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PREFACE

The apparatus, the mathematical relations, and the experimental
techniques for the measurement of the dynamical mechanical properties
of viscoelastic fluids subject to sinusoidal shear are discussed in this
paper, Sample data obtained using aqueous solutions of milling yellow
dye are presented., The purposes of the work were to extend previous
checks of the operation of the test system and the mathematical
relations, to develop a convenient means for displaying the measured
dynamical mechanical properties, and to relate the measured dynamical
properties to microscopic mechanisms,

The author expresses his appreciation to Dr, G, B. Thurston for
many hours of patient instruction, for illuminating discussion and
helpful suggestions, and for supplying and improving the test system,
He expresses his appreciation also to Mr, John Schrag for aiding in
the modifications of the test system, and for discussion, comments and
suggestions, The author also éxpresaes his appreciation to Mr, Heinz
Hall and Mr, Frank Hargrove for their precision machining of test
system components, and for their interest and cooperation, The -author
thanks Professor Arlo Schmidt for supplying electron microphotographs
of the dye particles,

This work was made possible through Army Research Office grants
for Dr, G, B, Thurston's research on the properties of viscoelastic
materials, The equipment was provided by Grant Number DA-ORD-31-124-61-

G58, and the general support for the work by Grant Number DA-ARO(D)-31-

124-G127, -
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CHAPTER I

INTRODUCTION

A, Statement of the Problem

This study was undertaken in an attempt to define a technique for
measuring, displaying, and describing the d%ﬁémical mephanical proper-~
ties of viscoelastic fluids in sinusoidal shear at audio frequencies
and below,

The fluid chosen for this study was an aqueous solution of Milling
Yellow NGS, a commercial wool dye. The immediate objective was to
describe, for the case of sinusoidal shear; the‘dependence of the real
and imaginary components of thg éomplex dynamical viscdsity of the fluid
upon the frequency of drive, temperature, and concentration of solute;

a secoﬂdary objective was to relate the variation of the dynamical
mechanical ﬁroperties to the microscopic mechanisms,

On the basis of s&me s;mple’assumptions regarding stress relaxations
in some high polymer suspensions, Ferryl has developed a method whereby
the simultaneous variation of the real and imaginary components of the
complex"dynamical viscosity with frequency, temperature, and composi;
tion can be expressed by a single empirical function for each polymer-
solvent system. » |

An attempt was made to simplify the aisplaying of the results of
this study by applying a method suggested by Ferry's system for reduction

of variables so that the data would superpose at all temperatures,
1



concentrations, and frequencies of drive,

The real and imaginary components of the complex dynamical vis-
cosity of the milling yellow solutions were obtained by applying a
hydrodynamic theory developed by Thurston? to the measured acoustic
resistance and reactance which the fluids of interest presented to a
sinusoidal shear in a circular tube; Thurston? developed a hydrodynamic
theory for the axlal sinusoidal oscillation of an incompressible
viscoelastic fluid in a rigid tube of infinite length and circular
cross-section, using the c@mplex coefficient of dynamical viscosity,
and experimentally verified his own theory,3

The acoustic resistance and reactance were obtained with the aid
of a hydrodynamical test system, which Thurston® has previously
described; modifications of the system will be discussed in chapter
III, The methods of other investigators apply, for audio frequencies,
only to solids or very viscous fluids, and apply only at ultrasonic or
subsonic frequencies for less wviscous fluids,

The concepts involved in the analysis of the dynamical properties
of viscoelastic substances have been outlined by Eirich’; the defini-

tions and mathematical techniques have been summarized by Reiner,®

B. Importance of the Problem

In the past there has been no means of determining the real and
imaginary components of the complex dynamical viscosity in the range of .001
to 10 poises at audio frequencies, When the real and imaginary compo-
nents of the complex dynamical viscosity are both in the range of ,001 to 10
poises, thé shear wave length is comparable to the dimensions of

commonly used test devices, so that inertial effects are large. By



using tubes, dimensions can be established which are impossible when
the dimensions must apply to the acoustic source itself; thus the
dimensionsrof the active test element can be maintained small with
respect to shear wave length even in the range of .00l poise for the
magnitude of the complex dynamical viscosity,

From the measurements of the dynamical properties of viscoelastic
fluids of low viscosity at audio frequencies and below, a distribution
of relaxation times and a molecular model may be established in the
same way that they are for ultrasonic regions or for fluids of con-
siderable viscosity. However, the low frequency, low viscosity meas-
arements are particularly valuable for two reasons: as a rule, fewer
relaxation mechanisms are excited at audio frequencies than at ultra-
sonic frequencies, so that a simplified study is provided which
encourages and facilitates the beginning of’a theory of structure,
Secondly, the regions of low concentration or high temperature--in
which the magnitude of the complex dynamical viscosity falls in the
range of ,001 to 10 poises for many substances at andio frequencies--
provide a severe test of existing methods of data analysis and of
existing theories of structure, It is especially valuable to observe
the agreement or lack of agreement between theory and experiment in
the limiting regions of the theory. Further, measurements in the‘
region described will provide stringent checks of involved theories
based on thermodynamics and statistical mechanics which have been

constructed for those regions,



CHAPTER II
METHOD OF MEASUREMENT
A, T ent

The mechanical parameters of milling yellow were obtained from
the acoustic resistance and reactance which the fluid generated during
sinusoidal shear in circular brass tubes, The acoustic resistance and
reactance of the tubes were measured with the aid of a hydrodynamical
test system described by Thurston,4 The acoustic signal was provided
by a geophone electromagnetic driver connected to five corrugations
of a Fulton Sylphon brass bellows #1002 (Sylphon catalog number 105670~
27B); the Sylphon catalog lists the cross-sectional area of the bellows
at 1,097 square centimeters, The geophone was driven sinusoidally
from a Hewlett-Packard 202C low frequency oscillator,

The hydrodynamical test system produces three output signals: a
voltage proportional to the displacement of the bellows; a voltage
proportional to the velocity of the bellows; and a voltage proportional
to the pressure developed across the brass tubes, All voltages were
measured with a General Radio 736-A wave analyzer at 20 cycles per
second and above, and with a Hewlett-Packard 403A transistor voltmeter
at 20 cycles per second and below,

The construction and calibration of the hydrodynamical test
system have been described by Thurston,% Several dimensions have been
altered since Thurston's description, so that the values of the

4



sensitivities and system residuals have been modified. Figure 1 shows some
of the basic elements of the hydrodynamical test system and temperature
controlling water bath--explained below--, and givés the present dimen-
sions,

The present volume flow sensitivity is 1.522 cubic centimeters per
second per volt out of the velocity monitor. The coils in the velocity
monitor have been wound on lucite coil forms in order to avoid eddy
currents and phase errors,

The pressure sensitivity varies a few per cent from day to day from
3.40 x 104 dynes per square centimeter per volt of output from the
pressure monitor, The pressure is no longer sensed by means of a ca-
pacity hydrophone utilizing Sylphon bellows, as in earlier descriptions4;
Thurston obtained a more desirable shunt impedance by replacing the
pressure-sensing bellows with a capacitive microphone of his own design,
The presﬁure sensitivity is no longer obtained by means of a hydrostatic
head as previously described,4 but by means of a brass tube of known
impedance,

An electronic summing circuit is utilized to determine the component
of pressure in phase with the volume velocity and the component of
pressure in phase quadrature with the volume velocity--in phase with the
displacement, If the in-phase component is denoted by C?C" and the
out-of-phase component is denoted by C?S , the pressure QP may be written

as

(®= $eC0s Wt + @Ssinmt ; (2,1)
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Figure 1. A simplified drawing of the hydrodynamical test system and temperature
controlling water bath,



where \)) is the angular frequency and ‘t is time; then the measured

acoustic resistance is

R= (?‘/urm ) S

where LL“‘is the magnitude of the volume velocity, and the measured

acoustic reactance is

X= (s /U * (2.3)

A block diagram of all the test equipment is displayed in
figure 2, Figure 3 is a photograph of all equipment used, while
figure 4 is a photograph of the hydrodynamical test system and temp-
erature controlling water bath,

The impedance of the brass tubes must be corrected for the
presence of the impedance of the chamber coupling tubes and driver,
The correction is accomplished in a manner analagous to the treatment
of standard alternating current circuits, Figure 5 illustrates the
schematic circuit for the acoustic elements of the system. The shunt
compliance and resistance of the coupling chamber were measured by
sealing the chamber with a 1/8 inch brass plate while using water as
the test fluid, Previous measurements3 made by sealing the tubes with
a weight had indicated that the shunt impedance varied with changing
test fluid, but later checks indicated that variable sealing uaé
being established and the leakage impedance, not the shunt impedance,
was a function of changing test fluid, The value established for

the shunt compliance was 8,72 x 109 gram~l centimeter4, The resistance
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FIGURE LEGEND,

