imposed forces become large and where there is no 
I 
I 

time for reorientations of the suspended particles during a period of 

I 
I 
I 
I 
I 
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alternation30; again Frish's and Simha 1s26 and Ferry•s30 interpretation 

of particle orientations requires that the elastic effects decline and 

the viscosity effects vary slowly with further frequency increases. 

If the frequency of drive and the amplitude of the displacement are 

held constant as the temperature of a dilute solution is raised, a temp­

erature will be reached where the Brownian forces are large compared to 

the imposed force, the particles are completely disoriented, and increases 

in temperature cannot further affect particle orientation; Frish 1s and 

Simha 1s26 and Ferry 1s30 interpretation of particle orientations then 

requires that the elastic effects decline and the viscosity effects vary 

slowly with further temperature increases. 

At low temperatures the effect of the Brownian forces declines and 

complete particle orientation is approached; Frish1 s and Simha 1 s26 and 

Ferry 1s30 interpretation of particle motions then requires that the 

elastic effects decline and the viscosity effects vary slowly with further 

temperature decreases (assuming that there is no structure build-up at 

low temperatures). 

For low concentrations the viscous and elastic effects will approach 

those of the solvent, since the limiting zero concentration is identical 

to the solvent. Frish and Simha26 point out that as the concentration 

is increased from zero concentration the particles at first do not inter­

act, and the viscous and elastic effects are established by the sum of the 

effects of the individual particles. They state that as the concentration 

is increased, the contributions of the individual particles are no longer 

independent, the interactions at first being divisible into 2, 3, etc., 

particle interactions. As the concentration continues to increase, the 

viscous and elastic effects may vary in a complicated way, since the 
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hydrodynamic interactions become comple~. Frish and Simha26 expect that 

at the concentration at which close packing sets !n, a strong and:abrupt 

increase in the viscosity of the suspension occurs; presumably the magni-

tude of the elastic effects would change abruptly also, since the:forces 
' 

which enhance the viscosity'are the forces which establish the elasticity.27 

They point out that at higher concentrations complicated structures--
1 

I 
! 

such as networks--may be established which impede the flow seriously. 
I 

The disorien~ing effects of the Brownian motions ~ill then be small, and 
' 

the dissipative and restoring forces will be generated by molecular bond-

ing.30 As the available space decreases with increasing concentr,tion-­

approaching sedimentation--the viscous and elastic effects will v4ry 

slowly since the motion of the solvent becomes severly impeded anq only 

the molecular bonds--which respond only at high frequencies29""'!-cad con-
i 

tribute to the viscosity and elasticity as the concentration is increased.30 
I 

Ferryl presented the mechanical models corresponding to Reis~an•s 
' I 

and Kirkwood's theoretical viscoelastic behavior of dilute rigid ~ods and 
i 

i 

flexible coils and described experimental verification of the theories. 
I 

The models are shown in figure 10. An unlimited number of Maxwell:: ele-
i 

ments are required in the parallel assemblage describing the visco;elastic 
! ' 

behavior of coils. ilo r;o\u\'\of'l is the steady state value of th
1
e vis.:.. 

I cosity of the solution. The values of the other quantities in the: model 

were given by Ferry31 in terms of the steady state viscosity of th~ 

solvent, ~o so\\l~\ , and are given for rods by 

Geo= 3CR,/5M 
\ 

Y\ op: ( V\o !>o\\lt,~ - i\o~o\\JeM°t) / 4 

Ylo, = 3( i\b so\\\"\\t)"-i\o ~o\\J~)/ 4 ~ 

! 

(3.47) 
I 
I 
i 

( 3.~8) 
I 
! 
i 

(3.~9) 
I 
I 

I 
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I 
I 

where R is the gas constant, M is the molecular weight of ~he rod, 
i 

~ is the concentration in grams per cubic centimeter, and .,-[ is the 

Kelvin temperature. The values for coils are given by 

~,=CRT/M 

'Y)o, = lo ('{)I) -s.o\*OV\-~o ~fJ\ve.t#..)/rr~, 

' 

I 
(l3.50) 

i 

((.51) 
I 

where fY\ is the molecular weight of the coils. 
i 

Ferry31 points out that 

the values for rigid ellipsoids are quite similar to those for rods, and 

gives references to enforce his statement. 

