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CHAPTER I

INTRODUCTION

Mapping schemes between discrete multi-dimensional and discrete linear spaces are
essential to applications that involve multi-dimensional data because the linearization
techniques of multi-dimensional arrays or grids are needed. Typically, sample ap-
plications include multi-dimensional indexing methods [Ore86, ARRT97, BRWW97,
GG98, AE99, BKK99, LK00], multimedia databases [SR00, BBK01, ACE*02], ge-
ographic information systems [AMO90], image processing [LZ84, VGI1], similarity
search [BBB*97, LLLO01], data structures and algorithms [BP82, ARR*97], parallel
computation [KOR95, Zum01], etc.

A space-filling curve is a mapping scheme to number the points in a discrete multi-
dimensional space by the integers starting from one to the total number of points in
the space. As a result, for every point in a discrete multi-dimensional space, viewed
equivalently as a grid, there exists a unique point corresponded in linear space (in the
range between one and the total number of points in the multi-dimensional space),
and vice versa. Thus, a space-filling curve provides a linear traversal in a multi-
dimensional space by visiting every point exactly once so that it imposes a linear
order for all the points. Peano (1890) constructed the first space-filling curve, and
many other space-filling curves have been proposed thereafter by Hilbert, Moore,
Lebesgue, vSierpiﬁski, Poélya, etc. For a comprehensive historical development of
classical space-filling curves, see [Sag94]. Figure 1.1 lists some examples of space-
filling curves in a 4 x 4 space.

As for a multi-dimensional applications, the mapping schemes (space-filling curves)
serve as a pre-processing step by linearizing the multi-dimensional data, then exist-

ing linear data structures and algorithms can be adopted with a few modifications



Figure 1.1: Examples of space-filling curves in 4 x 4 space.

to process these linearized data. For the sake of applicability, a space-filling curve
is mostly desired to maintain locality. The reason is that, for multi-dimensional
applications, most of the operations are on neighboring points (e.g., range queries
in multi-dimensional databases). However, the locality will be deteriorated as the
multi-dimensional data are mapped into linear space: nearby data may be mapped
to far-away locations in the linear space and/or the far-away data may be mapped
to nearby locations in the linear space. Consequently, the locality that has been lost
under these circumstances hurts the performances of these multi-dimensional appli-
cations. Insomuch as getting better performance for these applications, we should
adopt “good” space-filling curves that greatly maintain locality. The purpose of this
research is to investigate locality and clustering performances of space-filling curves
and also evaluate their applicability so as to help choosing more appropriate ones in
practice.

For general applicability of space-filling curves, there are two different categories
of measures. One is the locality preservation that reflects proximity between the
points in multi-dimensional space; that is, close-by points in multi-dimensional space
are mapped to close-by indices in linear space, or vice versa. The other one is
clustering performance that measures the distribution of continuous runs of points
(clusters) over identically shaped subspaces in a multi-dimensional space, and this
category of measures can be characterized by the average number of clusters and the
average inter-cluster distance within a subspace.

Among the space-filling curve families, z-order and Hilbert space-filling curves

probably are the most popular ones but have different traits. Basically, z-order
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space-filling curve family is relatively simple and easy to implement by interleaving
the bits of all the coordinates. However, Hilbert space-filling curve family is not so
straightforward even though it has a very simple structure in a 2 x 2 space. Numerous
empirical and analytical studies of various low-dimensional space-filling curves have
been reported (see [AM90, Jag90, Jag97, MJFS01] for details) but there is still some
work for us to investigate furthermore in this area such as locality preservation and

inter-clustering performances. The objectives of this research are to:

1. investigate the locality preservations and clustering performances for different
space-filling curves, especially on the most popular ones, z-order and Hilbert

space-filling curve families,

2. derive the closed-form formulas for the measures to quantify the qualities of

z-order and Hilbert space-filling curves, and

3. compare z-order curve family with Hilbert curve family by the derived closed-

form of formulas from objective 2.

This dissertation is organized in the following manner. Chapter II presents the
preliminaries about space-filling curves, including their definitions and constructions.
It also contains a brief overview of the work that has been already conducted in this
area. Chapters III and IV study two measures of locality preservation, including the
derivations of closed-form formulas for Hilbert and z-order space-filling curve families.
Chapters V and VI focus on the clustering performances to develop measures by
mean number of clusters and also by mean inter-cluster distance within a subspace.

Chapter VII is the conclusion.



CHAPTER II
PRELIMINARIES AND LITERATURE REVIEW

2.1 Definition of Space-Filling Curves and Their Features

For a positive integer n, denote [n] = {1,2,...,n}. An m-dimensional (discrete)
space-filling curve of length n™ is a bijective mapping C : [n™] — [n]™, where m is
a positive integer, thus providing a linear indexing/traversal or total ordering of the
grid points in the m-dimensional grid space [n|™. (For convenience, we call a point
in the m~dimensional space a grid point.) The m-dimensional grid space is said to be
of order k if its side length n = 2*; a space-filling curve is of order k if its codomain
is of order k. An m-dimensional space-filling curve of order k is denoted by C}* (i.e.,
Cm : [(26)™] — [2¥]™), and a family of m-dimensional curves of successive orders is
denoted by C. The generation of a sequence of m-dimensional space-filling curves
of successive orders usually follows a recursive framework (on the dimensionality
and order), which results in a few classical families, such as Gray-coded space-filling

curves, Hilbert space-filling curves, and z-order space-filling curves (see, for examples,

[AN00, MJFS01)).

2.1.1 Self-Similar Space-Filling Curves

In the 2-dimensional space, a space-filling curve of order & is said to be recursive if
the space-filling curve can be divided into four equal-sized quadrants with the same
structure (via rotation and/or reflection) [ARR197].

Alber and Niedermeier [AN98, AN0O] formalize the idea and extend it for higher-
dimensional spaces by defining the class of self-similar curves. The “self-similar”
simply means that a space-filling curve CJ* can be generated by putting together 2™

space-filling curves C7*, along a particular curve with some suitable permutations
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on corners of CJ*, applied, recursively. Here, the suitable permutations (denoted
by u) on corners of CJ”, are the permutations that preserve the neighborhood-
relations n(7,5) on the indices 4,5 of the corners in CJ*,: n(i,5) = n(u(@), u(y)).
For 2-dimensional space-filling curve, permutations are the operations of rotations
and/or reflections. The space-filling curve C7* is called the “generator” for C}".
Alber and Niedermeier consider all the permutations p to explore the construction
of Hilbert space-filling curves and show that there is one Hilbert space-filling curve
modulo symmetry in the 2-dimensional space and 1536 different structures in the
3-dimensional space.

In general, self-similar space-filling curves (recursive space-filling curves) have
many advantages over non-self-similar ¢urves. For instance, in the m-dimensional
space with side length n, self-similar space-filling curves use compact recursive rep-
resentation (formulas) to index all the data so that time complexity to determine the
data is O(log(n™)); on the other hand, non-self-similar ones need to store mapping
tables for all of the data so that the space complexity is O(n™) and time complexity
of worst case to look up the table sequentially for data is also O(n™). Therefore, we
will focus on the self-similar space-filling curves in our research and from now on,
space-filling curves or curves mentioned in the following content indicate self-similar

space-filling curves.

2.1.2 Constructing Space-Filling Curves

The coordinate system used in our work for m-dimensional space with side length n is
a Cartesian coordinate system with the axes numbered 1,2, ..., m, and the indices on
each axis are numbered 1,2, ...,n. Figure 2.1 demonstrates the coordinate system in
the 2-dimensional space: the vertical direction is axis-1 and the horizontal direction
is axis-2. When work in 2-dimensional space, we also call axis-1 z-coordinate, axis-2
y-coordinate, clockwise rotation (+)-rotation, and counterclockwise rotation (—)-
rotation.

For a space-filling curve C, the lowest- and highest-indexed grid points are called



Axis—1

L,

Axis-2

—_— N W

1 2 3 4

Figure 2.1: The coordinate system for the 2-dimensional space.

the entry and exit grid points, and denoted by 0;(C) and 9,(C), respectively. Since
we are only interested in the self-similar space-filling curves, the constructions are
therefore based on the recursive frameworks. Now, we focus on the self-similar space-
filling curve C}* that is generated by interconnecting 2™ identical C}* ,-structured
subcurves (via suitable permutations) along a CJ*-structured curve. We denote the
2™ O ,-structured subcurves of C7* by Q.(Cy*), where a € [2™], and a subcurve is
numbered by following the linear order along the CT*-structured curve (see Figures 2.3

and 2.6). We call the edge connecting 02(Q4(C}y")) and 0;(Qu+1(CyY)) a connecting

edge where o € [2™ — 1].

2.1.2.1 Constructing z-Order Curves. A z-order curve is also known as a bit-
interleaving curve because it traverses the grid points along the interleaved bits of
their coordinates. An m-dimensional z-order curve of order £ is denoted by Z;*. To
index the grid points for Z}*, the steps are: (1) to subtract each coordinate by 1 for
each grid point, (2) to interleave the binary bits resulted from Step (1) for each grid
point, and (3) to add 1 to the results from Step (2) for each grid point. Figure 2.2
illustrates the steps for building z-order curves: (a) the grid point coordinates on
axis-1 and -2, (b) the binary code of each grid point (after each coordinate subtracted
by 1), (c) the indices of each grid point (after the binary code added by 1), (d) the
z-order traversal sequence. By following the steps above, we can construct z-order
curves of any order. Figure 2.2(e) and (f) are the results for curves of order 2 and 3,
respectively.

Instead of the idea by interleaving bits of coordinates to construct a z-order curve,



2 01: 11 24 N
.......... )...-..:....4 ».-.------. ».- .... .
1| 00: 10 1 ;
1 2 . . . . . .
(a) ®) () @ () H

Figure 2.2: Construction of z-order curves in the 2-dimensional space. (a) Space
of order 1, (b) interleaving codes (after subtracted by 1 on each coordinate), (c)
indices for the grid points, (d) z-order curve of order 1 by connecting the grid points
according to the indexing, (e) and (f) z-order curves of order 2 and 3, respectively.

we can construct the curve through recursion. The first step is to create a z-order
curve of order 1 as shown in Figures 2.2(a), (b), (c) and (d). The induction step
is that we can build Z} by merging 2™ Z;} ,-structured subcurves along the Z7*-
structured curve for k' = 2,3,...,k. Note that there are no reflection or rotation
operations applied to the construction of z-order curves. Figure 2.3 represents the
construction of a 2-dimensional z-order curve from 2% curves of lower order (the

decomposition into 22 curves of lower order, reversely). Based on the the recursive

mechanism, we can generate a z-order curve of higher order.

s o))
072 @@ N N Qu(22)
. . n.,...'..‘" 62 .'z._‘z- -:.':‘:4__- 62
Q1(22) Q3(Z2)
51(22) Q1(22) Qa(22)
21(Q1(22) = pu(22) | O

(2) 22

(b) Zz—interconnection

Figure 2.3: Generation of Z? in (a) from a Z32-interconnection of four Z2_,-structured
subcurves in (b).
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Construction of a higher-dimensional z-order curve Z7* from lower-dimensional

Z,:”_l is by the following steps:
1. Construct a z-order curve Z* L.

2. Add the m-th dimension to current coordinate system that is of m — 1 dimen-

sions,

3. Duplicate the curve Z*~! along the m-th dimension, and let the exit grid point
of this duplicated one inherit the connection link from the exit grid point in

the original Z,T”l if there is one,

4. Add an edge to connect the exit grid of the duplicating curve in Step 3 to the
entry grid point of the duplicated one (this step complete the construction of

1),

5. Follow the construction steps for z-order curve of higher-order to build Z* from

zm.

Note that there are no reflection or rotation operations in the construction. Figure 2.4
demonstrates the constructing steps. Basically, z-order curve traverses all the grid
points by lexicographical order on their interleaved binary coded coordinates. We call
a z-order curve canonical if it has the structure and orientation as the one generated

from above steps. For example, Figure 2.2, 2.3 and 2.4(c).

2.1.2.2 Constructing Hilbert Curves. An m-dimensional Hilbert curve of order
k, denoted H[*, is more complicated than a z-order curve. First, we define the
orientation for a Hilbert curve H}*: the direction of the entry grid point to the exit
grid point. (This direction is parallel to one of the axes in the coordinate system.)
We call an H]" a-oriented if the direction of its entry grid point to exit grid point
is parallel to the axis-a, and also call an H]* a™-oriented (respectively, o -oriented)
if it is a-oriented and its entry grid point has less (respectively, greater) coordinate

value on axis-« than its exit grid point does.



o))
< o
Axis-2
(a)
o))
Oy
E Axis-3 01
<q )
Axis-2
(b)
o))
v l Axis-3 e
<
Axis-2 0

Figure 2.4: Construction of higher dimensional z-order curve. (a) A 2-dimensional
coordinate and a Z%; (b) adding a new dimension (axis) and then duplicating the
Z%; (c) connecting the exit and entry grid points of the duplicating and duplicated
Z2, respectively.
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2.3 n |
1: 4 :

(a) (b) © (d)

Figure 2.5: Construction of Hilbert curves in 2-dimensional space. (a) The indices
for H?; (b) the traversal line for H?; (c) H2; (d) H2.

Now, we focus on the construction of 2-dimensional Hilbert curve of higher or-
der H} from H?. The construction is still built through a recursive mechanism.
The first step is to have a 2 x 2 space and have the indices 1, 2, 3, and 4 as
seen in Figure 2.5(a). The generator of 2-dimensional Hilbert curve H? is shown
in Figure 2.5(b). The induction step constructs a Hilbert curve HZ by merging four
H} _ | -structured subcurves along the Hi-structured curve for k' = 2,3,..., k with

(1) the first Hf _,-structured subcurve left-right reflected and then (+Z)-rotated,

2
(2) the fourth HZ_,-structured subcurve left-right reflected and then (—%)-rotated,
and (3) the second and third ones remaining unchanged (see Figures 2.5(c) and (d)).
Figure 2.6 shows the generation of H? from a H?2-connection of four HZ_,-structured
subcurves.

For dimensionality greater than 2, there are many different structures of Hilbert
curves as discussed in [AN98, AN00]. Moon, Jagadish, Faloutsos, and Saltz [MJFS01]

suggest a construction of a higher-dimensional Hilbert curve H* from a lower-

dimensional one H;*"! through a recursive procedure:

1. Construct a Hilbert curve H" 1.

2. Add the m-th dimension to current coordinate system that is of m — 1 dimen-

sions,
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Q2(H}) l Qs(H2)
2 2

Q2(Hy) l ‘ Q3(Hy) o1, & T 01 09,

Q1(H2) Qa(H?2) o2 R
Q1(H?) Qa(H3)

61(H,%) 62(H£)
d1(Q1(HE)) 02
@) =)

(b) HZ2-interconnection

Figure 2.6: Generation of H? in (a) from a H?Z-connection of four H? ;-structured
subcurves in (b).

3. Duplicate the curve H7*! along the m-th dimension, and let the exit grid point
of this duplicated one inherit the connection link from the exit grid point in

the original H,T“l if there is one,

4. Add an edge to connect the exit grid point of the duplicating curve in step 3
to the entry grid point of the duplicated one , and change the orientation of
these two grid point points to be m* (others remain the same orientation) (this

step complete the construction of H7?),

5. Construct first half of Hilbert curve H{* by putting together 2~ H™ . along
H*-structured curve via suitable permutations on the 2™ H} ,-structured grid
points of H}* ; to maintain the orientations of the grid points (subcurves) within
H*, then duplicate the first half 2™ H}", via reflection along axis-m to build

the rest of HJ".

Note that step 5 of the construction for higher dimensionality implies that an m-
dimensional Hilbert curve H;" is symmetrical along the axis-m. Figures 2.7 and 2.8
demonstrate the constructions of Hf and H{, respectively (the dashed lines denote
the new added dimension). We call an Hilbert curve canonical if it has the structure

and orientation as the one generated from the above steps. For example, Figure 2.5,
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2.6 and 2.7. Numerous algorithms in programming codes for constructing higher-
dimensional Hilbert curves and generating visual images in lower dimensionality are
proposed and published in literature (see [But69, L.S94, LS97, BC98, Max98, LKO01,
Ras01] for details).

Axis 1

/[ Axis 3 l ] -7

Axis 2

Figure 2.7: Construction of 3-dimensional Hilbert curve (H?) from two 2-dimensional
Hilbert curves (H?).

Figure 2.8: Construction of 4-dimensional Hilbert curve (Hy) from two 3-dimensional
Hilbert curves (H3).

2.2 Locality Preservation and Related Work

The locality preservation of a space-filling curve family is important for the efficiency
of many indexing schemes, data structures, and algorithms in its applications such as
spatial correlation in multi-dimensional indexing, compression in image processing,
and communication optimization in mesh-connected parallel computing. To analyze
locality, we need to precisely define its measures so that these measures could be used

in practice; good bounds (lower and upper) on the locality measure can translate into
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good bounds on the declustering (locality loss) in one space in the presence of locality
in the other space.

Denote by d, the p-normed metric (Manhattan (p = 1), Euclidean (p = 2),
and maximum metric (p = o00)). A space-filling curve C is called continuous if
do(C(3),C(i + 1)) = 1 (the Euclidean metric is 1) for all 4 € [n™ — 1]. Thus the
traversal of a continuous space-filling curve C' covering all grid points of [n]™ is
Hamiltonian with unit (Euclidean) steps. (Hilbert curve is a continuous space-filling
curve while z-order curve is not.)

Some locality measures have been proposed and analyzed for space-filling curves
in the literature. Pérez, Kamata, and Kawaguchi [PKK92] employ an average lo-
cality measure to quantify the proximity preservation of close-by points in the m-
dimensional space [n]|™:

_ i-
k€)= D grm,en O e

and provide a hierarchical construction for a 2-dimensional C with good but subop-
timal locality with respect to this measure.
Mitchison and Durbin [MD86] use a more restrictive locality measure parameter-

ized by ¢:

Lyp (C) = > li—jlfor C €C
1,7€[n™m]}li<s and da(C(3),C(5))=1

to study optimal 2-dimensional mappings for ¢ € [0,1]. For the case ¢ = 1, the
optimal mapping with respect to Ly, is very different from that in [PKK92]. For

the case ¢ < 1, they prove a lower bound for arbitrary 2-dimensional curve C":

1

429 L O(n%e
1+2qn + O(n™?),

Lyip ,(C) =

and provide an explicit construction for 2-dimensional C with good but suboptimal
locality. They conjecture that the space-filling curves with optimal locality (with

respect to Lyip , with ¢ < 1) must exhibit a “fractal” character.
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Voorhies [Voo91] defines a heuristic locality measure, tailored to computer graph-
ics applications, and the corresponding empirical results indicate that the Hilbert
space-filling curve family outperforms other curve families.

For measuring the proximity preservation of close-by points in the indexing space

[n™], Gotsman and Lindenbaum [GL96] develop the following measures:

dy(C(5), CH)™

GL,mln( ) i,j€[nm]i<y i — gl
d2(C(3), C(4))™
L C) = o frCec
GL,ma.x( ) ivjeI[%?Jnﬁi<j ‘Z - ]! >

They demonstrate that for arbitrary m-dimensional curve C,

LGL,min(C) = O(nl—m), and
1

LGL,max(C) > (2m — 1)(1 — E)m

For the m-dimensional Hilbert curve family {H* | k = 1,2,...}, they prove that:

wl3

LGL,max(H]Zn) <2™(m+3)2.

For the 2-dimensional Hilbert curve family, they obtain tight bounds:
—k 2 2
61~ 0(274)) < LG e H}) < 62

Alber and Niedermeier [Alb97, ANOO] generalize LT, o £0 LAN o by employing
the p-normed metric d, (Manhattan distance (p = 1), Euclidean (p = 2), and maxi-
mum (p = 00)), in place of the Euclidean distance dy. They improve and extend the

above tight bounds for the 2-dimensional Hilbert curve family to:

Lan,(HE) <9

’

— U] W

6(1-0(27) < LaN,(H}) < 63, and

6(1-0(2") < Lan.(H) <62
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2.3 Clustering Performance and Related Work

Studies of clustering and inter-clustering performances for space-filling curves are
primarily motivated by the applicability of multi-dimensional space-filling indexing
methods [FR89, Jag90, ARR*97]. Basically, these methods are based upon an m-
dimensional space-filling curve that maps an m-dimensional grid (data, processor-
mesh, etc.) space onto a 1-dimensional linear space (external storage structure).

However, if the average number of external fetch/seek operations, which is related
to the clustering statistics, can be minimized, the space-filling index structure can
therefore support more efficient query processing such as range queries. Asano, Ran-
jan, Roos, Welzl, and Widmayer [ARR97] study the optimization of range queries
over space-filling index structures by minimizing the number of seek operations but
not the number of block accesses. The reason is due to a tradeoff existing between
seek time to proper block (cluster) and latency/transfer time for unnecessary blocks
(inter-cluster gap), so good bounds on the inter-clustering statistics can translate
into good bounds on the average tolerance of ﬁnnecessary block transfers.

Jagadish [Jag97] and Moon, Jagadish, Faloutsos, and Saltz [MJFS01] consider
the number of disk accesses for a range query, mostly because the number of clusters
within a range query is desired to be as minimum as possible. They focus on Hilbert
curve and use the mean number of clus.ters of grid points within a subspace as the
measure of the clustering performance. Jagadish [Jag97] derives exact formulas for
the mean numbers of clusters over all rectangular 2 x 2 and 3 x 3 subgrids of an
HZ-structural grid space. Moon, Jagadish, Faloutsos, and Saltz [MJFS01] extend
the work in [Jag97] to obtain the exact formula for the mean number of clusters
over all rectangular 27 x 29 subgrids of an H 2-structural grid space. Moreover, they
also prove that, in a sufficiently large m-dimensional H}*-structural grid space, the
mean number of clusters over all rectilinear polyhedral queries with surface area S, «
approaches % . % as k approaches 0o.

In summary, the empirical and analytical studies of clustering performances of
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various low-dimensional space-filling curves, the Hilbert curve family is relatively

superior to other curve families in this respect.

2.4  Other Measures

In addition to the locality preservation and clustering performance, there are some
other measures for space-filling curves. Mokbel and Aref [MAO1] propose a quanti-
tative measure for the quality of space-filling curves by the number of “irregulari-
ties” in each dimension. For an m-dimensional space-filling curve C : [n™] — [n]™,
an “irregularity” occurs in dimension z when two points i,j € [n™], ¢ < j and
Z(C(i)) > Z(C(j)) where Z(C(1)) (or Z(C(j))) denotes the coordinate of point 4
( or point j) in the dimension z. An irregularity occurs in I-th dimension if the
space-filling curve C, as a function, reverses the inequality ¢ < j in the z-coordinate.
Figure 2.9 illustrates all possible scenarios for irregularity in the 2-dimensional space.
The quantitative measure I(z,n,m) is defined as the number of irregularities in di-
mension z for a space-filling curve in an m-dimensional space with side length n:

nm

if Z(C(3 Z(C(j
Z n, m szlj where fi,j = { g) i)the(rwféi) > ( (]))>

7j=2 i=1

@ (b) (© ()

Figure 2.9: Irregularity in the 2-dimensional space: arrows indicate the traversal
order of space-filling curves. (a) No irregularity; (b) irregularity in z only; (c) irreg-
ularity in y only; (d) irregularity in z and y.

For quantifying partition in parallel computing, Hungershofer and Wierum [Wie01,

HWO02] introduce a quality coefficient —2824) . for two grid points i, § € [n2], where
] quality \/V———) grid p J € [P,

c (g
Ve(i,7) is the size (the number of points with indices between i and j), and S¢ (4, )
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is the surface (perimeter for the 2-dimensional space) that is induced by the two grid
points ¢ and j along the space-filling curve C. They use this coefficient to quantify
the quality of the induced partition by two grid points ¢ and j in an uniform grid
space of size n xn. Then, they extend this coefficient to quantify a space-filling curve

by the following two formulations:

B SC(Za])
LHW,maX(C) o i,jerﬁz%})j{i<jZl—_‘—/\/C;Z'———;—7 e
L @) = i]i i
HW7avg — ]_ =2 i=1 4\/‘70—2_}—

By these measures, they obtain tight upper bounds for z-order curve Z2 and Hilbert
curve Hi. From the results, they conclude that z-order curve performs better than
Hilbert curve in this respect.

Based on the types of connecting edges among the grid points in a space-filling
curves, Mokbel, Aref, and Kamel [MAKO02] define a vector V of five parameters that
are the percentages of different types of edges: jump, contiguity, reverse, forward,
and still. They suggest to select an appropriate space-filling curves for an application

via the knowledge of this vector V.



CHAPTER III

A NEW MEASURE FOR LOCALITY PRESERVATION
On the measures of locality preservation for space-filling curves, our work includes:

1. proposing a new locality measure for space-filling curves by considering the

mean absolute index-difference for two grid points at a common distance, and

2. closing the gaps between the upper and lower bounds for the p-normed metric

measures Lo (Hy)-

We present the two studies in this and next chapters, respectively.
The new locality measure is similar to Ly p ; conditional on a 1-normed distance

of § between points in [n]™:

Ls(C) = Z li=gl

i,je[nm™]li<j and di (C(3),C(5))=5
The locality statistics Ls(C) cumulates all index-differences of point-pairs (distances
traversed in the sequential index space) at a common I-normed distance ¢ (local
operation in the C-structural grid space). Note that for the three statistics: Ls(C'),
L (C) = Zle L;(C), and the mean absolute index-difference over all point-pairs at
a common 1-normed distance §, the knowledge of one statistics for all § yields the
other two.

The study of locality measures arises in practical contexts. In coding theory, for
a bijection C' that encodes the integer range {0,1,...,2™ — 1} into an m-bit binary
code {0, 1}™, the locality measure Ls(C') is proportional to a selection criterion for C
that minimizes the mean absolute change resulting from an error of exactly § bits (see

[Har64]). A biological application of locality /spatial measures is their use in modeling

18
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a visual nervous system that seeks maximum spatial continuity in mapping visual
stimuli onto a 2-dimensional cortex of nerve cells (see [HW79)).

Based on the new measure Ljs, we derive exact formulas for the Hilbert curve
family {H* | k = 1,2,...} and z-order curve family {Z]* | k = 1,2,...} for m = 2
and arbitrary é that is an integral power of 2, and m = 3 and § = 1. The exact results
yield a constant asymptotic ratio limg_, . % > 1 for the considered values of m,
k, and ¢, which suggests the superiority of z-order curve family in low dimensions

with respect to Ls. We verify all the exact formulas (intermediate and final) with

computer programs on m = 2,3 and over wide ranges of values for k£ and 6.

3.1 Locality Measures of 2-Dimensional Space-Filling Curve Families

Hilbert and z-order curve are probably the most popular space-filling curves. One of
the salient characteristics of this type of curves is their “self-similarity” (see Chap-
ter II). Let C? denotes H or Z?. Thus, for these two space-filling curves, the
self-similar structural property guides us to decompose C? into four identical C?_,-
subcurves (via reflection and rotation), which are amalgamated together by an C2-

curve (see Figures 2.3, 2.6).

3.1.1 Approach

Our approach to derive the exact formula for Ls(C?) is described as follows. The
space-filling curve C? denotes H? or Z2. The recursive decomposition (in k) of C?
gives that:
Ls(C) = > ]
1,j€[22F]|i<j and d1 (CE(i),CF(5))=4

= AL+ S As(Qa(CD), QD)

a,fe{1,2,3,4}|a<f
where As(Q.(C?), Qs(C?)) denotes the cumulative contribution of |¢ — j| from the
two subcurves Q,(C?) and Qs(C?), that is, for all 4,7 € [2%*] such that i < j,
di(CE(i),CE(5)) = 6, and i and j appear in (the index ranges of ) Q,(C?) and Qs(C?),

respectively.
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We partition the summation 37, s, 53 4y10ep 26(Qa(CF), Q5(CF)) according to
the two cases: contiguous subcurves ((o,3) € {(1,2),(2,3),(3,4),(1,4)} for HZ,
(o, B) € {(1,2),(1,3),(2,4),(3,4)} for Z%) with four similar subcases, and diagonal
subcurves ((a, 8) € {(1,3),(2,4)} for HZ, (o, B) € {(1,4),(2,3)} for Z?) with two
similar subcases. A common thread to the computations in the six subcases is
to express As(Q(CE), Qs(C?)) as summations of index-cumulations of neighboring

geometrical structures in Q,(C?) and Qg(C?).

3.1.1.1 Geometrical structures (rows, columns, and diagonals). The following

denotations illustrate the geometrical structures (rows, columns, and diagonals) in-
volved in the computations.

With respect to the canonical orientation of C? (shown in Figure 2.6(a) for HZ,

Figure 2.3(a) for Z?2), we cover the 2-dimensional k-order grid with:

1. 2% rows (Re 1, Ri2, - - -, Ry g¢), indexed from the bottom,
2. 2% columns (Cy 1, Cr.a, - - -, Ck %), indexed from the left,

k)-l'-l . . _ ! 7 / .
3. 277 — 1 main diagonals (D1, Dk, ..., Dgor = ‘Dk,?k?Dk,Qk—l?""Dk,l)? in-

dexed from the lower-right corner, and

4. 2k+1 — 1 auxiliary diagonals (Ak1, Ak - ooy Apr = A;c,2k7‘4;c,2k—1"""4;€71)’

indexed from the lower-left corner.
For o € [2*] and a grid point p € [25]2, we denote:

L. Ag(v,v') = [(C3)7Y(v) — (CH~L(v")], the index-difference between two grid

points v,v’ € [2F]2.

2. A(Xpa,p) = ZveXk _Fi(v,p), where the symbol X denotes R, C, D, I, A, or

A’ (for example, A(Ri0,p) =Y. Fik(v,p)). That is, A(Xk 4, p) cumulates

veRk,a

all index-differences of all grid points in the structure Xy , with respect to p;

when p = 81(C})), A(Xk.a, p) is the index-cumulation of all grid points in X}, ,.
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3. Xia = 351 Dovex, ,(@+1=B)le(v, 0:(CR)), where the symbol-pair (X, X) de-
notes (R, R), (C,C), (D, D), (D', D’), (A, A), or (A, A’) (for example, Ry =
S5 Toen, (@ + 1= A)lulv, 1(CD));

Nea =25 Zvexkﬁ(a-i-l—ﬂ), when X denotes D, D', A, or A’ (independent
of the choice); that is, Nk, cumulates the number of index (grid point v)

references in the summation of Xy, (that is, Dg q, Dy or Ak OT Ay o)

Note that when o = 0, all cumulations degenerate to 0, that is, Xy o = X,;’O =

Nio = 0.

4 X =254 > vexy , (v, 01(CF)) = 3251 A(Xi,p,01(CF)), where the symbol-
pair (X, X) denotes (R, R), (C,C), (D, D), (D', D"), (A, A), or (A, A");
Nio= Zg=1 D e Xep 1, when the symbol X denotes D, D', A, or A’ (indepen-
dent of the choice); that is, N, cumulates the number of index (grid point v)

references in the summation of Xy, (that is, Dia, D'k ay Ak, 0T Aga).

Note that &y o = Xpao1 + :\?k,a for a € {2,3,...,2%}, where the symbol X
denotes R, C, D, D', A, or A'.

5 Wy = > vec? Mw(v, 01(C})), which cumulates the indices of all grid points of C?
relative to 91(C?). (For a grid point v, the membership “v € C?” abbreviates

“ve CHRH))

Figure 3.1 illustrates the organization of a 2-dimensional grid into the row, column,
main-diagonal, auxiliary-diagonal structures and the coverages for Dy 4, D}c’a, Ak o,
and A .

For every grid point p in a canonical CZ, we have fix(p, 8,(C?)) + Fix(p, 02(C%)) =
2251, and there exists a unique grid point p’ such that 7. (p, 81 (C2)) = Ax(p’, 52(CE)).
We say that (p, p) is a mirror pair and p’ is the mirror point of p. Clearly, the mirror
relation is reflexive: (p,p’) is a mirror pair if and only if (p/,p) is also a mirror pair;

Imoreover,

Fi(p, 01(CR)) + T (0, 01(CF)) = Fa(p, 82(CR)) + (9, 95(CR)) = 2 ~ 1.
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D, /
k,a ko

Dk,a Ak,a

(b) (c)

Figure 3.1: (a) Organize a 2-dimensional grid [2*]? into the row, column, main-
diagonal, and auxiliary-diagonal structures; (b) coverages of Dy , and Di.o (c) cov-
erages of Ao and Aj .

We extend the notations to identify all C?-subcurves of a structured C? for all
| € [k] inductively on the order. Let Q,(C?) denote the a-th C?_ -subcurve (along
the amalgamating C?-curve) for all @ € [2%. Then for the a-th C? ;-subcurve,
Qa(C}), of C}, where 2 < [ < k and a € [2?], let Q3(Q.(C})) denote the B-th
C? ,-subcurve of Q,(C?) for all 8 € [2%]. We write Q%M (C?) for Q.(QL(CE)) for
all [ € [k] and all positive integers ¢ < [. For the two extreme cases: (when g = 0)
Q%(C?) denotes CZ, and (when q = ) Q! (C?) identifies the a-th grid point in the
C2-subcurve Q71(C?). Interpreting @ as a “quadrant/subcurve selector”, we denote
by Q{a,s1(C?) the a-th or p-th C% -subcurve of a canonical C? for all «, 8 € [22].
We write Qg}ﬂ}(()ﬁ) for an iteration Q{a,ﬂ}( %a)ﬂ}(Cf)) for all [ € [k] and all positive
integers ¢ < I. Note that the selections in {a, 8} for the iteration are not necessarily

identical.

3.1.1.2  The computation of As(Q.(C?), Qs(C?)) for a, B8 € {1,2,3,4} with a < .
Let § be an arbitrary positive integral power of 2 with 1 < § < 2. First we derive
As(Qa(C2), Qs(C3)) for the case of contiguous subcurves. Without loss of generality,
we assume that o < 3 and Q,(C?) appears to the immediate left-side of Qg(C%) for

our discussion (see Figures 3.2 and 3.3).
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§ + 1 columns connecting

1-normed distance § Ous border Qp.s
O
O
O O
O O
O O
O O
O O
O @ O o v
O O
O O
O O
O O
O O
O
O
O possible §-neighbor ¢ + 1 — 7 columns 7 columns

(a) (b)

Figure 3.2: (a) Ns(v') in the absence of the connecting border (with cardinality of
26 — 1); (b) Ns(v') in the presence of the connecting border (with cardinality of
20+1—7)—1).
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connecting connecting
border border Qs s
Qa,s Qp,s B,
O
O Fd
O
o L
O \\\ ~‘\ 2
O * [ J 'U’ \\\ \.\
1 .,
A
© oW X -
O AN ~l\Xk--1,i~|rj—1
o ; ™., ®]  bottom border
O T -, of Qﬂ,,;
5 l &=t i rows N
- —_ = coordinate of v’ = (%, j)
4 +1— j columns j columns for all grid points on X;:‘_lyiﬂ_l:

row-coordinate + column-coordinate= i + j

(a) (b)

Figure 3.3: (a) Ns(v') in the presence of both connecting and bottom borders (with
cardinality (2(6+1—35)—1)—(6+1—j—i) = d—j+1, provided that 6+1—j—i > 0);
(b) following the auxiliary diagonals X2, ,, X 5, ..., X{2 ; to enumerate all grid
points v/ with row and column coordinates (i, ) in the bottom boundary region of
Qps such that § +1—35—¢2>0.
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Each of the two quadrants Q.(C?) and Qs(C?) has its own bottom and top
borders to delimit its 257! rows, and the border between the two quadrants is called

the connecting border. Note that

Ats(Qa(Clg)vQﬁ(clg)) = Z hk(UvU,);

(v,v)€Qa(CF)xQp(CY)ld1 (v,v)=5

so for a pair (v,v') € Q.(C?) x Qs(C2) with contribution in As(Q.(CE), Qs(CE)),
the grid points v and v" must lie within the first § columns in Q,(C?) and Qz(C?),
respectively, from the connecting border. We index the rows and columns of a quad-
rant locally around the connecting border as: rows r{,73,...,75,_; (indexed from the
bottom in each quadrant), columns ¢}, ¢3, ..., ¢} (indexed from the connecting border
in each quadrant), where y denotes a or 3 (indicating the residing quadrant Q,(C?)
or Qs(C2) for the rows and columns. Denote by Qa5 (Qs5) the 2871 x § subgrid of
Qo(C3) (respectively, Qz(C%)) consisting of these 271 rows and & columns.

The key idea in deriving As(Q.{(C}), Qs(C?)) is to express Fi,(v,v"), where (v,v) €

Qo X Qas, as

(v, 82(Qa(CF))) + Mie(82(Qa(CF)), 81(Qs(CR))) + (v, 81(Q5(CR))),

and write:

As(Qa(CP), Qs(CR))
= > (v, 02(Qu(CD))) + F(02(Qa(CP)), B1(Q5(CR)))

(v,9")€EQq s X R, sld1 (v,v)=6

+ BV, 01(Q5(CP))))
= Z (v, 52(Qa(CE)))

(’va/)eQa,SxQB,Sidl (1)71)’):6

+ Z 1k(02(Qa(CY)), 01(Q5(CP)))

(val)eQa,J XQﬁ,J[dl (117’”/):5

+ > B v/, 01(Qs(CP))) (3.1)

(’val)eQa,JxQﬁ,J‘dl (’U)'Ul)zé
Each of these three cumulations of index-differences requires some knowledge of the

combinatorial structure of all the pairs (v,v") € Qus X Qps With di(v,v") = 5. We
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say that (v,v') is a §-pair and v is a §-neighbor of v/ (and vice versa). Denote by
N;s(v') the é-neighborhood in Qa6 of v € Q.

By symmetry, it suffices to consider for an arbitrary grid point v € Qgs, and
determine | Ns(v')| — which depends on the location of v" within Qg s. We partition

()ss into three regions based on the row and column indices as follows:

1. The middle boundary region consisting of the middle rows riﬂ fori=0+1,6+

: k=1
2,...,251 —§ that is, (U?:6+167"f) N (U?zlcf),

2. The bottom boundary region consisting of the bottom rows riﬂ fori=1,2,...,9,
that is, (UL_,r7) N (U2_,c)), and

3. The top boundary region consisting of the top rows rf for i = 281 —§ +

k—1

1,251 — 542 ..., 251 that is (U§=2k—1—6+1riﬁ) N (U§=1c§)'

For an arbitrary grid point v/ € riﬂ N cf in the middle boundary region of ()3,
where i € {§ + 1,6 +2,...,25"1 — §} and j € [§], the columns of Q,s in which

all é-neighbors v of v' reside are cf , cg e c? +1-; Of Qa,s with the distribution: one
d-neighbor in c? +1-; and two in each of the remaining columns (see Figure 3.2(a) and

(b)). Therefore, Ns(v') =2(6+1—j)— 1.

For an arbitrary grid point v’ € 72 N cf in the bottom boundary region of ()35,
where 7 € [§] and j € [4], in the presence of both connecting and bottom borders,
INs (')} = (2(6+1—75)—1)—(6+1—j—i) = 6—j+i, provided that 64+1—j—i > 0. The
second term (6§ + 1 — j) — ¢ gives the number of grid points v (é-neighbors of v’ in the
absence of the bottom border) eliminated by the bottom border (see Figure 3.3(a)).

Therefore,
n [ 6=+ fo+1—-5—-22>20
[Ns(v')] = { 200+ 1—j)—1 otherwise.

Note that the condition 6 + 1 — j — 4 > 0 corresponds to the lower-left half
of the Cfs-subcurve at the lower-left corner of Qgs. With denotations for main
and auxiliary diagonals similar to those in Section 3.1.1, we cover the lower-left half

of the Cf, s-subcurve with ¢ auxiliary diagonals X/, |, X, 5, ..., X 5, indexed
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from the lower-left corner of the C}}, s-subcurve (see Figure 3.3(b)). Observe that for
a grid point v’ in Qgs with row and column coordinates (i, ), v’ € X ,;4_1,1] for some
n € [6] if and only if i 4 j = n+1; in this case, |Ns(v")| = (2(6+1—7)—1) — (6 —n).

For an arbitrary grid point v/ € rf N cf in the top boundary region of (Jg s, where
i€ {21 =8+ 1,2¢ —§+2,...,25} and j € [8], that is, (UX e, ;. 7)) N
(U?zlc? ), we proceed as in the case of bottom boundary region: cover the upper-
left half of the Cf s-subcurve at the upper-left cover of Qs with § main diagonals
xp 11,X P 1 gy X, 1?_/1,57 indexed from the upper-left corner of the Cf)g s-Subcurve,
and obtain that

INs(')] = { ;2((5+ 1 —]) -1 —(-n) ifv e jXI?—II,n for some 7 € []
(0+1—-75)—1 otherwise.

Now, the analysis above allows the three cumulations of index-differences in
As(Qa(C?),Qs(CE)) to be expanded as follows. In order to compute
D (0)€Qu s xQp sléa (v7)=5 T (V' 01(Rp(CR))), We consider for all possible v' € Qgg,
which is partitioned into the middle, bottom, and top boundary regions, and deter-
mine the number of index (grid point v') references in the summation — which is

|N5(v")]. Denote by v; ; a grid point v" € Qs With row and column coordinates (¢, 7).
Then,

> (v, 01(Qp(CR)))
(v,2)EQa,s XQp,s5|d1 (v,v")=6
§ 215
Z Z 206 +1—j) — Dh(vi;,0:(Qs(CF)))  (middle boundary region)
j=1 i=6+1
5 s
+> D> 206 +1—5) - Dhe(v];,01(Qs(CP)))
j=1 i=1
5
- Z Z (6 —n)Ar(u,0,(Qs(CE)))  (bottom boundary region)
=1 ueX;:‘__lm
Fy 2k—1

+3° Y @6 +1-5) - Dinlel,, 81(Qs(CH))

J=1§=2k-1_§41
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5
— Z Z (0 — n)h(u, 81(625(0,3))) (top boundary region)
n=1 uEXE 1
§ ok-1
= Z 2(2(5 +1—4) = Dh(v);,01(Qs(CP)))
§ §
-3 Y G- mmwa@(CD) - Y X (6 - mh(u 5(Qs(CD))
n=1 “€X1?11 n n=1 “EXI?—l,n

5
- ZZ (6 +1—7) — Dh(u, 8:(Qs(CP)))

j=1 B
J Ecj

_Z Z (6 —m)hx(u, 81(Qs(CF)))

n=1 'u,eXle1 m

—Z 3 (6 - m)hulu, B(Qs(CE)). (3.2)

n=1 uEX,f_l -

Similarly, the symmetry between (),s and (gs yields an expansion for
D (0)€ Q5% Qp 5lds (w)=5 T (U, 02(Qa(CR))). Demote by ¥i2; 1, Y2 15,..., Y2 ;5 the
main diagonals covering the lower-right half of the C’fog s-Subcurve at the lower-right
corner of Q,(CF), indexed from the lower-right corner of the Cf, s-subcurve, and by
VA 115 v 125 - YA 1,5 the auxiliary diagonals covering the upper-right half of the
C’fog s-subcurve at the upper-right corner of Q,(C?), indexed from the upper-right

corner of the Cf,_ s-subcurve. Then,

Z P (v, 02(Qa(C)))

(” v )E€Qa,sXQa,5]d1 (v,0)=4

- Z Z 2(6 + 1 —3) — Dhg(u, 82{Qa(CY)))

ji= luEC

)
=S8 (60— ) h(u, 82(Qa(CE))

n=1 ueYk 19

—Z S (6 - mhn(u, 8:(Qu(CR)). (3.3)

n=1 'u,EYkAI1 o

For 32, )equ, §xQp.slds (6,07) _s P (82(Q4(C})), 01(Qs(C3))), we note that it is inde-
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pendent of (v,v’) in the summation. It suffices to compute 3, €00 5% Qp lds (vy07)=5 1
similar to the previous two expansions:

> 1

(v v)EQa, 5 XQp,s5ld1(v,v" )=

=zz LRSI I DI DRCEED »

— A
= 1u€X1?1n n=lueXg 1,m

541

_ gkt 2(25 +1—-27) = Ni—1.5-1 — Nim15-1

j=1

— 2](:—16 + 2k_1(62 —_ 6) —_ 2Nk—1,6—1 = 2k_162 - 2Nk—-l,6—1'

This gives that:

3 e(02(Qa(CR)), 01(Q5(CR)

(’U,’U’)EQQ’J X Qﬁ,&ldl (v,v')=6

= (257167 — 2Nho1,5-1)P(82(Qa(CR)), 01(Q5(CR))). (3-4)

For the case of diagonal subcurves, we consider thé computation of
As(Qa(CE), Qs(C})) for the main-diagonal subcurves Q,(C?) and Qs(C?), and let
Qa(C3) be the lower-left subcurve/quadrant and Qz(C}) the upper-right one. (The
derivation for auxiliary-diagonal subcurves is similar.)

For a d-pair (v,v') € Qu(C?) x Q4(C?), v and v’ reside in the neighboring (§ —
1) x (6 — 1) triangular corners of Q,(C%) and Q4(C?), respectively; thus the number
of -pairs in Q,(C?) x Q5(C3) is Ny_1,6-1. Figure 3.3(a) shows Ns(v') in the presence
of both connecting and bottom borders for the case of contiguous subcurves, it also
reveals the neighborhood of v’ for this case — the eliminated “§ + 1 — j — " grid
points.

We now expand As(Q.(C?E), Qs(CE)) for main-diagonal subcurves Q,(C%) and
Qs(CE) as follows:

As(Qa(C), Q5(CY))
SN (6= min(u, 8(Q1(CD))

=1 uEYkA__l1 "
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T (6 e B1(Qs(C2)))

n=1 uEX,{i1 .

+Ni—1,6-176(02(Q1(CF)), 81(Qs(CP)))- (3.5)
The detailed derivations for Hilbert and z-order curve families are shown in the

following two sections.

3.1.2 Derivation of 2-Dimensional Hilbert Curve Family

For a 2-dimensional grid, the “orientation” of H? uniquely determines that of Q,(H?)
for @ = 1,2, 3,4, and thus only one H? exists modulo symmetry (whereas there are
1536 structurally different 3-dimensional Hilbert curves [ANOO]).

In order to compute the closed-form solution for Ls(H?), we develop a suite of
lemmas (Lemmas 3.4, 3.5, and 3.6) to compute As(Qq(HE), Qs(H?)) for all o, 8 €
{1,2,3,4} with @ < 8, in which we establish a recurrence system (in k¥ — when
2F > §) of summations with a basis system of summations computed in Lemmas 3.1,
3.2, and 3.3. Note, the notations introduced in Section 3.1.1 are applied to HZ in
this section.

The following three lemmas study the cumulation of indices of grid points in the
row, column, diagonal, and auxiliary-diagonal structures of HZ.

Lemma 3.1 The indez-cumulation of a row structure of H? is independent of its

row-number: for all o € [2F],

1 1
A(Ria, 81 (HE)) = A(Ri, 02(HR)) = 5 23k _ 5" 2F  (independent of a..)

Proof. A canonical H? is left-right reflexive. For a grid point v € Ry o N Ch g,
where «, 3 € 2], its mirror point v’ € Ry o N Cy 9415, and the mirror pair (v, ')

satisfies that:
(v, 01 (HP)) + A (v, 01 (HE)) = Fip(v, Oo(H2)) + By (v', 0o (HP)) = 2% — 1.
For every a € [2%], there are 2¢~! mirror pairs in the row Ry ,. Thus,

A<Rk,0781<HIE)): Z hk(,l})al(ng))

’UGRk,a
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(= Z hie(v', 02 (HE)) = A(Ri o, 02(H?)) (v is the mirror point of v))

’UIGRk:a

_ S (Fk(v, By (HE)) + B(v/, 81 (H?)))

all mirror pairs (v,v) in Ry o

— 2k—1(22k_1):l.23k_l.2k
5 .

Lemma 3.2 The binary representation of the column-number of a column structure

of H? helps compute its indez-cumulation as follows:

1. For all o € [2*71], a recurrence for A(Cyq, O1(HE)) is:

1
A(Cra, 01(HE)) = A(Ri-1,0, O (Hi_1)) + A(Cre1j00 O (Hp_y)) + 5 23k

For a =1, a closed-form solution for A(Cy 1, 01(HZ)) from the recurrence above
(in k) is:
3 1 2
- . 23k‘ . 2k Z
2.7 2 + 7
For those a satisfying 2971 < a < 27 for some integer q¢ € [k — 1] (that is,

= [log a] ), the recurrence above (in k) yields a recurrence:

k
3 1
A(Crar 01 (HD) = A(Coan O1(HD) + > (- 931 _ =2,
n=g+1

where the summation is 2= (2% —2%)—2(2F—27) = 2.2%k _ 1.9k 3 . p3flegal 4.

% . pflogal
2. For all a, B € [2%] such that a < B and the binary representations of a — 1 and
B — 1 differ only at the i-th low-order bit, where i € {0,1,...,k — 1} (that is,

(@—1)® (B —1) =2, where & denotes the binary exclusive-or operator),
A(Chp, 01(H)) = A(Ch,a, 01 (Hy)) +27 - 27,
Proof. Consider a canonical HZ.

Part 1: We construct the general recurrence (in k) for A(Cy o, 81 (HE)) for arbitrary

a € (2571 as follows. The column Cy, is in the left-half of the canonical H2, and can
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be decomposed into the a-th column of Q1(Hf) ((—%)-rotating and then left-right
reflecting into a canonical H? ) and the a-th column of Q2(HZ), that is, the a-th
row of a canonical H? , and the a-th column of a canonical H?_,, respectively. By

noting that for all grid points v € Qy(HZ),

T (v, 01(HR)) = by (v, 81(Q2(HR))) + he(81(Q2(HR)), 01 (H))
= hk(”? a1 (Q2(ng))) + 22(1%1)’

and translating the index-cumulation of Cy , (in HZ) in the two H?_,-subcurves, we

have:

A(Crar ®1(HD)) = > (v, 1(HE))

UECk,a

= (A(Cra NQUHE), 81(Q1(HE))) + 2° 1 (01 (Q1(H])), 81(HR)))
+(A(Cra N Qa(HR), 81(Q2(HE))) + 2 1 (81(Q2(HR)), 81(HR)))
= (A(Bi1a,1(HE,) +271-0)  (after (+3)-rotating and
then left-right reflecting Q1 (H7) into a canonical Hy)
+(A(Cyr0, O (HE ) + 2871 221

1
= A(}Zk:—l,ou a1 (le—l)) + A(Ck:_l,a> al(le__l)) + —2—5 . 23k
3 1

(= A(Cr10,0i(HE ) + 51 23k _ 5 28 (by Lemma 3.1)).

Now we iterate the general recurrence (in k) from order k to order g + 1 (where

g = [log a), which yields the recurrence (in k) for A(Cy q, 01(H7)):

A(Ck,Ch al(H]E))
3 1
= A(Ckae 8i(H)) + 5 - 93k _ =
3
= A(Cq,aaal(H(?))+ z (——

o4 22
n=q+1
3
= A(Cyp, 01(Hy)) + 5 (2% = 2%) — (2" - 29)

3 1 3 1
— A(Cq,ay 81(H2)) + _é___,?_ . 23k _ 5 . 2Ic _ ﬁ N 23floga] + 5 . 2ﬂoga-|‘
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When « = 1, the general recurrence yields a recurrence (in k):

k

3 1
A(Cya, 01(HR)) = A(Cry, 81 (HT)) + Z(g - 2% — 522"
n=2
3 1 2
— —-2316_____ k Z
2-7 2 2 7

Part 2: Let o, 8 € [2¥] such that o < B and (o — 1) @ (8 — 1) = 2%, where i €
{0,1,...,k—1}. Consider the two columns C , and Cj g of the canonical HZ, which
are 2 columns apart. Denote the suffixes of the lower 2 — 21 grid points of Cj,
and Cy g by C, and Cg, respectively (both are empty when and only when i = k—1).
From the assumption that (a—1)®(8—1) = 2! and the successive subcurve/quadrant

orientations of the canonical H?, we observe the following:

1. The two suffixes C, and Cp are the longest possible suffixes of Cy o and Cj g,
respectively, such that both are in the same successive subcurves/quadrants
enumerated as in the sequence Q{1,4}(Q({’2,3}(H,3)),Q{1,4}(Q%2,3}(Hg)), ey
Q{1,4}(QIE;§§+1)—1(H,E)). (When both C, and Cj are empty, the sequence is
void.)