Figure 3. A photograph of the hydrodynamical test system and associated
electronic equipment
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FIGURE LEGEND

Figure 4. A photograph of the hydrodynamical test system and temberature
controlling water bath
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varied with changing frequency, and ranged from 1,75 x 105 gram centi-
meter—4 second=l at 20 cycles per second to 9,00 x 103 gram centimeter—4
second~l at 200 cycles per second, The inertance of the coupling chamber
and the inertance of the test fluid above and below the brass tube com-
bine to yield an inertance of ,558 gram centimeter™® if there is one
inch of test fluid above the sample; one component of this series
inertance will vary in direct proportion to the variation of the density
of the water in the lower chamber, and one component will vary in

direct proportion to the variation of the density of the test fluid,

The series compliance of the polyethylene membrane separating the lower
chamber from the test chamber is 5,58 x 10~ gram~l centimetert at 50
cycles per second and 24 degrees centigrade, and the series inertance

of the membrane is ,217 gram centimeter—4 units at 50 cycles per

second and 24 degrees centigrade, |

Temperature control was achieved by means of a non-circulating
water bath which was contained by a double walled lucite box; the dimen-
sions of the lucite box are given in figure 1. The portion of the bath
surrounding the sample holder and test fluid was provided with a close
fitting lucite cover, Thermometers were placed through holes in the
1id into the test fluid and water bath,

In preliminary measurements the fluid was first established at a
temperature removed frqm room temperature and the mechanical properties
observed while the fluid returned to room temperature; then the fluid
was established at room temperature and the mechanical properties
observed while the fluid moved away from room temperature--no signifi-
cant differences in the mechanical properties of the fluid at a given

temperature were noted for the two cases, Any error in the measurement
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of the temperature probably would havemanifested itself as an incon-
sistency at this point, Measurements of the mechanical properties of
the fluid versus temperature were conducted using brass components and
using lucite for all components except the tubes; no significant
differences in the mechanical properties of the fluid at a given temp-
erature were noted for the two cases; again there must have been no
serious errors in the measurement of the temperature of the test fluid,
However, use of brass components facilitated the experiment, since it
hastened the temperature changes, It was necessary to establish the
bath at 80 degrees centigrade several times in order to raise the

test fluid to 70 degrees centigrade. Ice water was placed in the bath
in order to lower the temperature--it required about one-half hour to
cool the test fluid to three degrees centigrade if the brass compo-
nents were used,

The sensing elements of the hydrodynamical test system were isolated
from the test fluid and sample holder by the 1/4 inch lucite container
which held the water bath and by the polyethylene membrane which
separated the test fluid from the lower chamber; feeling the portion of
the hydrodynamical test system containing the sensing elements indi-
cated that it did not deviate seriously from room temperature after
maintaining the test fluid about 20 centigrade degrees below room temp-
erature or about 40 centigrade degrees above room temperature for many
hours, -

Measurements indicate that the shunt impedance does not vary
significantly with temperature, Possible temperature variatiéns of
the impedance of the polyethylene membrane were not investigated, since

the correction for the membrane impedance is small,
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B. Range of the Measured Parameters

The measured sample impedances must not be allowed to far exceed
1/10th of the value of the shunt impedance at a given frequency, or the
corrections are undesirably large, Inertial forces must not be allowed
to become comparable to viscous and elastic forces if accurate measure-
ments and calculations are to result, These two restrictions provide
limits on tube diameter, tube length, number of tubes per sample,
magnitude of the complex dynamical viscosity of the test fluid, and
frequency, The tube samples available allow the restrictions to be
satisfied if the magnitude of the complex dynamical viscosity ranges
from ,01 poise to 10 poises while the components of the complex dynami-
cal viscosity vary from .00l poise to 10 poises and the frequency
ranges from 2 cycles per second to 200 cycles per second if proper tube
interchanges are conducted at crucial points, Ratios of sample impe-
dances for a fluid in question to sample impedances of a known fluid
allow estimates of the magnitude of the complex dynamical viscosity
sufficient for assigning samples,

Volume velocities must be experimentally determined for each
combination of fluid, tube, and frequency in order to avoid non-
linearity, The volume velocity is adjusted so that halving or doubling the
volume velocity results in halving or doubling the pressure across the tubes.,

The tube samples available range from 55 tubes at .03 centimeter
diameter to 4 tubes at .7 centimeter diameter, Samples with more
tubes would extend the range of measureable components of the complex

dynamical viscosity,
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C. Determination of the Real and Imaginary Components of the Complex
Dynamical Viscosity from Primary Data

Thurston® has obtained expressions for the acoustic resistance and
reactance of a homogeneous, isotropic viscoelastic fluid for the case
of sinusoidal shear in a circular tube, The expressions are valid for

restricted values of a dimensionless parameter (Kq) defined by

U‘<CL\=0~ Pw R (2.4)

where (J is the fluid density,

) is the angular frequency,

Q. is the tube radius,
and 'Tl is the magnitude of the complex dynamical viscosity,
(KQ) can be interpreted as an indicator of the significance of
inertial forces. For most purposes (Kc\) must remain smaller than 1,
The expression for the imaginary part of the complex dynamical viscosity
is not valid in the region of viscoelastic resonance; viscoelastic

resonance occurs when

(ka)=-165'\n : (2.5)

where (b is related to the complex dynamical viscosity, T?* s by

n=1- M'=Ne i‘¢>‘ (2.6)

where 'q is the magnitude of the complex dynamical viscosity,
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When the expressions for the acoustic resistance and reactance of
the fluid are solved for the components of the complex dynamical %vis-

cosity the result is

R |
el p (2.7)
[+ |

_ owa®
' W‘&g— %_Qo ) (2:9)

where & 1is the value of P for (Ka) small,
and Qp is the value of @ for (Ko) small;

P ana Q are defined by

P= (2.9)
= ol .
Q_ (2.10)
eWefira® |
where N is the number of tubes in the brass sample,
R is the measured acoustic resistance of the sample,
X is the measured acoustic reactance of the sample,
‘and ye, is an effective length7 given by
(2.11)

Je=X+16980,

where & is the actual tube length,
The caleulations of ¥)' and ¥)"vere carried through with the aid
of an IBM 650 digital computer, since the calculations involved 1n

correcting for shunt impedance are time consuming,



The measured parameters FD and GQ provide a check of the theory
which yielded equations (2,7) and (2.8), since that theory requires
that ¥> and GQ be given respectively by the real and imaginary parts

of the function

\;31 S\CK*&'\ — o\—x (2’12)
9

K*o. o K*a)

where ;Sc and 3\ are zero and first order Bessel functions, and

K*=Dew/n*}%: . (2.13)

Curves for f) and GQ versus Oﬂh) have been prepared3 from
measurements of acoustic resistance and reactance for several sub-
stances including aqueous milling yellow solutions and distilled water,
and for many tube diameteré, and good agreement with theory was

obtained,

D. The Test Fluid

Milling yellow is one of a group of dyéé known as yellow mordant
azo dyes,8 Milling yellow is used in wool dying, and, being a mordant
dye, in color photography.

The milling yellow used for this study was Milling Yellow NGS, a
product of National Aniline Division., It is obtained in the form of
a dry, yellow, finely divi@kd solid. Private correspondence9 revealed

that the chemical structure for Milling Yellow NGS is
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CHs CH CH3 CHa
C-OH HO-C
Q NH-OCsC-N=N N=N-CCO-KN
NAO3 S SO3Np :

Freundlich and Gillingslo recorded the optical and mechanical
properties of a substance physically similar to Milling Yellow NGS, and,
with the aid of an optical microscope, observed rod-shaped particles in
aqueous solutions. They used a substance they called cotton yellow,
which was British Company's "Chlorazol Fast Yellow 5GKS"™; the structural

formula for that substance islo

DL O D 8D -

The dry milling yellow is not significantly soluble in water at
room temperature, but is readily soluble in boiling water, The solutions
used in this study were prepared by two methods, The first method con-
sisted of adding the proper amount of milling yellow to boiling distilled
water, boiling gently for twenty minutes, filtering immediately, and
setting the fluid aside to allow it to cool to room temperature undis-
turbed, The second method consisted of diluting a fluid of known con-
centration with distilled water, reboiling momentarily and refiltering.

