ANALYSIS OF COUPLED CIRCUITS

BY SERIES EXPANSION

By
EDMUND W./SCHEDLEB JR.
Bachelor(of Science
Oklahoma Agricultural and Mechanical College

1949

Submitted to the Faculty of the Graduate School of
the Oklahoma Agricultural and Mechanical College
in Partial Pulfillment of the Regquirements
for the Degree of
MASTER OF SCIENCE

1952



Lo
¢

e

' A i QKL Ao .
D " : R VW“

HBETOL & Retiap oo

oL nheah L

IBRARY

M 31 150

ii

 ANALYSIS OF COUPLED CIRCUITS

BY SERIES EXPANSION

EDMUND W. 3CHEDLER JR.
MASTER OF SCIENCE

1952

THESIS AND ABSTRACT APPROVED:

Lz ezt

Thesis Adviser

Q. Neitor

Faculty Representative

Dean of the Graduate School

S0 A0
H&Bz"\ 8 4 e.,vj



iii

PREFACE

An attempt to plot the response of a band—pass amplifier often con—
fronts the radio engineer. In this thesis a method is worked out in
which the response of the circuit to frequencies very near the resonant
frequency may be readily calculated. It will be assumed that the reader
is familiar with alternating current theory and its associated mathematics.

Excellent work has been done in analyzing double tuned circuits by
modifying the coupling circuit in one manner or another.l Usually in
this type of analysis some of the circuit reactances are assumed to
remain constant with variations in frequency. Although.this assumption
generally contributes negligible errors in design, occasionally an
engineer needs to work a problem to a spscified degree of accuracy.

This thesis was written in order to eliminate the tedious work of an
exact solution and yet allow an engineer some knowledge of the degree

of accuracy of the solution of his problem.

lrawrence Baker Arguimbau, Vacump—Tubg (irguits, pp. 210-13s
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CHAPTER 1
INTRODUCTION
The typical band—pass amplifier may be analyzed by considering

the circuit to the left of terminals A and B to be an equivalent gen—

erator with an internal impedance. The impedance looking to the left

AN
(o L % Lz% B ; |
B+

Figure 1 Circuit for a band—pass tuned,
radio—frequency amplifier

of terminals A and B is Rp in parallel with xul.l
2
% R’X(J‘JF%PX:I (1)

o 2
_J;ZSS 2 R+ X%
The reactive term is

2 + With a pentode tube the value of RP

RS + X&

is generally much larger than Xcl' The expression for Zg then
simplifies to 2
5" Re (2)

The equivalent circgit then becomes

ke

EOUT

5

B :
Figare 2 Equivalent circuit

IW.L. Everitt, E.E., Ph. D., Communication Engineering, p. 496.



The loading of the generator introduces the additional resistance in
series with the primary circuit.

The following symbols will be used to simplify the circuit to a
greater extent.

R11 = resistance around the primary mesh

Ly; = inductance of the primary mesh with the secondary open
circuited

C11 = capacitance of the primary mesh
Rgop = resistance of the secondary mesh
Lgs2 = 1inductance of the secondary mesh

C22 = o©apacitance of the secondary including distributed capacity
and input capacitance of the next tube

E = primary applied voltage which is g, E, X5, This analysis
will assume that E remains constant tgrou out a small
band of frequencies. Another chapter will cover the case
of E as a function of frequency.

The circuit of Figure 2 simplifies into Figure 3. .

© =3 gt

I
|
Figure 3 Equivalent circuit of mesh impedances.

The impedance of mesh one with all other meshes open—circuited is
Zy1+ The impedance of mesh two with all other meshes open—circuited
is Zp2. The mutual impedance between mesh one and mesh two is 212.2

From Figure 3

il (3)
Z|I = R,+uWL, + JWG

zIbid. ’ pp.21 T—23.



R W e (4)
ZZZ ee t = JWsz

zzlz = -Jd WM. (5)

The E.M.F. equations for each mesh may be written

E o~ I|Z|| +- Iazle (6)
O & A 254 Lty %
The current I, may be found by solving the simultaneous equations
Zn E
I - Zi2 0] (8)
2 Zn Ziz
Ziz Z22|
S - E(-4WM) (9)
P | I -
(RuraWLit G, RstW L2 ) + WM
The output voltage is Iy 1022.
E_M
Ca2
EOUT = (10)

(Ry +aWLyy + — 72 b
n +FIWLy +ch)(Rgg+JWL22 ‘f‘JWC) +“FM2

Examining (10) with principal interest on the denominator, some
facts are apparent. If both meshes are individually resonant at the
same frequency, the denominator will be resistive at resonance. The
reactive term in the denominator at frequencies slightly different
from resonance will be the difference between two relatively largs

numbers. This makes it necessary to compute the reactance of each



term to a high degree of accuracy before (10) would be of much valus
in plotting a response. With this in mind it would be well to sesek
another method of plotting the response without having to resort to

extensive multiplication to evaluate the reactive terms.