2. For each j € {0,1,...,k—1i—2}, the subcurve Q{1,4}(Q{2,3}(H,f)) isan H} ;_;-
subcurve (of the canonical HY), the two segments C N Q11,43 ( 7{'2,3}(H,f)) and
CsN Q{1,4}(Q”{'2’3}(H,§)) can be viewed as two rows in a canonical Hy ;_;, as
illustrated in Figure 3.4(a). By Lemma 3.1, the index-cumulation (of all grid
points) of the two segments Co, NQy1,43 (Q%Q,S} (HE)) and CsN Q1,4 (@] {2 5 (H2))

are equal.

3. The difference in the index-cumulation between the columns Cji, and Cjg
in the canonical H? is equal to that of the corresponding columns, C’, and
Cj, respectively, in the canonically oriented HZ ;-subcurve Qa,3) (Q’{C2 g} 2(H})),
which is denoted by Q. When zooming in on Q (see Figure 3.4(b)), we partition

the difference in the index-cumulation of Cj, and Cf into the following two parts:
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T i |
o | ]
gery (1T 2 .
- 1
| |
—l " i i
1
| o S Y
- I I
ok _ 9i+1 _:_:___ | |
N ' [
[ [ 1
1 T ¥
0 | ]
1 o Crap  Cr,p

(a) (b)

Figure 3.4: (a) Two columns Cy o and Cy g in a canonical HZ with(a—1)®(8-1) = 2%,
where ¢ € {0,1,...,k — 1}; (b) zoom-in illustration of the prefixes of Cy o and Cj g
in the HZ ,-subcurve.

(a)

Between the two segments C;,NQ1(Q) and C3NQ4(Q) in the 2*-subcurves
Q1(Q) and Q4(Q), respectively:

These two segments correspond to two rows in a canonical H2, in which
they have equal index-cumulation with respect to 8 (H?) by Lemma 3.1.
Therefore the difference in the index-cumulation of these two segments
in @ is effectively zve%m%(g) hi1(01(Q4(Q)), 81(Q)) = 2(3 - 2%), since

there are 2¢ grid points in C3NQ4(Q) and A4 1(01(Q4(Q)), 61(Q)) = 3-2¢.
Between the two segments C;,NQ2(Q) and C5NQ3(Q) in the 2*-subcurves
(Q2(Q) and Q3(Q), respectively:

The assumption on the column indices « and 3 gives that the two seg-
ments/columns C, N Q2(Q) and C3 N Q3(Q) in the canonical Q2(Q) and
Q3(Q), respectively, have the same column indices. Therefore the dif-

ference in the index-cumulation of these two segments in Q is effectively

2i . 221"

Thus, A(Chp, 01(H2)) — A(Cha, 01 (H2)) = 29(3 - 2%) + 20 - 2% = 22. 9%, 1
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Aka Dk,Qk
-1 r=n"
-1 r- -1 [l ! ! ! !
1 i} i i 1 i i ! . | I
! i 1 !
L
| | | '
H? T .
k L - L4 ~J . -®
1 1 ! [ | i

— L ®-- L o -- Lo

Figure 3.5: (a) Mirror bijection between Ay« and Dy, in a canonical HZ; (b)
decomposition of Ay o+ into two segments in Q2(HZ) and Q4(H7); (c) viewing the
segments as the auxiliary diagonal Aj_; o+-1 in the two canonically oriented H, Ly

Lemma 3.3 Fork >1,
1. A(Agor, O1(HE)) + A(Dygr, 01 (HE)) = 2% — 2%, and
2. A(Ak,2k781(H]§)) — % . 23k _ % . 2k

Proof. Let k be an arbitrary positive integer.
Part 1: The mirror relation yields a bijection between the grid points of Ao+ and
Dy, ox, as shown in Figure 3.5(a). By enumerating all mirror pairs in Ay or x Dy ox,

we have :

A(Ay ok, O (HP) + A(Dy o, 0 (HY))

_ S (e (v, O (HE)) + (v, 1 (HE)))

all mirror pairs (v,v') in Ak,zk XDk,zk

- > 2% -1)

. X N
all mirror pairs (v,v') in Ay e XDy ok

Part 2: The auxiliary diagonal Aj o« in a canonical H, 2 can be decomposed into two
auxiliary-diagonal segments in Qo(H?) and Q4(H?) as shown in Figure 3.5(b) and
(c). The segment Ay o» NQ2(HE) is the auxiliary diagonal A _; 5x—1 in the canonically
oriented Qy(HZ). After (+%)-rotating and then left-right reflecting Q4(HY) into a
canonical H?_,, the segment Ay ox NQ4(H}) is the auxiliary diagonal of the canonical

H}?_, (see Figure 3.5(c)). We partition A(Aox, &1 (HZ)) into two parts:
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From the segment A or N Qo(HY):

1. A(Ag_196-1,01(HE_)) and the cumulation of index-adjustment from 9 (Qo(HE))
to &1 (H?), which is

AAporpen, B(H )+ Y ml(u(Qa(HR)), y(HE))

’UEAka NQ2 (HI%)

= A(Ak—l,Qk—l, al (H£~1>> + 2k—1 . 22(1(:—1)’
and

2. From the segment Ay o N Qa(HP):

A(Ap_y 951, 01 (HE_y)) + 2671(3 - 22:=D)) similarly.

Now we establish a recurrence (in k) for A(Ay o¢, 01(HE)) as follows:

_ 2 2 93(k-1) .
A(Ak,2k>31(H£)) = 22A(Ak—1,2k 1781(Hk_1>> + 2.2 1f k i 1
2 if k= 1.
The closed-form solution for A(Ay g¢, o1 (HZ)) is £ - 2% — 2. 2%, I

In the following lemma, we investigate the summations resulting from restricting
to the six subcases of Y, 5c1 03 43jacs D5(Qa(HE), Qp(H)). For the case of con-
tiguous subcurves, the boundary rows/columns and the boundary corners (of main-
and auxiliary-diagonals) are involved; and for the case of diagonal subcurves, the
boundary corners (of main- and auxiliary-diagonals) are involved.

Lemma 3.4 For § that is a positive integral power of 2, and 1 < § < 2%,

As(Q1(HE), Qu(HY)) = 2(Ru-16+ 2Rp—1,5-1— Dy151— 2—1,6—1)
1

1
+(5 L9% 4 1)(5 . oks2 2Ny 15-1),

= Cro15+2Ck—15-1 — D151 — Ar—15-1

+Rik-16+ 2Rk—15-1 — Ac-15-1 — Dr_16-1

1
+(§ . ok§2 — 2Nk~1,5_1),
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As(Q2(HE), Q3(HR)) = 2(Cro16+ 2Ck-15-1 — D151 — Ap—1,5-1)

1
+(§ . 9k§? — 2./\/‘10_175_1),

and

As(Qu(HR), Qs(HR)) = As(Qa(HE), Qa(HE))
- <% 2% 4 D Ne15-1 + Di_y 5oy + Ar1,5-1.

Proof. From the illustration in Section 3.1.1.2 and from Equation 3.1, we expand

As(Qu(H?),Qs(HE)) into three cumulations of index-differences:

As(Qa(HR), Qp(HR)) = > R (v, v")

(v,v’)EQa(H}%)xQﬁ(H}%)Idl (v,v')=6

_ ) (o, 0(Qu( H)

(va,)eQa,ﬁ XQﬂ,gldl(’U,’l}/)=6

+ > e (02(Qa( HE)), 01 (Qa(HE)))
(v,v")EQe,5XQp,51d1(v,v/)=0
+ > he(o, 1 (Qu(HE))).-

(v,0") EQu.5 X Qp,5]d1 (v,p)=5
For the case of contiguous subcurves, we compute the three cumulations of index-
differences from Equations 3.2, 3.3, and 3.4 in Section 3.1.1.2. (All the notations in
Section 3.1.1.2 applies for HZ in this section.)
Consider the case when (o, 8) = (1,4). After (+%)-rotating and then left-right
reflecting Q4(H?) into a éanonical H? |, the structures c%, X,?_’lm, and X ,‘04_1’,7 are
transformed into Ry_jgx-141-, Dj_y,, and A}, , respectively, for all n € [25-1],

and 0, (Q4(HE)) into 61 (HE ;). From Equation 3.2,

Z (v, 01 (Q4(HR)))

(v,0")EQ1,5XQ4,5]d1(v,v")=5

= > Y O+1-9) = Dhia(wb(H )

5

=2 D> G-mhawd(HL)) =Y > (6 mea(u &i(H )
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= 2 i Z (6 — §)h—1(u, 81(Hy_y))

J=LueR, | gk—14y_

+ Z Z e—1(u, 61(HE_y))

J=1 “ERk—l,zk*lﬂ—j
/ ’
D151 — Ak_15-1

gl ! !
= 2Ry-16-1+Ri-16~Di_151— Ar_16-1-

For Z(v,v/)te’éXQ&Hdl(v’v,)zé h (v, 82(Q1(HE))), We may compute it according to
Equation 3.3 for («, 8) = (1,4). The left-right reflection symmetry gives that

> b, (v, 2(Q1(HY))) = > hus(v', 81 (Qu(HR)))-
(v,0")€Q1,5XQy,s]d1(v,v")=6 (v,’u’)tey,; X Qy,s]d1(v,v")=4

Since A (02(Q1(HR)), 01(Q4(H}))) = 2 - 22¢,~1) 4 1, we have (according to Equa-
tion 3.4):

Z he(02(Q1(HR)), 01(Qu(HR)))

(v,9")€Q1,5 X Q4,51d1(v,v")=8

= (257152 — 2Nh 15 1) (0o (Qu(HE)), &1 (Qu(HE)))
= (2510 — 2NG15-1)(2 22k=1) 4 1),

Summing up the three expansions, we have:

As(Q1(HR), Qa(HY))

_ Z he(v', 81 (Qa(HR)))
(v,0")€Q1,85 X Qq,s]d1(v,v")=6
+ Z Fie(v, 85(Q1(HR)))

(0,0/)EQ1 5 X Q,5]d1 (v,0')=6
+(25710% — 2Np15-1)(2- 227D 4 1)
= 2(2Rp-16-1+ Ri-1, — D;c—l,é—l ~ Ay 1501
+(25716% — 2Niy5-1) (2025712 + 1)
= 2(Ri-1,5 + 2Rk—1,5-1 — Dy 151 — Ak_15-1)
1

1
+(§ .92k 4 1)(5 - 2k6% — 2NG_15-1).
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The derivations for the other three cases: (o, 8) = (1,2), (2,3), and (3,4)) are
similar.

For the case of diagonal subcurves, we first observe that every §-pair (v,v’) €
Q:1(HY) x Q3(H?) and its unique top-down reflection d-pair (u,u’) € Qo(HZ)x Q4(HE)
have equal contribution in its own cumulation of index-differences, which implies that
As(Q1(HE), Qs(H?)) = As(Qo(HY), Qa(HP)). Tt suffices to consider the derivation
for As(Q1(HR), Qs(Hy)).

In deriving As(Q1(H?), Q3(H?)), an index-difference computation 1 (v, 02(HZ ;)
appears. Since all our derivations and computations so far have involved 9 (HZ_,), we
observe that in a canonical H2_,, for every n € [§—1], every grid point u € Ay, and
its unique left-right reflection grid point v’ € Dj,_, , satisfy that fix_1(u, 02(H;_;)) =
R (W, 01 (HE_1))-

According to Equation 3.5, we now expand As(Q1(H?), Qs(H?E)) as follows:

As(Qi(HR), Qs(H}))
= Z Z (5—77)hk(U,82(Q1(H13)))

=1 Al
n uEYk__L77

£ S (5 (o B4(Qs(HD)))

=1 'u,GX,‘:l_L77

"‘Nk——l,é—lhk(aQ(Ql(ng))’ 81(@3(1{13)))

= z—: Z (6 — n)hr—1(u, Oo(HE_)))

n=1 uEAjc_l’77

(after (+Zr2—)—rotating and then left-right reflecting

Q. (H}) into a canonical H7 )

£ ST (6 s B (HE)

77:1 UEAk—l,n

+(22(k_1) + 1)Nk~1,5_1

51
1
- Z Z (6 = Mhr—1(u, 01(Hp_1)) + (55 - 2% + 1)Me—1,6-1 + Ar—1,61

22
n=1 UGD;C*-lm
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1
- (52— 2%+ DNeors1 + Dy 151+ Ap-15-1-

The derivation for As(Qa(HZ), Q4(H2)) are the same as described above. |

The following two lemmas allow us to simplify the overall summation of Ls(H?).

Lemma 3.5 For all integers ¢ with 0 < q < k,
1. We=12.2%_1.2%

2‘ Nk,Q‘I == -é— . 224 -+ . 2Q}

%
3. Rion = 29A(Ry 1, 61(HE)),

4. Crge = 29A(Cyy, 1 (HR)) + 3(2% — 27),

5. jk,gk + Wk’gk =W, + A(Ak,Qka 81(H£));

6. Apor = 2Wi_1 + A(Ag 1201, 01(HE 1)) + 2Ny g1,

7. Each of the pairs: (Dige, Axos) and (D'yos, A'xod) are related via Nioe as
follows:

Dion + Apar = Dlor + Al oa = (2% — 1)N s,

and
8. ﬁk,Qq = %(22k - 22q)./\_[k,2q + ﬁq,Qq
Proof. let g be an arbitrary integer with 0 < ¢ < k.
Part 1: Wy, = ZveH,g hyo(v, 01(HE)) = Zne[QZk] (n—1)=35-2%-35.2%
Part 2: For the symbol X denoting D, D', A, or A’ (main or auxiliary diagonals),
the number of grid points in Xy g, where 8 € [2¥], is 8. Therefore,

29 29
Nk,ngz Z 1=[;g:%,22q+%.2q.

B=1 ’UEXkyﬁ

Part 3: Lemma 3.1 says that for all 8 € [2*], A(Ry, 01(H?)) = A(Ryp, O2(HE)) =
1 - 2% — 2. 2% (independent of 3). Therefore,
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249
Reps = Z Z hu(v, 01 (HE)) Z (Rx,p, 01 (Hy))
,8 1’U€Rkﬂ ,8~1

= DA (Rey, (D)= 20( - 2 - 5 2)),

Part 4: Lemma 3.2 (part 2) says that for all o, 8 € [2¥] with @ < B and (a — 1) ©®
(B—1) =2, where i € {0,1,...,k—1}, A(Cr g, 01(H})) = A(Ch o, O1 (HE)) +22-2%;
hence for all n € [2971],

A(Crs=149, 01 (HR)) = A(Cryy, 01 (HR)) + 2% - 2%071,

We establish a recurrence (in q) for Cy 24 as follows:

29
Crao = > A(Chp, 01(HY))
n=1
99—1 249
= A Ck,,],al(Hk + Z A(Ck,'r]’ al(ng))
=1 n=29-1+1
249
= Ek,gq—l + Z A(Ck,m al(ng))
n=29"1+1
2¢-1
= Ek,gq—l + Z A(Ck,24—1+m (91(H,3))
n=1
2¢-1

= Cror +Z (Clos O1(H2)) + 22 - 25Dy

= 2Cj 041 +2q L. g2+3(e-1)
= 2Cj 01 + 2472,
Iterating the recurrence in descending g (to 0), we have:
— _ E 2
e = 2Cpao + 3 2077+ 2172 = 21A(Cls, 04 (HP)) + (211 - 29).
n=1
Part 5: In a canonical HZ, for all a € [2F], the “structures” ka and W}c’zk cover

the lower-left and upper-right corners of « auxiliary diagonals, respectively (see Fig-

ure 3.1(c)); and the coverages of Zkygk and A’y o« have a common auxiliary diagonal
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o

(a) (b) (c)

Figure 3.6: Coverages and decompositions of auxiliary and main diagonal structures
in a canonical HZ: (a) and (b) for A ox; (c) forD’y ox.

Ajox(= A, k). Therefore,

k, 2k
B o -2k 2k
A+ Apr = ) A(Axp, 01(H})) + D A(Ay 5, 01(HY))
A=1 B=1
2k—1 2k
= Z A(Ar,, i (HR)) + A(Agox, 1 (H)) + Z A(Ay 5, 01(HR))
8=1 B=1
= ) hi(v,01(HE)) + A(Agr, 01(HE)) = Wi + A(Ay e, 01 (HP)).
UEH_E

Part 6: The structure A; o+ covers the lower-left half of a canonical H?. We decom-
pose its coverage into three parts as shown in Figure 3.6(a): Q;(H?), the lower-left
half of Q2(H}), and the lower-left half of Q4(H?). Accordingly, we partition Ay ox

into three parts (see Figure 3.6(b)):
1. From Q;(H}): the index-cumulation of all grid points in Q;(H?) is Wh_1,

2. From the lower-left half of Qo( H}?) (covered by A;_; ox-1): the index-cumulation
of the lower-left half of Qo( H?) with respect to d;(Q2(H?)) and the cumulation
of index-adjustment from 0 (Qa(H})) to 9;(H}); that is, Ap_y oe—1 + N ox-1-

22(k=1) "and

3. From the lower-left half of Q4(H?) (covered by A’y ox-1, after (+3%)-rotating
and then left-right reflecting Q4(H?) and its lower-left half into a canonical

H} | and its upper-left half, respectively): Eg_i‘gk—l and the cumulation of
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index-adjustment from 9;(Q4(H?)) to d1(H}); that is, A’y 1 gx-1 + Ng_g g1 -
(3 - 221,

Thus,

Zkgk = Z Z hk(,U?al(HIg))

B=1 ‘UEAkﬁ
2k
=Y Y m@a(HD) Z Y (v, 0i(H)
p=1 veAkﬁﬂQ1< 2 B=2%=141v€ A, NQ2(HE)

+ Z Z k('U, al(HIE))

=9k~ 1+1 ‘UEAk ﬁﬂQ4(H2)

2k 1 2k—1
= Wia+ Y > F(v, B (HD) + > > (v, 81 (H2))
B=1 UeAk)zk—1+ﬂmQ2(H)%) B=1 veAk,Qk—1+ﬁmQ4(‘H}%)
= Wi
2k—1

+y S (P (v, 01 (Q2(HE))) + M (81(Q2(H)), B (HE)))

B=1 ’L)EAk‘2k_1+ﬂﬂQ2(H£)

(“v € Agor-1,53N Q2(HY)” is equivalent to “v € Aj_; 5 in a canonical Hf ")

2k—l

+y S (e (v, 01 (Qa(HR))) + hi(01(Qu(HR)), B1(HR)))

B=1veA, e 1, ;0Qu(HE)

(“v € Agge-145 N Qu(HR)” is equivalent to “v € Aj_; 4in a canonical H}_,”)

ok—1

= Wk_l + Z Z (hk_l(v, 81(H,§_1)) + 22(]6“1))
B=1 UEAk_l,ﬂ
gk—1

+ Z Z (Pa_1(v, O (HZ ) + 3 - 22(k—1))

B=1 veAj _ 1.8

= Wk_l + (Ak_l’gk—l + N}c_l’gk—l * 22(k_1)) + (Wk—l,Qk—l + Nk_l,Qk—l . (3 ‘ 22(k_1)))
= Wie1+ Aporgr1 + Aoy gemr + 22PN gea
= 2Wk..1 + A(Ak_lygk—l, 81 (HIE—I)) + 22kﬁk~1,2k—1 (by part 5)

Part 7. We prove the equality Dy o + Aj ¢ = (2% — 1)Ny 24, and the proof of the
equality ﬁk’zq + Wk,gq = (2% — 1)N k,2¢ is similar. We proceed as in the proof of
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Lemma 3.3 (part 1), by considering the mirror bijection between the grid points of

Ak,ﬂ and Dkﬂ for all g € [Qk]:

Der + Az =3 57 B0, (HD) + Y S hulw, 04(H})

B=1ve€Dy g B=1veEAL
29

S ST (v, Bu(HD) + B, B (HP))

B=1 all mirror pairs (v,v')€Dy gX Ak g
29

-3 (@ - 1)

B=1 all mirror pairs (v,v’')EDy gX Ak g
24

= (2% -1) Z Z 1= (2% — DN}, 2.

=1 all mirror pairs (v,v')EDx X Ay,
Part 8: If ¢ = 1, then the desired equality is obviously true. Consider that ¢ < k. The
structure .ﬁk,gq covers the upper-left corner of 2¢ main diagonals in a canonical HZ.
In fact, ﬁk’gq is the upper-left half of Q’;‘q(H 2), which is an H, g—subcurve canonically
oriented at the upper-left corner of the H? (see Figure 3.6(c)). Therefore,

ﬁk,gq = Z Z hk(vval(ng))

B=1veD; 4

= SN (v, 81(Q5(HE)) + m(B1(Q5TU(HR)), Ou(HE)))

ﬂ—_-l’UGDLﬁ
k—1
= ZZ v81H2 +Z227] ZZ 081H2 +ZZZQQ17
B=1veD] 4 n=q B=1veD; 4 B=1veD] 5 1=q

= Dng—i— 22’“ 2%) Z > =3 22’“ 22\ N 00 + D'y oa.
B= 1U€D’

Computations of various X} 9¢ are similar to those for X'y 2.

Lemma 3.6 For all integers q with 0 < ¢ <k,
1. Nioa = %.23q+%.22q+%.2q}

2. Rioa = A(Ry1,01(HE)) 2[2;1:1 p
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3
8. Crge = gi=-2%H20 4 . o%kta_ f okt2e_ L obtay 2

5 1 o4
- Zoofey Loty Loog

4. Each of the pairs: (Dyge, Ak2qe) and (Dj gq, Ay 0a)) are related via Ny oo as

follows:
Dios + Agjos = D;C,Qq + AL,Qq = (2% - 1) N 24,
5.
0 ifk=0
I ifk=1
3 .
ooy 2% 28k B 0% 9% 298 otherwise,
6- Ak’2q = Aq,QQ;
7.
0 ifk=0
;ch = 4 ifk=1
s - 2%+ 2% L 0% 5 0%k 3%—25 .2k otherwise,

8. D;€,2q - %(22k - 22q)Nk,2‘1 + D;,Qq

Proof. Let q be an arbitrary integer with 0 < ¢ < k.
Part 1: Similar to the proof of Lemma 3.5 (part 2). For the symbol X denoting D,
D', A, or A, the number of grid points in Xy g, where 8 € [2¥], is 3. Therefore,

29 29
1 3 1 1
Nkﬂq:z Z (2q+1—5)22(2q+1“5)ﬁ:m'2q+§‘2q+§'2q-
ﬁ=1’UEXk’ﬁ #=1

Part 2: Similar to the proof of Lemma 3.5 (part 3). Lemma 3.1 says that for all
B € [2%], A(Ryp, O (HY)) = A(Ryp, 0o(HE)) = 1 - 2% — 1. 2% (independent of 8).
Therefore,

Rk 24
= Z > (2 + 1 B)h(v, Ou(HP) = Z((2q+1—ﬁ) > (v, H(H))
B=1veRy s B=1 vERk,g
29 29
= > 27+ 1 - B)A(Bep, 01 (H})) = A(Ri1, 01 (H) Y (22 +1-1)
B=1 B=1

29

= A(Rk,l;al(ng))Zﬁ'
8=1
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Part 3: We first express Cj g0 in terms of Cjge (computed in Lemma 3.5 (part 4)
and Lemma 3.2 (part 1)) and 2211 BA(Cy. 5,01 (HE)):

Ckgq
_ ; 5 1= i ) - ;«zm—m S e 2 E)
- i}(zq 1= B)A(Chs, 0(HD) = é((zq 1A (Chr 1) — B (Crs 1)
= @ ; A(Ci, 01 (H) - ;ﬂmck,ﬂ,alwf))
= (274 1)Chos — g:lm(ck,ﬂ, oL (HY)).

Let Uy 04 denote Zéq:l BA(Crp,01(HE)), so Up o = A(Ck1,01(H?)), which is
computed in Lemma 3.2 (part 1). We establish a recurrence (in g¢) for Uy 24, similar

to that for Cy ¢ in the proof of Lemma 3.5 (part 4), as follows:

Uy, 24
29 99—1 29
= Y _BACus 01(H}) =Y BACks Bi(HD)) + Y BA(Crp, A1(H}))
p=1 B=1 p=2a-141
2¢-1
= Upger + (277 + B)A(Crze-11, 01 (HE))
p=1
29-1
= U1+ Z (2971 + B (A (C’;c 5,01 (HY)) +22.2%97D) by Lemma 3.2 (part 2)
g=1
2¢-1 291 2¢-1
= Upp-1 + 2971 A(Crp, 1(HY) + D BA(Crp, 01 (HR)) + Y (2771 + p)2°!
- B=1 B=1 B=1

= 201 + 297 1Cp g1 + 3 - 25774 4 284073,

With Cg -1 and Uroo = A(Ck1,0(HE)) computed in Lemma 3.5 (part 4) and

Lemma 3.2 (part 1), the closed-form solution for Uy 4 is:

3 .23k+QQ+_3_.23k+q__1_.2k+2q__1_.2k+q _2_'3.259‘{_*_1.2461__.2?

22.7 22.7 22 22 3-5-7 7 3-5
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(a) (b) (c)

Figure 3.7: (a) Coverage of Ay o« in a canonical HZ; (b) decomposition of Ay o« into
four triangular halves; (c) rotating and then reflecting Q;(H?) and Q4(H?) into two
canonical H?_,-subcurves.

Now,

Ck‘gq = (2(; + 1)(12:; — Up 29

3 3 > 1 . 1 25
— _23k+2q _-2.51:4-:;_ SN _2k+2q_ ol _2k+q = '25q
2.7 t ey » 2 T3 5.7
1 1
t--2y — .29
7 3-5

Part 4: Similar to the proof of Lemma 3.5 (part 7):

Part 5:

Di.2a + Ak 20

249 249

30D @+ 180,00 (HD)) + Y D (2741 B)hi(v, &1(HY))
B=1veDy 5 B=1vEAL 5

29

Y 2. (27 + 1 = B) (v, Or(HD)) + he(', O1 (HY))
B=1 all mirror pairs (v,v")€Dy X Ay 3

29

Y. > (29 +1—B)(2% — 1) = (2% — 1)Nio0.

B=1 all mirror pairs (v,v')eDy 5% Ak 5

We proceed as in the proof of Lemma 3.5 (part 6). The structure A o

covers the lower-left half of a canonical H?. We decompose its coverages into four

parts (non-empty when k > 2) as shown in Figure 3.7(a) and (b): the lower-left half

of Q\(H3), the upper-right half of Q;(H}?) without the auxiliary diagonal Aj o« (=

Al ox), the lower-left half of Q2(HE), and the lower-left half of Q4(H?). Accordingly,

we partition Ay o« into four parts (see Figure 3.7(c)) as follows. In the notation,
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Are = D5 ZveAkﬂ(a + 1~ B)h(v, 0 (H}?)), we associate the weight o + 1 — S

with Ay s in the summation.

1. From the lower-left half of Q(H?) — consisting of auxiliary diagonals Ay g
with weights 2* +1 — 8 for 8 = 1,2,...,2%7! (indexed from the lower-left
corner of Q,(H}Y)):

After (—Z)-rotating and then left-right reflecting Q1(Hy) into a canonical H?_,,
we can see that these weighted auxiliary diagonals are transformed into aux-
iliary diagonals A;_; s with weights 2 + 1 — 3 for 8 =1,2,...,2"7! (indexed
from the lower-left corner of the canonical H7 ;). Its contribution in Ay o is:

2k—1
YooY @ +1-B)h(v, 6u(HY))
B=1 UEAk,ﬁﬂQl(H%)
2k—1
=Y > @+ 1-p)(v,6(HY))
B=1 UEAk,ﬁﬂQl(H%)
2k—1

+Y > 2, 0u(HD)

B=1 UEAk,ﬁﬂQl(HI%)

2k—1
= Z Z (2 + 1 — B)hg_1(v, 61 (HE)))
B=1vEA_18
2k—1
+9k=1 Z Z hk—l(Uﬁl(ng—l))
ﬂleGAk—Lﬁ

= Ak_l,Qk-—l + zk_lAk_l,zk—l.

2. For the upper-right half of Q;(H}) without the auxiliary diagonal Ajox —
consisting of auxiliary-diagonal segments A, 5N Q; (H?) with weights 28 +1— 4
for 8 =214+ 1,281+2 ... 2% — 1 (indexed towards the upper-right corner
of Q1(H?)):

After (—%)-rotating and then left-right reflecting Q1 (H}?) into a canonical HZ_,,
we can see that these weighted auxiliary-diagonal segments are transformed

into auxiliary diagonals A; ; ; with weights 8+ 1 for 8 = 1,2,.. |
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(indexed from the upper-right corner of the canonical H} ;). Its contribution
in Akwgk is:

2k—1
> Y @ +1-B)(vai(HY)
B=2F—141veA, sNQ1(HE)
2k-1.1
= ) >, (2" + 1= 2 + ) ha(v, 01 (H))

v=1 ’UeAk,Zk"l-{—'mel(le)

(change of summation index: 8 = 2871 4 )
2kl

=YY @Ak a )

B=1 veAk,Zk—l-{-ﬂle (HZ)

2k—1_1

= Z Z (B 4+ 1)hg_1(v, 01 (H,f_l)) (in the canonical H? ;)

B=1 wed] 4

2k~—1
= 3 3 B+ Dha(v,01(HEY))
B=lved] ;4
— ) @+ Dhea(v,01(HE )
UEA;-l,zk—l
2k—1
— (Z Z (2571 + 2) -1 (v, 1 (H}_,))
B=1 UGA;C__L/;
2k—1
_ Z Z (281 41— B)hg_1(v, 61(HE_))))
B=1 vec A/

k—1,8

—(2k_1 + 1)A( ;c—1,2k_17 61(ng—1))

= (@ 2) Ay — A 1951 — (251 + 1)A( 1,261 O (HE ).

3. From the lower-left half of the canonically oriented H?_;-subcurve Qq( HE) -—
consisting of auxiliary-diagonal segments Ay, 5N Qo( H?) with weights 28 +1—
for 3 = 2*=1 41,281 4 2,...,2% — 1 (indexed from the lower-left corner of
Q2(Hy)):

Including the cumulation of index-adjustment from 8;(Q2(HZ)) to 81(H?), its
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contribution in Ay ox is

S @1 B, e )

B=2F"141vEA; sNQ2(H)

. S (@1 B)ik(v, u(Qa(HD)))

/8:2k_1+1 ’UGAkyﬁmQZ(H)%)

+ I (01(Q2(HY)), 01(HR)))

2k—1

=3 Y @ 1= 27 ) (v, u(Qa(HD)) + 224 7Y)

y=1 VEA, oK1 +,yﬂQ2(Hg)

(change of summation index: 3 = 28714 ~)
9k—1

=3 Y @ 1 ), 0(Qu(HR) + 224Y)
A=l ved, ji-1,,NQ2(HY)

2k—1

- Z Z (2*' + 1= B (v, 01 (HE )

B=1vEAk 1,5

2k—1
+Z Z (251 41 — )22+~
B=1veAr 1,8

= Ak—l,Qk_l + 22(k“1)Nk_1’2k—1.

4. From the lower-left half of Q,(HZ) -— consisting of auxiliary-diagonal segments
Ar s N Qq(H?) with weights 28 +1 — g for B = 2F-1 41,261 2 .. 2k —1
(indexed from the lower-left corner of Q4(H2)):

After (+3)-rotating and then left-right reflecting @Q,(H}) into a canonical H7_;,
we can see that these weighted auxiliary-diagonal segments are transformed
into auxiliary diagonals A _, ; with weights 28-1 11 — 3 (indexed from the
upper-right corner of the canonical H?_,). Including the cumulation of index-

adjustment from 8 (Q4(HZ)) to 81(Hy), its contribution in Ay o is:

S (@ 1- A a(HD)

g—gk—1+1 vEAR sNQ(HE)

— Z Z (2F + 1~ B)(Ae(v, 01(Qu(HE)))

=2"141vedy pNQu(HE)
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+ hi(81(Qa(HZ)), 81(HE)))

2k—1

=3 Y @ @ )l B(Qu(HD)) +3-26D)

=1 weA, jx-1,,NQa(H})

(change of summation index: 8= 2""1 4+ )
2k—1

=YY @1 Al 5 (@QuED) + 3 24)
B=1veA, jk-1,,5MQa(H})

ok—1

= Z Z (27 + 1= B)hp—i(v, Bi(Hy_y))
B=1ved,_, ,

2k—1

+3 0 > @ +1-p)(3-22¢Y)

B=1 veAﬁc_l,ﬁ

= A;c—l,Qk'l + 3 . 22(k_1)./\/’k._1,2k—1.

With the four contributions, we establish a recurrence (in k& > 2) for Ay o+ as follows:

Ap e = (Ap_yge-1 + 28 T4, ) 1)
H(( 2+ 2) Ay e — A g gp1 — 2+ DA(A}_; gs1, 01(HE 1))
+(Ap_16-1 + 22(k~1)Nk—1,2k—1)
+(A;:—1,2k‘1 +3- 22(k_1)Nk—1,2k—1)
= 2Ap g1+ 25 Ay e+ (25T 2) AT g e + 25N g

(@ DAY g, ().

Note that A;c—l,2k—1 is identical to Ay_j ox-1, and Lemma 3.3 (part 2), Lemma 3.5
(parts 1, 2, 5, and 6), and Lemma 3.6 (part 1) are used to obtain exact formulas for
Ap_106-1, 74—’,?_1,2“1, Npg—19¢-1, and A(A;_I’Qk_l,al(H,f_l)) in above recurrence.

For k < 2, we compute Ay, o« directly, and the recurrence for Ay o is:
2Ak_1 901 + 25TV Ay g1 + (2871 4 2) A g grn

+ 2% Ny gr = (2N DA(AL e, Oi(HRy)) i k> 1

if k=1
0 if k=0,

A}c,gk -

which yields the desired closed-form solution for Ay o.
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(a) (b)

Figure 3.8: Two possible orientations of an Hj-subcurve for computing A 2«: (a) a
canonical HZ; (b) an Hj-subcurve that can be reflected (with respect to the main
diagonal) into a canonical H.

Part 6: The coverage of A2 in a canonical Hy is an HZ-subcurve at the lower-left
corner of the HZ with two possible orientations as shown in Figure 3.8: (1) a canoni-
cally oriented HZ, or (2) an H_}-subcurve that can be (—%)-rotated and then left-right
reflected into a canonically H. q2 (equivalently, a reflection with respect to the main di-
agonal joining the lower-left and upper-right corners of the H, q2—subcurve). Thus, for
computing Ay 2« for both possibly oriented H, g—subcurves, the two sequences of aux-
iliary diagonals with associated weights are equal (via the reflection with respect to
the main diagonal), and the two entry grid points are identical. Hence, A 20 = A 00.
Part 7: Following the proof of part 5, we partition the coverage of Dy o+ into four

parts (non-empty when k > 2), and obtain:

/
k,2k

= (Dk—1,2k—1)

2k_1_ﬁk_1,2k—1 + D;c——l,Zk“l + 2k_1(Nk_1’2k—1 ° 22(k—1)) +Nk_1,2k—1 . 22(k_1))

_|_

(
+((257 4+ 2D 101 — Diypees — AlDgoa s, A (HE))(2 + 1)
+((25 1+ 2)N iy gh1 — Ny g1 — 28712871 4-1))22(-D)

(

+ D;g—]_,Qk—l +‘Nk_1’2k_1 . 2 . 22(k—1))

This gives a recurrence (in k > 2) for D;C o as follows:

2D}y e + 287D+ (251 4 2)D
, + ((2 . 23k_3 + 2 . 22k_2)Nk_172k-—1 + 2 . 22(k~1)Nk_1,2k-—1
Dior =S — (284 4 2%-3) _ A(Dj_q e, O (HZ )21 +1) ifk>2
4 ifk=1
0 if k=0,
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/

which yields the desired closed-form solution for Dk,2’°'

Part 8: Following the proof of Lemma 3.5 (part 8), the coverage of D;C’Qq is the upper-
left half of Q5 ~(HZ), which is an H2-subcurve canonically oriented at the upper-left
corner of a canonical H? (see Figure 3.6(c)). The cumulation of index-adjustment
involves the summation of (8 (Q54(H2)), 8, (H2)), which cumulates the traversals
through all the intermediate subcurves @, (Q3(H?)) for alln € {0,1,...,k — g —1}.

Thus,
g

1
D;“’” = Nigas Z 2 + D;,Qq - 5(2% - 22q)Nk,2q + D:],2q.
n=k—1

With Lemmas 3.1 to 3.6, we obtain the closed-form formulas for Ls(HZ).

Theorem 3.1 For § € [2¥] that is an integral power of 2,

( 3 .
17_23k_%.22k_§2-_’? Zf5=].

2y _ 17  o3k+2logs _ 23:3-52.7(k—log §)+5-7-383  2k+31logs
Ls(H) = | -2 -2

2- 24.33.5.7
+ 2-3-5(k—log 8)—1 22k+log6
9 22.33
_ 2°41 o5logd _ 2 _93logéd _ 2 , 9logé :
\ Sew 2 352 35 2 otherwise.

Proof. Let é € [2¥] that is an integral power of 2. Lemma 3.4 gives a recurrence (in
k) for Ls(HZ) for all 6 € [257!] that is an integral power of 2. It suffices to determine
the basis for the recurrence for all 6.

For the extreme case when § = 1, the basis for the recurrence (in k) for Li(HZ)
occurs when k = 1; and L;(H?) = 6. The recurrence in Lemma 3.4 (for § = 1) with
the basis gives the desired closed-form solution for L;(H?2).

For the general case when 6 > 2, the basis for the recurrence (in k) for Ls(H?)
occurs when k = logd, for which the recursive decomposition (in k) halts and we
compute L(;(Hl%)g(;) based on, in a canonical Hy, s

Lts(Hl%)gé) = Z |Z_]| = Z hlogé(v’vl)‘

i’j€[62]|i<j and di (H12<>g6(i)7Hl2og6(j)):6 'U,’U’Gleog5|d1 ('U!'UI):‘;

The summation above requires the knowledge of §-neighborhood structures in a

canonical Hy ; and the distribution of figs(v, v') for a é-pair (v,v) € HE 5 x H, 5.
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Figure 3.9: (a) Examples of N;(v) for a grid point v in the deleted lower-left half of
a canonical HY_s; (b) examples of Ny (v) for a grid point v in the deleted lower-right
half of a canonical HI%g s- (Note: the geometrical shape identifies the §-neighboring
relation.)

For a grid point v in a canonical H? with sufficient large k, its §-neighborhood
of cardinality 49, in the absence of any border/boundary, forms a square ((+%)-
rotated) centered at v and composed of two main-diagonal and two auxiliary-diagonal
segments (in which all grid points are at a 1-normed distance of § from v). With
k = logd, in the presence of four boundaries of Hf)g 5, the “squared complete 6-
neighborhood” is truncated by the boundaries. The 4-neighborhood of v is the
truncated/incomplete square composed of at most two segments from adjacent main
and auxiliary diagonals — which are two diagonals (one main and one auxiliary
diagonals) in the canonical Hf)g s- The 6-neighborhood of v degenerates to a single
main or auxiliary diagonal of Hy, s when and only when v is a corner grid point of

H2

igs- Figure 3.9 depicts some example §-neighborhoods in a canonical Hy,, ;.

In a canonical HZ, a deleted triangular half (lower-left, lower-right, etc.) is the
corresponding triangular half without the main/auxiliary diagonal. In our derivation
for Llogé(Hl%)g 5) below, for a grid point v € Hf)g 5, we consider the contribution
in Liogs(Higs) of a 6-pair (v,v') from two possible sources: (1) Case of auxiliary
diagonals: all d-neighbors v’ of v from an auxiliary diagonal of Hf;)gg, denoted by

Nj(v) (see Figure 3.9 (a)), and (2) Case of main diagonals: those from a main
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diagonal of Hp, s, denoted by Nj(v) (see Figure 3.9 (b)). (As mentioned above,
when v is a corner grid point of Hfogé, the sources degenerate to one diagonal.) The
two derivations are similar, and we focus our discussion on the case of auxiliary
diagonals. We observe the following d-neighboring relation between two auxiliary
diagonals in Hy, ;.

For every grid point v in the deleted lower-left half of the canonical Hl20g 5, that
is, v € Alogs,a for some a € [§ — 1}, we have Nj(v)=A]., ;5 with a + 3 = 4. Similarly
for every grid point v’ in the deleted upper-right half of the canonical Hf)gé, that is,
v' € Ajgs for some 3 € [§ — 1}, we have N3(v')=Ags0 With a + = .

After addressing the d-neighborhood structures, we consider the organization
of Riegs(v,v') for all §-pairs (v,v’) for the summation in expanding Ls(Hp,;) =
ZU’U,G H2_lds (00)=5 Faogs(v,v') for the case of auxiliary diagonals. First we write

O

that:
Progs(v, V') = |Faogs(v, 01 (Hing 5)) — Progs(v', 01 (Hipg )1

and need to determine the algebraic sign of fiog5(v, 01 (Hyy5)) — fiogs(v', D1 (Hpy 5))-
We observe the following two cases based on the location of a grid point v in the

quadrants of the canonical Hy, ;.

1. For every grid point v € Ajgs,a N (U, @q(Hy,5)), where o € [§ — 1], we have
Fiog 6 (v, 81(H120g6)) < Fiogs(V/, 81(H120g5)) for all v € Nj(v), and

2. For every grid point v € Aloga,aﬂQ4(Hﬁ)g5), where o € {§+1, %4—2, co0—1}

we have Ajogs(v, 6‘1(H120g5)) > Fiogs (v, 81(H120g5)) for all v/ € Ny(v).

This suggests that we decompose the contribution in Lyes(H, 2

iogs) of all 6-pairs (v,v’)

from the case of auxiliary diagonals into four parts of index-cumulations:

1. The index-cumulation of all grid points v in the deleted lower-left half of
Q4(H12og5)5

6—1

> > (8 — @) Pinogs (v, 1 (Hipg 5))

= % +1 v€AIg 5,aMNQ4 (H12°g 5)
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g1

- S (G i)
a=1 yeAlog6 Q+%0Q4(Hlog5)
o1 s

- S (G (v 5@, )
a=1 ”EAloga atd I’WQ4(H120g5)
1

+ Z Z (g — a)hlogé(al(Q4(Hl%)g6))a al(Hl%)gé))

£
2
)
= Z Z (5 — @)Mogs—1 (v, 81(H1%g5—1))
a=1 UeAiog 5—1,«
(after (—g—)—rotating and then left-right reflecting Q4(Hﬁ)g5)

into a canonical Hﬁ)g 5—1)
)
E;l

BEPY Y (G-a)

- ’
o=1 UeAlog -1,

6 2
- i0g5—1,%—1 + 3(5) Mogé—l,%——l

. 7 _ / _/
(Note: Alogé_L% = Alog(;_l,%_l + Alogs—l,g)

4]

— ! Al “y\2
- logd—l,% o Alogé—l,% + 3(2) Mogé—l,%—l-

2. The index-cumulation of all §-neighbors v € Nj(v) for all grid points v in the
deleted lower-left half of Q4(Hf,, ;):

1

2
5 / 2
S Y C - Bhgsv ()
B=1 v’EA{Og 5.8
_ — )
_ ! - ’ T _ / _ 7 732
- Alogé,%~1 - logé,% Alogé,% - 10g5_1,% Alogé—l,% +2(2) Mogé—l,%—l‘

3. The index-cumulation of all §-neighbors v’ € Nj(v) for all grid points v in

the deleted lower-left half of Hj,,; and not in the deleted lower-left half of

Q4(Hl%)g6):
6—1
Z Z (0 — B)luogs (v, 81(H120g6))
p=1 v’EAiog 5,8
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] é

1veA] 2
log 8,8

— B)hogs(v', 01(Hygy 5))

o
Il

§-1

= Alggss—1— Z Z ((6 = B)Pogs (v, 31(H10g5)))

ﬂ Lo eAlog&ﬁ

. / A7
(Note: ‘Alog56 = Alogs,s-1 T Alogé,é)

__ — )
! ! 2
logé,6 — A,10g575 - (‘Alogg_l% - ‘Allogé—-l,% + 2(5) Mog&—l,%—l)'

4. The index-cumulation of all grid points v in the deleted lower-left half of H2 log 6

and not in the deleted lower-left half of Q4(H{,s):

Z > (6= a)liogs(v, 01(Higs))

a=1 ’UEAlogg a

6—1
- Z Z (6 — a)Pogs (v, 81(H1%)g5))
a=%+1 VEA|og 6,aﬂQ4(H120g5)
6—1

= Apgss1— . > (0 — @)hiogs(v, 81 (Hiy5))

a:%-i—l vEAjog 5,amQ4(H1205 5)

— — )
— ! 2
- Alog5,6 - -AlogM - (A10g5_.1,% - Allogﬁ—l,% + 3(_2.) Mog&—l,%~1)'

By combining the four index-cumulations obtained above, we have the contribution

in Liogs(Hij,5) of all 6-pairs (v,v) from the case of auxiliary diagonals:
iog&,& - I10g5,5 — (Alog5,6 - zlogzi,zi)
— 4]
log 6—1, 6 —A 1,% + 3(5)2/\/’10@5 1, ——1)
-—2( ;ogﬁ—l,‘s Alog5 1, 5 +2( ) Mogé 1, ——1)

0.9
'2—) Mog&—l,%—l'

+2( log 6

. _
Alogss — Alogss — Alogs s + Alogs.s + 2(

Following a similar strategy, the contribution in Liegs(Hi,,s) of all d-pairs (v,7')

from the case of main diagonals is:

Diogs6 — Diogs,s — Diogss + D'iogs,s + 2(5 )Nlog5 13-1-
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These two contributions are combined into the basis:

— — )
Ls(Higs) = Algss — Aogss — Alogss + Atogss + 2(5)2/\floga_1,g_1

— — o
+Diog 5,6 = Diogs,s — Diogss + Diogss + 2(5) Niogs 1,51

37 1 2
= 8 — )
235 2.3 3%

The recurrence in Lemma 3.4 (for arbitrary ) with the basis give the desired

closed-form solution for Ls(H?). I

3.1.3 Derivation of 2-Dimensional z-Order Curve Family

For a 2-dimensional z-order curve Z? indexing the grid [2*]?, with a canonical ori-
entation shown in Figure 2.3(a), we denote by 8,(Z7) and 0:(Z?) the entry and
exit, respectively, grid point in [2¥]> (with respect to the canonical orientation).
Figure 2.3(b) depicts the decomposition of Z7 and the 8;- and d;-labels of four Z2 ;-
subcurves. In this section, we are going to derive the exact formula for Ls(Z2) as
follows (similar to the derivations of Ls(H?)). The recursive decomposition (in k) of

2.
Zi is

I

Ls(Z7) >, i — 4l

i,j€[22k]|i<j and d1(ZF(1),Z}(5))=6

= 4L;(Z; )+ Y. Ds(Qa(ZD),Qe(2).

0,B6{1,2,3,4}a<p
Note, the notations introduced in Section 3.1.1 are for Z2 in this section.
We study the following three lemmas for the cumulation of indices of grid points
in the row, column, diagonal, and auxiliary-diagonal structures of Z2.
Lemma 3.7 The binary representation of the row-number of a row structure of Z?

helps compute its index-cumulation as follows:
1. For all a € [2571), a recurrence for A(Ryq, 01(Z})) is:

1
A(Rk,aa 2] (Z,Z)) = 2A(Rk—1,a> 81(213_1)) + ? . 2%,
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For a = 1, a closed-form solution for A(Ry.1,01(Z3)) from the recurrence above

(in k) is:
1

93k 2ok
3

For those a satisfying 27! < o < 29 for some integer ¢ € [k — 1] (that is,

W

q = [log ] ), the recurrence above (in k) yields a recurrence:

k
1
A(Rp, 01(Z0)) = 2" 1A (Rg, 01(Z])) + 2’9—"(5.2_.2371),

n=g+1

where the summation is (2% — 2F+20) = 1. 93k _ L. gk+2floga],

2. For all a, B € [2*] such that a < B and the binary representations of & — 1 and
B — 1 differ only at the i-th low-order bit, where i € {0,1,...,k ~ 1} (that is,

(@ —1)® (8—1) =2, where & denotes the binary exclusive-or operator),

A(Ryp,01(2;)) = A(Rp, 1 (Z7)) + 272,

Proof. Consider a canonical Z2.

Part 1: We construct the general recurrence (in k) for A(Ry, o, 81(Z})) for arbitrary
a € [2571] as follows. The row Ry, is in the lower-half of the canonical Z2, and can
be decomposed into the a-th row of Q1(Z2) (a canonical Z2_,) and the a-th row of

Q3(Z?) (a canonical Z?_,). By noting that for all grid points v € Q3(Z3),

hi(v, 01(ZR)) = P, 01(Q3(Z7))) + i (81(Q3(Z1)), BL(Z7))
= (v, 01(Q3(Z7))) + 2 - 22*+D),

and translating the index-cumulation of Ry, (in Z2) in the two Z7_,-subcurves, we

have:

A(Ry o, 1(Z3))
= z hik (v, D1(Zy))

veRk,a

= (A(Bra N QUZ), 01(Q1(ZE)) + 28 h(01(Qu1(2R)), 1(Z5)))
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+(A(Rea N Q3(Z4), 01(Q3(Z2))) + 2 ' hi(81(Q3(22)), 01(27)))
= (A(Rp-1,0,01(Z74)) + 2571 0)
H(A(Ry_r,a, O1(Z7_1)) + 2671 2. 2200

1
= 2A(Rk—1,a7 81(213——-1)) + ? ) 23k'

Now we iterate the general recurrence (in k) from order k to order ¢ + 1 (where

q = [log a]), which yields the recurrence (in k) for A(Ry o, 81(Z2)):

1
A(Rk,om 81 (Zz)) = 2A(Rk_1,a, 81(2,%_1)) -+ 52— . 23k
; 5 k kens L o3n ’ ) 1ok okrog
= 20(Rya, (Z)) + Y 2755 2T) = 20 (Re, 01(20)) + 5 (2% — 2%)
n=q+1
1
= 2A(Rya, 01(22)) + :})). S gheatiael,

When a = 1, the general recurrence yields a recurrence (in k):
: 1 1 1
2 _ 2 k— 30y 3k k
A(Rey, 01(Z0)) = 28(Run, 01(20) + 3 (277 o - 2 = 5 2% - 22

n=2

Part 2: A z-order curve is a bit-interleave curve: the index of a grid point is assigned
with the number that interleaves the bits of its coordinates (by starting the first bit
of y-coordinate (axis-1)). Let a, 3 € [2¥] such that a < B and (a—1)® (B~ 1) = 2,
where ¢ € {0,1,...,k — 1}. Consider the two rows Ry, and Ry g of the canonical
Z32, which are 2' rows apart. For points v € Rg,, v/ € Ry and v,v are in the
same column, the index difference of these two points is 2%. The reason is that
the index in binary format for a point is the binary digits of y-coordinate inter-
leaved with that of z-coordinate, and the ¢-th binary digit of y-coordinate becomes
the 2:-th binary digit of the index. For a row, there are 2% points, so the cumu-
lation of index differences between the points in Ry, and Ry g is 2% - 22i; that is

A(Rip, 81(Z7)) = A(Ru,a, 1(Z7)) + 22, |

Lemma 3.8 The binary representation of the column-number of a column structure

of Z? helps compute its indez-cumulation as follows:
X



61

1. For all o € [2¥7Y], a recurrence for A(Ch, o, 01(Z})) is
1
A(Ck,a, 81(Z§)) = QA(Ck_l’a, 81(Z;3_1)) -+ 55 23k,
For o= 1, a closed-form solution for A(Cy 1,0,(Z%)) from the recurrence above

(in k) is:
L ogwm 1
2-3 2.3

For those « satisfying 297! < « < 29 for some integer q € [k — 1] (that is,

.2k

q = [log a]), the recurrence above (in k) yields a recurrence:

A(Cha, 01(Z1)) = 257IA(Cya, O ( 22 Z ok=n(__. 9%n),

n=q+1

where the summation is 2 (2% — 2k+20) = L. 93k _ L. ok+2[loga],

2. For all o, B € [2%] such that a < B and the binary representations of a — 1 and
B — 1 differ only at the i-th low-order bit, where i € {0,1,...,k — 1} (that is,

(a—1)® (8 —1) =2°, where ® denotes the binary exclusive-or operator),

A(Ck,ﬂ7 81(Z]%)) = A(Ck,ay 81(Z£)) +2. 2k+2i‘

Proof. Consider a canonical Z7.