The fluids were filtered to remove impurities which sometimes serve as
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nuclei of crystallization, During the boiling process the bottom of
the container must not be heated too quickly or the fluid is "scorched"
and discolors,

ELectron microphotographs indicate that the "raw" milling yellow
and milling yellow obtained by drying a prepared solution are composed
of ellipsoidal particles whose dimensions vary widely but average about
2 x 104 centimeter long and 6 x 10=5 centimeter in diameter; these
dimensions agree with dimensions obtained by Prados and Peeblesll from
optical measurements on aqueous milling yellow solutions, There is
some question as to whether the particles ﬁaintain their identity in
solution regardless of temperature or concentration., The previously
mentioned observations of Freundlich and Gillingslo of rod-shaped
particles in aqueous solutions similar to Milling Yellow NGS solutions
might cause one to suspect that the particles do maintain their rigid
ellipsoidal form in solution, Further, microscopic examinations of
the Milling Yellow NGS aqueous solutions were included in the study
being presented, and rod-shaped particles could be seen whose size
agreed with the electron microphotographs. However, the reproducibility
of the microscopic observation of the rod-shaped particles was so poor
that one must consider the possibility that the particles were produced
by non-reproducible surface effects, Further evidence that there are
rigid ellipsoidal particles in the agqueous milling yellow solutions
will be presented in chapter V, and evidence that the particles do not
maintain their identity with changing concentration and temperature will
be presented in chapter IV,

The concentrations of the aqueous milling yellow solutions were

determined by two methods, The first method consisted of taking the



20

ratio of the weight of milling yellow added to the water and the
weight of the final solution, The second method consisted of placing
a known weight of solution in a 10 cubic centimeter bottle and heating
at 90 degrees centigrade for at least 12 hours after the solvent was
evaporated--the concentration was then the weight of the residue divided
by the weight of the original solution, Both methods were sufficiently
accurate for this study, but the first method should not be expected
to yield errors smaller than one per cent, for the dry milling yellow
is hygroscopic--its weight will vary with humidity and time exposed to
open air, Since the milling yellow is hygroscopic, great care must be
exercised to cause even the second method to yield errors smaller than
one per cent, The weighing bottle should be provided with a stopper
so that the "dry" air resulting from heatlng may be trapped above the
residue before the bottle and residue are weighed. It should not be
necessary to use stop-cock grease at 90 degrees centigrade; if stop-
cock grease is used, the greased stopper should be included in the
heating process to drive out trapped moisture. In any case, the heating
and weighing process should be carried out in the same way for the empty
bottle as for the bottle containing the dry residue, except that one
hour heating time suffices for the empty bottle, Unless precautions
are taken, or equilibrium conditions at constant humidity are established,
the condensation of water vapor on the outside of the hot, stoppered
bottle during the weighing process will generate error,

Aqueous milling yellow solutions were chosen for this study because
they are strongly viscoelastic at concentrations in the range of 1 to 2
per cent by weight. The solutions are also brilliantly birefringent

at concentrations in the range of 1.4 to 2 per cent by weight at room
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temperature, so that they provide an excellent opportunity for relating
optical phenomena with mechanical phenomena, Further, milling yellow is
inexpensive, readily available, and the solutions are not difficuit to
prepare and handle, and do not have offensive odors,

If the aqueous milling yellow solutions are prepared in carefally
c¢leaned containers and are protected from air-borne debris, they are
stable for many months,

Measurements of the acoustic resistance and reactance of lucite
tubes and brass tubes of identical dimensions under identical test con-
ditions indicate no dependence 6f the mechanical properties of the fluid
on tube material,

Steady flow measurements of the optical properties of aqueous
milling yellow solutions have been conducted by Prados and Peeblesll;
steady flow measurements of the mechanical properties of agueous milling

yellow solutions have been conducted by Honeycutt and Peebles,1?



CHAPTER III
REDUCTION OF PARAMETERS
A, Introduction

Measurements of the mechanical properties of fluids are difficult to
interpret and extrapolate when referred to literal molecular modeis.
For some classes of fluids under proper measurement conditions thé use
of mechanical models analagous to the actual molecular mechanismséhas
made it possible to predict the resuits of measurements of the meéhanical
properties of fluids without explicit descriptions of the statistical
mechanics, thermodynamics, and hydrodynamics of the fluid, 13a14;l5,i6
Since analagous mechanical models make it possible to cdﬁbine man} <
parameters, the analogs obviate the need for writing explicit equétions
for the temperature, frequency, and concentration dependence of tﬁe
mechanical parameters of fluids; such equations are usually very diffi-
cult to write over any useful range of parameters, since the mechanical
parameters of the fluid vary in too complicated a manner, ‘

Some investigators have, with little or no theoretical justification,l7
combined data at different frequencies and temperatures by shiftiﬁg the
coordinates of the curves displaying the logarithm of the real ané
imaginary parts of the éomplex dynamical viscosity versus the logérithm

of the frequency. The use of analagous mechanical models leads té a

|
|

reduced parameter theory which justifies the coordinate shifts,

R2 |



B, The Maxwell Specification of Fluids

The Maxwell specification of fluidsl® states that the behavior of
an isotropic viscoelastic fluid in small deformations corresponds to the
behavior of a parallel array of Maxwell elements,19 providing that the
fluid obeys the superposition principleezo The parallel array is shown
in figure 8 and will be discussed after the individual elements are
described,

The Maxwell element consists of a spring which has a rigidity of

(qu in series with a dashpot which has a viscosity of'Y]o , as shown

F:

in figure 6,

<;h= ‘4)<G

s

Figure 6, A Maxwell element consisting of a
spring of rigidity Geo in series with a
dashpot of viscosity Me . A force F
acts across the spring and dashpot, causing
a displacement Xe across the spring and
a displacement le across the dashpot,

WO X Yl

The spring is Hookian--the force across the spring is proportional to the
extension, The‘dashpot is Newtonian--the rate of extension is proportional

tothe"force across the dashpot, The force exerted across the model is
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common to the spring and dashpot, If the model is acted on by a force
F , as shown in figure 6, the displacement of the spring, XG , will

be given by Hooke's law

F‘—" Geo Xe) (3.1)

and the displacement of the dashpot, X-q s will be given by Newton's

law

F: Yzo X.‘Q " (3:»2)

[ .
where X—V is the time derivative of XYI . The total displacement, X ,

is the sum of the displacements of the spring and dashpot; then

X= XG'*'XY). (3.3)

If the spring and dashpot connect two unit areas a unit lengii:h
apart, the force F is analagous to the shearing stress Ay acting
on a unit dimension cube of the fluid to be described, and the dis*i,-
placement X of the spring and dashpot combination is the same as?
the extension € of the cube of test material, Under these condiétions
the spring and dashpot can represent a unit volume of the fluidt% be
described (if the fluid exhibits only one relaxation mechanism),
Figure 7 shows a unit dimension cube of the fluid to be describedéby
a Maxwell element, The fluid is acted on by a shearing stress T

and consequently undergoes an extension e o



Figure 7. A unit dimension cube of the fluid
to be described by a Maxwell element,
The fluid is acted upon by a shearing
stress [ and consequently undergoes an
extension & .

If equations (3.1) and (3.2) are rewritten in terms of the shearing
stress and the strain (for the case described by figure 7) the

result is

T-_-. Gwe_c, (3.4)

T:no é"ﬂ? (3.5)

where 626 is the strain exhibited by the spring, and ééﬂ is the time
derivative of en —-the strain exhibited by the dashpot, If
equation (3,4) is solved for the time rate of extension and added to
the rate of extension given by equation (3.5) the result is

é:%—\— j(;—; . (3.6)

»
where & is the time rate of extension of the unit cube of material,

25
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and -i- is the time rate of shearing stress,

The rate of extension may be rewrltten for sinusoidal deformatlon
by introducing a complex dynamical shear viscosity which has been
justified by thermodynamic considerations<l and by analogy with a;ter-
naﬁing current circuit theory,22 The complex shear viscosity, Yzae,

is defined as

===

Introducing equation (3.7) into equation (3.6) yields

T T
e—"q‘*"" -Qb—\—eoo-

For sinusoidal processes _T“ may be represented by

T T €47 s

where 'tf is time, yJ is the angular frequency, é; is some phase§

(3.8)

angle, and -T;“ax is the maximum value of -T_ then

T=wl. | (3.20)

Substituting equation (3.10) in equation (3.8) and dividing by 'Tﬁ

yields

N
—’-\(-l_;t:‘—lf(:—\-\ GCe . (3.11)
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Solving equation (3,11) explicitely for Tl*' ohe obtains

| !lQGB«b___ G (G- w ]
*-—» N - 2 ;n ]
‘I =L '\-fw-G = Gt~ G+ V0> . (3.22)

If % is defined as the ralaxation time Y} , equations (3,7) anéd
(3.12) yield |

| ﬂe_@_-i lQ_____ (€N

o

=6as = \”'G&YV&: |+ W (3.13)