~, 

"Qo'i,O\~ ~of ~QI 1)0~"8«'( ~,,, 
Roo5 C.O\~ 

Figure 10. Mechanical models corresponding 
to the theoretical viscoelastic behavior 
of dilute rigid rods and flexible coils. 

Dividing equation (3.49) by equation (3.47) yields 

n ~ - 5M t""I\ "'{) ~ 
'"'',::;:. GO!>\ - 4CR\'-' l0 ~\\\~a,rt '1° "!:tt,\\Jei\J. 

G~· . I 
. I 

i"l0 r 
I 

I 
I 

i 
i 
I 

Taking the ratio of · ~\ at temperature T and concentration C.. I to ":.:Jt 

at temperature To and concentration Co from equation {3.52) ylelds 

~ :::. 'flo!>o\'*'t,,\- '!)a so\\l~ Co\o 11.. 
!J,~ 11: "!,O\Jn'Ot.-'<}1)0 ~1)\\J~ C.. T Mo, 

i 

i 

{ ~.§-3-) 

i 
I 

and taking the ratio of ~\ at temperature '"f and concentrat~on C... 
I 

to Gao~ at temperature· Ta and concentration C. o from equat~on (3.47) 
i 

yields 
I 
i 



(3.54) 
i 
I 

Equation (3.52) demonstrates that a distribution of mole·cular we~ghts 
I 
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will result in a distribution of relaxation times for solutions of rigid 
L 

rods. Equations (3.53) and (3.54) demonstrate that if the molecular 

weight associated with each relaxation mechanism does not change !when 

the temperature and concentration change, then all relaxation times are 

multiplied by the same fu.nction of temperature and concentration, 1 and 
i 

the C3c::o vary directly as the temperature and concentration. Manipu-

lation of equations (3.50) and (3.51) lead to the same conclusions con­

cernign solutions of coils. The conclusions are applicable to so~utions 

of rigid ellipsoids, since the forms of the equations for the values of 

the quantities in the analagous model are the same for rods and ellip­

soids.31 Thus, Ferry'sl previously described assumptions concerning the 

concentration and temperature dependence of the rigidity mechanisms and 

the relaxation times of the Maxwell elements representing high pofymer 

solutions are applicable to dilute solutions of rods, ellipsoids or 

coils, providing that the rods, ellipsoids, and coils do not change their 

molecular weight with changing concentration and temperature. 

Figure 11 displays Y)1l,,, and Y\''/'1)0\ versus W~\ curves yielded by 

the model analagous to rods shown in figllre 10, and figure 12 displays 

Y)' /~o, and 1)'f ')a, versus W ~\ curves yielded by the model analagoa.s to 

coils shown in figllre 10. The curves for rods were obtained by w±-iting 
i 

out equation (3.19) and {3:20) for the specific rod model; those' equations 

then become 

(3 55) 
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Figure 11. The normalized real and imaginary components of the1 
complex dynamical viscosity versus normalized frequency, as ! 

predicted by the statistical mechanical theory for independent 
rod-like particles. ' 
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"Y\ ,, = 
(3. 56) 

Dividing both sides of eq11ations (3.55) and (3.56) and transposing the 

term independent of Wt)\ in eqt1ation (3.55) the rest1lt is 

r..;QL,_r110~~\"eM\-Y\oe ~:.. \ s. 
l "l"'\o, J l "lo, J \~ ~tt~ (3.57) 

(3. 58) 
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In order to obtain the ct1rves in figure 12 it was necessary to 

assllrne a relationship among the Y'fo, and bOCI! in the model analagot1s 

to coils shown in figure 10. The assllrnptions were that 

(3.59) 

and the ~\ are eqt1al and constant. These assl.l!llptions redt1ce to the 

assl.l!llption that there are equal nllrnbers per t1nit volume of chains which 

are 1, 2, 3, ••• n times the length of a reference chain of minimum 

length; asswning that there are lengths intermediate to these changes 

the res11lts little, as will be explained later. The ct1rves in figure 12 

were obtained by incorporating the assllrnptions relating the 'fJci and the 

Gc:ct in eqt1ations (3.19) and (3.20) for the specific coil model; 

those eqt1ations then became 

( 3.60) 

