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CHAPTER 1

Introduction

A web is any material which is manufactured and processedcontinuous, flexible strip
form. Examples include paper, plastics, textiles, strigatse and composites. Web han-
dling refers to the physical mechanics related to the trargmd control of web materials
through processing machinery. Web processing pervadesstaknery industry today. It
allows us to mass produce a rich variety of products from diwoaus strip material.
Products that include web processing somewhere in theiufaeturing include aircratft,
appliances, automobiles, bags, books, diapers, boxespag@ears, and many more. Web
tension and velocity are two key variables that influenceqihality of the finished web,
and hence the products manufactured from it.

Web handling refers to the physical mechanics related tdréresport and control of
web materials through processing machinery. The primaaygfoesearch in web handling
is to define and analyze underlying sciences which governndimg, web guiding, web
transport, and rewinding in an effort to minimize the dedeahd losses which may be
associated with handling of the web. Web handling systewiktéde transport of the web
during its processing which is typically an operation spe¢o a product; for example, in
the case of an aluminum web, the web is brought to a requiieknéss, cleaned, heat-
treated, and coated; and in the case of some consumer psptheeiveb is laminated and
printed.

It is important that the tension in a web span be maintaindtinva close tolerance
band while it is transported at a prescribed velocity thiotlge web processing machine.

For example, if the tension in the web changes during pgfpierforating processes, the



print (perforation) gets skewed. Further, excessive tengariations may cause wrinkles
and may even tear the web. Tension control plays a key rolepraving the quality of
the finished web. It is essential to keep the web in the proataspreset tension, which
could change throughout the process by many conditionsasudisturbances from uneven
rollers and web speed variations.

As the demand for higher productivity and better perfornesinam the web processing
industry increases, better models for the machinery asaselhe web behavior and more
accurate control algorithms for the processes must be aleze! In specific, the imperfec-
tions and non-ideal effects inherently present in the nrecbomponents must be identified
and their characteristics must be analyzed before attamfuiiaddress the control schemes
that limit/eliminate the deleterious effects. The nonaideffects manifest in web handling
systems due to factors such as nonlinear behavior of mgioesence of nonlinear fric-
tion, presence of compliant members, presence of backta#eitransmission systems,
and imperfect contact between the web and the roller respili slippage of web over the
rollers. It is important to model these non-ideal effecthvihe objective of synthesizing
controllers to improve the performance of the system. Miadedspects of some such non-
ideal effects, as discussed below, is considered in theigshdBesides, advanced control
schemes for regulating web tension and velocity are alssepted in this thesis.

A typical web process line uses transmission systems toledbp drive motors and
the driven shafts. Such transmission systems may consestbeldt-pulley arrangement,
a gear-box, a direct coupling, or a combination of these efteésma Figure 1.1 shows a
schematic of a transmission system used in the unwind stafi@ web process line. In
such transmission systems, three basic drive charaatsfiginlinearities dominate the em-
pirical observation of machine behavior and these are damg#, backlash, and friction.
Of course, “perfect” machines do not portray any of theseatdtaristics/nonlinearities,
but the world is certainly not perfect, especially when petibn costs more money. For

example, in the transmission system shown in Figure 1.1halthree drive nonlinearities
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Figure 1.1: Schematic of a transmission system

may be present: the belt and/or the shafts may offer the dangd; the gear-pair almost
invariably has some amount of backlash; and the bearingbatsearious mounting points
may offer considerable friction in addition to the frictiamherently present in the drive
motor. These characteristics directly affect the corgbilariables, which are web tension
(T'wep) @and web velocity ..;). Thus, if a controller is designed to regulate the corgibll
variables, ignoring the characteristics of the transrarssystem, the performance of such a
controller may be different from expected performance.drtipular, if one of the shafts or
the belt shown in Figure 1.1 is compliant, it affects the srant response of the system and
also may contribute a resonant frequency. Similarly, kestkland friction, when present
may cause limit cycles and may even render the closed-lostersyunstable. This report
considers modeling and analysis of the effect of drive dttarestics on the performance
of closed-loop speed-control systems and new control sekéoregulate the web tension
and velocity. In the following a brief introduction of eachtbe aspects considered in this
report is presented. A detailed introduction and prior wand presented at the beginning

of each chapter.



1.1 Effect of compliance

Compliance is an intrinsic property allowing an object tdgielastically when subjected
to a force, and in this sense is synonymous with elasticityus] compliance appears in
any machine where there are elastic members that are setbjecexternal loads. Re-
search on compliance (or elasticity) dates back to somerbdef years. Galileo Galilei
first documented the “resistance” of solids in 1638. Robenkédn 1660 discovered the
proportionality of stress and strain. Following these msdseveral famous physicists and
mathematicians, including Claude Navier, Leonhard Eulegriés Augustin Coulomb,
Thomas Young, Simeon-Dennis Poisson, Augustin-Louis Caudéinrich Rudolf Hertz,
and Lord Rayleigh contributed to the research on elastiéhy.excellent historical sur-
vey of early research on elasticity is given in [1]. Follogithe classical works, many
researchers reported important results that addressféw ef compliance on various as-
pects of machine behavior [2-22].

The classical compliance model, based on Hooke’s Law,e®ldie strain of a flexible
body to the stress induced in the body. It is well known thabké&s law is only true
for a limited amount of strain, after which permaneitdastic deformation will occur. For
large strains, often, softening springor a hardening springnodel [23, pp. 9] or some
other nonlinear model is used. In such cases, presence @liemce gives rise to complex
nonlinear system of equations [5,19-22] whereas in manysimil drive applications, the
effects of compliance can be modeled by linear equations3Busing the Hooke’s law.
These linear models may be developed along the lines of thavielamodel or the Kelvin-
Voigt model as given in [24, Chapter 2]. As already noted (ogep2), compliance arises
in the transmission system shown in Figure 1.1 either duedonapliant belt or due to
compliant shafts. However, the torsional rigidity of thefh may be much larger than the
linear rigidity of the belt and thus, the strain induced ie tfelt may be much larger than
the strain induced in the shafts for a given force.

Chapter 2 proposes a model to include the compliance of théneebelt-pulley trans-



mission system and analyzes the closed-loop speed cogsteins. Some issues such as
the feedback configuration, and natural frequencies whicle due to belt compliance are

considered in this chapter.

1.2 Effect of backlash

Backlash, in the context of mechanical engineering, meams fffay between adjacent
movable parts (as in a series of gears) or the jar caused \Wwhgratts are put into actibh
Backlash is one of the most important nonlinearities thacfthe control strategies imple-
mented in the industrial machines and degrades the overdtinpmance of the machines.
In industrial drive systems, backlash occurs in mating ¢geeth either due to unavoidable
manufacturing tolerances, or often deliberately intratlito avoid other deleterious ef-
fects. For example, a pair of spur gears are generally mdwaita center distance slightly
larger than the designed center distance to avoid interéefandercutting of the teeth. As
a result of this, the width of the tooth of one gear along thetpeircle is slightly less than
the recess in the mating gear, thus giving rise to backlasésece of backlash, though
is advantageous from the point of view of interference/uodling, causes delays and/or
oscillations and consequently gives rise to inaccuraciéke position and velocity of the
machine.

The effect of backlash can be explained with reference torg€id.2. In Figure 1.2,
M, is the mass of the driving member (called “motor” hereaftanyl M/, is the mass
of the driven member (called “load” hereafter). As long asréhis contact, as shown in
Figure 1.2, the motor is able to move the load. However, ifdinection of the motion of
the motor were to reverse, contact between the motor ana#aki$ lost and any motion
of the motor will not result in a corresponding motion of tlhad. The classical backlash
model, shown in Figure 1.3, considers the displacementefribtor ) as input to the

backlash nonlinearity and displacement of the laghé output.

1As given in Merriam-Webster's Dictionary.
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In Figure 1.3, the closed pathC DEFG B represents the hysteresis loop due to the
effect of backlash. Notice that along the segmehts C' D, andF'G, though the displace-
ment of the motor is changing, the displacement of the loatanes the same since contact
is lost. Many researchers used this model of backlash taysepontrol schemes [25-30].
However, in actual practice, the input-output plot showrrigure 1.3 is not realized. In
considering the input as a displacement, the classical higileres the momentum of the
load during the periods where there is no contact betweemtiter and the load. Also,
the classical model implicitly assumes that disturbanatis@ on the load do not affect
the backlash characteristics, which is not the case. Ch8ptéscusses some aspects of
backlash to overcome these lacunae and presents a modebfoilidng backlash.

Friction, in all its manifestations, is an important pheraon which can be put to use
for a positive effect (as in the case of brakes) and at the siameehas deleterious effects,
causing self-excited oscillations due to stick-slip foat Friction is a very widely studied
aspect [31, pp. 169] dating back to Leonardo da Vinci [32]eatraordinary artist and
an extraordinary scientist. Since that time, a number daehers worked in the field of
friction [12,33—48]. Design of control schemes to compém$ar nonlinear friction is not
considered in this report.

The focus of this report is on the effect of transmissioneys(compliance and back-
lash) on the speed and tension control in a web processitignsysA specific objective
laid down is to find the achievable accuracy of a given speedralosystem when the
compliance and the backlash present in the system are kndha transmission system
considered for the purpose of analysis consists of a motaindra load inertia through a
compliant shaft/belt and a gear drive, as shown in FigureThils kind of transmission sys-
tem is used on the unwind/rewind station of the High Speed Mi@d (HSWL) in the Web
Handling Research Center (WHRC) at Oklahoma State Universitigyy&er. Such trans-
mission systems are especially used since they use thalatediloor space most efficiently

and also offer certain advantages in terms of installatiwh @aintenance. For example,



using a directly coupled transmission system mandates eabicearity of the motor shaft
and the load shaft. Any eccentricity/non-parallelism hssn unwanted vibration and wear
and tear of the bearings. If a belt-drive is used, any smaketicity/non-parallelism is
absorbed into the compliance of the belt. However, the campé of the belt and the
backlash present in the bevel gears may introduce additrmmdinearities which need
to be studied. In this context, it is of importance to know #uhievable accuracy when
the parameters of the motor/tachometer, controller, bald, the backlash in the gears are
known. Such a bound on the achievable accuracy lets theraeiant engineer in recon-
figuring the system with a different set of parameters. Agdain page 1, the compliance
present in the system may be due to the belt in the belt-ptrié@smission system, or the
compliance of the shafts. The effect of the compliance ofstafts is more pronounced
especially when the transmission system uses long shafspt@h2 presents a model to
include the compliance of the belt into dynamics and analyhe belt driven transmis-
sion system. Chapter 3 presents a model of backlash thatieglkither the effect of the
compliance of the shafts or the compliance of the belt andgots a method to compute
the achievable accuracy in a given system with a known bakkl&hapter 4 presents the
dynamic model of web-tension and web-velocity in the unvnemind station to include
the effects of compliance and backlash present in the dystes). Results of experiments

are presented in respective sections.

1.3 Effect of slip on web tension dynamics

Modern manufacturing processes exploit the continuousreatf the basic material in
web form by transporting it through and out of the processsuch processes, it is essen-
tial to maintain continuity and avoid cracks/breakage mweb. Though tests have been
conducted to determine breaking strength of webs, it isddarpractice that web-breaks
occur even when the web tension is much less than the bresiotedetermined under

test conditions. There are two main reasons for web break@géhe cracks could be



the result of local stress concentrations. In the eventeddtstress concentrations, cracks
may appear and propagate even at moderate overall webndnysecond cause for web
breaks could be considerable variation of tension aboutids@n tension. Fatigue may set
in when tension fluctuations are rapid and their amplitudmissiderable. In general, the
web breakage is probably a result of a combination of theseeffects.

The local stress concentrations may be avoided by impraviagnanufacturing pro-
cesses to reduce the severity and density of irregulariti®gch efforts fall under the
purview of the design of manufacturing process and are Bpéeithe product being man-
ufactured. On the other hand, controlling web tension witlght tolerance band is a com-
mon feature to all manufacturing processes which involvéens in web form at some
stage of production. Thus, there is a definite need for thdystfisynthesis of web tension
control systems. Before attempting to devise such contrstesys, it is essential to find
out how the tension disturbances occur and how they are gabvgé through the system.

Chapter 5 discusses the effect of slip on web tension dynamics

1.4 Decentralized control schemes for web process lines

A web processing line is a large-scale complex intercoratbgdynamic system with numer-
ous control zones to transport the web while processing e processing line typically
consists of an unwind roll, several web spans supportedibgrdidle rollers and a rewind

roll. In such systems one is interested in designing commmit to the unwind motor, the
rewind motor, and each of the driven rollers to maintain wesision and web-velocity at
prescribed reference values. It might be noted that theigdlysize of the process line in
most cases is very large and the various drive motors andtéwslocity sensors located
at various points of interest may be situated far apart. Gpresgly, it is convenient to im-

provise control design algorithms that use only informatwailable from tension/velocity
sensors nearest to the drive motors, thus allovdagentralization Chapter 6 considers

the decentralized control of web process lines and pressatsuch schemes applicable to



web process lines.

1.5 Contributions

The contributions of this report can be summarized as falow

1. A dynamic model to include the effect of compliance of tie& bn the speed control
system is proposed. Using this model, a method of settingptbportional and
integral gains of the controller is proposed. Using the nhddgeloped for the belt-
pulley transmission system, it is shown that using the faeksignal only from the

load side is not desirable. Such a result is counter-intuiti

2. Resonant frequency due to the compliance of the belt is atedgor the case where
the drive motor is in velocity control mode. Frequency cohtef the speed signal

obtained from experiments closely agrees with the comp@gohant frequency.

3. A dynamic model for backlash is proposed to present trecedf backlash on the
output speed of a gear-pair. This model includes the momewiuthe load when
contact is lost. In addition, the model considers the coamgle of the shaft (or the

compliance of the belt) in series with the backlash in thegea

4. The dynamic model proposed is used to derive an estimateeaipper bound on
deviation in the velocity of the load due to the presence oklash. Results from
the experiments agree with the theoretically computed 8otiurther, it is shown
that, in transmission systems that use belt-pulley systednaagear-pair, the ratio
of driven pulley radius to the driving gear radius needs tsipall to minimize the

effect of backlash.

5. The dynamics of the rewind section of an experimentafqiat is developed. The
model of backlash is extended to include the effect of batkéan web tension. Sim-

ulation study and experimental investigation is condutbeidvestigate the effect of

10



belt-compliance and backlash on web velocity and tension.

. It is shown and experimentally verified that the mean temsit rewind station is

shifted up when the transmission system for driving the melwoll has backlash.

. Experiments were designed on the rewind station of a webegs line (Rockwell

web process line) to excite the backlash gap. The experahesdgults show that,

the amplitude of tension signal at disturbance frequeneyriplified when backlash

is present in the transmission system. Further experintentee same process line
show that using a braking input on the rewind shaft is sudakss mitigating the

effect of backlash on web tension.

. A scheme to include the effect of slippage of web over aera$f proposed. This
scheme shows that, when there is slippage between the wethenaller, the web
tension disturbances can travel opposite the directionetf thavel as well as in the

usual direction of web travel.

. Decentralized control schemes for web process lines sygstematically investi-
gated. Two schemes of decentralized contvd,, a non adaptive scheme and an
adaptive scheme, are proposed for regulation of web temsidweb velocity. Both
schemes are experimentally evaluated and are comparedh@xisting decentral-

ized PI control scheme.

1.6 Organization of the report

The rest of the report is organized as follows. Chapter 2 densithe effect of the compli-

ance of the belt on the speed control system consideringhiddésso be rigid. In chapter

3, a dynamic model of the backlash in the gears is proposeht&ivd presents the effect

of backlash and compliance on web-tension in an unwindfréwstation. Effect of web-

slippage on the tension is studied in Chapter 5. Chapter 6ijtsedecentralized control of

11



web process lines. Summary and future work are given in Chapte
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CHAPTER 2

Modeling and analysis of the belt compliance

In all web process lines, the driven rollers and the unwirnaider rolls are driven through a
transmission system which may be a direct coupling, a gearidsystem, or a belt-pulley
transmission system. Since the driving and the driven shedte torsional compliance,
torsional oscillations can be expected during power trassion. In the case of a belt
drive, the compliance of the belt also contributes to thsitoral oscillations.

Also, if the transmission system uses gears, backlash batiie mating gears is un-
avoidable. Although backlash is necessary for lubricativegtooth surface and preventing
the teeth from getting jammed, it results in reduced stghbdind creates unwanted vibra-
tion. In particular, during high speed operation and infgent motion requiring change
in the direction of rotation, this problem becomes criti&, 49]. Though there are tech-
niques that can reduce backlash, the production cost idngincompared to the achievable
accuracy [40].

Sometimes, a belt-pulley arrangement is a better methochon$mitting power. For
example, coupling the drive motor directly to the procesd srandates very accurate
collinearity of the axes and takes a considerable amoumnnef tin such cases a belt driven
transmission offers great ease since small inaccuracreBecabsorbed into compliance of
the belt. However, compliance of the belt brings additiahalamics into the system that
need to be studied.

There is a large body of literature on the characteristicbetf drives and design of
mechanisms using belt drives. Many such works concentratechechanism of mo-

tion/power transfer, location and extent of slip-arc, natof frictional contact, efficiency

13



limit of the belt-drive system, and methodology of desigigstion of belt-drive compo-
nents [2-5, 8-13]. While many other papers report controéses which use either es-
timation of the transfer function of the system, “fuzzy” ¢t schemes, or a simpled
hoc model to describe the dynamics included by the complianadebelt [14-16, and
the references therein]. In [14], modeling and control oke#-Orive positioning table is
discussed. However, no specific model is reported for inotuthe effect of compliance
of the belt; system identification techniques were used taiolthe system dynamics, to
be later used in tuning the feedback gains. Similarly in [B5omposite fuzzy controller,
consisting of a feedback fuzzy controller and a feed-fodnaaaceleration compensator, is
proposed to control a belt drive precision positioningéatigain, no model to include the
effects of belt compliance was reported in this paper. Ij,[A6obust motion control algo-
rithm for belt-driven servomechanism is reported. In trapgr, the belt-stretch dynamics
is assumed to contribute a pair of purely imaginary polebéditansfer function of the sys-
tem. Also, the fact that belt stands as an interconnectimm foad-side to the motor-side
is ignored in this paper. Analysis and control of speed dsiygems with torsional loads
is reported in [6,7,17,18]. In [6,7], a motor drive systenvithg an inertial load through
a gear and spindle is considered for analysis. Though deadaed backlash are entirely
different (deadzone is a stabilizing influence while basklé destabilizing), the “back-
lash” in the gear box is modeled as a “deadzone” and the spisdhodeled as a torsional
spring. No specific analysis is presented to demonstrateftbet of the compliance of the
spindle. In [17], two application examples in the field of @mhandling are presented. In
this paper, a quasi-static control scheme is presentedmpeonsate for the compliance in
the actuator. Similarly, [18] considers shaft torsionalikketions of an induction machine
including saturation and hysteresis in the actuator. Thdhg dynamics of torque gener-
ation are dealt with extensively, the compliance presetiéndrive train is not modeled
completely. Of particular importance in the analysis ofltle#-driven transmission system

is the computation of resonant frequency due to the comia the belt. This topic is

14
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Figure 2.1: Schematic of a belt driven transmission system

not addressed clearly in existing literature.

In this chapter, the effect of the compliance of the belt adpeed control system is
studied. Using a simple model to include the effect of coamaie of the belt, aspects such
as the feedback scheme to be used and choice of the feedhiaskaad computation of

the resonant frequencies when the motor is in velocityltengode are addressed.

2.1 Belt-pulley transmission system

In many applications, a belt-pulley transmission systera nvenient alternative over
a gear transmission system. When the center distance betheelniving shaft and the
driven shatft is too large for use of a gear-pair, using a leeftansmit motion/power may
be the only practical alternative.

Figure 2.1 shows a schematic of the drive system considérggical approach in an-
alyzing belt-pulley/gear transmission systems is to find@unvalent inertia and equivalent

damping as referred to either the motor side or to the loagl shksuming that the speed

15



ratio is BR = R,/ R, the equivalent inertia and damping as referred to the nsidierare

R\’
Je m — Jm o J )
4, + (RQ) L

R \?
beg.m = bm, — | br.
q, +<R2> L

(2.1)

With the equivalent quantities defined in (2.1), the dynanaitthe system may be written
as

JeqamBm + bequmBm = Tim. (2.2)

The control objective is to design a feedback control laywsuch that the closed-loop
system is stable and the load velocity tracks a given rebersignal w,;, with a prescribed

accuracy. Using the feedback law
Ton = Kpm (Wam — wim) + Kim /(wdm — Wy, )dT, (2.3)
the characteristic equation of the system may be written as
s?+as+ag=0 (2.4)

where

 R3b,, + Riby + K, RS

aq

2 2 ’
T R2J, + R,
Similarly, equivalent inertia and damping as referred wltad side are
R 2
Jeq,L = JL + (R_2> Jma
;2 (2.6)
beg.r, = b ) b
oL =OLF (Rl)
With equivalent inertia/damping defined in (2.6), and ughngcontrol law
Tm — KpL(de — (.UL) —+ KiL /(de — wL)dT, (27)

the ratio ofwg,, to wyy, is the same as the speed reduction ratio of the belt-pubeginission system.
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the characteristic equation may be written as

s+ Bis+ By =0 (2.8)
where
5, = R3b,, + R2by, + K, R1 Ry
R2J, + R2J,, ’ 2.9)
By = Kip B1 Ry .
T R2J, + R,

Considering the characteristic equations given by equai®d) and (2.8), one may be
led to the conclusion that the gains of the Pl-controllereigiby equations (2.3) or (2.7)
may be chosen to place the poles of the characteristic emsa.4) or (2.8) appropriately.
However, as shown in the subsequent sections, the conwvaileen by (2.3) is preferable

over the control law given by (2.7).

2.2 Analysis of the system

In this section dynamics of the system including effect ahpdance of the belt is derived.
Also, itis shown that, when Proportional-Integral (PI) tohlaw is used, it is not advisable
to use feedback only from the load-side( w;, in Figure 2.1).

Notice that for a given direction of rotation of the pullelgetbelt has d@ight sideand
a slack sideas shown in Figure 2.1. To derive the dynamic equations ofSjistem, a
simplifying assumption regarding the power transmissgomade. Assume that the trans-
mission of power is taking place on the tight side and thesjpart of the belt is taking
place on the slack side. Under this assumption, the net ehartgnsion on the slack side
will be much smaller than that in the tight side and thus maygbered. The tight side
of the belt can then be modeled as a spring with spring conefali,. Thus, for given
angular displacements, andd;,, net elongation of the tight side of the belt can be written
as(R,0,, — R20;). Because of this elongation, the driving pulley experieracézque of

(R10,, — R201) K, R, and the driven pulley experiences a torqué 8f6,, — R20;) K}, Rs.

17



Thus, dynamics of the system, ignoring the inertias of psliés given by

Ton = (SO + b ) + Ry Ky (R16,, — Ry01), (2.10a)

Ry Ky(R16,, — Ro01) = (J101 + br0y). (2.10b)

Remark 2.2.1 Notice that the dynamics of the belt-pulley transmissioriesysgiven in
(2.10)may be easily obtained using the well-known Euler-Lagrangsaggns of motion
[50, pp. 129-135].

The kinetic energy of the system shown in Figure 2.1 may beewiat
K6, 0,) = %[Jméi + J162] (2.11)
and the potential energy stored in the belt in the form ofistemergy may be written as
V{0, 01) = %Kb[Rlem — Ry01)%. (2.12)
Defining the Lagrangiarl. = K — V/, dynamics of the system may be written as
—— — = =7;—b6;, j=morL,andr,=0. (2.13)

Explanation leading tq2.10)is elaborately given to emphasize the implicit assumption
made in(2.12) that the transmission of power is taking place on the tighe add the

transport of belt material is taking place on the slack side.

Figure 2.2 shows a block diagram representation of the sygteen in (2.10). Note that
the block diagram given in Figure 2.2 represents the opep-tystem. The two “loops”
appearing in the block diagram represent the intercormestn the (2.10). From the block

diagram, we obtain open-loop transfer functions

s Win(s) Jps® +brs + R2K,
A wL(s) . RlRQKb .
Gy () 2 = D G(s) (2.14b)
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Figure 2.2: Block diagram of the belt driven transmissioneys BR is the speed ratio,

BR = Ry/R.
where
Jog = R3Jm + R3JL, (2.15a)
beq = Raby + R3JL, (2.15b)
D(8) = Jpd18° + (brdm + Jrbm)s* + (KyJeg + bmbr)s + Kpbeg. (2.15c)

The relative degree of the transfer function given in (2)l4aone, whereas the relative
degree of the transfer function given in (2.14b) is threer [pants with relative degree
greater than or equal to three, adaptive control schemeasare complex than for plants
with smaller relative degrees [51,52]. Hence, the trarfsigction given in (2.14a) is more
suitable for adaptive schemes than the transfer functicengin (2.14b).

