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CHAPTER 1
INTRODUCTION

In Number Theory, analyzing the special values of L-functions have been one of
the significant targets of research since the eighteenth century when the Riemann-
zeta function was introduced. It has an important role particularly on study of the
distribution of prime numbers, and also has applications in various fields including
physics and statistics. The Riemann-zeta function, which was originally introduced

and studied by Leonhard Euler, is a function of a complex variable defined as

o0

()=

ns’
n=1
It can be checked that this infinite series converges only when the real part of s is
larger than 1, and has an Euler product:

) =T =p)7,

p

where p runs through all the prime numbers. This observation first made by Euler
says that the Riemann-zeta function relates deeply to prime numbers. The series also
admits an analytic continuation, which allows us to extend our definition of ((s) as
a meromorphic function on the whole complex plane except for a pole at s = 1.

In the nineteenth century, Dirichlet constructed the Dirichlet L-functions which
are generalizations of the Riemann-zeta function. A Dirichlet L-series is obtained
by “twisting” the Riemann-zeta function by a certain function x called a Dirichlet
character that maps integers to complex numbers, i.e., Dirichlet L-series attached to

X is defined to be

L(s,x) = Z XSZ)



He investigated this series to prove the theorem that an arithmetic progression of
the form {a 4+ nd}5°, contains infinitely many primes if a and d are relatively prime.
Similar to the Riemann-zeta function, the Dirichlet L-series have Euler products, and
can be analytically continued to the complex plane. The continued meromorphic
functions are called Dirichlet L-functions. Such analytic properties of the Riemann-
zeta function and Dirichlet L-functions are found in many books in Number Theory.
See, for example, [34, Section 7.1-7.2].

One of the interesting topics in the area is to analyze the “special values” of
L-functions. Some expamples of special values are:

1 1 2
2N =14 — 4 — .=
¢(2) +22+32+ G

which is due to Euler, or if x is a Dirichlet character modulo 4 such that x(z) = 1
for x =1 (mod 4) and x(z) = —1 for x = 3 (mod 4), Leibniz observed that

1 1 1 T
LO,\)=1—=+4=—Z+4...=2.

One can aim to generalize some arithmetic properties of such values. This is a very
deep and still highly conjectural topic.

In early twentieth century, Erich Hecke generalized Dirichlet characters to ob-
tain characters of the idele group of a number field F', and associated them with
L-functions. His work was reformulated by John Tate in his Ph.D. thesis in which
he showed meromorphic continuation and the functional equations of L-functions at-
tached to a Hecke character by using Fourier analysis on adele group over number field
F and on its local fields. Moving to the adelic setting removed many technical issues
faced in the classical setting. His method is now called the modern GL;-theory of
automorphic forms, and contributed to the development of GL,,-theory. In particular,
we deal with the GLo-theory in the thesis.

While the Riemann-zeta function and Dirichlet L-functions are classical examples

of L-functions, there are much broader generalizations in the area nowadays. For



example, Hecke contributed deeply to the theory of L-functions attached to modular
forms, which leads us to the classical GLy-theory. A modular form is a complex-valued
analytic function defined on the upper-half plane h that satisfies a certain functional
equation and a growth condition. We say a modular form f is of weight k£ and level

N if, for any element (¢ 4) in SLy(Z) with ¢ =0 (mod N), it satisfies

f (“Z il b) — (ez+ dFf(2).

cz+d

In particular, such a function satisfies f(z 4+ 1) = f(2) and therefore has a Fourier

expansion;
o0

f(z) =) anl(f)e™.

n=—m

A modular form is called a cusp form if it vanishes at all cusps, or equivalently, the
Fourier coefficients a,(f) are 0 for all n < 0. The L-function attached a cusp form f

is defined as the infinite series given by

L(S, f) _ Z an(f)

ns

n=1
It has analytic properties of the expected kind, which are thoroughly studied in [33].
Furthermore, the concepts of modular forms were extended to obtain modular forms
in several variables. These forms are called Hilbert modular forms. Despite the fact
that Hilbert modular forms were introduced in the early stage, the development of
their theory was not seen until much later. This thesis focuses on such functions and
some of the arithmetic properties of their L-functions.

We now direct our attention to the contents of this thesis. We begin Chapter 2
by introducing some notations and basic facts that we will be using throughout the
thesis. Chapter 3 is to give precise definitions regarding Hilbert modular forms. A
Hilbert modular form can be lifted to the adelic setting. The adelized form is denoted
as f which is an h-tuple of Hilbert modular forms defined on h". See (3.1.2). Here, h

represents the narrow class number (described in Section 2.3). It should be noted that



we do not have any restriction on the narrow class number anywhere in the thesis,
which is often assumed to be one in literature. Section 3.3 focuses on primitive forms,
which are the forms with “nice” properties and the objects of our interests.

We would like to pass to the setting of the modern GLo-theory which is to use
a representation theoretical point of view. As mentioned earlier, it simplifies some
technical difficulties that arise in the classical setting. In particular, a large narrow
class number does not cause any trouble in a study of the representations. A bridge
that takes us from Hilbert modular forms to certain automorphic representations of
GLs is described in detail in Chapter 5. Keeping the correspondence between these
objects in our mind, our interest is to compare the (finite) L-functions of Hilbert
modular form and of automorphic representation of GLs. An L-function of Hilbert

modular form f is defined as an infinite sum
C(m,f)
L f) =
f(S’ ) zrn: N(m)s )

where m runs through all the integral ideals of the base field F', and C(m,f) is a

suitably normalized Fourier coefficient at m given in (3.1.3). On the other hand, an

L-function of a representation II is defined to be the product of the local L-factors
Ly(s,10) = [ [ Ly(s.10,).
p

These two L-functions constructed in completely different manners give the following

relation:

L(s,1I(f)) = L (s—l— kogl,f),

where k¢ is determined by the weight of f. Note that, by denoting II(f), we mean the
representation corresponding to f. Section 5.3 should be referred to for the construc-
tion of the L-functions and their relations.

What is also worth mentioning is the Aut(C)-equivariance of the correspondence.
The Aut(C)-actions and the equivariance are described in Section 5.4, and arise as

one of the key facts in the proof of algebraicity theorem. See Chapter 6.



We study representations of GLs in Chapter 4. We start Section 4.1 with the study
of the local representations Il,, at infinity with a special focus on the Langlands
correspondence for GLy(R) in Section 4.1.2. This study has an important role to
determine whether a global representation II is reqular and algebraic, which is the
type of representations appearing in the correspondence described in Chapter 5. The
regular algebraic cuspidal automorphic representations are discussed in Section 4.2.
The rest of the chapter is to study cohomological representations, which contains
several technical details which are needed in Chapter 6.

Finally, we discuss our main theorems in Chapters 6, 7, and 8 These main

theorems are to concern the following:
e Algebraicity theorem discussed in Chapter 6;
e Congruence property in Chapter 7; and
e Non-vanishing property in Chapter 8.

Note that Chapter 6, Chapter 7, as well as their supporting materials are joint work
with the author’s thesis advisor, A. Raghuram.

Chapter 6 deals with an algebraicity theorem. There is a fundamental result
of Shimura in [41] about critical L-values of Hilbert modular form. The result is
stated as Theorem 6.0.1, which roughly says that, if f is primitive, then there are
nonzero complex numbers u(r, f) called periods so that the critical L-values of f equal
(2m1)**u(r,f) (with some integer *x), up to an element of the rationality field Q(f).
In other words, the L-values divided by (27i)**u(r,f) are algebraic (and belong to
Q(f)). More generally, similar statements hold when the L-function is twisted by a
finite order Hecke character xy. The aim of this chapter is to give another proof to
his theorem. As mentioned earlier, our approach is to study the L-functions attached
to the representation II(f). One of the merits of working on the L-function attached

to the representation II(f) instead of the one attached to f is that it is sufficient to



prove an algebraicity theorem for only one critical value, namely the central critical
value. Algebraicity results for the other critical values follow from the period relations
proved by Raghuram and Shahidi in [38]. Furthermore, the theorem can be applied to
any representation II(f) ® x twisted by a finite order Hecke character y, which gives
Shimura’s results for L(s, f, x). See Theorem 6.0.2 and Corollary 6.0.3. In Section 6.1,
we define the periods and give a brief summary of the period relations for our context
of GLjy. Note that our period is not the same as what Shimura used, and it arises
out of a comparison of rational structures on two different realizations of II. The
relation between these periods is observed in (6.2.18). The proof for Theorem 6.0.2 is
completed in Section 6.2. The idea of the proof is to interpret the Mellin transform
as a cohomological map. The summary of the proof is compressed into the diagram
(6.2.1).

Chapter 7 is to discuss a congruence property of the central critical L-values.
Vatsal proved in [44] that if two elliptic cusp forms are congruent modulo ¢, for a
prime ¢, then the congruence also holds for their critical L-values. Our goal is to
generalize this result to Hilbert modular forms by using the approach described in
Chapter 6, and analyzing it integrally. The key ingredient for solving the problem is a
refinement of the definition of periods, which follows from studying integral structures
on inner cohomology. Definitions of integral structures are provided in Section 7.2.
The periods defined in Chapter 6 are canonical up to an element of the rationality
field Q(IT) of the representation. However, for a congruence property, it needs to be
treated more sensitively. More precisely, it needs to be defined so that it is canonical
up to a unit in an f-adic completion of a field containing all the necessary number
fields. The proof is completed in Section 7.3 with a special focus on the refinement
of the periods in Section 7.3.3.

In Chapter 8, we study a nonvanishing property of the derivatives of L-functions.

Theorem 8.0.1 says that, for a primitive holomorphic Hilbert cusp form f of even



weight, if the central critical L-value does not vanish, then neither does the derivative
at the center of symmetry. This is a generalization of the result by Gun, Murty, and
Rath in [18]. The proof is completed by studying the derivative of the functional
equation for a completed L-function. Some properties of Hilbert modular forms stated
in Section 3.4 will be useful to know.

The author would like to express her sincere gratitude to her thesis advisor, Profes-
sor A. Raghuram, for his support throughout the research. Her grateful appreciation
is also extended to her committee: Professor Mahdi Asgari; Professor Anthony Kable;

Professor David Wright; and Professor Daniel Fisher.



CHAPTER 2
Preliminaries

In this chapter, we will introduce some notations and basic definitions that will be

needed throughout the thesis.

2.1 The base field

Let F' denote a totally real number field of degree n, O the ring of integers in F,
and n a fixed integral ideal in F'. The real embeddings of F' are denoted n; with
j=1,---,n, and we put n = (m,---,n,) with a fixed order of {n;}. With respect
to this n, F' naturally sits inside R"”, and an element o in F' will be expressed as
(aq, -+ ,ap) for (m(a), - ,m.(a)) to be considered as an element of R". We write
F, for the set of all the totally positive elements in F'. (A totally positive element
means an element « in F' such that n;(o) >0 forall j=1,...,n.)

Let Ap denote the adele ring of F', and Ag; the finite adeles; we will drop the
subscript /' for the field Q. Hence Ap = A ®q F, etc. The infinite part of the adele
F can be also denoted as [[,cq v = [[j_; F5; =~ [[}-, R where S, is the set of
all real places {n;}. We write F+ for the subset of all (z1,...,2,) in Fi such that
x; > 0 for all j.

Let p denote a prime ideal of Op, F, the completion of F' at p, and O, the ring
of integers of F,. The unique maximal ideal of O, is pO, and is generated by a
uniformizer w,. We let D denote the absolute different of F, i.e., D' = {z € F :

Tryo(xOp) C Z}. It can be also described as Dp = [[, p™ where r, = ord,(Dp).



2.2 The groups GODBDOT D Z

Let G = Resp/g(GLy) which is the Weil restriction of scalars from F' to Q of the
algebraic group GLy over F. Hence G(Q) = GLy(F'), and more generally, for any
Q-algebra A, we have G(A) = GLy(A ®q F). For any finite prime p, G(Q,) =
[ I, GL2(Fp); similarly, G := G(R) = [[;_, GLa(F,;) = [[j=; GL2(R). We write
G to mean the set of elements (g1, ..., ¢,) in G such that det(g;) > 0 for all j.
Let go, be the complexified Lie algebra of G.

Fix the standard Borel subgroup B = Resp/g(B;), with B, being the standard
Borel subgroup of GL, of all upper triangular matrices. Let 7" = Resp/g(73), where
T;, stands for the diagonal torus in GL,. Let Z = Resp/q(Z2), where Z, is the center
of GL; consisting of scalar matrices. For any Q-algebra A, we can talk of B(A), T'(A),
and Z(A) as we did for G.

2.3 The narrow class group of F

By the narrow class group, we mean the group F*\Ay;/F*, [] O, and the cardinality
of this group, which is denoted as h = hp, is called the narrow class number. The
narrow class group can be also viewed as the group Jp/Pp, of all fractional ideals of
F modulo principal ideals generated by the elements in F',.. The narrow class group
is, in general, bigger than the class group Jr/Pr, and one has the following exact

sequence. (See, for instance, [34, Section VI. 1].)

1 — (’)ﬁ/OE+ — FZ/FZ. — Jp/Pr, — Jp/Pp — 1.

We write {t,}"_, for the elements of Ay whose archimedean part t, ., is 1 and
that form a complete set of representatives of the narrow class group. Put z, = (1))
and 2%, = (). Here, ¢ denotes the involution defined as ‘A = wy ‘Awy ", where ¢ is

transpose and wg = (_; ).



2.4 Various Subgroups

Let K stand for the maximal compact subgroup of G, thickened by its center.

Hence
Ko = H(OQ(R)ZQ(R))a
j=1
where O9(R) is the usual maximal compact subgroup of GLy(R). For any Lie group

G we will denote G° the connected component of the identity, and m(G) := G/G°

denotes the group of connected components. Observe then that

n

K, = [[(80:(R) Z5(R)?)

j=1

and that m)(Goo) = mo(Koo) = Koo /K, >~ (Z/2Z)". We will identify the dual group
(Koo /KS,) with (Z/27Z)" = {£}", with the + (resp., —) denoting the trivial (resp.,
nontrivial) character of Oy(R)/SO2(R).

Let £, be the complexified Lie algebra of K, or K2 ; we will use similar ‘standard’
notation for the complexified Lie algebras of other Lie groups.

For a non-archimedean place p, define a subgroup K,(n) of GLy(F}) as

a b a0p+np:(9p, begp_l,
Ky(n) := € GLy(Fp) - :
c d cen®,, d€ Oy, ad—bce Of

(2.2.1)

where n, and D, are p-parts of n and the different D of Op, respectively, and put

Ko(n) := [ Ku(n). (2.4.2)

p<oo

We note that G(A) affords a decomposition given as a disjoint union,
G(A) =U!_G(Q)z," (GLKo(n)). (2.4.3)
Let us also define a congruence subgroup I',(n) of G(Q) for each v as

a t;'b a€Op, bed !

v

I,(n) = :
t,cd cen®, deOp, ad—bce Of

We note that T',(n) = GL (2, Ko(n)z,; ') N G(Q).

10



2.5 Measures and absolute values

The normalized absolute value for any local field L is denoted | |, or simply | | when
no confusion arises. The product of all the local absolute values gives the adelic norm
| | on Aj. All the measures used will be Haar measures, or measures on quotient
spaces derived from Haar measures. We will simply denote the underlying measure
by dx or dg; the measures are normalized in the usual or ‘obvious’ way. For example,
locally O, has volume 1, and similarly, so does GL3(O,). The global measures on Ay

and GLy(Ap) are the product measures of local measures, etc.

2.6 Hecke algebra

For each place p of F', let H,(K,) be the space of C-valued functions on GLy(F}) that
are smooth, compactly supported, and K,-biinvariant where K, is an open compact
subgroup of GLy(F,). This space is an algebra under convolution:
(Exg)le) = [t )y
GL2(Ar)

where dy is the normalized Haar measure so that the volume of K, is one. This is the
local Hecke algebra at p, and we denote H(K) for the global Hecke algebra, which is
the restricted tensor product of #,(K,) with respect to the identity element, namely
the characteristic function on K,. Recall that the local Hecke algebra H,(K,) can
be viewed as the space of Hecke operators which is generated by the following two

elements:

Wy Wy
1 Wy

See Section 3.2 for the Hecke operators.

11



2.7 Some notes on the various characters

Fix a character w of (Op/n)*. We “lift” it to a character @ of A%/EF* as follows.
Write A% /F* as a disjoint union
h
Ay = JuFL T o
v=1 p<oo
where {t,} are taken to be a set of representatives of the narrow class group, and
consider the following diagram where the row is exact:

FX(FX L T1OF) A% A%
F P LTI

l

FX(FX L T1Oy)
FX(FX, TI0+p7r0y))

1

1 —

(Or/n)"

lw

C*
Here f, is the highest power of p dividing n. Using the column, a character w of
(Op/n)" can be inflated up to a character, also denoted w, of F*(FX, [TO))/F*.
Denote this latter group tentatively by H, and observe that it is a subgroup of finite
index inside the abelian group G := A% /F*; the index is the narrow class number h.
The representation Ind% (w) is a direct sum of h characters, and we can take & to be

any such character. We will say that @ is a character of A% /F* which restricts to

the character w of (Op/n)™.

12



2.8 Whittaker models

We will often be working with Whittaker models, and without any ado we will freely
use these standard results. (See, for example, Bump [6, Chapters 3,4].)

We fix, once and for all, an additive character g of Q\A, as in Tate’s thesis,
namely, ¥g(r) = > with the A as defined in [42, Section 2.2]. In particular,
A= pcoo Api Axo(t) = —t for any ¢ € R; A\y(z) for any = € Q,, is that rational number
with only p-power denominator such that x—\,(x) € Z,. If we write 1)g = Yr@®,9g, ,
then ¢g(t) = e *™" and tq, is trivial on Z, and nontrivial on p~'Z,.

Next, we define a character ¢ of F\Ar by composing ¢g with the trace map from
FtoQ: v = ¢goTr If1 = @4, then the local characters are determined
analogously. In particular, for all prime ideals p, suppose r, is the highest power of
p dividing the different ® g, then the conductor of the local character 1, is p~'*, i.e.,

1, is trivial on p~" and nontrivial on p~"» 1.

Theorem 2.8.1 (Local Whittaker Models) For any place v of F', let 11, be an ir-
reducible admissible infinite-dimensional representation of GLo(F),). Then there exists
a unique space W(Il,,1,), with respect to a fixed additive charater 1, on F,, of smooth

functions that satisfy the following conditions. For any function W € W(Il,, ¢,),

44 g | =v,(2)W(g) forz € F, and g € GLy(F,),

and W has the growth condition. The space is invariant under the right translation
of GLa(F,), and equivalent to the representation I1,. This space W(Il,, 1, ) is called

a (local) Whittaker model for I1,,.

Theorem 2.8.2 (Global Whittaker Models) Let A := Ap be the adéle ring of a
number field F', and (I, Vi1) a cuspidal automorphic representation of GLa(A). Then

there exists a unique Whittaker model W(I1,4) for 11 with respect to a non-trivial

13



additive character 1), that consists of finite linear combinations of functions given by

1 -
Wolg) = / 0 "y | 9@ de.

where ¢ € Vi1 and g € GLy(A). This space decomposes as a restricted tensor product

of local Whittaker models.

2.9 Gauss sums

For a Hecke character £ of F', by which we mean a continuous homomorphism ¢ :
F*\A% — C*, following Weil [47, Chapter VII, Section 7], we define the Gauss sum
of £ as follows: We let ¢ stand for the conductor ideal of ;. Let y = (y,), € Af; be
such that ord,(y,) = —ord,(¢) — r,. The Gauss sum of ¢ is defined as G(&r, ¢y, y) =
H)g G (&, Yy, yy) where the local Gauss sum G(&y, 1y, yp) is defined as

G (&, Vo, ) = /@X Ep(up) ™y (Yptty) duy.