Tl"-_-_-\_(l"ac;%m _Gew _ Gewd™ (3.14)
CRARE T (G T I+ O

‘(Lz Gws, | (3.15)

where Yls is the value of Yl' for WALKL|; if the deformations are
large, ns becomes. what is often referred to as the steady flow vis-

cosity, The magnitude of the complex dynamic viscosity is given by

=Y

Substitution of equations (3.13) and (3.14) into equation (3.16)

yields 7
ce WG ® G FOrWS) G
(\ A \3»33.\3- = Q B> 33-)3' \ +m’3§,(3.%7)
or Yl Q'\- maﬁ&\ £ (3018)

Alfrey19 states that the Maxwell specification is founded on ;the
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following visvalization of actual molecular phenomena: "The stréss on
a given cross section of the material is supported by interatomi& or
intermolecular forces exerted upon the atoms and molecules lying ﬁn
the cross section. These forces may be given the generic name of;'bonds'
connecting the material on the two sides of the cross section, Eéch of
these bonds will have its own stiffness and its own characteristi; rate
of relaxation, A distribution of elastic relaxation times is thu%
correlated on the molecular scale with a distribution in the relaia-
tion times of the interparticle bonds," I
Gemant<® noticed that equation (3.6) may be compared to a similar
equation for electric current, where the current is composed of tﬁo
terms: one in phase with voltage'T' —-corresponding to the carreﬁt
in a resistance Y}o --, and the other in phase quadrature-4corfes§ond-
ing to a current in a capacitance \/QSﬁD . ‘Y]%‘in.eéuation (3,8}
can be compared to the complex electrical impedance established b& a
resistance YIO and a capacitive reactance Gmlw. In this electr{)..
mechanical analogy of the first kind?3-—the impedance analogy—-~ iﬂ
which electromotive force is analagous to mechanical forece, elect%ic
current to velocity, mass to inductance, compliance to capacitancé,
and meqhanical resistance to electrical resistance, the electricai
analog of the mechanical parallel circuit is the electrical serieé
circuit. The reason for the difference in structure between the gwo
circuits is that voltage is common to all the elements in a parallel
electric circuit, while force--analogous to voltage-—is additive in a
parallel mechanical circuit; further, the current is additive in é
parallel electrical circuit, while rate of extension--analogous t%

current--is common to all the elements in a parallel mechanical circuit;



The impedance analogy justifies the conclusion of Ferry, Sauyer, énd
Ashworthl3s "The equations for frequency depenaence of G’ , Y?d ,
and l(;\ for any model can be obtained by strict analogy with thé
treatment of alternating current circuits, adding the components éf
G (or 17 ) when they appear in parallel and adding their recipfocals
when they appear in series," |
According to the Maxwell specification19 of fluids referred ﬁo
earlier, more complex fluids may be represented by an unlimited n@mber
of Maxwell elements in parallel and with a continuous distributio% of
relaxation times,<4 Figure 8 presents the paraliel assemblage‘ofi
Maxwell elements representing the unit cube of the complex fluid éub—
jected to a shearing stress T and undergoing an extension & %o
The | th Maxwell element in the assemblage is composed of a spri@g
of rigidity Ge$ in series with a dashpot of viscosity ’Qa: , 'whejre

Ge and \QO have the same meaning as before,

F=2F

TCo, & G 0 &=t

1)"‘ | MNea Yl°i

Figure 8, The parallel assemblage of Maxwell
elements representing a unit volome of
complex test fluid; ¥ is analagous to
the shearing stress, T , acting on the
unit volume if test fluid, and X 1is
analagous to the strain,& , undergone
by the unit cube of test fluid,
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The force F: acting on the unit cube is the sum of the forces ac%ing
on the i ‘Maxwell elements, The extension of the material is cémmon
to all the .1 Maxwell elements,

Equations (3.13), (3.14), (3.15) and (3.18) and the impedanjce

analog justify describing the parameters of the parallel array by

“’? 2_6«: L (’3;;9)

1+ 38 uo*

” Gen? MS‘ i
Y? é \+\D‘ (3.20)
/_ "_ G W ™
G'= UBYI = ¢f_ 1+ >0 (3.2321)

G;p;:» : :
ﬂ - :é (1+ w3 (3"232)

V)s= ,26@\ i (3.53)”
| o

The Maxwell specification of fluids will not yield resonance dis-é
persion?5 of the complex shear viscosity, If a mass is placed in%
series with the spring and dashpot, the model will exhibit a resoﬁance——
force minimum for constant velocity, Inclusion of a mass "in the ﬁodel
accompanies a consideration of inertial forces?® on the'mioréscopic
scale, If frequencies are below several thousand cycles per secoéd

the inertial effects are small for most substances,25’26 since thé

masses of the particles being displaced are small and the adceleré-

tions are small,
If there is only one relaxation mechanism--only one Maxwell f

element in the analagous model-- equations (3,19) and (3,20) take the



form

\qI: Gen\3| Gu(ﬂo‘lém) ‘YIQ\ 3.
I4@dY |+ ) \+ AN (3'?‘*)

u:Gw\wO.;'_ kwﬁb(ﬂm/é«n) ’OOi(Wb\)
= ey " e ooy

o (3.1 5)
"

The curves of YI'/Y)O' and ‘)z/‘qol versus 003\ are displayed m

figure 9, |

C. Temgerature Variation

If the temperature is changed from a reference Kelvin temper-z-
ature [e to a Kelvin temperature T , and if we assume that all '
the Maxwell elements in the parallel array specifying the fluid ai‘e
affected in the same way, then the change in the ‘Qo‘ and ch can

be descrlbad by

= (R0 ) a0
Geoy= [F;(T)“.G;;X . (3.27)

o o
where F\ and F; are functions of T , and YIO‘ and Gaa{ Eare'
the values of noi and Gq;i at the reference temperature., If equation

(3.26) is divided by equation (3,27) the result is

0 — _E!_— ”o': (3.28)
9

GCD'\ F;. C;cpio
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Figure 9. The theoretical normalized real and imaginary components
of the complex dynamical viscosity versus normalized frequency for
a single Maxwell element of relaxation time Dy with a dashpot of

viscosity 11°l



or

o= Fono ° (3.29)
3] FQ., ‘3\ - Q‘T 3‘ ; ‘

where :); is the relaxation time of the ?\ th Maxwell element atj
temperature T , ‘3i° is the relaxation time 'of' the T'bhl Maxw%all
element at temperature “|o , and Qu is a function of T. |
When equations (3,27) and (3.29) are incorporated in equatioﬁs
(3.19), (3.20) and (3,23) the result is

(F/Fa.\,ﬁ F\ YIO/

YI 4 \-\—LF/F;\\» Ao 2:20)
TI = FaGco' WUF/FQB .] Yr” (3.31)
T LR W

Y[s-:.:iZFa GQS’(E/F&):);:F‘YIQO , (3'3“2)

where TI; » nd and .Y)"‘“ are the values of Yls , 'V' 'an& V?”
at Te 3 YI’ and n" are functions of y3), and YI ‘and Vr” ‘
functions of a reduced frequency—- WF/FJ.

Equations (3,30) and (3.31) demonstrate that dynamical data
at different temperatures should superpose if Y) / F and YZ /ﬁ are
plotted against \QF/FA, since such a plot transforms Y?’ and Y[”
at any temperature | and frequency W into the reference'v and
TI“” at frequency WF, /F;_ .

Equations (3,30), (3.31) and (3,32) may be solved for F\

yielding

33
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B :'YZI/YF' (3.33)
F\= V"/Y? o (3«-;34)
5 =Y]5/1?S° . ' (3.35)

Equation (3.35) indicates that F‘ can be obtained from the ratioé of
the steady flow viscosities ( TI, for WY \) at the tuwo "bempe‘ratz?:res.
Equations (3.33) and (3.34) indicate that F\ can be obtained fronim
the ratio of the imaginary components of the dynamical viscosij:iesi at
the two temperatures and the ratic of the real components of the w
dynamical viscosities at the two temperatures; since YI,' ig the \éralue
of 'q' at temperature g and at a frequency T IFQ times the frequejncy
for the corresponding “7[ at temperature T , F; must be specified
at least as a function of F\, . Further, -successive approximatic;»n
will be necessary in equation (3,33) and (3‘.34) in order to obtairfx
F‘ from dynamic data, If F; is not to be written as a fﬁnction éof
F-‘ 5 F‘ may be obtained from steady flow measurements, and 'bhe!n
Fs. may be obtained from equations (3.33) and (3.34) by successivée»
approximétions utilizing F\ R