Also, note that in the case of the belt driven transmissi@tesy considered (see Figure
2.1), the feedback signals may be obtained from the moter ¢t isw,,) or from the
load side (that is); ) as noted in the previous section. These two cases are shdvigure
2.3. Let us first consider the case when aanlyis used for feedback with the control law
given in (2.7). This control law represents a Pl-controdled is a widely used control law.

With the control law given by (2.7), the closed-loop tramdéenction fromw,;, to wy, is
obtained as

wr(s)  (RiRoKy/ I L) (sKpr + KipL)

oar (5) = On(s) (2.16)
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Figure 2.3: Two feedback schemes: (a) feedback from loafl ahd (b) feedback from

motor shaft
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(L + Jmbr) 5 (Kp[R3J, + R2JL] + binbr)

_ 4
A A L S (2.17)
(Ky[R2bm 4+ R2b1) + RiR, K K,)  RiRy K K '
+ S+ .
JmJL JmJL

Notice that the coefficients of ands? do not depend on the gain&,,;, and K, of the
control law. Thus, it may not be possible to place the polége@tharacteristic equation at
desired locations.

On the other hand, consider the control law given by (2.3)thwhis law, the closed-

loop transfer function fromvy,, to w;, is obtained as

C:L((ss)) _ (RiRKy/ mejLz SKpm + Kim) (2.18)

where

Um(s) = st 4 383 + c98® + 15 + o,
(b Jr, + Imbr + Kpm J1)
1L ’
(Ky[R3Jm + R3JL] + bmbr, + Kpmbr, + KimJ1)
I ’
(Kp[R3bm + R3br] + RAKy Ky + Kimbr)
1 ’

C3 =

Cy =

(2.19)

Ccl =

RIKyKim
cp = ——F7—.
0 T Jr

The coefficients of® ands? now depend on the gains of the control law. Thus, we have
more flexibility in placing the poles of the characteristiuation.
The following theorem establishes the stability of the sgstvhen feedback from mo-

tor side is used in a Pl control law.

Theorem 2.2.1 The closed-loop system defined(By3) and (2.10) is stable andv,, ap-

proachesu,, for all K,,,, K, > 0.
Proof: Substituting (2.3) into (2.10), we obtain dynamics of theseld-loop system as
Ky (@ — ) + Kim / (i — ) = (Tl + bonlim)
+ R1Ky(R16,m — Roby), (2.20a)

RoKy(R10,, — Ry01) = (J10r + br01). (2.20b)
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Differentiate (2.20) to obtain

— Kpmwm + Kin(Wam — Win) = (Jmlom + bpom) + R Ky (Riwm — Rowr),  (2.21a)

Rsz(lem — RQCUL) = (JLJ)L + waL)- (221b)

Defining errorse,,, = wy, — wam @andey, = wy, — (R1/Ra)wam, (2.21) may be written as

~Kpmm — Kimem = Jmém + bmém + R Ky(Rie,, — Roer), (2.22a)
RgKb(Rlem — R2€L> = JLéL + bLéL (222b)
Choose
1
V(t) = 3 [Jmez, + Jpél + Ky(Riem — Roep)® + Kinel] . (2.23)

Then, the time derivative df along the trajectories defined by (2.22) is obtained to be

AV (t
% = —(by + Kpm)é2, — bré3. (2.24)

Thus,V (¢) is a Lyapunov function and,,, e, é,,, é;, € L., which implies, from (2.22),
thaté,,, é, € L. From (2.23) and (2.24), we conclude that becdug&g is bounded from
below and is nonincreasing with time, it has a limit [52, Leen®2.3],i.e.,lim; .., V (t) =
V4. Now from (2.24), we have

t

Hm [ (b + Kpm)é2, +brél = Vo — Vi < 00 (2.25)

t—o0 0

Therefore¢,,, ¢, € L, and by Barbalat's Lemma [23], we havg — 0 andé;, — 0.
Thus,w,, andw;, tend to become constantsias- oo and from (2.21), we see that, —
Wam andwy, — (Ry/R2)wam. [ ]
Theorem 2.2.1 shows that any PI controller with positivepprtional/integral gains
will stabilize the system when the feedback is from the metde. However, such a result
could not be established for the closed-loop system defigesjbations (2.7) and (2.10)

since a Lyapunov function candidate could not be found fersystem. This prompted us
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to look for other tools which could reveal the stability isswof the system when feedback
obtained from the load-side is used in the PI controller.

Observing the dynamics of the open-loop system given byjitlis noticed that the
numerical value of the belt stiffnes%;, is much larger than other parameters such as
radii of pulleys, or the inertias. This situation is remugest of the singular perturbation
problem [53-56] which addresses the dynamics of systems whe parameter in the
dynamics is very small. In the present case, the inverse eostfuare root of the belt

stiffness {/+/K3) is used as the small parameter.

2.3 Singular perturbation analysis

To perform the singular perturbation analysis, the systeegoations (2.10) with the con-

trol law given by either (2.3) or by (2.7) needs to be expréssehe form

T = AH% —+ Algz, I(to) = JIO (2263)

€z = Agll‘ + AQQZ, Z(to) = ZO (226b)

wherez andz are the states of the slow and the fast subsystems era small parameter.
The elements of matrice4;; may depend oa. However, to use the singular perturbation
method, the matrixA,, needs to be nonsingular (Please see Remark A.3.1 on page 190 )
ate = 0.

Let us first analyze the system of equations (2.10) with theroblaw given by (2.3),
that is, feedback from the motor shaft. A natural choice efdtate variables is to ugg,
ém, 0, andd;. However, with this choice of the state variables, the mats, becomes sin-

gular at=: = 0. To obtain a state-space representation in the standand éaransformation

2In an effort to make this report self-contained, a brief egwbf the singular perturbation method used is

given in Appendix A.
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given by

. & Jnm T] JL—iii/Rl)eL (2.27a)

6,2 0, — (Ro/R1)6s (2.27b)

is used. The variable. is a weighted average of angular displacemehtsandd;) referred
to the motor side and the varialdgis difference between the angular displacemefiis (
andé;) referred to the motor side. The idea of the weighted aveo@gfee displacements
arises naturally in the case of a translatory system whekerepresents the position of
the centroid of the masses. Now, choosing the state vasiatsie = [0., 6.]” andz =
[0,/2, 0,/¢], the state space representation of the system is obtairteé fiorm given

by (2.26) where

0 1 0 0
Ay = , A = )
fi f3 E2fo1+ for €fa
- - - 2 (2.28)
0 O 0 1
Ay = , Ay = )
g1 g3 2001 + o2 €ga

fl = _Kim/']Oa f21 - _szJL/Jga

foa = (R3 — R})/Jo,

f3 = _(Kpm + bm + bL)/J0>

f4 = (bLJm - bmJL - KpmJL)/Jga

g1 = — im/Jma 921 = _KimJLQ,/<JmJL=]0)7
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922 = _<R%JL + jom)/(JmJL)a

g3 = (bLJm - bmJL - KpmJL)/(JmJL)7

where J, = J,, + Jp,, and1/e? = K,. Notice thatdet( Ay (e)|._,) = —g22 # 0, thus
satisfying the requirement noted in Remark A.3.1. Charastterequation for the system

given by (2.28) can be factored as (refer to [56, Sec. 2.]-#.8he Appendix A for

details)
Un(5,2) % e, )n (0,) = 0 (2.29)
with
Vms(s,€) = detsly — (A1 — A L(e))] (2.30a)
Umy(p,e) 2 defpl, — (Ags + eL(e)Ap)] (2.30b)

where,,s(s, €) is the characteristic polynomial for the slow subsystem and(p, <) is
the characteristic polynomial of the fast subsystem exdbin the high-frequency scale
p = es. The matrixL(¢) is obtained using the iterative scheme given by (A-24).

Using the matrices given by equations (2.28), the slow aadast characteristic poly-

nomials are evaluated as

Ums(5,€) = 82 + a15 + ay, (2.31a)
Ui () = p* + ayp + oy (2.31b)

wherea, « are defined in (2.5) and

r_ R%KPmJL

Y (R, + R2JL)
o — R3J. + R3J,,

2 Indr
Equation (2.31) indicates that both the fast and the slovgysibms are stable for all

(67 £

(2.32)

Ky, Kiy > 0. This result is in agreement with Theorem 2.2.1.
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Similar analysis is performed for the case of feedback from lbad shaft, that is,
using (2.10) and the control law given by (2.7), to obtain $lev and fast characteristic

polynomials as
Uis(s,€) & $* + Bis + By (2.33a)
Uis(p,e) = p* — Bip + 3 (2.33Db)

wheref,, (4, are defined in (2.9) and
;) R2b,, + R3b, + R2K,1,

B £,

! (Rng + R%JL) (2_34)
ﬁ' B R%JL + R%Jm

0 Jndr

Comparing equations (2.31a) and (2.33a), we notice thatlthe subsystems are stable
for all K., Kim, K,r, Kir > 0. However, when the feedback from load shaft is used,
characteristic polynomial of the fast subsystem given b§3B) is unstable for alk’,;, > 0

and K;;, > 0. Also notice that the characteristic polynomials given gyations (2.31b)
and (2.33b) are identical when= 0. Thus, analyzing the limiting case of an infinitely
stiff belt, that is,e = 0 will not reveal the instability exhibited by (2.33b). Thestability
exhibited by (2.33b) may be attributed to the fact that thik d@nnecting the inertias is
assumed to be purely elastic, without any damping in it. limeee to assume the existence
of damping in the material of the belt, it will only add a pagtterm to the coefficient
of p in equations (2.31b) and (2.33b). In this case, the fastystés with characteristic

polynomial given by (2.33b) will be stable for some valued®f, and unstable for others.

Remark 2.3.1 Notice that the characteristic equations given by equati@g), (2.31a)
are identical and so are the characteristic equations gibgr{2.8), (2.33a) That is, the
singular perturbation analysis also indicated that an eqlent inertia and an equivalent
damping may be defined and these equivalent quantities magdzbto place the poles
of the characteristic equation by properly choosing thengaof the PI controller. How-
ever, the analysis, in addition, revealed that using feetldeom only the load side is not

preferable since such feedback scheme may make the fashaysstable.
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Remark 2.3.2 Equation(2.10b) may be used to give an interpretation of the foregoing

analysis. Differentiating th€2.10b) we obtain
JLJ}L -+ waL + R%waL = Rlewam. (235)

This equation shows that, can attain steady-state only whep, attains steady-state first.
Even afterw,, attains steady-statey; continues to exhibit damped oscillations for some
time before it attains steady-state. Thus, by measuringwpland using the control law
given by theg(2.7), we will not be able to say for sure whether the oscillationsjnare
due to fluctuations in motor speed or, the oscillations agesd damped oscillations. In
such a situation, the controller attempts to react to the gadhoscillations also, and in this
process, changes,,, which in turn affectss;, because of the dynamics given by (Be35)
This process of correcting the load speed may go on for a \@ryg time, if not forever,
depending on the damping present on the load side. Thusptiteotlaw given by(2.7)
does not present a desirable situation; when anlyis observed and the control law given

by the(2.3)is used, such a situation does not arise.

2.4 Resonant frequency due to compliance of belt

This section presents the transfer functions of the spestta®systems when the motor
used is in the velocity control mode or speed control mode.

Figure 2.4(a) shows the torque speed characteristics of pdd@anent magnet motor.
A shunt motor has similar but nonlinear characteristicd.[38Yy using appropriate feed-
back and control elements, the characteristics shown iaré€&2.4 (b) and 2.4(c) can be
realized. Figure 2.4(b) shows the motor in velocity modenstiee input voltage results in
a proportional speed of the motor irrespective of the loague. Similarly, Figure 2.4(c)
shows the characteristics of motor in perfect torque caéntrothis case, the motor pro-
duces torque proportional to the input variable at any spatdn the operating range of

the motor.
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Figure 2.4: Torque-speed characteristics of motor and-clbert

First, consider the motor in velocity control mode as shawhigure 2.4(b). The block
diagram of the system in velocity control mode is shown iruFé.5. In this mode, speed
of the motor is maintained at the reference valug,, irrespective of the load torque due
to the inertia/viscous forces and the forces in the belt. dd¢itged line showing “feedback
path” to the motor in Figure 2.5 represents the interconoe¢see equation (2.10)) due to
belt dynamics. The effect of this interconnection is takareof by the motor when the
motor is in velocity control mode. Thus, the motor and thetoaler may be represented
by a gainK.,. If perfect speed control shown in Figure 2.4(b) is assunitad,implied

that the current (torque) limit for the motor is not reaché&d][andwg,,, = w,,. Thus, the

Motor under
speed control
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Figure 2.5: Belt drive with motor in velocity control mode.

transfer function fromv,, to w;, for the block diagram shown in Figure 2.5 may be written

28



as
u)L(S) KbR1R2

T(s) = = .
(s) wn(s)  Jps?+brs+ KyR3

(2.36)

It may be noted that the transfer function given in (2.36) #mal transfer function ob-
tained by differentiating (2.10b) are the same. This is bseahe load torque due to
inertia/damping and the torque due to interconnectiontylaeé absorbed by the veloc-
ity control scheme shown in Figure 2.4(b). Equation (2.3@)yrbe used to predict the
transient behavior of the load speegd ) for a given belt stiffnessK) or to compute the
stiffness of a belt to be used to obtain a given transient\oehahen the motor is under

velocity control. Ifb;, ~ 0, the transfer function given in (2.36) reduces to

_wi(s)  (KyRiRy/Jp)
T(S) — wm(s) = 2 w% (2.37)

wherew, = \/K,R%/J;, thus indicating a natural frequency.at.
Also, the sensitivity of the transfer functiofiy(s), given in (2.36), with respect to the
belt stiffnessk;, indicates the effect ok, variations on the transient performance of the

system. The sensitivity df (s) is obtained as

T/T T K s(s + 2
gr = QT _ O Ky sCHg) (2.38)
8Kb/Kb E)Kb T 82+3—28—f- f;Lz

The sensitivity transfer function given in (2.38) indicatbat, when/,/J; is small, then
the load speed,;, is very sensitive to variations if.
When the motor is under torque control, the load torque dubedrtertia, damping,

and the interconnection, given in (2.10b) also need to beidered as shown in Figure 2.6.

If perfect torque control is assumed, then the torque predury the motor is equal
to the torque reference. In this case, the gains of the Pldspeetroller also affect the
transient performance of the system. The closed-loop feeaisnction of the system is
given by

wr(s)  (RiReKy/JmJr) (s K, + K;)

Gi(s) = P = (o) (2.39)
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Figure 2.6: Belt drive with motor in torque control

where
" (S) _ 4 n (bmJL + Jnbr + KpJL)S3 n (Kb[jom + R%JL] + bbb + Kpr + KiJL) o2
m JmJL JmJL
n (Kb[Rgbm + R%bL] + R%Kpr + KibL) s+ R%Ksz
JmJL JmJL

N + a333 + 04252 + 18 + ag.

(2.40)

The sensitivity of transfer function given in (2.39) is obtd as

8G1 Kb . 84 + 06383 + ’}/282 + Y18
8Kb G1 N 54 + 06383 + a252 + 18 +

whereq; are defined in (2.40). = (bibr+Kpbr+K;J1)/(Jndr), andy; = (K;br)/(JmJ1).

St = (2.41)
Analysis for finding the effect of belt stiffness on the dynesrof the system shown in
Figure 2.6 is not as straightforward as it is for the case whermotor is under velocity
control. This is because the characteristic polynomiagigiin (2.40) is of fourth order.
Also, in the case of a drive motor in torque control mode, aereal speed control loop
needs to be used. If this speed control loop is designed o fgst response, a reason-

able approximation for the resonant frequency is the vahiaioned in the case of velocity

control mode, which is given by (2.37).

2.5 Experiments

Experiments were conducted on the unwind drive system irHigga Speed Web Line

(HSWL). Figure 2.7 shows a picture of the HSWL. The HSWL consitan unwind
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station, a winder station, and two nip stations. The expemis were conducted on the
transmission system used in unwind station of the HSWL. eig@r8 and 2.9 show closer
pictures of the transmission system used in the unwindostatf the HSWL. The drive
motor is an RPM AC 3-phase induction motor rated at 30 HP, ungletior control . These
type of motors mimic the features of DC motors under torquatrob mode (that is the
torque-speed characteristics as shown in Figure 2.4(t@. bElt-pulley transmission sys-
tem offers a speed reduction of 1:2 and the bevel gear systsnurity speed ratio. To
mimic a known inertial load due to the unwind roll, four stdedcs of known mass (20.45
kg each) are mounted on the unwind shaft. The total inertthetore shaft and the metal
disks is approximately 2.13 kg“mThe drive motor, shown in Figure 2.9 has an encoder
connected at one end of the motor shaft to measure the anvglieity of the motor shaft
and this encoder is used as feedback element in the spe&didoap.. A tachogenerator
is mounted on the chuck holding the unwind shaft as showngnorgi2.8. This tachogen-
erator is used to measure the speed of the unwind shaft. Wlebtisreaded in the machine
and all the other motors are shut-off except for the unwingomo

Three different belfsare used in the experimentgz., SM-GT2-1792-12mm, 8M-
GT2-1792-24mm, and 8M-GT2-1792-36mm. The 36 mm belt hasmima stiffness
of 4.7160< 10* N/m and the stiffnesses of the other belts decrease with itithsy thus
12 mm belt has least stiffness. The driving sprocket hasch ditmeter of 9.023 in and the
driven sprocket has a pitch diameter of 4.51 in, thus thedspeguction is approximately
equal to 2. Figure 1.1 shows a schematic of the drive system.

A series of experiments are conducted to study the perfacenahthe speed control
system using different belts by specifying step changepéed as reference to the motor
speed; the motor speed and the load speed are acquired.e$iga0 to 2.12 show a
representative sample of the experimental results. Figu@ shows the response of the

control system when a step input of 200 RPM is specified. Thelmshows the response

Swidths of the belts are 12 mm, 24 mm, and 36 mm respectively
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Figure 2.7: Picture of the HSWL
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Figure 2.8: Picture of the unwind transmission system irHB&VL (as seen from operator-

end)
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Figure 2.9: Picture of the unwind transmission system inHB&VL (as seen from gear-

end)
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with 12 mm belt, the middle plot shows the response with 24 natb &dnd the bottom
plot shows the response with 36 mm belt. It is seen that th@msgeed and the load
speed reach steady-state in less than two seconds. Howaete,2 mm belt and 24 mm
belt, a “glitch” is seen immediately after the step changeeierence occurred. Such a
phenomenon is expected and is due to the stretching of thétbeltermR,6,, — R.0;,

in (2.10)). Normally, such a “glitch” does not affect the fmemance of a speed control
system too much. However, in the case of web handling systidrissmay cause serious

changes in the tension and hence is undesirable.
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Figure 2.10: Transient response of the motor and load

Figure 2.11 shows steady-state load speed. It may be ndtieedith 12 mm belt, the

amplitude of the sustained oscillations is around 5 RPM. @msunts to a linear velocity
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oscillation to the tune of 0.25 m/s at a nominal roll radiu®.&m. Though such oscillations
in themselves form an insignificant percentage of the psspsed, their effect on the web-
tension is significant. If we consider a web material with awmal stiffness of 100 N/m,

the linear velocity oscillations amount to tension vadas to the tune of 25 N, which may

not be acceptable in many process lines.
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Figure 2.11: Steady-state load-speed

An important consideration in any process line is resonavoédance. For the un-
wind drive system, resonant frequencies are computed tisengatural frequency given
in (2.37). For the 12 mm belt, the natural frequency was etallito be approximately
5.5 Hz, for the 24 mm belt, the natural frequency was evatutdebe 7 Hz, and for the

36 mm belt, the natural frequency was 8.6 Hz. Since it is neisatble to verify these nat-
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ural frequencies experimentally by exciting the systenhesé frequencies, the load speed
signal is analyzed using fast fourier transform (FFT). FéggR.12 shows the FFT content
of the load speed signal. Since the natural frequenciedlftreathree belts are very close
to each other, it is difficult to distinguish these from thelHblots. However, a resonant
peak is seen at approximately 5 Hz in the top plot in Figur@.2 Also, the middle and
bottom plots in Figure 2.12 show resonant peaks near 10 Hgelsl corresponding to the

theoretically calculated natural frequencies.
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Figure 2.12: FFT of the load speed signal
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2.6 Summary

This chapter considered the effect of compliance of the drelthe speed control system
in a web process line. Contrary to the intuitive idea, it isvehdhat, when the belt in a
transmission system is compliant, it is not advisable toamndg the load speed as the feed-
back signal. Also, in the case of unwind/rewind drives, veltée load inertia changes with
time, a method of tuning the proportional and integral gaihthe controller is proposed.
Experiments indicate that sustained angular velocityllasicins occur in the load speed
even after it attained steady-state. Such oscillationsregv affect the web tension. The
natural frequency due to the compliance of the belt is coeghuTheoretically computed

value of the natural frequency agrees with the value estidiibm the experiments.
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CHAPTER 3

Effect of backlash and compliance on the output speed of a gealrive

Backlash is one of the most commonly encountered nonlinesit drive systems employ-
ing gears or ball-screws and indicates the play betweer@gaijanoveable parts. Since the
action of two mating gears can be represented by the actionepair of teeth, backlash
is commonly represented by the schematic shown in Figure 3.1

When used in the context of mechanical engineering, backlesbtes two salient fea-
tures as shown in Figure 3.1: (i) a mechanical hysteresidaltlee presence of clearance
(A), and (ii) impact phenomena between the surfaces of theendts, and ;). In Fig-
ure 3.1,M,, and M, are the masses (inertias) of the driving and driven membgrsnd
xy, are the linear (angular) displacements of the driving angedrmembers, respectively,
from a fixed reference position, ari, and F;, are the driving and load forces (torques).
Itis a common practice to lump all the mass (inertia) on th@mly side into one quantity,
M,,, and refer to it as the “motor” and lump all the mass (inertia)he driven side, and
refer to it as the “load”. The classical backlash model cders the schematic shown in
Figure 3.1 with input to the backlash as the displacemgrand the output of the backlash
as the displacement,. The input-output characteristics of the backlash areassrted by
Figure 3.2. The slopes of lin€sBC' and F E D are equal to the speed ratio of the gearing
in the case of rotary systems.

The closed curvé3C DEFGB in Figure 3.2 represents mechanical hysteresis due to
the presence of clearange At points B, D, andG in Figure 3.2, the two masses impact
and near these points, the input-output plot may not begstrdiut may “oscillate” with

a small amplitude. However, impact may be considered to Beigmtly plastic so that
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Figure 3.1: Schematic of backlash

Impact

Figure 3.2: Input-output plot for friction-controlled Hdash
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points on these lines lie along a curve bounded by the dottetks shown, before they
resume to lie on the straight lines. The classical backlasthatresorts to this simplification
mainly because in large industrial machines, which opeaattteady-state do not reverse
direction, impact does not arise except during startiogfsing conditions. Also, in smaller
machines, the gear and impact energy are very small. Thuastgampact is considered
to be a reasonable assumption. Consequently, all the impeetassumed to be plastic
in this report. Since large industrial machines do not e¥elirection many times during
their operation, the line§' DFE and FG B in Figure 3.2 are ignored and the input-output
graph of backlash is represented by the curABC', which is the input-output graph
for dead-zone nonlinearity. Though it is a misnomer, ofteecklash and dead-zone are
used synonymously [27,58]. Notice, however, that inpuh lbacklash is considered to
be a displacement of the motor and, the input-output plotvehia Figure 3.2 represents
guasi-static behavior, at best.

The rest of this chapter is organized as follows. Sectiomp8%ents a brief review of
the existing work on modeling and control of systems comgirbacklash. Section 3.2
presents a method of analyzing the effect of backlash iggahe effect of compliance.
Analysis of the effect of backlash is presented in Secti@ea8d a bound on velocity error
due to presence of backlash is presented in Section 3.4.riEvg@s are conducted on a
table-top platform to validate the analysis. Results oféhegeriments are presented in

Section 3.5. Summary of this chapter is given in Section 3.6.