Part 1: We construct the general recurrence (in k) for A(Ck o, 81(Z7)) for arbitrary
o € [2¥71] as follows. The column Cy , is in the left-half of the canonical Z2, and
can be decomposed into the a-th column of @1(Z?) (a canonical Z2_,) and the a-th

column of Q2(Z2) (a canonical Z7_,). By noting that for all grid points v € Qo(Z3),

(v, 01(Z2)) = hi(v, 01(Q2(Z7))) +hu(81(Q2(Z7)), 81(ZR)) = hu(v, 1 (Qa(Z7)))+27D),

and translating the index-cumulation of Ck, (in Z}) in the two Z?_,-subcurves, we

have:

A(Cra01(Z0) = Y hilv,0:(2]))

’UECk‘a

= (A(Cra NQuZE), 0:(Q1(Z0))) + 2" hi(01(Qu(ZF)), 1(Z7)))
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H(A(Cra N Qa(2D),8:(Qu(Z}))) + 25 hi(B:(Q2(20)), 6:(ZD)))
= (A(Cro1a,01(Z2_1)) + 25712 0) + (A(Chotjor B (Z5_y)) + 2571 - 2°07D)

1
= 2A(Ck_1,a781(213—1))+§ 2%,

Now we iterate the general recurrence (in k) from order k to order ¢ + 1 (where

q = [loga]), which yields the recurrence (in k) for A(Cy q, 01(Z2)):

1
A(Cra, 01(Z7)) = 2A(Cro1,0, 01(Zi 1)) + 5 2%

= 2A(Cya, 01(Z2)) Zz’c—n - 2%

n=gq+1
1
= 2A(Cy DZD) + 5g(2% —2H%)
1 1
— 2 = 93k = ok+2[loga]
20 (G O Z) + s 2 = 52 .

When a = 1, the general recurrence yields a recurrence (in k):

A(Cri, 01(Z})) = 2A(Cr1, B (ZD) + > (25

n=2

1

2% = 1 23k _ N ok
23

2-3 2-3

Part 2: Similar to the proof in Lemma 3.7 (part 2), Let o, 8 € [2*] such that
a < fand (a—1)® (8—1) = 2, where i € {0,1,...,k — 1}. Consider the
two columns Cy, and Cj g of the canonical Z,f, which are 2¢ columns apart. For
points v € Ci, and v' € Ci s and v,v’ are in the same row, the index difference
of these two points is 2%*!. The reason is that the index in binary format for a
point is the binary digits of y-coordinate interleaved with that of z-coordinate and
started by y-coordinate. Therefore, i-th binary digit of z-coordinate becomes the
2i + 1-st binary digit of the index. For a column, there are 2¢ points, so the cumu-

lation of index differences between the points in Cj . and Cy g is 2% - 2%+1; that is

A(Cr,p,01(Z2%)) = A(Cho, 01(Z3)) + 2 - ok+2i. .

Lemma 3.9 Fork>1,

A(Apor,00(Z2) = A(Dygr, 01 (Z3)) = 1 - 2% — L. 9k,

Proof. A canonical Z? can be (+m)-rotated (left-right reflected and then top-down
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reflected) to get a same Z7? structure with indices reversed. Thus, for a grid point

v € Ry o N Cha, where a € [2], its mirror point v/ € Ry or 110 N Crokri o, and the
7 7 25+ 25+

mirror pair (v,v’) satisfies that:
T (v, 01(Z8)) + (v, 01(ZF)) = ha (v, 0a(Z5)) + T (v, Ba(Z5)) = 2% — 1.

In addition, Dy = {vjv € Riye N Cko where a € 28]} = (Dyox N Q1(Z3)) U
(Dy.o¢ N Qa(Z2)), and there are 2¥~1 mirror pairs (v,v’) in the main diagonal Dy o

(let v € (Dyox N Q1(Z7)) and v/ € (Dyox N Q4(Z32))). Thus,

Ao+, (Z0) = Y (v, 0(Z7)

V€D, ok
(= Z Fk(v', 09(Z2)) = A(Dpogr, 02(Z7)) (v is the mirror point of v))
UIeDk,2k
= > (ha(v,01(Z2)) + hu (v, 01(ZD)))
all the mirror pairs (v,v’) in Dk12k
1 1
— 2]{:—122]{:_1:__2319__.2]9.
( ) =3 5

Similarly, for a grid point v € Rk o N Choky1_o, Where a € [2F], its mirror point

V' € Rpgrii—o N Cha, and A = {v[v € Rpo N Crory1_o where o € [2%]} =
(Ar2x N Qa(Z2)) U (Arax N Q3(Z7)),

A(Ara, 01(ZD) = > Fa(v,0:(ZD)

vEA ok
(= Z Fe(v',02(Z7)) = A(Apor, 02(ZF)) (V' is the mirror point of v))
v’eAk,2k
= > (Fae(v, 01(Z5)) + P (v, 01(Z5)))
all mirror pairs (v,2’) in Ak,zk
1 1
( ) 2 2

Now we partition the summation 3, 51123 4}ja<s As(Qu(Z}), Qs(Z3)) accord-
ing to the two cases: (o, ) € {(1,2),(1,3),(2,4), (3,4)} (four subcases of contigu-
ous curves), and («a, ) € {(1,4),(2,3)} (two subcases of diagonal subcurves). The
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summations resulting from restricting to these four subcases are investigated in the
following lemma.

Lemma 3.10 For § that is a positive integral power of 2, and 1 < § < 2%,

As(Q1(Z0), Q4(ZR)) = As(Q2(Z}), Qs(2D))
= 2(Cr-15+2Ck—15-1 — Dy_y 51 — Ar—15-1)
+(% 9% 4 1)(% 2852 — NG _15.1),
A(Qi(ZR), Q2(ZR)) = Ns(Qs(ZR),Q4(Z7))

= 2(Ri-15+2Rp-16-1 — Ak-15-1— Dir-15-1)

1
+(§ L 9k52 2Nk_1,5_1),

1
As(Q1(Z2), Q3(ZE)) = (5 2% L DNeo15-1 + 246151,

and
As(Q2(Z27), Qu(ZR)) = Ni—1,5-1+2D 15 4.

Proof. Similar to the proof in Lemma, 3.4 for Hilbert curve family (from the illustra-
tion in Section 3.1.1.2 and Equations 3.2, 3.3 and 3.4) except that z-order curve has
no rotation or reflection for the subcurves and it has different distances between sub-

curves. We expand As(Q.(HE), Qs(HE)) into three cumulations of index-differences:

As(Qa(Z2),Qp(Z})) = > By (v, ')

(v,v)€Qa(ZR)xQp(Z})da (v,v")=6

- Z P (v, 82(Qa(Z7)))

(’U,’UI)GQQ#; XQﬁ,5|d1 (1},1}’)25

" s hi(02(Qa(20)), 01(Q(20)))

(U7U/)6Qa,6 XQﬁ,5|d1 (1;71)’):6

n 3 hi(v', 01(Qp(Z3)))-

(’U,’U’)EQQ’(;XQﬁyg,dl(’U,’U’)Z(s
First we derive As(Qa(Z7), Qs(Z2)) for the case of contiguous subcurves ((«,3) €
{(1,2),(1,3),(2,4),(3,4)}). We compute the three cumulations of index-differences
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from Equations 3.2, 3.3, and 3.4 by the derivations in Section 3.1.1.2. (All the
notations for C2 in Section 3.1.1.2 applies for Z? in this section.)

Consider the case when (a,3) = (1,3). Because the subcurves Q;(Z7) and
Q3(Z}?) are all canonical z-order curves Z7 ,, the structures c , XP 1, and X, 7
for > )EQ@r.5 % Qs 5ld (vy07)=5 T (V' 91(Qs(Zy))) are transformed into Cy_1,, Di_;,,
and Aj_1,, respectively, for all n € [2871], and 81(Q3(Z})) into &1(Z¢_;). From
Equation 3.2,

Z (v, 01(Q3(Z7)))

(v,v")€Q1,5 X Q3,5]d1 (v,v)=6

- Z Z 20 +1-75)— l)ﬁk~1(U,>31(Zf—1))

7j=1 ’U,ECk_lyj
) é
=N -l (ZE ) =Y D> (6= n)hkoa(u,&1(Z2)))
n=lueD;_, . =1 u€dx_1,5
)
=2Z S =N d(ZE )+ Y Y Faea(u,01(Z7 )
J=1 ueCy_1 ; J=1 u€Ck_1;

_D;c—l,é—l - Ak—l,é—l
= 20 15-1+Cro15— Dy 151 — Ar-16-1.
We may compute 3, ,1e0, ;xQs slds (o')=5 T (U 02(Q1(Z5))) according to the ob-

tained expansion for (a, 3) = (1,3). The reflection symmetry (left-right and then

top-down reflection) gives that

Y mEA@@E) = Y L.aQuzd).

(v,0)EQ1,6 X Q3,5ld1 (v,v')=6 (v,v')€Q1,5XQ3,5]d1(v,v")=8
Since Ar(02(Q1(Z7)), 01(Q3(Z32))) = 2%k~1) 4 1, we have:
Z he(02(Q1(Z3)), 01(Qs(27)))

(vav/)te,S X Q3,5 |d1 (’U:/UI):‘S

= (257167 — 2NGo15-1) P (02(Q1(Z3)), D1(Q3(Z2)))
= (2F710% — 2Nj_15.1) (227D 1 1),

Summing up the three expansions, we have:

As5(Q1(28), Qs(20))
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— 3 (v, 1(Qs(Z2))) + > (v, 02(Q1(Z5)))

(v,v")€Q1,5 X Qs,5|d1 (v,v")=0 (v,0")EQ1,6XQ3,5|d1 (v,v)=6
H(2F710% - 2NG15-1) (270D 4 1)

= 2(2Ck-1,6-1+ Cr_15— D];_lyg_l — Ag-15-1) + (25716 — 2Nk—1,6—1)((2k-1)2 +1)

_ 1 1
= 2(Ch-15+2Ck 151~ Di_15.1 — Ar15-1) + (ﬁ 2% 4 1)(5 L 256% — 2Ni1501).

The derivations for the other three cases: (a,3) = (1,2), (2,4), or (3,4) are
similar to this one.

For the case of diagonal subcurves, we first consider the main-diagonal subcurves
As(Q1(Z3),Q4(ZE)). Because the subcurves Q1(Z2) and Q3(Z%) are all canonical
z-order curves Z?_;, the structures Y 1y and X lf—l,n are transformed into A;_,
and Ag_1 ,, respectively, for all n € [2¢71], and 01(Q4(Z2)) into & (Z2_,). According

to Equation 3.5,

As(Qu(Z5), Qa(20))
= 3 D> (6 - mhe(u,8(@i(22)

=1 Al
n 'u,EYk_lﬂ7

+ i Z (6 = n)hk(u, 01(Qu(ZP))) + Ni—1 517 (02(Q1(Z})), 01(Qu(Z}E)))

n=1 ueX,ﬁ_l n

— i: Z (6 = nhp_1(u, & (Z}_)))

n=1 'U'EAk—l,n

6—1
+Y D O=mha(w,8(Z)) + (2 267D + DN

n=1 ucA

-1
= Z Z (6 — Mhe-1(u, 01 (Z;_1))
n=1 uGAk_l,"

Y G- hrw & (Z2)

n=1 u€Ar_1,q
(after (+)-rotating Q;(Z7) into a canonical Z7 )

+(2- 22D L DN 150

1
— (_2. 2% L DNp_15-1 + 2Ak_15-1
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The derivation for As(Q2(Z2), Q3(Z2)) is similar. ]

The following two lemmas allow us to simplify the overall summation of Ls(Z3?).

Lemma 3.11 For all integers g with 0 < q¢ < k,
1. We=14.20%-1.9%
2. Njoa =522+ 129
3. Riga = 29A(Ry1, 01(ZF)) + 55(2FF30 — 2FFa),
4. Crgo = 21A(C1,00(Z7)) + $(2FF31 — 2k+9),
5. Zk,zk + Wk,zk =W+ A(Ak,zk, 81(213));
6. Ao :%_24k+§12_.23k_2%.22k_%_2k’
7. Dy v + D'or = Wi + A(Dy ox, 01(Z3)),
8 Dyor =552 5.2 — 5. 2% .2 .9k and
9. ﬁkﬁq = %(22’“ — 22q)ﬁk,24 + ﬁq,zq.
Proof. Let g be an arbitrary integer with 0 < ¢ < k.
Part 1: Wy, = > vezz Te(v,00(ZR)) = 3o ooy (n — 1) = Lotk _ 1. 92,

Part 2: For the symbol X denoting D, D', A, or A’ (main or auxiliary diagonals),
the number of grid points in X} g, where 3 € [2¥], is 8. Therefore,

29 29

1 1

Nk,?]:E g 125 B:§22q+§2q
B=1vEXk s B=1

Part 3: Lemma 3.7 (part 2) says that for all o, 3 € [2*] with o < 8 and (a — 1) ®
(ﬂ — 1) = 2i, where ¢ € {0, 1, ey k— 1}, A(Rkug, 81(Z]§)) = A(Rk’a, 81(2;%)) + 2k+2i;
hence for all € [2771],

A(Ry 29144, 01(20)) = A(Rp, 01(Z7)) + 2572,
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We establish a recurrence (in ¢) for Ry s as follows:

29
7—3:19’2!1 = Z A(Rk,'rn 81 (le))

n=1
29—1 29
= D ARun,0(ZD)+ Y ARin,0i(Z)
n=1 n=21"141
= Ria-1+ Z A(Ry,, 01(2}))
n=29"141
—_— 2q_1
= Rk’Qq-l -+ Z A(Rk,Zq—l-}-n? a1 (le))
n=1
29—t
= Ria-1+ Y _(A(Rey, 1(Z7)) +27207)
n=1

— 2ﬁk,2‘1—1 + 2q—1 . 2k+2(q—1)

— ORpges 4 28433,
Iterating the recurrence in descending ¢ (to 0), we have:

g
— — 1
R0 = 29Rp 00 + Z 2077 28173 — 2UA(Ry, 01(27)) + 5‘3(2“3‘1 — 2k*e),
n=1
Part 4: Lemma 3.8 (part 2) says that for all o, 8 € [2*] with o < 8 and (a — 1) ®
(B—1) = 2%, wherei € {0,1,...,k—1}, A(Crg,01(Z})) = A(Cia, 01(Z2)) +2-26+%;
hence for all n € [2971],

A(C"J»2q‘1+n’ 81(213)) = A(Ck,m 51(2,3)) + 2. gkt2(a—1)

We establish a recurrence (in q) for C 2 as follows:

249
Crae = Y _ A(Chy, 01(Z))
n=1
291 29
= > ACin(ZD)+ Y ACry &i(Z7)
n=1 n=29-141

29

= ak’2q—1 + Z A(Ck,na 81 (Zg))

n:ZQ“1+1
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(a) (b) (c)

Figure 3.10: Coverages and decompositions of auxiliary and main diagonal structures
in a canonical Z?: (a) and (b) for Ay ox; (c) forD’y ox.

' e

= Cra1+ Y A(Crgi-riy, 01(Z))

n=1
99-1
= Croot + Z (Chny 81(22)) + 2+ 2¥+2-D)

OBy + 212 2

- QEk‘gq-l+2k+3q_2-

Iterating the recurrence in descending ¢ (to 0), we have:

l (2k+3q . 2k+q)‘

q
Crao = 2Cr a0 + Y 2977 - 289172 = 2IA(Cl 1, 01(20)) + 3

n=1

Part 5: This proof is same as the proof in Lemma 3.5 (part 5).

Part 6: Similar to the proof in Lemma 3.5 (part 6) without any rotation or reflection
operations. The structure Ay o« covers the lower-left half of a canonical Z?. We
decompose its coverage into three parts as shown in Figure 3.10(a): Q,(Z7), the
lower-left half of Q2(Z}), and the lower-left half of Q3(Z?). Accordingly, we partition
Aj o+ into three parts (see Figure 3.10(b)):

1. From Q;(Z}?): the index-cumulation of all grid points in Q;(Z?) is Wy_,,

2. From the lower-left half of Q2(Z2) (covered by Aj_ ox-1): the index-cumulation
of the lower-left half of Qo(Z7) with respect to 9;(Q2(Z7)) and the cumulation
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of index-adjustment from 9,(Q2(Z2)) to 81(Z2); that is, Aj_1 ge—1 + N p_1 gr-1 -
22(k=1) " and

3. From the lower-left half of Q3(Z?): Aj_; -1 and the cumulation of index-
adjustment from 8 (Q3(Z2)) to 01(Z}); that is, Ay gx-1+Nj_p ge-1-(2-22,1),

Thus,

-/—4—19,2" = Z Z hk(v,é’l(Z,f))

B=1v€AL 3
2k
-Y Y nea@ys Y Y o)
B=1 veAr,sNQ1(Z2) B=25—1+1v€ AL sNQ2(Z})

Y Y h@a@)

B=2F"1+1ve A, sNQ3(Z2)

2k—-1 2k—1
= Wi+ Y > hi(v, 00(Z0) + Y > B (v, 01(22))
B=1 UeAk72k_1+ﬂﬂQ2(Z}%) B=1 UGAk’2k_1+ﬁﬂQ3(Zg)
= Wi
2k—1

+3 3 (P (v, 81(Q2(20))) + i (01(Q2(27)), 01(Z2)))

B=1 UGAk12k—1+5mQ2(Zg)

(“v € Apgr-1,3 N Q2(Z})" is equivalent to “v € Ay_1,5 in a canonical Z7_,”)

2k—1

+3 S (A (v, 01(Q3(Z7))) + hi(01(Q3(ZD)), 01(Z})))

B=1 veA, pe1,,NQa(Z2)

(“v € Apor-145 N Q3(Z}F)” is equivalent to “v € Ag_15 in a canonical Z7_,”)

2k 1
= Wk 1+ Z Z hk 1 U 81 )) 22(k 1))
/6 1'U€Ak 1.8
2k-—l
+ Z Z (hk—l(’U, 81(2%_1)) +2- 22(k——1))
/6:1 veAk—-l,ﬂ

- )—/V—k_l + (Xk_l,gkwl +Nk_172k-—1 : 22(k—1)) + (Zk_l’gk—l +Nk_1’2k—1 * (2 . 22(k_1)))

- 2Zk_172k—1 + Wk_l + 3 M 22k_2jvk_1’2k—1.



71

Now we establish a recurrence (in k) for Ay o« as follows:

;Z _ sz_,l’zk—l -+ Wk—l +3- 22k_2ﬁk_1,2k-1 iftk>1
LA if k=1

The closed-form of Ay g is 3 - 2% 4 55 . 23% — 5. 2% — 1. 9F

Part 7: Similar to part 5.

Part 8: similar to part 6. The structure ﬁmk covers the upper-left half of a canonical
Z?. We decompose its coverage into three parts: Qo(Z%), upper-left half of Q;(Z%),
and the upper-left half of Q4(Z2).

@—Ik’Qk :Z Z hk(vval(Zlg))

ﬂ=1U€Akﬁ
2k 2k .
= > > mba@)+ > S h(v,a(Z)
B=1 veA, sNQ2(Z2) B=2*—1+41vEAL sNC1(ZE)

2k
Y Y Rwa)
ﬂ=2k‘1+1 ’UEAk,gﬂQ4(Z)3)
2k—1

= Wiy + 22070 22620 4 3™ > h(v, 01(Z))
B=1 veA, jx-1,,NQ1(Z2)

9k—1

+ Z Z (v, 01(Z7))

B=1 ’UEAkyzk—1+gnQ4(Z£)

— Wk—-l + 22(k—1) R 22(k—1)

+) > (v, 01(Q1(Z2))) + Fe(1(Q1(Z7)), 81(Z)))
P=1veD; 1 ,"Q1(Z)

(“v e D;C,Qk—l-m NQ1(Z3)” is equivalent to “v € D;c_m in a canonical Z7_,")

2k—1
+ Z Z (Fa(v, 01(Q4(Z3))) + M (01(Q4(Z})), 1(Z})))
B=1 veD;YQk_1+BﬂQ4(Z;%)

(“v € D gee145 N Qu(Z7)” is equivalent to “v € Dy_; 5 in a canonical Z¢_,”)

2k—1

= Wiy + 2201 920k=1) 4 Z Z Fi—1(v, 81(Z1§_1))

B=1 UGD;C_LB
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2k—1
+Z Z (hk~1(U,81(Z£A1)) +3_22(k~1))
B=1veD|_, 4

= Wiy + 2267022670 1 (Do) + (Dl n1 + Ny -1 - (3 22(k=1)y)

= 2ﬁk_1,2k—1 4 9201 92(k—1) Wio1+3- 2%_2Nk_1,2k—1.

Now we establish a recurrence (in k) for _D—;k72k as follows:

. - 2D} g ge-1 4 2250 22D LW, 4 322N e M A>T
B2 4 | if k=1.

— 3 .9k
5r - 2.

The closed-form of D'y p¢ is o= - 24 + L . 2% — &, . 9%
Part 9: If ¢ = 1, then the desired equality is obviously true. Consider that g < k.
The structure D’y ¢ covers the upper-left corner of 27 main diagonals in a canon-
ical Z2. Similar to Lemma 3.5 (part 8), D' o4 is the upper-left half of Q5~9(Z2),
which is an Zg-subcurve canonically oriented at the upper-left corner of the Z? (see

Figure 3.10(c)). Therefore,

7)—’]9,211 = Z Z hk(vaal(zlz))

B=1veD; 4

= SO Y (o, 01(Q5ZD)) + B (01 (QE(ZD), h(2D)

B=1 'UGD’
= ZZ v@lZZ +Z22" ZZ ¢(v,01(Z, +ZZZ22”
p=1veD; 4 n=q B=1veD] 4 B=1veD) 5 1=q

= Dot ~ (2% — 92) Z o= 22’°—22q)7\7‘k2q+2>q,2q
B=1veD, 4

Computations of various X 9. are similar to those for X' oq.

Lemma 3.12 For all integers q with 0 < q < k,
1. Nk,2q=%.23q+%.22q+%.2q;

2. Rk,Z‘I — 51_ 23k+2q+ 23k—|—q+ 2k—|—4q+ 2k+3q _2k—|—2q_ % _2k+q;
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1 .o3k+2¢ | 1 _o3ktq_ 2 oktdg 1 ok+3qg _ 1 ok+2 _ 5 okiq
3. Ck,2q"22-3 2 + 332 + 37 2 +33 2 57 2 w72

4. Each of the pairs: (Dias, Dy oe) and (Akas, Ay o)) are related wvia Ni oo as

follows:
Ap2s + Ay os = Dige + Dyge = (2% — 1)Nj 20,
5.
0 ifk=0
Agor =4 3 ifk=1
e 2 4 2% 4 e 2% L 0% 5 98 otherwise,

6. Arge = Agon,

7.
0 ifk=0
kot =19 O ' ifk=1
’ 11 3 .
BaT 25 + 57 2% 4 221.3 - 2%k — ——2%,‘?’7 2% 221_:1” -2k otherwise,

8. Dy = %(22’c — 220Ny 00 + D g0

Proof. Let g be an arbitrary integer with 0 < g < k.
Part 1: Similar to the proof of Lemma 3.5 (part 2). For the symbol X denoting D,
D', A, or A, the number of grid points in X}, 5, where 8 € [2¥], is 3. Therefore,

29 29
—_ _ 1 3 1 2 1
Nigr=>">" (2‘1+1—ﬂ)~2(2Q+1—ﬁ)ﬁ_;—g-24+§-24+§-2€k
B=1veXy g (=1

Part 2: We first express Ry 2q in terms of Ry s (computed in Lemma 3.11 (part 3)
and Lemma 3.7 (part 1)) and Z;Ll BA(Ry 5, 01(Z2)):

Rize = > (27+1-B)h(v,0:(2}))
B=1veER; g
= Y (2+1-5) > h(v,0(Z) =D _(2°+ 1 - B)A(Ris,01(Z}))
B=1 vERy 5 B8=1
= (27 + 1)A(Rip, 01(Z2)) — BA(Rup, 01(Z2)))
B=1

= 22+ 1)) A(Brp, &1(2) = Y BA(Rep, 01(Z7))

B=1 B=1
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29
= (2+ D)Rig— Y BA(Rip, 01(27)).
=1

Let Uy 24 denote 2,2;:1 BA(Ry 3, 01(Z32)), s0 Upgo = A(Ry1,01(232)), which is
computed in Lemma 3.7 (part 1). We establish a recurrence (in ¢) for Uy o4, similar

to that for Ry 0 in the proof of Lemma 3.11 (part 3), as follows:

U 24
29 29—1 29
= Y BA(Rus 01(Z0) = Y BA(Res, (Z))+ Y BA(Rip 0(ZR))
/8:1 ,8=1 ,822‘7—"1—}—1 .
29-1
= Upger+ Y (277 + B)A(Ry 20145, 01(27))
B=1
29~1
= U+ Y (27 + B)(A(Bip, 01(22)) +20+27D)
p=1
(by Lemma 3.7 (part 2))
29-1 29-1
= Uiz +277 Y A(Rep, 81(Z) + > BA(Ri s, 01(Z7))
p=1 B=1
29-1
+ Z(2q—1 + /8)2.’9-}-21]_2
B=1

= Wpgi-1 + 29 Ry pa-1 + 3 - 274975 4 h3a4,

With Ry -1 and Uy 0 = A(Rk1,01(Z2)) computed in Lemma 3.11 (part 3) and

Lemma 3.7 (part 1), the closed-form solution for Uy s is:

1 ) 1 1 2

R o%k+2g | 55 o3k+g | I ok+4g 4 el ok+3q _ = ok+2q __ = ok+q.
Now,
Rior = (274 1)Riae — Up 20
— %3 . 93k+2q + 5_1_3 . 93k+g + % . ok+4q 52_1_3 . ok+3q _ % . 9k+2q
3
—5=- ok+q.

Part 3: We first express Ck s in terms of Cgos (computed in Lemma 3.11 (part 4)
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and Lemma 3.8 (part 1)) and Zgﬁ__lﬂA(Ckﬁ, o(Z})):

29
Crao = > (2741 B)(v,0:(Z}))
B=1veCx g
29
=Y (@2 +1-8) Y h(v,8:(2D))
B=1 vECk g
29
= Y (2 +1- H)A(Crp 8(2D)
p=1
29
= S7(27 + 1)A(Cryp, 1(22)) ~ BA(Chp, B1(Z2)))
- 29 29
= (2941 A(Crp (ZD) = > BA(Crp, 01(Z2))
p=1 p=1
24
= (274+1)Crae — Y _ BA(Chp, 01(Z)).
p=1

Let Uy e denote Yo | BA(Chp, 61(Z2)), s0 Uy = A(Cyi1,01(Z7)), which is
computed in Lemma 3.8 (part 1). We establish a recurrence (in g) for Uy, o4, similar

to that for Cy 2 in the proof of Lemma 3.11 (part 4), as follows:

Uy 24
24 99—1 29
= Y BA(Crp 0u(Z) =Y BA(Crp (Z2) + D BA(Chp 01(Z0))
=1 p=1 p=20-1+1
29-1
= Upzms + I (277 + B)A(Chzim14, 01(ZD)
B=1
29-1
= Uppr + 3 (271 + B)(A(Crg, B1(22) +2- 24260
£=1
(by Lemma 3.8 (part 2))
2¢-1 29-1
= Upae1 + 2771 A(Crp, 01(ZD) + D BA(Chp, 81(Z0))
B=1 B8=1
291
+ Z(2q—1 + ﬂ)2k+2q—1
B=1

= Uy ge-1 + 297 Cp o1 + 3 - 2FHITE | Ok H343
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With Cg o1 and Uy = A(Cry1,01(Z2)) computed in Lemma 3.11 (part 4) and

Lemma 3.8 (part 1), the closed-form solution for U o is:

1 1 5) 1 1 32

5 o3k+2g | Tt o3kt | — ok+ig | s ok+3 _ 5 ok+2g _ g ok+q
Now,
Crpa = (29 + 1)Cros — Us 20
_ 2_21_§ L o3k+2g 4 5_2_1_5 L o¥k+q 5_2_? . ok+ig 51_3 L ok+3q _ %2_ . ok+2g
_225. 7 28,

Part 4: Similar to the proof of Lemma 3.11 (part 5): for every point v € A, and
its mirror point v’ € A} ,, hi(v,0,(Z})) + he(V', 61(Z})) = 2% — 1.

!
Ak,Qq + Ak’Zq

99 29
= > ) @H1-Bh@a(ZD) + ) Y 27+ 1-B)h(v,0(Z)
B=1vEA; 5 p=1 UEA;c,ﬂ

29

— Z Z (2741~ B)(Fi(v,0.(Z2)) + B (v, 1 (Z})))

B=1 all mirror pairs (v,v’)EAkyﬁxA;c,ﬁ
29

=Y 3 274+ 1—B)(2% — 1) = (2% — 1) Ny 20

B=1 all mirror pairs (v,v’)EAkyﬁxA;cﬁ

Similarly, we can derive Dy g0 + Dj 90 = (22 — 1) N 20
Part 5: We proceed as in the proof of Lemmas 3.11 (part 6) and 3.6 (part 5).
The structure Ay o« covers the lower-left half of a canonical Z2. We decompose
its coverage into four parts (non-empty when k& > 2) as shown in Figure 3.11(a)
and (b): the lower-left half of Q,(Z?), the upper-right half of Q1(Z}) without the
auxiliary diagonal Ay ox (= A;’Qk), the lower-left half of Q2(Z2), and the lower-left half
of Q3(Z). Accordingly, we partition A« into four parts (see Figure 3.11(b)) as
follows. In the notation, Aga = > 5, zveAk,ﬁ (a+1—B)h(v, 81(Z})), we associate

the weight a + 1 — 8 with A g in the summation.



1. From the lower-left half of Q;(Z3?):

2k~1

YooY @ +1-Ba(Z))
B=1 ve Ak sNQ1(Z2)
2k—1

=Y Y @ +1- B (v, 01(ZD))
B=1 ve Ax gNQ1(Z3)
2k—1

£ 2w az)

B=1 veAg sNQ1(Z})

2k—1
= Z Z 2" +1 - B)-1(v,8:(Z; 1))
p=1 'UeAk—l,ﬂ

2k—1

+2’°_1Z Z Ri-1(v,01(ZF_1))

B=1 vE€Ak-1,6
= Ap_1901+ 2k_lAk—l,2’°—1'

2. For the upper-right half of Q;(Z2) without the auxiliary diagonal Ay o

2k -1
oo Y @ +1- kv, 01(2D))
,6=2k_1+1’uEAk’ﬂﬂQ1(Z£)
2k-1_1
- ¥ S @ 1 T (v, Bu(2D))
=1 wed; jk-1,,NQ1(Z})

(change of summation index: = 2k1 4 ¥)
2k—1_1

_ Z Z (251 + 1 - B)Aw(v, 61(Z3))

A=l weA; jk—1,5NQ1(Z})

2k—1_1
— Z Z (B4 1Dhy_1(v,6:(Z%_))) (in a canonical Z7 )
B=1 UEA;C_Lﬁ
ok—1
_ Z Z (B + 1)h-1(v, 81(Z;_y))
B=1 ’UEA;C_IHH
— Z 25 + Dhe_y (v, 01(Z7 )
veA;:—l,Qk_l
9k—1
- (Z Z (2 + 2)hy1(v,0:1(Z; 1))
B=1 ve A

k—1,8
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2k—1
=3 Y @ 1 Blea(v, 81(Z2)))
B=1 vc A’

k—1,8

(2k '+ 1)A(4 k—1,2k— 1, 01(Z7.0))

= (2k~1 + Q)Wk—mk—l - -A;c_1,2k—1 - (Qk_l + 1)A(A;c—1,2k"17 6)1(213—1))-

3. From the lower-left half of the canonically oriented Z2 ;-subcurve Qy(Z2) —
consisting of auxiliary-diagonal segments Ay 5N Q2(Z7) with weights 28 +1 -3
for 3 = 271 + 1,261 12, ... 2F — 1 (indexed from the lower-left corner of
Q2(Z5)):

Including the cumulation of index-adjustment from 8;(Q2(Z32)) to 81(Z3), its

contribution in Ay o is :

S @+ 1-phe,a(2)

B=2k-141 ’UEAkyﬁﬂQQ(Zg)

= D> (@ 18y, 8(Q(Z0))

,3'—2k 141 vEAK gﬂQQ(Z )

+ 1 (01(Q2(25)), 01(Z5)))

2k—1
S ) (25 +1— (2" 4 ) (B (v, D1 (Q2(Z]))) + 22*D)
7=1 veA, pho1,,NQ2(22)

(change of summation index: 8 = 2571 4 )
2k—1

= > Y @1 B) (a0, 0(Qu(2D)) + 22
B=lveA ju-1,,NQ2(Z})

2k1

= Z Z 2"c '+ 1~ A I(U 81(Zk 1)
B=1veA;r_ 1
2k 1

+Z Z 2k 1 )22(k 1)

B=1 veAy_ 1,8
k—
= Ak_1’2k-—1 + 22( I)Nk_1’2k-1.

4. From the lower-left half of Q3(Z2) — consisting of auxiliary-diagonal segments

Ay N Q3(ZE) with weights 28 +1— B for § = 2k-1 41,251 42, 2k — 1
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(indexed from the lower-left corner of Q3(Z2)):

Including the cumulation of index-adjustment from 8;(Qs(Z2)) to 81(Z32), its

contribution in Ay o is:

> S (@ +1-Bh(v,0:(2)))

ﬂ=2k-1+1 ’UEAk‘ﬁﬂQa(Zg)

= Z Z (2’c + 1 — ) (h(v, 01(Q3(Z7)))

,8=2k_1+1 ’UEAk’ﬁﬂQB(Z)%)

+ m(01(Q3(Z7)), D1 (Z7)))

ok—1

- Z Z (2F +1 — (2" + ) (v, 01(Qa(Z22))) + 2 - 2251

y=1 vEAk72k._1 +7ﬂQ3(Z,3)

(change of summation index: 8 = 271 + )
2k—1

= Z Z (2]9——1 +1— ﬂ)(hk(l}, 81(Q3(Z£))) +92. 22(k—1))
B=1 ”EAk,zk—l+5nQ3(Z,%)

2k—-1

= Z Z (2’“_1 +1—B)hg1(v, 81(Z13—1))
B=1 v€Ax_18
ok—1

+Y Y @ - 2)

/=1 ’UEAk_l’ﬁ
= Ak_l,gk-—l + 2 * 22(k—1)Nk_1’2k-—1.

With the four contributions, we establish a recurrence (in k > 2) for Ay o+ as follows:

A ox
= (Ap_108—1 + 2k_1ﬁk~1,2k—1)
H(2 T+ 2 Ay i1 — Ap e — (25T + DAy 201, 81(Z0 )
H(Aporge-1 + 22N ges)
A (Apggi-r + 2 226N i)
= BAp_yom1 — Af_g g1 + 27 A e + (25T 2) Ay i

+3 - 22(k~1)Nkw1’2k~1 — (2k_1 + 1) A(Ag_q 9%-1, 81(Zlfc2—1))'
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IRy

(a) (b)

Figure 3.11: (a) Coverage of A o« in a canonical Z2; (b) decomposition of A ox into
four triangular halves.

Note that Lemma 3.9 (part 2), Lemma 3.11 (part 6), and Lemma 3.12 (part 1) are
used to obtain exact formulas for A(Ay_y ok-1,1(Z}_)), Ag_19%-1, and Nj_j ox-1 in
above recurrence.

For k < 2, we compute Ay o« directly, and the recurrence for Ay o« is:

3.'4;‘_1‘2.&—1 - ‘Afk—l,2k_l + 2k_lzk_l‘-2k—l + (2k_1 + 2)Ek_l‘2kul

s +3- 252N o1 — (281 + D) A(Ap_ -1, 81(Z2))) if k> 1
k2 3 if k=1
0 if k=0,

which yields the desired closed-form solution for Ay ox.

Part 6: The coverage of Ay in a canonical Z} is a canonical Z;-subcurve at the
lower-left corner of the Z?, and this sub-curve has the same entry point as Z} does.
Thus, Ag 2 = Ag 2.

Part 7: Following the proof of part 5, we partition the coverage of Dy 5« into four

parts (non-empty when k£ > 2), and obtain:

k2t
= (D;c_l,zk—l)
+(2 Dy i + Di_ygr-1 + 2N (N g v - 2267D) 4 Ny e - 22E7D))
+((2k_1 + 2)5:&—1,2*-1 - Dk—l,:!“" - A(Ds--l,zkm81(23-1))(2"“1 + 1)
H((25 + 2)Nj_p 901 — Ny gim1 — 2671281 4 1)) 221D

+(DL_1‘2A--1 +N;\-_1‘2k—1 . 3 i 22(&‘_1))‘
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This gives a recurrence (in k > 2) for D, ,, as follows:

(3D} 1 ge1 — Diyoe-1 + 267D 4 (251 +2)D
+((2- 2570 4+ 2. 222Ny g
;c,Zk — +3. 22(k_l)Nk:—l,2k—1 _ (24k:—4 + 23k:—3)
— A(Dy_y 901, 01(Z2_))) (281 +1) if k>2
5 if k=1
L 0 if k=0,

which yields the desired closed-form solution for D;,Qk.
Part 8: Following the proof of Lemma 3.11 (part 9), the coverage of Dj.0¢ 1s the
upper-left half of Q’g‘q(z,f), which is an Zg—subcurve canonically oriented at the
upper-left corner of a canonical Z2. The cumulation of index-adjustment involves
the summation of 7, (8 (Q9(Z2)), 8,(Z2)), which cumulates the traversals through
all the intermediate subcurves Q(Q7(Z32)) for all n € {0,1,...,k — ¢ — 1}. Thus,

q
1
Pl = Mo 32 274Dl = M F i + D
n=k—1

Theorem 3.2 For § € [2¥] that is an integral power of 2,

((23F — 2F ifd=1
23k+2log6 _ (2 k _10g5 + 1949 22k+310g6
La(Z,f) = 2L _§32 (5 L) 2k%f1§;57)
+ (32( og ) + 22.33)2
+ 22153;7 .92 _ 2?2 ok+dlogd _ % . Qk+logs
|+ % . 95logd _ -gé . Q3logd 4 % . 92logs otherwise.

Proof. Let § € [2¥] that is an integral power of 2. Lemma 3.10 gives a recurrence
(in k) for Ls(Z?) for all 6 € [2F71] that is an integral power of 2. It suffices to
determine the basis for the recurrence for all 4.

In the extreme case when ¢ = 1, the basis for the recurrence (in k) for L;(Z3)
occurs when k = 1; and L;(Z%) = 6. The recurrence in Lemma 3.10 (for § = 1) with

the basis gives the desired closed-form solution for L;(Z2).
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In the general case when § > 2, the basis for the recurrence (in k) for Ls(Z3?)
occurs when k = logd, for which the recursive decomposition (in k) halts and we

compute Ls(Z2

rgs) based on, in a canonical Z2, ;:

Lls(Zl%)grS) = Z IZ_J'

4,j€[6?]i<j and d1(Z _ 5(1),22  5(5))=06

O,

= Z hlog,g(’l), ’UI).

v, Eleog sldi(vv’)=0

The summation above requires the knowledge of d-neighborhood structures in a

canonical Z2,; and the distribution of fig s(v, ") for a d-pair (v,v') € Z,

g5 % Ziog s
which is similar to the analysis in the proof of Theorem 3.1. The §-neighborhood
structures shown in Figure 3.9 is also applied to a canonical Z2 ;.

Same as in the proof of Theorem 3.1, for the case of auxiliary diagonals, we

consider the organization of Aj.es(v,v") for all é-pairs (v,v’) for the summation in

expanding Ls(Z2,5) = D, e 72, 5|y (v07)=5 Fiogs(v,v'). First we write that:

thgJ(uvl) = [hlogtF(vaal(Zl%g&)) - hIOgJ(UIaal(Zﬁ)ga))ly

and need to determine the algebraic sign of fiogs(v, 01(Z;55)) — Taogs(v', 1(Zig5))-
We observe that for every grid point v € Ajzsq, Where a € [0 — 1], we have
Progs(V, O1(ZL45)) < Paogs(v',01(Z2,5)) for all v' € Ni(v). This observation indi-
cates that in Liogs(Zp,s) of all 6-pairs (v,v’) from the case of auxiliary diagonals:
fog5,5-1 — Alogs,5-1-
For the contribution in Liogs(Zf,s) of all é-pairs (v,v') from the case of main
diagonals, we observe the following two cases based on the location of a grid point v

in the quadrants of the canonical Z2 ;.

1. For grid point v € DiegsaM(Up_3@n(Zig5)) and for all v’ € Ni(v)N(Uz.,Q,(Z)),
where a € [§ — 1], we have Riogs(v, 1 (Z2,5)) > Mogs(V, 81(Z120g5)),

ogd

2. For grid point v € Digsa N Qs(Z},5) and for all v € Ni(v) N Q4(Z3), where
o€ [g — 1], we have Ajogs(v, 81(Z120g5)) < Pyog s (V' 81(Z120g5)), and
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3. For every grid point v € Diggse N Q1(Zf,s) and for all o' € Nj(v), where
o€ {% +1, % +2,...,6 — 1}, we have fiogs(v, 81(Z120g5)) < Puogs(V', 01( 2L 5)) -

This suggests that we decompose the contribution in Llogg(Zfogé) of all §-pairs (v, v")

in the case of main diagonals into six parts of index-cumulations:

1. The index-cumulation of all grid points v in the deleted lower-right half of
Ql(ZIQOgé):

6—-1

Z—: Z (6 - Ol)hlog(s(’v, 81(Z120g6))

o=34+1v€D1og 6,aNQ1(Z2 5)

e_1

= Z Z (g - a)hlogé(va a1 (Zl?)gé))

== 2
a==1 vEDIOg 6,a+ng1(Z10g5)

_ S oo, Q1 Zs))

= 2
a=1 UeDlog 6,a+ng1(Z1°g 5)

- Z Z (g—a)ﬁ1og5—1(v>31(zl2og5—1))

a=1 veDIog -1,
Dloga—l,g—l
Dlogé—l,g - Dlogé—l,%’

2. The index-cumulation of all é-neighbors v' € Nj(v) for all grid points v in the
deleted lower-right half of Q1 (Z3,;):

s _q
2

Z Z __ﬂhlogé(v 81(Zlog6))

B= lUEDlogéﬁ

— _ Ty
logd5—1 = Plogs,s = Dliogs ¢

3. The index-cumulation of all grid points v in the deleted lower-right half of
Q3(Z2,5) and their é-neighbors v € Nj(v) N Qus(ZL,4):

-1

Z Z a)hiog 5 (v, al(Zlogé))

a=1 veDIogéa

mlm
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Dlog 6,—%—1

Diog 82 Diog 83

4. The index-cumulation of all §-neighbors v' € Nj(v) N Q4(Z3,5) for the grid
points v in the deleted lower-right half of Q3(Zg,, 5):

> Yo (6= B)uegs(v), 81(Zigs)

5:%4_1 v'eD{og(;,BmQ4(Z,§)
1

)
- (5 — B)huogs(V', 01(Zig5))
A=l veD a,B+%mQ4(Z’3)
L. |
2 ) 2
— (-2— — B)(Tiogs (v, 01(Qa(Ziogs)))
A=l UIEDllogs,m%mQ‘l(Z’Z)

+ hlog6(8l (Q4(Zl?)g6))7 81 (Z120g6)))

]
5—1

5 , 5
=Y )it u(Zs )+ 3 OP)
B=1veD]_; | ,
0o
+M0g6—1,%—1 -3 (5)
— )
—Dliggs1,8 + Nogs—1,8-13" (5)2

5~

/
logé—1,8-1
!

log 6——1,%
5. The index-cumulation of all &-neighbors v € Nj(v) N (UZ_,Q,(Z3)) for all grid

points v in the deleted lower-right half of Z s and not in the deleted lower-
right half of Q1(Z3, ;):

6—1
(6 — B)huogs(v', 01(Zing5))

B=1 “leDlloga,B

i

: ) 2\
- (5 - ﬁ)hlog5(vl’ 8l(Zlong))

B=1 v’GDl'Og(;’B

6—1

- Yo (6= B)higs(V), 01(ZRg5)

B=5+1veD]  ; sNQa(ZF)

/ / 7
Dlog6,6~1 - ( logé,d D 1og6,g)
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— )
(Diogs-1,5 = Dliogs1,5 +3(

2 )QMog 6—1,%—1)

(see parts 2, 4 above)

— ! T _ / _ Ty
= Dloga,a Dlogé,é (Dlog(s,g Dloga,g)

— 4]
_( {ogé—l,% - D/Iogé—l,% + 3(5)2Mog6—1,%—1)'
6. The index-cumulation of all grid points v in the deleted lower-right half of
Z, s and not in the deleted lower-right half of Q1(Z.,s) and not in the deleted
lower-right half of Q3(Z2) that their §-neighbors v’ € Nj(v) N Q4(Z3):

Z > (0= ) hiogs(v, (22 5))

a=1 veDIog S,

-1
- Z Z (6 — a)hbg&(v’ 81(Zl2og6))
a:%-{—l vEDlogJ,ale(Zig 5)

3
s-1

_Z Z hlog(s(’l} al(ZlogJ))

o=1 v€D1og 5,

= Dlogé,é—l - (Dloga—l,g— - Dlogé-l,%) - (Dloga,g - Dlog&,g)

= Dlogé,é - DIOE‘S»‘S - (Dlogé—l,% - Dlog 6—1,%) - (Dlog6 8 =~ Dlogé 6)'

By combining the six index-cumulations obtained above, we have the contribution

in Liogs(Zg ;) of all d-pairs (v,v') in the case of auxiliary diagonals:

(Dlpgss = Drogst) + Plogsr s~ Dingsorg + 3 Nogs 1,51
+(Drogss — Diogs.s = (Drogs—1,5 — Diogs—1,5) — (Progs,s = Diogs,2))
_(Dllog 66 ﬁlogéﬁ - (D;og 58 ﬁlog&,%)
(Dlpgsrs ~ Dgs g + 33 Niogs1.4-2)
*(Dlog 6-1,8 — 510g6—1,%) - (Dlogti,% - TDlog&,g)

= Diogss — Diogss =~ 2(Diogs1,5 ~ Drogs-1,8) = 2(Drogs,s — Diogs s)
_(D{ogaa D'iogs6) +2(D10g5 5 ﬁlog&,%)

— 0.9
+2( {ogé—l,% - Dllogé—l,% + 3(5) Mogé—l,%—l)'
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These two contributions are combined into the basis:

Ls(Zigs) = (Alogss — Alogss) = (Arogss — Alogss)
+Diogs,s =~ Diogs,s = 2(Diogs_1,5 — Diogs_1,8) — 2(D

_(Dfoga,(s - ﬁlogé,é) + 2( ;Og(s,g - ﬁlog&%)

— 4

2
+2( {ogé—-l,% - Dllogé—-l,% + 3(—2') Aflogé~l,%——1)‘

The recurrence in Lemma 3.10 (for arbitrary §) with the basis give the desired

closed-form solution for Ls(Z7). 1

3.2 Locality Measures of 3-Dimensional Space-Filling Curve Families

For measures Ls in the case of dimensionality 3, we derive the exact formulas for the
canonical Hilbert and z-order curve families for 6 = 1. The canonical Hilbert and z-
order curve are shown in Figures 3.12 and 3.13 (see Chapter 11 for the constructions).
For these types of 3-dimensional self-similar curves, the self-similar structural prop-
erty guides us to decompose C} into eight identical C{_,-subcurves (via reflection
and/or rotation), which are amalgamated together by an C3-curve. Following the lin-
ear order along this C3-curve, the eight C{_,-subcurves are {Q.(C})|la = 1,2,...,8}.
The directions of rotations about axes are shown in Figure 3.14: arrow denotes (+)-

rotation and its reverse denotes (—)-rotation.

3.2.1 Approach

The recursive decomposition (in k) of C? gives that
Ls(C}) = > i — Jl
i,j€[2%¥]|i<j and d1(C}(1),C}(5))=0

— L)+ S A(Qa(C), Qu(CY),

o,86{1,2,3,4,5,6,7,8} a<B

where As(Q.(C3),Qs(CE)) denotes the cumulative contribution of |i — j| from the
two subcurves Q,(C3) and Qp(CP), that is, for all 7,5 € [2%] such that i < j,



87

axis—1 axis—3

axis—2

(@) (b) ©

Figure 3.12: Canonical 3-dimensional Hilbert curves. (a) Coordinate system; (b)
canonical H3; (c) canonical Hj.

axis—1 axis—3 , .

axis—2

(@) ® (©

Figure 3.13: Canonical 3-dimensional z-order curves. (a) Coordinate system; (b)
canonical Z3; (c) canonical Z3.

axis—1 axis-3 axis=2 i q axis=3 . ic 9
axis—2 axis—3 axis—1
(@) (b) (c)

Figure 3.14: Demonstration for (+)-rotations about axes (arrows represent (+)-
rotations about axes) in 3-dimensional space. (a) All the (+)-rotations about axes;
(b) (+)-rotation about axis-2 viewed from different direction; (c¢) (+)-rotation about
axis-3 viewed from different direction.
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7 7’
— pa /
. /1 7] (23)
axis—3 P
' . 7 @)
L 7 b2 P
- 7 P k2

s—2 P(IZ)
axis— ot (1) 3
Py Pz

axis—

(@) () © (@

Figure 3.15: Structures of planes in 3-dimensional space: (a) Coordinate system and
two space-filling curves: H?, Z3; (b) P,gf); (c) Pk(,lj); (b) Pk(i‘:’).

d1(C2(3), C¥(5)) = 6, and i and 7 appear in (the index ranges of) Q. (C?) and Qs(C}),
respectively.
With respect to the canonical orientation of C} shown in Figure 3.15(a), we cover

the 3-dimensional k-order grid with:

1. 2% planes (P,c(’lf),P,g)lQ“2 )7"‘>P1§,122'3)7 indexed by the coordinate of axis-3 (i.e.,

Pk(,f) = {v|v € [2¥]* and the coordinate in axis-3 by v is a}) (see Figure 3.15(b)),

2. 2% planes (Pk(}f),Pk(};),...,Pél;g), indexed by the coordinate of axis-2 (i.e.,

P,f’lj) = {vjv € [2’“‘]3 and the coordinate in axis-2 by v is a}) (see Figure 3.15(c)),

3. 2k planes (P,gig),P,g?;),...,PISQ;’,B), indexed by the coordinate of axis-1 (i.e.,
Pé?j) = {v|v € [2¥]® and the coordinate in axis-1 by v is a}) (see Figure 3.15(d)).

For a € [2*] and a grid point p € [2F]3, we denote:

L h(v,v) = [(CHHv) — (C3)1(v)], the index-difference between two grid
points v, v’ € [2¥]3.

2. A(Xya,p) = Zvexk,a Fir(v, p), where the symbol X} , denotes P,g}j),P,Sj), or

Pk(23) (for example, A(P,c(}f),p) = ZveP,ﬁfj) he(v,p)). That is, A(Xkq,p) cumu-

lates all index-differences of all grid points in the structure Xj , with respect

to p; when p = 8;(C?), A(Xy a,p) is the index-cumulation of all grid points in

Xk.a
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3.2.2 Derivation of 3-Dimensional Hilbert Curve Family

In this section, we work on 3-dimensional Hilbert curve, and C} in Section 3.2.1
is replaced by H} now. Since we consider the 3-dimensional Hilbert curve that its
quadrants 5,6,7,8 are the reflection of quadrants 4,3,2,1, respectively (see Chapter II),
the mirror pairs for 3-dimensional space are defined with respect to the axis-3: for p
in a canonical Hy, we have fix(p, 01 (HY)) + hi(p, 9o(H})) = 2%% — 1, and there exists
a unique grid point p’ (of same coordinates in axis-1 and axis-2 in H}) such that

Fir(p, 01(HR)) = I (1, Oa( HY)).
Pi(p, 81 (HY)) + hu(p', 01 (HR)) = Fi(p, 8:(Hy)) + (v, 85(Hy)) = 2% — 1.