For almost all p, where everything in sight is unramified, we have G(&,, ¥y, ¥p) = 1,
and for all p we have G(&,,1,,v,) # 0. Note that, unlike Weil, we do not normalize
the Gauss sum to make it have absolute value one and we do not have any factor at
infinity. Suppressing the dependence on ¢ and y, we denote G(&f, vy, y) simply by
G(&f) or even G(§).

14



CHAPTER 3

Hilbert modular forms

3.1 Hilbert automorphic forms of holomorphic type

Let k = (ky, -+ ,k,) € Z", and a = (ay, -+ ,q,) € R*. We write o to mean
n k;

[Ti1 0y
Let v = (7, ,7m) be an element of G, and write v; = (2 Z§> for each

g=1,---,n. Then v acts on h" by

a1z1 + bl AnZn + bn
Z = _ e -
7 121 + dl, 7 CnZn + dn ,

with 2z = (21, , z,) € ™. For a holomorphic function f on h”, an element v € G,

and k = (ky, -+ ,kn) € Z", define

fllv(z) = detv*j(y,2)* f(v2)

where j(v,2) = cz+d = (c121 + dy, ..., chzn + dyp).

Fix a character w of (Or/n)”, and let & be a character of AY/F* induced from
w. (See Section 2.7 for induced characters.) Then, we define a character of Kq(n) by
©((2%)) = @(a). We put M (T, (n), @) to be the space of Hilbert modular forms of
weight k = (kyi,--- , k,) with respect to I',(n), with a character @, by which we mean
a space of C-valued functions f, that are holomorphic on h™ and at all cusps, and
that satisfy f||xy = @(v)f for all v € T',(n) considered as elements of G, on the left

hand side. Let us note that it makes sense to apply @ to I',(n). A function f, in

Mi(T,(n),®) has a Fourier expansion of the form:

fo(2) =) a,(§)e™, (3.1.1)
:
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where €*™¢* = exp <27m' Z?Zl szj), and & runs through all the totally positive ele-
ments in £,Op and € = 0. A Hilbert modular form is called a cusp form if, for all
v € GL3 (F), the constant term of f, |5 in its Fourier expansion is 0, and the space
of cusp forms with respect to I',(n) is denoted as Si(I',(n),w). To have nonempty
spaces of cusp forms Si(I',(n), @), assume henceforth that k; > 1. (See, for example,
Garrett [12, Theorem 1.7].)

Choose a function f, € My(I',(n),©) for each v, and put f = (f1,---, fr) to be
a function of G(A) defined as follows: Using the decomposition given in (2.4.3), any
element g in G(A) can be written as g = Y2, 9.0ko where v € G(Q), g € GL, and

oo

ks € Ko(n). Then the values of f(g) are taken as

f(yxugocky) = (fullrgoo) (D)wy (F}), (3.1.2)

where i = (i,---,4) and @y is the finite part of @. The space of such functions f will
be denoted as My (n,@). In particular, if f, € Si(I',(n),@) for all v, then f is called

a cusp form as well, and we write as S(n, @) for the space of cusp forms in the adeélic

setting, i.e.,
h
Sk(na (Ij) = @Sk<ru(n)a@)
v=1
For any integral ideal m in F, there exist a unique v € {1,--- ,h} and a totally

positive element ¢ in F so that m = &t 'Op. Put
C(m, f) = a, (6)E /2N (m)ko/2 (3.1.3)

with a,(§) being a Fourier coefficient of f, given in (3.1.1) and ko = max;{k;}. This
is well-defined because the right hand side of the expression is invariant under the
totally positive elements in Oy. For our convenience, set C(m,f) = 0 if m is not

integral.
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3.2 Hecke operators

Let f be a cuspform of weight k = (kq,--- , k), level n, with a character @w. For each
finite place p, let @, be a uniformizer for O,. The Hecke operator T, at p is defined
by
w, o
(Tpf)(g) = £ gk @ (k) dky.
Kp(n) 1
Suppose that p does not divide neither n nor ®, then observe that K,(n) =

GL2(0y), w| oy = 1L, and that f is right K, (n)-fixed. Therefore, it follows that

1) = | . AL

Furthermore, it can be rewritten as the finite sum

(Tpf)(9) = | g + > flyg (3:2.1)

This is obtained by decomposing the double coset K,(n) (" ;) K,(n) as a disjoint

union of right cosets,

W, 1 w, U
Ky(n) = Kpy(n) U | Uucop/p
1 @y 1

Ky(n)

Now, we wish to define, more generally, the Hecke operators T,, for any integral

ideal m. Let K = GL, - K¢(n), where Ky(n) is as defined earlier. We also let

a b a0p+np:(9p, begp_l
c d cEnD,, de O,
and Y = (G(R) 1, Yp> N G(A).
The Hecke operator T, is given by T, = Zy KyK where the sum is taken over all

the representatives y of the double cosets KyK with y € Y satisfying (det y)Op = m.
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Noting that each summand KyK can be written as a disjoint union KyK = U;Ky;

with the archimedean part of y; being 1, we define
(FIKyK) (9) = > o' (y;) " F(gy),
J

where w' ((29)) = w(a, mod n). This definition coincides with the integral definition

for all the Hecke operators T, with respect to prime ideals p.

3.3 Primitive form

We first recall the definition of new forms from Shimura [41]. Let m be an integral
ideal that divides n and is divisible by the conductor of @, and g € Sp(m,@). Let a be
an integral ideal dividing m~'n that is generated by an element o € A} with a,, = 1.
Define g, by the right translation of N(a)™/?g by (™' ). Such g, is an element
in S(qm,@). The space S(n,®) generated by all such g, is called the space of old
forms. The space §p°¥(n,®) of new forms is defined to be the orthogonal complement

of 8 (n, @) with respect to an inner product:

h

g =) s | T ),

v=1

where dpu(2) = []}_, d‘r;]glyj.
A Hilbert cusp form f in S(n, @) is said to be primitive if it is a newform, a com-
mon eigenfunction of all the Hecke operators Ty, and normalized so that C(Op, f) = 1.
Miyake proved that if two newforms f and g are common eigenfunctions for T, and
share the same eigenvalues for almost all primes p, then f and g are a constant multiple
of each other. In particular, if they are normalized, we have f = g. Furthermore, if a
newform f is normalized and a common eigenfunction of T, for all p not dividing n,

then it is an eigenfunction for all Ty, and its eigenvalues are N(m)!=%/2C(m, f). (See

[32] and [41].) For our convenience, we normalize the Hecke operators Ty, as
T/, := N(m)*/2-1T,
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so that the eigenvalues of f for T}, are C(m,f).

We make one more observation regarding a primitive form. Suppose f = (f1,..., fx)
is a primitive form. One may ask whether f is determined by any one of its com-
ponents f,. In general this is not true. For example, take y to be a non-trivial
character of the narrow class group, and put g = f ® x, i.e., for any z € G(A),
g(z) = f(x)x(det(z)). Using (3.1.2) it is trivial to check that g; = f;, however,
f # g, at least not in general. After we prove the correspondence f « II(f), it will
follow that II(f ® x) = II(f) ® x, and so if II(f) admits a self-twist, then the twisting
character must be quadratic, and II(f) has to come via automorphic induction from
the corresponding quadratic extension of F', and in general this would not be the case
for a given f. On a related note, one can make an interesting observation based on
a refined strong multiplicity one theorem due to Ramakrishnan [39]: suppose, f and
g are primitive forms, and suppose f, = g, for all v except, say, v = 145. This means
that C(p,f) = C(p,g) for all prime ideals p whose class in the narrow class group
is not represented by ¢, !, or in other words, C(p,f) = C(p,g) for all prime ideals p
outside a set S of finite places with Dirichlet density 1/h. (See, for example, Koch
[28, Theorem 1.111].) It follows from Ramakrishnan’s theorem that if the narrow

class number is sufficiently large (h > 8 will do) then necessarily f = g.

3.4 Some properties

Some further properties of Hilbert modular forms are discussed in this section, that

are needed in Chapter 8.

Proposition 3.4.1 (Shimura, [41]) Let £ be a holomorphic Hilbert modular form

of weight k, level n, with a character w. If f is an eigenfunction of Ty, for an ideal

m prime to n, with its eigenvalue A(m), then A(m) = w*(m)A(m).

In particular, if the character @ is trivial, then A\(m) is real.
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We also define f|J, as follows: For each v, pick a totally positive element g,.
There exists a unique index X so that t,6,On®% = ¢,0. Put 3, = (_qy 1), and

A= (=1D)%f,||xB,. Then f|J, is defined to be
Then f|J, has the same weight and level as f. Furthermore, we have the following;:

Proposition 3.4.3 (Shimura, [41]) Let f be a primitive form with conductor n.

Then f|J,, is a nonzero constant times the complex conjugation of f.
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CHAPTER 4
Representation Theory on GL(2)

4.1 Representations of GLy(R)

4.1.1 The Weil group of R

Let Wg be the Weil group of R. Recall that as a set it is defined as Wi = C* U jC*.

1

The group structure is induced from that of C* and the relations jzj~" = Z and

j%> = —1. There is a homomorphism Wi — R* which sends z € C* to |z|¢ = 2z and
sends j to —1. This homomorphism induces an isomorphism of the abelianization
Wab — R*.

Let us recall the classification of two-dimensional semi-simple representations of

Wg. To begin, any (quasi-)character £ of C* looks like &5, : C* — C* with

s+wei(s—w)9

Esw)(2) = 2°2Y, or ) (reie) =7 ,

where s,w € C and s — w € Z. As alluded to above, the complex absolute value is
|zlc := 2Z = £u.1)(2). A character (s, is unitary, i.e., takes values in C' = {z € C* :
|z|¢ = 1}, if and only if w = —s in which case s € 1Z. In other words, any unitary

character of C* is of the form & for [ € Z, where

&(z) = (z)l/z _ (\/f%) Cor &(re®) = it

Next, any character x of R* looks like x(s.) : R* — C* with

X(s.0)(t) = [t sgn(t)*
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where s € C and € is in {0,1}. Via the isomorphism W2> — R* any character 6 of

Wrg also looks like 6, : Wg — C* with

Os.0(2) = (22)° and  O(,0(j) = (—1)"

Henceforth, we identify the character 0. of Wr with the character x(s. of R*.
Let eg : Wg — {£1} denote the sign homomorphism, defined as eg(z) = 1 and
er(j) = —1, i.e., eg = X(0,1). The usual absolute value of a real number ¢ is denoted
t| and this gives an absolute value | | on Wg, defined as x(1,0). The restriction
of | |g to C* via C* — Wg gives | |¢ on C*. Since Wg contains C* as an abelian
subgroup of index two, it is an easy exercise to see that any two-dimensional semi-

simple representation 7 is one of these two-kinds:

1. an irreducible 2-dimensional representation; 7 = 7(l,t) parametrized by pairs

(I,t) with [ > 1 an integer and ¢t € C where

7(1,t) = Indg(&) ® | [p = Inde* (& @ | o).

2. a reducible 2-dimensional semi-simple representation; 7 = 7(x1, x2) with char-

acters X; = X(s,,;) of Wr, where
T(x1x2) = X1 @ Xa-

4.1.2 The local Langlands correspondence

Let us recall the Langlands classification for GLy(R). Let x1, x2 be characters of R*
such that x; = X(s;,;)- Let I(x1,x2) be the normalized parabolic induction of the
character x; ® xo of the standard Borel subgroup to all of GLy(R). Suppose that
R(s1) > R(s2) then I(x1, x2) has a unique irreducible quotient, called the Langlands
quotient, which we denote as J(x1, x2). The induced representation I(x1, x2) is re-

ducible if and only if s; — s; =1 € Z>4; in this case the Langlands quotient is, up to
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a twist, the irreducible finite-dimensional sub-quotient of dimension [, and the other
piece is a twist of the discrete series representation D; which we now define. (Later
we will give this exact sequence precisely.) For any integer [ > 1, let D; stand for the
discrete series representation with lowest non-negative K-type being the character
(cosb —sind) y e=iH18 and central character a — sgn(a)*!. Note the shift from / to
[ 4+ 1. The representation at infinity for a holomorphic elliptic modular cusp form of

weight k is Djp_,. The Langlands classification states that any irreducible admissible

representation of GLg(R) is, up to equivalence, one of these:
1. D;®] |&, for an integer [ > 1 and ¢ € C; or
2. J(x1,Xx2), for characters x; = X(s,.¢,) of R* with R(s1) > R(s2).

There is a canonical bijection 7 <+ 7 between equivalence classes of irreducible
admissible representations m of GLy(R) and equivalence classes of two dimensional
semi-simple representations 7 = 7(m) of Wx. We call 7 the Langlands parameter of

m. From the above classifications it is clear that under this correspondence, we have
lL.t=D®| |k, + 7=r7(t); for an integer [ > 1 and ¢ € C; and
2. m=J(x1,x2) < 7 =7(x1,x2); for characters x; = X(s,,e;) of R*.

In the second case, given x; and ya, if necessary we reorder them such that R(s;) >
R(s2) which ensures that J(x1, x2) is defined, while noting that reordering them does
not change the equivalence class of 7(x1, x2). This bijection is canonical in that it
preserves local factors and is equivariant under twisting. The local L-factor of an

irreducible representation 7 of Wx is as follows. (See Knapp [27].)

T (/2 (s22) fT = [
L(s,7) = { q-(++0/2 (sitil) Jifr=r®| |k

2(2m)~CHHD) T(s 4+t +1/2) ,if 7= Ind % (&) @ | |k with [ > 1.
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4.2 Automorphic representations of GL;y(Ap)

Following Borel-Jacquet [4, Section 4.6], we say an irreducible representation of G(A)
is automorphic if it is isomorphic to an irreducible subquotient of the representation
of G(A) on its space of automorphic forms. We say an automorphic representation is
cuspidal if it is a subrepresentation of the representation of G(A) on the space of cusp
forms Acusp(G(Q)\G(A)); let Vip denote the representation space of II. (In particular,
a cuspidal representation need not be unitary.) For an automorphic representation II
of G(A), we have Il = [I,,®II;, where [, = ®,es. I, is an irreducible representation
of G, and IIy = ®,¢g. 11, which is a restricted tensor product, is an irreducible

representation of G(Ay).

4.2.1 Algebraic automorphic representation

(See Clozel [7, p.89].) Let II be an irreducible automorphic representation of GLy(Ap).
We will work over a totally real number field F'. The representation at infinity Il is
a tensor product

HOO e ®T]€SOOHT] = HT]I ® e ® Hnn7

where II, is an irreducible admissible representation of GLy(F),) = GL2(R). For
1 <j <mn,let 7; be the Langlands parameter of II,,. The restriction of 7; to C* is a

direct sum of characters:

Tjlcx = fjl D £j27
with §;; = §(s;,w;,)- We say that an irreducible automorphic representation II is
algebraic if
1 1 .
Sji = ) + Pjy, Wy = ) + q;,, with p;,, q;, € Z.

(In other words, a global representation II is algebraic if all the exponents appearing
in the characters of C* coming from the representations II, at infinity are half plus

an integer.)
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Note that the data (s;,,wj,, sj,, w;,) depends only on two of these numbers:

1. the restriction of 7 = 7(I,t) to C* is given by

diP (G| [We- =& @] |t o] |k

which looks like (2°z%,2"z°) with s =1/2+t and w = —1/2 + .

2. Or, if 7 = 7(x1,x2) With X; = X(s,e;), then the restriction of 7 to C* is

((22)", (22)).

4.2.2 Regular algebraic cuspidal automorphic representation

Let us first note that this section is borrowed heavily from Clozel [7].

Let II be an irreducible algebraic automorphic representation of GLa(Ag). The
infinity type of II is an element of H?zl(Z2)Z/ 2 i.e., it is an n-tuple of unordered pairs
of integers, and is defined as follows: Consider II' = IT ® | |~!/2. Since II is algebraic,
all the exponents of the characters of C* coming from the infinite components of
II" are integers. For each real place n; for 1 < j < n, the restriction to C* of the
Langlands parameter of the representation H;U, as described above, looks either like
(2Piz% 2% zP5) or like ((22)P7, (22)%) for integers p; and g;. The infinity type of II is
then defined as:

OO(H) = ({plu Q1}, {p27 Q2}’ M {pm qn})‘

(See Clozel [7, p.106] for details.)

If an algebraic cuspidal automorphic representation II has the infinity type of

({p1, 1}, {p2;s @2} - -, {DPn> @ }) with p; # ¢; for all 1 < j < n, we say that II is

reqular.
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4.2.3 Infinite components of a regular algebraic cuspidal automorphic

representation

Let us suppose that II is such a representation, and let us look closely at the possible
exponents of the characters of C* for the representations at infinity. Suppose one of the
representations at infinity looks like I, = J(x1, x2). Then its Langlands parameter
is 7 = 7(x1,x2) With Xi = X(s,,e,); the restriction of 7 to C* as mentioned above
looks like ((22)®, (22)®). Since II is algebraic we have s; = 3 + p; with p; € Z. Then
$1—89 € Z. Since the inducing data is of Langlands type, we have s; —s, > 0. Since II
is regular, s; — sy > 1. But then the full induced representation I(x1, x2) is reducible;
hence the Langlands quotient J(x1, x2) is a finite-dimensional representation. But a
cuspidal automorphic representation is globally generic (i.e., has a global Whittaker
model) and so locally generic everywhere, and so every local component has to be an
infinite-dimensional representation. Hence II, cannot be equivalent to J(x1, x2), and
has to be of the form D;®]| |%. In this case the exponents of the characters are [/2+t
and —[/2 + t; hence if [ is even then t € %Z, and if [ is odd then t € Z. We have
just proved that the infinite components of a reqular algebraic cuspidal automorphic
representation of GLo(AR) are all discrete series representations twisted by integral
or half-integral powers of absolute value. Further, there is a compatibility with all
these twists afforded by the fact that there is a twist of the global representation

which makes it unitary; see 4.4.4.

4.3 Finite-dimensional representations

Any t € T looks like t = (t;); € [[}_, Ta(F,) = [[j-; T2(R). We will also write

t e T, as:
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Let u = (p1,- .., in) be an integral weight for T, i.e., each p; = (a;,b;) € Z* and
we have
() =TT mt) =157y
J J

Let X (T, ) stand for set of all integral weights. Let Xt (7.,) be the subset of dominant
integral weights; dominant for the choice of Borel subgroup being B. A weight u €
X (Ty) as above is dominant if and only if a; > b; for all 1 < j <n.

For p € X (T), we let M, stand for the irreducible finite-dimensional repre-
sentation of G(C) of highest weight y. Since G(C) = [[;_, GL2(C), it is clear that
M

p = @M, with M, being the irreducible finite-dimensional representation of

GL3(C) of highest weight y;. Since p; = (aj, b;) it is well-known that
M, = Sym® " (C?) ® det"

where C? is the standard representation of GLy(C). We let My stand for the con-
tragredient representation; My = M, where p¥ = (uy, ..., py,) with pf = (=b;, —a;).
Hence,

M, = Sym® % (C?) @ det ™.

4.4 Cohomological automorphic representations

4.4.1 Cuspidal cohomology

For any open-compact subgroup K; C G(Ay) define the space
Sk, = G(Q\G(A) /KKy = GLy(F)\GLa(Ar) /KK

This is an example of a locally symmetric space, because such a space is a finite
disjoint union of its connected components which are all of the form I'\G(R)°/K2,
for an arithmetic subgroup I' of G(R)®; locally it looks like the symmetric space
G(R)°/K2,. In the literature on Hilbert modular forms, these spaces also go by the

appellation Hilbert—Blumenthal varieties. (See, for example, Ghate [15, Section 2.2].)
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Let pp= (p1,. .., ptn) € XT(T). The representation My defines a local system ]\Z‘;

on SI%. The precise definition is as follows.