3.1 Literature review

Research on modeling backlash and its effects dates back t®#0’s. Much of this re-
search focused on the method of describing functions tcstigege limit cycles and deriv-
ing stability criteria for systems containing backlash+{69]. Dubowsky and Freudenstein
[63,64] developed a rectilinear model called “impact paint presented a dynamic analy-

sis of mechanical systems with clearances wherein it wasrstimat the compliance can be
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represented by a linear spring rate, without significarffigcing the dynamic response of
the model. Using the Dubowsky’s model, Azar and Crossley §8&died the dynamic be-
havior of meshing gears. As a further development, Yang amd49] developed a rotary
model for spur gear dynamics and computed the contactespaiie and a time dependent
damping for a pair of standard spur gears (pressure angleor 26 degrees). Figure 3.3

shows a mating pair of gears considered by Yang and Sun. Natdhe spring and the

common normal
to teeth

20

Figure 3.3: A rotary model of meshing spur gears

damper shown in Figure 3.3 correspond to the stiffness ofj#a tooth in bending and
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the material damping respectively. In industrial driveteyss, the gear teeth have large
bending strength and little material damping and thus, facfical purposes the gear tooth
may be considered rigid. The “compliance” to be considengtié model typically comes
from the shafts on which the driving and driven gears are rezin

Using the models developed, a number of researchers repootgrol strategies to
compensate for the effects of backlash. These controkgiest may be grouped into two
main categories: (i) strategies for controlling the displaent of the driven member, and
(i) strategies for controlling the velocity of the drivenember. A comprehensive survey
of various such strategies is reported in [66].

A delayed output feedback controller is proposed for a lzstkifree plant in [67] to
compensate for the effects of backlash with displacemeitsasput and output. How-
ever, it is not clear as to how the delayed feedback contrstébilizes the system. In the
same year, Tao [26] proposed an “adaptive right backlaghrsa’ for unknown plants with
backlash and showed that all closed-loop signals are baur8ienilar work on dynamic
inversion using neural networks was reported in [68, 69]oudh stability of the system
using these inversion schemes is shown through simulaiitdeseported in [66] that “the
adaptive control seems to yield bad transients during atiapt while after adaptation,
the gain, and hence the bandwidth of the adaptive contréésys lower than the gain of
the robust linear system”. Prior to these observationsnD8argenor and lordanou [70]
reported a study to experimentally evaluate the inversitvesie presented by Tao in [26]
wherein the backlash inverter was found to actually degmtéormance in the experi-
ments. Besides, these inversion schemes pertain to posditnolled drive systems and
are not directly applicable to speed controlled systems.

Quantitative design of a class of nonlinear systems witlapater uncertainty was
considered by Oldak in [27]. The nonlinearitigs= N (z) considered are such that they
can be expressed gs= Kz + n(z) where|n(z)| < M. Several nonlinearities, such as

preload, deadzone, quantization, dry friction, and batklare shown to belong to this
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class. Using this idea, Boneh and Yaniv [71], proposed a sehiemeduce the amplitude
of limit cycles caused by backlash. Again, the classicaklzsth model was used in this
paper.

In contrast to the number of papers published on positiortrabim the presence of
backlash, the number of papers published on the speed tanteatively few [29, 30,
58, 72]. The lack of interest, as noted in [66], is either dugéhe fact that high precision
speedcontrol is not required for many systems, but also due to gineldmental difficul-
ties in analyzing speed control of elastic systems with lastkirom the load side. A noted
exception to this observation are the web handling systemesantight tension control man-
dates even tighter velocity control. In [72], a nonlineantzoller with “soft switching” is
proposed. Though improved performance was shown on a laejdife drive system, it
is not clearly explained how the gains of the low-gain andhkggin controllers are com-
puted. A gear torque compensation scheme using a PID spe#wlter is proposed by
Odai [58]. Though it is a novel idea, the PID gains appear tehmesen according to an
ad hocempirical formulae. Warnecke and Jouneh [30] proposed kldstt compensation
scheme using an open-loop modification of the input trajgct@he proposed velocity
compensation method is most efficient only for low operapgeds and large mounting
allowance between gears.

Extensive literature survey on modeling and control of stdal speed controlled drives
indicates that there is a definite need for a simple model okleah. Besides, it is of
practical importance to know the achievable accuracy ivargirive system with a known
backlash. This practical consideration is not addressexhynof the existing literature.
Motivated by this practical aspect, Sections 3.3 and 3gpaetively, present a backlash
model and a bound on the achievable accuracy in a given piimevgiven backlash. To
begin with, Section 3.2 presents a method to evaluate theepthelay and the gain due to

the presence of backlash.
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3.2 Analysis of backlash

Consider a simplified system shown in Figure 3.4, where thelatiements of masses,

r, andzy, are measured from an arbitrary frame of reference. To siynible analysis,

assume that there is no rebound in all collisions and thatthsses are free to slide on a

smooth, frictionless surface. Notice that at any instartiroé, the masses/,, and M,

may be either ineft-contact or right-contact or no contact.

L |
\
Load, M| |
\
Motor, M |,
24 ( ~ Fcos(wt )
|
?\ Left |
contact | Right
Xm - contact

Figure 3.4: A simple backlash model

The dynamics of masseéd,, and M/}, in Figure 3.4 may be written as
M, %, = F coswt
Mpip =0
when there is no contact between masses, and
M@y, = £ f. + F coswt

Mrip =7Ff.

(3.1)

(3.2)

when masses are in left/right-contact wheras the contact force between masses. It is

interesting to note that when the equations given in (3.13@&) are summed, we obtain

M, % + M2z, = F coswt.
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Equation (3.3) is free of contact forces and this providesvation to define a new variable
(3.4)

o mem + ML:EL
Y= "M, 1 M,

(3.5)

and write (3.3) as
. F coswt
YT M, + My

The new variable, defined in (3.4) has a physical significance: it is the pasitb the
center of mass of the system [33, 54]. Also, (3.5) indicates the center of mass is not
affected by the contact forces and moves only under theraofi@xternal forces and so

the dynamics ofy may be considered as the motion of a solid of masgs, + M;); the
dynamics ofy is referred to asolid motionhereafter. It is now possible to view the motions
of the massed/,, and M, as the sum of two motions: (i) solid motion and (ii) deviason

from solid motion. Define
2 Y+ 2m
(3.6)

Tm

Ty S Y+ zr
wherez,, andz;, denote the deviations of motions &f,,, and M from the center of mass.

(3.7)

Differentiating (3.4) and using (3.6),
M, 2w + Mz, = 0.

From (3.7), it can be inferred that the deviations in motiohsmasses from the center of

mass are always proportional to each other and are oppoditelcted. Integrating (3.7)
(3.8)

results in
Mmzm -+ MLZL =0
where the constant of integration is forced to become zerchbpsing the frame of refer-

ence such that,, = 0 andz; = 0 att = 0.
Equations (3.4)—(3.8) and the concept of solid motion emablto view the motion of
the mass\/;, in simplified terms. Since the maximum amount of “delay” asluced into

the motion of the masa/; due to backlash is of interest, consider the motion of theomot
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as it closes the backlash gap, beginning to move from a aghtact (see Figure 3.4) until
it establishes a left-contact. With the dimensions indidah Figure 3.4, for the backlash

gap to be closed, the following condition has to be satisfied
(T — L )right — (T — ZL)lert = 2A. (3.9)

Using equations (3.6), (3.8), and (3.9),

—2AM,, —2A
(22 )right — (2L )lett = Mor M, i, £ —b, (3.10)
YL

where the subscriptaght and left indicate right-contact and left contact, respectively.
Equation (3.10) shows that, when the ratify /M, is very large, the effect of backlash
is minimal since the effective backlash is very small andeffiective backlash gap is very
small and is traversed very quickly.

Equation (3.10) offers a conceptually simple way of analgzhe effect of backlash;
instead of considering backlash gapetween motor mass and load mass, one can consider
the backlash gap, between the solid motion and load mass. Since solid motiomots
affected by contact forces, it is sinusoidal when the foxeeted by the motor is sinusoidal.
In contrast to this, the motor mass dynamics depend on thiaciocondition as given in
equations (3.1) and (3.2).

To illustrate the method, simulations were conducted usiagiumerical valuesy/,, =
10 kg, M, = 20 kg, b = 0.05 cm, f = 30, N, andw = 1 cycles per second. Noting that the
solid motion is sinusoidal with the same frequency as thdhefload, the velocity of the
load mass may be computed as shown in Figure 3.5. Note that) thie backlash is very
small, the shaded area in Figure 3.5 will be very small. Todddty, the shaded area has
been enlarged.

Starting from the right contact position as shown in Figurg &he load mass and the
center of mass of the system travel at the same velocity filiat where the motor mass

slows down. This occurs at the peak of the solid motion cunvegure 3.5.
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Figure 3.5: Computing load velocity from the solid velocity

Each vertical segment in between the solid motion curve hadioad motion curve in
Figure 3.5 represents the deviation The deviation of motor velocity,,,, may now be
computed using (3.7) and the motor velocity may be constduasing (3.6). Figure 3.6
shows the deviations of the load and motor velocities fromgblid velocity. It can be
observed that the deviations are either zeros or are opppoditected at all times. Figure
3.7 shows the velocities of the load and motor mass and the selocity in which the
peaks/nadirs of the sinusoidal solid velocity curve intBdhe points of separation and the
points where all the three curves meet indicate sudden iggqtiah of velocities of load
and motor due to plastic impact. Figure 3.8 shows the dispt@nts of the load/motor and
the center of mass. It is interesting to note that the motspldcement may exhibit two
"peaks”, one peak at the instant where the load and motoresase separated and the
other just after the equalization of velocities.

The load velocity curve shown in Figure 3.7 may be used to fm@stimate of the

gain and the phase delay introduced by backlash. For a gadurced backlash, the load
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Figure 3.6: Deviations of load/motor velocities from solelocity

velocity for a given amplitude of the force may be computesghasvn in Figures 3.5to 3.7.
The amplitude £;) and the phasey( ) of the load velocity at fundamental frequency) (
may be obtained from harmonic analysis of the load velocitye. The ratiaV/ = z /y,,,
wherey,, is the amplitude of solid motion, indicates the gain introelth due to backlash,
and¢;, indicates the phase delay introduced due to backlash. Feer backlash gap,
¢, indicates an estimate of the phase lead to be provided byotiteotier to minimize the
effects of backlash.

When there is considerable friction on the load side, theyarsls slightly different.
In this case, the load velocity does not remain constant Uggsof contact; it gradually
decays due to friction till contact is re-established. Tdedl velocity may be computed in
this case also, and a harmonic analysis of the load velo@tylme carried out to obtain the
gain and phase delay introduced due to backlash, simildretmo-friction-case. If\/ is
the gain due to backlash at frequencgndY (jw) is the frequency response of the system

without backlashi(e.,b = 0), then, the conditiony (jw)M = —1, indicates the possibility
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Figure 3.7: Load/Motor velocity and solid velocity

of sustained oscillations at frequency23, pp. 280—295].

3.3 Backlash model with compliance

This section considers the transmission system shown ur&it.1 and develops a model
for backlash. Compliance in the transmission systems mag ahile to the elasticity of
shafts on which gears are mounted, or due to the belt. Se@idbh presents a model of
backlash with compliant shaft and Section 3.3.2 presentsdehof backlash with compli-

ant belt.

3.3.1 A model of backlash including a compliant shaft

To develop a simplified model, consider the schematic showgure 3.9. In this figure,
aload (/;) is driven through a compliant shatft {s the stiffness) and a pair of gears (radii
R; and Ry). Usually, the motor [(,,,), is mounted near the driving gear, thus the driving

shaft is not very long and so may be assumed to be rigid.
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To avoid jamming of the gears at high speeds, the gears aratetwith a center
distance slightly greater than the designed center distafitis gives rise to clearance
between the teeth as shown in Figure 3.3; this clearancemgte‘backlash”. To pictorially
represent backlash in torsional systems, at least two grdiphic views are needefliz., a
front view as shown in Figure 3.9 and a side view as shown iurei@.3. Also, for
studying the effect of a given backlash on the output speg@eérexentally, one has to
assemble the system shown in Figure 3.9 by varying the cdistiance between the gears.
Such experimentation takes a lot of effort and very precisasarement and mounting
techniques since the relation between the center distarttaraount of backlash gap is not
linear. Due to these reasons, often, the rotary system shokigure 3.9 is analyzed using
a rectilinear analog as shown in Figure 3.10. When a recditia®alog is used, pictorial
representation as well as experimentation is considersibiplified. Further, the model
developed using rectilinear analog can be easily conveotéde rotary system shown in
Figure 3.9 using rectilinear-to-rotary transformation.

Figure 3.10(a) and 3.10(b), respectively, show a rectlirenalog of the system with
and without backlash. The objective of the analysis is talystoow the linearity of the
system shown in Figure 3.10(a) gets affected by introdubexgklash as shown in Figure
3.10(b).

To obtain the equations of motion for the system shown in f@g@u10(b), first condi-
tions under which contact occurs at poiitor () need to be evaluated. Without loss of
generality (see Remark 3.3.1 on page 55), consider the de&plentsX,,,o, Yy, and X, as
shown in Figure 3.10(b).

The free length of the spring when the system is at rest isroddlaas

Ly = X1o— Yy — A. (3.11)
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Defining the deviations

Tm = Xm — Am0,
$L:XL_XL07 (312)
Yy = Y - }/ba
contact at poin# occurs if
Xn=Y —A, thatis,if z,, =y — A (3.13)
and contact occurs at poitk if
Xn=Y+A, thatis,if z,, =y + A. (3.14)

The length of the spring at any instant of time is obtained as
Ls:XL—Y—A:IL—l-XLo—y—YO—A:($L—y)+Lso- (3.15)

Thus, when contact occurs at poiit the length of the spring may be obtained from equa-
tions (3.13) and (3.15) as
LP = ({EL—[Bm—A>+L50. (316)

If loss of contact at poinP were to occur, it must be either due to mags, moving to
the right, that is due to increaseut),, or due to masd/; moving to the left, that is due to
decrease in ;. In either case, loss of contact/ts occurring due to decrease(in, — z,,)
and thus, due to decrease(iny, — x,, — A). Since the spring tries to regain its original
length soon after contact is lost, we say that, keeps on changing till either its value is
equal toL,, or a contact is established, whichever occurs first. Frodtj3we see that if
the value ofLp tends to change in the direction 6f, and(x, — z,, — A) is decreasing
soon after loss of contact, we see that, to begin \With— =, — A) must be greater than
or equal to zero. Thus,

(xp, —xm —A) >0 (3.17)

54



is the condition for sustained contacttnd(z;, — x,, — A) is the change in the length
of the spring. Similarly, when the contact occurs at pémnthe length of spring may be

obtained from equations (3.14) and (3.15) as
LQ = (ZL‘L — Ty + A) + Lso. (318)

If the loss of contact at poirt were to occur, it must be either due to magg moving to
the left, that is due to deceaseu, or due to masd/;, moving to the right, that is due to
increase inc;. In either case, the loss of contact is occurring due to as&én(z, — x,,)
and thus due to increase (m;, — z,, + A). Again, given the fact that the spring tries to
regain its original length, and the length of the spring whentact exists af), given by

(3.18), we see that the condition for contact at pGiris
(xp —xm +A) <0 (3.19)

and(x, — x,, + A) is the change in the length of the spring.

From equations (3.17) and (3.19), we see that, as long asitheo contact,
—A < (x —xp) < A (3.20)

Remark 3.3.1 At afirst glance, it appears that, assuming the system toteadly located

in the backlash gap (that i) on either side in Figure 3.10 (b)) renders loss of generality
However, since the objective in the “thought experiment’dssee how the behavior of
system shown in Figure 3.10(a) deviates from linearity dudéopresence of backlash as
shown in Figure 3.10(b), such an assumption does not stanah abstruction. Besides,
the same analysis can be carried out assuming the gaps ar eitle to be:; = 2A« and

ca = 2A(1 — «) for somex € [0, 1].

Remark 3.3.2 It may be noted that the location of the compliance, shown bgrimg
of stiffnessk, with respect to the backlash does not change the contacttcammslior the

dynamics of the system. EquatidBsl7) (3.19) and(3.20)continue to be the conditions
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of contact atP, contact at(), and no contact for the backlash configuration shown in
Figure 3.11 the compliance precedes backlash. Thus, thandignequations developed

later apply to the configuration shown in Figure 3.11 also.

AL IRV VLAV
T1
3
<
3

Reference

Figure 3.11: Rectilinear analog where compliance precedelddsh

With the deformations of the spring given by equations (B.(&%18) and the contact con-
ditions given by (3.17), (3.19), and (3.20), the kinetic rigyeand the potential energy of

the system shown in Figure 3.10(b) may be written as

1
K(im, 21) = §[Mma':; + Mpi?]

%k;(x,; —z,—A)? if (3.17) holds
(3.21)
V(zm, o) =
k(xp — x, +A)? if (3.19) holds

1
2

0 if (3.20) holds

\

With the kinetic energy and potential energy defined in (B.2f dynamics for the system

shown in Figure 3.10(b), ignoring the inertias of the spang the shaft, may be written as

(3.22)

Mpip +bpir — (xm, xr) = F,
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where )

k(zm — 2z, +A) if (3.17) holds
V(@m, 7)) = k(2 —xp —A) if (3.19) holds (3.23)

0 if (3.20) holds

\

3.3.2 Effect of belt compliance and backlash in gears

Section 3.3.1 considered the effect of backlash when onleec$hafts in the transmission
system is compliant. This section considers the transarissystem shown in Figure 1.1
and presents a model that includes the effect belt com@iamcl backlash in the gears
on the output speed of the transmission system. The trasgmisystem shown in Figure
1.1 uses a bevel gear set to transmit motion across the s¥iafth are at right angles. In
such cases, a standard approach is to consider an equisplengear set in place of the
bevel gears and perform the analysis of the spur gear saird=8y12 shows a schematic
of the transmission system using a belt-pulley transmissystem and an equivalent spur
gear pair. The backlash effect on the output speed of theriasion system shown in
Figure 3.12 may be computed using the approach given ind@e8tB.1. Since a pair of
mating spur gears rotate in opposite directions, a signexion is needed to keep track
of the angular displacements. The sign convention follohee is that, looking from the
load side (that is, from the right hand side of Figure 3.22) considered to be positive
in counter-clockwise direction ant}, is considered to be positive in clockwise direction.
Also, reference for angular displacements is taken t6,be- 6 = 6, = 0 and hence, the
deviations in the angular displacements and their abswoaltees are the same. Further let
the free-length of the tight side of the belt in Figure 3.127he

At any instant, the length of the tight side of the belt may btamed as
L= Lo+ (Ry0 — R10,,). (3.24)

A condition for contact at poinkP is determined by considering the length of the tight side
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Figure 3.12: Schematic of a transmission system usingdudliey arrangement and a gear-

pair
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of the belt when contact does exist at paihtFirst, notice that, for contact at poift,

1
—[Ryafp, + A (3.25)
Ry

R919:Rg29L+A = 0=
which indicates that a point on the pitch circle of gear 1 loasavel an extra distance of
for contact to be established. Thus, the length of the tigle of the belt during sustained

contact at poin® may be written as

R
Lp=Lo+ R—Q[RﬂeL + Al = R0, 2 10, — Ry6p, 4+ anA + L (3.26)

gl
wherea; £ RyGR, ao = Ry/R,, andGr = R,»/R,. Notice that equation (3.26) is
similar to (3.18) except for the coefficients, R;, andasy. Contact at point? will be
lost either wher# decreases or wheh, increases. In either casgy,0;, — R10,, + axA)
increases. Therefore, upon loss of contdgt, — L,. Coupled with this fact(«,60;, —

R10,, + a2 A) increases when contact is lost at pathinmeans that to begin with
(alﬁL - R10m + OéQA) S 0. (327)

Thus, (3.27) gives a condition for contact at paiht The quantity on the left hand side of
inequality (3.27) is the change in the length of the tighesifithe belt. Similarly, condition

for contact at point) may be written as
(oqé’L — R19m — QQA) Z 0. (328)

The quantity on the left hand side of inequality in (3.28)hsuege in the length of the tight

side of the belt. From equations (3.27) and (3.28), wheretlseno contact,
—OéQA < quL — Rlﬁm < OéQA. (329)

Thus, the kinetic energy and the potential energy of theesysthown in Figure 3.12 may
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be written as

1 . .
K (&, 1) = §[Jm0?n + JL603]
%Kb(alﬁL — R1¢9m + OQA)2 if (327) holds
(3.30)
V(zm, 1) =
%Kb(qu’L — R0, — agA))Q if (3.28) holds

0 if (3.29) holds

\

Using the kinetic energy and the potential energy given i8Q8 the dynamics of the
system shown in Figure 3.12, ignoring the inertias of thdegysland the gears, may be

written as:

T + b + Ritp (0, 01) = T (3.31a)
Jrfp +bby — 10, 01) = 71, (3.31b)
where
(R10,, — 10, — asA) if (3.27) holds
V(Om,01) = Kb § (R16,, — n0r, + aA) if (3.28) holds (3.32)

0 if (3.29) holds

\

3.4 Error bounds in the presence of backlash

This section presents a bound on the error due to the preséhaeklash. The idea behind
the approach is to consider backlash-free system and sedheopresence of backlash
affects the dynamics. Section 3.4.1 presents a generabideltaining a bound on the
error due to the presence of backlash. This idea is used tilp8&c4.2 to present a bound
on error due to the presence of backlash and a compliant sBafttion 3.4.3 presents a

bound on error due to the presence of backlash and a compé#nt
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3.4.1 Method of finding a bound on error due to backlash

This section presents a method of computing the effect dflask in a system as shown
in Figure 3.13(b). Figure 3.13(a) shows two subsystems twithsfer functions, (s)
andGs(s) in series and Figure 3.13(b) shows the situation when a aslekionlinearity,
represented by L is inserted in between them. Assume, for the purpose oftriditisn,

that the input-output relation of the backlash nonlingaBtL follows the plot shown in

Figure 3.2.
r u=y V4
= Gi(S) [ Gu(s)
(a)
r u Y Z

BL

Y
Y

1 G109 Gy(s) —

(b)
Figure 3.13: (a) A system without backlash and (b) Systerh tatcklash

Suppose that the systef (s) is represented in state-space form as

T, = AllL’l + BlT’, (333a)

u = Cl$1, (333b)
and the systert’s(s) is represented in state-space form as
To = Agl‘g + Bgy, (334&)

z = OQ.I’Q, (334b)
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with matricesA;, B;, and(C; of appropriate dimensions. Fortunately, input-outputrcha
acteristics of backlash nonlinearity shown in Figure 3.%1ba considered as a sum of a
linear function and a bounded nonlinear function. With tes, the output of the backlash
may be written as

y=u+ f(u) (3.35)

where the functionf(u) is bounded by f(u)| < A for all u € R as shown in Figure
3.14. Then, using equations (3.33), (3.34), and (3.35)sti#ke-space representation of the

y u f(u)

A A
A : U - U s \ "

i \

-A
(@) (b) (©)
Figure 3.14: Input-output plot of backlash
system shown in Figure 3.13(b) may be obtained as
&= Az + Br+ Df(Cixy) (3.36a)
z=Cr (3.36b)
where
Al 0 Bl
A= : B = : (3.37a)
ByC1 Ay 0
0
C = [0 (]2} : D= , (3.37b)
By

andz' = [z, x]]. If the backlash were to be abserf{{¢) = 0 and soy = u), as shown
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in Figure 3.10(a), the same system is described by

w = Aw + Br (3.38a)
v=_Cw (3.38b)
wherew is the output of the system without backlash. Equations6j3ad (3.38) are
similar except for the extra terid f (C'z1).
To analyze the effect of backlash, the output of the systeth lécklash (that isz
given by (3.36b)) and the output of the system without bagtk(@hat isv given by (3.38b))
need to be compared. Singe— v|| = ||C(x — w)]|, ||z — w|| may be evaluated to analyze

the effect of backlash.

For a givenr, the solution of (3.38a) is obtained as
t
w(t) = ey +/ eA(t’T)Br(T)dT 2 p(r,t,wp) (3.39)
0

wherew, = w(0) is the initial condition. Then, taking the initial conditiof (3.36a) as

xo = x(0) = w(0) = wy, solution of (3.36a) may be obtained as
t
x(t) = ¢(r,t,z0) + / AT D F(Chay (7)) dr. (3.40)
0
Therefore, the required deviatiofy — w||, may be obtained as

e = ol = H [ pscinmar
0

<

t
/ ACTD L Adr|| (since||f(u)] <A YueR)  (3.41)
0

¢
/ A=) Ddr
0

Equation (3.41) gives an important result: the deviatioimeoutput at any time instant due

<A

to backlash is proportional to the half-width of the backla& and the deviation can be
minimized by minimizing the integral appearing in the laselof (3.41). Thus, by choosing
the elements of the matricel, B;, andC; in equations (3.33) and (3.34), backlash effect
on the output can be reduced. In this sense, (3.41) givesralmuthe achievable accuracy

when a known backlash is present in a known system.
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Remark 3.4.1 A physical interpretation 0{3.41)is that, to minimize the effect of the back-
lash, the system dynamics should be able to “close” the laastkfap as quickly as possi-

ble.