( 3. 61) 

Dividing both sides of eq11ation (3.60) and (3.61) and transposing the 

term independent of 'IA.l~\ in equation (3.60) the result is 



(3.62) 

(3.63) 

The summations were continued until the last term calculated changed 

the sum of terms by less than 10%. If the "Qo\ , and thus the chain 

lengths, are assumed to change more slowly than the change described 

by equation (3.59), the number of terms required for less than 10% 

change of the sum is about the same, and the sum is about the same. 

It would be more accurate to assume a continuous distribution of 
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lengths and go to an integral form for 'I) I and 'f} II • However, a more 

significant correction would be to introduce a known distribution'of 

nu.mber of particles per unit volume versus particle length. 

The theory upon which the models are based yields a limiting: 

value for Y} I for high frequencies which is independent of distr{bu­

tions of particle length, so that comparison with experiment may be 

accomplished for that limiting case if the low frequency limit of 

'fl I for the solution and sol vent is known. 
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CHAPTER IV 

EXPERIMENTAL RESULTS 

A. The Variation of :Q* with Frequency; 

Figure 13 displays the real and imaginary components of the complex 

dynamical viscosity coefficient versus frequency for a 1.70% aquebus 
' 

milling yellow solution at 21.5 degrees centigrade to 21.75 degrees 

centigrade; the 150 cycles per second point is connected by a dotted 

portion of the curve because the measurement temperature was 21.3'degrees 

centigrade--.2 degrees lower than the preceeding points--, which ,eans 

that ~ I may not level off as sharply as the curve would indicate. 
I 

The tube samples used in obtaining figure 13 ranged from 5 tubes 

2.695 centimeters long and .192 centimeter in diameter at 2 cycles per 

second to 32 tubes 1.169 centimeters long and .0394 centimeter in diameter 

at 200 cycles per second. 

B. The Variation of ~ * with Concentration 

Figure 14 displays the real and imaginary components of the com-

plex dynamical viscosity coefficient versus concentration for aqueous 

milling yellow solutions at 24 degrees centigrade and driving frequency 
' 

of 25 cycles per second. The fluids were obtained from a 1.95% base 

solution by dilution with distilled water. The base solution was diluted 
i 
I 

with the proper amount of water to give the desired concentration, and 

the diluted solutions were then brought to the boiling point, after 
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Figure 13. The real and imaginary components of the complex 
dynamical viscosity versus frequency, for a 1.70% aqueou~ 
milling yellow solution. 
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which they were allowed to return to room temperature. All of the 

soltuions were heated in the same water bath for the same time so that 

their relative concentrations would remain accurate, although their 

absolute concentrations might deviate slightly from the calculated values. 

A very sharp decrease in Yf I and Yj I\ is noted for concentrations 

approaching 1.20%, and below 1.20% no measurements of YJ'1 can be made 

because inertial effects predominate. 

The limiting value of ~I at low concentration agrees well with 

the handbook value for the steady flow viscosity of water at 24 degrees 

centigrade. 

The tube samples used in obtaining figure 14 ranged frdm 55 tubes 

.7950 centimeter long and .0333 centimeter in diameter at 1.00% to 23 

tubes 1.639 centimeters long and .106 centimeter in diameter at 1.95%. 

C. The Variation of 1) *" with Temperature 

Figure 15 displays the real and imaginary components of the com­

plex dynamical viscosity coefficient versus temperature for a 1.70% 

aqueous milling yellow solution at 25 cycles per second. A very sharp 

decrease in 1} I and yt· 11 is noted for temperature approaching 45 degrees 

centigrade, and above 45 degrees centigrade no measurements of 1) 11 can 

be made because inertial effects predominate. The limiting value of 

"Y\ I 'I at high temperatures differs from the handbook value for the 

steady state viscosity of water at those temperatures by 18%, but 

is still decreasing with increasing temperature so that 1} 1 tends to 

level off at a value equal to the steady state viscosity of water at 

high temperatures. 