CHAPTER II

TAYLOR'S SERIES SOLUTION

Taylor's theorem as applied to the expansion of a single variable

ist FX) = F(Xot+ ) = FiXd + KdSX) | + K & fix
d X B 4 x L
T {_ Ty
e P

In an effort to provide an accurate equation for the response of a band—

pass amplifier this theorem will be applied. Let Egyt be some function

of omega.
f &
B, = fwW = —2- (12)
4T Ry+ (W —) ¢
|:n Lnrw ot (WL22W 022] + WM
and let Wy occur when
13
VkL41 = l s
W'BCH
" | (14)
Wo Loy =
WL Bas
The first two terms of the expansion then become
EM
- Cez _hEM | 2WM’ +(2Riezi2Rez L) | (15)
) Ry R22+W3M2 Cz2 R Rep + WoM

These two terms are simple enough and would be easy to apply.

austin V. Eastman, M.S., FUNDAMENTALS OF VACUUM TUBES, p. 499.



However, three terms and possibly more are necessary. The second term
should be examined before it is evaluated at W= Wye The first

derivative is

- 5 ' Ri_ _Rez
= 2WM+ T Gz~ WLy Lop +(Ry Lo+ ReoLy* Weoae + WoCk) il
22 [(Rl-i- J [WL"-‘-N—C:I]) (R22+J[W LZEWCZZ]) 5 WN]

The third term of the expansion requires the differentiation of the
second derivative before the second derivative is evaluated at W= Wy.
Since the second derivative itself is a very complicated equation, the
third derivative would be extremely laborious to evaluate. Therefore,

it would be better to use some other approach to solve the problem.



CHAPTER III

ALGEBRAIC EXPANSION OF TAYLOR'S SERIES

The shape of equation (10} is known to be like Figure 4, depending,

of course, upon the degres of coupling of the circuit.

EouTt

: W
Figurs 4 Response of a slightly over
- coupled band~pass amplifier.

Equation (10) can be rewritten for qdnvegience.

| - EM |
Eour = SN . (10)
RitoWhir == | IRo3iWL 5o = =) | +WM
[ v b WCNH.22 22 W Cez
The angular velocity W can be expressed as an W, + S.

W= Wo+ S (17)

The value of S may be either a positive or negative angular velocity.
In actual practice the priinary and secondary meshes are seldom
identical. However, 1f identical primary amd secondary circuits are

assumed, the the process of computing thea response will be much simpler.

Assuming ldentical circuits, the output voltage can be written as

'["' +y(Why - = )} + W

|
WGy



EM
Eo = a2 4C ' (19)
ui” B2 - WEE-WME) + s2RWALG - 1)

C W WG

Multiplying both the numerator and denominator by w2 ¢ gives

Ut WNE-ED + 2RWLE +\A?(F?c+2|_c;) R2RWC = |
The powers of W may be computed using equation (17) .
Wl s Wl+ 2w.s + % (%)
| |
- W+ 3WS+3W S + S (22)
W Wt aws + oW E +aws + g (23)

Substitute for the W4(M202 ~ 1%¢2) ferm, in the denominator
(W + 4w§’s‘ + 6gs? + awgs® + s%) (u202 - Pc?). mhis will glve
wh (u%2 - 1L 202) + ay Ss(uRc? -120%) + 6W282(M302 - L 02) +
aw ss'”’(MZc'2 ~ 12c®) + s*uBc® - 12c®), substitute for the ,jzawch
torm J2RLOZWS + J6RLCAWZ S + JerLCW 32 + j2rLo®s®. substitute for
the W(R%2 + 210) term WE(R%C? + 2LC) + 2u,5(R%C? + 210) + s2(RRC? +210).
Substitute for the —j2RWC term —j2RCW, — j2RCS.