Definition 4.4.1 Let P : G(Ap)/KS Ky — ng be the projection map. For any

open set U in ng, the section M\;(U) over U is defined as:

— s:P7Y(U) = My sis locally constant, and
s(yx) = v.s(z) Vy € GLo(F)
(Working with the dual M, instead of just M, is for convenience which will become
clear later on.) We should be cautious in the existence of such a non-zero sheaf. To
obtain a non-zero section, the condition s(yz) = s(z) must be satisfied for any element
v in Z(F)NKZ K. For the simplicity, let us assume Ky = [, GL2(Oy). Any element
in Z(F)NKS Ky is described as (", ) where w is a totally positive element in F* and
sits inside O, for all non-archimedean places p, i.e., u is a totally positive element
in O. Hence the condition we need is equivalent to say that [;n; (u)%t% =1 for
all totally positive elements u in O where p = (p;) with p; = (a;,b;) is a dominant
integral weight. It is fulfilled when a; 4 b; is a constant for all j. Indeed, if a; +b; = ¢

for all j, then [, n;(u)%+% = <HJ ur (u))c = 1. We state this fact as a lemma below.

Lemma 4.1 Let F' be a totally real number field. Let p = () with p; = (a;,b;) be a
dominant integral weight, and M, the irreducible finite-dimensional representation of
highest weight . Then a local system M\; on ngf defined by M, is a nonzero sheaf

if a; + b; is independent of j.

We note that the hypothesis of this lemma is always satisfied under our setting
in the latter chapters. See (5.4.5). The open-compact subgroup K will be taken as
Ko(n) defined in (2.4.2) which does not contradict the lemma as Kg(n) is a subgroup
of Hp GL2(O,) up to a conjugation by an element of ®.

We are interested in the sheaf cohomology
H*(Sg,, Myy).
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It is convenient to pass to the limit over all open-compact subgroups K; and let
H*(S9, M) := lim H* (S, M)
Ky

There is an action of To(Goo) X G(A}) on H*(SC, ]\7,;), which is usually called a Hecke-
action, and one can always recover the cohomology of S ; by taking invariants:

—_—

HY(SE,. My) = H* (5%, M),

We can compute the above sheaf cohomology via the de Rham complex, and then
reinterpreting the de Rham complex in terms of the complex computing relative Lie

algebra cohomology, we get the isomorphism:

H* (5 M) ~ H*(goo, K3 CP(G(Q\G(A)) @ M)
With level structure Ky this takes the form:
H*(SE, M) ~ H*(goo, KS; C(G(Q\G(A)® @ M),

The inclusion C (G(Q)\G(A)) — C*(G(Q)\G(A)) of the space of smooth cusp

cusp

forms in the space of all smooth functions induces, via results of Borel [3], an injection
in cohomology; this defines cuspidal cohomology:

H*(SY, M)

]

Hc.usp(SG7 MHV>

H*(goo, K3; O (G(QNG(A)) © M)

H* (g0, K2, Caip (G(QNG(A)) @ Mv)
Using the usual decomposition of the space of cusp forms into a direct sum of cuspi-

dal automorphic representations, we get the following fundamental decomposition of

70(Goo) X G(Ay)-modules:
cusp

H2,p (S M) = @D H* (g0, Kogi e ® M) @ T (4.4.2)
11

We say that I contributes to the cuspidal cohomology of G with coefficients in

M, if II has a nonzero contribution to the above decomposition. Equivalently, if 1I
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is a cuspidal automorphic representation whose representation at infinity Il after
twisting by M, has nontrivial relative Lie algebra cohomology. In this situation,
we write IT € Coh(G, ¥). A fundamental observation of Clozel is that a cuspidal
automorphic representation II is regular algebraic if and only if II is of cohomological
type, i.e., contributes to the cohomology —possibly with nontrivial coefficients—of a
locally symmetric space attached to GLg over F. (See Clozel [7, p.111].)

Whether II contributes to cuspidal cohomology or not is determined entirely by
its infinite component Il,,. This is a very well-known and somewhat surprising fact;
surprising because local representations at infinity seem to have a such a strong control
over a global phenomenon. Further, it was observed by Clozel that this property is
in fact captured purely in terms of certain exponents of characters of C* appearing in
the Langlands parameter of Il,,. See the following sections. We also refer the reader

to Knapp [27].

4.4.2 Cohomology of a discrete series representation

We will digress for a moment to observe that discrete series representations of GLy(R),
possibly twisted by a half-integral power of absolute value, have nontrivial cohomol-
ogy. For brevity, let (go, K3) := (gl,, SO(2)Z3(R)°). For a dominant integral weight

= (a,b), with integers a > b, the basic fact here is that there is a non-split exact

sequence of (go, K$)-modules:
a+b)/ GLy(R _
0= Dopr @ | [§777% = WdGI2Y (el 12 @ X [72) = M, = 0. (4.4.3)

(Recall from our earlier notation that x(aq () = [t|*sgn(t)® = t* for any integer a.)

In other words, in the category C(gs, K3) of admissible (gz, K3)-modules, one has

a+b)/2
Exte(g, k) (Mos Da—bi1 @ | £ £ 0.
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But

HY(g2,K3; (Dacpr ® | [§77%) @ M) = Exctlg, ko) (L, (Dacors ® | 1§ @ M,0)

a+b)/2
= EXtC(gg Ko)(My;Da b+1 ®| | + )/ ) ?é 0

Further, it is well-known that H*(gs, K3; (Da—psr @ | |¥7%) ® M,v) # 0 if and only
if @ = 1, and that dimension of H'(gs, K3: (Da_pi1 ® | [T @ M) is two, with
both the characters of O(2)/SO(2) appearing exactly once. (See, for example, Wald-
spurger [46, Proposition 1.4].) This detail will be useful below; see 4.4.5. Finally,
suppose H%(go, K$; 2 ® M,v) # 0 for some irreducible admissible infinite-dimensional
representation = of GLy(IR), then the central character restricted to R.g and the in-
finitesimal character of = are the same as that of M, which can be seen from Wigner’s
Lemma (Borel-Wallach [5, Theorem 1.4.1]). It follows from Langlands classification

that = o~ Dy_ypq @ | [0/

4.4.3 ‘Regular algebraic’ = ‘Cohomological’

Let IT be a cuspidal automorphic representation of G(Ar). A point of view afforded
by Clozel [7] is that

IT is regular and algebraic <= II € Coh(G, p") for some p € X (T).

Let IT € Coh(G, p¥). Say, g = (p1,..., ), and each p; = (a;,b;). Apply the
Kiinneth theorem (see, for example, Borel-Wallach [5, [.1.3]) to see that
H* (800, K3 Toe @ M) = 6D @7 H(gly, S0(2) Zo(R)% 11 @ M),
di+~+dn=e
From 4.4.2 the right hand side is nonzero only for d; = 1 and II,, = Dy, 4,41 ®

| | (@162 The exponents in the Langlands parameter of II,, are therefore given by:

Lo dip L 1o
T(ILy,)(2) = 22tz 2t 4 mathizate vy e CF C Wh.
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Hence II is algebraic. Next, working with II' = I ® | |~'/2 we see that the infinity

type of II is:
oo(Il) := ({a1,b1 — 1}, {as,ba — 1}, ... {an, b, — 1}).

Since p is dominant, a; > b;; whence a; > b; — 1, i.e., II is regular and algebraic.
Conversely, let II be a regular algebraic cuspidal automorphic representation of

G(Ap). As in 4.2.2 the infinity type of 7 is given by

oo(ll) := ({p1, @1}, {p2. @2}, - - {Pn> G })

for integers p;, ¢; and regularity says that p; # ¢;. Without loss of generality assume
that p; > ¢;. Put a; = p; and b; = ¢; + 1. Now let p1; = (a;,b;) and p = (- . ., o).
Then p € XT(T), and it follows from 4.2.3 that IT € Coh(G, p").

4.4.4 Clozel’s purity lemma

(See Clozel [7, Lemme 4.9].) Let u € X™(T') be a dominant integral weight as above;
say, 0 = (1, ..., fn), and each p; = (a;,b;) with integers a; > b;. The purity lemma
says that if the weight u supports nontrivial cuspidal cohomology, i.e., if Coh(G, p")
is nonempty, then p satisfies the ‘purity’ condition: there exists w = w(u) € Z such
that a; +b; = w for all j. This integer w is called the purity weight of p, and if
IT € Coh(G, n"), then we will call w the purity weight of II as well. (Proof: Given
a cuspidal representation II, there is a complex number w such that the twisted
representation I ® | | is unitary; if further II is algebraic it follows that w must be
an integer.) Let us denote the set of all pure dominant integral weights by X (7).
If we start with a primitive holomorphic Hilbert modular form, as will be the case in
the latter part of the article, then this condition is automatically fulfilled; however,
from the perspective of cohomological automorphic representations, the purity of the

weight 4 is an important condition to keep in mind.
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4.4.5 Pinning down generators for the cohomology class at infinity

Let II € Coh(G,u"). Say, p = (ft,...,Hn), and each pu; = (a;,b;). The space
H™(goo, K33 Tloo ® M) is acted upon by K /K2, . It follows from the Kiinneth rule
(Borel-Wallach [5, 1.1.3]) and 4.4.2 that every character of K. /K appears with
multiplicity one in H"(ge, K2 ; IIoo ® M,v). Fix such a character € = (€1, ..., €,) of
Ko /K . The purpose of this (somewhat tedious) paragraph is to fix a basis [II]°
for the one-dimensional vector space H"(goo, K2 ; Iloo ® M,v)(€). (See (4.4.8) below,

especially when € = (4,...,+).) Since Kiinneth gives:

H™(goo, Ko; Too © M) (€) = Q) H' (812, SO(2) Z5(R)*; Ty @ My )(€5),

j=1
it suffices to fix a basis [II;]% for the one-dimensional H'(gl,, SO(2)Z2(R)%1I; ®
M, )(e;) and let

[Ma) = QL]

J=1

We now proceed to fix [II;]%. Since we are working with only one copy of
GL2(R), let us omit the subscript j and slightly change our notations: Let v =
(11,10) € XT(Ty) be a dominant integral weight for the diagonal torus T5(R) in
GL2(R), and M, the corresponding finite-dimensional irreducible representation of
GLy(C) of highest weight v. Let = ~ D,,_,,41 ® | |22, For any choice of sign
in {£} := (0(2)/SO(2)), with 4+ or — being the trivial or nontrivial character of

0(2)/S0(2) respectively, we will fix a 1-cocycle [Z]* so that
1 (gly, SO(2) Z(R)" = ® M, )(£) = C[EJ*.

For any integer m > 1, let M,, be the (m — 1) symmetric power of the stan-
dard (two-dimensional) representation C? of GLy(C), i.e., M,, = Sym™ '(C?). The
representation M, is irreducible and of dimension m. Denote the standard ba-
sis of C? by {ey, ey}, which gives the ‘standard’ basis {eJ ', e5 2ey,..., el '} for

M,,. This basis will be denoted as {so,s1,...,S5m-1}, €., s; = elel 7. The
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finite-dimensional irreducible representation M, of GLy(C) with highest weight v is
M, = M,,_,,+1 ®det” = Sym" "2(C?) @ det”. By restriction, M, is also a represen-
tation of GLy(R). The central character of M, is given by a — w,(a) = a”*™2 for all
a € R*. The contragredient representation of M, is denoted M); one has M) = M,
where 1V = (—1y, —1q) is the dual weight of v. Explicitly, M,v = M, _,,+1 ® det™"".
We will need information on the restriction of M,v to various subgroups.

In either of the representations M, or M,, the action of the diagonal torus in SL,
on the basis vectors is given by (8 t91 ) s; = t~1t2t s, Hence, the standard basis

realizes the weights:

{—(r1 — o), —(1n — ) +2,...,v1 — 1n}.

In particular, the highest weight vector of M, is given by e} = s,,_,, = ej' "2

Observe that the standard basis gives a Q-structure on M.
The restriction of M,v to GLi(R) < GLy(R) is described by (§9)s; = t/~"s;.
From this we easily deduce the following lemma which will be of use later on; see

6.2.5 below.

Lemma 4.2 Let 1 denote the trivial representation of GL1(R). Then
HomGLl(R)(M,,v, ]l) 7& 0 <= 11 202> s

In this situation, Homgr, ) (M,v, 1) is one-dimensional and a nonzero map T in
Homer, vy (M, 1) is given by projecting to the coordinate corresponding tos,,, i.e.,

vy—r2

T( Z stj) = Cyy-

=0
Proof. This is easy to verify and we omit the proof. Let us mention that this is a
special case of well-known classical branching laws from GL,(C) to GL,_1(C); see

Goodman-Wallach [17]. |
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The SO(2)-types of M, as well as M,v, are given by:

M

Kl — MV|K% - ‘9—(V1—V2) D 0—(111—1/2)-1—2 S 91’1—!’2—2 D 0”1_V27

where, for any integer n, 6,, is the character of SO(2) given by 0, (r(t)) = e~™, for
all #(t) = (¢t sinty in SO(2). It is necessary to fix an ordered basis giving the
above decomposition. Let {w;,ws} denote the basis for C* which diagonalizes the
SO(2)-action:

W1 = €1 + i€y, Wy = 1€ + €g;

it is trivially verified that
r(twy = e wy = 0.(r(t))wi, r(t)wy = e wy = O_1(7(t))ws.

The ordered basis {w4" ™2, wi' "> twy, ..., w¥ 7} of M,. realizes the above decom-
position of M, into its K-types. Let w;, = w{'™"* be the basis vector realizing
the highest non-negative K-type in M,v, i.e., 0,,_,,; similarly, the lowest K-type is

v1—r2

realized by w,. = ws,

V11— v v
. — 1= P2\ .y —po—
wi = (e) +ieg)" ™ = E ( N >z”1 2%,

a=0

vV1—ro v v
— . v — 17 P2 .o
w, = (ieg +e9) 72 = E ( N >z Sa-

a=0

. In terms of the standard basis:

(4.4.4)

For a dominant integral weight v = (vy, 1), and for E ~ D, _,, 1 ® | |®1F72)/2]

using the exact sequence in (4.4.3) we deduce that the SO(2)-types of = are
DOy —vyta) DOy —rp12) D (nothing here) & 0, .y, 42 @ 0y 1y s & - -

The missing K-types in (nothing here) correspond exactly to the K-types of M,,.
Let ¢4 (v, —1y+2) be vectors in = with K-types 04, —1,42), respectively. The vectors in

= = Dy, _1y1®| |"1+2)/2 may be identified with vectors in the induced representation

‘1/2 ‘—1/2

) which is the middle term in the exact sequence

G
IndB; (X(Vl,Vl)l ® X(VQ,V2)|

(4.4.3). In particular, we may and shall normalize them as

Pr(n-m+2) ((57)) = 1.
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Recall that (g2, K3) := (gl,(C),SO(2)Z2(R)°) and let K} = SO(2). The cochain
complex

C* = HOng(/\.gg/Eg, = (024 MVV)

computes (gz, K3)-cohomology of = ® M,. Since the central characters of = and M,
are equal, this complex is same as HomK%(/\’gg [, 2 ® M,v). It is easy to see that

g2/t = 0 D 0_5 as a Ki-module: let {z,2,} be the basis for g, /€ given by:

it is easily checked that
Ad(r(t))(z)) = e ¥'z; = Oy(r(t))z, and Ad(r(t))(z2) = €*"zy = 0_5(r(t))zo.
From the description of K-types of = and M, we see that C? = 0 for all ¢ # 1, and
ct = HomK%(Q_g ® 0y, Z® M,) ~ C*

Fix a basis {f_o, fo} for this two dimensional space C! as follows: f_, picks up the
vector ¢_,, 4,,—2 @ W, realizing the character 6_,; similarly, f, picks up the vector

v —vot2 @ W, realizing the character 6. More precisely,
1—Vv2+ 1% g y

f-2(z1) =0, [-2(22) = G yvy—2 @ Wik,
f2(zl) = ¢V171/2+2 R W, v, f2(Z2) =0.

Since C' = Homgg (g2/82, 2@ M) ~ ((g2/82)* ® 2 ® M,»)*? we can transcribe these
expressions for fio as follows: Let {z},z5} be the basis for (go/€2)* that is dual to

the basis {z1,z2} for go/€. Then
[2=25@ b 2@ Wh, and fo =12 Q ¢y 112 O W,,.
To summarize we have:
H' (g2, K3; E@M,») = Homgs (A\'g2/82, E@ M) = ((92/82)* ®E@ M) = Cf_,@C fo
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with explicit expressions for fi, as relative Lie algebra cocycles.

To identify the class [Z]*, a generator for the one-dimensional space H!(gy, K$; Z®
M,+)(£), we need to know the action of the element 6 = (' 9) which represents the
nontrivial element in Ky /K3. Recall that the action of § on any f € Homgs(A'gy/ts, Z®
M) is given by

(6/)(2) = (E@® My )(8)(f(Ad(07)z)).
Lemma 4.3 The action of 6 on fio is given by

5f_2 = iyl_y2fg, and 5f2 = ’i_yl+y2f_2.

In particular, § acts by +1 on the cocycle [Z]F = fo £i7t2f o

Proof. The proof is routine; here are some useful relations:
Ad(é‘l)(zl) = Zy,

(5)(¢V1_V2+2) = Z'2V1 ¢—(V1—V2+2)7

My (0)(wh) = i~y

l/\/ VV .

[1]

Let W(Z) denote the Whittaker model of = with respect to a nontrivial additive
character ¢ of R; which we recall from 2.8, is taken to be x +— ¥g(x) = e ?™*. For
any ¢ € Z, let A = w(¢) denote the corresponding Whittaker vector. The cohomology
class [Z]* which generates H'(gq, K3; W(Z) ® M, ) (&) is explicitly given by
ok

[=

_ * - A g +
= 7 ® )‘V1—V2+2 ® Wy + 2Z2 ® )‘*(V1*V2+2) ® Wy

Using (4.4.4) we can also express this class as:

2 vi—uve
EF=> ) A ®N.®s (4.4.5)
=1 a=0
where
Vi =12\ .o v — e\ .,
Afa - ( 1 . 2)2 Avy—1y 425 )\gfa = :I:( 1 . 2)@ A (1—12+2) (4.4.6)
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Let us now go back to II € Coh(G, ) and write down [II]™" explicitly, where

++ is short for (+,...,+). Since

we will tensor over j the class [IL;]*.
Let {s;0,Sj1,--- ,smj,bj} denote the standard basis for the representation Mu;.

Let & = (aq, ..., a,) be an n-tuple of integers such that 0 < a; < a; — b;. Let
Sy = ®?:15j,a]--

Then the set {s,}q, as o runs through all n-tuples as above gives a basis for M.
Next, let | = (I3, ...,[,) be an n-tuple of integers such that [; € {1,2}. For each such
[, put

7, = ®n:1Z;,zj>
where for each 1 < j < n we let z;; = z; and z;, = 2z, as elements of gl, =
Lie(GLy(F,)); and as before z* is the corresponding element in the dual basis. For

each 1 < j <n, and «; as above, let

Vi =12 .q Vi =12\ ..
>‘j,170¢j = ( v >Z J>\1/171/2+27 >\j,2,aj = (4 7)\_(V1_Z,2+2)
J

@

and for any [ and « put
I/Vl,oa,oo = ®7j1:1)\j,lj,aj S W(Hoovwoo)

We have the following expression

n n 2 aj—bj
L] = ®[nj]+ - ® Z Z 2 @ Nitya; O Sjay |- (4.4.7)
j=1 =1 \l;j=1 a;=0

Interchanging the tensor and the summations and regrouping we get:

Mo ™= > > 2 ®@Winw ®5sa (4.4.8)

=1, sln) a=(at,...,an)
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which is our chosen generator of the one-dimensional space H"™(goo, K& [l @M ) (+, ..., +)

and is expressed as a K.-fixed element of

(Go/t)” @ W, Vo) @ M.
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CHAPTER 5

Dictionary

It is well-known to experts that there is a dictionary between holomorphic Hilbert
modular forms and automorphic representations of GLo over a totally real number
field F. However, it is difficult to find all the details in the literature. We do not
want any restriction on the base field F' while most treatments assume at some point
that the narrow class number of F' is one. Besides, we could not find anywhere the
answer to the question: is the dictionary Aut(C)-equivariant? Some of the standard
books on Hilbert modular forms like Freitag [11], Garrett [12] or van der Geer [43]
do not have what we want; although Garrett’s book has a definitive treatment of the
action of Aut(C) on spaces of Hilbert modular forms—which is called the ‘arithmetic
structure theorem’ in his book. In this chapter, we write down such a dictionary,
give enough details to make the presentation self-contained, and also analyze its
arithmetic properties. (We refer the reader to Blasius-Rogawski [1] and Harris [22]
for some intimately related arithmetic issues about Hilbert modular forms.) The

correspondence is summarized in the following theorem.
Theorem 5.0.1 (The dictionary) There is a bijection f <> I1 between

o f € Sp(n,@)prim, that is £ is a primitive holomorphic Hilbert modular form
of weight k = (ki,...,ky,), of level n and nebentypus character & which is a
character of Ap/F induced from a character (Op/n)*; by primitive we mean it

is an eigenform for all Hecke operators T, a newform, and it is normalized as

C(Op,f) = 1.
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o Il is a cuspidal automorphic representation of GLy(Ap) whose representation
at infinity 1, = ®;Dg; -1, of conductor n, and central character wy = w-the
adelization of w; here Dy is the discrete series representation of GLg(R) with
lowest non-negative K-type being the character (%4 - snf) oy =i+ gng

central character a — sgn(a)™!.