The following three lemmas study the cumulation of indices of grid points in the
planes of HY.

Lemma 3.13 The indez-cumulation for the planes of H3:
1. For the planes P{. and P{*Y, where a € [2¥],

APSD 0(HY)) = AP, 0,(HD)) = AR, 8u(HE)) = AP, 0y(HY))

ko
. 25k . _1__ '22k
9 3

M| =

2. For the planes P,Sj), where o € [2¥],

A(Pkg,lj)a al(HE)) -+ A(PIE:[;C)-{—:[——Q’al(HE)) — 22k(23k _ 1),

and

3. For the planes P,c(}j), where a € [2*],

AP, 0,(HE) = AP, ., 0a(HE)).

k,2F 41—

Proof. Note that a canonical H; is inside-outside symmetric (with respect to

axis-3).
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Part 1: For a grid point v € P,Elj NP, 5) N Pklj , where o, 8,y € [2F], its mirror point

€ P, 13) N P(23) N Pk122,3 +1_.» and the mirror pair (v,v") satisfies that:
hk(vv al(Hg)) + hk(vla aI(HIE)) = hk(v782(Hl:c3)) + hk(vl7 aQ(ng)) =2% 1.
For every o € [2*], there are 2%~ mirror pairs in the plane Pk(’lj). Thus,

AP 81 (H) = > (v, 01(HE))

vEP,:?Q
(= Z (v, B2 (HY)) = A(P, kli’),ag(H?’)) (v'is the mirror point of v))
v’ePklf”a
= > (ha(v, 81(HY)) + B (', 01 (HE)))

all mirror pairs (v,v’) in P(13)

(= > (Pae(v, B2(HY)) + Fi (v, 82(H))))

all mirror pairs (v,o/) il P,Elj)

— 22k—1(23k . 1) — 1 . 25k o }

. 22](:.
2 2

Similarly, for points in Pk o » the mirror pairs are in the same plane, so they have
the same cumulation of index differences. That is,

AP 81 (HY) = AP, 6,(HE)) = AP, 81(HP)) = APEY, 0,(HY))

ka7
_ l.25k__];.22k
2 2 ’
Part 2: P(m) and Pkljk) +1_o are reflective planes (inside-outside symmetric with re-

spect to axis-3). So, for every point v € P,Sla), its mirror point v € P, (12)

k,2%+1—a
(v, 01 (HE)) + R (v', 0,(H})) = 23 — 1. Thus,

AP 8y (HY) + AP oi(HY))

2k 41—
= ) mREAE)+ Y m,0(H)
veP{'? vePlR)
= > (hi(v, 01 (HE)) + Fi(v', 01(HE)))

all mirror pairs (v’ )EP(12) XP(12)

= 2223 _ 1)
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(@ (b)

Figure 3.16: The plane structure for P,SIQ) in a canonical Hy. (a) The structure for
P,glf ); (b) the structures of underlying quadrants for P,E,lf).

Part 3: P,SQQ) and P,Slfk) 1o are reflective planes (inside-outside symmetric with re-
spect to axis-3). So, for every point v € P,E}QQ), its mirror point v’ € PSQQ,C) 1-qand

B (v, 01 (HE)) = By (v, 0o( H3)). Thus,
A(PED, 0,(H))

Ja’

= Y mwoaED) = Y R, 0u(H))

12 12
vep,;g u'ePIE,QgH_a
(12) 3
A(Pk,Qk—{-l—a’ o01(Hy)).

In computing L;(H}), the points involved in the point-pairs across quadrants are
in the exterior planes of the quadrants that these exterior planes neighbor to each
other. We call these exterior planes the boundary planes.

Lemma 3.14 For a canonical H}, A(P,Sf)), 8y (Hp)) = 2525192 2 Proof.
Figure 3.16(a) shows the exterior plane P,Sf) , and Figure 3.16(b) illustrates the
structures of the underlying quadrants. We see that the plane of the first quadrant is
the structure of P,S1_31),1, those of the second and the third quadrants are the structures
of Pk(i?’l),l, and that of the fourth quadrant is the structure of P,SI_QI)’I. Thus, we can

decompose the exterior plane into exterior planes of four quadrants Q,(H3), where
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a € [4], and the cumulation of index-adjustment from 0,(Q.(H})) to d1(H2). We

establish a recurrence (in k) for A(P, k112), O1(H3})) as follows:

APYD 0 (HD) = Y (v, 01(HE))
veP,EYIf)
= Yo maED)+ DY (v, 8(H))

veP{PNQ(HE) ve PP Qo (HY)

+ Z k(v,al(H,f))+ Z hk(v7al(H£))

veP{PNQs(H}) ve PP NQu(HE)

- Yo (v, 0u(Qu(ER))) + (01 (Qu(ER)), B1(H)))

veP(P Q1 (HY)

+ > (v, 0 (Qa(HY))) + Pk D1(Qa(HR)), 81 (H)))

vePUDNQa(HP)
+ > (v, 0u(Qs(HE))) + hk(51(Qs(HR)), B (HE)))
ve PP NQs(HE)
+ Z (Mo, 01(Qa(HS))) + hi(01(Qu(HY)), O1(HE)))
vePDNQu(HE)
= Z Fi—1(v, 01 (Hj_y)) +0- 220 . 3=

13)
PIE 1,1

(after (—g—)—rotating Q1(H}?) about axis-1 and then

(—g)-TOtating it about axis-2 into a canonical H; ;)
+ Z Fr—1(v, Oy (Ho_ ) + 1 - 22D . 98(k=D)
vGPlgz_sl),l
(after (+‘g‘)-1"0tating Q2(H?) about axis-1 and then

0
: (+§)—rotating it about axis-3 into a canonical H; ;)

+ Z Pge—1 (v, 31(H,::’_1)) +2.922k-1)  93(k-1)

veP’gzsl) 1

(after (+g)—rotating Qs(H}) about axis-1 and then

™
(+§)rotating it about axis-3 into a canonical H; )

+ Z hk—l(’l}, 81 (Hk?:)—l)) +3- 22(k~1) . 23(]9’“1)

11’513151—21),1
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(after (47)-rotating Q4(H}) into a canonical Hy_,)

(

+<A<P,§231’1,81<Hk 1)) + 2 220D L g3k
(
(

+ A(P,Elfl) LO(HE_))+3- 92(k—1) 23(k—1))
1 1
= A Pk(lzl)l’ 81(Hk 1)) + 3(2 2 5(k—1) __ 2 . 22(k—1)) +6- 25(k—1)
15 3
= A(Pk(ﬁ),l, O (HE )+ 5 95(k—1) _ > 92(k=1)

Iterating the recurrence in descending k (to 1) with A(Pl(yllz), 01(H3)) = 6, we have:

k—1
15 3
AP uHD) = AP 0HD) +D (527 = 52
n=1
35 o 1 g 2
= —_— ——.2 _
2-31 2 2 +31

Now we partition the summation Y-, segiacs 21(Qa(H}), Qs(H})) according to
the three cases: (1) for o, 8 € {1, 2, 3,4}, contiguous subcurves (a+1 =5 (mod 4))
with four similar subcases, (2) for o, 3 € {5,6,7,8}, contiguous subcurves (« +
1=/ (mod 4)) with four similar subcases (in which A;(Q.(H}), Qs(H})) is same
as the corresponding subcase of the contiguous subcurves in case (1) because of
reflective (inside-outside symmetric with respect to axis-3) structures), and (3) for
a,0€{1,2,3,4,5,6,7, 8}, reflective (inside-outside symmetric with respect to axis-
3) subcurves (a + 8 = 9) with four similar subcases.

Lemma 3.15 For a canonical H},

A(Qu(HE), Qu(Hy)) = Av(Qs(HE), Qs(Hy))

= A(P,E”; g Oa(H{1)) + AP s, Bu(H_)) + 24722 22070 11
1 1

5 5 . 22(k—1)) + 22k—2(2 . 23(k—1) 4 1)’

A1(Q1(Hy), Q2(HE)) = Ai(Q7(HR), Qs(Hy))



= A(P,§121)2kA1,32(H,‘:’~1)) + A(Pzg1_31),1,31(H,‘:’_1)) +2%2(1)
1

= (AP O (HE ) + (5 2D -

5 5 . 22(k-—1)) + (2219—2)7

AV(Q2(HE), Qa(H})) = A1(Qe(HE), Q7(HY))
= AP s, 0a(HE ) + AP 00 (HE ) + 2272(1)
= 2A(PY) 00 (HE ) + (2%72),

A1(Qs(Hy), Qu(HY)) = A(Qs(Hy), Qe(HE))

= A(Plc(l_g'l),l, aQ(Hg_l)) + A(Pkg?’l,l, al (H;::'_1)) + 22k—2(1)

1 1
— o= 1. 920e-1) o2k—2

L 95(k=1) _

A1(Qu(HE), Qs(HY))

= AP s, 8(HE ) + APy 81(HE ) +2272(6 - 227D 4 1)
1
= 2(=

5 . 25(k-—1) . % . 22(k—1)) + 22k—2(6 . '23(k—1) + 1),

A(Qa(Hy), Q7(HY))
= AP s, Oo(HE) + AP s, 1 (HE ) +2272(4- 22070 1)

— 2(_;_ .9 5(k—-1) _ % . 22(k—1)) + 22k-—2(4 . 23(k—1) + 1)’
A1(Qs(HE), Qs(HY))

= A(Pk(ig’l),Qk—l’aQ(Hg—l)) + A( k231) ok— 1781 (H]::__l)) + 22k—2(2 . 23(k_1) + 1)
1

—_ 2(5 . 25(k—1) _ % . 22(k—1)) + 22k—-2(2 . 23(k—1) + 1)’

and

A1(Qu(HR), Qs(HY))
= ARY) o (B ) + AP 0u(HE ) +2%72(1)

k 12k 1y

= 20(PMY | 01 (H}y)) + 2%2

94
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Proof. The derivations are straightforward. The point-pairs across quadrants
involved in computing Li(H}) are in the boundary planes. So, the cumulation of
the index differences for A1(Qa(H}), @s(HE)), where a < 3, is the cumulations of
index differences for points in the boundary plane of Q,(H;) respect to a(Qa(H})),
those for points in the boundary plane of Qz(H}) respect to 81(Qs(H?)), and those
between 0y(Q.(HY)) and 0,(Qs(H3)). For A1(Q1(HE), Qi(HY)),

A1(Qu(Hy), Qu(Hy))
_ Y (v, G(QuED)) + > T (v, 01(Qa(HY)))

13 13
veP{%)_ NQu(H}) veP(® | NQa(H)

veP{S_1NQuH})

= Z hk_l(?),a2(Hl§-—1))
”epxéz—al),zk—l

(after (—g—)-rotating Q1(H}) about axis-1 and then

s
(—E)rotating it about axis-2 into a canonical H;_,)

+ Z hk_l(?)’, 81(H£_1))

(13)
v’EPk_l’zk_1

(after (+m)-rotating Q4(H}) into a canonical H;_,)

+ > (2-2°% D4

vEP(23)

k—1,2k—1
= APE) s, O(H)) + AP oy, B0 (HE_ ) + 2%72(2- 22070 1)
1 1
— 2(5 . 25(k—1) _ 5 . 22(k—1)) + 22k—2(2 . 23(k—1) + 1)
Derivations for other cases are similar. |

Theorem 3.3 For a 3-dimensional Hilbert curve family,

67 s 11 w2

3\ =
Ll(H’“)“2-31 2.7 7-31



Proof. For a 3-dimensional Hilbert curve family,

Ls(HY) = > i — 4|
i,je[28k)li<jandd: (H2 (i), H} (5))=5
= SLs(HY )+ S As(QalHE), Qa(HY)).

o,0€{1,2,3,4,5,6,7,8}a<f

By Lemma 3.15, for § = 1, the cumulation of index differences:

Li(HY) = SLi(H},)+ > AL(Qa(HR), Qs(HY))
a,0€{1,2,3,4,5,6,7,8}a<f
= 8L1(H1§—1)
1 1

+2(2(§ . 25(k—1) _ _2_ . 22(k—1)) + 22k~2(2 . 23(k—1) + 1))
1 1

F2AABE | SHL ) + (5 207D - o 2 4 (2272

+2(2A(P L 8y (HE ) + (2%72))

-{-2(2(1 . 25(k——1) _ l . 22(k—1)) + (22k—2))
2 2
1 1
-+-(2(5 . 25(k—1) . 5 . 22(k—1)) + 22k—2(6 . 23(k_1) i 1))
1 1
+(2(_2_ . 95(k=1) _ 5 22(k—1)) + 22k—2(4 L 3(k=1) 4 1)
1

_*_(2(5 . 25(k—1) _ % . 22(k—1)) + 22k—2(2 . 23(k—1) + 1))

+2APE) | 0 (HE_y)) + (2272))

1 _ 1 .
= BLi(H{_)) + AR, 0u(HYy) +16(5 - 2070 — = 2207
+(16 - 2°%7Y 4+ 12)(2%72)
201 64
= SLy(H )+ == 2% 4 2=
8L ( k_1)+248 +31

We establish a recurrence (in k) for Li(H}) as follows:

8Ly(H3 )+ 2% .25k 4 8 if k> 1
Ll(Hg):{ 281( k-1) T 538 31 .

which yields the desired closed-form solution for L(H}).
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3.2.3 Derivation of 3-Dimensional z-Order Curve Family

In this section, we focus on 3-dimensional z-order curve, and the notations for C} in
Section 3.2.1 is now for Z?. Since we consider the 3-dimensional space, the mirror
pairs for z-order curve are described as follow: for p with coordinate (o, 3,7) in
a canonical Z}, we have Ay (p, 01(Z3)) + he(p, 82(Z3)) = 23% — 1, and there exists a
unique grid point p’ (with coordinate (28 +1—+,2f+1—4,25+1—a) in Z32 such that
hi(p, 01(Z3)) = (P, 92(Z3)). (See constructing z-order in Chapter II for details.)

he(p, 01(Z3)) + (v, B1(Z5)) = hu(p, 02(Z5)) + (¥, 2(Z5)) = 2% — 1.

The following three lemmas study the cumulation of indices of grid points in the
planes of Z3.

Lemma 3.16 The index-cumulation for the planes of Z3:

1. For the planes P,clj)7 Pk13) and P,E’Qj), where o € [2*],

A(PED, 0y(Z8)) + A(PC o 01(2))
= AP, 00(2Z8) + APLY, . 0u(Z)
= AP 01(28) + AP, . 21(ZD))
= 2%(2%* - 1),

and
2. For the planes P,Ef), P,c(}:’), and P,E’zj’), where o € [2¥],

AP 8,(28) = AP .. 0(ZD))

k,2k+1—a’

APED,01(28) = AP, 0a(ZD)

APED 0,(Z8) = APPSR, .. 0(Z})).

k2k+1—a?

Proof. Note that a canonical Z} is inside-outside symmetric (with respect to axis-3

via +7-rotation about axis-3).
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Part 1: Planes P,c(}a) and Pk(ljc) +1_o (after +m-rotated about axis-3) are reflective

planes. So, for every point v € Pk(@ , its mirror point v’ € Pk(ljc)“ o (v, o(Z3)) +
hi(v', 0,(Z3)) = 2% — 1. Thus,

AP, 01(Z0) + AP, O(ZR))

= Y m@waZ)+ >, (,a(Z)
ueP,g}ﬁ) v EP;512212+1 .

= >, (he (v, 01(Z3)) + ha(v', 01(Z8)))
all mirror pairs (v, v’)EP(u) XP;£12213+1 N

— 22k(23k _ 1) — 25k . 22]{:'

Similarly, Planes P(13) and Pklfk) 1.0 (after +-m-rotated along axis-2) are reflec-
tive planes, planes Pk and Pk223,3 e ., (after +m-rotated along axis-1) are reflective
planes. Thus,

ARG, 0UZ) + ABGL, 0 0u(Z) = 2%(@% —1) = 2% - 2%,

APZ0,(22)) + AP 81(Z2)) = 2%(2%k —1) = 2% — 2%

k2k4+1—a?

Part 2: Pk(’lj) nd P, 122,3 +1_, (after +m-rotated about axis-3) are reflective planes.

2 its mirror point v/ € P2 _and (v, 0(2)) =

So, for every point v € Pk’a k2% +1

he (v, 82(Z3)). Thus,
A(PED,0,(Z3))
= 3 m@waZ)= Y (2

veP() vep?)

k,2k+1—-a
APl 1o D1(Z0)).
In a similar way, A(P, klj>,al(z3)) A(Pk1§’,3+1 ,05(Z32)) and A(P, kZS),E?l(Z:”)) =
APGL o 82(ZD) - o

In computing L;(Z}), the points involved in the point-pairs across quadrants are
in the exterior planes of the quadrants that these exterior planes neighbor to each

other. We call these exterior planes the boundary planes.
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Lemma 3.17 For a canonical Z3,

3 3
A(Pé,lf)ﬁl(Zi’)) = 3.7 2% — 7 2%
) )
AR, a(2Y) = 52—y 2
3 3
A(P,Ei?’),al(Z,f)) = 7 2% — 7 2%,

Proof. Figure 3.17(a) shows the exterior plane P,E?, and Figure 3.17(b) illustrates
the structures of the underlying quadrants. It is obvious that the plane of the first
quadrant is the structure of P,gl_gl)yl, those of the second and the third quadrants are
the structures of P,52_31),1, and that of the fourth quadrant is the structure of Pk(1_21),1.
Thus, we can decompose the exterior plane into exterior planes of four quadrants
Qa(Z3), where a € [4], and the cumulations of index-adjustment from 8;(Q4(Z3))
to 91(Z3). A recurrence (in k) for A(Pk()lf), 01(Z3)) is established as follows:

INCARNNE)
= Z hk(vval(zz))
UEP,E’If)
= Z ﬁk(’U, 81(2,‘:’)) + Z hk(va a1 (Zl::))

ve PP NQ1(Z}) veP{’PNQ2(2})

+ > m@aZ)+ > v,0(ZD)

veP{YNQs(Z3) veP{INQ4(Z})

= Z (Fe(v, 8:1(Q1(Z2))) + hk(al(Ql(Zz))val(Zg)))

ve PP 01 (23)

+ > (v, 0:(QaZ))) + m(01(Q2(Z8)), B1(Z)))

veP(PNQ2(23)

+ Y (v, a(Qs(Z))) + m(B1(@s(2D)), (D))

veP{PNQs(2})
+ ) (v, 01(Qa(Z)) + (01(Qu(ZR)), 01(Z1)))
ve PO NQ(2Y)
= Z hk—l(’U, 81(22_1)) +0- 22(k—1) . 23(k—1)

”Eplgl—zl),l
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) . axis—1
axis—1 axis—3 axis—1
i / axis—2
axis—2
axis—2 axis—3
axis—3
(a) (b) ©

Figure 3.17: The structures of planes and their underlying quadrants for (a) P(}f );
(b) P,,ﬁlf ); (c) P,SIS). (The circled solid circles denote the entry points.)
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+ Z o1 (v,01(Z2_)) + 1 23k—1) . 93(e=D)

(12)
Pk 1,1

+ Z i1 (v, 81(ZZ’_1)) 4+ 9. 92k-1)  93(k-1)

vEP,Elzl) 1

+ Z Feo1(v,81(Z3_,)) + 3 - 2Hk~1) . 93(e—D)

”Eplgml) 1

(every quadrant is a canonical Z;_,)

= AP, 01 (Z0.0) +6- 22070 2%,

Iterating the recurrence in descending k (to 1) with A(Pl(’lf), 01(Z3)) = 6, we have:

k-1
AP 01(Z)) = AP, 0(ZD) + > 456 27)
n=1
__3._.25k_i.22k_
2.7 2.7

Similarly, we have

AA(P),0y(Z3_))) + 10+ 226D . 236G=D) 3 k> 1
A( k113)761(Zk)) { 10( kol 1( - 1)) ifk:l

AEE, 5,(22) = { 411?( P& 61(Z8_)) + 12 226D . 93k i z > 1

These yield the closed-form solutions for A( kl ,81(Z3)) and A(P, k213), oz 1

Now we partition the summation }°, scigjjacs A1(Qu(Z}), Qs(Z})) according to
the three cases: (1) for o, 8 € {1, 2, 3,4}, contiguous subcurves ((«, 8) € {(1,2), (1, 3),
(2,4),(3,4)}) with four similar subcases, (2) for «, 8 € {5,6,7,8}, contiguous sub-
curves ((a, 3) € {(5,6),(5,7), (6,8), (7,8)}) with four similar subcases (in which are
same as the subcases of the contiguous subcurves in case (1) because of reflective
(inside-outside symmetric with respect to axis-3 after +m-rotation) structures), and
(3) for , 8 € {1,2,3,4,5,6, 7,8}, diagonal subcurves (a + 8 = 9) with four similar
subcases.

Lemma 3.18 For a canonical Z3,

A(Q1(Z), Qs(Z3)) = Ai(Qa(ZR), Qu(Z5))
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= A(Qs(Z3), Q1(Z5)) = Ai(Qs(ZR), Qs(Z5))
= AP, 0(ZE) + AP L 0y (Z2,)) + 2% 228D 4 1)
= 2A(PI§1_31),1781(Z]§_1))+22k_2(23(k—1)+1)7

A1 (Q1(ZY), Q2(ZD)) = A(Q3(Z}), Qu(ZY))
= A(Qs5(Z}), Qe(Z7)) = A1 (Q7(Z}), Qs(Z}))
= APE) 1,0 ZE ) + AP, 01(Z5 ) + 272 (1)

= 20(PP,,00(Z8) +2%72(1),
and,

A(Q1(Z), Qs(ZR)) = Ai(Qa(ZR), Qe(ZE))
= A(Qs(Z]), Q7(Z)) = Ai(Qu(Z]), Qs(ZR))
= AR 0a(ZE0) + AR 01 (Z)) + 27723 207D 1)
= 2A(P),,00(Z8 ) + 22733 - 22¢-D 4 1),

Proof.  The derivations are straightforward. The point-pairs across quadrants
involved in computing L; are in the boundary planes. So, the cumulation of the
index differences for A1(Q.(Z}), Qs(Z2)), where a < 3, is the cumulations of index
differences for points in the boundary plane of Q,(Z3) respect to 9,(Q,(Z2)), those
for points in the boundary plane of Qg(Z}) respect to d1(Qg(Z})), and those between

02(Qa(Zi)) and 01(Qp(Z5)). For A1(Qu(Z5), @s(Z7)),

AL (Q1(Z}), Qs(ZY))
- ST (v, 8(Qu(ZD) + > hi (v, 01(Qs(Z3)))

13 13
ve P NQ1(Z}) vePCi) 1, NQs(ZY)

+ Z Rk (82(Q1(Z3)), 01(Q3(Z3)))

vePIE,l;,z_l nQ1(Z3)

= Z hk_l(U,ag(Z]::_l)) Z hk—l(/l),7al(Zl§—1))

{13) (13)
veP() L verP™)

( the connecting planes between 1st and 3rd subcurves
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are Pk 1,26~ 17PI§l—31),1 )
+ Y (1% )
v€P£131)2k ]

= A(P,fl_?’f,gk_l, h(Zy 1)) + A(P,fl_?yl, O (Z2_ ) +2%72(1. 285D 1 1)
(Lemma 3.16 (part 2): AR 5o s, 6(Zi)) = AR, 0:(20.)))
= 2- A(P£i31)’2k_1’ 81 (Z]::_l)) + 22k—2(23(k—1) + 1)

Derivations for other cases are similar. |

Theorem 3.4 For a 3-dimensional z-order curve family,
Ly(Z3) = 2°% — 2%,
Proof. For a 3-dimensional z-order curve family,

Ls(Z) = > i — 4l

i,7€[23%]|i<j and d1(Z2(3),Z2(5))=6

= SLZE) Y A(Qa(ZD),Qu(Z)).

a,0€{1,2,3,4,5,6,7,8}a<

By Lemma 3.18, for § = 1, the cumulation of index differences:

Ly(Z}) = 8L,(Z}_,) + > A1(Qa(Zi), Qs(Z5))

a,ﬁe{l,2,3,4,5,6,7,8}[a<,8
= 8L1(213—1)
+HA(2AP) ), 00(Z8_)) + 2472 (220D 1 1))
+QAPE) | 01(Z3 ) +2%7%(1))
QAP |, 01(Z3 ) + 2%7%(3 - 226D 4 1))
= 8Ly(Z}_ 1>+8<A<P,£”,1,81<Zk D)+ AP, 022 ))
+APE) 012 1)) + (16 - 224D 4 12)(2%2)
= 8L1(Z,§_1)+Z-25’“+22’“.

A recurrence (in k) for L;(Z}) is established as follows:

sy [ 8Li(ZE_ )+ 2-2%F 2% ifk>1
L+(Z) _{ 28 if k=1,
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which yields the desired closed-form solution for L,(Z3}). |

3.3 Comparison and Verification

We summarize our analyses of Ls(H[*) and Ls(Z}") as follows:

o5 - 23kF2loed 4. (§(22kF3led)  for m = 2 and § that is an integral

Ls(H) power of 2
1) )=
22+ 0(2%) form=3and 6 =1,
and
93k+2logd 4 ()(22k+310g9)  for m = 2 and § that is an integral
Ls(Z™) power of 2
s\4y ) =

25 4 O(2%) for m =3 and § = 1.

Thus, for sufficiently large k and § < 2%,

2%77 ~ 1.2143 for m = 2 and ¢ that is an integral power of 2

Ls(H")
Ls(Z3)

~
~o

-2%7—1 ~ 1.0806 {for m = 3.

With respect to the locality measure Ls and for sufficiently large k and § < 2*, the
z-order curve family performs better than the Hilbert curve family for m = 2 and
over the d-spectrum of integral powers of 2.

When § = 2%, the domination reverses as:

37 1 2
L H2=__25k______23k__.2k
o(Hy) 240 12 15

and

107 1 3
L Z2:——-—.25k——-23k———-—--22k_
5(Z) 672 12 98

These give that
Ls(Hy) 2-7-37
Ls(Zm) © 5-107

The superiority of the z-order curve family persists but declines for m = 3 with

~ 0.9682.

unit 1-normed distance for Ls.
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For the extreme case m = 2 and é = 1, the locality measure Ls in our study
degenerates to LMD,l in [MD86]. Their analysis shows that for a 2-dimensional
curve C for the grid [n]?, Lyip , attains its minimum %n:” +0(n?) (~ 0.8619n% +
O(n?)) when C and its equivalent variants assume the following characteristics: (1)
Within the four (1 — %)n x (1 - %)n corner-subgrids, the sequence of 1-normed
distances between adjacent points in [n]?, d1(C(z), C(i + 1)), incrementally increases
and/or decreases in the range [1,(1 — \/ii)n] (while interleaving with segments of
1s), and (2) Within the central region interconnecting the corner-subgrids, the 1-
normed distances are in {(1 — %)n, n} (while interleaving with segments of 1s). As
the z-order curve family shares some of these characteristics, the asymptotic ratios
(constants greater than 1) obtained above are not surprising.

We have verified all the exact formulas (intermediate and final) involved in the
derivations with computer programs over various grid-orders and 1-normed distances:
(m =2, k€ {1,2,3,4,5,6,7}, and § € {1,2%,22,23...,2%}), and (m = 3, k €
{1,2,3,4,5,6}, and 6 = 1).

3.4 Summary

Our analytical study of the locality properties of the Hilbert and z-order curve fam-
ilies, {H | k = 1,2,...} and {Z* | k = 1,2,...}, respectively, is based on the
locality measure Ls, which cumulates all index-differences between point-pairs at a
common 1-normed distance §. We have derived the exact formulas for Ls(H}*) and
Ls(H]*) for m = 2 and arbitrary § that is an integral power of 2, and m = 3 and
0 = 1. The results allow us to gauge the two curve families relative to the optimal
curves with respect to Ls, and show that the z-order curve family performs better
than the Hilbert curve family over the considered ranges of diménsion, grid-order,
and 1-normed distance. We have verified all the exact formulas (intermediate and
final) involved in the derivations with computer programs for m = 2,3 and over

various grid-orders and all possible 1-normed distances.



CHAPTER IV

LOCALITY MEASURES BASED ON p-NORM METRICS

To measure the proximity preservation of close-by points in the indexing space [n™],

Gotsman and Lindenbaum [GL96] develop the following measures:

LGLmax(C) = max 4(C16), C15)) , for C € C.

ijemmili<j i — 4]

Specifically, they apply the measure to the 2-dimensional Hilbert curve family, and
obtain tight bounds:

2

6(1 ~ 0(274)) < LG e (H}) < 62

Later, Alber and Niedermeier [Alb97, ANOO] generalize Lol max t0 L AN, by
employing the p-normed metric d, in place of the Euclidean distance dy. They
improve and extend the above tight bounds for the 2-dimensional Hilbert curve

family to:

LAN,1(H13) <9

I

— Ot W

6(1-0(27) < LpN,(Hp) <65, and

2
6(1-0(27)) < LpN(HE) < 6.

In this chapter, we close the gaps between the current best lower and upper

bounds for L ANp(H 2) for p =1 and all reals p > 2 by exact formulas.
4.1 Approach

For a space-filling curve C indexing an m-dimensional grid space with side length n,

the notation “v € C” refers to “grid point v indexed by C”, and C~'(v) gives the

106
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index of v in the 1-dimensional index space. The locality measure L AN,p(C) from

Alber and Niedermeier can be expressed in terms of grid points:

dy(C(1), C(4))™ dp(C(1),C(5))™
L C) = P = P
AN’?’( ) i,jer[%’%ﬁi<j d, (3, j) ( i,jer[legﬁkj li — j] )
= max dp(v, ) )

vueC |C~H(v) — C—1(u)]

dp(’u,’u,)Q
50 (’Uau) !

difference |C~!(v) — C~Y(u)|. A pair of grid points v and u is representative for

When m = 2, we write L¢,(v,u) = where dc(v,u) denotes the index-
C with respect to LaN , if Lcp(v,u) = LAN,(C), and the pair (v,u) is called a
representative pair for C' with respect to L AN p-

To obtain the exact formula for L N p(H 2), we identify representative pairs (v, u)
that yield Lpz,(v,u) = L ANp(HIg)' Our approach that covers several cases for

different values of p is stated as follows.
1. For p={1,2}:

(a) Follow the steps in the upper-bound argument in [GL96] by considering
an arbitrary subcurve/subpath P of length | along HZ, where (2771)% <
I < (27)2 for some sufficiently large integer r < k. This subcurve P is
contained in two adjacent quadrants @’ and Q”, each with size (27)? (grid
points). Let D denote the diameter (with respect to the p-normed distance
‘dp) of the set of grid points in P. A case analysis of subpath containment
(of P) in subquadrants of size (271)? within Q' U Q" results in six cases

for DTQ (see [GL96] or Section 4.2.2).

(b) In order to obtain the desired L AN o-bound, it suffices to refine the analy-
sis of subpath containment in subquadrants of size (2772)2. By comparing
the values of DTZ, the refined analysis obtains the subcurve (from Case 5 in
[GL96]) in which a representative pair resides after ruling out other cases.
This obtained subcurve is a structure of four linearly adjacent Hilbert

subcurves (see Figure 4.1).
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(c) Identify a representative pair that has the maximum of Qli within the
subcurve of four linearly adjacent Hilbert subcurves: across the first H2-
structured subcurve (denoted by ;H?) and the fourth one (denoted by
4H?), there exist pairs of grid points that have greater value of %2— than
any pairs of grid points across other pairs of subcurves. A more refined
analysis yields a pair of grid points across Qs(;HZ) and Q2(4H?) as the

representative pair.

2. For arbitrary real number p > 2, we identify a representative pair same as the
one for p = 2 by the observation that the value DTz of this representative pair

remains unchanged when p increases while the values of others decrease.

Prior to discussing details, first extend notations to identify all Cj"-structured sub-
curves of a structured CJ* for all [ € [k]| inductively on the order. Let Q.(C}*)
denote the a-th CJ* |-structured subcurve (along the amalgamating C7*-curve) for
all @ € [2™]. Then for the a-th C/*,-structured subcurve, Q,(C*), of C[*, where
2 <l < kandace 27, let Qs(Qa(C™)) denote the B-th Cp?,-structured subcurve
of Q.(C™) for all B € [2™]. We write QL™ (C") for Qn(QL(C™)) for all I € [k] and
all positive integers ¢ < [. For the two extreme cases: Q%(C™) denotes C™ (when
g =0), and @', (C™) (when ¢ = [) identifies the a-th grid point in the C7*-structured
subcurve QL1(CM). We write Q2™ (C™) for an iteration Qo (Q2(C™)) for all I € [k]
and all positive integers g < [.

For an H™-structured subcurve C' of a 2-dimensional Hilbert curve H}* in Carte-
sian z-y coordinates, where [ € [k], notice that 9 (C) and 95(C) differ exactly in one
coordinate, say z € {z,y}. It is said that the subcurve C is z*-oriented (respectively,
z~-oriented) if the z-coordinate of 9 (C) is less than (respectively, greater than) that
of 3,(C). Note that for a 2-dimensional Hilbert curve H[", its two subcurves Qo (H}")

and Qs(H[") inherit the orientation from their supercurve HZ.
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lHIE i 4HIE
Q201 Hg) (L Hj; Qu(4H;) Qs(aH
IR .
Qs(LHD) Qu(uHY) B Q1 (:HD)! Qo(uH)
Yy

Figure 4.1: Four linearly adjacent H2-structured subcurves.

4.2 Exact Formula for LN (Hj) with p =2

According to locality measure in [Alb97, ANQO], we consider the case of p = 2 first
by following the argument in [GL96] with a refined analysis and then extend p to be
arbitrary real p > 2. As mentioned in Section 4.1, we seek the representative pair in
the curve that is composed of four linearly adjacent H?2-structured subcurve before
others and after that, we attempt to refine the case analysis of subpath containment
in [GL96] by narrowing down the possible subcurve that contains representative
pair. As a matter of fact, this subcurve is precisely the subcurve composed of four
linearly adjacent HZ-structured subcurve that has been sought previously, so the

exact formula for LN p(H 2) is corollarily derived.
4.2.1 Locality of Four Linearly Adjacent Hilbert Subcurves

For a 2-dimensional Hilbert curve H? with [ > 3, there exists a subcurve C that is
composed of four linearly adjacent HZ2-structured subcurves with k£ < [—3. Figure 4.1
depicts the arrangement in Cartesian coordinates. Denote the leftmost and rightmost
(first and fourth in the traversal order) HZ2-structured sﬁbcurves by 1 HZ (z~-oriented)
and H? (z"-oriented), respectively.

For a grid point v, denotes by X(v) and Y (v) the z- and y-coordinate of v,
respectively, and denotes by (X (v),Y (v)) the grid point v in the coordinate Systerh.

In this subsection, we assume that the lower-left corner grid point of ;HZ is the
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origin (1, 1) of the coordinate system. In the following analysis, we identify a pair
of grid points v' € 1H? and v/ € 4HE such that Loo(v/,v') = max{Lco(v,u) | v €
1H? and u € 4H?}. Later we see that (v/,u’) serves as the representative pair for C
with respect to LAN,z'

To locate a potential representative pair v € ;H? and u € 4HZ, the following
three lemmas show that the possibility “v € Q3(;H?) and u € Q3(4HZ)” is reduced
to seeking v in successive (J3-subcurves of | H ,f
Lemma 4.1 For allv € Qs(1H?) — Q3(Q3(1H2)) and all u € Q3(4HE), there exists
v € Qs(Qs(1HP)) such that Loa(V',u) > Loa(v,u).

Proof. Since Qs(1Hy)—Qs(Qs(1H7)) = Q1(Qs(1HY))UQ2(Qs(1HR))UQ4(Qs (1 HR)),

we consider the following three cases.

Case 1: v € Qo(Q3(1H}E)). Consider v € Q3(Q3(1H?)) with Y (v') = Y (v), then
do(v', u)? > da(v,u)? and d¢(v',u) < é¢c(v,u), and we have Lg2(v',u) > Lo (v, u).

Case 2: v € Q1(Q3(1H?)). Consider v" € Qo(Q3(1H2)) with X(v") = X (v),
then Lg2(v”,u) > Loa(v,u). From Case 1, there exists v’ € Q3(Q3(; H2)) such that
Leoa(V,u) > Log(v”,u) > Lo(v,u).

Case 3: v € Q4(Q3(1H?)). Consider v € Q3(Q3(1H2)) with Y(v/) = 1 and
X (v') = X (v), we have:

da(v',u)? - dg(v,u) — da(v, u)? :50(1/,11)
= (Y(u) =Y (©)*+ (X(u) - X(")*) -
(6c (v, O2(1HE)) + 2 2% + 6¢(u, 01 (4HE)) 4 1)
(Y () = Y(0))* + (X (u) = X (v))*) -
(6o (v, O(1HP)) + 2 - 2% + 60 (u, 01 (4 HE)) + 1)
= ((Y(w) = 1)*)(0c (v, 02(1HE)) +2 - 2% + 60(u, 01 (4 HE)) + 1)
+(X (u) = X (0))*(0c(v, (1 HE)) + 2 2% + 8 (u, O (4 HY)) + 1)
(because Y (v') =1, X (V') = X (v))
—((Y () = Y (v))*) (0c(v', 02(1HR)) + 2 - 2% + d¢ (u, D1 (4HE)) + 1)



X(u) = X(v)*(0c(v', (1 HR)) + 2+ 2% + bc(u, B (4 HE)) + 1)
U)2(5C(U 9a(a Hk)) 50(“ 02(1 Hk )

f
b<

+

)
2Y (u) + 1+ 2Y (1) - Y(v) — Y (0)2)(2- 2% + 1)
)%)

+

_|_

u)*(8c(v, (1 HR)) — 6c(v', B2(1 HR)))
2Y (u) — 1)(Y (v) — 1)(2- 2% + 1)
2Y (u) — 1)(Y (v) = 1)(6c (v, 82(1HR)) + dc(u, 81 (4 HR)))

—(
(
(=
(=
(X (u) = X(©))* - 6o (v, B(1 HR)) — (X(u) — X (v))* - So(v/, 0o (1 H))
(
(
(
(X (u) = X (v))*(6c(v, 0:2(1 H)) — Sc(v', Oa(1 H)))-

The ranges for the values related to u, v are:

4-2F > Y(u) 2;2’“+1
1
2k > X(u) 25-2’“+1
Loges Y (v) >1igv g
2~ = — 4
%-2’“2 X() >1,
S 9% bo(v,BGHD) > .o
16 y U2\141 =4 )
6 5
‘1*6 . 22k > 50(’0,,82(1[{%)) 2 -1—6' . 22k.

Thus, the ranges of the four terms in the last statement in Equation 4.1 are

Y (u)*(dc(v, (. Hy)) — 6o (v, (1 H})))
—2. 2%
(2 2% +1)

7
2. 22’“+1) 2 - 9%k

S =
[\.'J
— x S
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2Y (u) + 1+ 2Y (u) - Y (v) = Y (v)*)(0c(v/, (1 Hy)) + o (u, 01(a Hy)))

(4.1)
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(X (u) = X (0))*(0c (v, 0 H)) — bc (v, 02 (1 Hy)))

2 1
> 2k_1 2 ____'22]6 > _____.24k.

Combining these four terms together, Equation 4.1 is greater than 0. Therefore,
do(v',u)? - 6c(v,u) — do(v,u)? - 6c(v',u) > 0.
This gives that Lc2(v',u) > Leo(v,u).

Combining the three cases, the lemma is proved. |

Lemma 4.2 For all integers h with | < h < k, and all v € QX(1H?) — Q5T (1HD)
and all u € Q3(4HE), there exists v' € Q5T (1HE) such that Loo(v',u) > Loa(v, ).

Proof. Similar to the proof of the previous lemma. 1

Lemma 4.3 For all integers h with 1 < h < k, and allv € Q1 HE) — Q5(1H?)
and all u € Q3(,H}?), there exists v/ € Q’g(lH,f) such that Leo(v',u) > Leoo(v,u).
Proof. By induction on k¥ — h. For the basis of the induction (k — h = 1), apply
Lemma 4.2 with h =%k — 1.

For the induction step, suppose that the statement in the lemma is true for all in-
tegers h with 1 < k—h < n, where n > 1. Consider the case when k—h =n. Let v €
Q1 HE) — Q%(1H?) and u € Q3(4HY) be arbitrary. Since Q4 (1H?) = Qs(QF(1H?)) U
(QuUQEGHR)VQ(Q(H)VQa(QFGHY)) = Q3 L HZ)U(QF ()~ QT (1 HY),
we consider the following two cases.

Case 1: v € QI (;H?). Notice that k — (h 4+ 1) < n. Apply the induction
hypothesis for the case of k — (h + 1), we obtain a desired v'.

Case 2: v € Q1 HY) — QT (1H?). By Lemma 4.2, there exists v’ € Q4 (1 H?))
such that Loa(v',u) > Loa(v,u). If v/ € Q5(1HE), then ¢/ is a desired grid point.
Otherwise (v € Q5T (1 H?) — Q%(,H?)), this is reduced to Case 1. |

This completes the induction step, and the lemma is proved. 1

Lemma 4.3 says that the lower-left corner grid point +' with coordinates (1,1)
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is unique in Q3(1H}) such that Lco(v',u) = max{Lca(v,u) | v € Q3(1HF)} for
arbitrary u € Q3(4HE).

The search for a potential representative pair can be reduced to a case analysis
for all possible pair-combinations (Q;(1H{), Q;(sH7)) for all 4,5 € {1,2,3,4}. Af-
ter eliminating symmetrical cases and grouping, it suffices to consider the analysis
for five major cases: (Q3(1Hy), Q2(aH})), (Q3(HY), Qs(aHR)), (Qs(1HE), Qa(aHR)),
(Qu(1H}),1H}?), and (Q1(1HY) U Qo(1HE), Q3(4HE) U Q4(4HY)). We show that the
analysis for each pair is reduced to that for the pair (Q3(;H2), Q2(+H?)) in the fol-
lowing lemmas (Lemmas 4.4, 4.5, 4.7, and 4.8).

Lemma 4.4 For allv € Q3(1H?) and all u € Q3(4H}), there exist v/ € Q3(1HE)
and v’ € Q2(4H}) such that Loo(v',v) > Loa(v,u).

Proof. Consider v € QX(1HZ) (= (1,1)) and v’ € Qo(4H?) with Y (u') = Y (u)
and X (u') = 1. A case analysis for u € Q;(Q3(4H?)) with i € {1,2,3,4} can show
that Loo(v',v) > Loo(v',u). By Lemma 4.3, Lea(v',u) > Leoo(v,u); therefore

[:C,Q(’Ul,u,) > [:072(1), u) |

Lemma 4.5 For allv € Q3(1H?) and all u € Qu(4H}), there ezist v/ € Q3(1H?)
and u' € Qa(4HY), such that Loa(v',u') > Loa(v,u).

Proof. Consider v” € Qs(;H?) with X(u") = X(u). Notice that da(v,u”) >
do(v,u) and d¢(v,u”) < dc(v,u), we have Loo(v,u”) > Loa(v,u). By Lemma 4.4,
there exist v’ € Q3(1H?) and v’ € Q2(4H}) such that Loo(v',uw) > Loa(v,u”) >

Leo(v,u). |

Lemma 4.6 For allv € Q4(1HE) and all u € 4HE (= Q1(4HE) U Qy(4HE) U
Q3(1HE) U Qu(aHE)), there ezists v' € Q3(1HE) such that Loo(v',u) > Loa(v,u).

Proof. Consider v' € Q3(;H?) with X(v') = X(v) and Y (v') = 1. A case analysis
for u € Q;(sHY) with ¢ € {1,2,3,4} can show that Lco(v',u) > Loa(v,u). |

Lemma 4.7 For allv € Q4(1H?) and all u € 4H}, there exists v' € Q3(; HE) and
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u' € Qo(4H}E) such that Loa(v',u') > Loa(v,u).

Proof. Lemma 4.6 says that there exists v € Q3(;H?) such that Lco(v',u) >
Lco(v,u). Since u € 4HE = Q1(sHP) U Q24 HZ) U Qs(4HZ) U Qa(4H}), consider four
pair-combinations for (v',u): (Qs(1HZ),Q:(4H})) with i € {1,2,3,4}. The analysis
for the pair (Qs(1HZ), Q1(4H})) is equivalent to that for (Q4(1H?), Q2(4H})), which is
reduced to (Q3(1 H?), Q2(sHE)) by applying Lemma 4.6. The pair (Qs(1 HE), Q3(4HE))
is reduced to (Q3(1HE), Q2(4H?)) by Lemma 4.4, and the pair (Q3(1H7?), Qa(4H?))
is reduced to (Qs(1H}), Q2(4HE)) by Lemma 4.5. ]

Lemma 4.8 For allv € Q1((HY)UQy(1HE) and all u € Q3(4H?) U Q4(4HP), there
exist v’ € Q3(1HE) and v’ € Qa(4HE) such that Lop(v',uw') > Loz (v,u).

Proof.  Consider v" € Q3(1HZ) U Q4(1H?) with Y(v") = Y(v) and X(v") =
X(v)— 21 and v” € Q1(4HE) U Qa(4HE) with Y (v") = Y(u) and X (u”) = X (u) —
2k=1. Since do(v”,u") = da(v,u) and dc(v",u”") < dc(v,u), we have Lop(v”,u”) >
Lc2(v,u). It suffices to consider two pair-combinations for (v”,u"): (Qs(1HE), @1(4HE))
and (Q4(1H}), Q1(4H?) U Q2(4HE)). The analysis for the pair (Qs(1HE), Q1(4HY)) is
equivalent to that for (Q4(1H?), Q2(4H32)), which is reduced to (Q3(1H?), Q2(s HE))
by Lemma 4.6. The pair (Q4(1H?), @1(4HE) U Q2(4H?)) is a subcase of Lemma 4.7.
As a consequence, for these two pair-combinations for (v”,u”), there exists v/ €
Q3(1HE) and v’ € Q2(4HE) such that Loo(v',u') > Loo(v”,u”), then we can reach

EC’Q(’U,, ’U,I) > EC’Q('U, u) |

An immediate consequence of Lemmas 4.4, 4.5, 4.7 and 4.8 is summarized below
— a representative pair must reside in (Q3(1 HZ), Q2(4H})).
Lemma 4.9 For allv € 1H? — Q3(1H?) and all u € 4H} — Q2(4HY), there exist
v € Q3(1HP) and v’ € Qo(4H}) such that Loo(V,u') > Loa(v,u).

The following lemmas complement Lemmas 4.2 and 4.3, respectively, with similar

proofs. Having reached the pair (Q3(1H?), Q2(4H?)) for seeking a potential repre-
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sentative pair (v, %), they guide the search into successive Qz-subcurves of | Hf for
v’. The symmetry in the pair (Qs(;HZ), Q2(sH?)) leads the search into successive
Qs-subcurves of 4H} for u'.

Lemma 4.10 For all integers h with 1 < h < k, and allv € QX1 HE) — QA (1 H})

and all u € Qo(4HY), there exists v' € Qi (1HE) such that Loa(v',u) > Loa(v,u).

Lemma 4.11 For all integers h with 1 < h < k, and all v € Qé’(lH,g) — QE(LH?)

and all u € Qq(4HE), there ezists v € Q5(1HE) such that Loo(v',u) > Log(v,u).

The following theorem summarizes our analysis above, and asserts that the unique
representative pair reside at the lower-left and lower-right corners of C. _
Theorem 4.1 For allv € 1H? — Q%(1H?) and all u € 4H} — QE(,HY), there exist

v € Q’§(1H,§) and v’ € QE(4HE) such that LoV, u') > Leoa(v,u) and Leog(v,u) =

6 22k+3_2k+2+2—1
N 92FF311

Proof. By Lemmas 4.9 and 4.11 (and its symmetry), we have v € Q%(;HZ) with
coordinates (1,1) and v’ € Q%(H?) with coordinates (1,2*2), which maximizes the
Lc o-value.

Notice that 8¢ (v/,w') = 2(3°F L 2% + 1+ 2-2%) — 1. This give that Loo(v/, ') =

do(v/ ') 6 92k+3 _gk+2 91
ooy O oSyl 1

4.2.2 Exact Formula for LN ,(HF)

The current best bounds for the 2-dimensional Hilbert curve family with respect to

LoN 5(HE) [AN0O] is:
6(1 - 0(2™)) < Ly (HD) < 63,

Following the argument in [GL96] with a refined analysis, together with the exact

formula for L o(v/, v') in Section 4.2.1, we merge the two bounds to an exact formula

for LAN,Q(H,f).



116
Theorem 4.2 There exists a positive integer ko such that, for all k > ky,

22k—3 . 2k—1 + 2—1

LAN,2(H’3) =6- 22k-3 4 |

Proof. In the upper-bound argument in [GL96], an arbitrary subcurve/subpath P
of length [ along H? is considered. Note that for arbitrary I, there exists a sufficiently
large positive integer r such that (2771)? < | < (27)2. This gives that P is contained
in two adjacent quadrants @’ and @Q”, each with size (277!)? (grid points). Let D
denote the diameter (Euclidean) of the set of grid points in P. A case analysis of
subpath containment (of P) in subquadrants of size (2771)? within @’ U Q" results

in the following six cases.

1. %4’ <l< 347 D2 < 2 - 4" hence DTQ <5.

5 6 AT. N2 «~ 28 gr D? 4
2. —fé4r<l51_64D <E-4,hence—l—§53
6 74T D2 < 10 D? 2
3. E4T<1SE4TD <T»4’,henceT§6§

4. {64’ <1< 247 D? < 0. 47 hence p*

IN
o
3ot

5. —1%4’ <l < %47: D? < 18 .47 hence 2

IA
o

6. 24 <1< 4 D> <54, hence 2° < 6

[SCI] )

In order to obtain the desired LN ,-bound, it suffices to refine the analysis of

subpath containment in cases 3, 5, and 6 in subquadrants of size (2772)2.

. . 2
The refined analysis for case 3 yields the upper bounds on —Ql—: %9, 12—35—7, 12‘%, and
160 ; o 160 D? . 68 73 80
% (maximum is 3 < 5.93). For case 6, the upper bounds on 5 arer 15, 130 140

and $ (maximum is £ < 5.72).
The analysis for case 5 reveals that all but one arrangement (of subquadrants
of size (2772)%) yield upper bounds that are bounded above and away from 6. The

exception structure is given by the subcurve C (described in Section 4.2.1) of four

linearly adjacent Hilbert subcurves. By Theorem 4.1, the maximum DTz—value for

. . 2k+3 _ok+2 o—1 2k+3_ok+2 4 o9—1 ., . . . .
this case is 6 - -2—~22—k2+§;1+—2— Observe that —2———5%2+T1+2—~— is strictly increasing (in k)
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and approaching 1 (as k — 00). This establishes the theorem. |

For an y*-oriented Hilbert curve HZ with &;(H?) = (1,1), where k > ko, the
representative pair for H}? with respect to L AN reside at the lower-left corner
(with coordinates (2¥~! + 1,2¥=2 + 1)) and the lower-right corner (with coordinates
(251 +1,2F — 25=2)) of four linearly adjacent largest subquadrants (HZ_;-structured

subcurves).

4.3 Exact Formula for LoN (H{) with p > 2

In order to study L AN, for arbitrary real p, we first investigate the monotonicity of
the underlying p-normed metric.

Lemma 4.12 The function f : (0, +00) — (1,+00) defined by f(p) = (1+ ap)zlﬂ,
where « 1s a positive real constant, is strictly decreasing over its domain.

Proof. It is equivalent to show that the function g : (0, +00) — (0,+00) defined
by g(p) = log f(p) (“log” denotes the natural logarithm) is strictly decreasing over

its domain. We consider the first derivative of g, which is defined on (0, +00):

o _loga® —log(l+a?) logaP —log(l + aP) — logo?