The decrease in ~ 1 and 11 11 below 10 degrees centigrade is probably 



3. 

1cf1-------
9 
8 
7 
6 

5 

4 

3 

2. 

11: 11" IOI !---------------
(POISES) : 

7 
6 

5 

4 

3 

2 

161-------------~ 
9 
8 
7 
6 

5 

4 

3 

2 

5 10 15 20 25 30 35 40 45 50 5_5 60 65 70 

TEMPERATURE {°C) 

Figare 15. The real and imaginary components of the 
complex dynamical viscosity versas temperatare, for 
a 1.70% aqaeoas milling yellow solation at 25 cycles 
per second. 

54 



55 

due to changes in fluid structure, since the fluid becomes cloudy and 

finely divided milling yellow solids appear in the fluid below 5 degrees 

centigrade--one might suspect that the process begins at a microscopic 

level before it is visually observable. 

The tube samples used in obtaining figure 15 ranged from 23 tubes 

1.639 centimeters long and .106 centimeter in diameter at 5 degrees 

centigrade to 55 tubes .7950 centimeter long and .0333 centimeter in 

diameter at 70 degrees centigrade. 

D. The Reduced Parameters 

An attempt was made to apply Ferry'sl previously described assump­

tions concerning the concentration and temperature dependence of the 

rigidity mechanisms and the relaxation times of the Maxwell elements 

representing high polymer solutions to the experimental data. Chapter 

III included a demonstration that Ferry's reduction of parameters 

should also be valid for dilute solutions of rods, ellipsoids and coils, 

providing that the rods, ellipsoids, and coils do not change their 

molecular weight with changing temperature and concentration. 

When Ferry's choices of f\ and & , described in section G of 

chapter III, were substituted into equations (3.26) and (3.27), and 

when the successive approximations were carried out in equations (3.33) 

and ( 3. 34), non-converging series were obtained for R (and for \\­

obtained from similar equations for concentration variatio~. It was 

possible to obtain converging series by empirical choices of the 

relationship between F\ and F~ and between f~ and r=IIII\ , but the 

choices require improbable interpretations of microscopic mechanisms 

if the fluid is assumed to be composed of rods, ellipsoids, or chains. 
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For example, if one asstllTles that the viscosity mechanism involves 

independent contributions of the individual particles while the rigidity 

mechanism involves two particle interaction, the rigidities of the 

Maxwell elements specifying the flu.id might be taken to vary as the 

square of the change in the viscosities of the Maxwell elements; such an 

asslllTlption yields converging series for the factors by which all relaxa-

tion times are multiplied when the temperatu.re and concentration are 

changed, and places the reduced parameters in range. 

The cu.rves shown in figure 11 for the theoretical "Y) ;i vers11s W b I 
were assigned experimentally measureable valu.es by-calc11lating a molecu.-

lar weight obtained by asstllTling that the particles were of the average 

size indicated by the electron microscope, dividing by the length of a 

monomer estimated from the molecular diagram to get the nlllTlber of 

monomers, and multiplying by the molecular weight of a monomer 

the molecular weight of a particle. "{)o so\llt\OV\ was taken to 

to get 

be the 

''Y'i I • low frequency value of . I The resulting curve yielded poor agree-

ment with experiment. It would have been necessary to choose a low 

frequency vlaue of 't; 1 inconsistent with the theoretical cu.rve in order 

to force better agreement. Altering the asstllTled size of the particles 

in order to force better agreement for high frequencies wo11ld have 

lessened agreement at low frequencies. The cu.rves would have been 

little different if rigid ellipsoids had been asslllTled, since the val11es 

of the rigidities and viscosities of the Maxwell elements of the model 

describing ellipsoids are q11ite similar to those for rods.31 

An attempt was made to empirically match the experimental Y}-Jt-
versus frequency c11rve to the curves displayed in figure 11; no match 

was possible which yielded a value of the limiting val11e of Y/ 1/~ol 
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consistent with the theory which yielded the curves, Again it W©uld 
I 