We devote this chapter to give a self-contained proof of this theorem and to

describe the relation of their L-functions.

5.1 Attaching a cuspidal automorphic representation
Let L2(G(Q)\G(A), @) be the space of functions on G(A) such that

¢(vg) = olg) forally € G(Q),

d(zg) = @(2)p(g9)  forallz € Aj,

¢ is square integrable modulo the center, and ¢ satisfies the cuspidality condition

1 =z
/ ) g| de=0
FX\AL 1

for almost all g in G(A). The regular representation of G(A) on this space will be
denoted pf.

Let f be a primitive holomorphic Hilbert cusp form of weight k = (ki,--- , ky),
level n, with a Hecke character @. Let H(f) be a space spanned by right translations
of f under G(A). Then the resulting representation II(f) on this space H(f) occurs in
the regular representation pf on the cusp forms. The goal of this section is to prove

the following theorem.

Theorem 5.1.1 With the notions above, the representation I1(f) on the space H(f)
is irreducible. Furthermore, the local representation 1L, at each archimedean place n;

is the discrete series representation Dy, 1 of lowest weight k;.
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To prove the first part of this theorem, let us recall some important theorems

regarding automorphic representations. (See, for example, Cogdell [8].)

Theorem 5.1.2 (Multiplicity One Theorem) The representation p5 decomposes
as the direct sum of irreducible representations, each of which appear with multiplicity

one.

Theorem 5.1.3 (Tensor Product Theorem) Let (II, Vi1) be an automorphic rep-
resentation of G(A). Then 11 is the restricted tensor product of the local represen-
tations 1L,, where v runs through all the places of F', and each 11, is irreducible

admissible representation of GLa(F,).

Theorem 5.1.4 (Strong Multiplicity One Theorem) Let (II, Vi1) and (I, V)
be irreducible admissible constituents of the regular representation of GLgy on the cusp

forms. If11, is equivalent to I for almost all non-archimedean places v, then II ~ II'.

Theorem 5.1.2 and Theorem 5.1.3 guarantee that the representation II(f) can
be written as II(f) = @,II°, with each irreducible constituent IT° being a restricted
tensor product of local representations IT¢. Therefore, in order to show that TI(f) is
irreducible, it is now enough to show that IT, a2 II7 for almost all non-archimedean
places v and for all ¢ and j by Theorem 5.1.4. Write f = @,f* with each f’ in the
space of II*. Now consider an irreducible constituent II°.

Let p be a prime ideal of F' not dividing either n or the different ®. For such an
ideal p, Hfj is a spherical representation m(x1,,X2,) induced from some unramified
characters x1, and x2,. (We will work with only normalized parabolic induction.)
Since f is an eigenfunction of Ty, so is f*, since the projection from II(f) to the i-th
coordinate in @;II° is a Hecke-equivariant map. Furthermore, it can be seen that the
cigenvalue is ¢, /2 (X1.p(p) + X2.p(7p)), Where g, is the cardinality of the residue field

O, /pO,, and wy, is a uniformizer. Indeed, applying g = 1 in (3.2.1), we obtain that
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(T,f)(1) = f° + ) f (5.1.5)
@ ueOy 1
= 0" () + xep(®)) F(1).
This shows that x1,(wy) + Xop(wp) = qélkaWC(p,f) where ky = max;{k;}, and

that, together with x; ,x2, being the central character of H;, the characters x;, and
X2, are uniquely determined by f and they are independent of . Hence H; = Hg
for almost all p. Strong multiplicity one implies that II* ~ II/, and multiplicity one
will imply that II(f) is irreducible, This completes the proof for the first part of
Theorem 5.1.1.
For archimedean places, note that the local representation I, at each place n; is
a (gl(2),0(2))-module, so it is enough to consider the eigenvalue \; for the Casimir
_ 2 (02 | &2 92 : :
operator A; = —y; (a—x? + 8_ij2> ~ Yi 5,00, Since A; acts on f as a function on
GLy(F,;), we only need to see the action on (f,||xg;)(i) for each v. Writing g; =
i iy 0; —sind k k
j 7195 cosU; —smv; . . . .
( ! yj_Jl/Q > (sin@j COS@J_J ), a direct computation shows that A\; = = (1 — 7’) for
any v. An irreducible admissible infinite-dimensional representation of GLy(R), with

kj

infinitesimal character determined by %J (1 -5

) and central character trivial on
R has to be the discrete series representation Dy, ;. This says that II,, = Dy, 1.

(Infinite-dimensionality of I, is guaranteed by existence of Whittaker models.)

5.2 Retrieving a Hilbert modular form from a representation

Let (IT, Vi1) be a cuspidal automorphic representation with the central character @
that is trivial on F,, and such that the representation at infinity is equivalent to
®;-‘:1ij_1, where Dy, 1isa discrete series representation of the lowest weight k;. Let
the conductor of II be n. We note that, for any non-archimedean place v not dividing
n, the local representation II, is equivalent to a spherical representation induced from

some unramified character i, ® x2,. In order to retrieve a primitive holomorphic
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Hilbert cusp form from this representation, it is quite useful to consider a Whittaker
model of II.

Recall from Section 2.8 our non-trivial additive character ¢ of A/F, and write 1,
for v-component of this character. The isomorphism between the representation space
Vir and the Whittaker space W(II,¢) allows us to determine a unique holomorphic
Hilbert cusp form that corresponds to II by choosing a suitable element from each
local Whittaker model W(II,,v,). For almost all v, W, € W(Il,,,) is a spherical
element, and is normalized so that W, (k,) = 1 for all k, € GL3(O,). The choices for
the local vectors should be made in the following manner.

For each archimedean place v = n;, let we be the lowest weight vector in

W(IL,,, ¢y,). By the lowest weight vector, we shall mean the element given as follows:

a 1 z cost) —sind Y I
W, = wy, (@), (x)e”HFile 2y,
a 1 sinf cosd 1

For a non-archimedean place p, a suitably normalized K, (n)-fixed vector needs to
be chosen, where Kj,(n) is an open compact subgroup of GLy(F},) defined in (2.4.1).
For this purpose, let f and r be the highest powers of p, which are possibly zeros,
that divide n and the different © g, respectively. It is clear that K,(n) can be written

as

- T

K=" e [ T
1 1
where To(p/) = {(2Y) € GLy(0,) : ¢=0mod p/}. Let W be the new vector
in W(II,, ), ie., WV is an element such that (¢5) - WV = w,(d)W" for all
(24) € To(p/), and normalized in a way specified below. Define Wy = <wr7r . > e
Then W, is an “almost” K, (n)-fixed vector. (Note: this W, is slightly different from

the Wy of 6.2.1.) In particular,

1 w. "

Wy =wrew | P : (5.2.1)
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We claim that the right hand side of the above expression is not zero for any p,
and hence W;? can be normalized so that W;(1) = 1. In order to show that our
claim is true, we first assume that r = 0, and hence the conductor of ¥, is O,. Pass
Wy = W, to the new vector x, in the Kirillov model K(II,,),) with respect to the
same additive character v, by defining ,(z) = W7 (“ 1), and observe k(1) # 0.
([40, Section 2.4].) The isomorphism between the Whittaker model W(Il,, ¢,) and
the Kirillov model K(II,, ) guarantees that W’ () # 0. Normalize this vector,
(and call it Wy again), so that Wy (1) = 1

Next, let » > 0. Let wpm;r be an additive character defined by wp’w;r(x) =
Yp(w, "x). Then since the conductor of ¢p7wgr is Oy, the same argument as above

applies to show that Wp’wp—r(l) = 0 where Wpywp—r is the new vector in a Whittaker

model with respect to v, oy Observing that

=3

—r - Wp 3

pP,@p

the same normalization can be done in this case as well.

Let W° = ®,W;, which is an element of W(II, ¢). Then there is a corresponding
element f in Vg by the usual isomorphism Vi; — W(II, ). The vectors f and W* are
related by

flg)=> W° g]. (5.2.2)

aEFx 1
Furthermore, we claim that, in the above expression, a only runs through totally
positive elements in F'. To see this, put g = (> ;) where y., is an element of A whose
finite part is 1. Then it is easy to see that W° (¥~ ) = e #™ee> [ __ W2 (%)
must be zero unless « is totally positive for the summation to be bounded. Hence

the Fourier expansion of f simplifies to:
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flg)= Y W° gl. (5.2.3)

aEFf 1
The rest of the section will be devoted to show that f is the desired Hilbert modular

form.

Theorem 5.2.4 Let Ay(k,n,@) be a subspace of Acusp(G(Q)\GL2(A), @) that con-

sists of elements satisfying the following properties.

1. ¢(gr(0)) = e *¢(g) where r(0) = {(Zf;gj ;slsnofj > } € S0(2)",
j
2. ¢(gko) = ws(k§)p(g), where &y is the finite part of © and ko € Ko(n), and

3. ¢ is an eigenfunction of the Casimir element A := (Aq,--- ,A,) as a function

of GLy(R)", with its eigenvalue \ =[], (1 _ k_1>

j=172 2

Then Ay(k,n,@) is isomorphic to Sg(n,w).

Proof. These are essentially the same spaces defined from different points of view. To
see this, observe first that any holomorphic Hilbert cusp form f is in A (k,n,@). So it
remains to recover a holomorphic Hilbert cusp form from any element ¢ in Aq(k, n,@).

For each element g = vz, gooko of G(A), put

fu(2) = (2, goo) det g;ok/2j(9007 i)ka

where g (1) = 2. Holomorphy of f, can be shown by checking that it is an-
nihilated by the first order differential opeator 8% + ia%. (As mentioned in Gel-
bart [13, Proof of Proposition 2.1], details of this argument appear in Gelfand—
Graev—Piatetski-Shapiro[14, Chapter 1, Section 4].) A direct computation shows
that £ := (f1,--- , fn) € Sx(n, @) and f = ¢. |

Going back to the f that corresponds to the global Whittaker vector W°, it is

clear that f belongs to Ay(k,n,@). Indeed the first two conditions follow from (5.2.3)
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immediately, and the third condition holds because 11, = ® Dy, 1 and it follows that
AWS = AWS with A given in the theorem. Therefore, it now only remains to show
that f is primitive.

To prove that f is a newform, suppose that there exists an integral ideal m that
divides n and such that f € Sp(m,@). Writing f = (f1,-- -, fn) with f, € Sp(I',(m),w)
for v = 1,--- | h, it shows that f,||xy = @(v)f, for all v € T',(m) which contradicts
the fact that the conductor of II is n.

Next, it needs to be proven that f is a common eigenfunction of the Hecke opera-
tors T, for almost all prime ideals p, namely p not dividing neither n nor the different
Dp. Recall that for such an ideal p, K,(n) = GL3y(O,), £ is right K,(n)-fixed, and
the local representatoin II, is equivalent to a spherical representation, 7(x1,p, X24);
induced from some unramified characters x1, and xa,. Let fJ be the normalized
spherical vector in the induced model. Then f is an eigenfunction of T, with eigen-
value is q;/z (X1,p(@p) + X2p(@p))- (See (5.1.5).) Hence Wy is an eigenfunction for T,
with same eigenvalue. It follows from (5.2.2) that f is also an eigenfunction for T,
with same eigenvalue.

Finally, we will prove that f is normalized, i.e., C(Op,f) = 1. Put
c(m, £) = a, (€)™
if m = &t,Op is an integral ideal in F', and 0 otherwise. This means that
c(m, f) = C(m, f)N(m) Fo/2

for any ideal m. Then f affords an expansion,

f = ) c(6yOr, £)(Eyee) P> (),
1 EeF}
where y € A with yo € Foor, © € Ap, and p is some additive character of Ap/F.

This expression is obtained by observing that ¢((Op,f) = ¢({yOp, f) for any totally
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positive element y in Of. (See, for example, Garrett [12] or Shimura [41].) In

particular,
1
f = ) c(6Op, £)EM2eE
1 EEFj:
On the other hand, by (5.2.3),
1
f = ) w
1 anFi< 1
SR
O<Lac k> V<00

Comparing these expressions, we obtain C(Op,f) = ¢(Op,f) = [[,. W (') =1
as desired.

This result, together with the argument in the previous section, completes the
proof of the correspondence between primitive holomorphic Hilbert modular forms in
Sk(n, @) and cuspidal automorphic representations of G(A) over a totally real number
field F satisfying the following conditions: the local representations at infinite places
are the discrete series representations Dy, 1 of lowest weight k; for each j =1,...,n,
the conductor is n, and the central character is trivial on the totally positive elements

F_+ in R".

5.3 L-functions

5.3.1 L-function attached to f

Let £ = (f1,---, fn) be a primitive holomorphic Hilbert modular form of weight k,
level n, and with a character ©. Recall that C(m, f) is defined to be a,,(&)&~*/2N (m)ko/2
for any integral m = £t,Op, and it is 0 for m not integral. The (finite) L-function

attached to f is defined to be

Lf(sa f)= Z (;\I(E:‘;)i)’
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where m runs through all the integral ideals of F. Let w* be a character of the group
of ideals prime to n defined by w*(p) = &(w,) for all prime ideals p that do not divide
n; and let w*(p) = 0 if p divides n. Then, the L-function has an Euler product,

1

Ly(s,£) = [T (1= Cp, £)N(p) ™ + w* (p)N(p)*o72)
p

with ky = max;{k;}. The product is taken over all the prime ideals p. Define the

local factors at archimedean places by
_(g_tok; ko — k;
Ly (s,) = (20) =7 ( oo ) ,
and for convenience write

Loo(s,£) = [[ Loy (5. £) = (2m) =5 )T (s _ Ko - k) .

Jj=1

Define the completed L-function by
L(s,f) = Ly(s,f)Loo(s,f).

The above definitions are all for #(s) > 0. It is part of standard ‘Hecke Theory’
for Hilbert modular forms that L(s,f) has an analytic continuation to all of C and

satisfies a functional equation of the expected kind.

5.3.2 L-functions attached to Il

In this section, we recall the definition of the L-function attached to a cuspidal au-
tomorphic representation II. First recall the GL;-theory. For a Hecke character
X = @, X, of finite order, the local L-factors at the finite places are given by
Ly(s,x0) = (1= xo(m)g,*)? if x, is unramified, and
Ly(s,x0) = 1 if y, is ramified.
Define the local L-factors for GL; as follows: if the local representation II, at a

place p is equivalent to a principal series representation 7(x1,p, X2,), then put

LP (57 HP) = LP<57 Xl,P)LP(Sv X2,P)'
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Note that both factors are non-trivial if and only if II, is spherical. For the other

representations, define L,(s,1I,) = 1 for a supercuspidal representation II,, and
Ly(s,1L) = Ly(s + 1/2, x)

for II, = Star,(r,) @ Xp, the twist of the Steinberg representation Stgr,(r,) by Xp-

(See, for example, Kudla [29, Section 3].) At the infinite places, the factors are

Ly (s,10,,) = (27r)_(5+$>1" (s + kj; 1) .

Again, we use a multi-index notation

Loo(s, 1) = (2m)~(s+52)T (s + %)

to mean the product of all L,,(s,II,,). The global L-function attached to II is
L(s,11) = ®,L,(s,11,).

The above definitions are all for (s) > 0. It is part of standard ‘Hecke Theory’, due
to Jacquet and Langlands [25], for cuspidal representations of GLy(A) that L(s,II)
has an analytic continuation to all of C and satisfies a functional equation of the

expected kind.

5.3.3 Relation between L(s,f) and L(s,II)

Having L-functions attached to a Hilbert cusp form f and to a cuspidal automorphic
representation I, a natural question to ask is how L(s,f) and L(s,II(f)) relate to
each other where II(f) is a representation attached to a primitive cusp form f. The

main theorem of this section is:

Theorem 5.3.1 Let f € Sg(n,©) be primitive, and I1(f) a cuspidal automorphic rep-
resentation attached to £. Then the completed L-functions attached to f and attached

to TI(f) satisfy the following relation:

L(s,H(f)):L(s+ koz_l,f),
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where kg = Max{ky,--- ,k,}. The same relation holds between the finite and infinite

parts of the two L-functions.

Proof. Let R(s) > 0. For any place v of F', and any vector W, in a local Whittaker
model W(II(f),, 1, ), define a local (-integral by
Q@
Cols, W) = / W, la*~ V2 d%a.

Ef 1

A global (-integral is similarly defined for W € W(II, ) as
a
C(s, W) = / W a2 d*a.
AR 1

This integral is eulerian, i.e., if the global Whittaker vector W factorizes as W = @W,,

into local Whittaker vectors then

H@sW

In particular, take 1 to be the additive character that has been fixed in Section 2.8,
and W, the normalized new vector W as in Section 5.2. Then, one can show that
Ly(s,II(£),) = Cu(s, W?). (See, for example, Gelbart [13, Proposition 6.17].) There-
fore L(s,II(f)) = [ 1, Lv(s,II(f),) = [1, (s, W) = ((s, W?°). On the other hand, we

have

Y s— o ay s—
[l ey = [ Sw oy~ 4%y
AL /Fx 1 AR/FX 1

ST

(6]
_ / We |oz|8_1/2 d*a.
A% 1

We recall that Ay /F> = Ul_t, F, [TOF (a disjoint union), and it follows that,

for any y € A,

Y . .o
f =% = 52 £, (o) (1l lyso])* 72,
1

o1



with a unique v where y., is the infinite part of y and i = (7,--- ,4). Hence

Y _
wone) = e 7 dy
r/E> 1

i d
= Z/ fliy)yt 5 e, 2 2
v=1 Foo+ Yy

Applying the Fourier expansion f,(z) = >, a,(§) exp(27i{z), the proof can be com-

pleted as follows.

- oy, sy hs1 d
L(s.T(6) = Y a6t / e—2nty it 4
p Foot y

_ Z Cly(f) / e—yys—‘r% @
- k—1
e (2mE) Tty [T e y

— (m) ) (s Wk 5 1) > Olm, 24

m N(m)*+™z
ko—1
= L f).
(5—1— 5 ,)

The equality is for R(s) > 0. Both sides have analytic continuation to all of C and

hence we have equality everywhere.

From the definitions of the infinite parts of the two L-functions, we see that

Loo(8,11(f)o0) = Log (s + ko; 1,f) .

It follows that the same relations hold for the finite part since we have L¢(s,II;) =

L(s,I1)/Loo(s, 1), and similarly, Ly(s,f) = L(s,f) /Lo (s, f). |

5.4 The Action of Aut(C)

5.4.1 The action of Aut(C) on Hilbert modular forms

Let o be an automorphism of C, and let it act on R" = H?Zl F,, by permuting
the coordinates. Then o o7 gives another embedding of F' into R™. Considering
o(&F) = | o(n;(€)% for £ € F and k € Z™, we can view o as a permutation of

{k;}. We will use this identification from now on, and denote it as k7.
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Let f be a Hilbert modular form of weight k, level n, with a character @, and

write its Fourier expansion as f(z Z a, (&) exp(2mi&z). We define f7 to be

Z a? (&) exp(2milz),
with a%(¢) = o(a,(£)). We have the following

Proposition 5.4.1 (Shimura, [41]) Let 0 € Aut(C). If f € My(T,w), then f° €

M (T,w?), where w” = 0 o w.