3.4.2 Bound on error due to backlash and a compliant shaft

This section presents a bound on the output error due todsttkind compliant shaft using
the idea presented in Section 3.4.1. To use this method ythenacs of the backlash-free
system need to be obtained. To this end, consider the situaithout backlash, shown in
Figure 3.10(a). When the system is at rest, the displacenoétite masses ar&,,, and

X1 from a fixed reference as shown in Figure 3.10(a) and the &mgth of the spring is
Ly = X0 — Ximo- (3.42)

When the system is in motion, I&f; and X, be the displacements of the masses from the

fixed reference. Defining the deviations

Tm = Xm - XmOa

(3.43)
rr = X1 — Xro,
the length of the spring at any instant of time may be written a
Ls:XL_Xm:xL+XLO_xm_ mQ:(ZL'L—[Em)—FLso. (344)

Thus, the change in the length of the sprind.is— L, = =, — z,, and kinetic energy and

potential energy of the system may be written as

1
K (i, 1) = §[Mmj:$n + M),
1 (3.45)
V(em, zr) = Qk[xfn + a:%]

Using the well-known Euler-Lagrange equations of motianeg by (2.13), the dynamics

of the system shown in Figure 3.10(a) may be obtained as
My & + b + k(2 — 1) = Fppny

(3.46)
MLi’L + bL.fL - /{J(Z‘m - xL) = FL.
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Upon rearranging the terms in equations (3.22) and (3.28),diynamics of the system

shown in Figure 3.10(b) may be written as

Mmfém + bmxm + k(xm - xL) - ¢($m7 'CEL) = Fm7

(3.47)
Mpip +bptr — k(xm — 21) + ¢(20, 1) = Fr,
where )
— kA if (3.17) holds
(T, 1) = kA if (3.19) holds (3.48)

k(x,, —zp) if (3.20) holds

Notice that equations (3.46) and (3.47) are identical eixfathe extra termg(x,,, ),
present in (3.47). And this extra term, because of the camdih (3.20), is bounded by
\p(zm, xr)| < kA for all z,,, z;, € R. Defining the state-variables,; = z,,, zm2 =
Vm = @, 211 = Tp, Zpo = v = dp, andz = [z,1, 2me, 211, 212) |, @ State space

representation of the system shown in Figure 3.10(b) isivddsas

2= A,z + ByFy, + C,F, + Dy (2, 1)

(3.49)
y=Lyz
where
0 1 0 0 0 0
k b k 1
— kb kg L 0
My, M, My, M,
Ap = s Bp - >Cp = 5
0 0 0 1 0 0
k k b 1
R T il il | 0] el 350
0
Pty 0100 L
Dp(ﬂj,rr“ I‘L) — ]\/[m , Lp — A pl
0 0001 Ly
_¢(37m737L)
| Mg

andg is zero if the backlash gap is zero and unity otherwise. Tiitk, G = 0, (3.49) is a
state space representation of the system shown in Figudéa3.dnd with3 = 1, (3.49) is

a state space representation of the system shown in FigLOg3.
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Equation (3.49) represents a system with two inputs (theaéicig force,F),, and load
force, F;) and two outputs (the motor speed,, and the load speed;.) as shown in

Figure 3.15.

Load force

at

Controller Load speed, 2

Ve € G Fm | System Dynamics
with Backlash ~|Motor spleed, fh2

Figure 3.15: Block diagram of a controller for system with kdash

In the control scheme shown in Figure 3.15, the controller,uses feedback from
the motor-side 4,,,). If the load velocity is used as feedback, the controllezgseon
accelerating/decelerating the motor during the no-cargadod since the motor has no
“control” over the load during the no-contact period. Thight have been the reason for
specific lack of interest in using the load side feedback odscin [66, Section 3].

Suppose the controllefs, has the state-space representation

T, = Acx. + Bee,

(3.51)
F,=C.x.+ D.e.

Then the state-space representation for the closed-l&iprayshown in Figure 3.15 may

be obtained as

20 = Aaza + CaF', + Wo, + Dy, L)
(3.52)

b
219 = Lczel
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wherezy = [z z/]", W =[D/B;] B/!|",L.=[000 1 0],and

[

A, — B,D_.L B,C. C D,(xm,xr,
Acl: ( P P pl) ? s Ccl: P s Dcl(xmny): p( ) . (353)
—Bchl A, 0 0

The superscript in?, indicates the output in the presence of backlash. If thelbabkvere
to be absent} = 0 and the state-space representation of the closed-loopnsysty be

written as

i)cl - Aclvcl + CCZFL + WUT‘
(3.54)

0
219 = Lcvg

where the matrices!.,, C.,, W are given in (3.53) and?, is the output in the absence
of backlash. Equations (3.52) and (3.54) are similar extmpthe last term in the state
equation in (3.52) and the deviatiorf, — 2%,| = |L.(24 — va)| represents the effect of
backlash.

For a given reference velocity,, and the disturbance fordg,, solution of the state

equation in (3.54) is obtained as
t
val(t) = e'od + / D FL(7) + Wop(7)]dr £ vy, FL, t). (3.55)
0

whereuv,(0) = 0% is the initial condition. Then, taking the initial conditido bez,(0) =

2% =09, the solution of the state equation in (3.52) may be written a

cl?
t
2a(t) = ¢(vy, Fr,t) + / D Dy (@ (1), 2 (r))dr (3.56)
0
Thus, the deviation in state variable due to the effect oklaat may be written as

t
l|zet — val|(t) = H/ eACl(t*T)Dcl(mm(T), xr(7))dr
0

t
/ e =1 Dy dr
0

whereD, = [0 1/M,, 0 —1/Mj, 0]". Thus, the deviation in the states of the system at

(3.57)

gkA‘ 26,

any instant of time is proportional to half backlash width,
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Remark 3.4.2 A physical interpretation 0{3.57)is that the closed-loop system must be
able to “close” the backlash gap as fast as possible to minénhe effect of backlash. This

is similar to Remark 3.4.1.

Itis possible to simplify the bound given in (3.57) and exgsré in terms of the eigenvalues
of the matrixA.,. Assume that the eigenvaluesAj are placed at distinct real values using
the controller (3.51). Let these eigenvaluesbg, — )\, - - -, —\,. Since the eigenvalues

of A, are distinct, an orthonormal matrix exists such that
Ay =TAT™! and saeet = TeMT L, (3.58)

Using (3.58), (3.57) is simplified as

t
Jaa =l ()= || [ 4 Da(an(r), autrar
0
t
< kA ‘ / =D dr
o (3.59)
< kA ‘ / TA=IT-IDdr
0
0
<ka )| [ e iy
t
SinceA = diag{—X1, —\2, -+ , —\, }, the integral in the last line of (3.59) is also diagonal
and the(i, i) element of the integral may be written as
t 1
/ e MU dr = — [1 — e (3.60)
0 Ai
Thus, the bound in (3.59) is further simplified to
. it 1 Ant 1
o = vl ) < RO T [diag( [t = e oo 5 1= ey i imal - 3
1 n

Ast — oo, the exponentials in (3.61) tend to zero and the bound mayriteewas

wd—wwwSkAmw\

MW”WDﬂ

1 1
digad—. ...  —
iag{s-n
_ kAID1IC

(3.62)

/\min
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where\,,;, = min{\y,--- , A\, } andC, is the condition number ¢f. The bound given in
(3.62) is considerably simpler to evaluate than the bouwegin (3.57).

If some eigenvalues of; are complex conjugate pairs, the mathixs block diagonal
matrix and the bound may be simplified along the same linexithes! in equations (3.58)—

(3.62).

3.4.3 Bound on error due to backlash and belt compliance

This section considers the schematic of the transmissisiesyshown in Figure 3.12 and
presents a bound on the error due to the presence of backla§hing the state-variables
Znl = Omys Zma = W = O, 211 = 0p, 210 = wy, = 0, andz = [Zm1, Zm2, 201, Z02] |

and using the equations (3.31), (3.32), a state-spaceseagiegion of the system shown in

Figure 3.12 is obtained &s

Z" = ApZ + Bme + OpTL + ﬁDp(Qm, QL)

(3.63)
y=Lyz
where
0 1 0 0 0 0
_KbR? by KpRiag 0 1 0
Im Im Im JIm
Ap = , Bp — ’Cp — ,
0 0 0 1 0 0
Kya1 Ry Kpoq br 1
SR . - (3.64)
0
_ R1¢(0m,01) 0100 I
Dp(l'm, QfL) = Im , Lp = 2 71
0 000 1| |Lg
a19(01,0r)
| JL J

the same symbold,,, B, etc. are used here and in equation (3.50) to highlight thetfiat the dynamic
model for the rectilinear analog shown in Figure 3.10 andireamic model for the system shown in Figure

3.12 are “analogous” to each other.
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andg is zero if the backlash gap is zero and unity otherwise@idg,, 6, is defined as

(

— A if (3.27) holds
¢(Om,01) = Ky a A if (3.28) holds (3.65)
| (il — Ri6,n) if (3.29) holds

Equation (3.63) represents a system with two inputs (theagicg force,r,,, and load
force, ;) and two outputs (the motor speed,, and the load speed;.) as shown in
Figure 3.15. Consequently, a bound, as given in (3.57) maytared.

Comparing the equations (3.20) and (3.29), we see that ati@dditerma, = R/ R
multiplies the backlash width in the case of analysis of the effect of belt and backlash.

Due to this term, the bound given in (3.57) is modified to

t
|zt — val|(t) = H/ eAd(t*T)Dcl(xm(T), xr(1))dr
0

t
/ et Dy dr
0

(3.66)

S KbOQA = (Sb

for the case of belt compliance. In equation (3.68),= [0, — Ri/Jmm, 0, a1/Jr, 0],

If oy is small, the bound, is also small and so it is advantageous to h&ygR,; < 1.

3.5 Experiments

Experiments were conducted to verify the bound on the dewviah load speed due to
backlash, given in (3.57).

Experiments are conducted on an ECP Rectilinear System sEfepsetup, shown in
Figure 3.16, consists of three masses mounted on carridgehk are free to slide. Since
the system considered for experimentation (that is showigare 3.10) is a two mass
system, only masses 1 and 2 are used. A spring is used to eaptée compliancé
shown in Figure 3.10. That is the system shown in Figure ¥18alized as masses 1 and
2 connected by a spring so that,, = M; andM; = M,. Position of each of the masses

is measured by a high resolution encoder.
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Figure 3.16: ECP Rectilinear System

Nominal values of the masses arg=2.28 kg and\/,=2.55 kg (these values include
the masses of the carriages as well). Nominal stiffnessegghning isk=200 N/m. The
damping present at masses, as estimated by a preliminamgificition procedure, are
b,, = by, =0.05 N-s/m.

A Proportional-Integral (P1) controller, using velocity mass 1 as feedback signal,
is implemented to impart a prescribed velocity to mass 1.tiBos and velocities of the
masses 1 and 2 are acquired firstly without backlash presdgheisystem and then with
a known backlash. A description of these experiments isngimeAppendix B. From
each set of experiments, the difference between the loagdite(velocity of mass 2) with
backlash and load velocity without backlash is computedgiie experimental data. This
difference is then compared with the bound computed usirky}3

Figures 3.17, 3.18, and 3.19 show the results of experimdntshese experiments,

a Pl controller is used to impart a sinusoidal velocity withpditude of 10 mm and a
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frequency of 3 Hz to mass 1 and load position and velocity agasured. The solid line in
Figure 3.17 shows the deviation in the load velocity due &sence of backlash obtained
from experimental data and the dashed horizontal line stio&bound on the deviation as
evaluated from (3.57) using a backlash gap of 1.55 mm. Itis@d that the experimentally
evaluated deviation is within the bound.

Similarly, Figures 3.18 and 3.19 show the results with basikigaps of 3.56 mm and
5.38 mm, respectively. These figures show that the deviatiento presence of backlash,
as evaluated from experiments is within the bound obtaisatu3.57).

%107 Deviation in load velocity due to a backlash of 1.55mm
8 T T T T T T

5;Illl----------------------------------1

Figure 3.17: Closed-loop experiment with backlash of 1.55 mm
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Figure 3.18: Closed-loop experiment with backlash of 3.56 mm
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Figure 3.19: Closed-loop experiment with backlash of 5.38 mm
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3.6 Summary

This chapter presented a model for backlash to include thardics of the driven member
during loss of contact and to include the effect of distugbiarces on the load. Using
the model, an upper bound on the achievable accuracy in a giygem using a given
controller is obtained. Experiments conducted on a prp®ystem agree with the theo-

retically estimated upper bound.
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CHAPTER 4

Effect of compliance and backlash on web tension

As noted in Chapter 1, the two important variables to be regdlan a web process line
are the web velocityl(,.,) and the web tensiori{,;). The analysis presented hitherto
pertains to only one variable, namely, the web velocity. gacsfic, Chapter 2 considered
the effect of belt compliance ignoring the effect of backlaSection 3.2 presented the
backlash effect on output velocity ignoring the effects ofmpliance, and Sections 3.3.1
and 3.3.2 considered the analysis of the effect of backlasluding the compliance of
the shaft/belt. This chapter is intended to motivate furiheestigation of the effect of
compliance and backlash on web tension.

To begin with, consider the High Speed Web Line (HSWL) showfigure 4.1. A
schematic of the HSWL is shown in Figure 4.2. This process dm@sists of a number
of tension control zones with each zone consisting of a nurobeveb spans. Ten-
sion/velocity disturbances, induced in any one span, gaigan the direction of the web
traversal and hence affect web tension/velocity in all sgiownstream to the span where
disturbances originate. To attenuate such disturbanacksen roller is installed near each
section where tight control of tension/velocity is reqdireThe schematic in Figure 4.2
shows two such zones labeled as Nip station 1 and Nip statibdi2station 1 has three
drivenrollers and Nip station 2 has one driven roller. Theoredriving these driven rollers
use tension feedback from loadcells and the speed feedlmuokeincoders/tachometers to
regulate web tension and velocity.

Itis common practice to designate one driven roller in treepss line, usually the one

nearest to the unwind roll, as the master speed roller and ts®nly regulate the web
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Figure 4.2: Schematic of the HSWL

transport velocity and the other driven rollers to regulath tension and web velocity
in individual zones. For example, in the HSWL shown in Figutesand 4.2, the driven
roller labeledM 1, is used as the master speed roller and hence, the contosltee motor
driving this roller uses only speed feedback. All the othentoollers, including those
for the motors driving the unwind and the winder rolls, usaesten feedback as well as
velocity feedback. Figure 4.3 shows a control scheme corhymesed in regulating web
tension and velocity. The control scheme shown in Figuraide3 two feedback loops: an
outer tension-loop and an inner speed-loop. Each of thegesloses a Pl-controller. As
can be seen (from Figure 4.3), the output of the tension-tamyroller acts as a vernier
correction to the speed-loop. It may be observed that theréwap Pl-controllers in the
feed-forward path in the block diagram shown in Figure 4t& érror in tension passes
through both these PI-controllers whereas the error indspasses through only one PI-
controller. Thus, the control scheme may be thought of asw@bawation of Pl-action on
speed-error and a PID-action on the integral of the tensroor

The controller for motor driving the master speed rollerslioet have outer tension loop
shown in Figure 4.3. Hence, it is possible to tune PI gainsa&arithe master speed roller

very closely follow the reference web speed. Under this targ it is possible to make

78



Speed
Reference
Vr

Speed Torque
Correction Reference Tension
Tension />+§ PI X s PI y Motor/ | speed| Web T1
Reference > Controller > Controller Controller Dynamics
T Dynamics|
Loadcell/
Dancer Speed Vo
Position Feedback
Feedback

Figure 4.3: Control scheme to regulate web tension and welcig|

the assumption that the velocity of web passing over theenapted roller is constant and
is equal to the reference velocity [57].

Further, since energy input to the web from driven rollersisch larger than energy
dissipated by the idle rollers, the length of web between dnween rollers (or an un-
wind/winder roll and the driven roller nearest to it) is cmesed as a single span, though
there may be idle rollers in between. However, these noredriollers are sources of
tension disturbances because of their inertias in combmatith springiness of the web.

This chapter attempts to evaluate the effect of belt compéaon the span tension
immediately next to the unwind roll under the assumptionatineed in the preceding two
paragraphs. As a first step, simulation study and prelingieaperiments are conducted

using the belt model presented in Chapter 2.

4.1 Simulations and experiments on the unwind section of thelSWL

The unwind section of the process line shown in Figure 4.2msered. Figure 4.4 shows
a schematic of the unwind section considered for simulafitve master speed roller shown
in Figure 4.4 sets the web reference speed and the unwind seitothe span tension. The
motor driving the master speed roller (not shown in the fijjiseinder speed control and
it is assumed that the speed of the web leaving the masted spker is constant av,.

One source of tension disturbance entering the span imiegdizext to the unwind roll
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Figure 4.4: Schematic of the unwind section. Master speberra span following the

master speed roller, and locations of two loadcells arestisan.

is the wound in tensioril). To highlight the characteristics of the tension behairidhe

presence of belt compliance, a sinusoidal compon€njisassumed in all the simulations.
In the first simulation study, effect of belt compliance amdklash are ignored. Thus,

the equivalent inertia as given in equation (2.1) is used iitirg the dynamics of the

closed-loop system. The dynamics of the closed-loop systémthe control scheme
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shown in Figure 4.3 may be written as

Ry

Jqu + bqu — TRy, (4.1a)
Ry
Jp=Jo+ KJ(R4 - Rio), (41b)
R
Jog = I +( 1) Jr, (4.1c)
Ry
R\’
beg = by, + (E) br, (4.1d)
Ky = %, (4.1e)
Ry = —%, (4.1f)
21
LTy = EA(V, = Vi) + VoTo = V; T, (4.1h)
t
r = Kpt(TT — Tl) + Kzt/ (TT — Tl)dTl, (41|)
Ry )
Yy = Kps( R [V anwm + Kzs / T+ _[V anwm])dTla (41J)
TmeTm = —Tm + K. (4.1k)

Equations (4.1a)—(4.1e) describe the dynamics of rotatforine unwind roll to include
the effect of changing radius, changing inertia, and spasio@ . Equations (4.1f)—(4.19)
specify the rate at which the unwind roll radius is changing apecify the linear speed
of the web. Equation (4.1h) is the standard nonlinear moaleiveb tension dynamics
as described in [73-76]. Equations (4.1i)—(4.1)) indidat control law shown in Figure
4.3. And lastly, equation (4.1k) describes the dynamicfiefunwind motor. In equations
(4.1), the time dependence of the dynamic variables is rawslexplicitly. The variables
Tms JL, Jeqs Run, 11, Om, 01, Vo, x, andy are time dependent variables, while all the
others are constants.

In practice, a step change in reference is not specified be@audden change in web
velocity will cause a large “surge” in web tension. Insteady change in the reference

(either tension or velocity reference) is allowed to rampaygards the new value, slowly.
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Figure 4.5: Tension behavior in a span for a change in theeefe speed

82



Figure 4.5 shows the web speed and the tension when the spleeence is ramped-up
from 200ft/min to 1000ft/min over a period of 5 seconds. Ewerhis case, the span
tension increases drastically above the reference valddadkes a long time to reach the
reference value.

To investigate the effect of belt compliance on web tensgmulations are run to
reflect the same changes in the reference speed as was daogerm45. The dynamics of
the system, including belt compliance, is the same as aexqué@til) except that (4.1a) and

(4.1b) are modified to (4.2a) and (4.2b) as given below

Tm = Jmém + bmem + Kle (Rlem - RQQL)7 (42a)
KyRo(Ri10,, — Rofr) + T1 Ry = Jif1 + b1.01. (4.2b)

Figures 4.6—4.8 show the results of the simulation. In ed¢hese plots, the speed refer-
ence is changed from 200 ft/min to 1000 ft/min along a slowpairhe top plot in Figure
4.6 shows the web speed and the reference set by the masterrgfier and the bottom
plot shows the reference tension and the tension in span diatedy next to the unwind
roll. A belt of width 36 mm is assumed in this simulation resut is seen that tension
in the span oscillates for a long duration even when the tranis in speed are very small.
This behavior is in contrast with the simulation result shaw Figure 4.5 where the belt
compliance is ignored.

Figure 4.7 shows the simulated tension using a smaller falu&’, to correspond to
a belt with lesser width (24 mm). Notice that the amplitud@sdillations in web tension
increase with decrease in belt width (stiffness).

Figure 4.8 shows the tension behavior when a 12 mm belt (I&vye¢han previous two
choices) is assumed. It can be observed that the amplitudscdfations in web tension
increase even more than those seen in the previous caseguies$-4.5, 4.6, and 4.7).

To further investigate the effect of compliance on the weisiten, experiments were
conducted on the unwind section of the HSWL (shown in Figurésa#d 4.2) using the

three different belts. A schematic of the unwind sectionsudered is shown in Figure
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4.4. The two load cells shown in Figure 4.4 measure the tassiothe spans immediately
next to the unwind roll and the master speed roller. Figur8s4110, and 4.11 show the
tension behavior when the reference speed changes fromp2@@of 1000 fpm along a

ramp. Figure 4.9 shows the web speed and tension behavieriegntally observed when

Unwind and Reference speeds with 36 mm belt
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800 .
= 600 .
- 400 — Unwind ]
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Tension at Nip #1 (measured by loadcell 2) with 36 mm belt
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Figure 4.9: Web speed and tension with a 36 mm wide belt

a 36 mm wide belt is used. The top plot in Figure 4.9 shows teedpf the unwind roller

and the master speed roller; the middle plot shows the tensithe span measured by
loadcell 1 in Figure 4.4; the bottom plot shows the tensiomaasured by the loadcell 2 in
Figure 4.4. Itis seen that, even when there are very litddlatons in the web speed after
it reaches around 1000 ft/min, there are considerablelateiis in the tension in the span
immediately next to the unwind roll. Further, the bottomtpioFigure 4.9 shows that the

tension variations in the span immediately next to the udwaoll are propagated beyond
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the master speed roller.

Unwind and Reference speeds with 24 mm belt
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Figure 4.10: Web speed and tension with a 24 mm wide belt

Similarly, Figures 4.10 and 4.11 show the web speed and tisate when belts with
24 mm and 12 mm widths respectively, are used. In these figuses the tensions in the
spans measured by the loadcells 1 and 2 are seen to vary aitttefit is seen that when
the 12 mm belt is used, the amplitude of oscillations in timesi@n are more than those in

the case when 24 mm and 36 mm belts are used.

4.2 Effect of gear-backlash on controlled tension

Section 4.1 presented simulation study and experimergalteeshowing the effect of belt-

compliance on the web tension in the span immediately ne&td¢aunwind roll. It was
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Figure 4.11: Web speed and tension with a 12 mm wide belt
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observed that belt-compliance affects the span tensiontlatdusing a belt with larger
stiffness, less oscillatory tension behavior can be aelieHowever, in the transmission
system shown in Figure 1.1, belt-compliance and backlapleapn series (Experimen-
tal results shown in Figures 4.9, 4.10, and 4.11 refer tordr@smission system with the
same backlash in series with belt-compliance correspgrtdithree belts.). Thus, effect of
backlash also needs to be included to make the discussioplenThis section attempts
to address the combined effect of compliance and backlasebrtension/velocity.
Equations (3.63)—(3.65) on page 69 present the effect bicbehpliance and backlash
on the output velocity. These equations can still be usecsaribe the dynamics ¢f,,,
0., 01, andd,. However, the load torque, in these equations is due to web tensidi)(

Thus, the dynamics of motor and load may be written as

ém = Wm, (43&)
) K,R? b KyRyo Tm I

= — 0, — — 0 — — —0(,,, 0 4.3b
Wi Jm m Jm Wi Jm L + Jm Jm¢( my L)u ( )
éL = wr, (43C)
) KyRion Kya? br, L, g

= 0,, — 0, — — — + —o(0,,, 01). 4.3d
wr, 7, 7, L JLWL‘f— 7, + JL¢( L) ( )

The controller dynamics, and span tension dynamics may hewas

: EA Ty — V,. T
T, — —(Vr - RunWL) + RypwrTy — V. 1T (4_43_)
L1 Ll
Zii'l = T2 (44b)
iy = (T, — T1) (4.4c)
iy = (T, — Rypon) (4.4d)
Ry
1
Tm = - [T + di (T, — T1) + daxy + dszy + dy(Vy — Runwim) + ds3] (4.4€)

Whered1 = Kprstt, d2 = Km(KpsKit_l'Kistt)a dg = KmKisKita d4 = Kprng/Rl,
andd5 =K, K.
Even after ignoring the terms involving6,,,, ¢;), dynamics given in equations (4.3)

and (4.4) is nonlinear because of the cross-product termls a8 R, w,,, R..11, and
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R,,wi T, are nonlinear and;, is a nonlinear function of?,,,. However, radius of un-

wind roll and inertia of the unwind roll are slowly changingrables - especially when
thickness of the web is very small. Thus, each of these Vasaiay be assumed to be
» Rempty }

whereR;,,; is the full unwind roll radius and.,.,., is the outer radius of the core. Further,

constant around each unwind roll radius in thelget {Rfutt, Run1s Run2, -

if the wound-in tensioff}, is assumed to be constant, the dynamics given in (4.3) aayl (4.

may be written in the form

& = Arxz + ByV, + BrT, + 3D¢(0,,, 61) (4.5a)
L 1%

Yy = Lpgj 2 Pl xr = 0 (45b)
Lp2 Tl

wherex = [0,,, W, 01, wr, T1, T1, To, T3, ], B is equal to unity if the backlash gap

is nonzero and zero if the backlash gap is zexé,,, 0,) is as defined in (3.65), and

0 1 0 0 o 0 0 0 0
B b Kaluk o 0 0 0 o
0 0 0 1 o 0 0 0 0
Kyki Ry Kyki b Run
b7 0 7 — Boo 000 0 0
To—EA Vy
Ap=1 0 0 0 ARy =0 0 0 0
0 0 0 0 o 0 1 0 0
0 0 0 0 -1 0 0 0 0
0 —Ewlo 0 o o o o o | (48
0 _ d4Run 0 0 dq ds do ds 1
By = [O, 0, 0, O7EA/L17 0, OaRl/Rly d4/7—mc]T
BT - [07 07 07 07 07 07 07 ]-7 07 lemC]T
D=1[0, —Ry/Jm, 0, k1/Jn, 0,0, 0,0, 0]"
00 Ry 000000 L,
L,= _
00 0 010000 Ly
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Equation (4.5) is similar to (3.63) and hence a bound sintddne one given in (3.66) may
be obtained. Note, however, that in this case, there will beuand corresponding to each

Ryni € U.