14+a? 14aP
J(p) =+ - = tof
2 _togaP-lo o log o —loy ap)_lega®
Clearly, g'(p) = == k p2 Bli+e?) <0for0<a<1,and ¢'(p) = g g(lj ) tiar

p p

< 0 for 1 < a. This proves the strictly decreasing property of f over its domain. J

An immediate corollary of the previous lemma is that for all grid points v and u,

the p-normed metric d,(v,u) is decreasing in p € (0,400). Hence for a space-filling

curve C, »CC,p(Uv ’U,) = ?51;(2):2)2

is decreasing in p € (0, 400), as éc(v, ) is independent
of p.
Theorem 4.3 There exists a positive integer ko such that, for all k > ko,

92k—3 _ 219—1‘+ 9-1
2%-3 +1

LAN,p(HIz) =6- , for all real p > 2.

Proof. Let (v/,u/) be the representative pair for H? with respect to L AN 2 With
their coordinates v = (25~1 + 1,282+ 1) and ' = (271 + 1, 2¥ — 2*~2). Consider an
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arbitrary real p > 2. We show that (v',u’) also serves as the unique representative
pair for H? with respect to LAN,p’ that is, £H£,p(v’,u’) > Eszp(v,u) with (v, u) #
(v, u').

Observe that X (v') = X (u'), which implies that d,(v',u’) = da(v',w'). Then for
arbitrary grid points v,u € HZ with (v/,u') # (v, u), we have:

d (UI ul)Q dQ(v' ul)Q
roon o Yp\Ys - ’ — ot
Ezsl ) = 5 pral) ~ gy - A

> Lpzs(v,u)  (as (V/,u) is a representative pair with respect to Lz o)

> Lgz2p(v,u)  (by the monotonicity of Lzp)-

4.4 Exact Formula for Lan (Hf) with p=1

Following an argument similar to the one in Sections 4.2.1 and 4.2.2 to establish
L AN (H?), we obtain the exact formula for L N ,(HZ).

Theorem 4.4 There exists a positive integer ko such that, for all k > ko,

LAN,l(ng) — Q- 3.07kH3 L g2kt

There are two (symmetrical) representative pairs for HZ with respect to L AN 1)
namely (v/,u) and (v”,%”). For an y*-oriented Hilbert curve Hf with d)(H}) =
(1,1), where k > ko, the coordinates of (v/,4) and (v”,u”) are ((1,2%71), (2%,1)) and
(1,251 +1), (2, 2%)), respectively. Thus d;(v', ') = 2¥+2¥~! —2 and Sz (v, ') =
2%2 and LaAN (HR) = Lz (v, 0) = 9 — 3. 2743 4 27244,

4.5 Summary

The analytical study of the locality properties in this chapter is based on the lo-
cality measure LN ,, which is the maximum ratio of dy(v,u)™ to d,(7,%) over

all corresponding point-pairs (v, u) and (9, 4) in the m-dimensional grid space and
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index space, respectively. For this locality measure of the Hilbert curve famﬂy
{H? | k = 1,2,...}, our work merges the current best lower and upper bounds
to exact formulas for-p € {1,2}, and also extend our work to all reals p > 2. In
addition, we identify all the representative pairs (which realize L AN,p(H 2 forp=1
and all reals p > 2. We also validate the results with computer programs over various

p-values (p € {1,2,3}) and grid-orders (k € {4,5,...,10}).



CHAPTER V

MEASURE BY MEAN NUMBER OF CLUSTERS

Evaluating clustering performance of space-filling curves is primarily to measure the
distribution of continuous runs of grid points (clusters) over all identically shaped
subspaces of [n™]. Moreover, it can be characterized into two different measures:
the mean number of clusters and the mean inter—ciuster distance within a subspace.
This and next chapters cover the discussions of clustering and inter-clustering, re-
spectively.

Using the mean number of clusters within a subspace as a measure for a space-
filling curve is initiated from space-filling indexing applications for multi-dimensional
databases, in which a range query is mapped to a subspace (see Figure 5.1). The
number of clusters within a subspace is related to the number of disk access. If a
grid point corrésponds to a disk page, the number of clusters within a subspace is
related to the number of non-consecutive disk accesses, hence a typical query requires
additional disk-seek operations. On the other hand, if many grid points are mapped
to a disk page, this measure is still highly correlated to the number of disk access,
since consecutive grid points are likely located in the same disk page (or neighboring
disk pages) while non-consecutive grid points are likely located in different disk pages
(and/or non-neighboring disk pages) — which results in more disk accesses. In other
words, the less disk accesses are resulted from operations, the better performances
of space-filling curves are. Based on this criterion, the statistics of mean number of
clusters is used to gauge the performances of different space-filling curves.

Moon, Jagadish, Faloutsos, and Saltz [MJFS01] extend the work in [Jag97] to
obtain the exact formula for the mean number of clusters over all rectangular 27 x

24 subspaces of an HZ-structural grid space. Alternatively, we follow a recursive

120
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(a)

Figure 5.1: Clusters within a subspace for (a) z-order curve and (b) Hilbert curve.

approach to derive the exact formulas for the Hilbert and z-order curve families.

5.1 Approach

For an H- and Z}Z-structural grid spaces, we obtain the exa:(l:t formulas for the mean
number of clusters over all rectangular 29 x 29 subspaces by computing the edge cuts
in and between its subgrids that are decomposed recursively. The idea behind this
derivation is to count the the total number of edges that are cut by the sides of all
possible identically shaped 29 x 27 subspaces as observed in [MJFS01]. The reason
is because the entry and exit grid points of a cluster connect to grid points outside
of this subspace (two cuts by side(s) of this subspace); every cluster has two cuts by
the subspace. A cut on an edge by a side of a subspace is called an “edge cut”. We

give an overview of the derivation for both curve families as follows.

1. Compute the number of edges that are cut by the sides of all possible 29 x 29 sub-
spaces, which are exactly inside of one of the four quadrants, and the number
of edges cut by the sides of subspaces across different quadrants, respectively.
The number of cuts on edges is twice the number of clusters over all identically

shaped subspaces.

2. Categorize the edge cuts caused by subspaces across quadrants into: edge cuts

within 29 x 27 corner boundaries of the quadrants and within side boundaries
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(of 29 rows/columns) of the quadrants. (Note that the edges that are cut by
subspaces across quadrants only in the boundary regions (sides and corners) of
the quadrants.) By decomposing these corner and side boundaries, we derive

recurrences for each of them:

(a) For edge cuts within one of the four corner boundaries: edge cuts within
upper (left or right) corner and lower (left or right) corner boundaries are

inter-recurrence related.
(b) For edge cuts within one of the four side boundaries:

i. Edge cuts in left boundary (same as right boundary) consists of sub-
structures of left boundary, bottom boundary and two lower-corner

boundaries,

ii. Edge cuts in bottom boundary consists of substructures of two left

boundaries and two upper-corner boundaries, and

iii. Edge cuts in the top boundary consists of substructures of two top
boundaries and two upper-corner boundaries. These inter-recurrent
relations are based upon the construction of a canonical H} (see Fig-

ure 2.6).

3. After obtaining the numbers of edge cuts in boundaries that are derived from
Step 2, we solve the recurrence for the total number of edge cuts, then divide
it by 2 to get the total number of clusters. To obtain the mean number of
clusters, the total number of clusters needs to be divided by the total number

of subspaces of size 27 x 29, which is (2F — 27 + 1)2.
5.2 Analytical Study of Number of Clusters for Hilbert Curve
With respect to the canonical orientation of H? shown in Figure 2.6(a), we cover

the 2-dimensional k-order grid with 2 rows (Ry1, Ri2, - ., Ry ox), indexed from the

bottom, and 2% columns (Cy,1, Ck.a, - - -, Cy ox), indexed from the left. We denote:
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1. For a grid point v € [2¥]2, its z- and y-coordinate by X (v) and Y (v), respec-
tively (that is, v is the intersection grid point of the row Ry x(») and the column

Cry )

2. For a rectangular query subgrid with its lower-left corner at grid point (z,¥)
and upper-right corner at grid point (z/,7') (1 <z <z’ < 2*and1 <y <
y < 2) covering UZ_, Ryo N U4 Cp by G(z,,2,7) (= {v € 252 | = <
X(w) <z’ and y <Y (v) <¢'}). The size of the query subgrid G(z,y,z’,v')

—e

S

(@ ~z+1)x (¥ —y+1).
Notes:

1. axis-1 and axis-2 correspond to the z-axis and y-axis, respectively,

2. (+%)-rotation and (—7)-rotation correspond to the 90°-clockwise rotation and

90°-counterclockwise rotation from axis-1 to axis -2, respectively.

Remark 5.1 For most self-similar m-dimensional order-k space-filling curve CJ*
indezing the grid [25]™, we can view CJ* as a Oy~ ,-curve interconnecting 22(k—q) Cq-
subcurves for all g € [k].

The remark above motivates our analytical study of clustering performances to be
based upon query subgrids of size 29 x 29.

For a 2-dimensional order-k Hilbert curve HZ, let Sy 2¢(HZ) denote the summation
of all numbers of clusters over all 29 x 29 query subgrids of an HZ-structural grid
space [2%]2.

Remark 5.2 Within a query subgrid G, the number of clusters is half of the number
of edges of underlying space-filling curve that are cut by the sides of G [MJFS01].

Denote by 7(C, G) the number of edges within C that are cut by sides of subgrid G
(without counting edge(s) connecting between C and other subcurves). Remark 5.2
translates the computation of the summation of all numbers of clusters over all
identically shaped subgrids G to the computations of (3 .y ¢ 7(C, G) + 2) (the

contribution of 2 is the number of cuts for connecting edges of C' to other curves).



124

[J SRR RS

Eme-
}

i

i

I

}

s

)

i

I
P

U g

LS
e L

—

2%
Figure 5.2: The boundary regions of neighboring quadrants are organized into nine
regions.
For 27 x 27 subgrids G, we denote by E,(C) all numbers of clusters over all identically
shaped 27 x 27 subgrids G, which is } .y o 7(C, G) + 2.

The recursive decomposition of H? (see Figure 2.6(b)) gives that
Ey(Hy) = AEy(H;_y) + exq(H),

where & ,(H?) denotes the summation of all edge cuts over all identically shaped
2?7 x 29 query subgrids, each of which overlaps with more than one quadrant (that
is, two or four). These query subgrids are contained in the boundary regions of
neighboring quadrants as shown in Figure 5.2.

Remark 5.3 For a 2-dimensional Hilbert curve HZ, the connecting edge between
Q1(H?) and Q2(HE) is on the first column (left-most column), that between Q2( HE)
and Q3(HE) is on the 2571 + 1-st row (the lowest row of these two quadrants), and
that between Q3(HE) and Q,(H}E) is on the 25-th column (right-most column).

We denote the connecting edge between two quadrants Q;(H?) and Q;(HZ) by a pair
(Q:(HE),Q;(H3?)). The previous remark tells the locations of the connecting edges.
In addition to the cuts on connecting edges, the computation of e ,(H?) is divided
into two parts according to the overlaps of subspaces:

For a 27 x 27 query subgrid G, G overlaps with:

1. exactly Q:(H?) and Q; mod 4+1(HY),
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2. Qi(H}) for alli € {1,2,3,4}.

We develop combinatorial lemmas in the following two subsections to support the
computations. We denote by G(z,y,z’,y’) the query subgrid, in which the lower-left
grid point is (z,y) and the upper-right grid point («’,v/).

5.2.1 >_A(HZ,G) over Subgrids G Overlapping with Two Quadrants

Consider an arbitrary 27 x 27 query subgrid G that exactly overlaps two quadrants
Q:(H?) and Q; mod 441(H?), where i € {1,2,3,4}. The side-length is from 1 to 27 — 1
for the side across two quadrants. Since the quadrants are isomorphic to a canonical
H? | via symmetry (reflection and rotation), we consider the following system of

summations Qa0 = (U 00, Urge, Ao, Of 50) In a general context of a canonical H:

2k_994.12¢—1
Qﬁ,zq = Z Z A(H?,G(z,1,z +27—1,y)) — for left boundary
z=1 y=1
(see Figure 5.3(a)),
ok _2e41
922‘1 = Z Z a(HE, G(z,y,y + 27 — 1,2F)) — for right boundary,
z=1 y=02k-2942
29— 12’°—24+1

Vo = Z Z n(H?, G(1,y,z,y + 27 — 1)) — for bottom boundary,

ok 2k_9a41

Qg = Z Z (HE,G(z,y,2% y+27—1)) — for top boundary, and
=2k—2142 y=1
2k—24+1 291
N, ,;9 9g = Z Z 1 — for the number of rectangular subgrids
z=1 y=1

in a boundary for (2 oa.

We will establish a system of recurrences (in k) for {2 24 (see Lemma 5.4 below).
The system of recurrence involves another system of summations as prerequisites, as
demonstrated in the following example. Consider a recursive decomposition of Qf,zq,
illustrated in Figure 5.3(b), into four parts: (1) QF 94, (2) Q5% 000 Ut y100 (3)

Qf_| 50, and (4) the number of cuts on connecting edges. The part Q100 (%2 100)
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Figure 5.3: (a) Qf 5, for a canonical HZ; (b) its recursive decomposition.
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Figure 5.4: The four (29 — 1) x (29 — 1) corners of a canonical H?.

computes > 7(HZ, G) over all “incomplete” rectangular subgrids G (with one side-
length at most 29— 1) overlapping both Q;(H?) and Q2(H32). Each of the three parts
QF 100, Q100 (S0 1;2,,); and QF_; 5, is defined with respect to a canonical H} ;.
Note that Qﬁm = Qf;% because of the left-right symmetry property of H2.

The recursive decompositions of all four parts in Qﬁgq, QﬁQQ, Q,qu, and szq lead
us to consider a prerequisite system of summations §2f o0 = (5, 2200, 000, Utos)

in a more general context of a canonical H? (see Figure 5.4):

291291
Oy = Z Z n(HE G(1,1,z,y)) — for lower-left corner,
z=1 y=1
2k 291 v
Yo = Z Z A(H2, G(z,1,2%,9)) — for upper-left corner,

z=2+k-29+2 y=1

2k 2k
s = Z Z a(HE, G(z,y,2%,2%)) — for upper-right corner,
T=2k—2042 y=02k 2942
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29-1

e = Z Z a(HE, G(1,y,z,2%)) — for lower-right corner,
z=1 y=2k 2942
2919291
Niga = Z Z 1 — for the number of incomplete rectangular subgrids in a corner.
z=1 y=1

These four summations involve rectangular subgrids contained in (27 — 1) x (29— 1)
corners. Note that €} e = Qe and %, = ), because of the left-right symmetry
property of H2. As suggested by Remark 5.1, we zoom in on the 29x 29 H 3—structural
corners, and consider the following system of summations 52,2‘1 = (ﬁ:?zq, Q;?Qq):

29 29

ﬁ;;q Z Z G(1,1,z,y)) — for lower(-left) corner,

z=1 y==1
29 924

(= ZZﬁ(H2 G(1,y,x,2%)) — for lower(-right) corner,

z=1 y=1
29 24

52,224 = Z Zﬁ(HqQ, G(z,1,2% y)) — for upper(-left) corner,

z=1 y=1
27 29

(= Z Z ﬁ(Hg, G(z,y, 2%, 2%))) — for upper(-right) corner,

z=1 y=1
20 24

e S

N g2 = g g 1 — for the number of rectangular subgrids in a 27 x 27 corner.
z=1 y=1

Thus far, we learn that the system of recurrences for €2 oo can be defined and
solved via the prerequisite system (2 5,, which is related to the system 52,24 (see
Lemma 5.3 below). The system ﬁ;Qq, which involves subgrids (with both side-
lengths at most 29) of a canonical Hg, represents the basis of the recursive de-
compositions (in k to gq) of §j 2 and §2; 22 Similar to the reduction of % 5 to
sz, we develop a system of recurrences (in g) for ﬁ;,m via a prerequisite system,
as demonstrated in the following example. Consider a recursive decomposition of
_Q_;lm =2 zil f(H2,G(1,1,z,y)) into four parts, based upon the overlapping
scenario of the rectangular subgrid G(1, 1, z, y) with the four quadrants of a canonical

2 .
HZ (see Figure 5.5).
Case 1: G(1,1,,y) is contained in Q1(H?) (see Figure 5.5(a)). This part is
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() ©
. . . . —C1 . .
Figure 5.5: Four overlapping scenarios when decomposing {2, ,, in a canonical H, q2:

(a) contained in @Q1(HZ); (b) and (d) overlapping with exactly two quadrants; (c)
overlapping with all quadrants.

reduced to -Qzlml,zq_l after (—%)-rotating and then left-right reflecting Ql(H 2) into a
canonical H? ; and all numbers of cuts on connecting edge (Q1(H2), Q2(H2)) that
are caused by the top (horizontal) side of G.

Case 2: G(1,1,x,y) overlaps with exactly Q:(H;) and Qo(H?) (see Figure 5.5(b)).
This part is reduced to 521_1,2(1-1 and all numbers of cuts on horizontal edge within
@:1(HZ) and on connecting edge (Q2(H?), Q3(HZ)) that are caused by the right (ver-
tical) side of G.

Case 3: G(1,1,z,y) overlaps with exactly Q1(H?) and Q4(H?) (see Figure 5.5(d)).
This part is reduced to 5231’24_1 after (+7%)-rotating and then left-right reflecting
Q4(H?) into a canonical H, q2_1 and all numbers of cuts on vertical edges within Q(HZ)
and on connecting edges (Q1(H;), Q2(H7)) and (Q3(H?),Q4(H?)) that are caused
by the top (horizontal) side of G.

Case 4: G(1,1,z,y) overlaps with exactly all the quadrants (see Figure 5.5(c)).
This part is reduced to 521_172114 and all numbers of cuts on vertical edges within
Q2(H?) and horizontal edges within Q4(H?) that are caused by the top (horizontal)
and right (vertical), respectively, sides of G.

The recursive decompositions of Q:QQ, and ﬁ;?gq lead us to consider a prerequisite
system of summations II, = (IT,, ﬁg) in a general context of a canonical H2:

00

ﬁ;’ = Zﬁ(HqQ, G(1,1,z,27) — number of vertical edges (edges cut by

r=1

top (horizontal) sides of G that covers lower part of Hg)
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29
ﬁz = Zﬁ(fﬁ G(1,1,2% y)) — number of horizontal edges (edges cut by
y=1
right (vertical) sides of G that covers left part of Hg)

We develop and solve a system of recurrences for ﬁq and reverse the sequence of
reductions to obtain the closed-form solutions for {2 o¢, which are summarized in the
following four lemmas.

Lemma 5.1 For a canonical HZ,

= {2ﬁ§_1+2ﬁ2_1+2 ifg>1

1 2 ifg=1
—v —h .
7 1 ifg=1

Proof. For ﬁ:, the number of edge cuts by top (horizontal) sides of G can be
computed from cuts within the four quadrants and cuts on the two connecting edges
(Qi(H7), Q2(H2)) and (Q3(HY), Qa(HY))-

29

I, = A(HZ,G(1,1,z,29))
z=1
29-1
= G(1,1,z,29))  (cuts on vertical edge within Ql(Hg), Q4(H§)
z=1
plus cuts on two connecting edges when z = 22— 1
+ Z G(1,1,z,27)  (cuts on vertical edges within
z=29"141
Q2(H?2), Qs(H))
29-1
= (Z a(Q(H ) G(1,1,z,297"))  (cuts on vertical edges within Ql(Hg))
z=1

29-1

+ ) A(Qu(HD),G(1,2°7 + 1, 2,29))
(cuts on vertical edges within Q4(H}))

+2)  (cuts on connecting edges (Q1(H7), QQ(HS)), (Qs(H), Qa(H?))

when z = 2‘1—1)
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29
HY A(QHD), G2 +1,1,2,207Y))
r=29-141
(cuts on vertical edges within Qo(H, q2))

+. Z R(Qs(H?), G277 +1,277 +1,2,27))
r=29—141
(cuts on vertical edges within Q3(H, q2))
291
= (Z (Hq2 L, G(1,1,271 ) (after (—g—)—rotating and left-right
y=1
reflecting Q1 (H;) into canonical H._,)
29-1
2 -1 m . .
+ Z n(H_,G(1,1,277,y))  (after (+§)—rotatmg and left-right
y=1
reflecting Q4(H;) into canonical H> ;)

+2)

2¢-1

+(Z (Hq L, G(1,1,3,297Y) (Qz(Hf)i a canonicale_l)

=1
21-1
+ Z 2 ,G(,L,z,277Y))  (Qs(H?): a canonical H7_, )

=U U —=h
= (Hq_1 + Hq_1 +2)+ (Hq_1 + 10, y) =21 _; +2I[_, +2.
The proof of ﬁz is similar to that of —ITZ. |
The closed-form solutions for ﬁq are employed to establiéh a system of recurrences

—C
for €2, 5.

Lemma 5.2 For a canonical Hq2,

. 30 et + Oy gms +3- 2070 T 4201 1L,

Qyoe = +3.201 471 if g > 1,
4 ifqg=1;

. Doyt + 30 g + 2071 T, 430201 T,

Qo0 = +3-2071 42 ifq>1,
5 ifqg=1.

Proof. As in Figure 5.5 and the case discussion for {27%,, we can split {7, into
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four parts. Thus,

29 29

Ogoe = > > _A(H;,G(1,1,2,7))
z=1 y=1
291 291
= > Y A(HZG(1,1,z,y)) (Figure 5.5(a))
=1 y=1
29 99-1

+ Z Zﬁ(HqQ,G(l,l,a:,y)) (Figure 5.5(b))

z=29—141 y=1

29 29

+ > > A(H,G(1,1,z,y) (Figure 5.5(c))
z=21"1+1 y—2q-1+1

241

+ Z Z ,z,y))  (Figure 5.5(d))

e=1 y=21"1+1

29—1 9a-1
= O Aa(Qi(H),G(1,1,2,y))  (cuts within Q,(H2))
z=1 y=1
991 99-1
+ Z Z (cuts on connecting edge (Ql(Hg), Qg(Hg)))
z=2¢~1 y=1
29 291

Z Zﬁ(Qg(Hﬁ), G277 +1,1,z,y)) (cuts within QQ(HQQ))
z=29~141 y=1
2¢ 2071
+ Z Zﬁ(Ql(Hg), G(1,1,27Yy))  (cuts within Q;(H))
z=29-141 y=1
by vertical side of G)

24-1

+ Z Z (cuts .on connecting edge (QQ(HQQ), Qs(HqQ)))

z=29"141 y—2‘1 1

Z Z (Qs(H2), G297 + 1,271 +1,2,9))

z=29"141 y=20-141
(cuts within Qs(H7))
99-1
+) Z A(Qa(H?),G(2971 +1,1,2,297))  (cuts within Qu(H?)
=1 =99~ 14

by horizontal side of G)

+ Z Z 2(Qa(H2),G(1,2971 + 11,2971 y)))

z=29"141y=29"141
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(cuts within Q4(H, ) by vertical side of G)
291
Z Z G(1,297 ' +1,z,9))  (cuts within Q4(H)))
=1 y=29-141

2¢-1
+ Z Z A(Q1(H2),G(1,1,2,2971))  (cuts within Q,(H7)
z=1 y==29-141
by horizontal side of G)

29-1

+ Z Z (cuts on connecting edge (Q1(H), Q2(H))))
=291 y=29"141

29-1

+ Z Z (cuts on connecting edge (Qz(HqQ), Q4(H})))

r=29—1y=24¢
- m . .
(Z Z n(Hq2 LG, 1,2,297Y))  (after (—5) — rotating (and left-right

reflecting) Q1 (H, 3) into a canonical H 3_1)

+ @)

2q-1 99~1 ‘
Z Z q—17 1,z,v)) (QQ(HS) a canonicalbﬂg_l)
r=1 ;,1 » ]
+ ; ; q——l’ G(1,1,x, 2q~1)) (after ('—5) — rotating (and
left-right reflecting) Q1 (H, ) into a canonical H;_ 2 )

+(277)

29-1 29-1

Z Z q 1, G(1,1,2,)) (Qg(Hg) a canonical HqQ_l)

=1 y=1
991 9-1

+ ZZ q LG(1,1,3,277h) (QQ(HqQ): a canonical Hq2_1)
z=1 y=1
2¢-1 2¢-1

_ il )
+ Z Z q—-l’ G(1,1,z,277Y))  (after (+§) — rotating (and

=1 y=1

left-right reflecting) Q4(H?) into a canonical H, 3_1)
29—129-1

_ T . .
+(Z Zn(HqQ LG, 1, z,y)) (after (+—2—) — rotating (and left-right

=1 y=1
reflecting) Q4(H?) into a canonical H,_))
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29-194-1

T .
+ Z Z A(H. 4, G(1,1, 2971 ) (after (—5) — rotating (and

r=1 y=1
left-right reflecting) Q1 (H, 3) into a canonical H 3_1)

+ (277 + 1)
= (521_1,24-1 +2171)
(e + Ty - 2970 4207
H( Qg gomr + Ty - 207 + T, - 297

e —h
‘+‘(Qq2_1,2q—1 ‘+‘ H

a1 27T+ 277 1)

—C1

. _ _
= 30 1+ Qe +3- 207 T #2070 T +3- 270 4 L

The proof for ﬁ:zq is similar to this one. |

The closed-form solutions for 62,2‘1 and I, are employed to obtain exact formulas
for € o4
Lemma 5.3 For a canonical H? structured as an H, 2_q—curve interconnecting 22~9

H?-subcurves,

O = o —T0, T,
f%q=§$—ﬂ~m-
Proof. By the definition, we have
29-129-1
O = > > A(H,G(1,1,2,y))
r=1 y=1
291 29 29—-1 29
= S N AHEL G, L,zy) - Y Y wHE G, 1,3,y))
r=1 y=1 z=1 y=2¢
29 929 29 29
= O > A G ,z,y) - Y > Aa(HE, G(1,1,1,y)))
=1 y=1 : r=29 y=1
29 99 29 24
-0 N wm e, ,3,y) - Y Y A(HE, G(1,1,5,)))
z=1 y=29 z=21 y=29

—c1 —h —v
— Qq,Qq - Hq - Hq.



134

The proof of (2%, is similar to this one. 1

The exact formulas for € ,, are employed to establish a system of recurrences
for Qk’gq-
Lemma 5.4 For a canonical H} structured as an Hi_ -curve interconnecting 22(k—q)

HZ-subcurves,

L. - { Ol ro0+ O re + 200100 +2(27 1) >,
’ II, ifk=gq;
Qfgq _ { 2ﬁ§3£—1,2q + 2922—1,% ka > qf
’ g if k=g
or,, — { 2_935-1,% + 2007 1 o Z:fk > q,
’ II, ifk=q.

Proof.  Similar to the proof of Lemma 5.3, from the definition, we have (see

Figure 5.3)

2k_994129-1

QIkJ,Qq = Z Z'FL(H§7G($,17$+2Q— 17y))
=1 y=1

ok=1_994199-1

= > S aHXLG@L,e+20-1y) (G in Qu(HD)

ok—1 291
+ Y Y AHARGE Lo +2=1y)) (G actoss Qi(HE), Qx(H})
z=2k—1_2¢12 y=1
2k_2941 291
+ Y ) a(H, G, L,z+27-1,y) (G in Qu(H}))
z=2k-141 y=1
2k—=1_2941993

= ( Z Zﬁ(@l(H,f),G(a:,l,x-i—W——1,y)) (cuts within Q;(H?))

2k~1_94941 929-1
+ Z Z 1) (cuts on connecting edge (Q1(H7), Q2(H7)))
g=2k—1_2941 y=1
ok-1 29—1
+( Z Z A(Qu(H?),G(z,1,25719))  (zooming in Qi(H}))
r=2k-1_2949 y=1
2k-1 29-1
+ Y D A@HY, G + 11,3+ 27— 1,y)))

r=2k-1_2949 y=1
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(zooming in Qa(H7))

ok 9941 291

+ S Y wQu(HY), Gz, 1,2+ 27— 1,y))  (cuts within Qx(H}))
z=2k-141 y=1
k=141 9291

+ Z Z 1)  (cuts on connecting edge (QI(HQQ)7 Qg(Hﬁ)))

z=2k-141 y=1
2k—1_941199-1

= ( Z Z A(H:_,G(z,1,z+29—1,y)) (after (~z2r~)—rotating and
z=1 y=1

left-right reflecting @ (H7) into a canonical H7 ;)

+ (279 —-1))

291 ok—1

T .
+(Z Z A(Hy 1, G(1,y,2,287Y)  (after (—E)-rotatmg and

z=1 y=0k—1_2942

left-right reflecting @ (H}) into a canonical H7_,;)
291271

+ Z Z A(Qo(HY),G(1,1,7,9)))  (Q2(H}): a canonical Hf ;)

z=1 y=1
2k=1_294129-1

+( Z Z a(H? ;,G(z,1,24+27—1,y))  (Q2(H}): a canonical H_))
z=1 =1 :
+ (27 - ?1))
= (QkB—l,Q'I + (2q - 1))
+(Q?_1,2q + Qz‘f—mq) (QZI_LQq = 9?—1,211)
U100 + (27 1))

= Qil_l,Qq + QE_LQq + 2921__1’241 + 2(2q - ].)

For QF 5, and Qf_, ,,, the proofs are similar to this one. I

We obtain the closed-form solutions for €2 2« by using the mathematical software
Maple.

5.2.2 Query Subgrids Overlapping with All Quadrants

For a 27 x 27 query subgrid G that overlaps four quadrants around the center of

H2, when zooming in on the incomplete rectangular subgrid G N G; (with both
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side-lengths at most 27 — 1), where G denotes the subspace of Q;(HZ), we reduce
Yoall gne, MHE, G N GL) to 21 g0(= Q2 00) after (—7)-rotating and left-right re-
flecting @Q1(HZ) into a canonical H ,. Similar consideration leads to reductions
of 3 an gne U(HE, GNG') to 1 00(= Dy 90); Yty g0 and Q2 o0 when G NG
denotes the subspace for G overlapping Q2(H?), Q3(H2), or Q3(H?), respectively:
Thus, the summation of numbers of edge cuts for all 29 x 29 query subgrids G

that overlap all four quadrants is
20 1,00 + 201 90
5.2.3 The Big Picture: Computing E,(H?)

The results in the previous three subsections yield e ,(H?). Hence, we have the
following lemma for E,(HZ).
Lemma 5.5 For a canonical HZ, the recurrence for total number of cuts on edges

by all 29 x 27 subgrids G:

(4B (HZ_1) + (190 + Q100 + (27~ 1))
+ (QJIQ—l,Qq + QII;—I,Q‘I)
+ (Qror + Q00 + (27 1))
E,(H}) = + (95—1,24 + QF_ 1 24)
+ (29?—1,24 + 2922—1,24) if k> q,

Proof. Similar to the proofs of Lemmas 5.1 to 5.4.

Case 1: G overlaps with exactly Q;(H?) and Q,(H2). This part is reduced to
OF 1 90(= Qf 1 00) (cuts on Q1(HP)), QL 50 (cuts on Qa(HE)), and 27 — 1 cuts on
the connecting edge (Q2(H2), Q3(HE)).

Case 2: G overlaps with exactly @Q(H?) and Qs(H?). This part is reduced to
OF 1 50 (= Qf_; 5) (cuts on Q2(HR)), and QF_, 5, (cuts on Q3(HE)).

Case 3: G overlaps with exactly Q3(H?) and Q4(H?). This part is reduced to
QF 1 90 (cuts on Qs(HP)), QF_; 5, (cuts on Q4(H})), and 27—1 cuts on the connecting
edge (Qu(I72), Qs(H2)).
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Case 4: G overlaps with exactly Q,(H?) and Q4(H?). This part is reduced to
Q190 (cuts on Q1(H})), and Qf_ 5, (cuts on Q4(Hy)). |

Case 5: G overlaps with exactly all four quadrants. This part is reduced to
L1 20(= %L1 90) (cuts on Q1(HR)), Q41 0e(= Ly 90) (cuts on Q2(Hp)), Q120
(cuts on Q3(Hy)),and 52, 5, (cuts on Q4(HR)).

Combining all the five cases, complete the recurrence.

For the case of k = ¢, there are two cuts that are the edge cut between entry grid

point and other curve, and the edge cut between exit grid point and other curve. [

Therefore, the exact formula for E,(HZ) is:

Eq(Hg) — 22k+q+1 _ 2k+2q+2 + 2k+q+1 + 2k—q+1 + 23q+1 _ 22q+1_

The summation of all numbers of clusters over all identically shaped 29 x 29 query
subgrids of an HP-structural grid space [2¥]? is

E (H?
Sk,2q(H)3) —_ Q(z k).

The mean number of cluster within a subspace of size 27 x 27 for H? is

SialHY) _ E,(H})
(2 —20+1)2 2(2F—2941)2

Thus, the exact formula for the mean number of cluster within a subspace 29 x 27
for H? is corollarily derived.

Theorem 5.1 The mean number of cluster over all identical subspaces 27 x 24 for

H2 is
22k+q+1 _ 2k+2q+2 + 2k+q+1 + 2k—q+l + 23q+1 _ 22q+1

2(2F — 29+ 1)2

5.3 Analytical Study of Number of Clusters for z-Order Curve

With respect to the canonical orientation of Z2 shown in Figure 2.3(a), we apply
the same approach and notations as in previous section to derive the exact formula
for S,9:(Z#), which is the summation of all numbers of clusters over all identically

shaped 29 x 27 query subgrids of an Z2-structural grid space [2*]2.
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Like the approach in previous section, we compute the summation of all num-
bers of edge cuts over all identically shaped 27 x 27 subgrids G by the recursive
decomposition of ZZ:

Eq(Zg) = 4Eq(ZI§~1) + gk,q(le)a

where e ,(Z2) denotes the summation of all edge cuts over all 29 x 27 query subgrids,
each of which overlaps with more than one quadrant (that is, two or four). These
query subgrids are contained in the boundary regions of neighboring quadrants.

We set up the systems for E,(Z2) similar to that for F,(H?) in previous section.

5.3.1 >.n(Z%, G) over Subgrids G Overlapping with Two Quadrants

Consider an arbitrary 27 x 27 query subgrid G that exactly overlaps two quadrant
Qi(Z%) and Q;(Z}), where (i,7) € {(1,2),(1,3),(2,4),(3,4)}. The side-length is
from 1 to 27 — 1 for the side across two quadrants. Since all the quadrants are
isomorphic to a canonical Z7_,, we consider the following system of summations

Q00 = (Qﬁ% Qﬁ% QE% Qfaq) in a general context of a canonical Z2:

2k 2941291
Qk 9 = Z Z n(Zz, G(z,1,z + 27 — 1,y)) — for left boundary
r=1 y=1

(see Figure 5.6(a)),

2k 2941 2k

Qﬁm = Z Z A(Z2, G(z,y,z + 27 — 1,2F)) — for right boundary,
=1  y=0k—2042
291 2F—29+41

Q£2q = Z Z n(Z3 G(1,y,z,y + 2¢ — 1)) — for bottom boundary,

2k 2k_92941

Qf’Qq = Z Z 7(Z2,G(z,y, 2%,y +27 — 1)) — for top boundary, and
z=2k_2942 y=I
2k 2941291
N, ;f 9¢ = Z Z 1 — for the number of rectangular subgrids
r=1 y=1

in a boundary for 2 o4.

We will establish a system of recurrences (in k) for Q¢ (see Lemma 5.9 below).

Note, Qf 50 = Q5 and QF 0 = QF 5, because of the property of symmetry for Z2.
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. Qk—1,2‘1
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!
L
Qk,:‘n
T
SRt BN B g SR Qk—l,Z‘l
. —_ A NS c2
N Qk—l,Z‘l
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: = 12

Figure 5.6: (a) Qf 5, for a canonical Z7; (b) its recursive decomposition.

T T
Cy 1 1 C4
| D
]\

! 1
C1 1 L C3

Figure 5.7: The four (27 — 1) x (29 — 1) corners of a canonical Z2.
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The recursive decompositions of all four parts in Qﬁﬂq, Qﬁ% QQQQ, and Qfm

. . . . c s C1 c2 c3 C4 :
require a prerequisite system of summations {1f 5, = (Qk,Qq,Qk,Qq, bo2a) k’2q) in a

more general context of a canonical Z? (see Figure 5.7):

241291
Qoe = Z Z n(Z%,G(1,1,z,y)) — for lower-left corner,
z=1 y=1
2k 291
ko = Z Z (22, G(x,1,2%,y)) — for upper-left corner,
z=2F—-2942 y=1
29 2k

Dl = Z Z a(Z2, G(1,y,z,2%)) — for lower-right corner,

2k 2k
Dloe = Z Z (22, G(z,y,2¥,2%)) — for upper-right corner,
z=2k 2942 y=2k 2942
291291
N, kos = Z Z 1 — for the number of incomplete rectangular subgrids in a corner.
z=1 y=1

Note, %%y, = €2phy, and 3%, = ), because of the symmetry property of Z2. To

compute {)f 5,, we set up the following system of summations ﬁ;m = (ﬁ;i}q,ﬁzzq):

29 949
52?24 Z Z 27 G(1,1,z,y)) — for lower-left corner,
=1 y=1
24 929
(= ZZ z,y,29, 2q))) — for upper-right corner,
z=1 y=1
24 929
52?24 = Z Zﬁ(ZqQ, G(z,1,2% y)) — for upper-left corner,
z=1 y=1
29 99
(= ZZn( 2 G(1,y,z,29))) — for lower-right corner,
=1 y=1
24 929
N :,Qq = Z Z 1 — for the number of rectangular subgrids in a 29 x 27 corner.
z=1 y=1

Similar to the reduction of {2t 94 to €% 5, we develop a system of recurrences (in
= . iy = =h
q) for QZ,QQ via a prerequisite system II, = (ﬁ;, IL,).

This prerequisite system of summations in a general context of a canonical Zg:
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®) © @
. . . . ~C1 . .
Figure 5.8: Four overlapping scenarios when decomposing {2, 5, in a canonical Zg:

(a) contained in Q1(Z2); (b) and (d) overlapping with exactly two quadrants; (c)
overlapping with all quadrants.

q

ﬁ: = ﬁ(Z,z, G(1,1,z,27)) — number of edge cuts by horizontal lines, and
1

N

8
2 |

2
ﬁ; = n(Z¢,G(1,1,2%,y)) — number of edge cuts by vertical lines.
1

Yy
We develop and solve a system of recurrences for ﬁq and reverse the sequence of
reductions to obtain the closed-form solutions for €y 24, which are summarized in the
following four lemmas.

Lemma 5.6 For a canonical Zg,

T - AT +29+41 ifg>1
7. 3 fq=1
. AT, 42027 = 1)+1 ifg>1

Proof. The number of edges that are cut by horizontal lines can be computed from
the edge cuts within four quadrants plus cuts on three connecting edges (Q1(Z 3), Q+(Z qg)),
(Q3(Z§)’ Q4(Zq2))7 and (Q2(Zq2)a QS(ZqQ))

2

i — (72
I, = n(Z,,G(1,1,z,2%))
z=]
29-1
= n(Z2,G(1,1,2,2%))  (cuts within Q,(Z7), Qs(Z2)
r=1

plus the cuts on connecting edges)
+ > a(Z2,G(1,1,3,29)  (cuts within Qa(Z2), Q4(Z])

plus the cuts on connecting edge)
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29-1

= (O _m(Q:(22),G(1,1,2,2°7Y))  (cuts within @1(Z}))

291

+) A(Qs(22),G(1,2°7 + 1,2,27))  (cuts within Q3(Z7))

29—1

+ Z 1 (cuts on connecting edge <Q1<Z3)7 Q2(Zq2)))

z=29-1

29—1

+ Z 1 (cuts on connecting edge (QQ(ZqQ), Q3<Zq2)))

=1
29—1
+ Z 1) (cuts on connecting edge (Qs(Z7), Q4(Z2)))
z=29—1
29
+( Z (Q2(Z2), G277 +1,1,2,277Y))  (cuts within Q2(Z2))
= 2q—1+1

+ Z A(Qs(Z2), G277 + 1,207 + 1,1, 29))

r=29-141
(cuts within Q4(Zq2))
211
- 2 2
+ Z 1) (cuts on connecting edges (Q2(Z,), @3(Z,)))
r=29—-141
29—1
= (Z (Zq2 L G(L1L,2,27Y))  (Q1(Z2): a conanical Z;_))
r=1
291
+(Z n(Z2_,,G(1,1,5,2°7Y))  (Q3(Z2): a conanical Z7 )
r=1 ,
+1+2071+1)
9a-1
+(Z (22 1,G(1,1,2,297Y))  (Q2(Z)): a conanical Z;_;)
r==1
9a-1
+(Z n(Z72,,G(1,1,2,297Y)  (Qu4(Z2): a conanical Z7 ;)
=1
+2071 1)

= 0, + (M +2 ' +2)+T_, + (I, +27 ' —1)=4-T,_, +27+ 1.

The proof of ﬁ: is similar to that of ﬁ;. 1
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The closed-form solutions for ﬁq are employed to establish a system of recurrences
for ﬁ;,%'

Lemma 5.7 For a canonical ZqQ,

~ —=v =h .
o, - { L g 420 T 420 T 425 - 2043 ifg> 1,

5 fg=1
g7, = ) A e v 2 T 420 M, +2%420 ifg>1,

? 6 ifg=1.
Proof. As in Figure 5.8 and the case discussion for (2%, we can split {2}y, into
four parts:

29 99
U = 2D _A(Z3,G(1,1,2,y))
=1 y=1
29—1 99-1
= Z Zﬁ(ZqQ, G(1,1,z,y)) (Figure 5.8(a))
=1 y=1
29 29—1

+ Z Zﬁ(Zg,G(l,l,x,y)) (Figure 5.8(b))

:1;:2‘1_1—]—1 y=1

29 29
+ Z Z n(Z2,G(1,1,z,y)) (Figure 5.8(c))
z=29"141 y—2‘1"1+1

2q1

+Z Z G(1,1,z,y)) (Figure 5.8(d))
z=1 y=29-141
29—1 9g~1
= ZZ (Q1(22),G(1,1,z,y))  (cuts within Q1(Z7))
=1 y=1 :
P
+ Z Z 1)  (cut on connecting edge (Ql(Zg), QQ(Zg)))

z=29-1 y=29-1

29-1
Z Z (@Q2(22),G(1,1,z,y))  (cuts within Q2(Z2))
z=29~141 y=1
29 2g9-1

+ Y > a(@i(23),6(1,1,27 y))  (cuts within Q1(Z2)
z=29-141 y=1
by vertical side of G)

+ Z Z 1 (cuts on connecting edge (Ql(Z(?), QQ(Z(?)))

z=29"141 y=1
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29 291

+ Z Z 1)  (cut on connecting edge (QQ(ZqQ)y Qs(ZqQ)))

r=249 y= 29—1

Z Z G(1,1,z,y)) (cuts within Q4(Z§))

z=29" 1+1y 297141

+ Z Z G(1,1,2,27Y))  (cuts within Qy(Z7)

z=29~141 y=29~141
by horizontal side of G)

+ Z Z 1(Q3(Z22),G(1,1,2°7 Y y))  (cuts within Q3(Z2)
z=29—141 y=29-141
by vertical side of G)
211
+ Z Z (cuts on connecting edge (QQ(ZqQ), Q;;(Zg)))
z=20"141y=29"141
241
+ Z Z (cuts on connecting edge (Q3(Z7), Q4(Z2)))
=24~ 1+1y—-2‘1 It
24-1
+0O) Z 2(Qs(22),G(1,1,2,y))  (cuts within Q3(Z2))
r=1 y-—Q‘Z 1+1 .
291
+ Z > A(@i(22),G(1,1,2,277"))  (cuts within Q(Z2)
z=29-141 y=1

by horizontal side of G)

+ Z Z 1 (cuts on connecting edge (Q1(Z]), Q2(Z7)))

+ Z Z 1 (cuts on connecting edge (QQ(Zf), Q3(Zq2)))

29-1 219
+ Z Z 1)  (cut on connecting edge (Q3(Z7), Q4(Z2)))
=291 y:2q

29—129-1
(Z Z:n(Zq2 L G(1,1,z,y))  (Q1(Z2): a canonical Z._,)
=1 y=1

+1)

29—1 91

Z Z’n’ q—1> 17 ]-7"an)) (QQ(ZqQ) a canonical Zq2__‘1)

=1 y=1
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2971
+(297Y Zﬁ(zg’ G(1,1,2°7y))  (Q1(Z)): a canonical Z2 ;)

+ (2‘1*1(2;—1 —1))

+1)
2¢-1 99-1
Z Z 2 1,G(1,1,2,9))(Q4(Z}): a canonical Z2 )
z=1 y=1
99-1
+ (27 Zﬁ(Zq LG, 1,2,2971)) (QQ(Zg): a canonical ZqQ,l)
r=1 :
29
+ (207 Z (Z,? L,G(1,1,297 ) (Q3(Z§): a canonical ZqQ.l)
‘ y=24"141

+ (207127 - 1))

+ @@ - 1)

29—1 99-1

ZZ z1,G(1,1,2,y)) (Qg(ZqQ)Z a canonical Z,_,)

z=1 y=1
2¢-1 29-1

+ Z Z q LG(1,1,z,297h) (Ql(Zg): a canonical ZqQ_l)

z=1 y=1

+ 297 4 (29712 4+ 1)

= (ﬁzl—l,w—l + 1)
€1

+(ﬁq—1 99-1 1 217t
+(Q,4

A2 )+ 1)

1

pgemt 2970y + 2071 H Q29720 — 1) + 2071 (297 - 1)

C1l

(O + 277 T 2071 (272 4 1)

= —h
= A0 g1 +20 T +27- T, +2% - 2743
The proof for ﬁ;?Qq is similar to this one. i
The closed-form solutions for ﬁ;zq and ﬁq are employed to obtain exact formulas

C
for € 5.

Lemma 5.8 For a canonical Z} structured as an Z}_,-curve interconnecting 22¢~9)
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Z2-subcurves,

c =c =h —=v
e = Qq;q -, — 1L,
c . =C —=h =v
Qo = Qq,z2q -, q
Proof. By the definition, we have
291291
Q]Ccl,gq - Z Z Zk7 1717$7y))
=1 y=1
291 24 291 24
= Y > alZGLz,y) - > > a2, G(1,1,1,y))
=1 y=1 =1 y=249
29 24 29 929
= O wMZGLz,y) - > > a(Z,G(1,1,1,y)))
z=1 y=1 =29 y=1 :
29 29 29 24
_(Z Z ﬁ(Zl%7 G(L 1; $7y)) - Z Z ﬁ(Z137 G(la 1> $7y)))
=1 y=2‘1 =29 fy:2‘1
=§$—ﬁ—m-
The proof of 2%, is similar to this one. 1

The exact formulas for {J; ,, are employed to establish a system of recurrences
for Qk,zq.
Lemma 5.9 For a canonical Z} structured as an Z,f_q—cume interconnecting 229

Z2-subcurves,

b = ] AU F R+ U + (1) (27— 1) iR >,
S if k= g;
OB = ZQk 1,00 T 12‘1+Qk 12q+(2q—1)2+(2q“1) if k> q,
ma Hq if k=q.

Proof.  Similar to the proof of Lemma 5.8, from the definition, we have (see

Figure 5.6)

2k_244129—1

Of 0 = Z Z (22, Gz, 1,z + 27 — 1,7))

=1
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2k—1_204129_1
> YA C e+ 2~ 1) (inQi(ZD)
=1 y=1
gk—1 291
+ z Zﬁ(Z£7G(I71>I+2q— 179)) (across QI(ZIE)7Q2(ZI§))
z=2k—1-2442 y=1
2k 2941 291
+ > > aZ,G1,z+2° - 1y)  (in Q:(ZD))
z=2k—141 y=1
ok—1_294129-1

(> Y a@uZ)),Glx,1,z+2°—1,y)))  (cuts within Q1(Z7))

2k—1 291
+( Y D Aa@i(Z)),G(x,1,25y))  (z00ming in Q1(Z7))
r=2k-1-2942 y=1
k-1 41
+ Y D a2, G + 1, L,z + 27~ 1,y))
g=2k—1-2942 y=1
(zooming in Q»(Z7))
2k-1 29—1
+ Z Z 1)  (cuts on connecting edge (Q1(Z3), Q2(Z7)))
z=2k-1_2942 y=1
2k_2941 291
+( > Y AaQu(Z]),Glz, 1,542~ 1,y))  (cuts within Q5(Z7))
z=2k-141 y=1
2k-1y1 ge-1.q
Z Z 1) (cuts on connecting edge (Q1(Z2), Q2(Z?2)))
z=2k-141 y=1
ok—1_92041991

( Z Z (ZE_,G(z,1,z+27—1,2)))  (Q1(Z?): a canonical Z7 ;)
=1 y=1

2k—1 29-1

+( Z Z A(Z2 1, G(x, 1,251 y)  (Qi(ZD): a canonical Z7 )

z=2k-1-2¢42 y=1
29-129-1

+ Z Z A ZE_,G(1,1,z,9)  (Q:1(Z2): a canonical Z;7_;)

=1 y=1
+(27-1)%)
ok—1_9d94129-1

( Z Z W72, G(x, 1,z +27~1,1)  (Q2(Z}): a canonical Z¢ )
z=1 y=1

+(27—-1))
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- 95—1,24
HOQ 0 + Q00 + (27 - 1))
+(Q£—1,24 +(27-1))

= 295—1,24 + Q00 + 2 00 + (27— 1)? + (27 - 1).

For Q'],f_l,Qq , the proof is similar to this one. |

We obtain the closed-form solutions for {2 9¢ by using the mathematical software

Maple.

5.3.2 Query Subgrids Overlapping with All Quadrants

For a 27 x 27 query subgrid GG that overlaps four quadrants around the center of
Z32, when zooming in on the incomplete rectangular subgrid G N Gy, where G, de-
notes the subspace of Q(Z%) (with both side-lengths at most 27 — 1), we reduce
D all eney MZR, GNGY) to 2 4e(= Q5| 5,). Similar consideration leads to a re-
duction of Y .11 gne H(ZE, G NG') to U2 (= Q21 50), 2100 and QL 5, when
G N G' denotes the subspace for G overlapping Q2(Z2), Q3(Z2), or Q3(Z%), respec-
tively.

Thus, the summation of numbers of edge cuts for all identically shaped 29 x 27

query subgrids G that overlap all four quadrants is
202 100 T 241 00
5.3.3 The Big Picture: Computing F,(Z?)

The results in the previous three subsections yield e 4(Z?). Hence, we have the
following lemma for E,(Z}):

Lemma 5.10 For a canonical Z2, the recurrence for total number of cuts on edges
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by all identically shaped 2% x 27 subgrids G:

((4E(Z;_y) + 2(QkB—1,2q + Qf_l’gq +2(27-1))
+ 2(95_1,2‘, + Qﬁ_mq +2(27 - 1))
+ (29?—1,% + 2007 1 00 +2(27 — 1)%) ifk>q+1,

Eq(Z,f) = 4 4Eq(Zﬁ_1) + Z(QkB—1,2q + QkB~1,2q)
+ 2006 1 00 + Qf 100 +2(27 - 1))
+ (29;1_1,2(, + 2922_1,2,, + 2(2q — 1)2)‘ ifk=q+1,

L 2 ifk=q.
Proof. For k > g+ 1, the proof is similar to the proof of Lemma 5.5:

Case 1: G overlaps with exactly Q1(Z7) and Qo(Z?). This part is reduced to
OF_100(= Q1 50) (cuts on Q1(Z})), Q1 40 (cuts on Q2(Z})), 2(27 — 1) cuts on the
connecting edge (Q1(Z2),@Q2(Z%)) when subgrids G align left-most and right-most
side of these two quadrants.

Case 2: G overlaps with exactly Q2(Z7) and Q4(Z?). This part is reduced to
QF 1 g0(= Qf_1 50) (cuts on Qa(Z2)), Qf_, 40 (cuts on Q4(Z2)), (29 — 1) cuts on the
connecting edge (Q2(Z3), Q3(Z2)) when subgrids G align top-most side of these two
quadrants, and (27— 1) cuts on the connecting edge (Q3(Z2), Q4(Z#)) when subgrids
G align bottom-most side of these two quadrants.