I : 
have been necessary to choose a low frequency value of 'f) incon$istent 

' 
with the theoretical curve in order to force better agreement of'the 

I 

high frequency value of 1' with the predicted limiting value. j This 

might cause one to wonder if the limiting high frequency was actl).ally 
. I 

reached in the experiment de·scribed. However; comparison of' the! experi-
, 
i 

mental and theoretical intersecting points of "fl 1 and~" dema~ds that 

the highest experimental frequencies reached be considered to rail in 
I 

the limiting region, 
I 

As was explained in chapter III, section G, the high freque,cy 

limit of "Y}' is independent of assumptions concerning length an~ con-
1 

centration distribution of' coils of different lengths. In order!to 
. I 

make a comparison of ~ I for high frequency with the curve in figure 

12, ~ o ,a, \'*'O(\ was taken to be the low frequency value of 1} I • 

The low frequency value of Y] 1 would have to decrease in order t+ have 

better agreement; but a decrease in "Y'J' with low frequency is in~on­

sistent with theory, so the disagreement holds, 

\. 



CHAPTER V 

DISCUSSIONS OF EXPERlMENTAL RESULTS 
AND SUGGESTIONS FOR FURTHER STUDY 

A. Discussion of Experimental Results 

The general behavior of the experimental curve agrees well with 
I 
I 

the general behavior expected by analyzing the role of the ·Brow~ian 
I 

motions as was done in chapter III, section G. For example, in figure 

13 the vanishing of "fl" at high temperature and the leveling of~ of 

"fl I t~ward a constant value agrees well with the concept that com­

plete disorientation is obtained at high temperature. The fact that 

the limit of "fl' is near the high temperature values of the visqosity 

of water implies that even the friction interactions between so~vent 

and suspended particles are small, which could be due to the de9rease 

in the viscosity of the solvent, change in particle size, or bo~h. 

The sudden increase of Yf1 and 1)11 near 1.20% in figure 14 agrees 

well with F.rish's and Simha' s 26 expectation mentioned in chapter ~II, 

section G, that at the concentration at which close packing sets in, 

a strong and abrupt increase in the viscosity of the suspension i 

occurs and with the argument described later which indicates th~t the 

p~rticles should begin to overlap within the range of concentrations 

covered by the presented measurements. 

The failure of the reduced parameter theory to yield a reduction 

of data at all temperatures and concentrations implies, from the 
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; 

arguments of chapter III, that if the fluid is composed of rods,! 
I 
I 
I 
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ellipsoids, or coils or some combination of' rods, ellipsoids, an~ coils, 

then the basic particles are changing their molecular weight with 
: 

·changing temperature and concentration, or the basic particles it1teract, 

or both. But ~erryl successfully applied the reduced parameter iheory 
I 

where strQng interaction was known to occur; then it must be theichang-
' I 

ing molecular weight which prevents application of the reduced p•ra-
1 

meter theory. I 

The failure of the model representing the statistical mechahical 
I 

theory to yield the proper frequency variation of yt I and 'YJ II at a 

single temperature and concentration implies, from the arguments of 

chapter III, that ii' th~ fluid is composed of rods, ellipsoids ot coils, 
' ' 

then there is a distribution of molecular weights at a given tem~erature 

a~d concentration as Prados and Peeblesll indicate, or the basic par­

tlcles interact, or both. 

Since the assumptions concerning particle length do not accQunt 
i 

for the deviation from rod and chain theory for the high i'requen¢y 
. I 

limit of 'Yll, it must be that the assumption concerning indepe~ence 

of individual particle contributions has been contridicted. Thus if 

chains or rods are responsible for the viscoelastic behavior of ~he 
I 

mllling yellow solutions, then they interact at 1.70%, concentrat~on 

near room temperature. 