 The next process. is toh colleat éé‘effioi_ents of ea.ch‘ power of

S. The coéfficienﬁ of each poﬁer of S is listed on theé next pages - - -




Let G equal the coefficients of ..
= w§(ue% 12%c®) + jarLCAWE + WE (RC® 4 21C) — j2ROW, — 1
Let F equal the coefficients of S.
F = wdu®® - 1%6%) + seruo®wZ + 2w, (R%2 + 210) — j2RC
Let E equal the coeffjcients of 52.‘ )
E= ewa(uic? — 1%%) + jeructw, + 2% + 210
3

Let H equal the coefficients of 5%,

H = 4w, (M2c2 - ) + 32RLC3

Let D equal the coefficients of 54.
D = ufc? - 13%cR

The numerator of (20) can be expressed as

WRRMC = (W3 + 2WyS + S®)EMC = W2EMC + 2W SEMC + 5% HEMC

Again, the coefficients of each poﬁér“df's‘must be separated.

¢ = W3 ENC
B = 2W, EMC
A = EMC

The substitutions (24) through (&2) reduce the output voltage

across the condenser to

¢ + BS + A Sz

G + FS + ES® 4+ ms® + DS

Bout = 4

By long division the expression for the output voltage becomes

Eouy = ©/G + S_( B — CF/a) + 5% ( A — CB/G —FB/G + CF?/6° )

G G

out

(24)

(25)

(26)

(27)

(28)

(29)

(30)

(82)

(33)

(34)

+ 5°( acEr?/e® - sE/e — cH/G — AF/G + BF /62 — cFO/6% ) 4

G
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+ g%( 2c7H/6% - m8/6° — Do/6® ~ 4E/6R - BcEF /6% - PiB/6t — oF*/65

+ CE?/a° + 2FBE/GY + AP2/6Y ) (34)

It might be well to pause at this point and examine the meaning
of (34)+ The first ‘ferﬁ"corresponds to the value °f‘Eout at the resonant
froquency. If S is zero then the owtput will be G/G. This can be
'»'showl; tq be ]‘.o‘gicall_l.y true by Q‘néerving Figure 4. The coefficient of
S is tﬁe evaluation of the first dérivative at W= Wy. The coefficient
0f“8% 1is the evaluation ofbthe second derivative at W = Wy. The
coefficients of 8% and- s* are the evaluations of the third and fourth
derivatives respectively‘at ﬁ: Wy The S ‘vin“.( 34i'):;é;pnz_'.a‘§ponds to

the _h_in the Taylors expansion or (1l1), |



(11)

CHAPTER IV

- SAMPLE PROBLEM

An exémptlzedof the series solution and how it compares with an

exact solution would be very instructive o The primary and secondary

w2 el
' Coo|

Leo

Re2

el WV ©

Pigure 5 Tuned circuits with identical
primdry and secondary

c'ircuits are to be idl,enticalo The clrcuit constants used are values
that one might expect from an ordinary intermediate frequency transformer.
R=Ry; = Ry = 20 ohms
L = Lj] = Lgp = 1 millihenry
0 =011 =Cpg =125 micromicrofarads
s K = coefficient of coupling = 0,008
E=1 volt
M= 8 microhenry
Xy = 1/Wol = Wyl = 2,850 chms
5 = WO,/Zﬂ = 450;158 cycles per second

fo = resonant frequency of the primary
and secondary tuned individually

Equations 24 to J2 must be evaluated.
= 8x10°°
= 5660 x 10 12

A= 10718



D = —15.625 x 10727
E = 50C x 10745
F==jl0"8

¢ =114 x 108

H=—-176.8 x 1071

c/G = 70.2 (35)
B — CF/G = —j 0.616 x 1072 . (36)
S |

A — CE/G — FB/G + CF2/6® = —229.5 x 1079 (37)
G | |

20EF? — 3B/6 ~ CH/& = AF/6 + B5%/62 — or%/6% = ja7.1 x 10712 (28)
: —

2cr/c® — BH/6° —Do/6® — AR/6® — HEF?/64 - ¥98/6% — oFd/eb

(39) .