Case 3: G overlaps with exactly Q3(Z2) and Q4(Z2). This part is reduced to
Qf_10:(= Q1 50) (cuts on Q3(Z2)), QP |, (cuts on Qu(Z7)), and 2(27 — 1) cuts
on the connecting edge (Q3(Z2), Q4(Z}?)) when subgrids G align left-most and right-
most side of these two quadrants.

Case 4: G overlaps with exactly Q1(Z?) and Q3(Z7). This part is reduced to
QF 1 90(= Q1 00) (cuts on Q1(Z2)), Qf_; 4. (cuts on Q3(Z2)), (27 — 1) cuts on the
connecting edge (Qa(Z2), Q3(Z?)) when subgrids G align bottom-most side of these
two quadrants, and (27 — 1) cuts on the connecting edge (Q1(Z2), @2(Z})) when
subgrids G align top-most side of these two quadrants.

Case 5: G overlaps with exactly all four quadrants. This part is reduced to
QL 120(= Uy ) (cuts on Q1(Z7)), 01 00(= 21 00) (cuts on Q2(Z¢)), Q1 20
(cuts on Q3(Z3)), QL; 44 (cuts on Q4(Z7)), and 2(27 — 1)% cuts on the connecting
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edges (Q1(Z2), Q2(Z7)) and (Q3(Z7), Qu(Z5))-

Combining all the five cases, complete the recurrence for £ > g + 1.

For k = g+ 1, there are no cuts on connecting edges in Cases 1 and 3 because the
connecting edges are inside of all the subspaces that are across exactly two quadrants
(first and second, or third and fourth quadrants).

For the case of k = g, there are two cuts that are the edge cut between entry grid

point and other curve, and the edge cut between exit grid point and other curve. |

The exact formula for E,(Z3?) is:

Eq(Zg) — 22k+q+2 _ 22k+2 +3. 22k—q _ 22k—2q _ 2k+2q+3 +3. 2k+q+2 m 2k+3

+2k—q+2 + 23q+2 _ 22q+3 + 2q+2'

The summation of all numbers of clusters over all identically shaped 27 x 29 query

subgrids of an ZZ-structural grid space [2*]? is

Ey(ZF)

S2e(Z7) = 5

The mean number of cluster within a subspace 27 x 29 is

Sux(ZD)  _ E(ZD)
(26 —204+1)2 2(2k—2041)%

Thus, the exact formula for the mean number of cluster within a subspace 27 x 2¢
for Z2 is corollarily derived.
Theorem 5.2 The mean number of cluster over all identical subspaces 29 x 29 for
Z2 is

(22k+q+2 _ 22k+2 + 3 . 22k—q + 22k—2q _ 2k+2q+3 + 3 . 2k+q+2 + 2k+3

+2k—q+2 + 23q+2 + 22q+3 + 2¢1+2)/(2(2k — 29 4 1)2)
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5.4 Comparisons and Validation

For a space-filling curve Cy indexing the grid space [2¥]?, denote by S ,(Ck) the
mean number of clusters over all 27 x 2? subgrids of the Cg-structural grid space.

The exact formulas for E,(H?) and E,(Z2) give the exact formulas for Sy 2qa(H7)
and Sy 2:(Z?). We simplify the exact results asymptotically as follows. For suffi-
ciently large k and q with k> ¢ (typical scenario for range queries),

Sko(Z2) _ By(ZP)

e (A0 = EyEn ™ 2

With respect to the Sy, ,~statistics, the Hilbert curve family clearly performs better

than the z-order curve family over the considered ranges for £ and q.

5.5 Summary

In this chapter, the analytical study of the clustering performances of 2-dimensional
order-k Hilbert and z-order curve families are based upon the clustering statistics
Sk,2e — mean number of clusters over all 27 x 27 identically shaped subgrids, respec-
tively. By taking advantage of self-similar properties of Hilbert and z-order curve, we
derive their exact formulas for Sy 2¢. The results are same as those derived by Moon,
Jagadish, Faloutsos, and Saltz [MJFS01]. The exact results allow us to compare
their relative performances with respect to this measure. For sufficiently large k& and
g with £ > ¢, Hilbert curve family performs significantly better than z-order curve

family with respect to S oe.



CHAPTER VI

MEASURE BY MEAN INTER-CLUSTER DISTANCE

In addition to considering the number of clusters to optimize a range query over
space-filling curves in multi-dimensional databases, the mean inter-cluster distance
within a subspace is adopted as another measure of performances for space-filling
indexing methods. This idea is stemmed from Asano, Ranjan, Roos, Welzl, and
Widmayer [ARR*97]. They consider the problem of minimizing the number of seek
operations, mainly because there is a tradeoff between seek time to proper block
(cluster) and latency/transfer time for unnecessary blocks (inter-cluster gap). Thus,
good bounds on the inter-clustering statistics can translate into good bounds on the
average tolerance of unnecessary block transfers.

Similar to Chapter V, we propose a measure by the mean inter-cluster distance
within a subspace for space-filling curves and use it to compare Hilbert and z-order

curve families.
6.1 Approach

Note that there are two statistics for the mean inter-cluster distance within a sub-
space: one is the mean inter-cluster distance over all inter-cluster gaps, the other
one is the mean total inter-cluster distance over all identically shaped subgrids. The
derivations for both statistics involve the computation of the total inter-cluster dis-
tance over the identically shaped subspaces and the computations of calculates the
number of inter-cluster gaps and the number of subspaces.

Within a subspace G, we denote the first entry (lowest-indexed) and last exit
(highest-indexed) grid points by 6;(G) and 63(G), the number of clusters and the
number of grid points inside of G by 7(G) and |G|, respectively. The following
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(o -t 3 . clusters of G
({1‘@‘) ) [—J -------- inter-cluster gaps of G

Figure 6.1: An example query subgrid G inducing its first entrance 8;(G) and last
exit 02(G), and interleaving clusters and inter-cluster gaps.

observations helps the derivations of mean inter-cluster distance:

1. Sum of inter-cluster distances within a subspace G equals to 85(G) — 6, (G) —

G| + 1.

2. For a subspace G overlapping with more than one quadrant, 8;(G) must be
in the lowest numbered quadrant, and 65(G) must be in the highest numbered

quadrant.

3. Number of inter-cluster gaps within a subspace G equals to 7(G) — 1 (see

Figure 6.1).

With the above observations, we can translate the computation of inter-cluster dis-
tances into the computation of the index cumulations of #;(G) and 62(G), respec-
tively, for all identically shaped subspaces G.

The index-cumulation for 85(G) for all identically shaped subspace G is based on

the construction framework by recursion:

1. Decompose the index-cumulation into index-cumulations within the four quad-

rants and index-cumulation for subspaces G across different quadrants.

2. Categorize the 85(G) of a subspace across quadrants into: d5(G) in four corner

boundaries and four side boundaries that are inter-recurrence related.

Similarly, we can derive the index-cumulation for all 6;(G).
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6.2 Analytical Study of Inter-Clustering Performances for Hilbert Curve

With respect to the canonical orientation of H? shown in Figure 2.6(a), we cover
the 2-dimensional k-order grid with 2% rows (Ry 1, Ri2,- - -, Ry, ox), indexed from the

bottom, and 2 columns (Ck,1,Cry2, - - -, Ck o), indexed from the left. We denote:

1. For a grid point v € [2¥]?, its z- and y-coordinate by X (v) and Y (v), respec-
tively (that is, v is the intersection grid point of the row Ry, x(y) and the column

Cr,y(v)

2. For the grid points v, v’ € [2¥]?, their index-difference by A (v, v') (= |(H?)~}(v)—
(H)'(v")]), and |

3. For a rectangular query subgrid with its lower-left corner at grid point (z,y)
and upper-right corner at grid point (2/,9) (1 <z <2’ <2 and 1 <y <
y' < 2%) covering UZ__ Ry, o N Ug:ka,g, its set of grid points by G(z,y,2’,7’)
(={ve2P|z< X(w) <2 and y < Y(v) <y'}). The size of the query
subgrid Gi(z,y,2,y) is (' —z+ 1) x (¥ —y+ 1).

As suggested in Remark 5.1, we study the inter-clustering performances based upon
query subgrids of size 27 x 29,

For a 2-dimensional order-k Hilbert curve HZ, let Uy ,(HZ) denote the summation
of all inter-cluster distances over all 29 x 27 query subgrids of an H2-structural grid
space [2%]2. For a subgrid G, let 6;(G) denote the first entrance (the lowest H2-
indexed grid point) into G' and 6(G) denote the last exit (the highest HZ-indexed
grid point) out of G. Figure 6.1 illustrates an example query subgrid and its induced
first entrance and last exit, and interleaving clusters and inter-cluster gaps.
Remark 6.1 Within a query subgrid G (with |G| grid points), the summation of
all its inter-cluster distances is hg(01(G), 02(G)) — |G|+ 1. In developing the support-
ing lemmas, we express g (01(G), 62(G)) as h(02(G),v) — bp(61(G), v) for a suitably

chosen grid point v.
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T RN (2)

:RQ,SRQ,B'
R e

[ B |
R 1 REE-
e N R v
Rip R 1 [Res
————————— +-——J’___1__________

TR RO
P R H}

Figure 6.2: The boundary regions of neighboring quadrants are organized into nine
disjoint regions: Rg,li)mod Atlr Rgi.)mod ap1 fori=1,2,3,4, and R.

Thus, Remark 6.1 reduces the computation of the summation of all inter-cluster dis-
tances over all identically shaped subgrids G to the computations of Y . o (0;(G), v)
for j = 1,2 and a suitably chosen v.

The recursive decomposition of H? (see Figure 2.6(b)) gives that
Ui o(Hy) = 40k o(HE) + ex(HR),

where &, ,(H7) denotes the summation of all inter-cluster distances over all 29 x 2¢
query subgrids, each of which overlaps with more than one Quadrant (that is, two
or four). These query subgrids are contained in the boundary regions of neighboring
quadrants, which can be organized into nine disjoint regions: Rg,li)mod 410 Rli mod 441
fori=1,2,3,4, and R, as shown in Figure 6.2.

Remark 6.2 For a query subgrid G overlapping with more than one quadrant, 0;(QG)

is in the lowest-numbered quadrant, and 05(G) is in the highest-numbered quadrant.

For a 27 x 27 query subgrid G, G overlaps with:

1. Exactly Q;(H?) and Q; mod 44+1(H3Z) if and only if G C Rz(-,li)mod 441 Y Rg?mod 41

for every i € {1,2,3,4}. In this case, 0,(G) € Rl(-z)mod ayq for m € {1,2} by
Remark 6.2.

2. Qi(H}) foralli € {1,2,3,4} if and only if G C R. In this case, 6,(G) € Q1(H?)
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(upper-right corner) and 0,(G) € Q4(HZ) (upper-left corner) by Remark 6.2.
We divide the computation of &¢ ,(HZ) into three parts:

1. > he(02(G), 01 (HE)) over all 27 x 29 query subgrids G C RY i mod 4+1URS i mod 441
for i € {1,2,3,4},

2. " h(01(G), 81(HE)) over all 29x29 query Subgrlds GcRrRY i mod 4+1UR1 + mod A+1
for i € {1,2,3,4}, and

3. the summation of all inter-cluster distances over all 29 x 29 query subgrids

contained in R.

We develop combinatorial lemmas in the following three subsections to support the

computations.

6.2.1 > h(02(G), 8. (HE)) over Subgrids G Overlapping with Two Quadrants

Consider an arbitrary 27 x 27 query subgrid G C Rz(zmod a1 U Rgzmod 441 Where

i € {1,2,3,4}. Remark 6.2 gives that 6(G) € R and we zoom in on

4,i mod 4+1
the “incomplete” rectangular subgrid G N Rgi.)mod 441 (with one side-length at most
29—1). Observe that fori = 1,2, 3,4, 'R,z i mod 411 aggregates the 29— 1 bottom rows,
leftmost columns, top rows, and leftmost columns of Qo (HZ), Q3(H?), Q4(H2), and
Q4(H?), respectively. Since the quadrants are isomorphic to a canonical H? ; via

symmetry (reflection and rotation), we consider the following system of summations

Qi e = (Qﬁ’m, OEF,., Qfm, Qfm) in a general context of a canonical HZ:

2k 2941291
Q£,2‘1 = Z th(92(qk($71)$+2q—" 1)y))7al(HZ))
z=1 y=1
— for left boundary (see Figure 6.3(a)),
2k 2441
o = Z Z he(02(Gi(z, 9, + 27 — 1,2")), O (HE))
=1 y=2k_2942

— for right boundary,
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Figure 6.3: (a) Qﬁgq for a canonical H7?; (b) its recursive decomposition.

29-12k_2941
Qﬁzq = Z Z hk(QQ(Gk(layaxay+2q"—1))781(1{13))
r=]1 y=1

— for bottom boundary,
2k 2k 2941

Do = D > m(0s(Gelz,y, 2%,y + 27— 1)), 81(HY))
r=2k—2¢42 y=1
— for top boundary, and
2k 2941 29-1

Niw = > D1
z=1 y=1

—- for the number of incomplete rectangular subgrids in a boundary.

We will establish a system of recurrences (in k) for Q 2« (see Lemma 6.4 below).
The system of recurrence involves another system of summations as prerequisites, as
demonstrated in the following example. Consider a recursive decomposition of Qf,Qq,
illustrated in Figure 6.3(b), into four parts: (1) QF 4, (2) 1900 (3) QF_ 1000
and (4) adjustments for the previous three parts. The part (2!, 5, helps compute
> hi(02(G), 01(HE)) over all incomplete rectangular subgrids G (with one side-length
at most 27 — 1) overlapping both Q;(HZ) and Qo(H2). According to Remark 6.2,
the computation of this summation is reduced to > Fix_1(02(G), 81 (HZ_,)) over all
incomplete rectangular subgrids G (with both side-lengths at most 27 — 1) in the
c1-corner (lower-left corner) of a canonical H?_; (that is, Qo(H2)). Each of the three

parts QF | 50, L1 40, and QF_, o, is defined with respect to 9;(HZ_;) of a canonical



158

T T
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Figure 6.4: The four (27 — 1) x (2¢ — 1) corners of a canonical H7.

H} ,, we need to adjust each part with distance cumulation between the entry/exit
of the underlying quadrant and &) (HZ).

The recursive decompositions of all four parts in Qf’%, Qﬁ%, QE 9, and Q}:’Qq lead
us to consider a prerequisite system of summations §2f 4, = (5, Qs g, QZ”"Qq)

in a more general context of a canonical HZ (see Figure 6.4):
291291
Doy = Z Z B (02(G(1,1, 2, 9)), 0, (H?)) — for lower-left corner,
z=1 y=1
2k 291
Y = Z Z i (02(Gr(z, 1,25, 4)), 01 (H})) — for upper-left corner,

z=2k_294.2 y=1

2k 2k
e = Z Z i (02(Gr(z, y, 2%, 2%)), 81 (H?)) — for upper-right corner,
=2k 2942 y=2F 2942
29-1 2k
e = Z Z hi(02(Gr(1,y, z,2%)), 01 (H?)) — for lower-right corner, and
z=1 y=0k 2942
291291
kot = Z Z 1 — for the number of incomplete rectangular subgrids in a corner.
r=]1 y=1

Note that in Q3%,, 62(Gi(1,y,%,2%)) = 0y(HE) for all z and y in the summation-
index ranges, hence Qf%), = (27 — 1)1 (0:(HE), 01 (H)) = (29 — 1)*(2* - 1). All
other three summations involve rectangular subgrids contained in (27 — 1) x (27— 1)
corners. As suggested by Remark 5.1, we zoom in on the 27 x 29 Hg—structural

corners, and consider the following system of summations ﬁ;vgq = (Q—ZQq, Q_qu,ﬁz?gq):
29 94
Q—ZQQ = Z Z Ry(02(Go(1,1,z,y)), 01 (H])) — for lower-left corner,
z=1 y=1
29 24

ﬁ;?%z = Z Z fig(02(Gy(z, 1,27, v)), 31(Hq2)) — for upper-left corner,

z=1 y=1
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) ©
. . . . ~C1 . .
Figure 6.5: Four overlapping scenarios when decomposing {2, 5, in a canonical H, 3:

(a) contained in Q1(HZ); (b) and (d) overlapping with exactly two quadrants; (c)
overlapping with all quadrants.

29 94

ﬁ;?% = Z Z fg(02(Gy(z,y,29,27)), 81(H§)) — for upper-right corner, and
z=1 y=1
29 99

N ;,24 = Z Z 1 — for the number of rectangular subgrids in a 27 x 279 corner.
z=1 y=1

Thus far, we learn that the system of recurrences for {2 2s can be defined and
solved via the prerequisite system ) 5, which is related to the system ﬁ;w (see
Lemma 6.3 below). The system ﬁ;,m’ which involves subgrids (with both side-
lengths at most 27) of a canonical Hg, represents the basis of the recursive de-
compositions (in k to ¢) of Q9 and §)f 5,- Similar to the reduction of ( 2¢ to
§)f 94, we develop a system of recurrences (in ¢) for ﬁ;,m via a prerequisite sys-
tem, as demonstrated in the following example. Consider a recursive decomposi-
tion of ﬁ:zq =7 i; Bi(02(Gq(1,1,2,y)), 01(H2)) into four parts (together
with adjustments), based upon the overlapping scenario of the rectangular subgrid
G,4(1,1,z,y) with the four quadrants of a canonical H? (see Figure 6.5).

Case 1: Gy(1,1,z,y) is contained in Q,(H}) (see Figure 6.5(a)). This part is
reduced to 521_1,24_1 after (—%)-rotating and then left-right reflecting Q1 (H?) into a
canonical HZ ).

Case 2: G4(1,1, z,y) overlaps with exactly Q1(HZ) and Q2(H?) (see Figure 6.5(b)).
This part is reduced to ﬁ;l_l)Zq_l (with adjustment of distance cumulation).

Case 3: G4(1,1, z,y) overlaps with exactly Q1(HZ) and Q4(H7) (see Figure 6.5(d)).
This part is reduced to —9211,2%1 after (+7)-rotating and then left-right reflecting
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@ o o
Figure 6.6: For subgrids overlapping with all quadrants of a canonical H, q2, their last
exits are the same.

Q4(H?) into a canonical HZ ; (with adjustment of distance cumulation).

Case 4: G4(1,1,z,y) overlaps with all quadrants (see Figure 6.5(c)). The over-
lapping condition gives that z,y € {297 + 1,291 +2,...,29}. According to Re-
mark 6.2, 62(G,(1,1,2,9)) € Q4(H§). Observe that, as shown in Figure 6.6, for
every y € {2971 + 1,297 +2,...,29}, the subgrids G,(1,1,z,y) for all z € {2971 +
1,2971 +2,...,29} have the same 62(G4(1,1,z,y)) (independent of z).

The recursive decompositions of S—f:m, ﬁ;;q, and ﬁzzq lead us to consider a pre-
requisite system of summations ﬁq = (ﬁqT,ﬁqL) in a general context of a canonical
H q2:

1

ﬁf = Z hqe(62(G4(z, 1,29, 27)), 81(Hq2))—~top to bottom incrementally, and
r=29
29

ﬁj = Z hqe(62(Gy(1, 1,29, y)), 61(Hq2))—left to right incrementally.

y=1
We develop and solve a system of recurrences for ﬁq and reverse the sequence of
reductions to obtain the closed-form solutions for {2 ¢, which are summarized in the
following four lemmas. Note that we present the systems of recurrences only (which
are solved by a mathematical and analytical software such as Maple).
Lemma 6.1 For a canonical H},
i { ﬁf_l +2(2971)3 + ﬁf_l +3(2971)3 ifg>1

q 5 fg=1
g { oF o+ (201)3 + ﬁf_l +3(2971)® ifg>1

q
a 4 ifqg=1
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@ (b)

Figure 6.7: (a),(b) scenarios for ﬁ:‘;; (c),(d) scenarios for ﬁqL.

Proof. The scenarios for II, are shown in Figure 6.7: (a) and (b) for ﬁqT:
Gq(x,1,29,29) (a) overlaps with Q(H?) and Q3(H7), and (b) overlaps with Q;(H?)
and Q4(H?); (c) and (d) for ﬁqL: Gqy(x,1,29,29) (c) overlaps with Q1 (H) and Qo (H7),
and (d) overlaps with Q3(H7) and Q4(H?).

I, _Zh 02(Gy(z, 1,2,29)), 81 (H?))
r=29
29-141
= Z hq(02(Gy(x,1,29,29),8:(H2))  (overlaps with QQ(H?),Qg(Hg) only)

=24
+ Z o(2,1,2929)) 01 (H, 3)) (overlaps with all four quadrants)

= Z ha(B2(Gy(z, 297 +1,29,29)), 81 (H?))  (Remark 6.2)

+ Z Fig(02(Gylx,1,29,29),01(H2))  (Remark 6.2)

= 221(5 (02(Go(z, 277" +1,27,27)), 8,(Q3(H}))) + he(81(Q3(H), 81(H)))
+ ; o(@, 2771 +1,2%,2)), 01(Qa(H,))) + Fig(01(Qu(Hy), 01 (H)))
= gl(ﬁq_l(eg(aq_ (z,1,2971,2971)), 80 (H7_y)) + 2(2771)?
4 Z 1(1,1,297 ), 4 (H2 ) + 3(2¢71)?

(after (+g)—rotating and then left-right reflecting Q4(H, 3)
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into a canonical H 3_1)
= Ty 222 T 2 3 )?
— ﬁ:}il +2(2971)3 + ﬁf_l + 3(2971),

The proof of ﬁqL is similar to that of ﬁqT. ]

The closed-form solutions for I, are employed to establish a system of recurrences
for —Q;,Zq.

Lemma 6.2 For a canonical H,

. _ . '
§c12 _ { 2921_1’2,;_1 + 923;172,;_1 + 3—8 .04 531 2% gfg>1,
4,29 T

7 fq=1;
Qgoe = {39q12m+3‘“ 24— 5 2% ifg>1,
q72q - 7 qu - 1;
ﬁcs — ﬁzl_lyzq—l + —Q.:s_lygq—l + 3—3 : 24q - '23_3 ) 22q 2-fq > 1>
q,29 10 qu > 1.

Proof. As illustrated in Figure 6.5 and in the case discussion for (2y,, we split

raza! .
{1,090 into four parts:

29 99
Qe = Y h(02(G,(1,1,7,)), 01(HY))
=1 y=1
29— 12q 1
= 3 he(02(Gy(1,1,3,y),0,(H?))  (Figure 6.5(a))
=1 y=1
29 29—1
+ Z Zh (02(Gq(1,1,2,9),00(H?))  (Figure 6.5(b))
z=29"14+1 y=1

+ Z Z «1,1,2,9), 81(H2)) (Figure 6.5(c))
+Z Z 1, 1,2,9), 81(H2)) (Figure 6.5(d))
= ZZ (1, 1,2,9)),01(Qu(Hy))) + hy(81(Qu(Hy)), &1 (HY)))

29 29—1

+ Z Z «(1,1,2,9)),00(Q2(H))) + he(01(Q2(HY)), &1(HY)))

r=2¢-141 y=1
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+ Z Z «(1,1,2,9)), 01(Qu(H))))
+ h (81(Q4(H2)) O1(H2))) (02 in Q4(H?) by Remark 6.2)
+Z Z G,o(1,1,2,9)), 0:(Qa(H)))) + hy(O1(Qa(H D), h(H)))

29—1 291

= 3 S g (0a(Gon (1, 1,,)), B (HE ) 0+ (27717
r=1 y=1
29—1 9g~1
* Z Z(hq‘l(HQ(Gq~l(1a 1,2,9)),01(H;_1)) +1- (2771)?)
=1 y=1
29-1
+ z z g-1(02(Gg-1(1, 1,277 Y )),31(Hq2_1)) +3. (24-1)2)
r=29"141 y=1
(after (+%)—rotating and then left-right reflecting Q4(H, 5)
into a canonical H, 3~1)
29—1 9¢—1
3 (g 102G g a(m,9, 2071, 2071)), B4 (H2,)) + 3 - (2770)2)
=1 y=1

(after (+g)—rotating and then left-right reflecting Q4(H§)
into a canonical HZ ;)
—r _ _
= Qq 1,291 +Qq 1,291 + (2q 1) + (Hq—l +3(2q 1)2)(2(] 1)2
+Qq—1,24~1 + 3(2q_1)

—c —c _1\o=L —
= 20, 1901 + QL gemn + (27 + T(297H)

—c —c 53 3
= 20 1001 Q001 + 5 2% 5 2% (Lemma 6.1).
The proofs for ﬁ;fzq and Q-;Zq are similar to this one. i

The closed-form solutions for ﬁ;,zq and ﬁq are employed to obtain exact formulas
for §2f o,
Lemma 6.3 For a canonical H? structured as an H g~q~curve interconnecting 226=9)

H qz-subcum)es,

Ui = W =T, — (@11 - 1),
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T I k-1
o = Qoo — I, ~ T + (27 - 1)+ (2 - 1)° ) 2%,
i=q
T k-1
oo = Do =TT, = (= D@7 — 1)+ (21 - 17 -3 2% - 2),
i=q

Proof. By the definition, we have:

Qs — Z Z m(B:(Ga(1,1,,1)), B1(H2))
_ zihk(eg(Gk(l,1,%?/)),81(1{1?))
_ Z Z A (@(Ge(1,1,,), Bu(E))
_ (Zi:lihk(fb(Gk(l,1,x,y)),31(H;3))
_ éimwxaku, 1,2,1)), 0,(HD))
-é Z M (0:(Gr(1,1,3,9)), B:(FT2)
30 RGL 1,7 ), B (BE))
= Q. -
mihk(@(c:ku, 1,2,)), &u(H2)
_ il i (02(Gr(1,1,2,29)),0:(Hy)) (G containing 85(H_))

g (02(Gr(1, 1,27, 29)), 01 (le))) (02(G(1,1,27,27)) = aQ(HqQ))

= Oy - — (2% —1). 274 (2% 1)
= O, —TL — (20— 122 —1).

The proofs of 2}%,, and (}}?%,, are similar to this one. 1
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The exact formulas for §Jf ,, are employed to establish a system of recurrences
for Q 04.
Lemma 6.4 For a canonical Hf structured as an Hj__-curve interconnecting 22%~9
H g—subcurves,
QE~1,2<1 + (100 (29 - 1)%(21)?)
Qoo = § _F pe+ @7 =2+ D@ - DE)) k>,
I, — (2% - 1) if k=g

(QF 120 +3(2571 — 20+ 1)(21 = 1)(2571)?)
+ (Qzl_mq +3(29 — 1)2(21)2)

R _
Qpos = + (Qf_mq +2(25 -2+ 1)(20 - 1)(251)%) ik > g,
(27 -1)(2% - 1) ifk =g
Q£—1,2q + (%100 +3(27 = 1)%(2¥1)?)
on = +(OF 100 +3(2F T =20+ 1)(20 = 1251 ifk > g,
(27 -1)(2% — 1) ifk=g
(OF 10 + (257 = 20 (21 = D)
T + (2190 +2(27 = 1)%(2571)?)
Doe = ’

(g +2257 =294 (20 = 1)(25)?) k>,
M, — (22— 1) ifk=q.

Proof. Similar to the proof of Lemma 6.3, from the definition, we have (see

Figure 6.3):

2k_294199-1
Qﬁ,m = Z th(QQ(Gk(x>17x+2q_17y))>81(H13))
r=1 y=1

9k—1_94419241
= D D m(6a(Gilz, 1 m+ 27— 1,y)),8(H})  (in Q:(H}))
=1 y=1
2k—1 291

+ D > (0a(Gela, 1,3+ 27— 1,y)), 01(HY))

x=2k-1_9949 y=1
(across Q1(H?), Q2(H?))

2k_2941 291

+ ) D m(6a(Gala, L,z + 27— 1,y)), (HR)  (in Qa(HY)
z=2k-141 y=1

ok-1_994199--1

= 3 S (0a(Grlz, 1,z + 29 — 1,9)), 01(Qu(HE)))

=1 y=1

+ T (01 (Q1(HR)), 61 (HE)))



k-1 29—1

+ Z th(92(Gk(2k_l + 1’171'_‘_2(]— 17y))781(H13))
p=2k~1-2042 y=1
(Remark 6.2)
2k 2941 29-1

+ 5 S (l62(Galz, 1,2 + 27 — 1)), 1(Qe(HP)))

o=2k"141 y=1

+ Fe (81 (Q2(HR)), 01(HR)))

2k—1_9941991

- Z Z(hk—1(92(Gk—1($, 1,z 4+ 27— 1,y)),31(H,f_1)) +0- (2k—1)2)

=1 y=1

after (—— -rotating and then left-right reflecting Q(H?
5 k

into a canonical H7 )
2k—1409—7 291
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+ Z Z Fir(02(Gr(2571 + 1,1, 2, ), 01(H?2))  (change index of y )

r=2k—141 y=1
29-12k=1_94a41

P2 Y (eaaGin (a2 D) A + 1)

= 124+0
2k-1499_199-1

+ 5 S ((0:(G(1, 257 + 1,2, w)), 81(Qa(H)))

z=2k-141 y=1

+ i (01(Q2(HY)), O1(HR)))
O 90+ 1 (27— 125 =204 1)

= QF o0+ (10 + (@527 = 1)(25 1 =27+ 1))
29-129-1

+ 0 (Aee1(62(Groa(1,1,7,9)), 01(HE_y)) + 1 (2571)?)

z=1 y=1
(Qo(H}Y) is a canonical HZ | )
= 00+ (L + (27 - D257

H Qo + (P22 - 125 - 29+ 1)),

For QkRﬁl,Qq, QkB_uq, and Q{_mq, the proofs are similar to this one.
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6.2.2 Computing Y F(61(G), 81 (HE)) over Subgrids G Overlapping with Two Quad-
rants

We may proceed as in Section 6.2.1, based upon the following system of summations
— (., R B T \.
Wk,29 = (wk,Qmwk,Qmwk,Q%wk,QQ)-

2k—-294129-1
Whge = Z Z B(01(Gr(z, 1,z + 27 — 1,v)), 01(HE))—for left boundary,

=1 y=1
2k 2941 2k
Whge = Z Z B(01(Gr(z,y, z + 29 — 1,2F)), 8, (HE))—for right boundary,
z=1 y=2k_-2942
29-12%-2941

Whae = Z Z R0, (Gi(1,y, z,y + 27 — 1)), 8, (H}?))—for bottom boundary, and
z=1 y=1

2k 2k 2941
wEQq = Z Z B(0,(Gr(z,y, 25,y + 29 — 1)), 6,(HE))—for top boundary.

r=2k—-2942 y=1
Or, we apply the following lemma to relate the two systems wy 2¢ and € 4.

Lemma 6.5 For a canonical HZ,

Proof. A canonical H? is left-right reflexive. For a grid point v = (z,¥), its mirror

point v = (z,2* + 1 — %), and the mirror pair (v,v’) satisfies that:
hu(v, O1(HE)) + ha(v', 01 (HE)) = hy(v, Bo(HE)) + Ry (o', Bo(HR)) = 2% — 1.

The right reflection of Gk(a:, 1,z+27—1,y), where y € [29] and ¢ < k, is Gy(z, 28 +1—
y,z+29—1,2%) and the reflection of the lowest indexed point in Gy(z, 1, z+27—1,y)
is the highest indexed in Gy (z, 28+1—vy, z+29—1, 2%); that is, 8, (Gy(z, 1, z+27—1,y))
and 0y(Gi(z, 2% + 1 — y, z + 2¢ — 1,2%)) are mirror pair. Thus,

wk 9¢ T Qk 24



2k 92941211
ST 3 mO(Grlz, 1,3+ 29~ 1,)), ,(HD))
z=1 y=1

2k-—2u41 2k
+ > D mlba(Grlzy,x+ 27— 1,2%)), 0u(HY))
z=1 y=2k—-2942
2k 2941291
Z Z h(el(Gk(‘r7 Lz+ 27 — L, y))7 81(H13))
e=1 y=1
2k—2141 1
+ > m(2(Gr(z, 2F + 1 — v,z + 27— 1,2%)),01(H}))
z=1 y=21—1
(change of summation index: v = 28 + 1 —y)
2k 2941291
> > h(6:(Grlz, 1,3+ 27 = 1,y)), 01(HR))
e=1 y=1
2k 2941291
+ D) h(6a(Grl(w, 2+ 1 — g,z + 27— 1,2%)), 01 (H))
z=1 y=1
(change of summation index: y = 7)
22941291

S S (O(Gul 1,5+ 21— 1)), 84 (HE))
=1 y=1

+ Ry (02(Gr(z, 25 + 1 — y, o+ 27 — 1,2F)), 6,(HY)))
ok 99419291 '

Z Z (2%* —1)  (mirror pair)
=1 y=1

2k 29412491

@2*-1 > >°1
=1 y=1

(2% — 1IN
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The proofs for wi s, + Qe W} 90+ 50, and wly, + QP 5, are similar to this one. I

6.2.3 Query Subgrids Overlapping with All Quadrants

For a 27 x 27 query subgrid G C R, we have: (1) 62(G) € Q4(H?) and (2) 6,(G) €
Q:1(H?) by Remark 6.2.

For (1), when zooming in on the incomplete rectangular subgrid G N Qq(HZ)

(with both side-lengths at most 2¢ — 1), we reduce Y .yqcr Pe(02(G), 01(HR)) to



169

Q2 | o after (+35)-rotating and left-right reflecting Q4(HZ) into a canonical H_,
(with adjustment of distance cumulation).
For (2), similar consideration leads to a reduction of 3, nscr he(61(G), 01 (HE)) to
k k
Wy 190, Where wz?m denotes Zi:2k—2q+2 Z§=2k~2q+2 P (6:1(Gr(z,y, 25, 2%)), 01 (HR))
for a canonical Hy and is related to 3%, as follows.
Lemma 6.6 For a canonical HY, Wity + Nlae = (27 — DNy,

Proof. Similar to the proof of Lemma 6.5,

wli?m + 92?2‘1
ok 2k
= Z Z hk(el(Gk(x7y72k72k))781(H12))
=2k 2942 y=2k_294-2
2k 291
+ Z Zhk(02(Gk(x71a2kay))781(H13))
z=2~k-2942 y=1
2k 1
= Z Z hk(el(Gk(xa 2k+ 1_77 2k’2k))781(H13))
=2k 2942 v=29-1
(change of summation index: y = 25 4+ 1 — )
2k 291
+ Y D h(B:(Grlz, 1,25, y)), 01 (HY))
z=2F—2942 y=1
2k 29-1
= > > h(61(Gilz, 28 + 1 - y,2%,2%)),01(H}))
z=2k—-2942 y=1
(change of summation index: y = =)
2k 291
+ Z th(QQ(Gk(xa172kay))’81(H13))
z=2k—2942 y=1
2k 29—1
= Y D (m(6u(Gilx, 2" + 1 -y, 25,2Y)), 81(HY))
z=2F 2942 y=1
+ hk (02(Gk($7 1> 2k7 y))’ a1 (ng)))
2k 291
= Z 2(22’c —1)  (mirror pair)
z=2k 2042 y=1
2k 29-1

= @2*-1 Y >

z=2k—-2942 y=1



= (2%,_1) k?,Qq-
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Thus, the summation of all inter-cluster distances over all 27 x 29 query subgrids

contained in R is

(QZZ—L% +3- 22k_2N1§~1,2q) - wlccg—l,zq - (22q - 1) 1?—1,24!-

6.2.4 The Big Picture: Computing ¥, (H?)

The results in the previous three subsections yield e (HZ).

following theorem for ¥, (H?).

Hence, we have the

Theorem 6.1 For a canonical H?, the recurrence for summation of all inter-cluster

distances over all 27 x 27 query subgrids of an H32-structural grid space [2F)2

( 4‘I’q(H£—1) + (QkB—l,Qq + 2%_2/\[15—1,2«1)
— Wk—1,29 (22q_ 1)Nk 1,24
(Qﬁ 100 T2- 222N 12«1)

k—100 T 3° 2%k~ QNISG 1,29)

Wk 12«1) (22q_1)N 1,24
+ (2 5 +3 - 222N 5,)

—(
iy
+(Q§€ Loo + 37 252N )
—(
(
— (w2 12q) (2 q_l)Nk—-l,Qq

L 0
The exact formula for ¥, (H2) is

17 17 20885 139
U, (H} R B Ao e ek
o Hi) = 14 14 8151 + 48
_92%k=1 _ 1 . 92%k—a-2 4 31 ) 22k—2q((§jﬂ
3 1254 2

q
)1+ 2 ) 21736
_2k+q_l.2k~q.3q+3.2k—2_M

2090
- 2579((

wk 12q+22k 2N1€g12q) (22 — 1NV 1,20

Wk 100+ 2 2% 2N1§ 12q) (2% - 1)N1§—1,2q

3_
)+ (——
21-4/5 -5 29767
+—\/—.22k—2‘I((¥_g 74 3 \/— .

. 13 N 2k+2q—4

39 2090

_3_1.2k—q Mq+ 3-Vh, _ﬁ.g&z_

418 (( 2 )1+ 2 ) 35112

3+v5.,
2

— .92%k~2¢ 3¢

. 23q—2 + 3 N 22q—1



21-v5 3+v5, 3-v5. 31 3+v5,  3-vB 1 .
+ o () = )N+ g () (o)) — 5 20

6.2.5 Total Number of Inter-cluster Gaps

In order to compute the (universe) mean inter-cluster distance over all inter-cluster
gaps from all identically shaped subgrids, we need to derive the total number of
inter-cluster gaps, denoted by ®y ,(H?) for a canonical HZ.

For a grid space indexed by a space-filling curve, since the clusters interleave with

the inter-cluster gaps of every query subgrid, we have:

total number of inter-cluster gaps

= total number of clusters — total number of query subgrids.
As discussed in Chapter V,
total number of clusters = total number of edges cut by all query subgrids/2,

and the exact formula that we have derived for the total number of edges that cut

all 29 x 29 query subgrids is:

Ek,q(le) — 22k+q+1 _ 2k+2q+2 + 2k+q+1 + 2k—-q+1 + 23q+1 = 22q+1.

Hence, the total number of inter-cluster gaps:

Ey (H?
v = Dl e gy

22k+q . 22k __ 2k+2q+1 +3. 2k+q . 2k+1 + Zk—q
+23q _ 22q+1 + 2q+1 —1.

6.3 Analytical Study of Inter-Clustering Performances for z-Order Curve

Similar to the approach in the previous section for Hilber curve HZ, we now adopt the
same approach for z-order curve Z7. Following the approach in Section 6.2, we apply
same notations to computations in Z7. For a 2-dimensional z-order curve of order-k

Z}, let Wy ,(Z7) denote the summation of all inter-cluster distances over all 29 x 24
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________ SN
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1
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I
3
!
1

D1 (2
R R 22

Figure 6.8: The boundary regions of neighboring quadrants are organized into nine
disjoint regions: RS Rg? for (4,7) € {1,4} x {2,3}, and R.

430

query subgrids of an Z2-structural grid space [2¥]2. The recursive decomposition of

Z? (see Figure 2.3) gives that:
Uig(Z8) = 4%kg(Z0_1) + ena(Z5),

where e ,(Z2) denotes the summation of all inter-cluster distances over all 29 x 29
query subgrids, each of which overlaps with more than one quadrant (that is, two
or four). These query subgrids are contained in the boundary regions of neighboring
quadrants, which can be organized into nine disjoint regions: ’Rg’lj), Rg) for (i,7) €

{1., 4} x {2,3}, and R, as shown in Figure 6.8.
For a 27 x 29 query subgrid GG, G overlaps with:

1. Exactly Q:(Z%) and Q;(Z}) if and only if G C RE}]? U REQJ) for every (i,j) €
{1,4} x {2,3}. In this case, 6,(G) € REZ) for n € {1,2} by Remark 6.2.

2. Q:(Z3) for alli € {1,2, 3,4} if and only if G C R. In this case, 6;(G) € Q1(Z})
(upper-right corner) and 65(G) € Q4(Z2) (lower-left corner) by Remark 6.2.

We divide the computation of e 4(Z7) into three parts:

1. Y hn(02(G), 01(Z2)) over all 29 x 27 query subgrids G C Rz(lj) URE? for (i,7) €
{1,4} x {2, 3},
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2. 3" h(61(G), 01(Z2)) over all 27 x 27 query subgrids G C ’Rz(lj) UR® for (4,7) €
{1,4} x {2, 3}, and

i’j

3. the summation of all inter-cluster distances over all 27 x 27 query subgrids

contained in R.

As in the previous section, we develop combinatorial lemmas in the following three

subsections to support the computations.

6.3.1 S he(02(G), 8:(Z%)) over Subgrids G Overlapping with Two Quadrants

We set up the system for Qg0 = (Qf 50, Qfaq, g0, (U 0) in & general context of a

canonical Z?:

L
20

2k 2941291
> ) m(0a(Gilz, 1,2+ 27 = 1,9)),81(Z7))
z=1 y=1

— for left boundary (see Figure 6.9(a)),

2k 2941 2k
> B (02(Gr(z,y, = + 29 — 1,28)),8,(Z2))
z=1 y=2~k_2042

— for right boundary,

29—12F—2941
Z Z hk(92(Gk(1ayax7y+2q_ 1))781(213))
z=1 y=1

— for bottom boundary,
2k ka4
> Y mba(Giley 2,y + 20— 1)),61(2D)
z=2k—2942 y=1
—- for top boundary, and
2k 2941291

— for the number of incomplete rectangular subgrids in a boundary.

We will establish a system of recurrences (in k) for € 2. (see Lemma 6.10 below).

The system of recurrence involves another system of summations as prerequisites

Q20 = (00, o0, 00, (%4 ), as demonstrated in the example in the computation

for Hilbert curve.
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“———=___, OL
'Qk—l,zq
r—-———=-=----- »
H
QL.
k,2a
’]I
INN I :
EEtEa B G R —‘\—~————>Qk—1,2q
|
t
1 T
1
Lo e - - - »
_____ e OL
: = 0100

Figure 6.9: (a) f 5, for a canonical Z7; (b) its recursive decomposition.

Co C4

Cql L C3

Figure 6.10: The four (29 — 1) x (27 — 1) corners of a canonical Z2.
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The system for Q5 ,, = (Q ch 074,,) in a general context of a canonical
Y k,29 k,29 k2qa k29> 3°k,2

Z? (see Figure 6.10) are:

o0

e

%
C4

k,24

C
k29

2¢—129-1
Z Z Fir (02(Gr(1,1, z,y)), 61(Z2)) — for lower-left corner,
z=] y=1
2k 29—1
Z Z Fir (02(Gr(z, 1,25, ), 81(Z7)) — for upper-left corner,
z=0k— 24+2 y=1
241
Z Z R (02(Gr(1,y, z,2%)), 8,(Z2)) — for lower-right corner, and
z=1 y=0k_2942
2k 2k
Z Z Fie(02(Gr (s, y, 2%, 2%)), 01 (Z})) — for upper-right corner,
=2k 2942 y=2k 2942
29-124-1
Z Z 1 — for the number of incomplete rectangular subgrids in a corner.
z=1 y=1

Unlike the structure of Hilbert curve, there are no reflection and rotation required

for subcurves in z-order to be a canonical z-order curve. The 65(G) is always in

the upper-right corner of G; 6;(G) is always in the lower-left corner of G. When

G overlaps more than one quadrants, f5(G) can only be in left side, bottom side or

lower-left corner of the right, upper or upper-right quadrant, respectively; 6;(G) can

- only be in right side, top side or upper-right corner of the left, bottom or upper-right

quadrant, respectively. Thus, for §)f ,,, we focus on €, only; for €2, 2., we focus on

Qk 29> Qk 29
The prerequisite system of summations Q (QZTQQ)
29 929
ﬁ;kq = ZZ i (02(Gq(1,1,2,9)), 81(Z5)) — for lower-left corner,
z=1 y=1
29  9q
_—;72,; = Z Z 1 — for the number of rectangular subgrids in a 27 x 27 corner.

=1 y=1

. . .. ray!
In a general context of a canonical Zg“, the recursive decompositions of 2, 5, need

. L= —B —L
a prerequisite system of summations 1I, = (II, IT, )

Z Fg(02(G,(1,1,2,29)),8:(Z2)) — bottom to top incrementally, and
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©
. . . . ~C1 - .
Figure 6.11: Four overlapping scenarios when decomposing €2, 5, in a canonical Zg:

(a) contained in @Q1(Z2); (b) and (d) overlapping with exactly two quadrants; (c)
overlapping with all quadrants.

(@) ®) © )

Figure 6.12: (a),(b) scenarios for ﬁqB; (c),(d) scenarios for ﬁé’.

24
ﬁ;’ = Z ha(02(Ge(1,1,29,)), 81(Z7)) — left to right incrementally.
y=1

As in the derivation for Hilbert curve, we develop and solve a system of recurrences
for ﬁq and reverse the sequence of reductions to obtain the closed-form solutions for
{2k 24, which are summarized in the following four lemmas.

Lemma 6.7 For a canonical Z,

—B _ .
e { oI, +5(2971)% ifg>1

? 5 ifg=1
b [ AL 42 ifg>1
? 4 ifg=1
Proof.  The scenarios for II, are shown in Figure 6.12: (a) and (b) for ﬁf:

Gy(1,1,2,29) (a) overlaps with Q1(Z]) and Q3(Z7), and (b) overlaps with Q(Z2)
and Q4(Z2); (c) and (d) for ﬁf: Gy(,1,29,29) (c) overlaps with Q1(Z7) and Q2(Z72),
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and (d) overlaps with Q3(Z7) and Q4(Z7).

Zh (02(Gy(1, 1, 2,29)),8,(Z2))

291

= Zh 02(G4(1,1,z,27)), 81(Zq2)) (overlapping with Ql(ZqQ),Qg(ZqQ) only)

+ Z «(1,1,2,29),8:(Z2))  (overlapping with four quadrants)
z=29"1+41
29~1

- th (02(G4(1,2971 + 1,2,29)),0:1(Z2))  (Remark 6.2)

+ Z (2971 41,2971 4 1,2,29)),01(Z2))  (Remark 6.2)
r=29-141
= Z(hq(QQ(Gq(1724_1+17$7 29)), 01(Qs(Z7))) + 1g(01(Q5(Z7), 01(Z3)))
+ Z L2771 1,297 4+ 1,7, 29)), 81(Qa(Z2)))
z=29"141

+ he(01(Qu(Z,), 01(2,)))

29-1

= Z(hQ—1(02(Gq——1(17 1z, 2‘1“1))7 81(Z§_1)) + 2(2!1—1)2)

=1
29—1

+ Z(h4—1(02(Gq—1(1, 1,z, 2‘1_1)), 81(Z§_1)) + 3(2q—1)2)

=1
(Qg(Z,f),Q4(Z§): canonical ZqQ_l)
= T, 4200202 ) 4TI, 4297 3(207)?
—B =
= 2II_, +5(2¢71)%

The proof of ﬁj is similar to that of ﬁf. 1

The closed-form solutions for ﬁq are employed to establish a system of recurrences
for Qq 9q-

Lemma 6.8 For a canonical Z7,

[ 4§21—1,2q—1 +6(207 1) ifg>1,
92 6 ifqg=1.
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Proof. As in Figure 6.11 and the case discussion for (25, we can split _Q;?Qq into

four parts by similar way:

24

29
Qe = D> h(02(Gy(1,1,2,9)), 01(Z2))

r=1 y=1
29-1 29—1

= ZZh 02(Ge(1,1,2,y),81(Z7))  (Figure 6.11(a))

r=1 y=1

29 291

+ Z Zh (62(Go(1,1,z,9),6:(Z2))  (Figure 6.11(b))
r=29-141 y=1
9a-1

+Z Z Gy(1,1,2,y),01(22))  (Figure 6.11(d))

=1 y—2q~1+1

+ Z Z Go(1,1,2,9),61(22))  (Figure 6.11(c))
r=29- 141 y=24-141
99—1 99-1

= D ) (hy(02(Gy(1, 1,2, 1)), B (Q1(Z2))) + hy(01(Qu(Z2)), 1(22)))

=1 y=1
29 29-1

+ Y D (m(0x(Ga(1,1,2,9)), 0:(Qa(Z))) + ha(81(Qa(2D), B1(27)))
z_2q—1+1 y=1

+Z Z Go(1,1,2,9)), 01(Qs(Z2))) + he(8:1(Q3(Z2)), :(22)))

=1 y_2q—1+1

+ Z Z (1, 1,z,9)), 81(@4(Z3)))+h (01(Qa(Z )) 81(22)))
z=29"141y=29-141

29—1 99—1

= 3 > (a1 (Ba(Gor (1, 1,2,9)), B(Z21)) + 0+ (2071)2)

r=1 y=1
29—1 9g9-1

+ 30 S (g1 (02(Gy 1 (1,1,2,)), B1(Z20)) + 1+ (207
z=1 y=1
29—1 29-1

3 S s (Ba(Cos (1, 1,2, ), 1(22.)) + 2 (297)2)
29—1 9g—1

+ 30 (Bg-1(02(Gy-r (1, 1, 2,9)), 81(Z2_)) + 3 - (2271)?)

=1 y=1

= ﬁ;]_._l’Qq—l + Qq_l’qul + (2q 1)



O et + 20T+ O g0 + 3(2770)

pomnd 46211’211—1 + 6(2!1—1)4.
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The closed-form solutions for Q—;)Qq and T, are employed to obtain exact formulas

[
for 2 5.

Lemma 6.9 For a canonical Z} structured as an Z,f_q—curve interconnecting 22%~9

Z2-subcurves,

Proof.

c1 _ Ba =B
Qk,2‘1 - Qq,2‘1_Hq

By following the definition, we have

QF,, = 221 T (02(Gi(1, 1, 2,9)), 01(Z5))
_ ézmwx(;ku,1,x,y>>,al<z,3>>
_ é\: zi\jnk(ez(aku, La,y)),:(Z2)
_ (géhk(eg(@(l,173779))731(213))
_ :\; ink(@(ck(l, 1,2,9)), 01(Z;)))
§_<£\; j\;znk(ez(aku,1,x,y>>,al<zz>>
-3 S RB(G,12.0). )
I
_j\;:nk<ez<ak<1,1,x, 2)), 6,(2)

=5 m(02(Gr(1,1,2,)), 8:(ZD))

y=1

— I, + (27 - 1).
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+hk(92(Gk(17 17 2q7 2q))7 a1 (Zg))) (QQ(G(L 17 2q7 2q)) = 82(23))

The exact formulas for €} ,, are employed to establish a system of recurrences
for U 4.
Lemma 6.10  For a canonical Z? structured as an Z,f_q—curve wnterconnecting

22=9) Z2_subcurves,

Y120 + (L0 + (22 - 1)%(2571)%)

Vg = (0 + (2T =29+ DRI -1 if k>,
| I, - (2% -1) i k=g;
O 190+ (UL 00 +2(27 - 1)2(251)?)
Q£2q = _B+ (QkB——l,2q +2(28 1 =204+ 1)(27 - 1)(2Y)?) if k>,
M, —(2%-1) if k=q.
Proof. Similar to the proof of Lemma 6.9, from the definition, we have (see
Figure 6.9)
2k_204121—1
O o0 = Z Z hik(62(Gr(z, 1,2 + 27 = 1,9)), 01(2}))
g=1 y=1

2k-1_94941 991
= Y S m0u(Gilz, 1,5 +27 - 1,9)),(Z8)  (in Qu(ZD))
z=1 y=1
k-1 201
+ Y S Rl6a(Grl, 1,3+ 27 — 1)), 81(2D)
g=2k=1_92942 y=1
(across Ql(ZIg)v Q2(Zg))
2k_2941 291
+ > Y A(0a(Grl(z, L+ 27— 1,9)),01(Z))  (in Qa(2)))
x=2k-141 y=1
2k—1_29412¢_1
- Z Z(hk(eg(Gk(iE,1,$+2q_ 17y))781(Q1(Z£)))
z=1 y=1
+ he(O1(Q1(22)), 61(27)))
2k—1 29-1

+ > D m(6(Gh@T L Lz + 27— 1,y)),01(Z0))

z=2k—1_9942 y=1
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(Remark 6.2)
2k_9941 29-1

SN (l62(Grlz, 1,7+ 20— 1,9)), 51(Qx(Z))

r=2k-141 y=1

+ ly(01(Q2(Z)), 01(Z5)))

2k—1_9294129-1

- Z Z (hg—1(02(Gr-1(z, 1,2+ 27— 1,y)), 81(22_1)) +0- (2k—1)2)

=1 y=1
2k—14929_129—1

+ Z Z i (02(Gr (251 4+ 1,1,2,9)),01(Z2))  (change index of )
r=2k-141 y=1
ok—=1_994199-1

+ Y S maBa(Gra e Lo+ 2 - 1,y)), 0i(ZE0)) + 1+ (27)?)