4.3 Experiments conducted on Rockwell web line

To motivate the experiments proposed in this section, densquation (4.5) which de-
scribes the dynamics of the system in Figure 4.4 with babkihgy = 1 and without
backlash if3 = 0. That is, with zero backlash, an expression for web tensiop(()) is

written as

t t
Tio(t) = Ly {eATtx(O)—FVT / AT Budr + T, / AT Brdr | 4.7)
0

0

Similarly, with a backlash gap ak, the web tensionI(; . (t)) may be written as

t t
Ty pr(t) = Ly |e272(0) + V, / AT Budr + T, / A7) Brdr
N 0 - 0 . (4.8)

t
+ / eAT(tT)D¢(9m,9L)dT] .
0

Notice that the terms in braces in (4.7) and (4.8) are idaht8uppose the values @f ,
andT; g1, are computed at time instartts= 0, 7, 27 , ..., n1s and the mean values are

computed. The mean web-tensions without backlash and aitklash {7, and7}';,)

are given as
o Tuo(iTy)
1y, = ZizoT100T) 4.9a
fo = ==2—1 (4.92)
r o g(iT,
Tl = Tl + Ly 20 90T (4.9b)

n+1

whereg(t) = [; eA7=" D¢(6,,,60;)dr. Equations (4.9) indicate that, when backlash ex-
ists, the mean tension is shifted by a quantity as given byatteterm in equation (4.9b).

Similarly, the standard deviations of the web-tension \itlcklash and without backlash,
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which indicate the dispersion, are computed as

- > oio(Tho(iTy) — Tt)?
ﬂp:

4.10
n+1 ( 2
o o f(ZTS)

wheref (iT,) = (Lyg(iTs) — g*)? + 2(T10(iTs) — Tt'y) (Lp2g(iTs) — g*). Equation (4.10)
indicates that the standard deviation also gets shiftechwheklash exists. Since the mean
and the standard deviation of web-tension at steady-staterportant measures of per-
formance of the process line, it is of interest to study ifaouns (4.9) and (4.10) hold for
experimental data from a web process line. To this end, @xpets were conducted on the
Rockwell web line, an experimental web process line in WHRC.i8eet.3.1 describes

the Rockwell web line and Section 4.3.2 describes the expatisrconducted.

4.3.1 Brief description of Rockwell web line

Figure 4.12 shows a schematic of the Rockwell web line. Fovewience, the Rockwell
web line is divided into four sectionsjz. unwind, S-wrap, pull-roll, and rewind sections.
The unwind, S-wrap lead, pull-roll, and rewind shafts areedr shafts and idle rollers
are mounted on other shafts in the line. motors for the rewiation uses the control
scheme shown in Figure 4.3 using the tension feedback frenfdite transducer and
speed feedback from an encoder mounted on the drive mota.puit-roll and S-wrap
sections implement a speed control loop (that is withoutoilier tension loop in Figure
4.3) to impart reference velocity to the web. The unwind @nmotor uses the control
scheme shown in Figure 4.3 except that dancer position éexxdb used instead of loadcell
feedback. Two additional sensors are installed in the brmonitor the web-tension and
web-velocity: a loadcell labeled “LC” and a tachogeneratireled “TG” as shown in
Figure 4.12.

The drive system in the rewind station also has an adjustaitklash, which can be

used to insert a known backlash between the driving sprqtdetled “1” in Figure 4.13)
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and the unwind shaft. Axis of one idle roller in the rewindtista in Figure 4.12, labeled
eccentric roller can be made to wobble at a known frequency through a sejadaiteen
motor. This motion of the eccentric roller induces tensigtutbances at the known fre-

guency. The Rockwell web line is capable of running at welkedpeaip to 400-600 fpm.

4.3.2 Experiments conducted on the Rockwell web line

The following experiments were conducted on Rockwell web lim assess the effect of

backlash on web-tension in terms of mean tension and stduddsaration.

() Tyvek web, 12 inches wide, was threaded though the macasmshown in Figure
4.12. The adjustable backlash was set to yield zero backlaglthe eccentric roller
was turned off so that there are no tension disturbancestbi@those that are inher-
ent to the machine. With this setup, the web line was run ateetce web-velocities
V. €V ={50,100,---,350} fpm and web-tensions, € 7 = {10, 15,20} Ibf. In
each case, the tension measured by the loadcell (LC in F§t& and the speed

measured by the tachogenerator (TG in Figure 4.12) werdrachat steady-state.

Figure 4.14 shows a summary of the results of these expetsmén these plots,
reference web-tension and web-velocity are plotted albagtaxis and y-axis. The
plot on left shows mean velocity along z-axis. Similarly iretplot on the right,
mean tension is plotted along z-axis. In each case, it isthetithe mean tension is
maintained very close (if not equal) to the reference tenaitd the mean velocity is

maintained close to the reference velocity.

(I) To see the effect of a disturbance on mean tension, tieergdc roller in Figure
4.12 was turned on to produce a periodic tension disturbakagure 4.15 shows
the measured web tension with eccentric roller turned orat web velocity. The

adjustable backlash is set to zero and the line is run atareéerweb velocitie¥, €
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Figure 4.12: Schematic of Rockwell web line. A force transtuneasures the tension in
the unwind section and encoders mounted on motor shaftsumeetiee speedL.C in the
pull-roll section is additional loadcell to measure tensidG is a tachogenerator mounted
to measure the speed. The rewind tension control systemfesealsack from the force
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Figure 4.13: Drive system in Rockwell web line. The AC motaves the unwind shaft

through a belt-pulley arrangement and a backlash.
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VY and reference web tensiofis € 7. With no backlash and the eccentric roller
turned on, the web line was run at the same reference speddiseasame reference

tensions as in the previous case.

Figure 4.16 shows the mean velocity and mean tension ptagsseen that introduc-
ing disturbance had no effect on the mean web-velocity angllitle effect on the

mean tension.

(1) To see the effect of backlash on mean tension, a smaklash (0.5 mm) was intro-
duced into the drive system, and the eccentric roller wasetlioff. Again, the web
line was run at the same reference speeds, and the samenceféeasions as in the

previous case.

Figure 4.17 shows the mean velocity and the mean tensios. ptas seen from the
mean velocity plot that the mean velocity was maintaineg etse to the reference
velocity for all combinations of reference tension and reffiee velocity. However,

the mean tension is increased by approximately 2% in allscase

(IV) To further investigate the effect of backlash in theg@ece of disturbances, the same
backlash (0.5 mm) was introduced into the drive system am@dtksentric roller was

turned on to inject the disturbance shown in Figure 4.15.

Figure 4.18 shows the mean velocity and mean tension plotenWiere is backlash
in the drive system and periodic disturbances are intragiuicés observed that the
system could maintain the mean velocity equal to refereetacity. However, the

mean tension is increased by approximately 30%.

Experimental results presented in Figures 4.14— 4.18 ueivelly show that backlash,
when present in a drive system increases the mean tensioe; Mlis observation is in
line with equation (4.9).

Figure 4.19 and Figure 4.20 show plots of the standard demiin tension and veloc-

ity respectively. From Figure 4.19, it is observed that tla@dard deviation of web-tension
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is less than 1.5 Ibf in all four cases and from Figure 4.1% #gen that the standard devia-

tion of web-velocity is less than 6 fpm in all the four cases.

Mean Velocity (FPM) Mean Tension(lbf)

400 20

350
18

300

250 16

200 14

150

12
100

50
400

10
400

300 20 300 20

15 15

100 100

V ¢ (fFPM) 0 10 t . (Ibf) V ¢ (fFPM) 0 10 (Ibf)

tref

Figure 4.14: Mean velocity and tension with zero backlashramdisturbance.

The experimental results presented in Section 4.3.2 iteficdoat the mean tension is
shifted up due to the presence of backlash. Though this ree@pic observation is demon-
strated through equations (4.7)—(4.10) and the resultsepted in Figures 4.14-4.20, this
may not be the only effect of backlash. In general, the batkaesent in the transmission
system may deteriorate the performance of the control sybie“amplifying” the effects
of disturbances occurring at certain frequencies. Furtihenay be noticed that, if the
backlash is predominantly friction controlled, then a &bgad inertia mitigates the effect
of backlash, as indicated by equation (3.10). This obsnvaihay not be true in the case

of inertia controlled backlash. To substantiate thesemwhsens and to highlight the effect
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Figure 4.15: Tension disturbance introduced.
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Mean Velocity (FPM) Mean Tension(lbf)
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Figure 4.16: Mean velocity and tension with zero backlaghdisturbance applied.
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Mean Velocity (FPM) Mean Tension (Ibf)
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Figure 4.17: Mean velocity and tension with a backlash offirband no disturbance

applied.
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Mean speed (FPM) Mean tension (Ibf)
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Figure 4.18: Mean velocity and tension with a backlash ofrrtband with disturbance

applied.
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No Backlash, No Disturbance No Backlash, With Disturbance
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Figure 4.19: Standard deviation of web-tension.
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Figure 4.20: Standard deviation of web-velocity.
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of disturbances occurring at various frequencies, furtx@eriments are conducted on the
Rockwell web line with a large inertial load on the rewind ghaf

To mimic large material roll, two cast-iron discs of 18 inclameter are mounted on
the rewind shaft of the Rockwell web line shown in Figure 4.The total inertia of the
discs and the core shaft on the rewind station is 29.3|bdsides the time-varying inertia
of the material roll. A Dodg® 600H200 belt is used to connect the AC motor and the
rewind shaft; in these experiments, the belt does not goddbe sprocket mounted on
the DC motor. The material used in the experiments is a 6 iride Wyvek?® sheet. The
reference tension in all the experiments is 10 Ibf. The wabita near the rewind station
is measured by a loadcell roller in the pull-roll sectiondish in Figure 4.12) and the shaft
speed is measured using an encoder mounted on load-endrefiimel shaft (.e., the end
where motor is not connected). In addition to the positiomntpthe encoder also provides
an index bit which turns on after each revolution is complet&his feature enables us
to update the radius of the material roll and to compute thie vedocity. The following

experiments were conducted:

() The machine is run at reference speeds 100 FPM, 200 FP{13@& FPM without
any backlash in the transmission system and without anyreadtdisturbances. The

speed and the tension signals acquired through data-#&emugs/stem are analyzed.

Figure 4.21 shows the frequency content of tension and sgigedls in which each
row shows the frequency content of tension and speed regglgat speed indicated

in the legend.

(I A sinusoidal disturbance of approximately 6 FPM amydié is introduced into the
speed reference of the pull-roll shown in Figure 4.12. The &fpLsoftware system
allows us to introduce such disturbances at arbitrary faqy very conveniently.
Disturbances at four frequencieg.,0.5 Hz, 1.0 Hz, 1.5 Hz, and 2.0 Hz are intro-
duced and the tension and speed signals are analyzed in&sehkigure 4.22, for

example, shows the frequency content of tension and speex tivk reference speed
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Figure 4.21: Frequency content of speed and tension signals
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is 300 FPM and the disturbance frequency is 0.5 Hz. It can &e fsem Figure 4.22

300 fpm; 0.5 Hz , 6.3 fpm disturbance; No backlash; No braking

Amplitude (Ibf)
N w EEN
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|
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=

> ‘

b

w (Hz)
Figure 4.22: Frequency content of tension and speed whestwlgiince is introduced.

that the disturbance injected at the pull-roll, as antii@paresulted in a sinusoidal

component in the tension signal as well as speed signal.

(1) The backlash gap in the transmission system at rewiatian in Figure 4.12 (or
4.13) is set to 1.5 mm and the same set of experiments as atuepeated. It can
be seen from Figure 4.23 that a sinusoidal component in tistae and speed signal
is seen. However, the amplitude of the sinusoidal compasentreased by around

60% ( an increase from 1.95 Ibf in Figure 4.22 to 2.9 Ibf in Feyd.23).

Similar increases in the amplitude are observed at eacheofrdgyuencies in the
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Figure 4.23: Frequency content of tension and speed witki&sit.

107




presence of backlash. Figures 4.24 and 4.25 show the reduli® experiments
in terms of tension disturbance amplification and velocisgutbance amplification,

respectively.

Summary of FFT results for tension

—o— Without backlash
% With Backlash

,,,,,
i
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,,,,,,,,,,,,,,,,,,,,,,,,, N %+ With Backlash
5 2L """"""""""""""""""""""" * 1
[ —C— O—
Reference velocity: 300 FPM
0.5 1 1.5 2

disturbance frequency (Hi)

Figure 4.24: Summary of results with and without backlasstudbance amplification.

Figure 4.24 indicates that, at each of the reference spewtateeach of the disturbance
frequencies, the amplitude of the tension signal at disitoch frequency is more when
backlash is present in the transmission system. This cemely shows that when backlash
is present in the transmission system, effects of distudmim the web process line are
amplified. Figure 4.24 also indicated a trend: as the disturb frequency is increased,

the “gap” between the without-backlash curve and the wabkiash curve reduced. This
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Summary of FFT results for velocity
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Figure 4.25: Summary of results with and without backlasstudbance amplification.
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observation may be extrapolated to indicate that as theiémcy of disturbance increases,
the effect of backlash in amplifying the effects of disturbas decreases.
4.3.3 Braking input to mitigate the effect of backlash

To motivate the experiments presented in this section,idengquation (4.3) which is

reproduced here

Oy = Wi, (4.11a)
. KbR% bm Kleozl Tm R1
= — 0,, — —wnm, 0 — — — (0, 01.), 4.11b
w I me + i L+ 7. Jm(b( L) ( )
0 = wr, (4.11c)
. KbR1a1 KbOé% bL TL (03]
= 0,, — 0 — — — 4+ — @0, 01). 4.11d
wr, 7, 7, L JLWL + 7. + JL¢( L) ( )

In equation (4.11d), the disturbance torque is givenrpy= —T1R,,, whereT; is the
tension in the span adjacent to rewind roll &g, is the radius of the rewind roll; the neg-
ative sign indicates that the disturbance torque is opptsithe direction of rotation of the
rewind roll. Thus, an immediate effect of a disturbance msten T1 is that it changes the
disturbance torque. The closed-loop tension control sysidusts the motor torque,,, to
negate the change, thus exciting the backlash. This faesgig an idea as to how to coun-
teract the effect of backlash: if a mechanical arrangensdevised to always maintain
contact on one side of the backlash, then the question ofttaadrsing the backlash-gap
does not arise. Further, it would be very convenient if themaaical arrangement devised
is such that it requires little or no modifications to the ora transmission system and
the process line. One such arrangement is to apply a bratmge to the load side of
the backlash. For example, with respect to the schematieceofihwind section shown in
Figure 4.26, the braking torque may be applied by mountingaidbon the unwind shaft
as shown in Figure 4.26. The braking torque appears in thardigs as an additional term

in the dynamics: equation (4.11d), with braking input istten as

2
_ KleOélem _ KbalQL _ b—LwL 4 T_L

. o Ty
D (0, 0,) + 2 4.12
WL . . . 7 JL¢< o)+ (4.12)

Jr

110



i Force Loadcel
Rewind
transducer T roller
2

Backlash

Rewin
motor

Pitch\ .
‘\Circle\s\

Enlarged view of A

Figure 4.26: Schematic of the rewind section with brakirguin

It can be clearly seen from (4.12) thatcan be chosen to negate the effect-pf which
is the cause for opening up the backlash gap. With the dinecti the torque4,) shown
in Figure 4.26, the brake always tries to maintain the cdragpoint P, thus “closing” the
backlash gap.

To validate the foregoing discussion, experiments weredgoted by a installing a
brake on the rewind shaft of the Rockwell web line and expenmiadly investigating whether
the braking input is effective in reducing the effect of blask seen in Figures 4.24 and
4.25. These experiments and the results are presentedfolltveing.

A magnetic particle brake, GBC-90A115, with a rated torque ®tl#-ft is selected
for the application. This brake is mounted on the rewind tsbhthe Rockwell web line
shown in Figure 4.12. A backlash gap of 1.5 mm (same as usegbarienents without the
braking input) is created in the transmission system ateétend station and a sinusoidal
disturbance of 6 FPM amplitude and frequencies in the rah@dHz — 2 Hz is injected

into the speed reference of the pull-roll. In addition tosthexperimental conditions, a
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300 fpm; 0.5 Hz , 6.3 fpm disturbance; 1.5 mm backlash; 10 Ibf-ft braking torque
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Figure 4.27: Frequency content of tension speed with babldad braking input

constant braking input of approximately 10 Ibf-ft is apdlien the rewind shaft in all op-
erating conditions. The tension measured by the loadcdlltla® speed measured by the
encoder are acquired for each operating condition and algzed. For example, Figure
4.27 shows the frequency content of the tension and velsigtyal when a braking torque
of 10 Ibf-ft is applied on the rewind shaft.

The amplitude of the tension signal at 1 Hz is 1.66 Ibf whiclrsund 46% less than the
amplitude of tension signal at 1 Hz shown in Figure 4.23 wihea&ing torque was not ap-
plied. Similar results were obtained at other referencedgand disturbance frequencies.

Figures 4.28 and 4.29 show the summary of results of all @xgers.
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Summary of FFT results for tension
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Figure 4.28: Summary of comparative results. Three cases,without backlash, with

backlash, with backlash and braking input are shown.
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Summary of FFT results for velocity
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Figure 4.29: Summary of comparative results. Three cases,without backlash, with

backlash, with backlash and braking input are shown.
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In Figure 4.28, top plot shows the summary of all results & EBM. Three curves
are shown in this figure: (i) the amplitude of tension withbatklash in the transmission
system and without braking input, (ii) the amplitude of ienswith backlash in the trans-
mission system and without braking input, and (iii) the aitogle of tension with backlash
in the transmission system and with braking input. It is séext the amplitude of the
tension signal is lesser when braking input is applied thaamit is not applied. Similar
curves are plotted for the velocity signal as shown in Figug®.

To further investigate the effectiveness of the brakingithpxperiments are conducted
with a higher value of braking torque, 14 Ibf-ft. Results a4k experiments comparing the
amplitude of the tension signal without braking input anthviaraking input are presented
in 4.30. The plots on the left hand side of 4.30 show the tenamplitudes and the plots
on the right hand side show the velocity amplitudes. Agaiis, very clearly seen that the

amplitudes of the tension signal are lesser when brakingf ispapplied.

4.4 Summary

This section presented simulation results and experirhezgalts on the unwind section of
the two process lines, High Speed Web Line (HSWL) and the Rotkved line, in Web
Handling Research Center. The results of the simulationsétuding the belt-compliance
and the experiments on the HSWL indicate that there are a8aills in the tension in the
span immediately next to the unwind roll. The tension in #pan is affected even when
the speed variations of the unwind roll are very small.

Effect of compliance and backlash on the controlled webioens modeled and simu-
lations are presented. It is shown through the model andempets on Rockwell web line
that the mean tension is increased when backlash is prestn@ fransmission system.

Further experiments on the Rockwell web line indicated tvaen backlash is present
in the transmission system, the effect of disturbances ewradntrolled web tension is am-

plified. By a mix of intuitive and mathematical argument, ifpioposed that applying a
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braking torque on the rewind shaft mitigates the effect akkssh on the controlled web
tension and experimental results indicate that a brakipgtimdeed reduces the amplitude
of tension oscillations.

As shown in Figure 4.26, the torque due to the web tensioR(,) acts to close the
backlash gap by always trying to maintain the contact attp@inHowever, when there
are tension disturbances, the closed-loop tension cosysdém tries to adjust the speed of
the motor driving the roll and thus, causes the backlash gapén and close. However,
it must be emphasized that the web tension is aiding the ®@asfbacklash gap and thus,
the effect of backlash present in the transmission systetimeatinwind/rewind station is
not very severe. This is not the case when backlash is prasém transmission system
of an intermediate driven roller,such as the S-wrap roleFigure 4.12. In case of the
S-wrap roller, tension variations on either side of theemotend to open the backlash gap
and hence one might expect the backlash effect to be moreeséMae analysis presented
and the experiments conducted referred to the backlasteitrdnsmission system at the
unwind station merely because the experimental set-upaady equipped with adjustable
backlash mechanism and also because such adjustable dfaokdehanism could not be
incorporated elsewhere on the machine without major chataogine setup. In view of this,
analyzing the effect of backlash present in the transnmssygtem of an intermediate roller

may be considered as a future work.
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CHAPTER 5

Effect of slip on web tension dynamics

5.1 Introduction

Modern manufacturing processes exploit the continuousreatf the basic material in
web form by transporting it through and out of the processsuch processes, it is essen-
tial to maintain continuity and avoid cracks/breakage mweb. Though tests have been
conducted to determine breaking strength of webs, it isdaarpractice that web-breaks
occur even when the web tension is much less than the bresiotedetermined under
test conditions. There are two main reasons for web breakggee cracks could be the
result of local stress concentrations. In the event of tegess concentrations, cracks may
appear and propagate even at moderate overall web tengi@ens@cond cause for web
breaks could be considerable variation of tension aboutien tension. Fatigue may set
in when tension fluctuations are rapid and their amplitudmissiderable. In general, the
web breakage is probably a result of a combination of thesesfiects.

The local stress concentrations may be avoided by impraviagnanufacturing pro-
cesses to reduce the severity and density of irregulariti®égch efforts fall under the
purview of the design of manufacturing process and are Bpéeithe product being man-
ufactured. On the other hand, controlling web tension withitight tolerance band is a
common feature to manufacturing processes which involviemahin web form at some
stage of production. Thus, there is a definite need for thdysafisynthesis of web tension
control systems. Before attempting to devise such contsiesys, it is essential to find out
how the tension disturbances occur and how they are prog@gaiough the system.

Figure 5.1 shows a schematic of a web processing line. Ifighise, the web is released
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Figure 5.1: A schematic showing the nomenclature

from an unwind roll, transported over a series of idle/dnivellers, and is collected at a
rewind roll. Various processes such as coating, perfaragmd printing are performed
at suitably located intermediate sections between the nothand rewind rolls. Tension
disturbances in such process lines may originate becausgegénness of unwind/rewind
rolls, eccentricity of intermediate rollers, play in theab@gs etc. It can be visualized that
such disturbances, originated in one part of the processgnopagateto the other parts
along with the web transport. Since the web passes over tlesr@as it is transported
over them, the nature of contact between the web and thegqilays an important role
in the propagation of web tension disturbances. As it is showa subsequent section
(see section 5.8), when the contact between the web andsradléost, or web slippage
occurs, the web tension disturbances propagate both initbetidn of the web traversal
and opposite to the direction of the web traversal. In thigext, it is important to know
where the slip occurs and also the sector of contact regienwtiich slip occurs. These

topics are briefly discussed in the next two sections.

5.2 Location of slip in the arc of contact

The phenomenon of motion transfer as a material is transgpanter a roller (pulley) was

studied well in the context of belt drives [2, 4, 8, 12]. To fite location of the slip-arc
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(that is the arc on the roller in which web slip occurs), cdasi pair of pulleys connected
by a belt as shown in Figure 5.2.