If the functions T, and T have been deternined, and thus QLT
in equation (3.29) is known, a plot of log Quy against tempera"cuire
provides a convenient comparison point with theory and past measwr?e—
ments. BEmpirical studiesl7 have revealed that, when the reductioni of

variables is successful for many different polymers, Qfcould be ‘



represented by

9°3Ov'r= -C\(-T) /(c;+ T-To) , (3.36)

where —T; is an arbitrary reference Kelvin temperature, "] is thg
test Kelvin temperature, and C\o and C: are constants to be deten?xined
empirically,

Statistical mechanical, thermodynamical, and hydrodynamical ;
theories yield (1:r,l7 and can provide values for the constants in
equation (3.36). Thus, if a valid theory is available, empirical§
determination of the constants in equation (3,36) allow the deteréina—
tion of the statistical mechanical quantities--position distributéon
functions, free volume and molecular mobility~--, thermodynamic |
quantities--thermal expansion coefficients and activation energiq$~;,
and hydrodynamical quantities--solvent viscosity and friction coef‘fi—
cienté,

Williams, Landel and Ferryl4 demonstrate a particulaf applicétion
of the functions describing the change in relaxation times, They?
found that (l:r , after a suitable chéice of reference Kelvin temé-

erature |s , can be expressed by
| &og Ot = —8.80 (T-'\'%)/ (\0.b+T="Ts), (3.57_)

) . . |
Over a T  range of T3 X580 Kelvin, equation (3,37) applies to a
wide variety of polymers, polymer solutions, organic glass-forming
liquids, and inorganic glasses. ~1s is usually chosen to lie a#oat

50 degrees above the glass transition temperature, Williams, Lanael, '
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'
|

and Ferryld obtain, from (1-\- data, information concerning the inzcrease
in the thermal expansion coefficient at the glass transition tempierature ’
the fractional free volume at that point, and the dependence of firee
volume on temperature, ‘
Fletcher and Gentl present reduced variable curves and curv;as of
'0~:\‘ versus 'T for some rubber-like materials and demonstrate ilow
to obtain values of the dynamical shear properties at temperatures
other than measurement temperatures from graphical presentations at
standard temperatures, |
Ferry, Fitzgerald, Grandine, and Williamsl® present reduced
variable curves and a curve of O.-\' versus "\ for some polymersiof
high molecular weight, They obtain a check of experimental resu.l’ics
by obtaining a distribution function of relaxation times by calcuiation

from dynamical data,
D. Concentration Variation

If the concentration is changed from a reference ‘concentraticinn
Co to a concentration C_, and if we assume that all the Maxwelil
elements in the parallel array specifying the fluid are affected 1n the

same way, then the change in the Ylgt. and th‘ can be described by

-Y?°'\ = F’3 Y(:; (3.38)

: o
Goo‘\-.:. Fq. Gm\\ R (3.39)
: |

F . © 6 o
where [3 and [4 are functions of C , and Y?Q\\ and Oy
are the values of Y)o‘. and Gm“ at the reference concentrationj, If
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equation (3,38) is divided by equation (3.39) the result is

i
[

G Fa Ga® ° CB.{;O)

or..

A= %3;°:C1<.3'° (3.41)

where :){ is the relaxation time of the ?th Maxwell element at ‘

concentration C s 3“° is the relaxation tﬁe of the .\ th Maxwéll

elemept at concentration Co s and O,c_, is a function of .
\When equations (3.39) and (3.41) are incorporated in equatiofxs

(3.19), (3.20) and (3,23) the result is

V=80 e

i
i

| |
! (3.43)

=R

ns: F3Yls° o (3.44)

where YI; R -Vo' and ')?o”are the values of Y)s s n/'ﬁ and '77”
at Ceo ; YI' and T?“ are functions of W , and Y?°' and 'Yr" aZre
fu.nctions of a reduced frequency-- NFB'F4 .
The reduction of data and determination of the functions F'g %and
Fﬁ» are identical to the same processes for the case of temperatu?re

variation presented previously,

E, Temperature and Concentration Variation

The equations applicable to varying concentration and tempera?me
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may be obtained by multiplying coefficients in equations (3,30} aivnd

(3.42) and in equations (3,31) and (3.43). The results are

!
V'=FFY° (5.49)
T[""—F\\‘_’s °“, | (3,%6)

where the superécript 'o" now refers to the reference concentration at
the reference temperature; YI' and TI" are functions of Wy , aﬁd

/ Ul ,
'Y?° and TI" are functions of a reduced frequency-- \N Eifs .
FaF4

Equations (3.45) and (3.46) indicate that data at different {;emp—

f 3 :
eratures and concentrations should superpose if‘q ,F\FS and‘YZ"/F;\Fg

. . F\F3 . |
are plotted against W FaFq since such a plot transforms 'Y] anc?

Y)ﬂ at any concentration € , temperature | and frequency W irixto

! n -
the reference Y)° and 77“ at frequency LQ'E% , concentration Cq
. [ !

and temperature Tp .

F, Use of Reduced Parameters in Predicting the Méchanical Progert;ies
of a Fluid |

Prediction of Y'l and ‘(Z” from xqo' and ~qo“ is- just the-oﬁposite
procedure from that for reduction of all 7)' and T)" . Then equatéions
(3.45) and (3.46) demonstrate that one may obtain Y" and 'Y}"versius
frequency at some concentration (. and temperature "1 from measuzre—
ments of 77“ and Yr“at Co and To by shifting the YI‘)' , 'vui' '
versus frequenéy curves so that the frequency scale becomes W) Efi.

"y
and the 'Y)?, R Y)?” scales become F\F?;Ylo' and EF;Y\‘)" . |
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G, Application of Reduced Parameters and Analagous Models to Spe@ific

Fluid Structures

Ferryl obtained a successful reduction of dynamical mechanical
parameters of concentrated polymer solutions by assuming that allirelax—
ation times of the Maxwell elements in the parallel array represeﬁting
the fluids were multiplied by the same constant, O.-r s When the ‘
temperature was changed from a reference temperature Teo to the #est
temperature 7T' 3 he asstmed that all relaxation times were'multgplied
by the same constant, (e , when the concentration was changed f%om a
reference concentration Co to the test concentration C. . Theﬁ G~
and Q.o are the quantities which appear in equations (3,29) and <3.41),
since those equations were derived from fhe agssumption that all tée
Maxwell elements in the parallel array specifying the fluid are affect—
ed in the same way when the temperature and concentration are varied,

Ferryl assumed that the rigidity mechanisms of high polymersiare
rqbber-like, so that the rigidities of the springs of the Maxwellg
elements in the parallel array specifying the fluid vary directly%as
the temperature; then V3 in equation (3.27) is T/Te, and equatién
(3.29) indicates that F\ is j':f';o'T when T/Tc is substituted fo:rj' Fa.- .

Fefryl

found that the measured dynamical properties of conce@—
trated polymer solutions could be described by reduced parameters}only
if he assumed that the rigidities of the springs of the Maxwell eiements
in the parallel array specifying the fluid vary directly as the céncen~
tration; in that case i:q- in equation (3,39) is C:A:Q’ and equation
(3.41) indicates that F3 is £=Qe.. }
Riseman and Kirkwood<7 predicted the viscoelastic behavior of%dilute
solutions of rod-like and coiled macromolecules, They assumed tha% the



40

random motions of a particle can be described by a distribution function

which gives the probability that the particle at a given time wiﬁl be
located at a specified position with a specified velocity, They &ook
into account the disorienting effect of Brownian motions, which pfevious
theories of viscosity28 had failed to do., They assumed that the ﬁnflu—
ence of the surroundings on the particle can be split into two sebarate
components, one systematic, and the other characteristic of the fiuctu—
ating Brownian motions., They assumed that equilibrium is describ%d by
setting the hydrodynamic torques equal to the rotary diffusional
torques, It turns out that the current density is made up of a diffu-
sive part and a convective part, where the solvent motion contribhtes
to the convective part,

Riseman and Kirkwood?? assumed that the presence of a polymer
molecule in a flowing fluid perturbs the flow because of the resiétance
offered by each monomer unit, so that a point in the fluid distan£ from
the molecule will suffer a change in flow which is the sum of theé
- perturbations of each of the monomeric units, and the effects preéent
at one monomeric unit would contribute to the effects at any othef
monomeric unit, They assumed that the friction coefficient is thé same
for all monomeric units of the coil or rod, and thét the value of%the
friction coefficient depends both on the fluid and the structure éf
the monomer. They assumed that the monomers were connected by a Qond
of fixed distance and angle., They assumed that the individual |
macromolecules do not interact, so that the energy dissipation an&
storage due to n molecules is n times that for one moleculé; |

Rouse<? points out that the theory of the linear viscOelasticpropér—

ties of dilute solutions of coiling molecules is inapplicable wheﬁe there
|
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are very rapid relaxation processes involving segments shorter th%n the
monomer, or where segments of the coil are obstructed by other seéments
with which it happens to be in contact, He also points out that fhe
polydispersity of any actual polymer would lead to error,