In order to attain a similar result in the adelic setting, we normalize f? as follows:

For f, € My(T',,w) with ', defined in Section 3.1, put

A7 =17 (N()2) " N(t,) 72,

where kg = Max{ky,--- ,k,}. If fis a holomorphic Hilbert modular form given as

£=(fi, -, fn), we define £ to be £7 = (f7 ... o).

Proposition 5.4.2 (Shimura, [41]) Let f = (fi, -+, fn) be in Mg(n, @), and o €
Aut(C). Then £7 € Myo(n,@0%), and C(m,f7) = C(m, f)?. Furthermore, £7 is prim-

itive whenever f is.

5.4.2 The action of Aut(C) on global representations

The following theorem is due to Harder [19] and Waldspurger [46] for GLy over any
number field (although we state it only for our totally real base field F'). It was gen-
eralized to GL,, over any number field by Clozel [7]. We have adapted the statement
from Clozel’s and Waldspurger’s articles. In a classical context of Hilbert modular

forms it is due to Shimura [41]; see also Garrett [12, Theorem 6.1].

Theorem 5.4.3 Let 11 be a reqular algebraic cuspidal automorphic representation.
For any o € Aut(C), define an abstract irreducible representation °I11 = ®,°11, of
GLy(AF) as follows:
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e For any finite place v, suppose the representation space of 11, is V,,, then pick
any o-linear isomorphism A, : V, — V., and define °11, as the representation
of GLy(F,) acting on V! by °11,(g) = A, o I,(g9) o A;'. The definition of °II,

18, up to equivalence, independent of all the choices made.

o Forv € Sy, define °I1, := 1,1, i.e., (°I)o = ®yll,-1o, where n runs through
the set Hom(F,C) of all infinite places of the totally real field F'.

Then °11 s also a reqular algebraic cuspidal automorphic representation. The ratio-
nality field Q(ILy), which is defined as the subfield of C fized by {o : 7(Ily) >~ I}, is
a number field. For any field E containing Q(Ily), the representation I1; of GLo(Ap f)

has an E-structure that s unique up to homotheties.

(Note that the above action is a left-action, i.e., ?7II = ?("II).) Suppose o fixes
II; for a representation II as in the theorem above, then by the strong multiplicity

one theorem, o fixes II; which justifies a change in notation: Q(II) instead of Q(IIy).

5.4.3 Aut(C)-equivariance of the dictionary

Proposition 5.4.2 guarantees that £ is a primitive holomorphic Hilbert modular form
if f is. Therefore, by the bijection discussed in Section 5.1 and Section 5.2, there exists
a cuspidal automorphic representation I1(f7) of a certain type that corresponds to f7.
Now, the question is: how one can compare the Aut(C)-action on the space of Hilbert
modular forms with the Aut(C)-action on the space of cuspidal automorphic repre-
sentations? The obvious guess that II(f7) = °TI(f) is not quite correct; indeed, °TI(f)
may not even be an automorphic representation. The following theorem answers our

question.

Theorem 5.4.4 Let f € S;(n,©) be primitive, with k = (ky,--+ , k). Assume that
ki =---=k, mod 2. Then the map f — II(f) ®| |*/2 is Aut(C)-equivariant, where
l{?g = Max{kl, cee ,kn}

o4



Proof. First, let us note that II(f) is algebraic if kp = 0 mod 2, and TI(f) @ | |'/2
is algebraic when ky = 1 mod 2; these follow easily from 4.2.1. These cases may
be uniformized by considering the twist II(f) by | |*/2 to say that II(f) ® | |Fo/2
is an algebraic cuspidal automorphic representation for all k£ that satisfy the parity
condition in the hypothesis. Further, if k; > 2 for all j, then II(f) ® | [*/2 is a
regular algebraic cuspidal automorphic representation; this can be seen immediately

from 4.4.3 after one notes that II(f) ® | |*/2 € Coh(G, 11¥), where the weight y =

(1, .., pn) is given by:

Kotk —2 ko — K+ 2
j:(o : L ) (5.4.5)

2 ’ 2
(Let us add a comment about k; > 2. Even in the elliptic modular case, a weight
1 form is not of motivic type; another facet of the same phenomenon is that the
associated representation after twisting by | |'/? is algebraic but not regular; or that
the associated L-function has no critical points.)

By Theorem 5.4.3, the representation ?(II(f) ® | |¥0/2) is also a regular algebraic
cuspidal automorphic representation. Let us note that this representation, however,
does not have an appropriate central character to apply the “dictionary.” In order
to modify the central character, twist it by | |7%/2 and consider the representation
I := °(II(f) ® | |*/?) ® | |7%/2. This representation is cuspidal and automorphic,

whose local representations at infinity places are ®,II(f) i.e., the permutation

o~ 1n,
of the discrete series representations { Dy, 1}, and such that the conductor is n, and
that the central character is trivial on F,+. Therefore, by Section 5.2, there is a
primitive holomorphic Hilbert modular form of weight £” and level n. It remains to
show that this cusp form is actually £, and that the central character of IT" is @7.
By Theorem 5.1.4, it is enough to show that IT} coincides with II(f7), for almost
all finite places p. In particular, let p be a place of F' that does not divide n. Then,

the local representation IIj at p is a spherical representation, say induced from x; ,

and X5, and write it as ITj = (X’l’p, X,Zp)' We use the following lemma to see these
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characters more carefully.

Lemma 5.1 (Waldspurger, [46]) Let IT = 7(x1, x2) be a spherical representation
induced from x1 and X2, then °II is also spherical, and it is induced from characters

defined as | |70 (x; - | |V/?), wherei =1, 2.
Let TI(f), = m(X1p, X2p). By the lemma above, the characters x;, can be de-

, _kot1 kotl
Xi,p:| |p ’ U(Xz‘,p'| |p2 )

Therefore, a direct computation shows that

(Xl,p+X2,p) (@) = @ dp g > C(p,f)

scribed as

and

Xll,p ) X/2,p = U((IJ)
This says that q;/ 2 (X,Lp + XIZ,p) (wp) gives the eigenvalue for the Hecke operator
T, applied to £, which can be seen by the same computation done in (5.1.5), and

that X', - X5, is the central character & of II(f7). This completes the proof of
Theorem 5.4.4. |

5.4.4 Rationality fields

Let f be a primitive form in Si(n,®). Define the rationality field of f as
Q(f) := Q(C(m,f) : for all integral ideals m}). (5.4.6)

This is the field generated over QQ by the eigenvalues of f for all the normalized Hecke
operators T;. Shimura [41, Proposition 2.8] proves that this field is a number field

which is in fact generated by C(p,f) for almost all prime ideals p. Further, this
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number field is either totally real, or a totally imaginary quadratic extension of a
totally real number field.
Let II = TI(f), and we have checked that II(f) ® | |*/2 is a regular cuspidal

automorphic representation. Define the rationality field Q(IT) to be
Q(IT) := CloeAO =T}, (5.4.7)

That is the subfield of C fixed by the group {o € Aut(C) : °II; = II;} of all C-
automorphisms which fix IIy. By strong multiplicity one, “II; = II; if and only if
711, = 11, for almost all prime ideals p.

Using Proposition 5.4.2 it is clear that Q(f) is the subfield of C fixed by the group
{o € Aut(C) : o(C(m,f)) = C(m, f))}. It follows that Q(f) = Q(II(f)).
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CHAPTER 6
Algebraicity Theorem

Shimura proved the following fundamental result (see [41, Theorem 4.3]) on the crit-
ical values of the standard L-function attached to a holomorphic Hilbert modular

form.

Theorem 6.0.1 (Shimura) Let f be a primitive holomorphic Hilbert modular cusp
form of type (k,&) over a totally real number field F' of degree n. Assume that the

weight k = (ky, ..., k) satisfies the parity condition
ki=---=k, (mod?2).

Let k° = min(ky, ..., k,) and ky = max(ky,...,k,). There exist nonzero complex
numbers u(r,£7) defined for r € Z"/2Z™ and o € Aut(C) such that for any Hecke

character x of A% of finite order, for any integer m with
(ko — k%) /2 <m < (ko + K°)/2,

and for any o € Aut(C), we have

0( Ly(m.f,x) ) __ Lym 7 X
(2mi)™ 7(x) u(e, f) (2mi)™ 7(x7) u(e, £7)’

where € is prescribed by: x(a) = sgn[a*N(a)™|; the quantity T(x) is the Gauss sum
attached to x, and L (s,f,x) is the (finite part of the) standard L-function attached

to £, twisted by x.

The purpose of this chapter is to give another proof of the above theorem, which

is rather different from Shimura’s proof. However, before proceeding any further, let
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us mention that our proof is contained in the union of these papers: Harder [19],
Hida [24]; see also Dou [10]. What is different from these papers is an organizational
principle based on the period relations proved in Raghuram-Shahidi [38] while working
in the context of regular algebraic cuspidal automorphic representations.

The first main theorem proved in this chapter is:

Theorem 6.0.2 (Central critical value) Let II be a reqular algebraic cuspidal au-
tomorphic representation of GLo(Af), for a totally real number field F of degree
n=mnp=[F:Q|]. For every e € {£}", we define p*(II) € C* which have the fol-
lowing property: Assume that s = 1/2 is critical for the standard L-function L(s,II)

attached to I1. Then for any o € Aut(C) we have

(e ) -

where do, = d(Ils) = d(°l) is an integer determined by the representation at
infinity; see Proposition 6.2.16.

In particular,

where, by ~qm), we mean up to an element of the number field Q(II).

The following result on all critical values for twisted L-functions follows from the

period relations proved in [38].

Corollary 6.0.3 (All critical values) Let II be a regular algebraic cuspidal au-
tomorphic representation of GLa(Ag), for a totally real number field F of degree
n=mnp = [F : Q. Letn,...,n, be all the infinite places of F. Assume that
s =1+m € 5+ Zis critical for the standard L-function L(s,I1) attached to II.

Then, for any finite order character x of F*\AY, and for any o € Aut(C) we have

Li(5+m, 1 ® ) Li(z+m, T ® 7))
[0} =
(27Ti)doo+nm p((_l)mfx)(H) g(X) (27Ti)d°°+nm p((_l)me"x) (GH) g(UX) ’
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where €, = (X (—1), ..., Xn. (1)) is the ‘parity’ of x determined completely by Xoo =
®F_1Xn,; and G(x) is the Gauss sum of x.

In particular,
Li(1/2+mII® x) ~guy (2mi)*=mp YO ()G (),
where, by ~q,y), we mean up to an element of the compositum of Q(II) and Q(x).

To see that the corollary exactly corresponds to Shimura’s Theorem 6.0.1 above,
we need to know some arithmetic properties of the dictionary between primitive
holomorphic Hilbert modular forms for F' and regular algebraic cuspidal automorphic
representations of GLy over F'. The main statements are summarized in the theorem

below.

Theorem 6.0.4 Let £ and II(f) be such as described in Theorem 5.0.1. Then it has

the following properties.

1. (L-functions) For any finite order character x of F*\Aj we have an equality

of (completed) L-functions:

ko — 1
L(s,TI(f) @ x) = L(s + —02 %),

where the left hand side is the standard L-function defined as in Jacquet and
Langlands [25], and the right hand side is defined via a Dirichlet series as in
Shimura [41].

2. (Algebraicity)

(a) if ky =--- =k, =0 (mod 2) then II(f) is algebraic;
(b) ifki=--- =k, =1 (mod 2) then II(f) ® | |'/? is algebraic;

(c) if k; # k; (mod 2) for some i and j then no twist of II(f) is algebraic.

60



Note that (a), (b) and (c) can all be put-together as

ki=---=k, (mod?2) < II(f)® | |k°/2is algebraic.

3. (Regularity) Suppose now that ky = --- = k, (mod 2). Then II(f) ® | |[*/? is

reqular ezactly when each k; > 2.

4. (Galois equivariance) Let ky = --- = k,, (mod 2) with k; > 2 for all j. Then,

for any o € Aut(C) we have:
TIE) @ | [2) = (E) @ | 72,

where the action of o on representations is as in Clozel [7] or Waldspurger [16],

and on Hilbert modular forms is as in Shimura [41].

5. (Rationality field) Let Q(f) be the field generated by the Fourier coefficients of

f, and let Q(II(f)) be the subfield of complex numbers fixed by the set of all o €
Aut(C) such that °1I(f), = II(f), for all finite places v. Then Q(f) = Q(IL(f)).

The first property was introduced in Section 5.3.3 for the case that y is trivial,
and the properties 2, 3, and 4 are contained in Theorem 5.4.4. Recalling arithmetic
issues of regular algebraic cuspidal automorphic representations discussed in 4.4, we
start Section 6.1 by providing a summary of the definition of certain periods which
arise via a comparison of a rational structure on a Whittaker model of II with a
rational structure on a cohomological realization of II. We also record certain rela-
tions amongst these periods as in Raghuram-Shahidi [38]. Section 6.2 is devoted to

complete the proofs of Theorem 6.0.2 and Corollary 6.0.3.

6.1 Periods and period relations

6.1.1 Periods

We now look closely at the assertion that II; has an E-structure. On the one hand, a

cuspidal automorphic representation Il of GL, (Ar) admits a Whittaker model, and
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these models carry a natural rational structure. On the other hand, if II is regular and
algebraic, then it contributes to cuspidal cohomology and from this arises a rational
structure on a cohomological realization of II. One defines periods by playing off these
rational structures against each other. (Another word for these ‘periods’ might be
‘regulators’, as the definition our periods is very close in spirit to Borel’s regulators
[2].) The rest of 6.1 is a very brief summary of Raghuram-Shahidi [38].

As a matter of definition/notation, given a C-vector space V', and given a subfield
E C C, by an E-structure on V' we mean an E-subspace Vg such that the canonical
map Vg ®g C — V is an isomorphism. Further, if V' is a representation space for the
action of a group G, then we will need Vg to be G-stable. Fixing an E-structure gives
an action of Aut(C/FE) on V, by making it act on the second factor in V = Vp ®p C.
Having fixed an E-structure, for any extension E’/E, we have a canonical E’-structure

by lettmg VE/ = VE‘ XE E'.

6.1.2 Rational structures on Whittaker models

Recall from 2.8 that we have fixed a nontrivial character ¢ = ¢, ® ¢y of F\Ap. Let
W(II, %) be the Whittaker model of II, and this factors as W(II,¢) = W(Ily, V) ®
W(Ils,¢s). There is a semilinear action of Aut(C) on W(Ily, ;) which is defined as
follows. (See Harder [19, pp.79-80].) Consider:

Aut(C/Q) — Gal(Q/Q) — Gal(Q(uw)/Q) — zxgnng C HPHPIPOPX

o — o\@ — a\@(uw) — to = te = (top)p

where the last inclusion is the one induced by the diagonal embedding of Z; into
lep O,". The element ¢, at the end can be thought of as an element of Af ;- Let
[t-}] denote the diagonal matrix diag(¢;',1) regarded as an element of GLy(Af ;).
For 0 € Aut(C) and W € W(Il,vy), define the function “W by

"Wgr) = o(W(lt, lgs))
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for all gf € GLy(Ap ). Note that this action makes sense locally, by replacing ¢, by
tep. Further, if II, is unramified, then a spherical vector is mapped to a spherical
vector under o. If we normalize the spherical vector to take the value 1 on the identity,

then o fixes this vector. This makes the local and global actions of o compatible.

Lemma 6.1 With notation as above, W +— W is a o-linear GLy(Ap f)-equivariant
isomorphism from W(Ily, 1) onto W (°Ils,1¢). For any finite extension E/Q(Ily)

we have an E-structure on W(Ily,1)s) by taking invariants:
WLy, ¥p)p = WLy, ) A5,

Proof. See Raghuram-Shahidi [38, Lemma 3.2]; it amounts to saying that a nor-
malized new-vector generates the E-structure obtained by taking invariants under
Aut(C/E). (It helps to keep Waldspruger’s [46, Lemme I.1] in mind.) Later, we will

work with some carefully normalized new-vectors; see 6.2.1 below. [ |

As a notational convenience, when we talk of Whittaker models, we will henceforth
suppress the additive character v, since that has been fixed once and for all; for
example, W(IIy) will denote W(Ilf,vs). Next, W(Il;)o will denote the Q(II)-rational

structure on W(IIy).

6.1.3 Rational structures on cohomological representations

Let 4 € X (T) and T € Coh(G, p1¥). For any character € of mo(G), the cohomology
space H™(goo, KS; Vit ® M,v)(€), which as a representation of the group my(Go) X

G(Apy) is isomorphic to € ® I, has a natural Q(II)-structure which may be seen as
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follows. Consider the following diagram:

H"(goo,Kgo;VH®Muv)(e) ~ €®Hf
1 1
H™(go0r K5 Acuep (GIQ\G(A)) © Myy) =~ HZ(S9, M)
1 1

H™(goe, Ko C¥(GQN\G(A) © M) = Hip(S% M) = HB(S, M)
where all the vertical arrows are injections induced by inclusions. Indeed, the rational
structures on all the above spaces come from a rational structure on the Betti coho-
mology space on which it is easy to describe an action of Aut(C)-see Clozel [7]. The
point is that cuspidal cohomology admits a Q(u)-structure which it inherits from ‘the’
canonical Q(u)-structure on Betti cohomology H%(S¢, ]\7,;) (By Q(i) we mean the
subfield of C fixed by {0 : “u = p}, where the action of o on p, or any quantity indexed
by the infinite places S, is via permuting these places, exactly as the action of Aut(C)
on Il described in Theorem 5.4.3.) Since € ® Iy >~ H™(goo, K3; Vit ® M,v)(€) is a
Hecke eigenspace (i.e., is an irreducible subspace for the action of 7o(G) X G(Aff))
of cuspidal cohomology, it follows that this eigenspace admits a Q(II)-rational struc-

ture.

6.1.4 Comparing Whittaker models and cohomological representations

We have the following comparison isomorphism Fj;, which is the composition of three
isomorphisms:
W(Ily) — W(Ily) @ H"(goo, Ko ; W(Ilse) @ M) (e€)
— H"(goo, Ko ; W(II) @ M) (€)
— H"(goo, K30 Vir @ M) (e),

where the first map is Wy — W; ® [I1]° for all Wy € W(Ily) with [II]¢ being the

generator (as in 4.4.5) of the one-dimensional space H"(goo, K3 ; W () ® M,)(€);
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the second map is the obvious one; and the third map is the map induced in coho-
mology by the inverse of the map which gives the Fourier coefficient of a cusp form

in Vi-the space of functions in Acusp (G(Q)\G(A)) which realizes II.

6.1.5 Definition of the periods

The isomorphism JFj; need not preserve rational structures on either side. Each side
is an irreducible representation space for the action of my(Gs) X G(AF f) and rational
structures being unique up to homotheties (by Waldspurger [46, Lemme 1.1]), we see
that we can adjust the isomorphism Ff; by a scalar-which is the period—such that the
adjusted map preserves rational structures. Let us state this more precisely:

Let II = II; ® Il be a regular algebraic cuspidal automorphic representation
of GLy(Ar). Let u € Xy (T) be such that II € Coh(G, ). Let € be a char-
acter of Ko/K2 . Let [II]¢ be a generator of the one dimensional vector space
H™(goo, K&, Il @ M,v)(€). To such a datum (I, €, [I1]¢), there is a nonzero com-

plex number p¢(II), such that the normalized map
ﬁ,o = PE(H)_IFE

is Aut(C)-equivariant, i.e., the following diagram commutes:

€
Fiio

W(lly) H™(goo, KSo; Vit ® M) (€)

L, X

W(°TI;) H™(goo, K Vot ® Eipe) (%)

The complex number p¢(II), called a period, is well-defined only up to multiplication
by elements of Q(II)*. if we change p(II) to ap®(Il) with a a € Q(II)* then the period
p (°II) changes to o(a)p™(°1I).