T,
a’a : : P
Power in T,V | X b

= Power out
Tp @y

Control volume

Figure 5.2: A belt-pulley system

The following assumptions were made to carry out the amnabyfsihe system:
1. There is no slip at least at one point on the pulley.
2. The belt material is linearly elastic.

3. Potential energy differences due to the changes in théoight in a gravity field are

negligible.
4. The system is in steady-state.

With these assumptions, firstly we note that, as the maisrigearly elastic, the straing

ande,, are given by

where the subscriptsaandh refer to the slack and tight side tensions of the belt re syt

It can be seen that the ratio of the large veloédityto the small velocityV; is given by

14 b
Y BA (5.1)
Y |
EA
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If ¢, €, <1, equation (5.1) can be expanded in a Taylor series andrhagtler terms can

be neglected to get:

Vi Ty, — T,
Th_q .
v T A

Equation (5.2) indicates that if torque is to be transmittezh7; = T; and consequently

(5.2)

Vi # Vi,. Now to write the energy interaction equation for the conume shown in

Figure 5.2, it can be noted that power transmitted by theHaedtfour components:

e atension-velocity termi['V/

; T2V
e a strain energy ter A

e kinetic energy term;pAV?

e potential energy termrgpAV gz

With these terms identified, the energy equation for thercbmblume shown in Figure 5.2

can be written as

172V 1
TiVi+==LL 4 ZpAVP + pAViz =

2 FA 2
172V, 1 )
P+ T,V + 5 Eh]A + 5 AV;? + pAVz, + Oy

whereP, is the power lost in the form of heat dissipated. If the kinetergy and potential

(5.3)

energy due to change in the belt height are neglected, traiegucan be written as:

. 1
Py = =mfy + (TVi = TVi) + 5 (TPVi = TRVh). (5-4)

Now, to relate pulley velocity to the cable velocity, coresithe two possibilities:

1. Slip does not occur at poit. Thus the angular velocity of pulleég may be com-
puted as

6, = 4. (5.5)
Ty

2. Slip does not occur at poiM. Thus the angular velocity of pulledg may be com-

puted as
_ Y

Oy . (5.6)
Ty
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Now, if the first possibility given by (5.5) is substitutedan(5.4) along with the velocity
ratio given in (5.2), power losB, can be written as:

Oy

P=Ta

n—ﬂﬁn—gn+ﬂw@?}. (5.7)

And if the second possibility given by (5.6) is substitutetbi(5.4) along with the velocity
ratio given in (5.2), power losB, can be written as:

0 1 T?
Po= W0 0 [T - 5+ T - 5| 59)

- FA 2EA
The second law of thermodynamics requires that the powstleslways greater than
zero. So, the power loss given by (5.7) is a valid expressibie.power loss given by (5.8)
is always negative and violates the second law of thermadiocsga This means that the slip
arc includes the final point of contact, thaBis

The next section presents calculation of the angle of tipeast.

5.3 Calculation of the slip-arc angle

Consider the pulley-web system as shown in Figure 5.3. By siragijuments given in
[77], and also by the argument given in the earlier sectioartbe shown that for constant
angular velocity, there exists only one slip arc and it lreshie trailing edge of the pulley
as shown in Figure 5.3.

If it is assumed that the only non-negligible strain is ldadinal strain, it can be con-
cluded that the belt tensidfy will remain the same all through thtbe adhesion arand
the entire tension transition occurs in ®lg arc, as shown in Figure 5.3.

Consider a small element of the belt in the slip arc as showngar€é 5.4 where the
angled is measured from the beginning of the slip arc. It is assurhatthe pulley exerts
a normal force per unit lengft(s) and a tangential friction force per unit lengfhs). Due
to this friction force, the belt tension changes by an amaiinbetweery andd + df. Since
we are assuming that the pulley rotates with constant angelacity, the tangential accel-

eration is zero and the normal acceleration is the cen#lipeteleration. A summation of
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T, = Low side tension

T, = High side tension

B = Angle of wrap

@ = Slip arc angle

e = Angle of the element

w = Angular velocity of roller

Figure 5.3: Slip arc in the region of contact

the forces in the tangential direction and the normal dioaagives:

> Fo=0: chos(d )+ f(s)R(df) = 0, (5.9)

Z F, = —(pAds)Rwj : —(2T + dT) sin(%e) + p(s)R(df) = —pAR*w2(df). (5.10)

In writing the force balance for the normal direction in ®),lit is assumed that the velocity
of the belt is equal to that of the pulfey

Since the belt slides against the pulley in the slip gi@,) can be written as-up(s)
wherey is the coefficient of friction. Substituting thj&s) into equations (5.9) and (5.10)

and simplifying yields a single differential equation fof@Y:

— — uT = —pupAR*W?. (5.11)

1This is justifiable as the termAR2w?2d6 is very small as compared to other terms in the equation (5.10
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T+dT

Figure 5.4: An element of the belt in the slip arc

Equation (5.11) can be solved with the initial conditibf¥ = 0) = 7 to get the solution
as:

T0) = (T, — pARZwi)e’w + pAR*W?. (5.12)

It can be seen that the equation (5.12) boils down to the famequatioril}, /7, = e** at
6 = o if we neglect the effect of the terpd R*w?.
We can find the angle of the slip ak¢py noting that at! = ¢, T(0)=T}:

1 |:Th — pARQw}%} (5.13)

=—1
¢ wo T - pARW?
The analysis presented in the earlier sections applie®tpdlticular case of a roller rotat-

ing at a steady speed of. The case of variable roller speed has to be investigated.

5.4 Contact region between the web and the roller: A closer ok

To begin with, consider the case shown in Figure 5.5 wheredy lias resting on body
2. It can at once be seen that if the tangential fdrces steadily increased, the frictional
force F, also increases steadily as shown in the graph in Figure So®ekkr, ;. will not

increase beyond a limit, the limiting force of friction, evthoughF; is increased beyond
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= B

= Coefficient of friction
Normal force | ‘
F

U
Fy =
F, = Tangential force
F, = Force of fiction

o——(——O—

1= Region of adhesion
2= Region of slip

Figure 5.5: Friction force and regimes of contact

this limit. This indicates that beyondF;, on both positive and negative axesiof sliding
motion of body 1 starts.

This idea can be extended to the web on a roller as shown ind=l6. Consider the
web in its flat position with force®;, and7,, = T3, applied on its ends as shown in Figure
5.6. Now wrap this web around a roller of radius R with a wraglarof « maintaining
the same load on the web. By intuition, we can see that thesstigsn the web remains
the same even after wrapping. Each element of the web, amshdwgure 5.6, exerts a
normal component of forcéF,, on the roller. From the geometry shown in the figure, we
can say that

dF, = 0 A dg. (5.14)

In reality, the web is a continuous material with theordlycafinite elements like the ones
shown in Figure 5.6. However, for analyzing the behaviorhef web in the nip region,
consider that the web is made up of a finite number of links eoted by springs (to
indicate the stiffness of the web), as shown in Figure 5.7.

With this discretization, the normal force exerted by eatcthe elements on the roller
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T20

Figure 5.6: Contact of a web around a roller

can be written as given in equation (5.15).

AF, = 0 AA. (5.15)

If the forceT5, is now increased very slowly, the force applied to the righthe link 1
will be greater than that to the left which still has the valyg. The incremental force in

the tangential direction is given by:

AF, ~ do A. (5.16)

This incremental tangential force produces a frictionatéogiven by:

AF, = AF, < uAF,. (5.17)

The frictional force increases along with the tangentiatécas long as the tangential force

is less than the limiting force of friction thus keeping theklI1 at rest. When the tangential
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10

20

Figure 5.7: Web considered as elements

F.o F.o

F = Force in the web

o = Stress in the web 3
_ Distance from initial

X'= point of contact

(a) Discretized elements (b) Continuous web

Figure 5.8: The force distribution in the contact region

force reaches the maximum value,
AF, = AFR pmaz = pAF, = noA(Ag). (5.18)

When the tangential force increases beyond this limit, thlerhoves §lideg thus stretch-
ing the spring which produces an incremental force on linkA& this force is further
increased, the link 1 keeps on moving but the link 2 stayssttiéthe incremental tan-
gential force on it increases beyond the limiting force aftion. When once the tangential
force on the link 2 crosses the limiting force of frictiomHKi2 starts moving thus stretching
the spring and causing an incremental force on link 3 and sd bis process opropaga-
tion continues till the incremental tangential force is not egtoto move a link. This will

be the starting point of the region of adhesion.
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With this line of thought, one may identify two distinct regs in the contact region:
1. aregion of slip with variable forcand

2. aregion of adhesion with constant force

And also, an idea of the relation between the tangentiakfetress/strain and the distance

from the initial point of contact between the web and theerotian be arrived at as shown

in Figure 5.8.
This idea can be extended to the case of a web on a roller andwafer that in the nip

region, there could be a regime of adhesion as shown in Fig@rdt is reported [35, 78]

n

T

Figure 5.9: The three regions of contact

that the area of contact could be divided into three distiegions as shown in Figure 5.9.
The boundaries between these regions are representgchad 5,,. Let 7(x,t) be the

tension in the area of contact where x is the linear distarm® fentry point of area of

contact.

The three regions are defined as:

1. 0 <z < R,v, : Anentry region of slip

Here the tension will satisfy

HnX
+
Te(x,t) = Thoa(t)e Fn (5.19)
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The sign is determined by the sign e%ﬁ).

2. Ry, <z < R,[0,: A central region of active adhesion

In this region the tension is "frozen” into the material ahd equation in this region

is:

arTe oTe
L —— = 5.20
ot +V ox 0 ( )
If we assume thalt;,=U, a solution of (5.20) can be written as:

c _ _
Tie,t) = To(t - ) (5.21)

3. R.G, <z < R,a, : An exit region of slip In this region, the tension is:

T
Tpun(H=—an)

T(x,t) =T,(t)e  Bn (5.22)

The boundaries of the regions and/,, are determined by equating values Tz, t).
Rnyn

At boundaryy,, : T, (t)eEHnm = T, (t —

Rnﬁn
U

) from (5.19) and (5.21).

At boundaryg, : T,,(t — ) = T (t)etrn(Bn—an) from (5.21) and (5.22).

5.5 Propagation of tension waves

Leamy [12] considered the behavior of incomimgrmonic tension waveshen they im-
pinge upon the support as shown in Figure 5.10 . It is showrsipdper that a part of these
harmonic waves are reflected back and only a part of thesetgahe region of support.
Since this situation is similar to the case of a web suppdiyea roller, we briefly consider
it.

The displacement*(z*, t*) of the belt shown in Figure 5.10 is seen to be governed by

the nonlinear wave equation (5.23):

(5.23)

B B ot*

OPu* prA* *u* uN* ou* .
0r? B A or?  peA " ( ) Hz") =0
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on the infinite domain (oo < z* < +00 ) wherel™*, p* and A* are the Young’s Modulus,
volume density and cross-sectional area of the rods the coefficient of friction at the
supporting surface in the regiari > 0 whereN* is the normal force per unit lengtisgn
denotes theignumoperator while H¢*) is the Heaviside step function.

P*
T =— sinfjw ( -x"1/¢ .
; 2 S ) uw(x ,t) x=o N

Figure 5.10: Tension wave propagation in elastic medium

The rod is assumed to be subjected to a steady train of hacnb@msion waves of

amplitudeP* /2 radiating to the right from* = —oc and is defined by

T = L sin [w* (t* — x—)] (5.24)
2 c*
where
ou*
T (" t") = E*A*— 5.25
(", 47) = B AT (5.25)

is the tension in the belt,* is the excitation frequency and = \/g is the longitudinal
wave speed.

Equations (5.24) and (5.25) can be non-dimensionalizeeé fige the following dimen-
sionless quantities:

[UN*E* A*
u = 7P*2

#* (5.26)
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These equations are:

0’u  0*u ou
T - %Sin Ot — 2)] (5.28)
_ T Ou
where
w* P*
Q= N (5.30)

The behavior of the dimensionless equations (5.27)-(5c28)be classified based on the
single, dimensionless paramefers given by equation (5.30).

The above equations were solved under the condition thitueslkftward moving waves
(that is, the waves that are reflected from the frictionalpsuf) are absorbed upon the
reaching the end and that a loadsaf €2¢ is applied in the unsupported region to generate
the harmonic waves which impinge the frictional support.

The following observations were made:

1. At small values of?, the reflected waveform is nearly harmonic and nearly in @has

with the original wave.

2. For small(2, the support creates a nearly perfect reflection and the io@gof the
tension at the entrance to the frictional support is neavige the amplitude of the

incoming wave.
3. AsQ)increases, the penetration distance stretches slightly.

4. At sufficiently high(2 (such a£2? > 10), nearly all the energy of the incoming waves

is absorbed by the support .

Though the belt drives considered in [2,4, 8, 12] and the webgssing lines have a
semblance, namely a material passing over pulleys/rolleey differ in one respect. The

belt drives are closed-ended and the same belt loops arbenultleys whereas the web
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processing lines are open-ended with an unwind roll (or Weetning process) at one end
and rewind roll (or cutting process) at the other end. Subsetly, dynamic models were
developed for web process lines [79-82]. Modeling of a nepsp press is considered
in [79] and it was concluded that for good printing, it is nesa&y to regulate the tension
to within a few percent at all times, regardless of distudesnor irregularities. From
then on, considerable attention is given to modeling welsgss lines and tension control.
Dynamic models of paper-making and converting machinedytansion control schemes
were reported in [80—-82]. These models assumed perfecsadfizetween the web and the
roller. A rigorous mathematical background for includirggage between the web and
the roller was reported in [34, 35]. Following this work, sgansion dynamics, condition
for slippage and computation schemes for slip arc angles vegrorted in [78,83]. These
analyses were too complex and are not amenable for use inte@kscheme. This paper
proposes a model of span tension dynamics to include wetegjga As an initial step, the
case of web slipping over the entire contact area is corsilceamnd a static model of traction
between the web and roller is used.

The remainder of the chapter is organized as follows. Seé&ti® presents the dynamics
of web tension in a free span. The effect of web slippage omspla@ tension dynamics is
presented in Section 5.7 followed by Section 5.8 which prissan example to show the

effect of slippage. Summary and future work are present&kation 5.9.

5.6 Dynamics of web tension in a free span

Dynamics of web tension in a free span, as shown in Figures®iénived in [34,35,74-76,
78, 83] using the conservation of mass principle which ismmanized below. Consider the
control volume shown in Figure 5.11. For the control volume considered¢tmeservation

of mass principle for any time duratiakr may be written as,
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Control )
Rolle&ﬂ—l) Volume i Roll\e:\i ; Roller{;l) §
wi_{ ; Wit1
€1,y &, L l ) €1y by \U )
Span (i-1) Tl_’l Span iTi’ Span (i+1vi+1
| L | |

L

i | i+1

>

Figure 5.11: Control volume considered for deriving web i@mslynamics

Mass of unstretche Mass of unstretche Change in mass
strip entering - strip leaving = | of unstretched strip| - (5.31)
control volume control volume in the control volum

Substituting mathematical expressions for the masses3a )5

pAvi AT pAvAT ( pAL; )
(1—|—€i,1) (1+€z) N (1-}—&])

wherein it is assumed that ; = p; = p;s1 = pandA4,_; = A, = A1 = A. Taking

(5.32)

limit as A7 — 0, simplifying (5.32), and using the relatian = E Ae;, the web tension

dynamics may be written as
Lit; = vi_1ti_1 — vit; + EA(v; — vi_1). (5.33)

It may be noted here that_; andv; used in equation (5.33) are velocities of web material
and not the roller peripheral velocities. When perfect adimesetween the web and the
roller is not maintainedy,; # v;. On the other hand, when there is perfect adhesion, the
roller peripheral velocity is equal to the web velocity.; = R,w; = v; and the tension

dynamics may be written as
thz = Ur,i—lti—l — Ur,iti + EA(Ur,i — Ur,i—l)- (534)

Equation (5.34) indicates that, any disturbance in spasidan;_, affects only the down-
stream tension. Thus, the span tension model (5.34) doealloat propagation of ten-
sion disturbances upstream. It can be seen, as the slip mivdalin subsequent sections

present, that tension disturbances in one span propagdute bstream and downstream.
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5.7 Slippage within the region of wrap

Consider Figure 5.12(a) which shows free-body diagram of ow&l as it is slipping over
the roller (¢ — 1). In Figure 5.12(a)F;_, f is the effective frictional forceF;_, , is the
effective normal force. The direction of the frictional éeris chosen to reflect the case
t; < t;_1. The normal and frictional forces can be computed by comnsigein element in

the contact region as shown in Figure 5.12(b).

(b) An element in the contact reg

(a) Friction force and the normal force

Figure 5.12: (a) Friction and normal forces and velocitiesrdry and exit when the web
slips throughout the contact region.(b) An element in thetact region and forces acting

on it.

Force balance along the andy directions for the element shown in Figure 5.12(b)

do do do
dF;_1,5 = tcos (7) — (t + dt) cos <?> = —dtcos (7> : (5.35)

do do do
dF;_1, = (t +dt)sin (?) + tsin <?) = (2t 4 dt) sin <?> . (5.36)

gives

As df — 0, we note thatin(df/2) — df/2 andcos(df/2) — 1. Ignoring the product
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dt - df /2, the force balance equations are written as

dF,_ 1, =t db, (5.37)

dF;_1 5 = —dt. (5.38)
Integrating equation (5.38) over the entire slip regionolv&in,
Fi 1 p=1ti1—t. (5.39)

Using equations (5.37) and (5.38) in the equatidy_, ; = pdF;_,,, wherep is the

coefficient of friction, we obtaingt /t = —udf. Integrating within the limits, we obtain,

‘dr @i
/ 7 = —IU/ do = t= ti_le_uaifl. (540)
ti—1 0

Using equation (5.40) into (5.37) and integrating over thigre contact area, we obtain

Qi—1 ti, .
E—l,n = / dF;;_Ln = ti—l/ 6_“9d9 = L |:1 — 6_M0%71:| . (541)
contact 0 K

Equations (5.41) and (5.39) give the effective frictioncand the effective normal force
when the web is slipping over the entire arc of contact. Tewmheine the relation between
the velocity of the web and the peripheral velocity of thdeo(v, ; = R;w;), a model of

the traction between the web and the roller needs to be used.sGch model [84] that
combines stiction, Coulomb friction and viscous frictionsisown in Figure 5.13. The

model shown in Figure 5.13 can be expressed as

Fi—l,f =aq- Sign(vr,i_l — Ui_l) +b- (Ur,i—l — Ui—l) +c- (S(Urﬂ'_l — Ui—l) (542)
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Figure 5.13: A model of traction between the web and therolle
where
a = p'F;_1, = Coulomb frictional force

¢ = pokF;-1,, = Stiction force

(

5 1 if z=0
- |0 otherwise ’ (5.43)
([ 1 if z<0
signz) =49 0 if z=0
1if >0

andb is the slope of the friction characteristics. Combining diqunes (5.39), (5.41), (5.42),
and (5.43), we obtain

(5.44)

Vi—1 = Upj—1 —

wherep = 1/ / .

It may be noted that when the tension in the span is slowly gingras defined by the
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condition [78, 83]

K Uri—1

R4

dt;_y
dr

i1, (5.45)

there is an entry region of adhesion and slip occurs onlylaaves the roller, as shown in

Figure 5.14. When equation (5.45) is satisfied, equatiordb)5.(5.44) may still be used

®;_, = Slip arc angle

@_, = Angular velocity of roller

Figure 5.14: Slip under the influence of slowly varying tensi

to find the velocity of the web; however, the angle; needs to be used in place @f ;.
The method of computing the angle ; is illustrated in [85].

When the span tension does not satisfy the condition (5.48)ctontact area may be
divided into three regions [83] as shown in Figure 5.15. Cainguhe anglesy; ¢, 5;_1
and developing the dynamics of span tension to include tleetadf loss of adhesion is a

complex problem and is deferred as future work.
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Figure 5.15: Three regions of contact.

5.8 An Example

Consider the free span shown in Figure 5.16. The tension dgsaor span 2 may be

written using equation (5.33) as
LQZEQ = Ultl — UQtQ + EA(UQ - ’Ul). (546)

It is assumed that the web is not slipping over the roller 1hsd#; = v,; and that the

i L2 ;:

[l
[
| [

|
|
I

A%

|
|
-

Figure 5.16: A free span.

web is slipping over the roller 2 so that, # v,. The velocity of the web moving over the
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EA 40,000 Ibf Lo 10 ft

b 2000 Ibf-sec/ft| ay 7/2rad
w=po | 0.1 T4 0.02

t1 40 Ibf to(0—) | 42 Ibf
t3(0—) | 42 Ibf v1(0—) | 1000 ft/min

v1(04+) | 1001 ft/min | v,5(0—) | 1000 ft/min

v-2(04) | 1001 ft/min

Table 5.1: Numerical values used for simulation

roller 2 may be obtained by using equation (5.44).

U2:U7«72—% 1—]9(1—6”0[2)—?—2

(5.47)
The velocity of web given by the last equation above may bel us€5.33) to include
the effect of slippage. Notice that a disturbance in tensioafects the web velocity,
given by equation (5.47) which in turn affects web tensigmiven by equation (5.46).
Thus, tension disturbances downstream of the roller affextdynamics of the upstream
dynamics when there is slippage on the roller.

To highlight the effect of slip, a step change in the refeeevelocities of rollers 1 and
2 in Figure 5.16 is considered and the response of tertgsiscomputed and plotted as

shown in Figure 5.17. Numerical values used in the simuladi@ shown in Table 5.1.

Figure 5.17 shows three plots:

1. The dashed line shows the response,afinoring the slippagey,; = v;. When
there is no slippage at both the rollers, simultaneous aéhamthe velocity of both
the rollers does not change the tension. It may further bieeuwthat any tension
disturbance in the downstream tensigrdoes not affect, since the span tension

model without slippage (equation (5.46)) is independent .of

2. The solid line shows the responseptonsidering slippage at roller 2,; = v, and

vr2 # V2. INthis case, the actual web velocity computed from (5.4 Tiseed in (5.46)
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186.51 2 2 2 15

186 i EEEE
- = No slippage, no disturbance
— With slippage, no disturbance
- With slippage and disturbance

185.5 : : : :

0 0.2 0.4 0.6 0.8 1
time (sec)

Figure 5.17: Response of tensigrfor a step change in, » in Figure 5.16

to compute the response @f As seen in Figure 5.17, variations in tension are seen

even when no disturbance is assumed in tensjon

3. The dotted line shows the response considering slippagder 2 and also a small
tension disturbance in spant3,= 42 + 5sin(4xt). Equations (5.46) and (5.47) are
used to obtain the responsetef When the web slips at all points of contact in the

contact region, any tension disturbances;iraffect the span tensian, as shown in

Figure 5.17.
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5.9 Summary and future work

This chapter considered slippage of a web on a roller anepted a few issues such as the
location of the slip-arc and the angle or slip-arc using artteelynamic approach. Further,
assuming that the web slips over the entire region of wraghemdiller, a dynamic model
is presented to include the effect of slippage on web terdyoamics. It is shown through
the model that tension disturbances propagate not only stogam but also upstream if
there is web-slippage on rollers.

When the web tension is slowly varying, the web may not slipr tive entire region of
wrap; there will be a region of adhesion followed by a regibslip as shown in [78, 83].
In such cases also, the method shown in this paper can bedjylreplacing the angle of
wrap with theslip-arc angle

However, when the web span tensions on either side of therrate varying fast, the
contact between web and roller may be divided into threeoreggi (i) an entry region of
slip, (ii) a region of adhesion, and (iii)) an exit region oips| Method of computing the
entry slip angle, exit slip angle, conditions under whichteaf the three regions exist, and

the effect of these regions on the span tension dynamicsesved for future work.
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CHAPTER 6

Decentralized Control of Web Process Lines

A web processing line is a large-scale complex intercormtbdynamic system with numer-
ous control zones to transport the web while processingweh processing line typically
consists of an unwind roll, several web spans supportedibgrdidle rollers, and a rewind
roll. In such systems one is interested in designing compait to the unwind motor, the
rewind motor, and each of the driven rollers to maintain vestsion and web-velocity at
prescribed reference values. It might be noted that theipdlysize of the process line in
most cases is very large and the various drive motors andteuslocity sensors located
at various points of interest may be situated far apart. Gpresgly, it is convenient to im-
provise control design algorithms that use only informatwailable from tension/velocity
sensors nearest to the drive motors, thus allowiecentralization The ease and flexibility
of implementing controllers formed an important motivatior the design of decentral-
ized schemes, not only for web processing applicationsrbutany other areas over the
past two decades (see for example [86-93]). This chaptesiadens the design of a de-
centralized control scheme for a web process line and pieses results obtained from
a state-of-the-art experimental platform, the High Speeab \Mne (HSWL) in the Web
Handling Research Center (WHRC), Oklahoma State University jOB&fore presenting
the dynamic models, and the control design developmenh®HSWL, a brief review of
prior work on decentralized control is presented below.