The viscous and elastic--energy storage-~responses of a dilufe solu-
tion will be determined by the interaction of the Brownian forcesiwith the
imposed forces, since those two forces provide the orienting and %estoring
forces which enhance the viscosity and establish the elasticity.z? Experi-
mental determinations of the frequency, concentration, and temperéture
variations of the dissipative and storage moduli of aqueous solutions of
milling yellow dye--ranging from dilute to concentrated -- are available in
chapter IV for examination for the presence of the behavior predi%ted below
by examination of the varying role of the Brownian forces, :

If the driving frequency is continuously lowered while the a@plitude
of the displacement is held constant, and thus the rate of shear is lowered
and the imposed forces become smaller, a frequency will be reacheé for
dilute solutions where complete Brownian motion is approached,26 ﬁhe par-
ticles are completely disorientedzé, and further decreases in fre%uency
cannot further affect the orientation; Frish and Simha?® and Ferero expect
that under such conditions-~where the particles are not significaﬁtly
oriented by the imposed forces--the elastic effects will decline énd the
viscosity effects will vary slowly with further decreases of the imposed
force, v

If the driving frequency is continuously raised while the amﬁlitude of
the displacement is held constant, a frequency will be reached fog dilute
solutions where the imposed fordes become large and where there i% no

time for reorientations of the suspended particles during a period of
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alternation30; again Frish's and Simha's?® and Ferry's30 interpretation
of particle orientations requires that the elastic effects decline and
the viscosity effects vary slowly with further frequency increases.

If the frequency of drive and the amplitude of the displacement are
held constant as the temperature of a dilute solution is raised, a temp-
erature will be reached where the Brownian forces are large compared to
the imposed force, the particles are completely disoriented, and increases
in temperature cannot further affect particle orientation; Frish's and
Simha'326 and Ferry'330 interpretation of particle orientations then
requires that the elastic effects decline and the viscosity effects vary
slowly with further temperature increases,

At low temperatures the effect of the Brownian forces declines and
complete particle orientation is approached; Frish's and Simha's?6 and
Ferry'330 interpretation of particle motions then requires that the
elastic effects decline and the viscosity effects vary slowly with further
temperature decreases (assuming that there is no structure build-up at
low temperatures).

For low concentrations the viscous and elastic effects will approach
those of the solvent, since the limiting zero concentration is identical
to the solvent, Frish and Simha26 point out that as the concentration
is increased from zero concentration the particles at first do not inter-
act, and the viscous and elastic effects are established by the sum of the
effects of the individual particles, They state that as the concentration
is increased, the contributions of the individual particles are no longer
independent, the interactions at first being divisible into 2, 3, etec,,
particle interactions., As the concentration continues to increase, the

viscous and elastic effects may vary in a complicated way, since the
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hydrodynamic interactions become complex, Frish and Simha?6 expeét that

at the concentration at which close packing sets in, a strong andiabrupt
increase in the viscosity of the suspension occuré; prestmably th% magni-
tude of the elastic effects would change abruptly also, since thelforces
which enhance the viscosity are the forces which establish the elésticity.27
They point out that at higher concentrations complicated structurés--—

such as networks--may be established which impede the flow seriou%ly.

The disorienting effects of the Brownian motions will then be smail, aﬂd

the dissipative and restoring forces will be generated by moleculér boﬁd—
ing,3o As the available space decreases with increasing concentrétion——
approaching sedimentation-~the viscous and elastic effects will v%ry

slowly since the motion of the solvent becomes severly impeded ané only

the molecular bonds--which respond only at high frequenciesz9ﬂ—caﬁ con—
tribute to the viscosity and elasticity as the concentration is iﬁcreased.3o

Ferryl

presented the mechanical models corresponding to Reis@an's
and Kirkwood's theoretical viscoelastic behavior of dilute rigid gods and
flexible coils and described experimental verification of the theéries.
The models are shown in figure 10, An unlimited number of Maxweli ele-
ments are required in the parallel assemblage describing the visc&plastic
behavior of coils..1]o solution is the steady state value of tﬁg vig-
cosity of the solution, The values of the other quantities in theémodel
were given by FerryBl in terms of the steady state viscosity of th%

solvent, \qo solvexsy{ , and are given for rods by

G, = BCRTISM (3,247)

Y\o(; = W\o solution ’\(\oso\vw‘k\) / 4 (3.,148)
Y]o\ = 3“\0 sdukion *\(\o so\\M\\M‘., (3,249)
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where R is the gas constant, M is the molecular weight of tzhe rod,
C is the concenﬁration in grams per cubic centimeter, and T is the

Kelvin temperature, The values for coils are given by

G, = CRT/M (3.50)
Y\é\ = [O (Y\o so\\l\"\ow ‘Y]o so\Vef&‘Q/Wl) (?°51)

where M is the molecular weight of the coils, Ferry3l points But that
the values for rigid ellipsoids are quite similar to those for rbds, and

gives references to enforce his statement,

2

Sy, e =y, =

L

n"so\\m\ qosdm* \

Ro0S ] cows

L}

Figure 10, Mechanical models corresponding
to the theoretical viscoelastic behavior
of dilute rigid rods and flexible coils,

Dividing equation (3.49) by equation (3.47) yields

_ ey =§M
3\-' Geo, 4CRT<\(\° so\“\—tm‘ﬂ%c\“e“\\). (?"5‘2)’

Taking the ratio of 3\ at temperature '\ and concentration Q, to 3\0

at temperature |o and concentration Ca from equation (3.52) yéields

Q= Y]oso\\l\"\m— Yo se\V?Jv's\ Ce \o (3 53)
9 q:so\ﬂ\:\m—Y]:Sn\\'m CT M»o ) | R

and taking the ratio of 6;,,\ at temperature T and concentratiion c

L) !
to Gao\ at temperature=Ta and concentration Co from equation (3.47)

yields i
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Ge! —C.T. M. - (3.54)

Equation {3,52) demonstrates that a distribution of molecular we%ghts
will result in a distribution of relaxation times for solutions éf rigid
rods, Equations (3,53) and (3.54) demonstrate that if the molecﬁlar
weight associated with each relaxation mechanism does not change @hen
the temperature and concentration change, then all relaxation timés are
multiplied by the same function of temperature and concentration,iand
the Csao vary directly as the temperature and concentration, &anipu—
lation of equations (3,50) and (3,51) lead to the same conclusion; con~
cernign solutions of coils, The conclusions are applicable to soiutions
of rigid ellipsoids, since the forms of the equations for the valhes of
the quantities in the analagous model are the same for rods and eilip—
soids,3t Thus, Ferry'sl previously described assumptions concerning the
concentration and temperature dependence of the rigidity mechanis&s and
the relaxation times of the Maxwell elements representing high poiymer
s&lutions are applicable to dilute solutions of rods, ellipsoids ;r
coils, providing that the rods, ellipsoids, and coils do not chanée their
molecular weight with changing concentration and temperature, |
Figure 11 displays Y)'/m‘ and Y]“l'ﬂo\ versus ws\ curves yieldea by
the model analagous to rods shown in figure 10, and figure 12 dlsplays
Y] h\n‘ and ‘n 'm\versus wB\curves yielded by the model analagous to
coils shown in figure 10, The curves for rods were obtained by wrltlng
out equation (3.19) and (3,20) for the specific rod model; those%equationé

then become %

Yli = Y]o savent ‘\‘.Y\OF—\' '\x]_f-\m& (3.55)
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Figure 11, The normalized real and imaginary components of the
complex dynamical viscosity versus normalized frequency, as |
predicted by the statistical mechanical theory for 1ndependent
rod-like particles,
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complex dynamical viscosity versus normalized frequency, as
predicted by the statistical mechanical theory for independent
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T { U
Y\ = AW, (3.56)

Dividing both sides of equations (3.55) and (3.56) and transposing the

term independent of th)\ in equation (3.55) the result is

EQ\-::\-}- m“\ﬁﬁ\ Ao 1'_'; _\';LW (3.57)

=S (3.58)
'll o, \+Wdy. '

In order to obtain the curves in figure 12 it was necessary to

assume a relationship among the Y’o; and GM; in the model analagous

to coils shown in figure 10, The assumptions were that

\(10? - \\qi)‘ Y |= \52‘35-00¢¢, (3‘?59)

and the Caco( are equal and constant, These assumptions reduce to the
assumption that there are equal numbers per unit volume of chains which
are 1, 2, 3,...n times the length of a reference chain of minimum
length; assuming that there are lengths intermediate to these changes
the results little, as will be explained later, The curves in figure 12
were obtained by incorporating the assumptions relating the Y)g:and the
(3@g$ in equations (3,19) and (3,20) for the specific coil modelj;

those equations then became

YII =Y]o savomt ¥ \é NS (3.60)

(3.61)

Dividing both sides of equation (3,60) and (3.61) and transposing the

term independent of W) in equation (3.60) the result is
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' __‘ﬂo%c\\tw* - \ :
L3N e AT (262

\

.3
no LW ;
'37?\" f{ WA N>, (3.63)

The summations were continued until the last term calculated chanéed
the sum of terms by less than 10%., If the WQQ‘ , and thus the Ehain
lengths, are assumed to change more slowly than the change descri%ed
by equation (3.59), the number of terms required for less than 10%’
change of the sum is about the same, and the sum is about the sam%.