In terms of the un-normalized maps, we can describe the above commutative

diagram by

oo F5 = (%) Foioo. (6.1.1)
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6.1.6 Period relations

The following is the main result proved in Raghuram-Shahidi [38], but stated below for
our context of GLy over a totally real F'. Let u € X (T') be such that IT € Coh(G, u").
Let € be a character of K,,/KS . Let £ be an algebraic Hecke character of F' with
signature e which is defined as follows: any such £ is of the form £ = | | ®@ £ for an

integer m, and a finite order character £°, then

e = (—1)"(&,(=1),- ... &, (=1)).
For any o € Aut(C) we have

(Gowm) - (evarem )

The action of Aut(C) on € is via permuting the infinite places. Define Q(§) as the
field obtained by adjoining the values of £°, and let Q(IT, £) be the compositum of the

number fields Q(IT) and Q(§). We have
P Il ® &) ~ome G()p (I).
By ~q(,¢) we mean up to an element of Q(IL §).

6.2 Proof of Theorem 6.0.2

We finally complete the proofs of Theorem 6.0.2 and Corollary 6.0.3. The proof is
rather technical, but the idea is based on a cohomological interpretation of the clas-
sical Mellin transform. We start the section by providing a diagram that summarizes

the proof.
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H" (goo, K2, 1 Vi1 ® M) H*(GLy(F)\GLy(Ar) /KL K, M) (6.2.1)
Fat o*
wW(ILy) HE(FX\AJ /1Ky, " M,)
-
HE(F\AL /Ky, C)
Iut
C ®h_C

A normalized new vector Wy in the finite part of Whittaker model W(Ily) is

mapped to a cohomology class Uy in the relative Lie algebra cohomology H™ (g, K2, :
Vi1 ® M) via a map Fit. This map is normalized by the period p™*)(II) so
that it preserves rational structures on each side. (See Section 6.1.) The coho-
mology class vy, viewed as an element in the compactly supported cohomology space
H?(GLo(F)\GL2(Ap) /K2 Ky, ]T/[\;), can be mapped to a top-degree compactly sup-
ported cohomology class for GL; with the constant coefficients by the map 7*.*
shown in the diagram above. Applying the Poincaré duality, which maps 7 *¢/*9 to

a complex number by integrating it over the entire manifold M = F*\AL/*Ky, we

have
¢ L(1/2,1)
% *19 —
/MTL 1= ) pl D (I

where ¢ is an integer. Theorem 6.0.2 follows from this equation and the rationality

(6.2.2)

of each map used in the diagram. Each step is discussed in detail.

6.2.1 Normalized new vectors

We now show that local new-vectors when normalized appropriately give a very ex-
plicit element in the rational structure W(Ilf)y of the (finite part of the) global
Whittaker model. The new-vectors will be denoted as W after a suitable normal-
ization. We should be aware that the normalization is slightly different from what is

done in Section 5.2.
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Recall from 2.8 our choice of additive character 1. Pick an element dp € Op
such that ord,(dp) = r, = ord(®Dp); this is possible by strong approximation. Now
define a character ¢/ by ¢'(z) = ¥(dz'x); then it is trivially checked that 1, has
conductor O, for all prime ideals p. We have a map W(Il¢,¢}) — W(Ily,1y), given
by W} — W; where

) dr O
Wy (9) = Wf g
0 1

This also makes sense locally: W;(g,) = W,

p ((dda (1)) gp), where, by d,, we mean dp as

an element of F,.

A Whittaker vector W} is completely determined by the function on Fy

) ) x, 0
Ty = (bp(%) = Wp )
0 1

i.e., the map W, + ¢, is injective. (See, for example, Godement [16, Lemma 3 on
p.1.5].) The set of all such functions s is the Kirillov model K(II,, ;). Working
in the Kirillov model K(II,, ), we have the following explicit formulae for new-
vectors taken from Schmidt [40, p.141]. For each representation II, we have a very
special vector sy € K(Iy, 1) that is the local new-vector in that model. Since the
table consists of purely local information, we will abuse our notation by dropping the

subscript p.

1. Principal series representation 7(x1, x2), with X1, x2 unramified, and y;x, " #

| [£1. Then

mp (@) = [z | Y (@)@ | 1o().
k+l=v(z)

2. Principal series representation 7(x1, x2) with exactly one of the characters being

unramified; say y; unramified and y, ramified. Then

R () = [ (2) 1o ().
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3. Unramified twist of the Steinberg representation: St ® y with y unramified.
Then

Fp () = [z[x(2)1o(2).

4. In all other cases (principal series 7(x1, x2) with both x1, x2 ramified; ramified

twist of the Steinberg representation; any supercuspidal representation) we have

Fp () = 1ox (x)

Let Wy € W(Iy,4,) correspond to £,°", and finally we let W € W(IL,, v,)

correspond to W, That is we have:

W o WY o kDY (6.2.3)

We will also denote W by Wﬁp, and observe that

. v 0 pow | [ T O new
W, = W, = Ky (dpzy).
0 1 0 1

Proposition 6.2.4 Let I be a cuspidal automorphic representation of GLa(Ag). For
each prime ideal p, let Wy be the normalized new-vector as defined in (6.2.3) of
the representation IL, which is realized in its Whittaker model W(Il,,1y,). For any
o € Aut(C) we have

Wy, = Wep, -
Let W° = @,Wy; € W(lly,¢bg). Then W© is fized by Aut(C/Q(1I)), and hence W* €

W(Ily,¢)o.

Proof. To see "Wy = Wy, it suffices to check that both Whittaker vectors give the
same vector in the Kirillov model; which is then verified using a case-by-case analysis
using the above table.

Suppose II, is an unramified principal series representation, and let us write II, =

T(X1,p, X2p) for characters x;, : Fy — C*. Let us describe “Il,. For this, given any
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[

character x of F*, and any o € Aut(C), define 7y as o o x, i.e., 7x(x) = o(x(z)).

Define a twisted action of o € Aut(C) on characters by:

!

x(@) = [z 2o (x(z)[z]

g

1/2).
As is checked in Waldspurger [46, 1.2], we have

T (X1 Xp) = T(7 X1, 7 Xap)-

new

On the one hand, using the formula for

for II, = m(x1,p, X2,) We have:

zn 0 torxzy O
UWﬁp p — o Wﬁp O-7p p
0 1 0 1
dptopzp O
= o | WrV 7
b
0 1
= 0 dptmé%m( ) Xl,p(wk)XZp(wl)) 10p(dpto,n}-xﬁ))

k+l=rp+v(x)

= o(|dzy|'?) ( Z g (lep(wk)XZp(Wl))) 1o, (dpp)

k+l=rp+v(z)

since t,, € O,. On the other hand, using the same formula for x,°", but now for

the representation Il, = 7("\1,,“X2,) We have:
5 z, 0 o dyz, 0O
Wonp - W”Hp
0 1 0 1

:‘dp$p|1/2 Z Ule,p(wk)UlXZp(wl) Lo, (dpzy)
k+l=rp+v(z)

r4v(z)

2

= |dpxp|1/2|wp|f

r+ou(z)
S o (@ ea@)ml “E) | 10, dn)

k+l=rp+v(z)

r+v(x) 1/2

Using |w,| ™2 = |dpz,|"/? the final expression also simplifies to

U(’dpxp’m) Z U(Xl,p(wk)XZp(wl)) Lo, (dpy).

k+l=rp+v(z)
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This concludes the proof in the case of an unramified principal series representation.
In all the other cases, the above calculation is much simpler. Let us note that in the
case of the Steinberg representation one has 7(St ® x) = St ® . We omit further

details. [ |

6.2.2 The global integral

Let II be a cuspidal automorphic representation as in Theorem 6.0.2. Piece together
all the normalized Whittaker vectors W, in 6.2.1 and let W*° = ®,W;. For each
infinite place 7; pick any Whittaker vector W; € W(Il,,, ¢, ), and put W, = ®7_,W;.
Now put,

W =W, aWeW(ll,) ® WIl;) = W(II).

Let ¢ € Vi1 be the cusp form that corresponds to W under the isomorphism Vi —
W(II) of taking the -Fourier coefficient. For any place v, and any W, € W(II,),

define the zeta-integral

X

(v(s,Wv):/ W, z|* " 2dz, R(s)>> 0.
el

01

Hecke theory for GLg (see Gelbart [13, Section 6]) says that these integrals have a
meromorphic continuation to all of C. The assumption that s = 1/2 is critical for
L(s,II) says that ,(5, W,) is finite for every infinite place n. Lastly, let (o (s, Wa) =

Hr]ESoo Cﬁ (57 WW) .

Proposition 6.2.5 With the notations as above,

/ ol 7 | de = cotajo w2,
FX\A% 0 1

Proof. The usual unfolding argument gives

T 0 1 X 0 1
/ ¢ |z|* " 2dx :/ W |z|*"2d.
FX\AL 0 1 A 0 1

X
F
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The integral on the left converges absolutely everywhere (since ¢ has rapid decay).
The integral on the right converges for R(s) > 0, and there it is eulerian, and so
factorizes as [ [, (,(s, W,,). For every prime ideal p, we know that the zeta-integral of

the local new vector gives the local L-function; more precisely, we have
Go(s, W) = [dp|*™ Y2, (s, W) = [y |* /2 Ly (s, I1,,).

We deduce that for R(s) > 0 we have

z 0 ) n
/ ¢ ’x‘s_idx = Coo(S, WOO)Lf(Svﬂ)|DF|S_ /
FX\A% 0 1

where 0 is the absolute discriminant of F. However, the left hand side converges
for all s, and the right hand side has a meromorphic continuation for all s, and so we
can evaluate at s = 1/2 to finish the proof of the proposition. [ |

6.2.3 The cohomology class ¥; attached to Wy

Consider the map
Fit W) = H™(geo, Ko Vit @ M) (4+)
as in 6.1.4, and let J1; be the image of W} under this map, i.e.,
I = Fi" (Wn).

Fix an open compact subgroup K; which leaves W} invariant; an optimal one is

related to the conductor of II, but this will not play a role here. From 4.4.1, we have

vn € H?

cusp

(SK,> M) C H"(SE,, M)

It is a fundamental fact (see Clozel [7]) that cuspidal cohomology injects into coho-

mology with compact supports, i.e.,

S8, Myw) = H2(SE, M)

cusp(
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Therefore
Recall that map Fi' is a composition of three isomorphisms, and the first one

maps Wy to W @ [Il]™", where the class [[I]™" is given in (4.4.8). Using an

analogous notation, we may write the class ¥ in terms of Lie algebra cocycles as

where ¢, € Vi1 are cuspforms whose corresponding Whittaker functions in W(II) =
W(Il,) ® W(Ily) are
¢l,a < VVl,a - I/Vl,oz,oo ® WIP[

For later use, let us record the action of Aut(C) on ¢ which is given by the

following

Proposition 6.2.7

oy _ o)
= pem

Proof. This follows from Equation (6.1.1) and Proposition 6.2.4:

i = o) = (

)
)

(o) ey o)

- (G ) v =

6.2.4 Pulling back to get a GL;-class "y

Let ¢ : GL; — GLg be the map x — (* ;). Then ¢ induces a map at the level of
local and global groups, and between appropriate symmetric spaces of GL; and GLs,
all of which will also be denoted by ¢ again; this should cause no confusion. The

pullback (of a subset, a function, a differential form, or a cohomology class) via ¢ will
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be denoted ¢*. A little more precisely, ¢ induces an injection:
L GLl(F)\GLl(AF)/L*KZOL*Kf — GLQ(F)\GLQ(AF)/KZOK]“

Note that (*K3, = {1}, and let us denote Ry := ¢*K; which is an open compact

subgroup of Alﬁ’ - The above injection will be denoted ¢ : 5’% — ng, where

Skt = F*\AL/Ry.

As a manifold 5’% is an oriented n-dimensional manifold all of whose connected
components are isomorphic to H?Zl R-o. (Choose the obvious orientation on each
connected component.) It is a standard fact that this inclusion ¢ : ngl — ng is a

proper map, and hence we can pull back ¥ € H?(ng, ]\//Ev) by ¢, to get
o € Hg(ég;, L*M\,:)

where L*]/\Z;v is the sheaf on Sg; given by the pullback of the sheaf ]\Z
We note that the construction of the pullback sheaf is somehow complicated in
general: We first define the presheaf ? (L*]@) on ggfl by putting
PMy)(U) = ‘%MZ(V)
for any open set U in gg;_ The sheafification of this presheaf gives us the pullback
sheaf L*m of ]\7,; We now claim that this pullback sheaf is the restriction of the
representation M,v to GL; via ¢, i.e., L/*_]% To see this, we recall some basic facts

from sheaf theory. (See [21, Chapter 3| for details.)

Proposition 6.2.8 Let F and G be sheaves on X. A morphism ¢ : F — G between
two sheaves is an isomorphism if and only if, for all x € X, the homomorphism at

the level of stalks is an isomorphism, i.e., ¢y : Fy — Gy

e~

For our case, a morphism from ¢*M,v to t* M, is given by the restriction. Consider

the following diagram.

74



AX/L*KfC—L>G(A)/KgOKf

QGL1 L GLo
SL*Kf SKf

Here, the vertical arrows are projections. The stalks at z in SLG%;JC for each sheaf

is described as the following.

s =".8 forg € Sg*2,
= hgl sy :ipy (V) — My : v(hg) = 7.sv(g)forg Ks

(= Jev sy is locally constant

— tu(vg) =v.tu(g forgGSLCle,
(L*M'uv>x:h$rl ty iy (U) — M,y v(79) v(9) R

zelU ty is locally constant

The isomorphisms of these stalks given by the restriction need to be shown. Let

us recall the definition of germ:

Definition 6.2.9 An element s, in the stalk F,, at p is called a germ of a section. A

germ s, can be represented by a section sy € F(U) for an open set U containing the

point p: s, = sylp-

In particular, a germ of a continuous function at p is a continuous function ¢ :
U, — C defined in an open neighborhood U, of p modulo the following equivalence
relation:

(¢:Up —=C)~(:V, —C)

if and only if there is a neighborhood W, C U, N'V,, of p such that and ¢|w, = 9|w,.
For any section sy € L*]\/Z;V(V), the restriction to GLq, i.e., sy|,-1 gives a section
in o*M,(U) where U = (V). To see that this map is surjective, let us take any

element x in S’Sfl and a connected open neighborhood U, of x. Then any section ¢y,
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in ;M:(Ux) is a constant function, say ty,(g) = m. Choose a connected open set
V in SI%L? that contains ¢(U,). A constant map sy : p,* (V) — {m} is an element
in L*J\/I\;(V) and its restriction to U, equals t;;,. This proves the surjectivity. The
injectivity follows from the surjectivity because M, is finite dimensional. This proves
that

—_— —_ —
L*M,uv — L*MMV.

6.2.5 Criticality of s = 1/2 and the coefficient p

We now appeal to the hypothesis that s = 1/2 is critical to deduce that we can work
with cohomology with trivial coefficients, i.e., in H ”(Sg;,@). For this, let us first

record all the critical points for the L-function at hand:

Proposition 6.2.10 Let T € Coh(G, u"), with u € X (T). Suppose = (1, - -, fin)

where p; = (a;,b;) and a; > b;. Then

1 1
s=3 +m € 3 + Z is critical for L(s,1I) <= —a; <m < —b;, Vj.

Proof. Recall the definition (as stated, for example, in Deligne [9]) for a point to be
critical. If we are working with an L-function for GL, then the so-called motivic
normalization says that critical points are in the set ”T_l + Z. In our situation, we
would say s = sy € 3 + Z is critical for L(s,II) if and only if both Ls(s, ) and
Lo (1 —s,1IY)) are regular at s = so, i.e., the L-factors at infinity on both sides of the
functional equation do not have poles at s = sy. (Automorphic L-functions are always
normalized so that the functional equation looks like L(s, IT) = (s, IT)L(1 — s,11¥).)

Given II € Coh(G, p¥), we know from 4.2.3 and 4.4.2 that
oo = @11, = ®;j(Dy,—p;41 @ | [(971)72),
Since D is self-dual, we also have
I, = ©,(Day 0,01 ®] [,
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Using the information in 4.1.2 on the local factors for GLy(R), and ignoring nonzero

constants and exponentials (which are irrelevant to compute critical points) we have:

Lm(s,HW)NHP<s+%+aj>, Loo(1—s,10%) HF<1—3+——b>

Hence, Lo (s, Il ) is regular at 3-+m if and only if m~+a; > 0; similarly, Lo (1—s, II%)

is regular at % +m if and only if —m —b; > 0. |

Corollary 6.2.11 Let IT € Coh(G, p*), with p € X (T). Suppose = (1, .., fin)
where p; = (aj,b;) and a; > b;. The center of symmetry s = 1/2 is critical if and

only if Homgr, () (M, 1) # 0.

Proof. Follows from the above proposition and Lemma 4.2. [ |

6.2.6 The cohomology class 7*/*J;; with trivial coefficients

When s = 1/2 is critical, let us let
7- S HomGLl(FOO)(M#V, ]1)

be the nonzero element as prescribed by Lemma 4.2. Since everything factors over
infinite places, we can let 7" = ®J_,T;, with 7; € Homgr, (s, )(My,v, 1). The map T
induces a morphism of sheaves on the space Sg;7 and by functoriality, a homomor-

phism

T HI(SG!, " Myw) — H'(S5,C).
The image of the class " under 7, expressed in terms of relative Lie algebra

cocycles, is given by:

T =Y. Y UG @ ®T ()= Y., Uz ®Ud, (62.12)

where a = (ay, ..., a,). This follows from (6.2.6) and Lemma 4.2.
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Since the map 7 is defined over Q, as after all the standard basis for M, v gives

it a Q-structure, the morphism 7* is rational, i.e, for all 0 € Aut(C) we have
goT =T o0 (6.2.13)

Observe that T*:/*y is a top-degree compactly supported cohomology class for

oGLy
SRf .
6.2.7 Top-degree cohomology with compact supports

Let us recall some basic topological facts here. Let M be an oriented n-dimensional
manifold with A connected components, indexed by v with 1 < v < h. Then Poincaré
duality implies that

H"(M,C) ~a"_C.
(See, for example, Harder [21, 4.8.5].) The map is integration over the entire mani-

fold with some chosen orientation; for each connected component you get a complex

number. Now let us add these numbers to get a map ¢ — [ m Y
/ . H"(M,C) — C.
M

As explained in Raghuram [36, 3.2.3], such a map given by Poincaré duality is rational,

J(/Mﬁ) :/M%?. (6.2.14)

i.e.,

6.2.8 The main identity

Recall that T**9y € H g(Sg;, C) is a top-degree compactly supported cohomology
class. We can integrate it over all of 5'1%. The main technical theorem needed to

analyze the arithmetic properties of the special value L(1/2,11) is

Theorem 6.2.15

g — (™)

s T Gty
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where

Proof. Recall that (6.2.12) gives

T = Y Y U@ ®T(s)= > U7 QUG

We will identify the terms ¢*z;. Consider just one copy of GL;(R) sitting inside
GL2(R) via ¢. Let t; := 1 be a basis for gy = C. (Fixing t; is tantamount to fixing
an orientation on Ry = GL;(R)°. Taking all the infinite places together, this will be

fixing an orientation on each connected component of Sg; .) Note that

1 . .
t1) = T (z1 + 22+ (% %)), in go,
1 .
= E (Z1 + Z2) , In 92/927

hence 1*z] = 1*z; = 4%.’5’{. Applying this to each infinite place, we see

*_k *_x n *
v =00z, = Dj=1 s

1
(4d)"
where t,, is the element t; for the infinite place n;.