Perhaps some infinite array of' Maxwell elements could be co4structed 
i 

empirically which would yield the proper ~it"· versus frequency curve, 
I 
I 

but the frequency range obtained in this study is not sufficient to 

justify such an effort; further, the model would be difficult to 

interpret without further knowledge of the structure of the flui1• 
I 



Ferryl expresses doubt as to whether a single reduction function 

cquld be employed for all the relaxation mechanisms for extremely 

dilute solutions where he expects the solvent viscosity to enter 

explicitly. The 't/* versus concentration curve for milling yellow 

demonstrates that the solvent viscosity enters explicitly near a con­

centration of 1.20%, since at concentrations below 1~20% 'qi rapidly 

approaches the steady state viscosity of water and 'fl'' becomes 

immeasureable .. 

Further evidence of the significance of hydrodynamic forces in 

the range of 1.20% can be obtained from measurements by Prados and 

Peeblesll; they assumed tha~ milling yellow particles are rod-shaped, 

and developed a diffusion constant based on that assumption which 

they utilized to calculate particle sizes from extinction angle 

measurements of aqueous milling yellow solutions in a concentration 

range included in this study. The particle shapes and sizes obtained 

by P:rados and Peeblesll agree well with electron microphotographs of 

"raw" milling yellow powders mentioned in chapter II, section D~ 
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Calculations based on the assumption of the correctness of the 

particle sizes given by Prados and Peeblesll and the electron micro­

scope--assuming a density of 1 gram per cubic centimeter for the pure 

polymer--indicate that for concentrations in the range of L20% the 

milling yellow particles have a volume available to them whose cube 

root is very near 2 particle lengths, so that the particles have about 

1 particle length clearance between themG It seems plausible, then, that 

in the concentration range of 1.20% the particles cease to overlap, 

friction between particles declines in importance, and the hydro~ 

dynamic forces met by the individual particles would begin to predominate. 



I 
I 

I 
I 
I 

I 

I 
As mentioned earlier, one might expect the overlap of particles ~o 

I 

I 

occ1.1r 'Where the abrupt and strong change in 'fl1 and 111 occ1.1rs--[ 

near 1.2CJ%,. ! 

. ! 

There may be error gen~rated in Prados1 and Peebles' methodll[ by 
, I 
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assuming that the particles do not interact with each other. There may 
i. 

also be error generated in the calculation of overlap concentrat11on by 
! 

assuming that the particle sizes are the same for the solution cbncen­
i 

t:,:ation used by Prados and Peebles (l.;6%) and for a l.2CJI, solut1on; 

there is also certainly an efror proportional to the error in as:suming 

the density of milling yellow to be 1 gram per cubic centimeter .r 
I 

It was previously stated that the particles must change the~r 

length with changing concentration; yet the lengths indicated bi the 
I 

I 

electron microscope--where the concentration of the fluid being! 

examined was changed greatly from the test concentration--agree ~ith 

. Prados I and Peebles' determination of particle size for the test: 
I 

concentrations. These two seemingly contradictory facts can be [caused 
: 

to be consistant if one considers the possibility that the partl:cle 
i 

lengths do not change with concentration for quasi-equilibrium ~oncen-
1 

tration changes such as those involved in preparing a sample fo~ the 

electron microscope--where the fluid evaporates at room tempera~1.1re--, 
' : 

I 

while the particle lengths do change with concentration for the ! 
I 

I 

dist1.1rbing preparation proced1.1re for the test fluids--where the fluids 
1 

were heated and quickly cooled. 
I 

B. Conclusions 

It appears that the test system and mathematical relations 1examined 
i 

in this study are adequate for obtaining the complex dynamic~l ~iscosity 
I 
! 
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of fluids in the range of 10-3 to 10 poises as a f1111ction of temperature 

and concentration from 2 to 200 cycles per second. 
' 

The reduced parameter theory based on analagous models fail~d 
I 

severely when applied to the measured dynamical parameters of th~ milling 

yellow solutions. However, the failure of the theory indicates direc-
1 

tions for further research. ! 