It would be more accurate to assume a continuous distributioﬁ of
lengths and go to an integral form for \Q‘ and “Q" . However, ; more
significant correction would be to introduce a known distribution%of
number of particles per unit volume versus particle length, »

The theory upon which the models are based yields a limiting?ﬁ
value for 'f)l for high frequencies which is independent of distribu—
tions of particle length, so that comparison with experiment may ée
accomplished for that limiting case if the low frequency limit ofz

\fil for the solution and solvent is knoun,
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CHAPTER IV

EXPERIMENTAL RESULTS

A, The Variation of !zatwith Frequency

Figure 13 displays the real and imaginary components of the ;omplex
dynamical viscosity coefficient versus frequency for a 1,70% aquebus
milling yellow solution at 21.5 degrees centigrade to 21,75 degregs
centigrade; the 150 cycles per second point is connected by a dotéed
portion of the curve because the measurement temperature was 21.3idegrees
centigrade-~,2 degrees lower than the preceeding points--, which means
that 'Y}I may not level off as sharply as the curve would indicaté.

The tube samples used in obtaining figure 13 ranged from 5 t&bes
2,695 centimeters long and .192 centimeter in diameter at 2 cycleé per
second to 32 tubes 1,169 centimeters long and ,0394 centimeter inidiameter

at 200 cycles per second,

B, The Variation of Y?ae with Concentration

Figure 14 displays the real and imaginary components of the éom—
plex dynamical viscoéity coefficient versus concentration for aquéous
milling yellow solutions at 24 degrees centigrade and driving frequency
of 25 cycles per second. The fluids were obtained from a 1,95% bése
solution by dilution with distilled water, The base solution was ?iluted
with the proper amount of water to give the desired concentration,%and

the diluted solutions were then brought to the boiling point, afte%
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which they were allowed to return to room temperature, All of the
soltuions were heated in the same water bath for the same time so that
their relative concentrations would remain accurate, although their
absolute concentrations might deviate slightly from the calculated values.
A very sharp decrease in \q' and \(]“ is noted for concentrations
approaching 1,20%, and below 1,20% no measurements of Y?'\can be made
because inertial effects predominate.

The limiting value of \q| at low concentration agrees well with
the handbook value for the steady flow viscosity of water at 24 degrees
centigrade,

The tube samples used in obtaining figure 14 ranged from 55 tubes
.7950 centimeter long and .0333 centimeter in diameter at 1,00% to 23

tubes 1.639 centimeters long and ,106 centimeter in diameter at 1,95%.

C. The Variation of !?*k with Temperature

Figure 15 displays-the real and imaginary components of the com-
plex dynamical viscosity coefficient versus temperature for a 1,70%
aqueous milling yellow solution at 25 cycles per second. A very sharp
decrease in Y]l and 'f}“ is noted for temperature approaching 45 degrees
centigrade, and above 45 degrees centigrade no measurements of NQ“ can
be made because inertial effects predominate., The limiting value‘of

ﬁﬂl at high temperatures differs from the handbook value for the
steady state viscosity of water at those temperatures by 18%, but
is still decreasing with increasing temperature so that WQ' tends to
level off at a value equal to the steady state viscosity of water at
high temperatures.

The decrease in ‘nl and 'T?" below 10 degrees centigrade is‘probably
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due to changes in fluid structure, since the fluid becomes cloudy and
finely divided milling yellow solids appear in the fluid below 5 degrees
centigrade--one might suspect that the process begins at a microscopic
level before it is visually observable,

The tube samples used in obtaining figure 15 ranged from 23 tubes
1.639 centimeters long and .106 centimeter in diameter at 5 degrees
centigrade to 55 tubes ,7950 centimeter long and .0333 centimeter in

diameter at 70 degrees centigrade.

D. The Reduced Parameters

An attempt was made to apply Ferry'sl previously described assump-
tions concerning the concentration and temperature dependence of the
rigidity mechanisms and the relaxation times of the Maxwell eleménts
representing high polymer solutions to the experimental data. Chapter
ITI included a demonstration that Ferry's reduction of parameters
should also be valid for dilute solutions of rods, ellipsoids and coils,
providing that the rods, ellipsoids, and coils do not change their
molecular weight with changing temperature and concentration,

When Ferry's choices of Fi and ES , described in section G of
chapteér III, were substituted into equations (3.26) and (3.27), and
when the successive approximations were carried out in equations (3.33)
aqd (3.34), non-converging series were obtained for Fﬁ (and for F%-—-
obtained from similar equations for concentration variatio@. It‘was
possible to obtain converging series by empirical choices of the‘
relationship between F\ and Fa and between Fs and Fq , but the
choices require improbable interpretations of micrbscopic mechanisms

if the fluid is assumed to be composed of rods, ellipsoids, or chains,
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For example, if one assumes that the viscosity mechanism involves
independent contributions of the individual particles while the figidity
mechanism involves two particle interaction, the rigidities of the
Maxwell elements specifying the fluid might be taken to vary as the
square of the change in the viscosities of the Maxwell eleménts;‘such an
assumption yields converging series for the factors by which all relaxa-
tion times are multiplied when the temperature and concentration are |
changed, and places the reduced parameteré in range.

The curves shown in figure 11 for the theoretical 'Y)* versus u)ﬁ‘
were assigned experimentally measureable values by-calculating a molecu~
lar weight obtained by assuming that the particles were of the average
size indicated by the electron microscope, dividing by the length of a
monomer estimated from the molecular diagram to get the numﬁer of
monomers, and multiplying by the molecular weight of a monomer to get
the molecular weight of a particle. \()o sg\u+4°“ was taken to be the
low frequency value of QWWI . The resulting curve yielded poor agree-
ment with experiment, It would have been necessary to choose a low
frequency vlaue of 77' inconsistent with the theoretical curve in order
to force better agreement., Altering the assumed size of the particles
in order to force better agreement for high frequencies would have
lessened agreement at low frequencies. The curves would have been
little different if rigid ellipsoids had been assumed, since the values
of the rigidities and viscosities of the Maxwell elements of the model
describing ellipsoids are quite similar to those for rods, 3L

An attempt was made to empirically match the experimental Y?ﬂf
versus frequency curve to the curves displayed in figure 11; no match

iwas possible which yielded a value of the limiting value of 17'/*)0‘
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consistent with the theory which yielded the curves, Again it Wéuld
have been necessary to choose a low frequency value of 77' inconéistent
with the theoretical curve in order to force better agreement ofithe
high frequency value of'W?' with the predicted limiting value, ;This
might cause one to wonder if the limiting high frequency was actﬁally
reached in the experimenﬁ described, However, comparison of theéexperi—
mental and theoretical intersecting points of 'YI' and Y)“ dema@ds that
the highest experimental frequencies reached be considered to fail in
the limiting reglon. | 1

As was explained in chapter III, section G, the high frequeﬁcy
limit of 'ﬂ‘ is independent of assumptions concerning length ané con-
centration distribution of coils of different lengths, 1In order;to
make a comparison of WQ' for high frequency with the curve in figure
12, "flg s¢\g~\-\w‘ was taken to be the low frequency value of "Y)' .
The low frequency value of W?' would have to decrease in order té have
better agreement; but a decrease in \0} with low frequency is inéon—

sistent with theory, so the disagreement holds,



CHAPTER V

DISCUSSIONS OF EXPERIMENTAL RESULTS
AND SUGGESTIONS FOR FURTHER STUDY

A, Discusgion of Experimental Results

The general behavior of the experimental curve agrees well?with
the general behavior expected by analyzing the role of the’Brow@ian
motions as was done in chapter III, section G, For example, inifigure
13 the vanishing of Y?n at high femperature and the leveling ofﬁ of
'Y}' toward a constant value agrees well with the concept that éom—
plete disorientation is obtained at high temperature. The fact%that
the 1limit of W?' is near thé high temperature values of the v;séosity
of water implies that even the friction interactions between soivent
and suspendgd particles are small, which could be due to the deérease
in the viscosity of the solvent, change in particle size, or boéh.
The sudden increase of \ql and Tqu near 1,20% in figure 14 agreés
well with Frishk and Simha's?6 expectation mentioned in chapter fII,
sectidn G, that at the concentration at which close packing set% in,
a strong and abrupt increase in the viscosity of the suspensions
occurs and with the argument described later which indicates thét the
particles should begin to overlap within the range of concentraﬁions
covered by the presented measurements,