Using the fact that ¢;, is fixed by K; which implies that t*¢;, is fixed by Ry =

'Ky we get
T > i [
= . l,a
Sk 1=(l1,ln) () S
1 / x
- )\ Z le,g dx
(42) I=(1,dn) Y F\AE/Ry 1
1 / x
= e D Pra dx
(4Z) VOl(Rf) I=(lr o) FX\A;; 1
1
= oo(1/2, W) 400)Ls(1/2,11
(17 vol(R)) (Z) (Goe (1/2, Wig.00) L (1/2,10))
where the last equality is due to Proposition 6.2.5. |
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6.2.9 Archimedean computations

Proposition 6.2.16 Given II € Coh(G, p¥), with = (g1, . .., ftn) and p; = (a;j, b;),
we have

(Mo ™) = c(2mi)~ ="
where doo = Y (a; + 1), and c is a nonzero integer (which is made explicit in the

j=1

proof).

.....

that each summand is a product over infinite places:
§00<1/27 VVZ,@,OO) - H an (1/27 )\j,lj,aj)
j=1
where the \j;, o, are as in (4.4.7). We can rewrite the expression for ([Il]™") as

Han(l/Z, )‘j7ljvaj) = H (%(1/2, >‘j717aj) + an(l/Q, )‘J%?,aj)) :

I=(l1,....ln) j=1 j=1

The j-th factor in the right hand side is the value at s = 1/2 of the sum of two

zeta-integrals:
Cﬁj (37 )\j717aj) + C"]j (57 >‘j727aj)‘

Using the definitions of ¢, and A, ., we get

a; —b;\ .. z 0 1
/ ( I ])’L J/\(aj—bj+2) ’$| éd:c
zER* a; 0 1

a; —b; . as z 0 s L
+ / ( J j)z TA_(a;—b;+2) |z|*"2dz.
zER* a; 0 1

Recall that the integrals converge for $ts > 0. In the second integral, using the fact
that §(Aa,—p;42) = i2 A_(a;—b;+2), and changing variable from z to —z, we see that it

is the same as the first integral. Hence

a; —b;\ .. 0 sl
Cny (s, )‘J}Lay‘) + o (s, )‘1,27%) = 2< ! j) v / Alaj—b;+2) |z[* > d.
aj zeR* 0 1
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It is well-known that the zeta-integral of ‘the lowest weight vector’ A,y 12) gives the
local L-factor L(s,IL,,), i.e., the local factor for the representation II,, = Dy, 11 ®
| [(@%65)/2 (See, for example, Gelbart [13, Proposition 6.17].) Using the information

on local factors in 4.1.2, we get

b 1

a; 2
The left hand side converges for s > 0 and has a meromorphic continuation to all

s, and in the right hand side the I'-function also makes sense, after continuation, to

all s; hence we can put s = 1/2 to get

Gy (1/2, Xjiva;) + Goy (1/2, Ajaa;) - = 4<aj; bj) T(a; + 1)i% (2m) =@+
J

Hence {([IIo]™) = ¢ (2mi)~%<4" where c is the integer:
_oT o, (@ = b))!
j=1 J

Let us note that o € Aut(C) acts on Il by permuting the infinite places; in

particular,

(["Tae] ™) = ([Mae] ™).

This kind of an explicit computation very quickly escalates in complexity when we
go from GLj to higher GL,,. Indeed, there are many conditional theorems on special
values of L-functions that have been proved under the assumption that a quantity

analogous to ([II..]*") is nonzero. See, for example, Kazhdan-Mazur-Schmidt [26],

Mahnkopf [31], or Raghuram [36].
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6.2.10 Concluding part of the proof of Theorem 6.0.2

We can now finish the proof as follows. Using Proposition 6.2.16 in the main identity

of Theorem 6.2.15 we have

g _ ¢ Li(1/2,1D)
/S TN = i e (6.2.17)

Ry

Apply o € Aut(C) to both sides, while noting that ¢/(4"vol(Ry)) is a nonzero rational

U(£g7ﬁﬁm>::4w;mﬂ”(LéziFD'

Using (6.2.14), that o commutes with ¢*—since restriction of a class to a submanifold

number, to get

is a rational operation, (6.2.13), and using Proposition 6.2.7, we get that the left hand

side simplifies to

o N L0t [ et e L2
0<é%TLmJ'_ZWVH>é%T . |

ptH(°II) 4nvol(Ry) (2mi)de
where the last equality follows by applying (6.2.17) for the representation °II. Hence,

we have

¢ (Lf(l/lﬂ)) _op™)) e Ly(1/2,°10)
4nvol(Ry) (27)dee ptH(°I) 47vol(Ry) (2mi)d>~

The proof of Theorem 6.0.2 follows easily from this equation.

6.2.11 Proof of Corollary 6.0.3

Let s =  +m € 3 + Z be any critical point for L(s,II). Let us note that
Lis+m, ) = L(s, T & | ).

Hence 1/2 is critical for L(s,II®] |™). Now we apply Theorem 6.0.2 to the represen-
tation II @ | |™. There is one nontrivial point to note, i.e., the coefficient system has

changed. It is easy to see that
[T € Coh(G,p") = & |[™ € Coh(G, (n+m)’),
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where, if = (p1,...,p;), with p; = (a;,b;), then p+m = (1 +m, ..., pu; +m),

with p; = (a; +m,b; + m). Hence the integer do, = d(Il,) also changes:
A @ | ™) = d(lls) + mn.

Further, let us note that the main theorem of Raghuram-Shahidi [38], applied to the

special case when the twisting character is | |™, gives the period relation:
pH M@ | ") =pt ).

Note that twisting by a finite order character x of F*\ A} does not change the set
of critical points. Corollary 6.0.3 follows by the period relations of Raghuram-Shahidi
[38] as recalled in 6.1.6.

6.2.12 Proof of Theorem 6.0.1 and period relations

The proof of Theorem 6.0.1 is a totally formal consequence of Theorem 6.0.2 plus
Corollary 6.0.3, together with properties of the dictionary as in Theorem 6.0.4; we
leave the details to the reader after observing, as mentioned in the proof of Theo-
rem 5.4.4 above, that if f € S;(n,©) and suppose for convenience that all the weights

k; are even, then II = II(f) € Coh(G, p¥) with the highest weight p = (u1,. .., itn)

ki—2 k;—2
py = ( j2 ) — ]2 ):; (aj,bj).

Note that Shimura’s periods u(r,f) and our periods p®(II) have different defini-

being given by:

tions. With this in mind, it is interesting to see the formal consequences of the fact
that these periods appear in the critical values of the ‘same’ L-function. Using the
notation as in Theorem 5.0.1, when all the weights k; are even integers, then kq/2
is a critical point for L(s, f), which corresponds to the central critical point 1/2 for

L(s,I1(f)). We have the following consequence:

nkg

(2mi) 2w+, £) ~ (2mi)dep T (TI(F)).
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where ~ means up to an element of Q(f)* = Q(II(f))*. Note that do =3 _;(a; +1) =

(Zj k;)/2. Hence
p(II(E)) ~ (2mi)2ikokid 2y (44 f). (6.2.18)

Twisting by a quadratic character of prescribed signature, one can deduce a similar
relation between u(e, f) and p*(Il) for any € € (Z/2Z)". Similarly, one can deduce

period relations when all the weights k; are odd.
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CHAPTER 7
Congruences of L-functions

7.1 Main theorem

The aim of this chapter is to study congruences of central critical L-values for Hilbert
modular froms. The congruences can be discussed in an f-adic setting for a prime
£. Throughout the chapter, we fix a prime ¢ and write Q, for the ¢-adic completion
of Q as usual. We denote F for a finite extension of Q, contained in Q;, O for the
ring of integers in E, and wpg for a generator of the maximal ideal of Op. Fix an
isomorphism C -~ Q,. Vatsal proved in [44] the following theorem in the case of

elliptic modular forms.

Theorem 7.1.1 (Vatsal, [44]) Let f = Z a,q" and g = Z bnq" be normalized Hecke
eigenforms on I'y(M), where M is an integer greater than 4, of weight k > 2. Write
M = N3, s> 0, and {1 N. Suppose there exists a finite extension E of Qy contained

in Q; such that all a,, and b, are in Op and that
a, =b, mod wj
for some integer r > 1. Then, under a certain hypothesis about isomorphisms of

Hy.-modules (See [44, Sectoin 1.2].), we have

IM = 7_(9_()<m _ 1)| L(m797X)

X —1)! ! 7
7(x)(m —1) (—2mi)m$23 (—2mi)0s mod @}y

for each character x with conductor prime to N, and for each integer m between 1

and k — 1. Here, T is the Gauss sum and 2% are the canonical periods of Vatsal.
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We generalize this result to Hilbert modular forms by using the approach described

in Chapter 6. Our main theorem in the chapter is the following.

Theorem 7.1.2 Let k = (ky,...,k,) € Z" with k; being even and at least 4 for all j.
Let £ and £ be primitive forms in Sk(n,@). Suppose there exists a finite extension E
of Qq inside Q, such that it contains Q(f), Q(f') and the base field F, and that its ring
of integers O contains Z[w]. Assuming the existence of an isomorphism concerning
integral cohomology (see 7.3.3) we define ‘canonical periods’ p(I1)° and p(I1")° which
are in C* ~ Q} and well defined up to OF. These periods are such that if the Fourier
coefficients C(p,f) of £ and C(p, ") of {' are contained in Of for each prime ideal p
and satisfy
C(p,f) = C(p,f') mod w},

for a positive integer s, then, we have the following:

L(kO/Z’ f)
(2mi )%= p(IT)°

L(ko/2,f')
(2mi) o= p(I1')°

c(k) - c(k) -

mod wy,
where c(k) is an integer depending only on the weight k.

Two Hilbert cusp forms are said to be congruent modulo wj, if they fulfill the
conditions in the theorem, i.e., Fourier coefficients at primes p are in O and congruent
modulo w@3.

The key ingredient for solving the problem is a refinement of the definition of
periods, which follows from studying integral structures for Whittaker models and
integral structures on cuspidal cohomology. In the theorem, IT = II(f) and II" = TI(f’)
are regular algebraic cuspidal automorphic representations of G(A) corresponding to
f and f’) respectively. The integer ¢(k) will be specified in the proof toward the end
of the chapter. We first introduce each integral structure in Section 7.2 and complete

the proof of Theorem 7.1.2 in Section 7.3.
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7.2 Integral structure

7.2.1 (Og-structure for Whittaker model

For each prime p, let r, be the highest power of p that divides ®r. We fix an additive
character ¢ = ®,1, of F\Ap such that a local character 1, at non-archimedean place
p is trivial on p~" and non-trivial on p~"*~!. For details, see Section 2.8.

Let (IT, Vi1) be an irreducible infinite dimensional representation of GLy(Ar). With
respect to the additive character 1, there is a unique Whittaker model W(II, ¢)) for
II. We will simply write W(II) for this model as the additive character v is fixed
throughout the chapter. We also recall that W(II) decomposes as a restricted tensor
product of local Whittaker model W(II,).

Lemma 7.1 Let (II, V1) be a cuspidal automorphic representation of GLa(Ar), and
W(II) be its Whittaker model with respect to a non-trivial additive character 1. For a
prime L, if E is a finite extension of Q, containing Q(I1), and O is its ring of integers,

then W(II) has Og-structure, i.e., there exists an Og-module Wo,, satisfying:
1. Wo,, is GLa(Op)-stable,
2. the canonical map Wo, @0, Qi — W(II) is an isomorphism.

Proof. The proof is almost identical to [46, Lemma 1.1]. Let W° be a normalized new
vector in W(II) where the normalization is taken as in Section 6.2.1, and let Wo,
be an Og-span of {g.W° : g € GLy(Op)}. A new vector means that it satisfies the
condition, k.W° = @(k)W° where @ is the central character of II and k is an element
of a compact subgroup in GLy(Ar). We claim that the space Wy, satisfies all the
conditions. It is clearly GLo(Op)-stable as, for any element V' =" 9, W° € Wo,,
we have g.V = > a;(g9g;).W°. The surjectivity of the map in the second condition
follows from the irreducibility of II. Therefore, it only remains to show injectivity. If

it is not, then there exists a nonzero element > | W; ® \; in Wo,, Qo, Qy, that is
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mapped to zero in Wy. Without loss of generality, let us assume that each W; is of
the form ¢;.W° and A\; = 1. Let us suppose n is minimal for such elements. We first
claim that all A\; must belong to the rationality field Q(II), which is defined to be the
subfield CSD of C that is fixed by all the C-automorphisms in S(IT) := {o : °II ~ II}.
Suppose Ay ¢ Q(II). There exists a o in S(II) that does not fix Ay. Recall that “II is
defined as

“T(g) = soIl(g) o s~

with some o-linear isomorphism s from Vi to Ver;. This map s, together with an
intertwining operator f for Il and ?II, we have a o-linear isomorphism ¢ from V1 to
Vi so that

I(g) =toll(g)ot

Viewing ¢ as an automorphism of W(II), it can be easily verified that ¢(1¥/°) is a new

vector. Indeed,
k(W) = t(k.W°) = t(@(k)W®) = &(k)t(W°),

since w(k) € Q(II)* and o fixes Q(IT). We normalize ¢ so that ¢(W°) = W°. This is
possible because the space of new vectors is 1-dimensional. With this normalization,
t fixes g.W° for any g € GLy(OpF). It gives us that
t <Z )\iWi) => oMW =0,
i=1 i=1

and therefore
n

> (A=) Wi =0.

1=2

This contradicts the minimality of n, and our claim is proved.
If Z?:l W; ® \; is a nonzero element, there is an i so that \; ¢ Og. Say s is such

an element. Since it is in F by our claim above, we may write Ay = ag/f2 with as,
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fs € Op. But then B> W, ® \; is mapped to zero in W(IT). On the other hand,
BY Widh = (BWie1)+(aWa@1)+ Y AWid\
i=1 i=3

= (62W1 + OéQW2> ® 1+ ZB2VVI & /\i7

=3
which causes a contradiction to the minimality of n. This says that the map in the

second condition must be injective, and thus the proof is completed.

7.2.2 Integral sheaf

Our aim is to define the integral structure for the cohomology group, but before
that we need to define an integral sheaf, i.e., a sheaf of Og-modules on ng. We
borrow heavily from Giinter Harder’s book in progress on the cohomology of arith-
metic groups. See Chapter III of http://www.math.uni-bonn.de/people/harder/
Manuscripts/buch/. First, we slightly refine our notation. The finite-dimensional
representation of the highest weight ;1 was denoted simply as M, in earlier chap-
ters. From now on, we write it as M, ¢ and its dual as M, ¢ to emphasize its base
field. Similarly, an L-structure for M, ¢ will be denoted as M,y ; where L = Q(pu),
E, or Op. Recall from Section 4.4.5 that the standard basis for M, ¢ was given
by {s0,51,--.,50_p} with s; = ¢]ey ?7. This space affords an Op-integral struc-
ture M,y o, which is the Og-span of {g.s, : g € GL2(Or)}. By Og-structure, we
mean an Og-submodule that is stable under then action of GLy(OF) and such that

M

.05 ®0p Qi = My ¢ after the identification of C ~ Q,. Similarly, E-rational

structure of M,y ¢ is given as E-span of {g.s, : g € GLo(F)}. See Section 4.4.5 for
the details of E-structure.

Let us define the integral sheaf mE on ng =G(Q)\G(A)/K K. We begin
this section by recalling the definition of F-rational sheaf on ng, which is essentially

the same as Definition 4.4.1.
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Definition 7.2.1 Let P, : G(R)?/KZ, x G(Af)/Ky — ng be the projection map.

For any open set U in ng, the sections M,y 5(U) of the E-rational sheaf over U is

defined as:

— s: PP U) = My g s s locally constant, and
My g(U) := g
$((o0r 95Ky)) = 7-5(20c, 95K )
It is not obvious how to define the integral sheaf inside the rational sheaf directly.
The approach to take here is that we first adelize the rational sheaf ]\//[_;v; and then

use the “adelized” integral sheaf to introduce the sheaf of our interest. See (7.2.2).

For adelization, we use the projection map P instead of P; in the following diagram.

G(R)° /K, x G(Ay) G(R)° /K, x G(Af)/Ky

-

G
SK,

The sections (MHVE ®q Af) (U) of the adelized E-rational sheaf on the same
space Sﬁf over U can be defined to be the set of locally constant maps, §: P~1(U) —
M,y 5 ®q Ay, satisfying

$(Too, gf) = g;l.(s(asoo,ngf) ®1).

One can see from the definition that § is G(Q)-invariant as, for any v in G(Q),

we have

$(V(To0r 95)) = 3(Voor195) = 957 (8(Yoo, 195K s) @ 1)
= 9771y (5(200, g5 Kp) © 1)
= §($ooagf)a

and also Ky acts from the right as follows.

5(%oo, grky) = k;lgfl. (5(Too, g/ Ky) ® 1) = k;l.é(xoo,gf).

Now, let us define the adelized integral sheaf M, o, ®z Z on Sﬁf, that sits inside

the adelized rational sheaf M,y g ®g Ay. It must be done component-wise. This is
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because, if arbitrary open set U is chosen in ng, the image of P~1(U) under 5 does
not necessarily sit inside M,v 0, ®z 7 where P and 3 are taken as above. We use the

following decomposition of ng.

Lemma 7.2.2 Let ngf =G(Q)\G(A)/KS K as before. Then ng can be written as
a disjoint union of T',\G(R)° /K, where v € {1,..., h} with the narrow class number
hof F andT, = G(Q)N(G(R)°, z, Kz, 1) is a congruence subgroup of G(Q) for each

v.
Proof. Recall that G(A) has a decomposition;
G(A) =U,G(Q)z,G(R)’K; (disjoint)

and so ng = U,2,G(R)°/K2,. Let us consider a map G(R)° — z,G(R)° /K¢, given
by goo — [T0900KS,]. This is clearly a surjective map. Suppose that g, and h., are
mapped to the same element, say ,9-K5,. It means that x,¢9. = Y2, hookoky for
some v € G(Q), ks € K3, and ks € Ky. Comparing these elements for archimedean
and non-archimedean parts separately, we see that g = 7hoks and z, = v, ky.
(Recall that the infinite part of z, is one.) It is deduced from the second condition
that v is in 2, Kz, !, and therefore v € G(Q) N (G(R)°, 2, Kz, ') =: T',. This fact

together with the first condition shows that the injectivity of the map holds if the

space G(R)° is quotiented by I', from the left and by K2, from the right. [ |
Throughout the article, each component of the space ng is denoted as
G . o /1c0
SKf,l/ T FV\G(R> /Koo7

and assume that Sgﬁl is the identity component.

Now, let us consider the integral sheaf on this identity component Sg ;1o Write

~

the integral sheaf on the identity component as M,v 0,1 ®z Z. Then, the section over
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any open set U in ng,l can be described as

<M”V,OE71 Rz Z> U)
= {§|P71(U) NS (MM/ETGJQ Af> (V) for any open set V in ng containing U} .

(7.2.3)

Note that the image of P~!(U) under the map 3 is inside M,y 0, ®z Z as desired.

~

The sheaves on the other components are derived from M 0,1 ®z Z.
Lemma 7.2.4 Let all the notations be as above. If x,x, = x, then

G ~ QG
le,Kfr,jlm - SKfyH'

In particular, SfK Ly SG  for any v.

o Ky,v

Proof. The proof is esentially the same as Lemma 7.2.2. Let G(R)° — Snyfz;l,n
be a map given by Zo, > [Tooxy]. Then any element equivalent to [zox,] must be of
the form Y@, gockoo (¥, ks, ) where v € G(Q), goo € G(R)?, koo € K&, and k; € K;.
Comparing the finite and infinite parts separately, we obtain that =, = yx,z, ks, *
and Too = Ygookeo- Therefore, v = :c“kflx/jl which concludes that v € I',. We
conclude the proof by observing that quotienting G(R)® by I', from the left and by

K¢, from the right, i.e., ng,w gives the injectivity for the map and so that the two

spaces are isomorphic. |

to S¢

Let us call the isomorphism from S% v

11 as 7, where the isomorphism
frv >

is given by [goo] > [74g0]. Since one can define the integral sheaf MY, , | ®z 7 on

the identity component SGK

G . G
oK st for Sx,,fo;l’ the integral sheaf on SKM can be

defined by taking the direct image functor 7, .. More precisely,

(MNV70E7V ®z Z) (U> = Tux (M:",OEJ Qz Z) (U)

. (J\%OE,1 ®z Z) (. 1(U))-
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Finally, we take the adelized integral sheaf on the whole space ng to be the disjoint

sum of those local sheaves:

MM",OE X7z Z =D, MNV7OE7V X7z Z

The diagram below summarize the definitions. Note that the bottom row describes
several spaces used in the definitions while the top row is for the sheaves on each

space.