=1 y=1
_ L
= (U 12 +0
2k—1499._129-1

Y S (0a(Gr(@ T+ 1,1,3,y)), B1(Qa(2D)))

z=2k—141 y=1

+ 1 (81(Qa(27)), 01(22)))
H U + 1 (257220 - )25~ 27+ 1)

= OF e+ (OF 0 + (221327 = 1)(25 — 27 4 1))
2919291

+ Z Z(hk—l(92(Gk—1(1, 1,z,y)), 31(Z,3_1)) +1- (2k~1)2)

z=1 y=1
= Q]E—l,m + (L 00 + (27— 1)%(2*1)?)

F(Q g 00 + (25220 — 125 =27+ 1)),

For Qf_mq, the proof is similar to this one. 1

6.3.2 Computing > 7 (61(G), 81(Z32)) over Subgrids G Overlapping with Two Quad-
rants

We may proceed as in Section 6.3.1, based upon the following system of summations

Wg,29 = (wlizqa w]?)zqa wlf:Qqa WZQq):

2k 24419291

Whge = Z Z B(61(Gr(z, 1,2 + 27 — 1,7)), 01(Z7))—for left boundary,

=1 y=1
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2k 92941 ok

Wi = Y R(01(Gr(z,y, x + 29 — 1,2%)), 81(Z2))—for right boundary,
rz=1 y=2k_2¢42
29—12k_2441
w,]f,Qq = Z Z R(61(Gr(1,y, 2,y + 29 — 1)), 8,(Z%))—for bottom boundary,
e=1 y=1
2k ’ 2k—29+1
w{m = Z Z A6, (Gr(z,y, 28,y + 29 — 1)), 8,(Z2))—for top boundary.

r=2k—2942 y=1
Or, we apply the following lemma to relate the two systems wyos and 2 0q0. As
mentioned before, the system need only the computations for ;(G) in right side or
top side in a quadrant. We consider wf,?q, w{m in the following lemma.

Lemma 6.11  For a canonical Z7,

wl?,?x + Qf,Qq = (2% - 1)ng2q,

Whoa + Woe = (2% = DNPou

Proof. A canonical Z? is a reflexive. (After top-down and then left-right reflect
Z2, we get the one of same structure.) For a grid point v = (=, y), its mirror point

v = (2 + 1 —1,2F + 1 — ), and the mirror pair (v,v’) satisfies that:
(v, 00(Z3)) + Bp (v, 01(Z2)) = hw(v, 82(Z2)) + hi(v), 5o (Z3)) = 2% — 1.

Top-down and then left-right reflect Gi(z, 1,z + 27 —1,y), where y € [29] and ¢ < k,
we get G,(28 — 29 +2 — 2,28 +1 -y, 28 + 1 — x,2%), and the reflection of the lowest
indexed point in Gi(z,1,z + 29 — 1,y) is the highest indexed in Gy(2*¥ — 29 4+ 2 —
7,28 + 1 —y,2% + 1 — z,2%); that is, 0, (Gr(x, 1,7 + 27 — 1,y)) and (G (2F — 27 +
2—1z,28 +1~1y,2%+ 1~ z,2%)) are mirror pair. Thus,

2k 2911291

= Y S HO:(Grlz 1,z +27 — 1,9)),(Z2)

r=1 y=1
2k 2941 ok

+ 3 Y mOa(Gila,y o+ 20— 1,24),8(22))

rz=1 y=2k_929492
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2k 2941291
— Z Zh(gl(Gk($,1,$+2q— 17y))781(Z13)>
z=1 y=1

1 1
+ Z Z hk(92(Gk(2k_2q+2_772k+1—/y,?2k+1_7’2k))’81(ZZ))
y=2k 2941 y'=29-1
(change of summation index: y = ok 2942 g,y =2F41— Y)
2k_2941 291
= Y ) hb:i(Grlz, 1,z +27 - 1,9)),H(2D))
z=1 y=1
2k 9941991
+ Y Y m(0a(Ge(@ -2+ 23,28 +1 -y, 28 + 1 - 2,2)),81(2))
r=1 y=1
(change of summation index: z = v,y = %)

2k_2494129-1
= > > (Wb:i(Grlz, 1,7+ 20— 1,9)),0:(Z7))
=1 y=1
+ hk(QQ(Gk(zk —-214+2 -~ z, 2k +1-— Y, 2k +1- z, 2k))7 al(le)))
9k 2941291

= Z 2(22’“ —1)  (mirror pair)

= (2% — DV,

The proof for w,€2q + Qg 9 1s similar to this one. ]

6.3.3 Query Subgrids Overlapping with All Quadrants

For a 27 x 27 query subgrid G C R, we have: (1) 0:(G) € Q4(Z3) and (2) 6,(G) €
Q1(Z%) by Remark 6.2.

For (1), when zooming in on the incomplete rectangular subgrid GNQy(Z2) (with
both side-lengths at most 27 — 1), we reduce Y anacr fik(02(G), 91(ZF)) to QL 4
(with adjustment of distance cumulation).

For (2), similar consideration leads to a reduction of > nacr fin(61(G), 01(Z3))
£0 Wil 1 o4, Where Wh'oe denotes Zii2k—2q+2 Z§i2k—2q+2 i (01(Gi(z,y,25,2%)), 8,(Z))
for a canonical Z¢ and is related to {2}, as follows.

Lemma 6.12 For a canonical Z}, wity, + Qi = (2% — 1N .
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Proof. Similar to the proof of Lemma 6.11,

w;?24+921,24
2k 2k
= YD m(6u(Gi(z,y,2529),81(2D))
z=2F—2942 y=2F-2942
291291

+ Z Z hk(HQ(Gk‘(17 17 Z, y))? 81(Z£))

z=1 y=1
1 1

= Y Y mBi(GrE 1 - 7,2+ 11—, 25,29)),8,(2D))

y=29-1~'=29-1

((change of summation index: y =28 +1 -2,/ =25 +1—y)
291291

+ 55 ml6e(Gh(1, 1, 2,9)), 6:(ZD)

z=1 y=1
29-129-1

= 35 m(Bi(Gr(2F +1 - 3,28 +1 -y, 2%,25)),01(22))

z=1 y=1

(change of summation index: x = v,y =v)
291291

+ 3 m(62(Ge(1,1,7,9)), 8:(2D))

=1 y=1
29-129-1

= 3 S (lO1(Gr(2F + 1 - 7, 2"+ 1 -y, 25,24),84(2D))

=1 y=1

+ hk(QQ(Gk(lv 17 z, y))v 81(213)))

29-129-1

= Z 22(22’C —1)  (mirror pair)

z=1 y=1

= (2% - DNy

6.3.4 The Big Picture: Computing ¥,(Z%)

The results in the previous three subsections yield e ,(Z?). Hence, we have the
following theorem for W, (Z2):

Theorem 6.2 For a canonical Z%, the recurrence for summation of all inter-cluster
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distances over all 29 x 27 query subgrids of an Z}-structural grid space [2F]?

( 4\I'q(le—1) + (95—1,24 + 22k_2N1cS—1,24)
- wk 1,20 (22q - 1)Nk 1,29
+(Qh 0 +3- 252N )
(Wk 12q+22k ZNICS 12q) (22q—1)N —~1,24
+ (€ k12‘1+3 2%k ZNksmq) ,
\I’(Z2):< (wk 120 T2- 2%k~ 2N1§12q) (2q“‘1)N —1,29
"k +( 120t 2 2%k ZNkSm)
(Wk 12q) (22q—1)N —1,24
(g g0 +3- 272N m)
— (Wt 124) (2% - DN 1,29 if k> q,

L 0 if k =q.
The exact formula for ¥ (Z?) is

\Ijq(Zg) — 23k+q . 23k . 22k-!—2q+1 + 22k+q+l + 2k+3q . 2k+q+1 + 2k:

—93¢ + 229+l _ 99
6.3.0 Total Number of Inter-cluster Gaps

In order to compute the (universe) mean inter-cluster distance over all inter-cluster
gaps from all identically shaped subgrids, we need to derive the total number of
inter-cluster gaps, denoted by ®y ,(Z%) for a canonical Z7.

In Chapter V, we have derived the exact formula for Ej ,(Z2), which denotes the

total number of edges cut all 27 x 27 query subgrids, and the closed-form solution for
Ero(Z) is
E (le) — 22k+q+2 - 22k+2 + 3 . 22k—q _ 22k—2q - 2k+2q+3 + 3 . 2k+q+2 __ 2k—|—3

_|_2k—tI+2 + 93a+2 _ 92q+3 + 29+2

Hence, the total number of inter-cluster gaps:

Ep (72
Big(z) = DeatZE) gy

— 22k+q+1 _ 3 R 22k + 3 . 22k—q—-1 . 22k—2q—1 _ 2k+2q+2 + 2k+q—|—3

3. 2K gkatl 4 ode+l 5. 920 4 922
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6.4 Comparisons and Validation

For a space-filling curve C? indexing the grid space [25]%, denote by Ay ,(C%) the
universe mean inter-cluster distance over all inter-cluster gaps from all 29 x 29 subgrids
of the C2-structural grid space, and by Ay ,(CZ2) the mean total inter-cluster distance
over all 29 x 27 subgrids of the C2-structural grid space.

The exact formulas for W,(HE), ®x (HE), V,(Z7), and Py 4(Z2) give the exact
formulas for Ay (HZ), Apq(Z3), Kk,q(H,f), and Ek,q(Z,f). We simplify the exact
results asymptotically as follows. For sufficiently large & and g with k& > ¢ (typical

scenario for range queries),

9k if G2 is HE, ~ 1126 if Cfis HY,
Dyg(CF) =~ Drg(CF) =

1.28 if Ctis ZF 2k+a if C?is Z%;
Do) 17 o 943 BeqlHD) o 1T o 101,

Ak, o(ZD) 7 Ag o (Z3) 14

With respect to the Ay o-statistics, the z-order curve family clearly performs
better than the Hilbert curve family over the considered ranges for k and ¢q. With
respect to the Kk,q—statistics, the superiority of z-order curve family persists but
declines significantly.

We have validated all the exact formulas (intermediate and final) involved in the
derivations in the analytical study with computer programs over various grid- and

subgrid-orders: k € {3,4,...,10} and ¢ € {2,3, ..., k}.
6.5 Summary

Our analytical study of the inter-clustering performances of 2-dimensional order-k
Hilbert and z-order curve families are based upon the two inter-clustering statistics
Ay 4 and Kk‘,q — universe mean inter-cluster distance over all inter-cluster gaps
and mean total inter-cluster distance over all subgrids of size 27 x 29, respectively.
The exact results allow us to compare their relative performances with respect to

these two measures. For sufficiently large k& and ¢ with £ > ¢, z-order curve family
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performs significantly (marginally) better than Hilbert curve family with respect
to Ay -statistics (ﬁk,q—statistics, respectively). We also validate the results with

computer programs over various grid- and subgrid-orders.



CHAPTER VII

CONCLUSION

Evaluating either locality preservation or clustering performance is considered as a
criterion as far as the applicabilities of space-filling curves are concerned. In this
research, we focus on the relevant work for these two categories of measures. The
objectives of this research are to (1) investigate the locality preservation and cluster-
ing performances for space-filling curves, especially the most popular ones, z-order
and Hilbert space-filling curve families, (2) derive the closed-form formulas for dif-
ferent measures to quantify the qualities of space-filling curves, and (3) compare the
z-order curve family with the Hilbert curve family by the derived formulas.

For the research related to locality preservation, we propose a new locality mea-
sure Ls that quantifies the 1oca1ity preservation of space-filling curves by considering
the mean absolute index-difference for two grid points at a common Manhattan dis-
tance in multi-dimensional space (quantifying the applicabilities of the space-filling
curves is the initial step in the whole work for evaluating their performances). Then
comparisons have been made between Hilbert aﬁd z-order curve families. Basically,
we have derived the exact formulas for Ls(H}*) and Ls(Z}*) for m=2 and arbitrary
d that is an integral power of 2, and m=3 and ¢ = 1. The results obtained from the
exact formulas allow us to gauge the two curve families relative to the optimal curves
with respect to Ls, and indicate that the z-order curve family performs better than
the Hilbert curve family over the considered ranges of dimension, grid-order, and
l-normed distance. Besides, we have verified all the exact formulas (intermediate
and final) involved in the derivations with computer programs for m = 2,3 and over
various grid-orders and all possible 1-normed distances.

In addition to proposing a new locality measures, we have closed the bounds of

188



189

the well-known p-normed metric measure for the 2-dimensional Hilbert curve family.
For p-normed metric measure, the analytical study of the locality properties is con-
structed on the locality measure L, which is the maximum ratio of d, (v,u)™ to
dp(0, @) over all corresponding point-pairs (v, u) and (9, %) in the m-dimensional grid
space and index space, respectively. Regarding this locality measure of the Hilbert
curve family, our work merges the current best lower and upper bounds to exact
formulas for p € {1,2}, and also extend our work to all real p > 2. Moreover, we
identify all the representative pairs (which realize LN (5, 2)) for p =1 and all real
p > 2 and also validate the results with computer programs over various p-values.

In the part of research related to clustering performance, there are two kinds of
measures that have been developed. One is built on the mean number of clusters
within a subgrid; the other one is built on the mean inter-cluster distance within a
subgrid. We have derived the exact formulas for the mean numbers of clusters and
the mean inter-cluster distances within subspaces for a 2-dimensional space.

Our first analytical study of the clustering performances of 2-dimensional order-
k Hilbert and z-order curve families are based upon clustering statistics — a mean
number of clusters over all subgrids of size 27 x 29, respectively. The quantified results
allow us to compare the relative performances of these two families. For sufficiently
large k and g with & > ¢, the Hilbert curve family performs significantly better
than the z-order curve family with respect to the mean numbers of clusters within
subspaces.

The other analytical study of the clustering performances are based upon the
two inter-clustering statistics — universe mean inter-cluster distance over all inter-
cluster gaps and mean total inter-cluster distance over all subgrids of size 27 x 29.
Similarly, the results quantified by our formulas allow us to compare their relative
performances as well: for sufficiently large k and ¢ with k& > ¢, the z-order curve
family performs significantly (marginally) better than the Hilbert curve family in
this respect. We also validate the results with computer programs over various grid-

and subgrid-orders.
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In summary, we study both locality preservation and clustering performances by
proposing various measures and also providing their derivations of exact formulas
for the Hilbert and z-order curve families. Having closed-form formulas allows us
to compare the relative performances of locality or clustering between these two
space-filling curve families. A practical implication of our results is that the exact
formulas provide good bounds on measuring the loss in data locality in the index
space, while spatial correlation exists in the 2-dimensional grid space. For higher
dimensionality, it becomes much more difficult due to the loss of geometric intuition.
Nevertheless, Alber and Niedermeier [AN0O] provide a mathematical mechanism to
describe and analyze the combinatorial properties of continuous curves such as the
Hilbert curves and non-continuous ones such as z-order curves in arbitrary dimen-
sions. Their structure-theoretic viewpoint may shed some light on our future study

with arbitrary dimensions.
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APPENDIX A
MAPLE SOURCE CODES

A.1 Number of Edge Cuts over All 27 x 27 Subspaces in H?

# of Edge Cuts For 2-dimensional Hilbert Curves.

Space is 27k * 2"k , the rectangular query is 27q * 27°q

where 1<=q<=k

E(k,q) denotes the number of edge cuts by 2°q * 27q rectangular
query in a 27k * 27k space.

If first character of a variable is r for a variable, it is a
statement for recurrent equation

If the first two characters are r for a variable, it is the
intermediate variable for the notations that we want to solve.
The intermediate results will appear if replacing ":" with ";".

Lemma 5.1: For an Hilbert curve of order q, Pi {h,v}:
rrv:=’rrv’: rrh:=’rrh’: ## reset variables
rv:=rrv(q)=2*rrv(q-1)+2*rrh(q-1)+2:

rvbase:=rrv(1)=2:

rh:=rrh(q)=2+rrv(q-1)+2*rrh(q-1)+1:

rhbase:=rrh(1)=1:
rsolve({rv,rvbase,rh,rhbase},{rrv(q),rrh(q) }):

assign(%); v:=unapply(rrv(q),q): h:=unapply(rrh(q),q):

Lemma 5.2: For an Hilbert curve of order q, Omega bar {cl,c2}:
rrbar_cl:=’rrbar_cl’: rrbar_c2:=’rrbar_c2’: ## reset the variables
rbar_cl:=rrbar_cl(q)=3*rrbar_cl(q-1)+rrbar_c2(q-1)

+3%27 (q-1) *v(q-1)+2" (q-1) *h (q-1) +3*2" (gq-1)+1:
rbar_clbase:=rrbar_c1(1)=4:
rbar_c2:=rrbar_c2(q)=rrbar_c1(q-1)+3*rrbar_c2(q-1)+2"(q-1)*v(g-1)
+3%27 (q-1)*h(q-1)+3%27 (q-1) +2:

rbar_c2base:=rrbar_c2(1)=5:
rsolve({rbar_cl,rbar_clbase,rbar_c2,rbar_c2base},{rrbar_ci(q),
rrbar_c2(q)}):

assign(%): bar_cl:=unapply(rrbar_c1(q),q):
bar_c2:=unapply(rrbar_c2(q),q):

Lemma 5.3: For an Hilbert curve of order k, Omega {cl,c2}:
cl:=(k,q)->bar_c1(q)-h(q)-v(q):
c2:=(k,q)->bar_c2(q)-h(q)-v(qg):
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Lemma 5.4: For an Hilbert curve of order k, Omega {L,B,T}:
Let z=k-q (because maple only takes one variable for
recurrent equation).
rrl:=’rrl’: rrT:=’rrT’: rrB:="rrB’:
rL:=rrL(z)=rrB(z-1)+rrL(z-1)+2*cl(z+q-1,q)+2*x(27q-1):
rLbase:=rrL(0)=h(q):
rB:=rrB(z)=2*rrL(z-1)+2*c2(z+q-1,q):
rBbase:=rrB(0)=v(q):
rT:=rrT(z)=2*rrT(z-1)+2*c2(z+q-1,q):
rTbhase:=rrT(0)=v(q):
rsolve({rL,rLbase,rB,rBbase,rT,rTbase}, {rrL(z) ,rrB(z) ,rrT(z)}):
assign(%): L:=unapply(rrL(z),z,q): B:=unapply(rrB(z),z,q):
T:=unapply(rrT(z),z,q):
Lemma 5.5: For an Hilbert curve of order k, the number of edge cuts
Let z=k-q (because maple only takes one variable for
recurrent equation)
rrE:="rrE’: ## reset the variable
rE:=rrE(z)=4*rrE(z-1)+L(z-1,q)+B(z-1,9)+2"q-1
+L(z-1,9)+L(z-1,q)
+L(z-1,q9)+B(z-1,q9)+2"°q-1
+T(z-1,9)+T(z-1,q)
+2*c1(z-1,q)+2%c2(z-1,9):
rEbase:=rrE(0)=2:
rsolve({rE,rEbase},rrE(z)):
Ez:=unapply(%,z,q):
E:=unapply(simplify(Ez(k-q,q)),k,q);

k-9 g4 q q 1+k-9 gq
E:=+(k, @ >24 8 -24 +28 + 2 4

k -q q 1 +k -9
-4 2 8 + 2

The above is the result for 27k * 27k space
Compare to Moon’s paper, they use the space as 27 (k+q) x 27 (k+q)
E(k+q,q): simplify(%);

k q q q (1+k gq k q (1 +k)
24 8 -24 +28 +2 4 -42 8 + 2

A.2 Number of Edge Cuts over All 27 x 27 Subspaces in Z?

# of Edge Cuts For 2-dimensional z-Order Curves.
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Space is 27k * 27k , the rectangular query is 27q * 27q
where 1<=q <=k
E(k,q) denotes the number of edge cuts by 2°q * 2°q rectangular
query in a 2"k * 27k space.
If first character of a variable is r for a variable, it is a
statement for recurrent equation
If the first two characters are r for a variable, it is the
intermediate variable for the notations that we want to solve.
The intermediate results will appear if replacing ":" by ";".
Lemma 5.6: For a z-order curve of order q, Pi {h,v}:
rrv:="rrv’: rrh:=rrh’: ## reset variables
rv:=rrv(q)=4*rrv(q-1)+2"q+1:
rvbase:=rrv(1)=3:
rh:=rrh(q)=4*rrh(q-1)+2%(2"(q-1)-1)+1:
rhbase:=rrh(1)=1:
rsolve({rv,rvbase,rh,rhbase},{rrv(q),rrh(q)}):
assign(%); v:=unapply(rrv(q),q): h:=unapply(rrh(q),q):
Lemma 5.7: For a z-order curve of order q, Omega bar {ci,c2}:
rrbar_cl:=’rrbar_cl’: rrbar_c2:=’rrbar_c2’: ## reset the variables
rbar_cl:=rrbar_cl(q)=4*rrbar_cl(q-1)+2"q*v(q-1)+2"g*h(q-1)+2" (2%q)
-27q+3:
rbar_clbase:=rrbar_c1(1)=5:
rbar_c2:=rrbar_c2(q)=4*rrbar_c2(q-1)+2"q*v(q-1)+2"q*h(q-1)+2" (2%q)
+27q:
rbar_c2base:=rrbar_c2(1)=6:
rsolve({rbar_cl,rbar_clbase,rbar_c2,rbar_c2base},{rrbar_ci(q),
rrbar_c2(q)}):
assign(%): bar_cl:=unapply(rrbar_c1(q),q):
bar_c2:=unapply(rrbar_c2(q),q):
Lemma 5.8: For a z-order curve of order k, Omega {cl,c2}:
cl:=(k,q)->bar_c1(q)-h(q)-v(qg):
c2:=(k,q)->bar_c2(q)-h(q)-v(q):
Lemma 5.9: For a z-order curve of order k, Omega {L,B}:
Let z=k-q (because maple only takes one variable for
recurrent equation).
rrl:="rrL’: rrB:="rrB’:
rL:=rrL(z)=2*rrL(z-1)+cl(z+q-1,q)+c2(z+q-1,q)+(2°q-1) "2+(2"q-1):
rLbase:=rrL(0)=h(q):
rB:=rrB(z)=2*rrB(z-1)+cl(z+q-1,q)+c2(z+q-1,q)+(27q-1) "2+(2°q-1) :
rBbase:=rrB(0)=v(q):
rsolve({rL,rLbase,rB,rBbase},{rrL(z),rrB(z)}):
assign(%): L:=unapply(rrL(z),z,q): B:=unapply(rrB(z),z,q):
Lemma 5.10: For a z-order curve of order k, the number of edge cuts
Let z=k-q (because maple only takes one variable for
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recurrent equation)
rrE:=rrE’: ## reset the variable
rE:=rrE(z)=4*rrE(z-1)+2*(B(z-1,q) +B(z-1,q) +2%(2"°q-1) )
+2*(L(z-1,q)+L(z-1,9)+2*(27q-1))
+2%cl(z-1,q)+2*c2(z-1,q)+2%(27q-1)"2:
rEbase:=rrE(1)=4%2+2*(B(0,q)+B(0,q))
+2%(L(0,q)+L(0,q)+2*(27q-1))
+2%c1(0,q) +2%c2(0,q) +2*(27g-1)"2:
rsolve({rE,rEbase},rrE(z)):
Ez:=unapply(%,z,q):
E:=unapply(simplify(Ez(k-q,9)) ,k,q);

&k - qQ 1+k-q9 ¢q 1+ k)

E:= (k, q —> -4 + 4 8 -4
k -9 g q q q g+1) (k-9
+ 3 4 2 +42 -84 +48 -8 2
k &k - q) k - q q
-82 +42 + 12 2 4

The above is the result for 27k * 27k space
Compare to Moon’s paper, they use the space as 27 (k+q) x 27 (k+q)
E(k+q,q): simplify(%);

k 1+% q (1 +k+q) k q q q
-4 + 4 8 -4 +34 2 +42 -84 +48

(@ +1) k & + q k k q
-8 2 -802 +42 +122 4

A.3 Total Inter-cluster Distance over All 29 x 27 Subspaces in H}

Inter-cluster Distance For 2-dimensional Hilbert Curves.

Space is 27k * 27k , the rectangular query is 27q * 27q

where 1<=q<=k

Psiq(k,q) denotes the total intercluster distances over all
27q * 27q rectangular query in a 27k * 27k space.

If first character of a variable is r for a variable, it is a
statement for recurrent equation

If the first two characters are r for a variable, it is the
intermediate variable for the notations that we want to solve.
The intermediate results will appear if replacing ":" by ";".
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Let z=k-q (because maple only takes one variable for recurrent
equation).
Lemma 6.1: For an Hilbert curve of order q, Pi {T,L}:
rrPiT:="rrPiT’: rrPiL:=’rrPil’: ## reset variables
rPiT:=rrPiT(q)=rrPiT(q-1)+2* (2" (q-1)) " 3+rrPiL(q-1)+3%(2"(gq-1))"3:
rPiTbase:=rrPiT(1)=5:
rPil:=rrPilL(q)=rrPil(gq-1)+(2"(gq-1)) "3+rrPiT(q-1)+3*(2"(gq-1)) ~3:
rPilbase:=rrPiL(1)=4:
rsolve({rPiT,rPiTbase,rPil,rPilbase},{rrPiT(q) ,rrPilL(q) }):
assign(%): PiT:=unapply(rrPiT(q),q): PiL:=unapply(rrPiL(q),q):
Lemma 6.2: For an Hilbert curve of order q, Omega bar {cl,c2,c3}:
rrbar_cl:=’rrbar_cl’: rrbar_c2:=’rrbar_c2’: rrbar_c3:=’rrbar_c3’:
## reset the variables
rbar_cl:=rrbar_cl(q)=2*rrbar_c1(q-1)+rrbar_c3(q-1)+573/278%2" (4*q)
-3/274%27 (2%q) :
rbar_clbase:=rrbar_c1(1)=7:
rbar_c2:=rrbar_c2(q)=3*rrbar_c2(q-1)+3%41/278%2" (4%q) -3/2"4*2" (2*q) :
rbar_c2base:=rrbar_c2(1)=7:
rbar_c3:=rrbar_c3(q)=rrbar_cl(q-1)+rrbar_c3(q-1)+23/2"5%2" (4*q)
~3/2°3%2" (2%q) :
rbar_c3base:=rrbar_c3(1)=10:
rsolve({rbar_cl,rbar_clbase,rbar_c3,rbar_c3base},{rrbar_ci(q),
rrbar_c3(q)}):
assign(’%): bar_cl:=unapply(simplify(rrbar_c1(q)),q):
bar_c3:=unapply(simplify(rrbar_c3(q)),q):
rsolve({rbar_c2,rbar_c2base},rrbar_c2(q)):
bar_c2:=unapply(simplify(%),q):
Lemma 6.3: For an Hilbert curve of order k, Omega {cl,c2,c3}:
cl:=(k,q)->bar_c1(q)-PiL(q)-(2"q-1)* (27 (2%q)-1):
c2:=(k,q)->bar_c2(q)-PiT(q)-PiL(q)+(2~ (2*q)-1)
+(27q~1) "2*sum(2~ (2*i) ,i=q. .k~-1):
c3:=(k,q)->bar_c3(q)-PiT(q) -(27q-1)* (27 (2xq)-1)+(2~ q—1) 2% (27 (2xk)
-sum(2° (2*1) ,i=q. .k-1)-2"(2%q) ) :
Let z=k-q
Nc:=(k,q)->(27q-1)"2:
clz:=(z,q)->cl(z+q,q):
c2z:=(z,q)->c2(z+q,q):
c3z:=(z,q)~>c3(z+q,q):
Necz:=(z,q)->Nc(z+q,q):
Lemma 6.4: For an Hilbert curve of order k, Omega {L,R,B,T}:
Let z=k-q (because maple only takes one variable for

recurrent equation).
Ns:=(k,q)->(2"k-2"g+1)*(2°g~1) :
Nsz:=(z,q)->Ns(z+q,q):
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rrl:="rrl’: rrR:="rrR’: rrT:="rrT’: rrB:=’rrB’:
rL:=rrL(z)=rrB(z-1)+clz(z-1,q)+Ncz(z-1,q)* (2" ((z+q)-1)) "2
+rrL(z-1)+Nsz(z-1,9)* (2" ((z+q)-1)) "2:
rLbase:=rrL(0)=PiL(q)-(2"(2*q)-1):
rR:=rrR(z)=rrB(z-1)+3*Nsz(z-1,q)* (2" ((z+q)-1)) "2
+clz(z-1,q) +3xNcz(z-1,q)* (27 ((z+g)-1)) "2
+rrR(z-1)+2%Nsz (z-1,q) * (2" ((z+q)~1) ) "2:
rRbase:=rrR(0)=(2"q-1)* (2" (2xq)-1) :
rB:=rrB(z)=rrL(z-1)+c3z(z-1,q) +3*Ncz(z-1,q)* (2" ((z+q)-1)) "2
+rrR(z-1)+3*Nsz(z-1,q)* (27 ((z+q)-1))"2:
rBbase:=rrB(0)=(2"q-1)*(2"(2*q)-1) :
rT:=rrT(z)=rrT(z-1)+(2" ((z+q)-1)-2"g+1) *(27q-1) * (2" ((z+g) -1) ) "2
+c2z(z-1,q)+2*(2°q-1) "2% (2~ ((z+q)-1)) "2
+rrT(z-1)+2% (27 ((z+q)-1)-2"q+1) * (2" g-1) * (2" ((z+q) -1) ) ~2:
rTbhase:=rrT(0)=PiT(q)-(27(2xq)-1):
rsolve({rL,rLbase,rR,rRbase,rB,rBbase},{rrL(z),rrR(z),rrB(z)}):
assign(%): L:=unapply(rrL(z),z,q): R:=unapply(rrR(z),z,q):
B:=unapply(simplify(rrB(z)),z,q):
rsolve({rT,rThase},rrT(z)):
T:=unapply(simplify(%),z,q):
Lemma 6.5: For an Hilbert curve of order k,
Let z=k-q
oL:=(z,q)->(2" (2% (z+q) ) -1)*Nsz(z,q)-R(z,q) :
oR:=(z,q)->(2" (2% (z+q))-1)*Nsz(z,q)-L(z,q):
oB:=(z,q)->(2" (2% (z+q))-1) *Nsz(z,q)-B(z,q) :
oT:=(z,q)->(2" (2% (z+q) ) -1)*Nsz(z,q)-T(z,q):
Lemma 6.6: For an Hilbert curve of order k,
Let z=k—q

0c3:=(k,q)—>(2" (2*xk) -1} *Nc (k,q)-c2(k,q) :
0c3z:=(z,q)->0c3(z+q,q):
Theorem 6.1: For a canonical Hilbert of order k, sum of all
inter—cluster distances

Let z=k-q.
rrPsi:=’rrPsi’:
rPsi:=rrPsi(z)=4*rrPsi(z-1)+B(z-1,q)+2" (2% (z+q)-2) *Nsz(z-1,q)

-oR(z-1,9)-(27(2*q)-1)*Nsz(z-1,q)

+L(z-1,q)+2%27 (2% (2+q) -2) *Nsz(z-1,q)

-(oR(z-1,q)+2" (2% (z+q) -2) *Nsz (z-1,q) ) - (27 (2*q) -1) #*Nsz(z-1,q)

+L(z-1,q)+3*27 (2% (z+q) -2) *Nsz(z-1,q)

—-(oB(z-1,q) +2*27 (2% (z+q) -2) *Nsz (z-1,q) ) - (27 (2*q) ~1) *Nsz (z-1,q)

+T(z-1,q)+3%27 (2% (z+q) -2) *Nsz (z-1,q)

=(0T(z~-1,9))~ (27 (2%q)-1) *Nsz (z-1,q)

+c2z(z-1,q) +3%27 (2% (z+q) -2) *Ncz(z-1,q)

-(0c3z(z-1,9))- (27 (2*q)-1)*Ncz(z-1,q):

200
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rPsiBase:=rrPsi(0)=0:

rsolve({rPsi,rPsiBase},rrPsi(z)): Psiz:=unapply(%,z,q):
change input parameter to be k,q (k=z+q).
Psiq:=unapply(simplify(Psiz(k-q,q)),k,q):

A4 Total Inter-cluster Distance over All 29 x 29 Subspaces in Z?

Inter-cluster Distance For 2-dimensional z-order Curves.
Space is 27k * 27k , the rectangular query is 27°q * 27q
where 1<=gq<=k
Psiq(k,q) denotes the total inter-cluster distances over
all 27q * 27q rectangular query in a 27k * 27k space.
If first character of a variable is r for a variable, it is a
statement for recurrent equation
If the first two characters are r for a variable, it is the
intermediate variable for the notations that we want to solve.
The intermediate results will appear if replacing ":" by ";".
Let z=k-q (because maple only takes one variable for recurrent
equation) .
Lemma 6.7: For a z-order curve of order q, Pi {B,L}:
rrPiB:=rrPiB’: rrPilL:=’rrPil’: ## reset variables
rPiB:=rrPiB(q)=2*rrPiB(q-1)+5% (2" (g-1))"3:
rPiBbase:=rrPiB(1)=5:
rPil:=rrPil(q)=2*rrPilL(q-1)+4*(2~(gq-1))"3:
rPilbase:=rrPil(1)=4:
rsolve({rPiB,rPiBbase,rPil,rPilbase}, {rrPiB(q) ,rrPiL(q)}):
assign(’%): PiB:=unapply(rrPiB(q),q): PiL:=unapply(rrPilL(q),q):
Lemma 6.8: For a z-order curve of order q, Omega bar {cl}:
rrbar_cl:=’rrbar_cl’: ## reset the variables
rbar_cl:=rrbar_cl(qg)=4*rrbar_c1(q-1)+6*(2"(q-1))"4:
rbar_clbase:=rrbar_c1(1)=6:
rsolve({rbar_cl,rbar_clbase},rrbar_c1(q)):
bar_c1:=unapply(simplify(%),q):
Lemma 6.9: For a z-order curve of order k, Omega {ci}:
cl:=(k,q)->bar_c1(q)-PiB(q)-PiL(q)+(2~(2%q)-1):
Let z=k-q
Nc:=(k,q)->(27g-1)"2:
clz:=(z,q)->cl(z+q,q):
Ncz:=(z,q)->Nc(z+q,q):
Lemma 6.10: For a z-order curve of order k, Omega {L,B}:
Let z=k-q (because maple only takes one variable for
recurrent equation).
Ns:=(k,q)->(2"k-2"q+1)*(27g~-1):
Nsz:=(z,q)->Ns(z+q,q):
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rrl:="rrL’: rrB:="rrB’:
rL:=rrL(z)=rrL(z-1)+clz(z-1,q)+Ncz(z-1,q) * (2" ((z+q)-1)) "2
+rrL(z-1)+Nsz(z-1,q)* (2" ((z+q)~-1)) "2:
rLbase:=rrL(0)=PiL(q)~-(2"(2*q)-1):
rB:=rrB(z)=rrB(z-1)+clz(z-1,q)+2*xNcz(z-1,q)* (2" ((z+q)-1)) "2
+rrB(z-1)+2*Nsz (z-1,q)* (2~ ((z+q)-1)) ~2:
rBbase:=rrB(0)=PiB(q)-(2"(2%q)-1):
rsolve({rL,rLbase,rB,rBbase},{rrL(z) ,rrB(z)}):
assign(%): L:=unapply(rrL(z),z,q): B:=unapply(rrB(z),z,q):
Lemma 6.11: For a z-order curve of order Kk,
Let z=k—q
oR:=(z,q)—>(27(2x(z+q) )-1)*Nsz(z,q)-L(z,q) :
oT:=(z,q)—>(2" (2% (z+q) ) -1) *Nsz(z,q)-B(z,q) :
Lemma 6.12: For a z-order curve of order k,
Let z=k-q
ocd:=(k,q)—>(27(2xk)-1)*Nc(k,q)-c1(k,q):
oc4z:=(z,q)->ocd(z+q,q):
Theorem 6.2: For a canonical z-order of order k, sum of all
inter-cluster distances
Let z=k-q.
rrPsi:="rrPsi’:
rPsi:=rrPsi(z)=4*rrPsi(z-1)+B(z-1,q)+2" (2% (z+q) -2) *Nsz(z-1,q)
-oT(z-1,q)-(27(2%q)-1)*Nsz(z-1,q)
+L(z-1,q)+3*2" (2% (z+q) -2) *Nsz(z-1,q)
-(oR(z-1,q9)+27 (2% (z+q) -2) *Nsz(z-1,9) ) - (27 (2%q) -1) *Nsz(z-1,q)
+B(z-1,q) +3*27 (2% (z+q) -2) *Nsz(z-1,q)
-(oT(z-1,q)+2%2" (2% (z+q) -2) *Nsz(z~1,q) ) - (2" (2%q) -1) *Nsz(z-1,q)
+L(z-1,q)+2%2"~ (2% (z+q) -2) *Nsz(z-1,q)
-(oR(z-1,9))-(27(2*q) -1)*Nsz(z-1,q)
+c1z(z-1,q)+3*%27 (2% (z+q) -2) *Ncz(z-1,q)
-(ocdz(z-1,q))-(27 (2*q)-1)*Ncz(z-1,q) :
rPsiBase:=rrPsi(0)=0:
rsolve({rPsi,rPsiBase},rrPsi(z)): Psiz:=unapply(%,z,q):
change input parameter to be k,q (k=z+q).
Psiq:=unapply(simplify(Psiz(k-q,9)),k,q):
Psiq(k,q);

k-9 q 1+k-9 ¢ k k- q ¢
2 16 -2 4 +2 +24 8

k-9 ¢ q q q k k-9 q
- 24 16 -8 +24 -2 -8 + 8 16



APPENDIX B
PROGRAM SOURCE CODES
B.1 2-Dimensional Space-Filling Curves
B.1.1 VectorD2D.h

LI1177777777777777777777777777777777777777777777777777777777777777777
// VectorD2D: a class for the 2D vector.

// .

// Note: all the indices in program starts from 0
[17777777777777777777777777777777777777777777777777777777777777777777
#ifndef __VECTORD2D_H

#define __VECTORD2D_H

#include <iostream>

#include <sstream>

#include <string>

#include <math.h>

using namespace std ;

class VectorD2D

{
protected:

int mNumDim; // dimensionality

long mE[2]; // the coordinates (axis-1, axis-2)
public:

VectorD2D () :mNumDim(2) { //constructor, default 2-D
for (int i=0; i<mNumDim; i++)

mE[i]=-1;
}
VectorD2D (VectorD2D #*other) :mNumDim(2) { //copy constructor
for (int i=0; i<mNumDim; i++)
mE[i]l=other->mE[i];
}

VectorD2D(int a, int b) :mNumDim(2){ //constructor
//VectorD2D();
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mE[0]=a;
mE[1]=b;

“VectorD2D() { // destructor
//delete[] mE;

int getnDim() { // # of dimension
return mNumDim;

}
int getVofDim(int dim) { // coordinate
if (dim > getnDim())
return -9999;
return mE[{dim] ;
}

// addition
VectorD2D add (VectorD2D &other) {
VectorD2D tmp(this);
int n_lower = getnDim(); // get the lower dimensionality
if (getnDim() >= other.getnDim()) n_lower = other.getnDim();
for (int i=0; i< n_lower; i++){
tmp.mE[i] += other.mE[i];
}

return tmp;

// subtraction
VectorD2D subtract (VectorD2D &other) {
VectorD2D tmp(this);
int n_lower = getnDim(); // get the lower dimensionality
if (getnDim() >= other.getnDim()) n_lower = other.getnDim();
for (int i=0; i< n_lower; i++) {
tmp.mE[i] -= other.mE[i];
}

return tmp;

// multiply
VectorD2D Multiply (int num) {
VectorD2D tmp(this);
for (int i=0; i< tmp.getnDim(); i++) {
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tmp.mE{i] *= num;
}

return tmp;

VectorD2D Multiply (double num) {
VectorD2D tmp(this);
for (int i=0; i< tmp.getnDim(); i++) {
tmp.mE[i] = (int) tmp.mE[i] * num;
}

return tmp;

VectorD2D MultiplyLeftShiftHalf (double num) {
VectorD2D tmp(this);
double tmpDouble =0.0;

for (int i=0; i< tmp.getnDim(); i++) {
tmpDouble = ((double) tmp.mE[i]) * num;
if (-1 < tmpDouble && tmpDouble <0)
tmp.mE[i] = -1;
else
tmp.mE[i] = (int) ( tmp.mE[i] * num);
}

return tmp;

// dot opertation
long dot (VectorD2D *other) {
int tmp = O;
for (int i=0; i< getnDim(); i++) {
tmp += mE[i] * other->mE[i];

}
return tmp;
}
long dot (VectorD2D &other) {
int tmp = 0O;
for (int i=0; i< getnDim(); i++) {
tmp += mE[i] * other.mE[i];
}
return tmp;
}

VectorD2D& copyFrom(VectorD2D &other) { //copy , -1 if error
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int nshortest = getnDim();
if (getnDim() >= other.getnDim())
nshortest = other.getnDim(); // get the shortest

for (int i=0; i< nshortest; i++) {
mE[i] = other.mE[i]; )
}

return *this;

VectorD2D& copyFrom(VectorD2D *other) { //copy constructor

int nshortest = getnDim();
if (getnDim() >= other->getnDim())
nshortest = other->getnDim(); // get the shortest

for (int i=0; i< nshortest; i++) {
mE[i] = other->mE[i];
}

return *this;

VectorD2D & operator = ( VectorD2D &other) {

¥

if (this != &other) {
for (int i=0; i<mNumDim; i++)
mE[i]l=other.mE[i];
}

return *this;

VectorD2D Normalized() {

VectorD2D unitVector(*this);
long sqr_len=0;
int 1i;

for (i=0; i<mNumDim; i++) //sqr sum
sqr_len += (long) pow(mE[i], 2.0);

sqr_len = (long) sqrt(sqr_len); // length(distance)

if (sqr_len != 0) {
for (i=0; i<mNumDim; i++)
unitVector.mE[i] /= sqr_len;
}

return unitVector;



207

}

string toString() {
std::ostringstream o;
if (o << *this)
return o.str();
return "";

}

friend std::ostream& operator<< (std::ostream& o, VectorD2D& v) {
0 << "(" << v.getVofDim(0);
for (int i=1; i< v.getnDim() ; i++) {
0 << ", " << v.getVofDim(i) ;
}
return o << ")";
}
3
#endif

B.1.2 Node2D.h
J111717117111171171771771171177171177171771771717117717111117117117117

// Node2D: an class for the element in the array.
// data: coordinates, index, next element

// Note: all the indices in program starts from 0
LITIT117777777777777777777777777777777777777777777777777777777/777777
#ifndef __NODE2D_H

#define __NODE2D_H

#include <iostream>

#include <sstream>

#include <string>

#include "VectorD2D.h"

using namespace std ;

class Node2D <

private: ‘
VectorD2D *mData; //coordinates (axis 1, axis 2)
VectorD2D *mNext; //next indexed element’s coordinates
long mSFCCode;//index
int mChecked; // mark after visited in a traversal

public:
Node2D() A //constructor
mData = new VectorD2D(-1,-1);



mNext = NULL;
mSFCCode = -1;
mChecked=0;
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// constructor with input of next node’s coordinates, this index
p

Node2D(VectorD2D *data, VectorD2D #*next, long hcode) {

if (data I= NULL)

mData = new VectorD2D(data);
else

mData=NULL;
if (next != NULL)

mNext = new VectorD2D(next);

else

mData = NULL;
mSFCCode = hcode;
mChecked=0;

“Node2D() { //destructor
delete mData;
delete mNext;

void setData(long a, long b) {
VectorD2D tmp(a,b);
if (mData == NULL)
cerr << "NULL for mData" << endl;
mData->copyFrom(tmp) ;

VectorD2D* getNext() { return mNext; }
VectorD2D* getCoor() {return mData;}
long getSFCCode() { return mSFCCode; }

void setNext(VectorD2D *next) {
if (next != NULL)
if (mNext == NULL)
mNext = new VectorD2D (next);
else
mNext->copyFrom(next) ;



};

void setSFCCode(long hcode) { mSFCCode = hcode;}

string toString() {
std::ostringstream o;
if (o << *this)
return o.str();
return "";

}
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friend std::ostream& operator<< (std::ostream& o, Node2D& v) {

o << "Node: " << x(v.mData) << " (index code="
<< v.getSFCCode();
if (v.mNext == NULL)
0o << ") nextNode= (NULL)";
else
0 << ") nextNode= " << x(v.mNext) ;
return o;

// The following 3 fxns are for traversal
void setChecked() { mChecked++; } // mark for been visited
void setUnChecked() { mChecked=0; } // clear the mark

int getChecked() { return mChecked; } // the status of the mark

#endif

B.1.3 SFCArray2D.h

I17777777777777777777777777777777777777777777777777777777777777777777

// SFCArray2D: a class for maintaining the indices and coordinates.