The failure of the reduced parameter theory to yield a redﬁction

of data at all temperatures and concentrations implies, from the

58
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arguments of chapter III, that if the fluid is composed of rods,
ellipsoids, or coils or some combination of rods, ellipsoids, ané coils,
then the basic particles are changing their molecular weight with
'changing temperature and concentration, or the basic particles iéteract,
or both, But Eerryl successfully applied the reduced parameter ﬁheory
where strong iﬁteraction was known to occur; then it must be the;chang—
ing molecular weight which prevents application of the reduced péra—
meter theory,

The failure of the model representing the statistical mechabical
theory to yield the proper frequency variation of Y]l and \q“atéa
single temperature and concentration implies, from the argumentszof
chapter III, that if the fluid is composed of rods, ellipsoids o% coils,
then there 1s a distribution of molecular weights at a given temﬁerature :
and concentration as Prados and Peeblesll indicate, or the basicépar—
ticles interact, or both, |

| Since the assumptions concerning particle length do not account
for the deviation from rod and chain theory for the high frequenéy
1imit of qu , 1t must be that the assumption concerning indepén?ence
of individual particle contributions has been contridicted. Thus if
chains or rods are responsible for the viscoelastic behavior of ﬁhe
milling yellow solutions, then they interact at 1,70% concentration
near room temperature, j

Perhaps some infinite array of Maxwell elements could be co@structed
empirically which would yield the proper Y)* versus frequency ctg.rve R
but the frequency range obtained in this study is not sufficientéto
justify such an effort; further, the model would be difficult toé

interpret without further knowledge of the structure of the fluid,
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Ferryl expresses doubt as to whether a single reduction function
could be employed for all the relaxation mechanisms for extremely
dilute solutions where he expects the solvent viscosity to enter
explicitly, The Vl* versus concentration curve for milling yellow
demonstrates that the solvent viscosity enters explicitly near a con-
centration of 1,20%, since at concentrations below 1,20% 7?'rapidly
approaches the steady state viscosity of water and Yr' becomes
immeasureable,

Further evidence of the significance of hydrodynamic forces in
the range of 1,20% can be obtained from measurements by Prados and
Peeblesll; they assumed that milling yellow particles are rod-shaped,
and developed a diffusion constant based on that assumption which
they utilized to calculate particle sizes from extinction angle |
measurements of agqueous milling yellow solutions in a concentration
range included in this study; The particle shapes and sizes obtained
by Prados and Pecblesll agree well with electron microphotographs of
"raw" milling yellow powders mentioned in chapter II, section D,

Calculations based on the assumption of the correctness of the
partibie sizes given by Prados and Peebles!! and the electron micro-
scope--asstming a density of 1 gram per cubic centimeter for the pure
polymer--indicate that for concentrations in the range of 1,20% the
milling yellow particles have a volume available to them whose cube
root is very near 2 particle lengths, so that the particles have about
1 particle length clearance between them. It seems plausible, then, that
in the concentration range of 1,20% the particles cease to overlap,
friction between particles declines in importance, and the hydro-

dynamic forces met by the individual particles would begin to predominate,
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As mentioned earlier, one might expect the overlap of\particles #o
occur where the abrupt and strong change in ‘qt and TQ"occurs—%
near 1,20%.

There may be error generated in Prados' and Peebles' methodlliby
assuming that the particles do not interact with each other, Thére may
also be error generated in the calculation of overlap concentration by
assuming that the particle sizes are the same for the solution c;ncen—
tration used by Prados and Peebles (1.36%) and for a 1,20% solutﬁon;
there is also certainly an error proportional to the error in assuming
the density of milling yelloﬁ to be 1 gram per cubic centimeter,

It was previously stated that the particles must change theﬁf
length with changing concentration; yet the lengths indicated by the
electron microscope--where the concentration of the £luid being;
examined was changed greatiy from the test concentration--agree with
Prados' and Peebles' determination of particle size for the test
concentrations, These two seemingly contradictory facts can be ?aused
to be consistant if one considers the possibility that the parti@le
lengths do not change with concentration for quasi-equilibrium goncen—
tration changes such as those involved in preparing a sample forithe
electron microscope--where the fluid evaporates at room temperaﬂure-—,
while the particle lengths do change with concentration for the
disturbing preparation procedure for the test fluids--where the ?luids

vere heated and quickly cooled,

B. Conclusions

It appears that the test system and mathematical relations examined

in this study are adequate for obtaining the complex dynamical ﬁiscosity
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of fluids in the range of 1073 to 10 poises as a function of temperature
and concentration from 2 to 200 cycles per second,

The reduced parameter theory based on analagous models fail;d
severely when applied to the measured dynamical pérameters of th; milling
yellow solutions, However, the failure of the theory indicates hirec—
tions for further research,

There is enough evidence for the existehce of rigid ellipsoidal
particles in the milling yellow solutions to justify a continuéd?con—
sideration of such particles; however, if such particles are resbonsible
for the viscoelastic behavior of the solutions, then there is a histri—
bution of sizes of particles which changes in a complex way withichanging
temperature and concentration, and the suspended elements overlab at
most concentrations of interest,

Visual observations of aging milling yellow solutions have
revealed many complex structures: crystals, chains, networks, s%ar—
shaped clusters, and leaf-shaped clusters., One should, then, co#sider
possible contributions of all of these structures and more in cohstruct-

ing, applying and interpreting a reduced parameter theory for miﬁling

yellow solutions,

C. Suggestions for Further Study

The measurements described in this study should be extended to
lower frequencies by altering the methods of examining the pres%ure,
displacement and velocity monitor outputs; the measurements couid be
extended to higher frequency or lower rigidities by providing t@be
samples with many small tubes, providing sample flexure does noﬁ become

significant., An extended frequency range would justify a conce@trated
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attempt to construct a particular analagous model which would yield
the curves obtained from experiment, Low frequency measurementé (near
.0l cycles per second) would provide further use of reduced parémeter
method by bringing the equations derived for W44 into the raﬁge of
applicability, 1

If the suspended milling yellow particles could be caused ﬁo be
uniform in size at some fixed temperature and frequency, perhapé by
filtering or by ultrasonic agitation,lo better agreement with tﬁeory
might be obtained, Once agreement with theory was obtained forjcon-
stant temperature and concentration it whould be possible to deQermine
the way in which the particle sizes change with temperature and;con-
centration, |

Milling yellow solutions prepared from various solvents codld
be subjected to alternating magnetic or electric fields, and thé
dynamical mechanical properties measured while varying the freq&ency of
mechanical drive or while varying the frequency of electric or
magnetic drive, Such measurements should provide not only infdﬁmation
concerning the structure of the fluids and the relation among tﬁe
macroscopic electric and magnetic properties, but should also pfovide
information concerning the structure of the individual particle%.

Measurements of the complex dielectric coefficient as a fu@ction
of the frequency of electric drive at a fixed frequency of mech%nical
drive or at fixed frequency of electrical drive and varying freéuency

of mechanical drive would provide further information relating |
mechanical and electrical properties; even more significant is the

fact that such measurements would aid the formation of a stress-optic

law,



Attempts should be made to further determine the size and %hape
of the milling yellow particles in aqueous solutions., Such att%mpts
would involve independent measurements of optical scattering—~t4 get the
size, shape and radial distribution of particles--, of mobility%of
foreign substances--to get the size of particle aggregates—-, a%d of
filtering rates--to get particle sizes, An observation of the optical
transmission of the milling yellow powders suspended in distill%d
water and in an inert fluid would yield information concerning éossible
chemical changes induced by the water, ZX-ray scattering would érovide
an indication of the state of the milling yellow powders,

The milling yellow solutions should be subjected to shear gates

which force them into non~linear regions--where the real and imdginary
\

components of the complex dynamical viscosity coefficient are a function

of shear rate--to possibly gain information concerning the degree of
%
particle alignment and interaction3? and the strength of the Brownian

forces.33

}
The higher concentration milling yellow solutions should bé

, |

examined for the presence of thixotropy34—-reversible structure phangese—

by attempting to establish a hysteresis loop34 of the real and iﬁaginary

components of the complex dynamical viscosity coefficient versus

increasing and decreasing shear rate at fixed temperature, frequéncy

and concentration, The hysterisis loop would give some information

concerning the strength of particle interactions compared with tbe

strength of the Brownian actions,3%
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