2FBE/G° + CER/G® + aP3/6% = 9.861 x 10715

The values above are approximate because they are, for the most part,
slide rule accuracy. The expansion to tive terms is

= —: Q. —2 2 —9
Eout — 7002 + S ( J 00616 X 10 ) + S \ 22905 X 10 )

. (40)
+ 8% (+j 47.1 x 10713) 4 g% ( 9,881 x 10715),
The values of S at which the peak output voltage occurs may be found
by differentiating the aquation of the output voltage written with
four ‘terms of the series.
Eggg = 7002 + S ( —j 0.616 x 107%) + 52 ( —229.5 x 107Y)

(41)
+ 89 ( +3 47.1 x 10713

d Egyy = 0=—j 0,616 x 1072 + 25 (229,56 x 1079) + 332 (+347.1 x 10713)
, 42)
ds (

12
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Solving equation 42 for § gives

= 6400 radians/second,

Real part of S = + __J
J 6

The upper and lower peak frequencles from resohance would be

8,09 x 10
47,

: _ 6400/2m = 1018 eycless
itfmight be asked why the fifth term was omitted. If the fifth term
was considered,the darivative would have involved solving a cubic
equation. The solﬁtioh of a cubic equation besides being mere tedious,
usually inveIQes.suecessive aﬁproximations. Using the first four terms
is a satisfactorj apéroximation-by itself,

Using'(éo) and allowing S to vary in steps of 628 radians the
response was computed. For comparison the response was computed using
the exact solution of {18). Both responses are shown on page l4.

The series response was computed with only a slide rule. The exact
response was computed on a co@puting machine with the accuracy main—
tained high eneugh 50 that the final result was correct to four
signifieant figureso.

For frequencies very near the resonant frequency, the series
solﬁtion is very accurate. eThe_work @one for the exact solution was
much longer and requi:ed exteﬁsive trigonometric tableso. Notice that
the series solution becomes quite inaccurate above about 800 cycles.
However9 the va;ue of frequeney that produces a peek output as
determined by the exact solution appears to be around 900 cycles. This
agrees remarkably well with the value 1018 cycles as determined by the

series solution.



Frequency Frequency Eout Equt
S off Resonance By Series Exact By (18)

448,158 — 1200 Cycles 64.8 , 70430
449,138 — 1020 Cycles 66,5 | 70:74
449,158 © = 1000 Cycles 67.0 70.76 /.
449,258 — 900 Cycles 68.2 ] 70:84 /_
449,358 — 800 Cycles 69.8 / 2 70.83
449,458 — 700 Cyclés 69.8 70,77
449,558  — 600 Cycles 70.0 70.68

' 449,658 — 500 Cycles 70.2 7057
449,758 ~ 400 @gycles 70,3 70045

© 449,858 — 300 Cycles 70.2 70,35
449,958 — 200 Cycles 70.2 , 70,27
450,058 100 Gycles 70.2 70,20

70,17 /.

450,158 S 0 Cycles 70,2

450,258 + 100 Gycles 70.2 | 70,17 [/
450,358 + 200 6ycles 70.2 70,19
450,458 + 300 gycles 70.2 70.24
450,558 + 400 Cycles 70,3 70,31
450,658 + 500 cyclss 70.2 /~14 70,39
450,758 + 600 Cycles 70.0 70,50
450,858 + 700 Cycles 69.8 70.54
450,958 + B800 Cycles 69.8 70.57
451,058 + 900 Cycles 68,2 70.56
451,158 + 1000 Cycleas 67.0 70,40
451,178 + 1020 Cycles 6645 70.44
451,358 + 1200 Cycles 64.8 70,03
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CHAPTER V

'THE SOLUTION WITH APPLIED VOLTAGE VARYING

WITH FREQUENCY

Equation 33 was developed assuming that the ‘applied voltage does
not change with frequency. Flgurs 2 shows that the a.svsumptibr'i' is not

true., From Figure 2 the E.M.F. equations may be written as

&n Bg 1/W0) = I3 233 + Ig 232 (43)

0 = I 295 + I2 Z272s {44)

The current I, may be found by solving (43) amd (44) by determinants.

Io, = _= 212 &y Bg/WC {45)
211 212 = 2313 '

JGy Eg M
Ci

I, = ,
WM Ry L WL L) | R L)
) (WC)) Rp W G I_ WC2

(46)

The denominator of the expression for I, shoxld be simplified

and can be expressed as



16

RRL, + Ry +aR MWL 1 )R+ WL, - _1 ).
"R WG, (WG, fRp WGC»

| 2 2
CWLLe- L-Lo+_ 1 ) +WM
Cz Ct “FC|CQ

Multiplying the numerator and denominator by W5 yields for the numerator

J Gm EG <W3 M
Ci

and for the denominator

-3 2
W(RL|RL-'2__L_I+L2) +W-(\£L2 - J Ry R + W( Rio— | )
GO R G G &R Goa

Since the output voltage is I Xy, or Ip 1/5WC, the numerator above

becomes

Gu  Eg WM
- Ci C2

and the denominator reméins the samse



The complete equation for the output voltage is (47). ©Notice that
the principal difference between (47) and (20) is that (47) has a
fifth power squation in the denominator whereas (20) has only a fourth

power equation in the denominator. 2

WM
_ , GM EG "Cl Cz (47)
OUT
\Nsl\fu Lo) +W(JRL L| +JRL L2)+W(RLRL+__L+_|___2_)+W( —J=2)
: G G éﬁ?f [