//

// Note: all the indices in program starts from 0
[17777777777771777777777/777777777777777777/777/7777/7/77/777777/7/77/7777
#ifndef __SFCARRAY2D_H
#define __SFCARRAY2D_H
#include <jiostream>
#include <stdio.h>
#include <malloc.h>
#include <math.h>
#include "VectorD2D.h"
#include "Node2D.h"

using namespace std ;
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long two(long x) { // 27x

3}

long one=1;
long outcome=0;
if (x<0)

return -1;
return one << X;

class SFCArray2D {
private:

Node2D* mSFCArray; // array of grld points
long order; // the order
long mWidth; // the max width for each coordinate, =2"(order)

- int Successful; // for checking the indexing

int mSFC; // type sfc, O: Hilbert; 1: z-order

// the constructor for a node in SFCArrayNode
// by taking different input formats.
Node2D* SFCArrayNode (VectorD2D *location) {
if (location {= NULL)
return &(mSFCArray[location->getVofDim(0) * mWidth
+ location->getVofDim(1)]);
else
return NULL;
}

Node2D* SFCArrayNode (VectorD2D &location) {
return &(mSFCArray[location.getVofDim(0) * mWidth
+ location.getVofDim(1)]1);
}

Node2D* SFCArrayNode (const long i, comst long j) {
if (i < mWidth && i>=0 && j <mWidth && j>=0)
return &(mSFCArray[i * mWidth + j]);

else
return NULL;
}

public:

// Hilbert array

SFCArray2D(long max, int level, int sfc): mWidth(max), mSFC(sfc),
Successful(0), order(level) {
if (max < (long)pow(2.0, level)) { // Array is too small
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cerr << "QOverflow in the array";
return;
}
mSFCArray = new Node2D [max*max] ;
// initiallize elements
for (long i = 0; i< mWidth; i++) {
for (long j=0; j< mWidth; j++) {
mSFCArray [i*mWidth + jl.setData(i,j);

}
}
VectorD2D 0(0,0); // origin
VectorD2D DO (max, 0); // DO direction
VectorD2D D1 (0,max); // D1 direction

// construct the array’s nextpoint
// recusive call to calculate the linkage and the SFC code
if (mSFC==0) // Hilbert curve
SFCLineArray(o, DO, D1, level, &o);
else // z-order curve mSFC==1
ZLineArray(o, DO, D1, level, &o);

“SFCArray2D() {
delete[] mSFCArray;
}

long getWidth() { return mWidth; }

VectorD2D SFCLineArray(VectorD2D &o, VectorD2D &DO,
VectorD2D &D1, int level, VectorD2D *Prev) {
VectorD2D tmpo(o), tmpDO(DO), tmpD1(D1); //copy of o, DO, D1
if (level <= 0) {

' if (Prev->getVofDim(0)<0 || Prev->getVofDim(1)<0 ||
Prev->getVofDim(0)>=getWidth() ||
Prev->getVofDim(1)>=getWidth())

cerr <<"error, less:" << (*Prev) << endl;

if (SFCArrayNode(Prev) == NULL)
SFCArrayNode (o) ->setNext(&o); //no previous node

else {
SFCArrayNode (o) ->setSFCCode(
SFCArrayNode (Prev)->getSFCCode()+1) ;
SFCArrayNode (Prev) ->setNext (&o) ;
}
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return o;
b
else {
VectorD2D tmpV;

tmpV=SFCLineArray (tmpo=o,
tmpD1=D1.Multiply(.5), tmpDO=DO.Multiply(.5),
level-1, Prev); //00 block

tmpV=SFCLineArray (tmpo=o0.add (DO.Multiply(.5)),
tmpDO=D0.Multiply(.5), tmpDi=D1.Multiply(.5),
level-1, &tmpV); //01 block

tmpV=SFCLineArray (tmpo=o0.add (DO.Multiply(.5)).
add(D1.Multiply(.5)),
tmpD0=D0.Multiply(.5), tmpDi=D1.Multiply( .5),
level-1, &tmpV); //11 block

tmpV=SFCLineArray (tmpo=o0.add(DO.Multiply(.5)).
add(D1) . subtract(DO.Normalized()).
subtract (D1.Normalized()),
tmpD1=D1.Multiply(-.5), tmpDO=D0.Multiply(-.5),
level-1, &tmpV); //10 block

return tmpV;

// z-order
VectorD2D ZLineArray(VectorD2D &o, VectorD2D &DO, VectorD2D &D1,
int level, VectorD2D *Prev) {
VectorD2D tmpo(o), tmpDO(DO), tmpD1(D1);
if (level <= 0) { ‘
if (Prev->getVofDim(0)<0 || Prev->getVofDim(1)<0 1|
Prev->getVofDim(0) >=getWidth() ||
Prev->getVofDim(1)>=getWidth()) {
cerr <<"error, less:" << (*Prev) << endl;
+
if (SFCArrayNode(Prev) == NULL) { // no previous node
SFCArrayNode (o) ->setNext (&o) ;
by
else {
SFCArrayNode (o) ->setSFCCode (SFCArrayNode (Prev)
->getSFCCode (D +1) ;
SFCArrayNode (Prev)->setNext (&o) ;
+

return o;
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else {
VectorD2D tmpV;

tmpV=ZLineArray (tmpo=o,
tmpD0=D0.Multiply(.5), tmpD1=D1.Multiply(.5),
level-1, Prev); //00 block

tmpV=ZLineArray (tmpo=0.add(D0.Multiply(.5)),
tmpDO=D0.Multiply(.5), tmpD1=D1.Multiply(.5),
level-1, &tmpV); //01 block

tmpV=ZLineArray (tmpo=0.add(D1.Multiply(.5)),
tmpD0=D0.Multiply(.5), tmpD1=D1.Multiply( .5),
level-1, &tmpV); //11 block

tmpV=ZLineArray (tmpo=0.add(D0.Multiply(.5)).

add (D1.Multiply(.5)),

tmpDO=D0.Multiply(.5), tmpD1=D1.Multiply(.5),
level-1, &tmpV); //10 block

return tmpV;

}
}

//-—— end of z-order

const VectorD2D* getNextPoint (VectorD2D *cur) {
if (cur !'= NULL && SFCArrayNode(cur)!= NULL)
return SFCArrayNode(cur)->getNext();
else
return NULL;
}

const VectorD2D* getNextV(Node2D #*cur) {
if (cur != NULL )
return cur->getNext();
else
return NULL;
3 ,
// this will check the indexing for SFC curve
// return the # of used
long Check()
{
VectorD2D *tmp = new VectorD2D(0,0); // starting point
Node2D *tmpNode = SFCArrayNode(tmp);// starting node
long nChecked=0, // Checked #
nError=0, // Error #
0ld_hcode = -1; // cur_SFCCode
delete tmp;
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while (tmpNode != NULL ){
if (tmpNode->getSFCCode() != old_hcode+1)
cout << "Not cotinuous at" << tmpNode->toString()
<< " and prev:" << old_hcode <<endl;
tmpNode->setChecked () ;
if (nChecked>mWidth*mWidth) {
cout << "Error in the setChecked "<< endl;
return -1;
+
old_hcode = tmpNode->getSFCCode();
tmpNode = SFCArrayNode(tmpNode->getNext());

for (int i=0; i< getWidth(); i++)
for (int j=0; j<getWidth(); j++)
if (SFCArrayNode(i,j) != NULL)
if (SFCArrayNode(i,j)->getChecked() == 1)
nChecked++;
else
nError——;
cout << "init:" << *SFCArrayNode(0,0) <<
" \nend:" << *SFCArrayNode(0,getWidth()-1) << endl;
cout << "nError: "<<nError<<" nChecked:" << nChecked << endl;
if (nError < 0)
return nError;
else
return nChecked;

// created succesfully?
int IsSuccessful() { return Successful; }

long lemma3_1(int r=0) {
long R1=0,R2; // sum for row, Rl R2 is for comparison
if (mSFC==0) {
for (int i=0; i< getWidth() ; i++){
R1=0; // initialize R1
for (int j=0; j<getWidth(); j++) {
R1 += abs(SFCArrayNode(i,j)->getSFCCode() -
SFCArrayNode (0,0)->getSFCCode () ;
}
if (i>0)
if (R1 != R2)
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cerr << " row " << i-1 << " != row " << i <<endl;
R2=R1;
+

+
else { // z-order

for (int j=0; j<getWidth(); j++)

R1 += abs(SFCArrayNode(r, j)->getSFCCode() -
SFCArrayNode(0,0)->getSFCCode()) ;

+
cout << " Sum at row " << r << " = " << Rl << endl;
return R1;

+

long lemma3_2(int ¢) { // ¢ is column number (indexed from O0)
long cSum=0; // summation of column c
for (int i=0; i<getWidth(); i++)
cSum += abs(SFCArrayNode(i,c)->getSFCCode() -
SFCArrayNode(0,0) ->getSFCCode()) ;
cout << " Sum at column " << ¢ << " =" << cSum << endl;
return cSum;

long lemma3_3() {
long ASum=0, DSum=0; // summation of A, D
for (int i=0; i<getWidth(); i++) {
ASum += abs(SFCArrayNode(i,getWidth()-i-1)->
getSFCCode() -
SFCArrayNode(0,0)~>getSFCCode()) ;
DSum += abs(SFCArrayNode(i,i)->getSFCCode() -
SFCArrayNode(0,0)->getSFCCode()) ;
+
if ((mSFC==0 && ASum+DSum != two(3*order)-two(order)) ||
(mSFC==1 && (ASum!=DSum ||
ASum!= (two(3*order)-two(order))/2)))
cerr << "A+D is incorrect. A+D=" << ASum+DSum << endl;
cout << " Sum for A (2°k) = " << ASum << endl;
return ASum;

long lemma3_5(int q) { // 2°q * 27q is query size
if (q<=0 || g>order) {
cerr << "0<g<=k only"<<endl;
return -1;
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long Wbar=0, Nbarg=0, Rbarg=0, Cbarq=0, Abarg=0,
AbarPrimeq=0, Dbarq=0, DbarPrimeq=0; //summation of Xbar
int i, j, ri, rj;
for (i=0; i<getWidth(); i++)
for (j=0; j<getWidth(); j++)
Wbar += abs(SFCArrayNode(i, j)->getSFCCode() -
SFCArrayNode (0,0)->getSFCCode()) ;
for (i=0; i<two(q); i++)
for (j=0; j<two(q)-i; j++)
Nbarq ++;
for (i=0; i<two(q); i++)
for (j=0; j<getWidth(); j++)
Rbarq += abs(SFCArrayNode(i,j)->getSFCCode()
SFCArrayNode(0,0)->getSFCCode()) ;
for (i=0; i<getWidth(); i++)
for (j=0; j<two(q); j++)
Cbarq += abs(SFCArrayNode(i, j)->getSFCCode()
SFCArrayNode(0,0)->getSFCCode());
for (i=0; i<two(q); i++)
for (j=0; j<two(q)-i; j++) {
rj= getWidth()-j-1; // reverse direction of j
ri= getWidth()-i-1; // reverse direction of i
Abarq += abs(SFCArrayNode(i,j)->getSFCCode ()
SFCArrayNode(0,0)->getSFCCode()) ;
Dbarq += abs(SFCArrayNode(i,rj)->getSFCCode ()~
SFCArrayNode(0,0)->getSFCCode());
DbarPrimeq += abs(SFCArrayNode(ri,j)->
getSFCCode () -
SFCArrayNode (0,0)->getSFCCode()) ;
AbarPrimeq += abs(SFCArrayNode(ri,rj)->
getSFCCode () -
SFCArrayNode (0,0)->getSFCCode()) ;

if (Wbar != two(4*order-1)-two(2*order-1))

cerr << "Wbar error, Wbar= " << Wbar << endl;
if (Nbarq != two(2xq-1)+two(gq-1))

cerr << "Nbar error, Nbar= " << Nbarq << endl;
if (mSFC==0){
if (Rbarq != two(q)*lemma3_1())

cerr << "Rbar error, Rbar= " << Rbarq << endl;
if (Cbarq != two(q)*lemma3_2(0)+2*(two(4*q)-two(q))/7)
cerr << "Cbar error, Cbar= " << Cbarq << endl;

long Wbarq_1 = two(4x(q-1))/2-two(2*(q-1))/2;
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long Nbarq_1 = (long) (pow(2.,2%(q-1))/2.+pow(2.,q-1)/2.);
long ASumq_1 = O;
for (i=0; i<two(q-1); i++)
ASumq_1 +=abs(SFCArrayNode(i,two(q-1)-i-1)->getSFCCode()-
SFCArrayNode(0,0)->getSFCCode());
//Abar (k,q) == Abar(q,q)
if (Abarq != 2#Wbarq_1+ASumq_1+two(2*q)*Nbarq_1)
cerr << "Abar error, Abar= " << Abarq << endl;
if (Dbarq + Abarq != (two(2*order)-1)*Nbarq)
cerr << "Dbar+Abar error" << endl;
if (Dbarq + Abarq != DbarPrimeq+AbarPrimeq)
cerr << "Dbar+Abar = Abar’ + Dbar’ error" << endl;
}
else { // z-order
if (Rbarq != two(q)*lemma3_1(0)+
(two(order+3*q)-two(order+q))/6)
cerr << "Rbar error, Rbar= " << Rbarq << endl;
if (Cbarq != two(q)*lemma3_2(0)+
(two(order+3*q) -two (order+q))/3)
cerr << "Cbar error, Cbar= " << Cbarq << endl;
long ASumq = O;
for (i=0; i<two(q); i++)
ASumq += abs(SFCArrayNode(i,two(q)-i-1)->getSFCCode() -
SFCArrayNode (0,0)->getSFCCode());
// Abar (k,q)==Abar(q,q)
if (Abarq != (two(4*q)+7*two(3*q-2)-T*two(2*q-2)-two(q))/7)
cerr << "Abar error, Abar= " << Abarq << endl;
}
cout << "Abar(q)="<<Abarq <<" Abar’(q)="<<AbarPrimeq
<< " Dbar(q)="<<Dbarq <<" Dbar’(q)="<<DbarPrimeq << endl;
return DbarPrimeq;

long lemma3_6(int q) { // 2°q * 27q is query size

if (q<=0 || g>order) {

cerr << "0<qg<=k only"<<endl;

return -1;
}
long Ng=0, Rq=0, Cq=0, Ag=0,

APrimeq=0, Dq=0, DPrimeq=0; //summation of X
int 1, j, ri, rj;
for (i=0; i<two(q); i++)

for (j=0; j<two(qg)-i; j++)

Ng += (two(q)-i-j);
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for (i=0; i<two(q); i++)
for (j=0; j<getWidth(); j++)
Rq += abs(SFCArrayNode(i,j)->getSFCCode() -
SFCArrayNode (0,0)->getSFCCode () ) * (two(q)-1);
for (i=0; i<getWidth(); i++)
for (j=0; j<two(q); j++)
Cq += abs(SFCArrayNode(i,j)->getSFCCode() -
SFCArrayNode (0,0)->getSFCCode () ) *(two(q)-j);
for (i=0; i<two(q); i++)
for (j=0; j<two(q)-i; j++) {
rj= getWidth()-j-1; // reverse direction of j
ri= getWidth()-i-1; // reverse direction of i
Aq += abs(SFCArrayNode(i,j)->getSFCCode() -
SFCArrayNode(0,0) ->getSFCCode () ) * (two (q)-1i-7) ;
Dq += abs(SFCArrayNode(i,rj)->getSFCCode()-
SFCArrayNode (0,0)->getSFCCode () ) *(two(q)-i-j);
DPrimeq += abs(SFCArrayNode(ri,j)->
getSFCCode () -
SFCArrayNode (0,0)->getSFCCode () ) *(two(q)-i-j);
APrimeq += abs(SFCArrayNode(ri,rj)->
getSFCCode () -
SFCArrayNode(0,0)->getSFCCode ()) * (two(q)-i-j);
}
double ftmp=(pow(2.,3*q-1)+3*pow(2.,2*xq-1)+pow(2.,9))/3.;
if (Ng != ftmp)
cerr << "N error, N= "<<Nq <<" formula=" << ftmp << endl;
if (mSFC ==0 ) { // Hilbert curve
if (Rq !'= lemma3_1()*(two(q)+1)*two(q)/2)
cerr << "R error, R= " << Rq << endl;
if (Cq !'= (3*two(3*order+2xq-2)+3*two(3*order+q-2)
-7*two (order+2*q-2) ~7*two (order+q-2) +(two (5*%q+3)
+7*two(q))/15+two (4%q) ) /7)
cerr << "C error, C= " << Cq << endl;
if (Dg + Aq != (two(2*order)-1)=*Nq)
cerr << "D+A error" << endl;
if (Dq + Aq != DPrimeq+APrimeq)
cerr << "D+A = A’ + D’ error" << endl;
ftmp=7./45.*%pow(2.0,5%q-2)+3.*pow(2.,4*q-4)
+5./9.xpow(2.,3%q-2)-pow(2.,2%q-2) -pow(2.,9+3) /45.;
if (Aq !'= ftmp)
cerr << "A error, A= " <<Ag<<" formula=" << ftmp << endl;
ftmp=11./45.*pow(2.0,5%q-2)+3.*pow (2. ,4%q-4)+pow(2.,3%q-2) /9.
-pow(2.,2%q-2)-pow(2.,q+2)/45.; // D’q,q
if (DPrimeq != Ng*(two(2+%order)-two(2+*q))/3+ftmp)
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cerr << "D’ error, D’= " << DPrimeq << " formula="
<< Ng*(two(2%order)-two(2*q))/3+ftmp << endl;
} else
{
if (Rq !'= (two(3*order+2*q-1)*7+two(3*order+q-1)*7
+two (order+4#*q) +two (order+3*q-2) *7
-two (order+2xq-2) *21-two (order+q-1)*9) /21)
cerr << "R error, R= " << Rq << endl;
if (Cq != (two(3xorder+2*q-2)*7+two(3*order+q-2)*7
+two (order+4*q+1)+two (order+3*q-1) *7
—-two (order+2+q-2) *21-two (order+q-2) *15) /21)
cerr << "C error, C= " << Cq << endl;
if (Aq + APrimeq != (two(2+%order)-1)*Nq)
cerr << "A+A’ error" << endl; '
if (Dq + DPrimeq != Aq+APrimeq)
cerr << "D+D’ = A + A’ error" << endl;
ftmp=(pow (2. ,5%q-3) *5.+3 . *pow (2. ,4*q) +7 . *pow (2. ,3%q-2)
-pow(2.,2*%q-3) *33-pow(2.,q-2)*5.) /21.;
if (Aq != ftmp)
cerr << "A error, A= " <<Ag<<" formula=" << ftmp << endl;
ftmp=(pow(2.,5%q-3)*11.+9.*pow(2.,4*q-1)+7 . *pow(2.,3%q-2)
~-pow(2.,2%q-3)*39-pow(2.,9-2)*11.)/21.; //D’(q,q)
if (DPrimeq != Ng*(two(2*order)-two(2+*q))/3+ftmp)
cerr << "D’ error, D’= " << DPrimeq << " formula="
<< Ng*(two(2xorder)-two(2xq))/3+ftmp << endl;
}
cout << "A(q)="<<Aq <<" A’(q)="<<APrimeq
<< " D(q)="<<Dq <<" D’(q)="<<DPrimeq << endl;
return DPrimeq;

// distance for 1-normed distance
long theorem3_1(int q) {

long delta=two(q), sumDist=0, sumNeighbor=0;
double ftmp; //tmp variable for formula
int ni; // ni-th upper or lower neighbor
for (int i=0; i< getWidth() ; i++)
for (int j=0; j<getWidth(); j++) {
if (i+delta<getWidth()) {
sumDist += abs(
SFCArrayNode (i, j)->getSFCCode () -
SFCArrayNode (i+delta, j)->getSFCCode());
sumNeighbor++;



¥

sumD
if (
if (

else

} el
if (

else

if (i-delta>=0) {
sumDist += abs(
SFCArrayNode(i, j)->getSFCCode() -
SFCArrayNode (i-delta, j)—>getSFCCode());
sumNeighbor++;
}
for (mi=delta-1; ni>=0; ni--){ // upper neighbors
if (i+ni<getWidth() && j+delta-ni<getWidth()) {
sumDist +=abs (SFCArrayNode(i, j)->getSFCCode ()~
SFCArrayNode (i+ni, j+delta-ni)->getSFCCode());
sumNeighbor++;
}
if (i+ni<getWidth() && j-delta+ni>=0) {
sumDist +=abs(SFCArrayNode (i, j)->getSFCCode()-
SFCArrayNode (i+ni, j-delta+ni)->getSFCCode());
sumNeighbor++;
}
} .
for (ni=1; ni<=delta-1; ni++){ // lower neighbors
if (i-ni>=0 && j+delta-ni<getWidth()) {
sumDist += abs(SFCArrayNode(i, j)->getSFCCode()-
SFCArrayNode(i-ni, j+delta-ni)->getSFCCode()) ;
sumNeighbor++;
}
if (i-ni>=0 && j-delta+ni>=0) {
sumDist += abs(SFCArrayNode(i, j)->getSFCCode ()~
SFCArrayNode(i-ni, j-delta+ni)->getSFCCode());
sumNeighbor++;

¥

ist /= 2;//everyone had been summed twice
mSFC==0) { //Hilbert curve

q==0)

ftmp = (51*two(3*order)-35*two(2*order)-16)/42;

ftmp = pow(2.,3*order+2*q) *17./14.-(8.*3. %25 %7 .*
(order-q)+35.%383.)/(16.%27.%35.) *pow (2. ,2*xorder+3*q)
+(30.*(order-q)-1.)*pow(2. ,2*order+q) /(4.*27.)-164 . %
pow(2.,5*%q) /(27.%35.)-2*pow(2.,3*q) /27 .-2*pow(2.,9) /1

se { // z-order curve

q==0)

ftmp = (two(3*order)-two(order));
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ftmp = pow(2.,3*%order+2xq) -
((order-q)*2./9.+1949/(32. %27 .%7.) ) *pow (2. ,2*xorder+3+*q)
+(2./9.*(order-q)+7/(4.%27.) ) *pow(2. ,2%¥order+q) +
19./(4.%3.%7.)*xpow(2.,2*order)-4./7.*pow(2. ,order+4*q)
-3./7 .*pow(2. ,order+q)+10./(27.%7.)*pow(2.,5%q)
-pow(2.,3%q+2) /27 .+pow(2.,2%q+1) /21.;
}
if (ftmp != sumDist)
cerr << "Ldelta error, formula= " << ftmp << endl;
cout <<"Total distance(delta="<<delta<<"):" << sumDist
<< " Sum of neighbor:" << sumNeighbor <<endl;

return sumDist;

double pnorm(VectorD2D *v, VectorD2D *u, double p) {
return pow(pow(abs(v->getVofDim(0)-u->getVofDim(0)) ,p)+
pow (abs (v->getVofDim(1) -u->getVofDim(1)),p),1/p);

void theorem4_3and4() {
VectorD2D *repl, #*rep2, *rep3, *rep4, //representative
*tmp= new VectorD2D(0,0);
Node2D *tmpNode, =*tmpNode2; //other nodes compared with tmpNode
double dp, maxV=0., LAN;
int numberMax=0; // number of representative pairs

for (int p=1; p<4; p++){ // p—normed value
maxV=0; tmpNode= SFCArrayNode(tmp); // starting node
while (tmpNode != NULL ) {
tmpNode2 = SFCArrayNode(tmpNode->getNext());
while (tmpNode2!=NULL) {
dp=pnorm(tmpNode->getCoor (), tmpNode2->getCoor (),p);
LAN=dp*dp/ (tmpNode2->getSFCCode () ~tmpNode->getSFCCode()) ;
if (LAN > maxV){
maxV=LAN; numberMax=1;
repl=tmpNode->getCoor() ;
rep2=tmpNode2->getCoor () ;
} else if (LAN == maxV) {// another pair
numberMax++;
rep3=tmpNode->getCoor();
rep4=tmpNode2->getCoor(); //keep 2 pairs only.
}
tmpNode2=SFCArrayNode (tmpNode2->getNext () ) ;
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+
tmpNode = SFCArrayNode (tmpNode->getNext());
+
if ((p==1 &&
maxV != 9.-3.%pow(2.,-order+3)+pow(2.,-2*order+4))
Il (p>1 && maxV != (pow(2.,2%order-3)-pow(2.,order-1)+
1./2.)%6./(pow(2.,2*xorder-3)+1)))
cerr << " p=" << p << " error " << endl;
cout << "p="<< p<< " Max value = " << maxV<< endl
<< numberMax <<" representative pair(s) are "
<< repl->toString() << rep2->toString();
if (numberMax>1) |
cout << " and " << repl->toString() << rep2->toString();
cout << endl ;

+
delete tmp; // it was temporary starting point

+

void lemma6_1() {
long PiT=0, Pil=0, PiB=0, maxl, tmp;
if (mSFC==0) // Hilber curve
for (int ri=0; ri< getWidth() ; ri++){
max1=0; // initialize max1
for (int i=ri; i<getWidth(); i++)
for (int j=0; j<getWidth(); j++)
if ((tmp= abs(SFCArrayNode(i, j)->getSFCCode() -
SFCArrayNode(0,0)->getSFCCode())) > maxl)
maxl=tmp;
PiT += max1;
}
else //z-order curve
for (int ri=0; ri< getWidth() ; ri++){
max1=0; // initialize maxl
for (int i=0; i<=ri; i++)
for (int j=0; j<getWidth(); j++)
if ((tmp= abs(SFCArrayNode(i, j)->getSFCCode() -
SFCArrayNode(0,0)->getSFCCode())) > maxl)
maxl=tmp;
PiB += max1;

+

for (int rj=0; rj< getWidth() ; rj++){
max1=0; // initialize maxl
for (int i=0; i<getWidth(); i++)
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for (int j=0; j<=rj; j++)
if ((tmp= abs(SFCArrayNode(i,j)->getSFCCode() -
SFCArrayNode (0,0)~>getSFCCode())) > maxl)
maxl=tmp;
Pil. += maxl;
}
if (mSFC==0) // Hilbert curve
cout << "PiT= " << PiT;
else // z-order curve
cout << "PiB= " << PiB;
cout << " PiL=" << Pil << endl;

+

void lemma6_2() {
long barcl=0, barc2=0, barc3=0, maxl, tmp;
int ri, rj, i, j;
for (ri=0; ri< getWidth() ; ri++)
for (rj=0; rj< getWidth() ; rj++){
max1=0; // initialize maxl
for (i=0; i<=ri; i++)
for (j=0; j<=rj; j++)
if ((tmp= abs(SFCArrayNode(i,j)->getSFCCode() -
SFCArrayNode(0,0)->getSFCCode())) > maxl)
maxl=tmp;
barcl += maxi;

for (ri=0; ri< getWidth() ; ri++)
for (rj=0; rj< getWidth() ; rj++){
max1=0; // initialize maxl
for (i=ri; i<getWidth(); i++)
for (j=0; j<=rj; j++)
if ((tmp= abs(SFCArrayNode(i,j)->getSFCCode() -
SFCArrayNode (0,0)->getSFCCode())) > maxl)
maxl=tmp;
barc2 += maxl;

for (ri=0; ri< getWidth() ; ri++)
for (rj=0; rj< getWidth() ; rj++){ //c3area is z-order’s c4
max1=0; // initialize maxl
for (i=ri; i<getWidth(); i++)
for (j=rj; j<getWidth(); j++)
if ((tmp= abs(SFCArrayNode(i, j)->getSFCCode() -
SFCArrayNode(0,0)->getSFCCode())) > maxl)
maxl=tmp;
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barc3 += maxli;

}
if (mSFC==0) // Hilbert
cout << "bar_cl= " << barcl << " bar_c2= " << barc2
<< " bar_c3= " << barc3<< endl;
else
cout << "bar_cl= " << barcl << endl;

void lemma6_3(int q) {
long c1=0, ¢2=0, c3=0, maxl, tmp;
int ri, rj, i, j;
for (ri=0; ri< two(q)-1 ; ri++)
for (rj=0; rj< two(q)-1 ; rj++){
max1=0; // initialize max1l
for (i=0; i<=ri; i++)
for (j=0; j<=rj; j++)
if ((tmp= abs(SFCArrayNode(i, j)->getSFCCode() -
SFCArrayNode (0,0)->getSFCCode())) > maxl)
maxl=tmp;
cl += maxl;

for (ri=getWidth()-two(q)+2-1; ri< getWidth() ; ri++)
for (rj=0; rj< two(q)-1 ; rj++){
max1=0; // initialize maxl
for (i=ri; i<getWidth(); i++)
for (j=0; j<=rj; j++)
if ((tmp= abs(SFCArrayNode(i, j)->getSFCCode() -
SFCArrayNode (0,0)->getSFCCode())) > maxl)
maxl=tmp;
c2 += maxl;

for (ri=getWidth()-two(q)+2-1; ri< getWidth() ; ri++)
for (rj=getWidth()-two(q)+2-1; rj< getWidth() ; rj++){
max1=0; // initialize maxl
for (i=ri; i<getWidth(); i++)
for (j=rj; j<getWidth(); j++)
if ((tmp= abs(SFCArrayNode(i,j)->getSFCCode() -
SFCArrayNode(0,0) ->getSFCCode())) > maxl)
maxli=tmp;
¢3 += maxl; // z-order’s c4
}
if (mSFC==0) //Hilbert
cout << "cl= " << ¢l << " 2= " <K ¢2



<< " ¢c3= " << c3<< endl;

else //z-order

r

cout << "cl= " << cl << endl;

void lemma6_4(int q) {
long L=0, R=0, B=0, maxl, tmp;

int
for
for

for
for

for
for

ri, rj, i, j;
(ri=0; ri< getWidth()-two(q)+1 ; ri++)
(rj=0; rj< twol(g)-1 ; rj+t){
max1=0; // initialize maxl
for (i=ri; i<=ri+two(qg)-1; i++)
for (j=0; j<=rj; j++)
if ((tmp= abs(SFCArrayNode(i,j)->getSFCCode() -
SFCArrayNode (0,0)->getSFCCode())) > maxl)
maxl=tmp;
L += maxl;

(ri=0; ri< getWidth()-two(q)+1 ; ri++)
(rj=getWidth O -two(q)+2-1; rj< getWidth() ; rj++){
max1=0; // initialize max1
for (i=ri; i<=ri+two(q)-1; i++)
for (j=rj; j<getWidth(); j++)

if ((tmp= abs(SFCArrayNode(i,j)->getSFCCode() -

SFCArrayNode(0,0)->getSFCCode ())) > max1)
maxl=tmp;

R += maxl;

(ri=0; ri< two(q)-1 ; ri++)
(rj=0; rj< getWidth()-two(q)+1; rj++){
max1=0; // initialize maxl
for (i=0; i<=ri; i++)
for (j=rj; j<=rj+two(q)-1; j++)
if ((tmp= abs(SFCArrayNode(i, j)->getSFCCode() -
SFCArrayNode(0,0)->getSFCCode())) > max1)
maxl=tmp;
B += maxi;

cout << "I= " << I, << " R= " << R

<< " B= " << B << endl;

void lemma6_5(int q) {
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long L=0, R=0, B=0, T=0, minl, tmp;

int ri, rj, i, j;
for (ri=0; ri< getWidth()-two(q)+1 ; ri++)
for (rj=0; rj< twol(q)-1 ; rj++){
minl=getWidth()*getWidth(); // initialize mini
for (i=ri; i<=ri+two(q)-1; i++)
for (j=0; j<=rj; j++)
if ((tmp= abs(SFCArrayNode(i,j)->getSFCCode() -
SFCArrayNode(0,0)->getSFCCode())) <minl)
minl=tmp;
L += minil;
+
for (ri=b; ri< getWidth()-two(q)+1 ; ri++)
for (rj=getWidth()-two(q)+2-1; rj< getWidth() ; rj++){
nini=getWidth()*getWidth(); // initialize minl
for (i=ri; i<=ri+two(q)-1; i++) ’
for (j=rj; j<getWidth(); j++)
if ((tmp= abs(SFCArrayNode(i,j)->getSFCCode() -
SFCArrayNode(0,0)->getSFCCode())) <minl)
minl=tmp;
R += minil;
+
for (ri=0; ri< two(g)-1 ; ri++)
for (rj=0; rj< getWidth()-two(q)+1; rj++){
minl=getWidth()*getWidth(); // initialize mini
for (i=0; i<=ri; i++)
for (j=rj; j<=rj+two(q)-1; j++)
if ((tmp= abs(SFCArrayNode(i,j)->getSFCCode() -
SFCArrayNode(0,0)->getSFCCode())) < mini)
minl=tmp;
B += mini;
+
for (ri=getWidth()-two(q)+2-1; ri< getWidth() ; ri++)
for (rj=0; rj< getWidth(O-two(q)+1; rj++){
minl=getWidth()*getWidth(); // initialize minl
for (i=ri; i<getWidth(); i++)
for (j=rj; j<=rjt+two(q)-1; j++)
if ((tmp= abs(SFCArrayNode(i,j)->getSFCCode() -
SFCArrayNode (0,0)->getSFCCode())) < minl)
minl=tmp;
T += mini;
}
cout << "thetal L= " << L << " R= " << R

<< " B= " << B <K« " T=" << T << endl;
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void lemma6_6(int q) {

long ¢1=0, c¢2=0, c3=0, minl, tmp;

int ri, rj, i, j;

for (ri=0; ri< two(q)-1 ; ri++)

for (rj=0; rj< two(g)-1 ; rj++){
minl=getWidth () *getWidth();; // initialize max1
for (i=0; i<=ri; i++)
for (j=0; j<=rj; j++)

if ((tmp= abs(SFCArrayNode(i,j)->getSFCCode() -
SFCArrayNode (0,0)->getSFCCode())) <minl)
minl=tmp;

¢l += mini;

for (ri=getWidth()-two(qg)+2-1; ri< getWidth() ; ri++)
for (rj=0; rj< twol(g)-1 ; rj++){

minl=getWidth()*getWidth();; // initialize max1

for (i=ri; i<getWidth(); i++)

for (j=0; j<=rj; j++)

if ((tmp= abs(SFCArrayNode(i, j)->getSFCCode() -
SFCArrayNode(0,0)->getSFCCode())) <minl)
minl=tmp;
c2 += minl;

for (ri=getWidth()-two(q)+2-1; ri< getWidth() ; ri++)
for (rj=getWidth()-two(q)+2-1; rj< getWidth() ; rj++){
minl=getWidth()*getWidth();; // initialize max1
for (i=ri; i<getWidth(); i++)
for (j=rj; j<getWidth(); j++)
if ((tmp= abs(SFCArrayNode(i,j)->getSFCCode() -
SFCArrayNode (0,0)->getSFCCode())) <minl)
minl=tmp;
¢3 += mini;

}
// area of c4 for z-order is the area of ¢3 for Hilbert
if (mSFC==0)
cout << "thetal cl= " << ¢l <K " 2= " << ¢c2
<< " 3= " << ¢c3<< endl;
else
cout << "thetal «c4= " << ¢3 << endl;

void theorem6_1(int q) {
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long Psig=0, minl, maxl, tmp;
int ri, rj, i, j;
for (ri=0; ri< getWidth()-two(q)+1 ; ri++)
for (rj=0; rj< getWidth(-two(q)+1l ; rj++){
minl=getWidth()*getWidth(); // initialize minl
max1=0; // initialize maxi
for (i=ri; i<=ri+two(q)-1; i++)
for (j=rj; j<=rj+two(q)-1; j++) {
if ((tmp= abs(SFCArrayNode(i,j)->getSFCCode() -
SFCArrayNode(0,0)->getSFCCode())) <minl)

minl=tmp;
if (tmp>max1)
maxl=tmp;
}
Psiq += (maxl-minl-two(q)*two(q)+1);
}
cout << "Psig= " << Psiq << endl;
}
s
#endif
B.1.4 2D.cpp

[11777777777777777777777777717777777777777777777777777777777717777777
// 2D.cpp: the interface

//

// Note: all the indices in program starts from O
[11777777777777777777777777777777777777777777777777777777777777777777
#include <iostream>

#include "Node2D.h"

#include "VectorD2D.h"

#include "SFCArray2D.h"

SFCArray2D *HA;

void init (int nLevel, int sfctype) {

long tmp =(long) pow(2.0,nLevel);

HA = new SFCArray2D(tmp ,nlLevel, sfctype);
}

int main(char * s[]) {
int q=2; // query size 2°q * 2°q, or distance 2°q, q must be >= 0
int sfctype=1; //0: Hilbert, 1:z-order
for (int k=1; k<10; k++) {



//
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init(k, sfctype);
if (sfctype==0)

cout << " Hilbert Curve ===========" << endl;
else

cout << " z-0rder Curve ===========" << endl;
if (HA->IsSuccessful()) {

return -1;
}
cout << "k: " <K k < " g= " << q << endl;

HA->Check();
cout << "Lemma 3.1 (3.7 for z-order)" << endl;
HA->lemma3_1(0); // parameter:row number (indexed from 0)
cout << "Lemma 3.2 (3.8 for z-order)" << endl;
HA->lemma3_2(0); // parameter:column number (indexed from 0)
cout << "Lemma 3.3 (3.9 for z-order)" << endl;
HA->lemma3_3();
cout << "Lemma 3.5 (3.11 for z-order)" << endl;
HA->lemma3_5(q);
cout << "Lemma 3.6 (3.12 for z-order)" << endl;
HA->lemma3_6(q) ;
cout << "Theorem 3.1 (3.2 for z-order)" << endl;
HA->theorem3_1(q);
cout << "Theorem 4.3 and 4.4" << endl; //Not for z-order
HA->theorem4_3and4 () ;
cout << "Lemma 6.1 (6.7 for z-order)" << endl;
HA->lemma6_1();
cout << "Lemma 6.2 (6.8 for z-order)" << endl;
HA->lemma6_2();
cout << "Lemma 6.3 (6.9 for z-order)" << endl;
HA->lemma6_3(q);
cout << "Lemma 6.4 (6.10 for z-order)" << endl;
HA->lemma6_4(q) ;
cout << "Lemma 6.5 (6.11 for z-order)" << endl;
HA->lemma6_5(q);
cout << "Lemma 6.6 (6.12 for z-order)" << endl;
HA->lemma6_6(q) ;
cout << "Theorem 6.1 (6.2 for z-order)" << endl;
HA->theorem6_1(q) ;
delete HA;
}
return O;
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B.2 3-Dimensional Space-Filling Curves
B.2.1 VectorD3D.h

[1117177177777717777777777777777777777777777777/7777/7777/77777/777/7777
// VectorD3D: a class for 3D vector.

//

// Note: all the indices in program starts from O
[111171177777777777777777777777777777777777777777777777777777177777777
#ifndef __VECTORD3D_H

#define __VECTORD3D_H

#include <iostream>

#include <sstream>

#include <string>

#include <math.h>

using namespace std ;

class VectorD3D {
protected:
int mNumDim;
long mE[3]; // the value for each dimension

public:
VectorD3D () :mNumDim(3) {//constructor
for (int i=0; i<mNumDim; i++)
mE[i]=-1;
}

VectorD3D(VectorD3D *other) :mNumDim(3) { // constructor
for (int i=0; i<mNumDim; i++)
nE[iJ=other->mE[i] ;

}

VectorD3D(int a, int b, int c¢) :mNumDim(3){ // for coordinate
mE[0]=a;
mE[1]=b;
mE[2]=c;

}
“VectorD3D() { /*deletel] mE;*/ } // destructor
int getnDim(){ // # of dimension

return mNumDim;

+
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int getVofDim(int dim) {//value in each dimension
if (dim > getnDim())
return -9999;
return mE[dim] ;

// addition
VectorD3D add (VectorD3D &other) {
VectorD3D tmp(this);
int nshortest = getnDim();
if (getnDim() >= other.getnDim())
nshortest = other.getnDim(); // get the shortest
for (int i=0; i< nshortest; i++) {
tmp.mE[i] += other.mE[i];
}

return tmp;

// subtraction

VectorD3D subtract (VectorD3D &other) {
VectorD3D tmp(this);
int nshortest = getnDim();
if (getnDim() >= other.getnDim())

nshortest = other.getnDim(); // get the shortest
for (int i=0; i< nshortest; i++) {
tmp.mE[i] -= other.mE[i];

+

return tmp;

// multiply
VectorD3D Multiply (int num) {
VectorD3D tmp(this);
for (int i=0; i< tmp.getnDim(); i++)
tmp.mE[i] *= num;
return tmp;

VectorD3D Multiply (double num) {
VectorD3D tmp(this);
for (int i=0; i< tmp.getnDim(); i++)
tmp.mE[i] = (int) tmp.mE[i] * num;
return tmp;
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VectorD3D MultiplyLeftShiftHalf (double num) {
VectorD3D tmp(this);
double tmpDouble =0.0;
for (int i=0; i< tmp.getnDim(); i++) {
tmpDouble = ((double) tmp.mE[il) * num;
if (-1 < tmpDouble && tmpDouble <O0)
tmp.mE[i] = -1;
else
tmp.mE[i] = (int) ( tmp.mE[i] * num);
}

return tmp;

// dot opertation
long dot (VectorD3D *other) {
int tmp = O;
for (int i1=0; i< getnDim(); i++)
tmp += mE[i] * other->mE[i];
return tmp;

long dot (VectorD3D &other) {
int tmp = O;
for (int i=0; i< getmDim(); i++)
tmp += mE[i] * other.mE[i];
return tmp;

}

VectorD3D& copyFrom(VectorD3D &other){//copy, return -1 for error
int nshortest = getnDim();
if (getnDim() >= other.getnDim())
nshortest = other.getnDim(); // get the shortest

for (int i=0; i< nshortest; i++)
mE[i] = other.mE[i];
return *this;

VectorD3D& copyFrom(VectorD3D *other){ // constructor
int nshortest = getnDim();
if (getnDim() >= other->getnDim())
nshortest = other->getnDim(); // get the shortest
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for (int i=0; i< nshortest; i++)
mE[i] = other->mE[i];
return *this;

VectorD3D & operator = ( VectorD3D &other) {
if (this != &other) {
for (int i=0; i<mNumDim; i++)
mE[i]=other.mE[i];
}

return *this;

VectorD3D Normalized() {
VectorD3D unitVector (xthis);
long sqr_len=0;
int 1i;

for (i=0; i<mNumDim; i++) //sqr sum
sqr_len += (long) pow(mE[i], 2.0);

sqr_len = (long) sqrt(sqr_len); // length(distance)

if (sqr_lem != 0) {
for (i=0; i<mNumDim; i++)
unitVector.mE[i] /= sqr_len;

}

return unitVector;

}

string toString() {
std: :ostringstream o;
if (o << #this)
return o.str();
return "";

friend std::ostream& operator<< (std::ostream& o, VectorD3D& v){
0 << "(" << v.getVofDim(0);
for (int i=1; i< v.getnDim() ; i++)
0 << ", " << v.getVofDim(i) ;
return o << ")";
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+;
#tendif

B.2.2 Node3D.h
111777777777777777777777777777777777777777777777777777777777717/77777

// Node3D: a class for the element in the array.
// data: coordinates, index, next element

// Note: all the indices in program starts from O
[1111717171717171717777/77/7777777/77777/777/777/7/7/777/777/7/7777777777
#ifndef __NODE3D_H

#define __NODE3D_H

#include <iostream>

#include <sstream>

#include <string>

#include "VectorD3D.h"

using namespace std ;

class Node3D {
private:

VectorD3D *mData;

VectorD3D *mNext;

long mSFCCode;

int mChecked;

public:

Node3D() { //constructor
mData = new VectorD3D(-1,-1,-1);
mNext NULL;
mSFCCode = -1;
mChecked=0;

[l

}

Node3D(VectorD3D *data, VectorD3D *next, long hcode){//constructor
if (data !'= NULL)
mData = new VectorD3D(data);
else
mData=NULL;
if (next != NULL)
mNext = new VectorD3D(next);

else

mData = NULL;
mSFCCode = hcode;
mChecked=0;
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“Node3D() {
delete mData;
delete mNext;

void setData(long a, long b, long c) {
VectorD3D tmp(a,b, c);
if (mData == NULL)
cerr << "NULL for mData" << endl;
mData->copyFrom(tmp) ;

VectorD3D* getNext() {
return mnmNext;

}

long getSFCCode() {
return mSFCCode;

}

void setNext(VectorD3D *next) {
if (next != NULL) {
if (mNext == NULL)
mNext = new VectorD3D(next);
else ,
mNext->copyFrom( next);

void setSFCCode(long hcode) {
mSFCCode = hcode;
}

string toString() {
std::ostringstream o;
if (o << *this)
return o.str();
return "";

friend std::ostream& operator<< (std::ostream& o, Node3D& v) {
0 << "Node: " << *(v.mData) << " (SFCCode=" << v.getSFCCode();
if (v.mNext == NULL)
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o << ") nextNode= (NULL)";
else

0 << ") nextNode= " << *(v.mNext) ;
return o;

+

int getVofDim(int dim) { //value in each dimension
if (dim > mData->getnDim())
return -9999;
return mData->getVofDim(dim);

+

void setChecked() { // set for mChecked
mChecked++;
+
void setUnChecked() { // set for unchecked
mChecked=0;
+
int getChecked() {
return mChecked;
+
+;
#endif

B.2.3 SFCArray3D.h
[1177177717771777717777777777777777777777177777/777777777717771777777777

// SFCArray3D: a class for maintaining the indices and coordinates.
//

// Note: all the indices in program starts from 0
II11777777777777177707777777777777777777777777777777177777777777777777
#ifndef __SFCARRAY3D_H

#define __SFCARRAY3D_H

#include <iostream>

#include <stdio.h>

#include <malloc.h>

#include <math.h>

#include "VectorD3D.h"

#include "Node3D.h"

using namespace std ;

class SFCArray3D {
private:
Node3D* mSFCArray; // array to keep the indices and coordinates
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long mWidth; // the max width for each coordinate
int order; // order

int mSFC; // 0: Hilbert, 1: z-order

int Successful;

long arrayIndex(VectorD3D *location){
long arrayIndex=0;
if (location == NULL)
return -1;
for (int i=0; i< location->getnDim(); i++){
if (location->getVofDim(i) < 0) {
arrayIndex = -1;
break;
+
arrayIndex =arrayIndex * mWidth + location->getVofDim(i);

+

return arraylndex;

Node3D* SFCArrayNode (VectorD3D *location) {
if (location != NULL) {
long arrayInd = arrayIndex(location);
if (arrayInd < 0)
return NULL;
return &(mSFCArray([arrayInd]);
} else {
return NULL;

Node3D* SFCArrayNode (VectorD3D &location) A
long arrayInd = arrayIndex(&location);
if (arrayInd < 0) ‘
return NULL;
return &(mSFCArray(arrayInd]);

Node3D* SFCArrayNode (const long i, const long j, const long k) {
if (1 < mWidth && i>=0 && j <mWidth && j>=0 &&
k<mWidth && k>=0)
return &(mSFCArray[(i * mWidth + j)*mWidth +k]);
else
return NULL;
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public:
SFCArray3D(int max, int level, int sfctype) :mWidth(max),
Successful(0), mSFC(sfctype), order(level)  {
if (max < (int)pow(2.0, level)) {
cerr << "Too few of elements in the array";
return;
}
mSFCArray = new Node3D [max*max*max];
// initiallize the Node3D
for (long i = 0; i< mWidth; i++)
for (long j=0; j< mWidth; j++)
for (long k=0; k< mWidth; k++)
mSFCArray [(i*mWidth+j)*mWidth+k] .setData(i, j,k);

VectorD3D 0(0,0,0); // origin

VectorD3D DO (max, 0, 0); // DO direction
VectorD3D D1 (0O,max, 0); // D1 direction
VectorD3D D2 (0, O, max); // D2 direction

// construct the array’s nextpoint
// recusive call to calculate the linkage and the SFC code
SFCLineArray(o, DO, D1, D2, level, &o);

“SFCArray3D() { delete[] mSFCArray;}
long getWidth() {return mWidth; }

VectorD3D SFCLineArray(VectorD3D &o, VectorD3D &DO,
VectorD3D &D1, VectorD3D &D2, int level, VectorD3D *Prev) {

VectorD3D tmpo(o), tmpDO(DO), tmpD1(D1), tmpD2(D2);

// copy of o, DO, Di, D2

if (level <= 0) {

if (Prev->getVofDim(0)<0 [] Prev->getVofDim(1)<0 ||
Prev->getVofDim(2)<0 ||
Prev->getVofDim(0) >=getWidth() ||
Prev->getVofDim(1)>=getWidth() ||
Prev->getVofDim(2) >=getWidth()) {
cerr <<"error, less:" << (*Prev) << endl;

}
if (SFCArrayNode (Prev) == NULL) { // no previous node
SFCArrayNode (o) ->setNext (&o) ;
} else {

SFCArrayNode (0)->setSFCCode (SFCArrayNode (Prev) ->
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getSFCCode () +1) ;
SFCArrayNode (Prev)->setNext (&o) ;
}
return o;
} else {
VectorD3D tmpV;
tmpV=SFCLineArray( tmpo=o, tmpD1=D1.Multiply(.5),
tmpD2=D2.Multiply(.5), tmpD0=D0.Multiply(.5),

level-1, Prev); //00 block

tmpV=SFCLineArray( tmpo=o0.add(DO.Multiply(.5)),
tmpD2=D2.Multiply(.5), tmpD0=D0.Multiply(.5),
tmpD1=D1.Multiply(.5), level-1, &tmpV); //01 block

tmpV=SFCLineArray (
tmpo=o0.add(DO.Multiply(.5)).add(D1.Multiply(.5)),
tmpD2=D2.Multiply(.5), tmpDO=DO.Multiply(.5),
tmpD1=D1.Multiply(.5), level-1, &tmpV); //11 block

tmpV=SFCLineArray (tmpo=o0.add (DO.Multiply(.5)).
subtract (DO.Normalized()).add(D1).
subtract(D1.Normalized()), tmpDO=DO.Multiply(-.5),
tmpD1=D1.Multiply(-.5), tmpD2=D2.Multiply(.5),
level-1, &tmpV); //10 block

// the other side of D2 (3rd D)

tmpV=SFCLineArray(tmpo=o.add(DO.Multiply(.5)).
subtract (DO.Normalized()).add(D1).
subtract(D1.Normalized()).add(D2.Multiply(.5)),
tmpDO=DO.Multiply(-.5),  tmpD1=D1.Multiply(-.5),
tmpD2=D2.Multiply(.5), level-1, &tmpV); //10 block

tmpV=SFCLineArray (tmpo=0.add(D0.Multiply(.5)).add(D1).
subtract (D1.Normalized()).add(D2).
subtract(D2.Normalized () ) ,tmpD2=D2.Multiply(-.5),
tmpDO=DO.Multiply(.5), tmpD1=D1.Multiply(-.5),
level-1, &tmpV); //11 block

tmpV=SFCLineArray(tmpo=o0.add(DO.Multiply(.5)).
add(D1.Multiply(.5)) .subtract(D1.Normalized()).
add(D2) . subtract(D2.Normalized()),
tmpD2=D2.Multiply(-.5),  tmpD0=DO.Multiply(.5),
tmpD1=D1.Multiply(-.5), level-1, &tmpV); //01 block

tmpV=SFCLineArray (tmpo=o0.add(D0.Multiply(.5)).
subtract (DO.Normalized()) .add(D2).
subtract(D2.Normalized()), tmpD1=D1.Multiply(.5),
tmpD2=D2.Multiply(-.5), tmpDO=D0.Multiply(-.5),
level-1, &tmpV); //00 block

return tmpV;
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const VectorD3D* getNextPoint(VectorD3D *cur) {
if (cur != NULL && SFCArrayNode(cur)!= NULL) {
return SFCArrayNode(cur)->getNext();
} else {
return NULL;
),
),

const VectorD3D* getNextV(Node3D *cur) {
if (cur != NULL ) {
return cur->getNext();
} else {
return NULL;
}
}

// return the # of points visited
long Check(){

VectorD3D *tmp = new VectorD3D(0,0,0); // start point
Node3D *tmpNode = SFCArrayNode(tmp);
long nChecked=0, // Checked #

nError=0, // Error #

old_hcode = -1; // cur_SFCCode

while (tmpNode != NULL ) {
if (tmpNode->getSFCCode() != old_hcode+l) {
cout << "Not cotinuous at" << *tmpNode
<< " and prev:" << old_hcode <<endl;
} :
tmpNode->setChecked() ;
if (nChecked>mWidth*mWidth*mWidth) {
cout << "Error in the setChecked "<< endl;
return -1;
),
cout << tmp->toString() << endl;
old_hcode = tmpNode->getSFCCode() ;
tmp = tmpNode->getNext(); //
tmpNode = SFCArrayNode (tmp);
),

for (int i=0; i< getWidth(); i++)
for (int j=0; j<getWidth(); j++)
for (int k=0; k<getWidth(); k++)
if (SFCArrayNode(i,j, k) != NULL )
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if (SFCArrayNode(i,j,k)->getChecked() == 1 )
nChecked++;
else
nError--;
cout << "init:" << *SFCArrayNode(0,0,0) <<
" \nend:" << *SFCArrayNode(0,0,getWidth()-1) << endl
<<"nError: "<<nError<<" nChecked:" << nChecked << endl;
if (nFError < 0)
return nError;
else
return nChecked;

// created succesfully?
int IsSuccessful() { return Successful; }

double lemma3_13(int r=0) {
double P1=0.,P2=0.,P3=0.; //for planel3,23, P2 is for comparison
if (mSFC==0) {
for (int i=0; i< getWidth() ; i++){
P1=0.; // initialize P1
for (int j=0; j<getWidth(); j++)
for (int k=0; k<getWidth(); k++) {
Pi1 += (double) abs(SFCArrayNode(i,j,k)->getSFCCode()-
SFCArrayNode(0,0,0)->getSFCCode()) ;

X
if (1>0)
if (P1 1= P2)
cerr << " plane " << i-1 << " I= plane " << i <<endl;
P2=P1,;

}
}
else { // z-order
for (int j=0; j<getWidth(); j++)
P1 += abs(SFCArrayNode(r,j,0)->getSFCCode() -
SFCArrayNode (0,0,0)->getSFCCode () ) ;
} .
P3=P1;
cout << " Sum at P(23) " << r << " = " << P1 << endl;
if (mSFC==0) {
for (int j=0; j< getWidth() ; j++){
P1=0.; // initialize Pi
for (int i=0; i<getWidth(); i++)
for (int k=0; k<getWidth(); k++) {
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P1 += (double) abs(SFCArrayNode(i,j,k)->getSFCCode ()~
SFCArrayNode(0,0,0) ->getSFCCode () ) ;

+
if (3>0)
if (P1 !'= P2)
cerr << " plane " << j-1 << " I= plane " << j <<endl;
P2=P1;
+
if (P3 '=P1 || P3 !=pow(2.,5%order-1)-pow(2.,2*order-1))
cerr << "P13 != P23 error " << endl;

+
else { // z-order
for (int j=0; j<getWidth(); j++)
P1 += abs(SFCArrayNode(r,j,O)—>getSFCCode() -
SFCArrayNode(0,0,0) ->getSFCCode()) ;

+
cout << " Sum at P(13) " << r << " = " << P1 << endl;
return P1;

double lemma3_14() {
double P1=0.,P2=0.; //for planel2, P2 is for comparison
if (mSFC==0) {
for (int i=0; i< getWidth() ; i++)
for (int j=0; j<getWidth(); j++)
P1 += (double) abs(SFCArrayNode(i,j,0)->getSFCCode()-
SFCArrayNode (0,0,0)—>getSFCCode()) ;
P2=15./62.*pow(2.,5%order)-pow(2.,2%order-1)+8./31.;
+
else { // z-order
for (int j=0; j<getWidth(); j++)
P1 += abs(SFCArrayNode(0,j,0)->getSFCCode() -
SFCArrayNode (0,0,0)->getSFCCode()) ;
+
if (P1 != P2)
cerr << "P12 0 error" << endl;
cout << " Sum at P(12) 0= " << P1 << endl;
return Pil;

// for 1-normed distance

void theorem3_3() {
double sumDist=0;
long.sumNeighbor=O;
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for (int i=0; i< getWidth() ; i++)
for (int j=0; j<getWidth(); j++) {
for (int k=0; k<getWidth(); k++) {
if (i+1 < getWidth()) {
sumDist += abs(SFCArrayNode(i,j, k)->getSFCCode() -
SFCArrayNode(i+1,j, k)->getSFCCode());
sumNeighbor ++;
}
if (j+1 < mWidth) {
sumDist += abs(SFCArrayNode(i,j, k)->getSFCCode() -
SFCArrayNode (i, j+1, k)->getSFCCode());
sumNeighbor ++;
}
if (k+1 < mWidth) {
sumDist += abs(SFCArrayNode(i,j, k)->getSFCCode() -
SFCArrayNode(i,j, k+1)->getSFCCode());
sumNeighbor ++; '
}
}
}
if (sumDist != 67./62*pow(2.,5%order)
-11./14 .xpow (2. ,3%order)~64./7./31.)
cerr << "Tatal distance error" << endl;
cout <<"Total distance(width="<<getWidth()<<"):" << sumDist
<< " Sum of neighbor:" << sumNeighbor <<endl;
cout << "average distance of 1 for HA:"
<< (double)sumDist/sumNeighbor <<endl;

return,;
}
+;
#endif
B.2.4 3D.cpp

II1177771777777777777777777777777777777777777777777/7777777777777/7777
// 3D.cpp: the interface

//
// Note:

all the indices in program starts from O

[I17777777777777777777777777777777777777777777777777777777777777777/

#include
#include
#include
#include

<iostream>
"Node3D.h"
"VectorD3D.h"
"SFCArray3D.h"
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SFCArray3D *HA;

void init (int nLevel,int sfctype) {
long tmp =(long) pow(2.0,nLevel);
HA = new SFCArray3D(tmp ,nLevel,sfctype);

}

int main(char * s[]) {
int sfctype=0; //0: Hilbert, 1: z-order
for (int k=1; k<8; k++) {

//
//

init(k,sfctype);
if (sfctype==0)

cout << "====== Hilbert Curve ===========" << endl;
else
cout << " z-0rder Curve ===========" << endl;
if (HA->IsSuccessful()) {
return -1;
}
cout << "k: " << k << endl;
HA->Check () ;
cout << "Lemma 3.1 (3.7 for z-order)" << endl;
cout << "Lemma 3.13 (3.16 for z-order)" << endl;
HA->lemma3_13(0); // parameter:row number (indexed from 0)
cout << "Lemma 3.14 (3.17 for z-order)" << endl;
HA->lemma3_14(); // parameter:row number (indexed from 0)
cout << "Theorem 3.3 (3.4 for z-order)" << endl;
HA->theorem3_3(); // parameter:row number (indexed from 0)
delete HA;
}
return O;
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