There is enough evidence for the existehce of rigid ellipsoldal 
I 

. i 

particles in the milling yellow solutions to· j llstify a continued1 con-
1 

s+deration of such particles; however, if such particles are responsible 
i 

for the viscoelastic behavior of the solutions, then there is a distri-
, 

I 

bu.tion of.sizes of particles which changes in a complex way withi changing 

t~mperature and concentration, and the suspended elements overlap at 
I 
I 

most concentrations of interest. ' 

Visual observations of aging milling yellow solutions have, 

revealed many complex structures: 
I 

crystals, chains, networks, s~ar-
' 

shaped clusters, and leaf-shaped clusters. One should, then, co~sider 
! 

possible contributions of all of these structures and more in construct-

ing, applying and interpreting a reduced parameter theory for mi!lling 
' 

yellow solutions. 

C. Suggestions for Further Study: 

The measurements described in this study should be extended to 

-lower frequencies by altering the methods of examining the press
1
ure., 

I 

displacement and velocity monitor outputs; the me'asurements could be. 

extended to higher frequency or lower rigidities by providing t~be 
I 

samples with many small to.bes, providing sample flexure does no~ become 
! 
I 

significant. An extended frequency range would justify a conce1trated 
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I 
attempt to construct 

I 
a particular analagous model which would y~eld 

the curves obtained from experiment. Low frequency measurement~ (near 
! 

.01 cycles per second) would 'provide further use of reduced parameter 
' 

method by bringing the equations derived for \Al\"-'I into the range of 
! 

applicability. 

If the suspended milling yellow particles could be caused to be 
I 

I 

uniform in size at some fixed temperature and frequency, perhap~ by 
I 

filtering or by ultrasonic agitation,10 better agreement with t~eory 
I 
! 

might be obtained. Once agreement with theory was obtained for [con-
, 
I 

stant temperature and concentration it whould be possible to determine 

the way in which the particle sizes change with temperature and !con-

centration. 
I 
I 

Milling yellow solutions prepared from various solvents co~d 

be subjected to alternating magnetic or electric fields, and th~ 

dynamical mechanical properties measured while varying the freqqency of 

m~chanical drive or while varying the frequency of electric or I 
I 
I 

magnetic drive. Such measurements should provide not only info:tjmation 

concerning the structure of the fluids and the relation among t~e 

macroscopic electric and magnetic properties, but should also provide 

information concerning the structure of the individual particle~. 
I 

Measurements of the complex dielectric coefficient as a fwiction 
i 

of the frequency of electric drive at a fixed frequency of mech~nical 
I 
I 
I 

drive or at fixed frequency of electrical drive and varying fre~liency 

of mechanical drive would provide further information relating [ 

mechanical and electrical properties; even more significant is ~he 
I 

fact that such measurements would aid the formation of a stress~optic 

law. 
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Attempts should be made to further determine the size and ~hape 
I 

of the milling yellow particles in aqueous solutions. Such att~pts 
I 

64 

. i 
would involve independent measurements of optical scattering--tq get the 

l 
i 

size, shape and radial distribution of particles--, of mobility lof 
! 

foreign substances--to get the size of particle aggregates--, and of 
i 

filtering rates--to get particle sizes. An observation of the dptical 
! 

transmission of the milling yellow powders suspended in distn1Jd 
l 
I 

water and in an inert fluid would yield information concerning ~ossible 
I 

chemical changes induced by the water. X-ray scattering would provide 
I 
I 

an indication of the state of the milling yellow powders. I 
I 

The milling yellow solutions should be subjected to shear ~ates 
I 

which force them into non-linear regions--where the real and imaginary 
I 

components of the complex dynamical viscosity coefficient are a lfunction 
I 
I 

of shear rate--to possibly gain information concerning the degr~e of 
. i 

particle alignment and interaction32 and the strength of the Brdwnian 
I 

forces.33 i 

i 
I 

The higher concentration milling yellow solutions should bF 
I 

examined for the presence of thixotropy34--reversible structure phanges~-
1 

by attempting to establish a hysteresis loop34 of the real and imaginary 
i 

q,,omponents of the cQmplex dynamical viscosity coeffic'ient versus! 
I 
I 

increasing and decr,easing shear rate at fixed temperature, frequ~ncy 

and concentration. The hysterisis loop would give some information 

concerning the strength of particle interactions 

strength of the Brownian actions.34 

I 
compared with the 

I 
I 

I 
I 

I 

I 

I 
i 

I 
I 
! 
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