WERe - | - J
ERe G Ce C? Cz2 Rp

W = W, + S (17)

0
W2 = W2 o+ 2W,8 + o (21)
W = wd o+ BWES + BWs® + 8% (22)
vt o= wh o+ awls o+ ewds® + aws® 4 % (29)

A fifth power teri In W mist be evaluated.

w o= wd + swks o+ 1o0wis® + 1owd 55 4 WSt + 85

(48)
. Equatioms (17), {21), (22), (28), and (48) nust be substituted into
(47). After the substitution is carried out, the coefficients of

aach power of 8§ must be determined. Let the constants A, By .Cy Dy

B, and F be be eqpal to the coefficients of Sog Sy Sa S s 84, and

S5 in the denominator respectively.

17
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& = W3 (M IgLy) + W5 ( JRp, Lp+ IRy Ig) + WS ((Bp Ry, + Ly/Cp)

+ WS (Lafoy ) + WE (§ Lg/ef Rp = J Ry /C2 = § Bp,/Cy ) (49)

2
+ W ( Ry,/of Ry = 1/630,) - 3/§ ¢, By

B o= 5y (MR- LLp) + 403 ( SRy, Ly + SRy Lp) ¢ B (L/05 )+
' : (50)

5w§ ( By By, + Lp/Cp ) + 2W ( JLp/0] By = JRy /Co — JBL,/Cq )

+

¢ = 1o0wd ( uP-1qL,) + 6WE ( SRy, Iy + IRy Lg) B, (I3/Cp)

(51)

. 2
+ 3 ( Ly/oy Ry, B, ) * 3( Bp/0T By - Jam/c_2 = Rp,/01 )

o+

+

D = 100§ ( M*LL,) 4o ( JRp, Iy + JRyy Lz ) + Lyfop +  (52)
Ly/0y + By Bpy
E = 5, (w*LaLp) + J( Ry In + By Ly ) (53)

F = Mzé—-L'thzu | (54)

The numerator of (47) can be expressed as

&m Bg U (W‘§+2W°S+SZ») :_ngngg-w gp Eg M2 Wy S
01 G2 , 01 C2 C1 Cp
+ g B, M 8°
C1.Cz.

This can be writtenas ¢ + HS + I 8% where
G = gy By U w;’;’

Gy Cy



H = nggMZWO (57)

C1 €2
I =., gm Es M. (58)
Gy C2

Using (49) to (57) the output voltage equation simplifies to

E . — ¢ + Hs + 1 8°
out = — - .

A+Bs+052+ps%+Es%+ rgb.

(59)

If the division indicated in (59) 1s carried out the quotient is
a Taylor's expansion of the output voltage.
Eout = G/A + 8/A ( H—6B/A) + 53/a ( I - cc/a - Bu/a + B%/a%)

+ 8%/4 ( 2008/a% + B*H/A% - CH/A — D/A — BI/A — B%/A%)
(60)

In (60) the § terms correspond to the h terms in (11). The coefficients

of sach 8 term in (60) is nothing more than the evaluation of each

derivative at the frequency selected to expand around.

19



CHAPTER VI

CONCLUSIONS

4 comparison of the galculated response of equation 18 and

equation 33 shows that the series is extremely accurate for frequencies

near resonance. However, certain approximations were made in evaluating

the derivatives at Woo If the smaller component of a derivative was
less than 1/10 the larger component, then the smaller componant was
neglected., Actually, this need not have been done, but it shortened
the computations considerably. Increased accuracy over a wider range
with less terms of the series used coul& probably be attained by
using both components of each derivative.

The series converges very rapidly near the resonamt frequency.
With frequencies far from resonance the termms required for convergence
becomes large. The error in the series at any frequency can be made
as small as desired by taking a sufficient number of terﬁso

At frequencies several thousand cycles from resonance the exact
method for evaluating respomse ( by equation 18 ) should be perfectly
satisfactory. The difference in the reactive terms in the denominator

should be large enough to be readily determined by & slide rule.

20
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