Ty, * -

A Y ~

MMV,OE Rz L MMV7OE’V KRyl —— M;I;",OE,I Rz 7
G ~ G éTV G

SKf - UV SKf,l/ UV quKfm;l,l

“The” integral sheaf M, o, is taken to be the intersection of the E-rational sheaf

~

M, p and the adelized integral sheaf M, o, ®z7Z . Both sheaves sit inside the

adelized sheaf M, p ®g A. See the following diagram.

—_— —_—

M#V:E(—>MIJV7E ®Q Af

A~

M v.Og C—>]\/[MV7OE ®Z A

n

P

Note that M,y 0, = M,y eN My 0, @z Z, is actually a sheaf. To prove this, let us
recall the definition of the sheaf: A presheaf F is a sheaf if and only if the following

sequence is exact.

0— F(U) 2 [[FWa) = [] FUanUp),
o (a,8)
where {U, } is an open covering of an open set U, py is the set of restriction morphisms

s > (8|v,)a, and the last map is given by (sa) = (Salv.nvs — Sglv.nv,). For our

situation, suppose (sq) is in [[ M, 0, (Us) and such that (sa|v,nv, — $slv.nv,) = 0 in
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[IMu0,(UsNUg). We need to show that there exists a unique element in M,v o, (U)

that is mapped to (s,) by po. Since (s,) belongs to [[ M g(U,), there is a unique s

in M, p(U) such that po(s) = (s,). Similarly, there is a unique s’ in M, 0, @ Z(U)
such that po(s’) = (so). But then, since both s and s’ are in MM:]:;\@Af(U), they
must coincide by the uniqueness of such sections. Hence s = ¢’ is the desired element

in (MMV7E N MMV70E ® Z) (U) = MHV7OE(U)'

7.2.3 QOg-structure for cohomology group

In order to define the integral structure for cohomology group, let us introduce some
facts from sheaf theory. All the details are found, for example, in [20]. As it was
mentioned in Section 6.2.3, cuspidal cohomology injects into cohomology with com-
pact supports: H?usp(ng,m) — H?(ng,m). Furthermore, the image of

HM(SE " m) in the full cohomology is called the inner cohomology and denoted as
H(SE . Myc) = Im <H§(Sf§f, M) — H"(SE, . MMV,C)> .

It is a fact that cuspidal cohomology always sits inside inner cohomology. (See

Clozel [7].) In particular, if u is regular, then one has the following theorem.

Theorem 7.2.5 (Harder, [20]) If u is reqular, then

H(:usp<SI((;f7 MHV»(C) = H!.(ng7 Muv@).

By saying g = (p1,-.., ) is regular, we mean that a; > b; for all j where
i = (a;,b;). In the case of holomorphic Hilbert cusp forms, p is regular if the weight

k; is greater than 2 for all 7, which follows from the highest weight i given by

ki—2 k;—2
py = (aj,b;) = ( R )

as seen in Section 6.2.12.

It is assumed in Theorem 7.1.2 that all k;’s are at least 4, which allows us to view

—_—

cuspidal cohomology H2 (S¥ ,+ My c) as inner cohomology H(S¢ s M), The
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purpose of this identification is to consider integral cohomology. Inner cohomology

is sheaf-theoretically defined and admits E-rational structure H{L(ng,M#v,E) and

Op-integral structure H!”(SI%, M, 0,). We consider the map
HM(SE,, Myop) — HP(SE,, My i
! ( Ky :U'V>0E> — ! ( Kypo /‘vaE)7

and write H{L(ng, M,y 0,,) for the image of the inclusion map above. This is done in

order to avoid any trouble caused by the torsion elements in the integral cohomology.

7.3 Proof of Theorem 7.1.2

7.3.1 Some notes and assumptions on integral cohomology

Let Sk(n,@)o, be the space of Hilbert cusp forms of weight k, level n, and with a
Hecke character @, such that all the normalized Fourier coefficients C(m, %) are in Op.

The Hecke algebra Hy(n,@)o, is defined to be an Og-subalgebra of End¢(Sk(n,w))

E
generated by normalized Hecke operators {T},} defined in Section 3.3 for all integral
ideals m. We note that it is a commutative algebra with the identity where Ty, = = To,.
is the identity element. Furthermore, it also contains S, := K, (*® . ) K,, for all p
not dividing n, which is obtained by (T})* — T}2 up to a scalar. See [23, Section 3]
for details. If O contains Z[@], then Sk(n,&)e, is stable under the action of the
Hecke algebra Hy(n,&)o,. The necessity of the condition Z[w], C O is verified by
computing

C(m, Tpf) = Y @(a)N(a)*'C(a*mn, f). (7.3.1)

(See [41] for details.)

Theorem 7.3.2 (Hida, [23]) Let @ be a Hecke character, and E a finite extension

of Qp such that O contains Z|@]. Then one has the following isomorphism.

Se(n, @)ooy ~ Hi(n, @)y, = Home, (Hi(n, @)o,, OF).
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Proof. The isomorphism is induced from the pairing:
<, >: %k(n,CD)OE X Sk(n, (IJ)(')E — Og
given by < T, f >— C(Op, Tf). It can be seen by (7.3.1) that, for any integral ideal
m, C(Op, T, f) = C(m, ).
Let us first prove the result for E-rational structure. Since Hy(n,©)g and Sg(n, ©)g

are finite-dimensional, it is enough to show the non-degeneracy of the pairing. If

< T,f >=0 for all f € Sx(n,©)g, then one has
C(m, Tf) = C(Op, T. Tf) = C(Op, TT,f) =< T, T, f >= 0.

Therefore Tf = 0 for all f, which means that T = 0 as an operator. Now suppose

< T,f >=0 for all T. It gives that
C(m,f) =<T,,f>=0
for all m and that f = 0. This completes the proof for
Se(n,0)p ~ Hi(n,@)%.

Now, let ¢ be a homomorphism in Hj(n,@)5, . It can be extended to a E-linear
map ¢ in Hy(n, @)%. This can be done because Hy(n, 0)o, ®o, E = Hi(n,&)p. But
by the first part of the proof, there is a corresponding Hilbert cusp form f in S(n,@)g
so that ¢(T) =< T,f > for all T in H,(n, @) g by applying the first case. In particular,

H(T!) =< T/, £ > for all T, in Hy(n,&)o,. Hence,
C(n,f) = C(Op, Tyf) =< T, f >= ¢(T}) € Op.

Hence f is in Si(n,@)o,. [

On the other hand, there is an action of Hy(n,&)e, on the integral inner coho-

E

mology FI{L(SI(;’?,Muva). See Harder’s book in progress mentioned above. For a

Hecke character @, let us define

PSS M0,)(®) = {€ € HSE, Myo,) = S,6 = Dy forpin} .
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For each character € of Ko /K2 , we assume the existence of an isomorphism of Og-
modules:

(S%Q,M (@ X €) = Hy(n, @), . (7.3.3)

This isomorphism and Theorem 7.3.2 provide the following proposition.

Proposition 7.3.4 Assuming the isomorphism in (7.3.3), there is an isomorphism

V¢ of Hi(n,@)o,-modules;
P Sl @)op 2 HP(SE, Mwop)(@ x o
for each € € (K;/?go)

7.3.2 Integral interpretation of the diagram (6.2.1)

To complete the proof of Theorem 7.1.2, we analyze each step in the diagram 6.2.1
integrally.
Let us let ¢ be the inclusion map from GL; to GL, as in Section 6.2.4. Everything

discussed in the section works integrally as well, and we obtain a map
G —_—~— * _ G —_———— e *N
Y (72, Mivog)(€) == HI' (SR, 1" My 0,)(6) = HI'(SE " Mivo,) (e).

We now consider the map 7* to obtain the cohomology class with trivial co-

efficients as in Section 6.2.6. Recallﬂthat, from Lemma 4.2, a nonzero map 7 €
o

Homer, (p) (M ¢, Ic) is given by Z ¢jSj — Cq. It is clear from the definition of the

integral structure M,y o, ,which is gloe Opg-span of {g.s, : g € GLy(Op)}, that the

exact same T can be chosen. Noting that the image of the restricted map T| Mo,

lies into O, it induces a homomorphism
(Tt op)" B (SE2 0 M0, ) (@ x €) — (S5, 10, ) (@ % ).

We shall drop the subscript of this map and simply write 7 as well.
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Finally, Poincaré duality can be applied integrally which gives a map
/ L AN M, To,) — O,
M
(See [21].)

Putting & := / T**, we now have an Og-linear map
M

& Ar (ng‘f,Mw,OQ (@ % €) — Op.
Notice that the image of this map is an ideal in O, say P’ for some r > 0. If r > 1,
let us modify the integral structure M, o, of M, c by multiplying by w;", i.e.,

the integral structure is taken to be @y My o, = ({9.@5"sa : g € GLQ(F)}>OE.

Any cohomology class ¥, in H* (ng, w;MmoE) (W x €) is described as wy Y with
some ¢ in H" (ngf, ]\m> (W x €). It can be easily viewed from considering the
element in H" (goo, K& ; Il ® M,y ) as in Section 4.4.5. Hence &(¥,) = wy"&(V),
and it follows that the image of & is exactly Op. This normalization needs to be
considered, as otherwise, the algebraic parts of critical L-values will always be in 7%
and therefore the congruence property of our interest becomes a trivial statement.
See also Section 7.3.4. In the following sections, it is understood that a suitable
normalization is taken on the integral structure and that the normalized integral

—_
structure is denoted as M,y 0,. This shall cause no confusion.

7.3.3 Refinement of the periods

Recall from Section 6.1 that our period p(II) was chosen so that a map from the K-
fixed Whittaker space to the cohomology group preserves the E-rational structure of
each side, i.e.,

fro © WL — HY'(SE, My £)(©),
where € stands for a character of Ko/K2 = {£}". For a finer treatment, these

periods need to be modified so that it preserves the integral structure on both sides.
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Consider the following maps.

Si(0, D)o, ——— AT (¢, Mo, ) (@ x = Hp (8¢, Myuc) (@ x o
F

W(ILj)Ks

—~——

As discussed in Section 7.3.2, the integral sheaf M, o, might have been modified
in which case it differs from the one originally defined in Section 7.2.2 by a scalar.
The map ¢ is an isomorphism given in Proposition 7.3.3, and Ff; is as defined in
Section 6.1.4. Let f be a primitive form in Sg(n,&)p,. We saw already in Chap-
ter 6 that it is mapped to W® in W(II;)Xs where II is the representation corre-
sponding to f, and that W° is mapped to ¢f via Ff;. On the other hand, we
have ¥¢(f) in H <S§f,]\7[;;E> (W x €). So we have two classes ¥(f) and 9§ in
H (ng,%) (@ x €) and if Ky is chosen well, both correspond to the same ir-
reducible one-dimensional representation H;{f which appears with multiplicity one.
Hence they differ by a scalar. In other words, there exists p¢(II)° in C* so that
() pp——
pe(1D)e

which is the canonical period of our interest. In order to have a uniformity in our

notations, we shall call ¥¢(f) =: J".

7.3.4 Concluding part of the proof of Theorem 7.1.2

As in Chapter 6, we are only interested in the case € = (+,...,+), and we suppress
the notation € if e = (+,...,4). So ¥° = ¥, etc. Now, summarizing all the details

discussed in Chapter 6 and this chapter, we obtain the following diagram.

Si(n,@)0p —— A7 (¢, Mo, ) (@ x (++)) ——=Op

| i

H (€, Mc ) (@ x (++) —=
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with & = fM T**. If £ is a primitive form in Sx(n,®)e,, it is mapped to Jf in
HP (ng, mE> (@ % (++)). Applying &, we see that
1 c(k) 1
f) = ——==6(n) = ———-——L | .11
SR = SO = et (1) € 0
where

_ k;—2)/2 (kj _2)!
0= L G

The last equality follows from (6.2.17). (Notice that vol(Ry) = 1.)
Now, let f and f’ be primitive forms in Sx(n,@)e, such that f =’ (mod w$,). By
Op-linearity of ¥ = 9+*) and &, the congruence holds at each level, i.e., ¥ = 9%,

(mod w@$). and &(¥y) = 6(¥y,) (mod w$). This, together with (6.2.17), we obtain

L(1/2,10) L(1/2,1T")
k) ——"—— =clk)——— d wj.
Wrrame = Wamyeeme " T
This completes the proof of Theorem 7.1.2. |
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CHAPTER 8

Non-vanishing of derivatives of L-functions

In this chapter, we study a non-vanishing property of the derivative of the L-function
of a Hilbert modular cusp form at the center of symmetry. The property was originally
proven by Gun, Murty, and Rath for the case of an elliptic modular cusp form. (See
[18, Theorem 4.1].) Our aim is to generalize their result to Hilbert modular forms. A

precise statement of our theorem is as follows:

Theorem 8.0.1 Let f be a holomorphic Hilbert modular cusp form of weight k =
(k1,- -+, kn), level n, with trivial character, over a totally real number field F' of degree
n. Assume that f is primitive, and the weight satisfies the following conditions: k;j > 4
foralljandky =--- =k, =0 mod 2. Let kg = max(ky,...,ky,). If Ly(ko/2,f) # 0,

then

Ly(ko/2,8)  logN(nD2) ~ (ks
Lho2D) 2 +n10g(2ﬂ>_;¢(5)’

where D is the different ideal of F', and 1 is the logarithmic derivative of the gamma
function. Furthermore, L',(ko/2,f) # 0, i.e., if the central critical value is nonzero

then so is the derivative at the center of symmetry.

Proof. Gun, Murty, and Rath proved the case n = 1 in [18, Theorem 4.1]. So we
assume that n > 2. For this proof, the properties discussed in Section 3.4 will be
applied. Also, the (finite) L-function needs to be completed in a different way from
Section 5.3.1. To distinguish those functions, let us call it A(s,f) that is defined to

be

A(s,f) := N(mnD7)"*(2m) ™ [T <s _ ko ; kj) Ly(s, f).

J=1
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It converges for R(s) > 0, and has an analytic continuation to C. The completed

L-function A(s, f) satisfies the functional equation:
A(s, f) = i=FiA(ko — s, |J,), (8.0.2)

where f|J, is as in (3.4.2).

Let f be a normalized common eigenform for T}. Then, as given in Section 3.3,
the eigenvalue for T/ is C'(m,f). Moreover, it is real by Proposition 3.4.1. It follows
by Proposition 3.4.3, that f|J, = ¢ - f with some constant c¢. Therefore, the finite

L-function attached to f|J,, i.e., attached to ¢ f is:
Ly(s,f|Js) = Ly(s,cf) =

The functional equation given in (8.0.2) can be written as

N(n®2)*2(2 "Sf[r < k) L (s,f)

— ¢ iSRN (D) R/ (9 ks HF <k0+k _S> Ltk — 5.).

Taking the logarithmic derivative on both sides with respect to s, one has

log N(n®%) k] Ls(s,f)
T—nlog%r —|—Z’17/) +Lf 5. 9)
1ogN(n©2) - ko k;J Ly(ko — s, )
=—-——"" log(2 —_— =5 - 0.
5 + nlog(2m) ;w s Ly (ko — 5.F)

Here, ¢(k) = Hy_y —v with Hy_; := 3_F" 1/m being the (k—1)-th harmonic number,
and vy the Euler’s constant.
The first part of the theorem is obtained by letting s = ky/2. For the second part,

suppose that L'.(ko/2,f) = 0. Then one has

1 n
n(y+ log(2m)) = 5 log N(n) + log(dr) + Z Hy, j2-1, (8.0.3)
j=1
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where dp is the discriminant of . By our assumption on k;’s, min{}_; Hy;p 1} =n
that is attained when all the k;’s are 4. Using this and the Minkowski bound:

n2n

|dp| > W’

we see that 2nlog(n) — 2log(n!) + n is a lower bound of the right hand side of the
equation (8.0.3). But, for n > 7, this value is larger than n (v + log(27)) which is
bounded above by 2.4151n. Hence (8.0.3) cannot be attained.

Now, we only need to check when n < 6. The table below shows the minimal

discriminant of each degree extension; see Voight [45, Table 3.

n 213 4 5 6

minimal dp | 5 | 49 | 725 | 14641 | 300125

Applying each minimal dr in (8.0.3) for n > 4, one can check that the right hand
side exceeds the left hand side for any weight and level, as long as all the k;’s are at
least 4.

If n = 2 or 3, one needs to examine several cases. Without loss of generality, let
us assume that k; < k; 1. If n = 3 and the weight is at least k£ = (4,4, 6), the right
hand side of (8.0.3) exceeds the left hand side for any level and any discriminant. So
the only remaining case is k = (4,4, 4). But it can be easily verified that the equality
in (8.0.3) never be satisfied. Checking the case n = 2 similarly completes the proof
for the second part of the theorem.

The necessity of the hypotheses on the weight k& = (ki,--- ,k,) are stated in
Remark 8.0.6 and 8.0.7. The theorem leads us to some applications in transcendental

number theory, as in [18]. See Corollary 8.0.4 and 8.0.5 below.

Corollary 8.0.4 Suppose that £ satisfies all the conditions given in Theorem 8.0.1.
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Then
L' (ko/2, 1) “ k;
A= J
exp| ——=—=+)> ¥ <—>
Gr=C
15 transcendental.
Proof. This follows from the first part of Theorem 8.0.1:

exp< AL §¢( )):exp(mog@m_logNén@%)):N(g;;w

which is transcendental. [ |

Corollary 8.0.5 Fiz k = (ky1,--- ,k,) with k; = 0 mod 2 for all j, and let &, be
the set of all primitive Hilbert cusp forms f of weight k that satisfy L¢(ko/2,f) # 0.

Then there is at most one algebraic element in the set

L/ (k0/27 f)
{Ljufo/z,f) e 6’“}'

Proof. The first part of Theorem 8.0.1 shows that the logarithmic derivatives of the
finite L-functions at ko/2 give the same value if two cusp forms have the same level.
Suppose that there are two cusp forms f and g, with different levels n and m respec-
tively, and that L(ko/2,f)/Ls(ko/2,f) and L' (ko/2,8)/Ls(ko/2,g) are both alge-

braic. But then

Lyiko/2.6)  Ly(k/28) 1, (N(m@%))

— =—lo
Ly(ko/2,f) Lg(ko/2,8) 2 N(nD2%)
must be also algebraic, which is a contradiction. |
Remark 8.0.6 The parity condition of the weight, ky = --- = k, mod 2, makes f

a Hilbert modular form of algebraic type. Under this condition, any integer m with
(ko — k°)/2 < m < (ko + k°)/2 is a critical point of the (finite) L-function attached
to f, where k° = min(ky,...,k,). In particular, if kK, = --- = k, = 0 mod 2, then

ko/2 is a critical point for Ly(s,f). (See Theorem 6.0.4.)
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Remark 8.0.7 When the condition k; > 4 for all j is not satisfied, the first part of
the theorem still holds. However, a difficulty arises to prove the second part, as the
right hand side of (8.0.3) does not give a good bound. For example, if k; = --- =
k, = 2, one needs to show that n(y + log(2m)) = 1/2log N(n) + log(dr) cannot hold.
One way to show this is to prove that e”x is transcendental, which to the best of our
knowledge seems to be unknown.

It should be also noted that in case the degree n of F' is large enough, and k; > 4
for enough j’s (but not necessarily all of them), the non-vanishing of L’ (ko/2,f) can

be shown in the same way.
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