In [86], a survey of early results in decentralized contrblavge scale systems was
given. Stabilization and tracking using decentralizedpdigia controllers was considered

in [94] and sufficient conditions were established whichrgngee boundedness and expo-

142



nential convergence errors; this result was provided fercdise where the relative degree
of the transfer function of each decoupled subsystem isthessor equal to two. Decen-
tralized control schemes that can achieve desired robuBirpence in the presence of
uncertain interconnections can be found in [89]. A largeybaiditerature in decentralized
control of large scale systems can be found in [90]. Considesystems with matched
interconnections, in [91], it is shown that in strictly dat@lized adaptive control systems,
it is theoretically possible to asymptotically track thesded outputs with zero error. A
decentralized?., scheme for web process line is presented in [95, 96] in whingatized
models were presented and design of controller is illustkaf his work did not consider
the change in the radius of the unwind (rewind) roll as itasks (accumulates) the mate-
rial.

The remaining part of this chapter is organized as followscti®n 6.1 presents the
dynamic models for various segments of the HSWL; the propesetrol scheme is il-
lustrated in Section 6.2; results from experiments are shiowSection 6.3 followed by

summary of the chapter in Section 6.4.

6.1 Dynamic Models

Description of the HSWL and the existing control scheme aesgmted in Chapter 4.
Notice that the existing control scheme shown in Figure €.8 decentralized Pl-control
scheme and is widely used in the web handling industry. Thahig scheme carries with
it the benefits of decentralized control, it is often impletes without using a model of
the plant. Consequently, tuning the proportional and irlegains is a tedious process.
Besides, the performance of such control schemes is limitecn effort to establish a
decentralized scheme that surpasses the performancewidbly used Pl-controller, dy-
namic models of the various sections in the HSWL are preseantdds section and the
control scheme is developed in Section 6.2. The remaindéni®fsection develops the

dynamic models of each of the sections in the HSW4., the unwind section, the master
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speed section, the process section, and the rewind section.

6.1.1 Unwind Section

The unwind section shown in Figure 4.2 consists of the unwatid the drive motor, any
gear/belt reduction scheme, and web-spans between thadin@i and the master speed
roller (M1). The control torque exerted by the drive motodesignated by, and the
speed ratio between the motor shaft and the unwind roll shdésignated byi, thus the
torque on the unwind roll shaft isyuy. The state variables associated with the unwind
section are the tensiom,§ in the span and the web-velocity,j. It may be noticed that
most of the existing literature assumed the radii and ia@ftthe unwind/rewind rolls to be
slowly varying quantities. Such assumption, though vadidéw speed applications, need
not be true particulary for high speed applications. Thotngheffect of varying roll radii
and inertia are accounted in [97], this work considers omlg Gree-span” (that is span
with idle rollers at both ends) between the unwind roll arelréwind roll and is applicable
to high-speed, low tension tape transport systems. Thisosgaroposes a general model
for the unwind section of a web processing line which inciithe time-varying roll-radius
and roll-inertia.

To derive the velocity dynamics of the unwind roll, consitles free-body diagram of
the unwind roll given in Figure 6.1. Since the unwind roll eeasing the material, the

inertia in the unwind section may be obtained as
Jo(t) = 13 Jmo + Jeo + Juwo(t) (6.1)

whereJ,,q is the inertia of the rotating parts on the motor sidg,is the inertia of the driven
shaft and the core mounted on it, aig(¢) is the inertia of the web material. Notice that
the quantities/,,,o and.J., are constants whereds,(t) is a time-varying quantity since the
unwind roll is releasing material. The inertig, at any instant of time may be computed
as

Juolt) = Swp(R(t) = RYy) (62)
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Unwind Roll

|| Web material
Core
Core Shaft

Figure 6.1: Cross-sectional view of unwind roll

wherew is the web widthyp is the density of the web material, afi is the radius of the
material roll at timet. Applying Newton’s second law to the free-body diagram giue

Figure 6.1, we obtain

d
E(Jo&)o) = thQ(t) — NoUug — bfou}()
(6.3)
= Jowo + woJy = thg(t) — NoUg — bfo(x.)()

wherewy is the angular velocity of the unwind roll argl, is the coefficient of friction in
the unwind roll shaft. The rate of change.g(t) is only because of the change.ip,(t),

and from equation (6.2), the rate éf(¢) is given by

Since the linear web-velocity{) and the angular velocity.) are related by, = Rywy,
substituting (6.4) into (6.3), we obtain
Jo . bo Ro"Uo

— Vg = thO — NoUg — LU[) +

Rq Ro R2

Further, the rate of change of radiug,, is a function of the transport velocity, and the

Jo — 27prR(2)R0.v0 (6.5)

web thicknessj, and is approximately given by

0 Vo (t)
21 Ry(t)

0~

: (6.6)
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Using (6.6) into (6.5), we obtain

JO . bf[) (5 JO
ﬁovo =t1 Ry — noug — Fovo — on e (R_(% — 27?pr3) vg (6.7)

Dynamic behavior of the web tensiof, in the span immediately downstream of the

unwind roll is given by [35, 78]
th.1 = AE[Ul — Uo] + to’Uo — tﬂ)l (68)

whereL, is the length of the web span between unwind roller (MO) andteraspeed roller
(M1), A is the area of cross-section of the wébjs the modulus of elasticity of the web
material, and, represents the wound-in tension of the web in the unwind Exduations

(6.7) and (6.8) define the dynamics of the unwind section.

6.1.2 Master Speed Section

As explained in Chapter 4, the purpose of master speed rellerimpart the prescribed
transport velocity to the web. And hence, we consider ongywiblocity dynamics of the
roller, which may be written considering the free-body déag shown in Figure 6.2 as

Master Speed
Roller

1 t

Figure 6.2: Free-body diagram of master speed roller.

bp
1

—Ul = (tg — tl)Rl + njuy — Fvl (69)

6.1.3 Process Section

The state-variables for the process section are the spaiotety, and the web transport

velocity, v,. The web-velocity and web-tension dynamics may be readitgioed on the
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same lines as in the previous two subsections. The dynamagg\en by

L2t2 = AE[UQ - Ul] + t1v1 - tQUQ (610)
Ja . b
R_QQU2 = (tg — tg)RQ + Noug — Rizvg (611)

6.1.4 Rewind Section

The state-variables for this section are web-tengigand web-velocityys. The dynamics
of this section may be obtained along the same lines as ina$e af unwind section and

the dynamics are

L3t3 = AE[U;), — Ug] + t21)2 — t3'U3 (612)
J3 . bf3 5 J3
E'Ug = —t3R3 + nguz — R—3U3 + i Es R_g —2mpwR3 | v3 (6.13)

Notice the similarity of the terms in equations (6.7) and.8j.and the change in the signs
of these terms. Equations (6.7) through (6.13) represertythamics of the web and rollers
for the web line configuration shown in Figure 4.2. Extendiomther web lines can be
easily made based on this model. For the web process linebdkia a series of process
sections between the master speed roller and the rewinderplations (6.10) and (6.11)
can be written down for each process section. With the dycsofithe plant given, Section
6.2 gives details of control design. Two control designsprogposedyiz.,a non-adaptive

design and an adaptive design.

6.2 Proposed Decentralized Control Scheme

The objective of the control design is to regulate the welsiten in each of the tension
zones while maintaining the prescribed web transport wglo€his objective is achieved
in a two step process: (i) compute the control input requicekeep the web line at the
forced equilibrium, and (ii) computing additional compatign that is needed to provide
error convergence to zero in the presence of disturbanteseltwo steps are described in

Sections 6.2.1 and 6.2.2 respectively.
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For each section, define the deviations of state variabbes fineir respective reference
values as:T; = t; — t,; andV; = v; — v,;, Wheret,; andv,; are tension and velocity
references, respectively; andV; are the deviations in tension and velocity, respectively,
from their reference values,., as the control input that maintains the forced equilibrium
at the reference values, abl = u; — wu,, is the variation of the control input.

First a few preliminary results and definitions useful in gneof of stability are given

below followed by decentralized control design procedure.

Definition 6.1 [98] SupposeA € C"*™ has no eigenvalue on the imaginary axis. Let
U c C™™ be the set of matrices with at least one eigenvalue on the maagexis. The

distance fromA to U is defined by

54(A) =min{||E|| : A+ E€U}. (6.14)
It can be shown that [98]
0s(A) = min oy (A — jwI). (6.15)
w€eR

Lemma 6.2.1 [98] Let p > 0 and define
A —pl
H,= . (6.16)
pl —AT
ThenH, has an eigenvalue whose real part is zero if an only # ¢,(A). This theorem
characterize9;,(-) by
ds(A) =inf {p : H,is not hyperboli¢. (6.17)
Algorithms to computé,(-) are illustrated in [98—100].

Lemma 6.2.2 [101-103] Consider the Algebraic Ricatti Equation
AP+ PA+PRP+Q=0. (6.18)

fR=R" >0, Q=Q" >0, Ais Hurwitz, and the associated Hamiltonian matrix

A
H = is hyperbolic, i.e.H has no eigenvalues on the imaginary axis, then

—Q —-AT
there exists a uniqu€ = P" > 0, which is the solution of the AR(B.18)
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6.2.1 Equilibrium Control and Reference Velocities

The velocity dynamics in the unwind section can be written as

J b
—OVO (T7 + tr1)Ro — no(Up + peq) — ﬂ(% + vyo)
RO RO
) Jo Jo
— m (R2 27prR ) (% + UTO) — EO'UTO (619)

SettingT; = V; = 0, T, = V; = 0, the input that maintains equilibrium at the unwind

section is given by

Upeqg = — Vo + —1n
q RQ

byo Ry, & [
nORO N noRO 0 27TTLOR0

27?pr0> Vro- (6.20)
The web tension dynamics in the unwind section can be wraten
LlTl = AE[(% + Uﬂ) — (‘/0 + U,«())] + to(‘/o + Uro) — (Tl + tﬂ)(‘/l + UH). (621)

Again, for equilibrium at unwind section, substitife= V; = 0, 7, = V; = 0 into (6.21)

to obtain

AE —t,4

= .. 22
Uro AE — to Ur1 (6 )

Substituting (6.22) into (6.19) and (6.21), the variaticshynamics of the unwind sec-

tion can be written as

LTy = AE[(Vi — V)] + toVo — Thvp — Vit — VA, (6.23)
JO b 10 5 J
EVO TRy — noUy — FOVO Eye) ( 72 27rpr0) (VE+20,0V0).  (6.24)

Assuming the product of variation$;;, is negligible, the variational dynamics can be

written as

3
to=| | = Aowo — Bolo — Bofo(Vo) + D Aoj; (6.25)
Vo j=1
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where

—vp /Ly —(AE —ty)/L 0
Ao _ 1/ 1 ( 0)/ 1 : Bo _ :

R2/Jy ~byo/Jo noflo

AE _ trl T (626)

AOl = T’ 0 )
1
6 Jo 2\ o

MW—WMOEAWM%%+MM)

andAq, and Ays are null matrices.
For the master speed roller, similar equilibrium analysieg the following velocity

variation dynamics:

Ji - b
V= (Ty — )Ry + Uy, — L1 (6.27)
Rl Rl
wherelU; = u; — w1, and
by R,

(tr2 - trl) + (628)

1 .
Uleq = — 75 Ur1 — — —— Ur1-
I ny Ry ny ny Ry

Sincex; =V, dynamics for the master speed roller can be arranged inxiiatm as

3
.fl = ‘/1 = All’l + B1U1 + Z Aljl’j (629)

=0,j#1

where

—b mR —R? R?
Al - J—lfl7 Bl - %7 AIO - |:TIIJO:| ) A12 - |:71170:| ) A13 - [070] (630)

For the process section driven roller, the reference vii@aid the equilibrium input

are given by
AE —t,
Urg = (F—t;) Ur1, (6.31)
bya Ry 2 .
g = — Vg — — (ty3 — t, ——Dya. 6.32
Ueq n2R202 ng( 3 2)+n2R21}2 ( )
Therefore, the variational dynamics in the process sedigiven by
D 2
T = . == AQIQ + B2U2 + Z AQjZEj (633)
Va 5=0,5#2
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where

—vpo/Ls (AE —t,9)/L 0 el
4y 2/L2 ( 2)/ Lo B, — A= |7 7
—R2/J, —bya/ Jo n2ftz 0 0
(6.34)
tn—AE 17 0 0
Ay = Tﬂ A3 = |
7 0
The dynamics of the rewind section is given by
T
@3 = | | = Aszs+ BsUs + Baf3(V3) + Z Az (6.35)
VES j=0,j#3
whereU; = u3 — us., and
AE —t,q
Ur3 = (M——trg) Ur1, (6.36)
U ——Up3 + fty g+ —— Js
3eq — 3R3 r3 ns r3 3R3
o J3 J3
- 2 '3, 6.37
27TTL3R3 (R2 prRZS) Ur3 + 3R3U 3 ( )
Uy tro—AFE
A3 _ —Urg/Lg (AE — trg)/Lg 7 BS _ 0 ’ A32 _ L_j QT |
—R3/Js —by3/Js nafty 0 0 (6.38)
F3(Vs) = 0 s o w2 (V2 4 20,5V3)
B ona R Rz pwity 3 Ur3V3
6.2.2 Feedback Control Design
Choose the decentralized control input for each sectioneoivib line as follows:
Uo = —fo(Vo) + K; 2o (6.39)
Uy =—K{ (6.40)
Uy = —Kj 13 (6.41)
Us = — f3(Vs) — K3 a3 (6.42)
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wherekK;,i = 0, 1, 2, 3 are feedback gain vectors. The dynamics of the system unege t
decentralized control inputs becomes
N
J=0,5#i
where 4; := A; — B;K;'. To generalize the problem to any web processing line, we
consider the general case of the above dynamics, thatds/ = {0,1,2,...,N}. The

following theorem gives the stability result.

Theorem 6.2.1 The equilibrium;z; = 0, of the dynamics given [{$.43)is asymptotically

stable, if the feedback gain vectdks are chosen such that
0s(A;) > &VN (6.44)

whered,(A;) denotes the distance to stability of matrixas given in Definition 6.1 and

N
Z 77]217 Nij > Umax(Aij)-

=0,

Proof. Consider the following Lyapunov function candidate:

N
=0
whereP; are symmetric positive definite matrices. The derivative @long the trajectories
of (6.43) is
N N
=D ol (ATP+PA)wi+ > Qal P Ay +u]Aj Py o| - (6.46)
i=0 =0 | o 71" "

Using the inequalityy" 3+ 8T < a'a + 473 in (6.46) we obtain

N
V() <Y [2] (A P+ PA)x + Na) (PP +sz (AL Ay)z;.  (6.47)

=0 =0 j#i

Also, one can obtain the following bound for the last term@ri{) as

SN A <> S i _z( 3 )

1=0 j=0,j7#1 1=0 j=0,j7#1¢ =0 \j=0,j#¢

&2
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As a result) satisfies
] N
V() <Y a] (ATP + PA+ P(NI)P; + 1)z (6.48)
=0

If there exist positive definite solutiorf3 to the Algebraic Ricatti Equations (ARES)

AP+ PA+ P(NIP,+ (& +e&) =0 (6.49)
then
) N
V(z) < — Z €1, T (6.50)
=0

andV (z) qualifies as a Lyapunov function. And hence the equilibrivwmpz; = 0 is
exponentially stable.

Proof of Theorem 6.2.1 now rests on the existence of symagbsitive definite matri-
cesP,; to the ARE (6.49). To this end, we invoke Lemma 6.2.2 and wheHamiltonian
for the ARE (6.49) as

A; NI
H; = (6.51)
—(&+e)l —AT

The eigenvalues of the Hamiltonidhy may be obtained by writing

sl — A; —NI

det[s] — H;] = B
(& +e) sI+ AT (6.52)
= det[(sI + A} )(sI — A}) + N(& +€&)I] =0
\ ~ _
From (6.52) we see thd{; is hyperbolic ifG(jw) is non singular. Notice that
—G(jw) = —(jwl + A;) " (jul = A;) = N(& + &)1
(6.53)

= (A — jwD)" (A; — jwl) =N(& + &)1

-~

From (6.15), we see that the term in braces in (6.53) is algagater thad?(A;)I. Thus,
if
62(A;) — N& >0 (6.54)
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we can always choose a value fas~y(02(A;) — N&?) /N for somey in the rangd) < v <

1 to make—G(jw) in (6.53) positive definite, thus ensuring the existence sframetric

positive definiteP; to satisfy the ARE (6.49). &
To validate the decentralized control scheme given in (6&42), experiments were

conducted on the HSWL shown in Figure (4.1). A brief implenadioh procedure is sum-

marized below.

1. Choosed; as

_ —v,0/L1 —(AE —t3)/L
Unwind Section: Ag = o/ In ( o)/ ’

COl _002

Master Speed Section: Ay = —Ch,

= — Uy L AE — 2','7, L
Process Section: A, = 2/L2 2)/ Lo |
_021 —022
- — Uy L AFE — tr L
Rewind Section: Ay = 3/Ls ( 3)/ L3
_031 —032

Then, sufficiently large values of constants may be chosen to satisfy the condition

given in (6.54) forg; of the system and a given value Gf

OnceA; are obtained, the controller gain vectors are computed fh@anexpression

A; = A; — B;KT. Notice that this scheme relies on our ability to obtéin and

Cj» in a systematic way. Since the péit;, B;) is controllable, one may choose pole
placement to satisfy condition (6.54) or formulate an LQuopl control problem to
computeC; = [C;;, Cjo] to be used in the closed-loop state matrices. This approach

is illustrated for the unwind section below.
Defining

| —en/L (AE —ty)/L o
Ay = /| ] Bo=| |, (6.55)

0 0 1
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we see that if4d, were to be the LQ-optimal closed-loop state matrix for thi pa
(Ao, By), its second row), is the LQ-optimal state feedback gaif,(= Cyx,) for
the systemi, = Aozo + BoZo. To show this more clearly, consider the dynamics
of unwind section given in (6.25) along with the feedback Giwen in (6.39); the

closed-loop dynamics of the unwind section is

3
To — A()JZO — BQKEZ’Q + Z Aojl’j. (656)

j=1
To cancel the time-varying terms in the second rowigfconsiderk! = K/, — KZ,
with Kgl = (Jo/noRo)[R(%/Jo, — bf()/Jo] Defining ZO = (TL()R[)/J()) OQI(),
eguation (6.56) simplifies to

3
o = Aol'o + BOZO + Z AQj[L‘j. (657)

j=1

We now find the state feedback g&if to minimize the quadratic performance index
= [ (xg Qoo + Z RoZy)dr and use the feedback laf, = Coao; the term

with underbrace in (6.57) simplifies tdyz,. Thus, if A, is the LQ-optimal closed-

loop state matrix for the paitA,, B;), then the second row of, is obtained as the

LQ-optimal gain for the paitA,, By).

2. FromA; = A; — B, K;, compute the gain&;, i = 0,1,2,3. The gain vectors thus

obtained are given by

Unwind Section: K] = < Jo ) — — Co1), (—bﬂ — 002)} ,

Master Speed Sectionk; = ( ! )

ny iy

2
na Ry

Process Sectionk] = (

Rewind Section:K; = — (7 +C31), (—=—+C50) .
3413 3

3. Compute the control inputé/() given in (6.39)—(6.42) at each sampling instant.
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4. Compute the equilibrium control inputs given by (6.20)28), (6.32), and (6.37) at

each sampling instant.
5. Apply control inputsy; = U; + u; .4, @ =0, 1,2,3 at each sampling instant.

It is verified that, if we us&’y; = 120, Cyy = 200, Cy; = 4000, Co; = 1500, Cyy = 400,

Cs, = 15, andC3, = 15, ande; = 10, then, the condition (6.54) is satisfied for all speeds
up to 2000 fpm. Numerical values of various parameters atediin Table 6.1. In Table
6.1, the value ofJ, is the initial value of inertia and this value is updated atheaam-
pling instant using equations (6.1) and (6.2). Similarlg talue ofJ; is updated at each

instant. To facilitate comparison, experiments are cotetliasing decentralized Pl con-

Ui ts Li | L L Jo
fpm) | @b | () | () | ) | (b-ft)
500 | 14.35| 20 | 33 67 8
7 Jo Js | AE | no,ns | ni,ne
(Ib-ft?) | (b-ft?) | (Ib-ft2) | (Ibf) | - -
2 2 4 | 2000| 0.5 1

Ro Rl R2 R3 bfz
(ft) (ft) f) | (f) | (Ibf-ft-s)
1.25 | 0.339 | 0.339 | 0.67 0.5

Table 6.1: Numerical value of parameters.

troller shown in Figure 4.3 and the proposed controller atoves reference web speeds
and various reference web tensions. Figure 6.3 shows theriengntal results with De-
centralized PI control scheme shown in Figure 4.3 with exfee web velocity of 500 fpm
and reference tension of 14.35 Ibf. Top plot in Figure 6.3xshthe web velocity error at
the master speed section and the subsequent plots shownshenterror at master speed

section, process section, and the rewind section. It carede that there is considerable
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deviation of web tension from reference tension. Such tiana in web tension are unde-

sirable since they deteriorate the quality of the produalerfeom web.

Figure 6.4 shows the performance of the proposed deceamtationtroller under same

conditions as those of the decentralized PI controllers bhserved that there is a sub-

stantial reduction in the amplitude of tension errors ahesertion as compared to the PI

control scheme. Similar comparative experiments conduatevarious reference web

V1 (fpm)

10

-10

T1 (Ibf)

T2 (Ibf)

time (sec)

Figure 6.3: Decentralized PI controller: Reference veyos@0 ft/min

velocities and reference web tensions indicate that thpgsed decentralized controller

offers substantially improved performance.
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V1 (fpm)
o

_10 — -

T1 (Ibf)
o

T2 (Ibf)
o

0 5 10 15 20 25 30 35
time (sec)

Figure 6.4: Proposed decentralized controller: Refereetmity 500 ft/min

6.3 Decentralized Adaptive Control Scheme

Observing the state matriced,, given in (6.26), (6.30), (6.34), and (6.38), except the
element involvingy; all the other elements contain terms such as referenceityg laef-
erence tension, material properties, or radii and inedfasllers which are known fairly
accurately. The element with effective coefficient of foat, b4;, is unknown, and hence
it is desirable to devise an adaptive scheme. This sectiogpoges one such scheme and
presents results of comparative experiments.

To begin with, the nonlinear dynamic models for each of thetiges, presented in

Section 6.1 are linearized around an equilibrium point. ISlimearized models, found
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in [57], may be written as

3
Ty = A()J]() - B()UO + Z A()jl’j (658)
j=1
3
T = Alxl + BlUl + Z (659)
7=0,57#1
To = AQIQ + BQUQ + Z Azjl’j (660)
7=0,5#2
by = Asws + BsUs + Y Ay (6.61)
J=0,37#3

where the definitions of the vectars, the control inputd/;, matricesB;, and the matrices
A;; are identical to the definitions in previous section.

The dynamics givenin (6.58) —(6.61) prompt us to considareal large scale system
S, described by

Si: @i(t) = Ajxi(t) + Byuy(t Z Ajjxi(t) (6.62)

J=0,j#i

wheresS; is thei'" subsystem and devise decentralized adaptive scheme6R),(6;(t) €

R™ is the state of the-th subsystem and;(¢) € Ris the inputfori € I = {0,1,--- , N}.
Notice that the interconnection term (last term) in (6.62)nmatched. Itis assumed tiiat
andA;; are known. Such assumption is particularly justified for wedcessing application
since the elements iB; and A;; for the web processing application contain terms which
are known (please see equations (6.26), (6.30), (6.34)GaB8) for matrices3; and A;;).
Each subsystem matri¥, € R™*" is uncertain but it is assumed that there exist constant

vectorsk; € R™ such that, for an asymptotically stable matry,;,
(A — Apy) = bik,. (6.63)

Such assumption, again, is justified particularly for webcpsssing application from the
known structure of the matrice$; as given in equations (6.26), (6.30), (6.34), and (6.38).

The entire large-scale systeff),can be represented by

S:&(t) = Az(t) + Bu(t) (6.64)
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whereA is a matrix composed of block diagonal matrix elemettand off-diagonal ma-
trix elements4;;, andB is a block diagonal matrix composed®f, 2 ' (t) = [z, (t),..., 2N (t)],
u' (t) = [ug(t),...,un(t)], We assume that the pdid, B) is controllable.

Existing research (see for example, [88,91,94]) has censitthe decentralized MRAC

problem for large-scale systems with a reference modehdiye
Tmi(t) = AmiTmi(t) + Biri(t) (6.65)

wherez,,;(t) are the reference state vectors af(d) are bounded reference inputs. Since
the unmatched interconnection matricels;§ are known in the application considered, it
is natural to take advantage of this fact and compensatééon.t With this motivation in

mind, we consider a different structure for the reference@has described by

Smi + Emi(t) = Amimi(t) + Biri(t) — bikpim

N (6.66)
+ Z AijCL‘mj(t).
j=0,5i
wherek,,; € R", n = ng+ny + -+ +ny, andz, (t) = [z],, =1, -, 2] y]. With

the structure for the reference model (6.66), the condifmorexistence of solution to the
control problem can be specified in terms of the state mato€éhe reference moded,,,;,

as given by equation (6.69) later.
The reason for including the teri;k,! .z, in (6.66) becomes clear when we consider

the reference model for the entire large-scale system whigiven by
Sm ¢ Zm(t) = Apam(t) + Br(t) — BK,| z,,. (6.67)

wherer ' (t) = [ro(t),...,rn#)], Km = [kmo, - - -, kmn], @and

Apo Aot Az . . . Aon
A= Ao Apm1 A . . . AN
Ano AN . ... AnN
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Notice that ifA,, is not stable for give,,.;, then one can place the eigenvaluesigf —
BK by choosingK,,. If A, is asymptotically stable for gives,,;, then one can simply
choosek,, to be the null matrix.

The goal is to design bounded decentralized control inpyt§ such thatz;(t) are

bounded and the erre(t) = x;(t) — x.,;(t) converges to zero, that iEm; ., e;(t) = 0
foralli € I = {0,1,...,N}. The proposed controller and the stability of the closesplo

system are presented below in the form of Theorem 6.3.1 below

Theorem 6.3.1 Given the large scale syste®.62) and the reference modé.66), there
exists a positive definite matri® = P," such that the decentralized control law and the

parameter updating law given by

wi(t) = r4(t) = ks (t) — by 2:(t) (6.68a)

~

ki(t) = —(e] (1) PiBi)xi(t) (6.68b)
wherek; is estimate of;;, render the closed-loop system asymptotically stable if

5(Ami) > v/NE. (6.69)
Proof:Define subsystem errors agt) £ z;(t) — x,,;(t). Then, the error dynamics of the

closed-loop system defined by (6.62), (6.66), and (6.68eambtained as

N
Ei(t) = Amies(t) + bik] (Dzi(t) + > Ages(1). (6.70)
j=0,j#1
wherek £ k; — k. Consider the following Lyapunov function candidate
N
Ve ki) = Z(ejpiei + k] ko). (6.71)
=0
The derivative of the Lyapunov function candidate along titagectories of (6.70) and

(6.68b) is given by
N

Ve ki) =Y (e (ALP+ Pidmi)e;

i=0
N (6.72)
T TYT
+ Z le; P Aijej +e; Aijﬁiﬁd)-

=03y

a 8T @



Using the inequalitn "3 + 8Ta < a'a + 873, Va, 8 € R™, for terms in braces in
(6.72) and rearranging the terms, we obtain

N
V(e ki) <> {el (AP + PiAni)e; + Nel Ple;.

1=0

N
+€iT< Z AiTinj> e} (6.73)

J=0,j#i

N J

P
Xi

N

1=0

where&; £ \,...(X;). Therefore, if there exist symmetric positive definite ricats P,

such that
Api P+ PiAsi + B(NI)P; + (& + &) =0 (6.74)
for ¢; > 0 then
) ~ N
Vienk) < =) eele. (6.75)
=0

andV (e;, k;) qualifies as a Lyapunov function and the equilibrium peint 0 is asymp-
totically stable for all € 1.

Proof of Theorem 6.3.1 now rests on the existence of symmptisitive definite so-
lution P; to the ARE (6.74). Since the AREs (6.49) and (6.74) are ideintececept for
the independent variablé,,;), the remaining part of the proof is already establishedhén t
proof of Theorem 6.2.1. &

To validate the controller given in (6.68), Two sets of expents were conducted using
the PI control scheme and the proposed controller at differeference web tensions and
different reference web velocities. In the first set of expents, the Pl controllers were
tuned carefully to yield best possible performance. As aaggntative sample, results of
experiments conducted with PI control scheme at 1000 fpml1&00 fpm are presented.
The reference web tension was set to 14.35 Ibf. Figure 6. &wshte web velocity error at

master speed section and the web tension error at eachrsethe top plot in Figure 6.5
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shows the velocity error at master speed section. The subseglots in the figure show
the tension error at each section. It can be seen from Figarthét there is considerable
deviation of web tension from reference tension. Simil&ilyure 6.6 shows the results of
experiments conducted at a reference web velocity of 1580 fgain, it is observed that
there are excessive variations in the tension at each sectio

In the second set of experiments, the proposed controllegemented with the same
reference web velocities and reference web tensions undeaime conditions. Numerical
values of various parameters used in the control designsaed in Table 6.1. In Table 6.1,
the value of the parametéy; is not used since the adaptation scheme ensures the gtabilit
of the equilibrium point without the knowledge of this pareter.

The matrices4,,; are chosen as explained in the following. For the unwindeect

—vm /L1 (AE —ty)/L

Ao = /| o)/ I\ (6.76)
CVOl _002

whereCy; = 120 andCy, = 2000. For the master speed sectioh,; = C1o = 4000. For

the process and rewind sections,

A —vni/Li (AE — t.)/L; 6.77)
— il 2
fori = 2,3 whereCs; = 1500, Cyy = 400, C3; = 15, C3p = 15.
It is verified that the condition given in (6.69) is satisfied the given matrices!,,,;.
K,, may be found by pole placement algorithm and
the rows of K, are k.o, k1, km2, andk,,s respectively. The values af;; and K,
given above are computed for reference web velocities 00 Ipth and 1500 fpm and a
reference web tension of 14.35 Ibf and controller given i6&pis implemented.
Figure 6.7 shows experimental results, with the proposedralber, conducted at a
reference web velocity of 1000 fpm. The top plot in Figure $hows the web velocity

error at master speed section and the subsequent plots sebvtewsion errors at each

section. It can be observed that there is a substantial tiedun the amplitude of tension
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errors — to the tune of 75% — at each section as compared todustrial Pl control
scheme. Similarly, Figure 6.8 shows the results of the exysart for a reference web
velocity of 1500 fpm. It can be observed that a remarkablectdn in the web tension

error is achieved in this case also.

6.4 Summary and future work

This chapter considered the decentralized control of webgssing lines. Two schemes
were presentedz.,a non adaptive scheme and a model reference adaptive cschiehe.

Summary of this chapter is enumerated below.

1. An accurate dynamic model for web process lines that exgliakes into account

the time-varying nature of the unwind/rewind roll inertsadeveloped.

2. Systematic computation of equilibrium inputs based erréfierence tensions in each

tension zone and reference velocity of the web line was deeel.

3. Anon-adaptive decentralized state-feedback contribléd assures exponential regu-
lation of web-tension and web-velocity to their referenakies is proposed. Experi-
mental results show that the performance of the proposeddatien indeed surpasses

the performance of the traditional decentralized PI cdletirs

4. A new reference model that utilizes known interconnediis considered and a sta-
ble decentralized direct MRAC design is proposed. Comparaiperimental re-
sults with an often used industrial P1 controller show thatproposed decentralized

design gives improved regulation of web tension.
A few topics that form important future research directians given below:

1. The non-adaptive decentralized controller relies orute knowledge of the pa-

rameters of the process line. Ensuring the robustness gbrthgosed scheme to
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uncertainties in web material properties and machine patens will prove to be of

immense use in web-handling industries.

. It may not be possible to install loadcells at desiredtiooa due to inherent limi-
tations of the process line.@., process sections which use ovens). In such cases,
systematic design procedure of decentralized tensioareéiss will prove to be of

utmost use.

. The decentralized MRAC utilizes the known interconnexgito advantage and es-
tablishes asymptotic regulation of web-tension and wdbeity to reference val-
ues. However, this scheme is applicable to plants in whitdr@ennection terms are
known fairly accurately. To make the proposed MRAC schemeergeneral, MRAC

schemes that assume no knowledge of the interconnectieastode developed.
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CHAPTER 7

Summary and future work

Effects of compliance and backlash on the web speed andteimsa web processing line
are investigated in this report. Models to include the caamgle and backlash are proposed
and using the models, a bound on error due to the presenceckifabh is derived. A
chapter-by-chapter summary of the report is given below.

In Chapter 2, a model of the belt-pulley transmission systeas wonsidered. This
model takes into account the compliance of the belt. Usiegribdel proposed, the trans-
mission system is analyzed. The analysis provides a methodiong the proportional and
the integral gains of the controller. Further, singulartydration analysis of the model de-
veloped indicates that it is not advisable to use the feddbignal from the load side. Such
a result is counter-intuitive. Besides this, a method of cating the natural frequency of
the system due to the compliance of the belt is proposed. dimpoted natural frequency
is close to the experimentally evaluated resonant frequenc

Chapter 3 considered the effect of backlash on the speedotsgtem including the
compliance in the drive system (e.g., compliance of thetslzafd belts) This model takes
into account, the momentum of the load during the periodswvdoatact is lost. Using this
model, an upper bound on the error in controlled speed dusetpresence of backlash is
arrived at. Experimentally evaluated error in speed dudéoptresence of backlash in a
rectilinear system agree with the theoretically computeainal.

Chapter 4 considered the effects of belt-compliance andl&sition the web tension.
Using the belt-compliance given in Chapter 2, a simulatiadgtvas conducted to evaluate

the effect of belt-compliance on web tension. The resulthefsimulation study indicate
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marked oscillations in the controlled tension and the temisand steady-state behavior
of controlled tension varies with different belts. Expeeimis were conducted on the High
Speed Web Line (HSWL) to investigate the effect of belt-caame on web tension. Ex-
periments conducted using three different belts in the ndwtation of the HSWL indicate
that the controlled tension is affected by the belt-conmuéand gear-backlash. Using the
model developed in 3, the effect of backlash on the contitalleb tension is modeled. The
experimental results corroborate the fact that the meanteredion near the rewind station
increases when there is backlash in the transmission systism it is experimentally ver-
ified that applying a braking input counteracts the effe€tsacklash. As noted in Section
4.4, the effect of backlash is more severe when it is presethta transmission system of
an intermediate roller. Analysis and experimentation ahsan issue forms an important
future work.

Chapter 5 considered the effect of slippage between the wkthamoller on the tension
dynamics. Approaches to analyze the phenomenon of slipresepted and it is shown that
when there is slippage between the web and the roller, tierbdances can travel opposite
the direction of web travel as well as in the usual directibweb travel.

Decentralized control schemes to regulate the web-tersdnwveb-velocity are con-
sidered in Chapter 6. A non-adaptive control scheme and gtimelacheme are presented.
Experimental results indicate that the proposed decérgrhtontrol schemes offer supe-
rior performance in regulating web-tension/velocity. $&eschemes may further be im-
proved to render them directly applicable in any industrab process line. In particular,
the non-adaptive decentralized controller relies on ateuknowledge of the parameters
of the process line. Ensuring the robustness of the propssleeime to uncertainties in
web material properties and machine parameters will pro\eetof immense use in web-
handling industries. Also, it may not be possible to insti@dldcells at desired locations
due to inherent limitations of the process lireg.,process sections which use ovens). In

such cases, systematic design procedure of decentradizsidh-observers will prove to be
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of utmost use. The decentralized MRAC utilizes the knownrgdenections to advantage
and establishes asymptotic regulation of web-tension aidwelocity to reference values.
However, this scheme is applicable to plants in which irdenection terms are known
fairly accurately. To make the proposed MRAC scheme morergendRAC schemes

that assume no knowledge of the interconnections need teustaped.
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APPENDIX A
The standard singular perturbation method

The singular perturbation method used in Section 2.3 is samaed here to make the
report self-contained. The following sections briefly suanize the concept of singular

perturbation method reported in [53-56].

A.1 Introduction

The singular perturbation model in the explicit state-aile form, in which the derivatives

of some of the states are multiplied by a small positive scals given by

&= f(z,z2,61t), z(ty) =2° z€R", (A-1a)

et = g(z, z,6,t), z(tg) =2° z€R™ (A-1b)

where a dot denotes a derivative with respect to tinamd f and g are assumed to be
sufficiently many times continuously differentiable fuiocts of their arguments.

When we set = 0, the dimension of the state-space of (A-1) reduces fromm to
n. Thus, in control and systems theory, the model (A-1) is p 8ie/ards "reduced-order
modeling”.

When we set = 0, the differential (A-1b) becomes an algebraic equation
0=g(z,z0,t) (A-2)

where the bar is used to indicate that the variables belorsgstgstem withke = 0. The
model given by (A-1) is said to be istandard formif and only if the following crucial

assumption concerning (A-2) is satisfied.
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Assumption A.1 In a domain of interes{A-2) hask > 1 distinct (“isolated”) real roots
z=¢i(z,t), i=1,2,--- k. (A-3)

To obtaini** reduced model, we substitute (A-3) into (A-1a),

(z, ¢i(7,1),0,1), Z(ty) = 2°. (A-4)

&I
Il
~

This equation is written more compactly by dropping the stips,
T = f(z,t), 2(ty) = 2°. (A-5)

This model is calledjuasi-steady-state modeécause;, whose velocity: = g/e can be

large where is small, may rapidly converge to a root of (A-2).

A.2 Time-scale properties of the standard model

Singular perturbations cause multi-time-scale behawoe: slow response (or the quasi-

steady-state) is approximated by the reduced model (A-ébjtandiscrepancy between the

response of the reduced model (A-5) and that of the full madl) is the fast transient.
Firstly, note that the "quasi-steady-stateis not free to start from® as given in (A-1b)

since it is constrained by
Z(to) = o((to), to)- (A-6)

Thus, there is a discrepancy betweeandz denoted by
z=2z(t) + O(e) (A-7)
where the definition 0®(¢) is given below.

Definition A.1 A vector functionf(¢,<) € R" is said to beD(¢) over an intervalt,, t5] if

there exist positive constantsand<* such that
| f(t,e)|| < ke Ve € [0,e"], Vte€ ty,ts] (A-8)

where|| - || is the Euclidean norm.
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However, we can constrainto start from the initial condition®. That is
r=z(t) + O(e). (A-9)

The best we can expect is that during an initial interi¢gl¢,], the original variable:
approaches and then remains close to Recalling that the speed ofis large,z = g/,
we need to ascertain whetherescapes to infinity during the transient or converge to its
guasi-steady-state

To this end, let us analyze, which may remain finite, even when— 0 andz — oo.
Define
with the initial conditionr = 0 att = ;. The new time variable

t—t
n £

(A-11)

T

is "stretched” in the sense thatdf— 0, even whenr — oo, t may be only slightly larger
thant,. To describe the behavior efas a function ofr, we use the so-called "boundary
layer correction”z = z — Z satisfying

dz

7= = 90", 2(7) + 2(t), 0, to) (A-12)

with the initial conditionz® — z(¢,) andz?, ¢, as fixed parameters. the solution of (A-12)
IS used as a correction

z=2z(t)+ 2(1) + O(e). (A-13)

Note thatz(¢) is the slow transient of and z(7) is the fast transient of. If we are to
approximate: by z to an order of accuracy given lty(¢), the correction terni(r) must

decay ag — oo. To ensure this, we make two assumptions

Assumption A.2 the equilibrium point of(7) = 0 is asymptotically stable uniformly in

x% andt,, andz® — z(t,) belongs to its domain of attraction, $¢r) exists forr > 0.
This assumption, when satisfied, ensurestiat .., 2(7) = 0.
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Assumption A.3 the eigenvalues a¥g/0z evaluated for: = 0 have real parts smaller

than a fixed negative number, that is,

Re) {@} < —c<0. (A-14)
0z

Note that from (A-14), the root is distinct as required by Assumption A.1. The follow-

ing theorem, called "Tikhonov's theorem”, established tha approximation pursued is

possible.

Theorem A.2.1 If Assumptions A.2 and A.3 are satisfied, then the approijomsa{A-9)
(A-13) are valid for allt € [ty, T, and there exists & > ¢, such that(A-7) is valid for all

t € [ty,T).

A.3 Linear time-invariant systems

Linear time-invariant models are of interest in small-sigapproximations of nonlinear

models of dynamic systems. This section briefly considexsyistem

= A}z + Alyz+ Biu, 2 €R", weR, (A-15a)

ez = Ay x + Az + Bou, 2z € R™. (A-15b)

With an appropriate state feedback lawcan be expressed in terms of the statesd-.

Equations (A-15) will then be in the form

T = AHZE —+ A122, I(to) = ZE07 (A'16a)

€z = Ale + AQQZ, Z(to) = ZO. (A'16b)

Introduce a new variablg(t) £ z(t) + L(¢)z(t), to apply the similarity transformation

= . (A-17)
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The linear transformation transforms (A-16) into

l’(t) _ All — A12L A12 I(t) (A_18)
Eﬁ(t) R(L, 6) A22 + €LA12 n(t)
where
R(L, 5) = A21 — AQQL + ELAH — ELAlgL. (A-lg)

If we chooseL(e) such thatR(L,e) = 0, (A-18) will be in the upper triangular form
and a block diagram for the system can be obtained as showigumeFA.1. This form

of representation of the system referred to as [55, 56] theuaor form”. The similarity

T]O x°

o N M 7

| 1 X(s)
| 1 (s, I I RAL
) ?i@ s || | A127,<>+ s |

+

: : :

\ \ \

\ | \ \

| |
| Ao+ EL A ] LA11-A12L |
L R )
Fast subsystem Slow subsystem

Figure A.1: Actuator form.

transformation given in (A-17) partially decoupled theteys to provide a separate fast
subsystem

en(t) = (Ass + cLA1)n(t) (A-20)

which may be rewritten in fast time scateas

d t—1
Z(TT) = (AQQ + €LA12)77(T), T = - 0

(A-21)

with the initial conditionn(0) = 2° + La°.
For this separation into fast and slow systems to work, aiiondor existence of.(¢)

that achieves?(L, ) = 0. These conditions are stated in the next lemma.
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Lemma A.1 If Ay is nonsingular, there is aa* such that for alle € [0,¢*], there ex-
ists a solutionZ(¢) to the matrix quadratic equatiof(L, <) = 0 which is approximated
according to

L(e) = Ay Agy + e Ay Ay Ag + O(€%) (A-22)

Wherer = AH — A12A2_21A21.

Lemma A.2 Under the conditions of Lemma A.1, the approxima(id22) is valid for all
e inthe interval) < ¢ < ¢; where

1

14z (1A Ap| ||Ay A 2/ || Aol || Arz]| || Azt A (A:23)
[Ago | ( [[Aoll + [[Avzll [[Azy Aoi[| + 24/ | Ao]l [|As2]l | A5y Aoyl

€1

Remark A.3.1 All the matrices of the model given {A-16) are assumed to be constant
and independent of. If some of the matrices depend ensay As; = Ass(e), then we
assume that they are sufficiently many times continuouigreitiable with respect to at
¢ = 0 and that they possess the properties required from the oestswhose dependence on
e is suppressed. Thus, in Lemma A.1, we impose the conditibalih@) is nonsingular

ate = 0.

Remark A.3.2 Since Lemma A.2 ensures the existencé (ef, an iterative scheme of

solution for L(¢) may be given by
LkJrl = A521A21 =+ €A521Lk(A11 — A12Lk>7 LO = A;;Azl. (A'24)

After k iterations, the solutiorl.(¢) is approximated to withirD(c*). For the purpose of
the model development and design, the first iteration githegequatior(A-22) is usually

sufficient.

Since the original system is split into fast and slow sulmystas shown in Figure A.1, the

characteristic equation also takes the factored form
1
(s,€) = Sotu(s )iy (pe) = 0 (A-25)
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where
Us(s,e) = det[sl, — (A1 — Ai2L)] (A-26)

is the characteristic polynomial of the slow subsystem and
Yr(p,€) 2 det[pl,, — (Agy +eLA)] (A-27)

is the characteristic polynomial of the fast subsystem enftigh-frequency scale = ¢s.
An important question that needs to be answered is: "Howetydbe fast and the slow
eigenvalues approximate the eigenvalues of the actuamy@t-16a),(A-16b)?”. The next

theorem provides and answer to this question.

Theorem A.3.1 If A, exists, then as — 0, the firstn eigenvalues of the systei#-16)
tend to fixed positions in the complex plane defined by theneadiges ofA, while the
remainingm eigenvalues of the systgi-16) tend to infinity with the raté /<, along the
asymptotes defined by the eigenvalued of

Furthermore, if then eigenvalues\;(A4,) are distinct and then eigenvalues\;(A;)
are distinct, where\;(Ay) = \;(Ay.) is allowed, then the eigenvalues of the original system

are approximated as
A = /\Z(Ao)—f-O(E), 1=1,...,m; (A-28a)
)\i = P\j(Agg) + 0(6)]/57 1=nmn —|—j, j = 1, oL, M. (A-28b)

It is sometimes useful to achieve closer eigenvalue appratons through consideration

of corrected modelsthe corrected characteristic equations are given by

VYse(s,€) = det[sl, — A,e] = 0, (A-29a)
Yie(p,€) = det|pl,, — Axp] =0 (A-29Db)
where
Age & Ay — A1 A5} Agy Ay, (A-30a)
Agye & Agy + Ay Agy Avs. (A-30b)
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APPENDIX B

Brief description of experiments conducted on backlash

This chapter briefly describes the experiments conducteth@rECP rectilinear system
shown in Figure 3.16. The ECP rectilinear system consists efectromechanical “plant”,
and a full complement of control hardware and software. Tf®eware interface to the sys-
tem is via a PC window environment that supports a broad rahfggcing function speci-
fication, input shape generator, data acquisition, andipipteatures. The ECP rectilinear
system can be used to conduct open-loop experiments assvatised-loop experiments.
The linear drive is comprised of a gear rack suspended ontafriation carriage and pin-
ion (pitch diameter = 7.62 cm =3.00 in) coupled to the brushigervomotor shaft. The
contact ratio between the rack and pinion is more than twdhamnde one pair of teeth are
always in contact, thus ensuring smooth transmission ofamigower from the pinion to
the rack. Also, the pinion is made of hard plastic material @@ rack is made up of alu-
minum. Thus, the problem of interference and undercutsngpt severe since the plastic
teeth on the pinion “comply” with the metallic teeth on theka Hence, the problem of
backlash in the rack and pinion can be avoided.

Backlash is introduced in this system between the spring aaskr to realize the
configuration shown in Figure 3.10(b). Figure B.1 shows aelas picture of the backlash
gap. With backlash introduced, masses and M, have an available travel of3 cm
between the limit switches shown in Figure B.1.

Closed-loop experiments using the motor velocity feedbaekcanducted using ECP
Executive USRM software interface. This interface is a user-friendly P@dews envi-

ronment in which the control algorithm can be coded using &€language. A listing
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of the program used to implement the PI controller is showrpage 195. To conduct
the closed-loop experiments, the ECP rectilinear systeratigoso represent the system
shown in Figure 3.10(a) and a known velocity trajectory iecsfied for mass 1. The P
and | gains of the controller are tuned to see that the desmmedhe actual velocities of
mass 1 are close to each other. With these gains, the PI dentsomplemented and the
encoder counts are acquired through the data acquisitgiamsy Since the encoder counts
are reset to zero before implementing the controller, tiggiaed encoder signals represent
the deviations as given in (3.12). These experiments arduxted for a wide range of
amplitudes/frequencies of the desired velocity of massdifanvarious values of backlash

gaps. The bound given in (3.57) is computed in each case.
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;*********** user Val’labl es kkkkkkhkkhkkhkkk*x

#define kp ql
#define i @2

#define error g3
#define sumerror q4
#define vm gll
#define vd g5
#define ts q7
#define pi g8
#define time q9
#define i 20

#defi ne past_pos Q22

ckxxxxx |nitialize variabl es **sssxxxxxxxxxxxx
kp=500

Ki =5

; remenber to tune the p and i gains

; prior to “‘Inplement’’

sum error=0

t s=0. 035360

; remenber to choose Ts in dialog box

; prior to "lnplenment”

pi =22.0/7.0
i =0
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past _pos=encl_pos

- xxxxx%x Real-Time User Code ***x*%%%x
begi n
past _pos=encl_pos
vd=2266*si n(2*ti me*ts)/2266.0
; specify the desired velocity of mass 1
time=tinme+l
if (time>5000)
time=0
endi f
vire(encl _pos-past _pos)/ts/2266. 0/ 32
; remenber the software gain 32
error=vd-vm
sum error=sum error+error
control _effort=(kp*error+ki *sum error)
g10=vd
qll=vm

end
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