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THE ALGEBRA OF A COMPUTER INTEGER ARITHMETIC SYSTEM
CHAPTER 1
INTRODUCTION

Most applied mathematical models assume a number system which is
a field, of at least an integral domain. Models in science and engineer-
ing are generally based on the field of real numbers. Business applica-
tions often do mot require such a sophisticated system, but do in general
use the field of rationai numbers or an integral domain. Calculations
involving only whole numbers or integers may be performed in the ring of
integers (an integral domain). Computer arithmetic systems were devised
to simulate such arithmetics.

Computers do not use these theorétical mathematical systems.
Physical and economic limitations force many constrainfs on computer
arithmetic. Principal among these is a restriction to a fixed digital
precision in positional notation; numbers must.be represented by some
fixed number of digits in a given radix. High-speed opération implies
that computer arithmetic should be no more complicated than necessary.

To simulate arithmetic of the real or rational field and of the ring of
integers within these constraints, computers use two basic arithmetic
forms: floating point ahd'so-called "integer' systems.

Computer floating point arithmetic is used to simulate .operations

1
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in the real or rational fields. Numbers arc represented in a form
closely related to that of "scientific notation,' using two components:

a fixed point mantissa and an integer scaliﬁg operator, or exponent.
Arithmetic in such a éystem is fairly complicated. Addition and subtrac-
tion require comparisbn of scaling operators, and repositioning of the
mantissas rel#tive to each other (aligning the "decimal point") before
the operation can be performed. Rescaling may be needed afterwards.
Multipiication and division are easier, but they also require operations
on both components of the floating point numbers.

. Computer "integer" systems derive their name from simulating
operations of the ring of integers. Integer systems seem simpler than
floafing point systems. No scaling operator is used, no aliénment of
operands is required before the operation and no rescaling afterwards.
This simplicity makes it the fastest arithmetic to perform. In fact,
computer integer arithmetic is used to implement floating point opera-
tions, particularly on computers lacking built-in floating point hard-
ware.+ Furthermore, integer systems have the advantage of being exact.
As long as a condition called overflow does not occur, computer integer
arithmetic parallels arithmetic in the ring of integers. This is not
true with floating point. These properties make integer systems most
beneficial in environments, such as accounting systems, where only
integer valués are needed.

Integer arithmetic systems are achieving a position of greater

importance lately. In small computers, particularly mini-computers and

TEven on computers with built-in floating point operations, these
operations are performed using integer or integer-like arithmetic.
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the newly emerging microprocessors,'integer a;ithmetié is the only form
available. Floating point arithmetic, a "ﬁust" for scientific computing;
is perfofmed by programmed routines usihg integer arithmetic. Despite
this importahce,Aand despite the fact that most computers offer integer
arithmetic, study of these systems as mathematical algebraic systems has
been limited. - It is this important topic, the various systems of com-
putef integer arithmetic, that is the subject of this dissertation.
The study will consider a major system of computer integer arith-
metic called the radix complement system. Its basic structure as a
" modular ring of integers will be demonstrated. A division operation,
as performed by computers, will then be investigated; this operation will
be compared to other division operations defined on modular rings. The
extension of algebraic order properties to this system will be considered;
although a modular ring cannot have an order, certain properties of an
algebra of inequalities can be shown. Consideration of the interaction
of computer division with the usual ring operations will then lead to
the developmeﬁt of a non-standard form for représenting the rational
- numbers. This form may preview a new system for simulating rational
arithmetic having advantages over the floating point system in some ap-
plications.
The first step in this investigation is one of definition. The
radix complement system will be defined, along with its basic ring oper-

ations addition, subtraction and multiplication.



CHAPTER 2
THE RADIX COMPLEMENT SYSTEM

Computer arithmetic systems must be both fast and simple.
Economic constraints give rise to three basic requirements for most
computer arithmetic systems.

First, all elements of the sysfem should be represented in the
same format; this usually means they should all have some fixed num-
ber of digits m in a given radix representation, radix r.

Second, all digits in the representation should, as far as
possible, be treated the same in the logic circuitry of the arithmetic
unit. The primafy significance here is that there should be no dis-
tinct sign "'digit'" appended to the elements, even though they may rep-
resent positive or negative integer quantities.

Finally, all arithmetic should be performed using as few and
as simple operations as possible.

The number of digits in clement representations is usually
taken to be the number of digits that can be stored in one unit of
computer memory, a "word.'" This may vary from 4 to 8 digits with mini-
and micro-computers to more than 30 digits for large business and
scientific computers. Radices used are usually some power of 2, be-

cause the logic circuitry of their implementation is binary. The most

4
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commoh are binary (base 2), octal (base 8), and hexadecimal (base 16).
The decimal radix (base 10) is not in general ‘use on present computers.
A distinct sign "digit" fﬁr numbers has two disadvantages.
First, it may require that a decision be made during arifhmetic opera-
tions. Addition of operands having opposite signs may involve a dif-
ferent process‘than adding operands of the saﬁe sign, or it might be
necessary to separately determine the sign of the result. Such a de-
cision introduces unavoidable delay into the arithmetic process, vio-
lating the demand foi speed. A distinguished sign digit may also re-
quire its own special logic éircuitry, meaning greater logical com-
“plexity and expense for the arithmetic unit. A
The desire to have a simple arithmetic unit creates the third
demand. Hand calculation uses only the -operations of addition and sub-
traction. Multiplication and division are performed using algorithms
that repetitively apply one or the other of those operations. If a
suitably simple method of encoding the addipive inverse of numbers can
be found, it is possible to do all arithmetic operations using only
addition and negation (complementation); subtraction 'is done by add-
ing the additive inverse, multiplication and division algorithmically.
The first two of these ériteria are clearly satisfied by the
system of integers, modulo b, where b is a positive integer. Zb
(or Z/bZ in another notation) may be thought to consist of the num-
bers 0, 1,.2, ..., b-1, with arithmetic performed modulo b. Lack-
ing a positive class, this system has no need to append signs td any
elements, and all elements can have the same number of digits, radix r,

by including leading zeros as required. The most common computer inte-
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ger systems in use today are modular, and have a simple technique for
determining the additive'invefse of an element.

The three principal computer integer arithmetic systems are
the "sign and magnitude,' the '"radix complement,'" and the "diminished
radix complement” systems. The first of these, in form, is rather like
the number representations used in hand calculation. It uses a dis-
tinguished "digit'" to represent the sign of its elements, with all the
implied disadvantages, and will not be considered further. The radix
and diminished radix complement system are the most common systems in
use, particularly the radix complement systeﬁ. On binary computers,
they are.known as the '"2's complement'" and '"1's complement,' respec-
tively. Both are modular, but differ in the way in which the additive
inverse of an element is determined, and in the logic circuitry re-
quired to perform addition. The diminished radix complement ﬁystem
uses a very simple method for obtaining the additive inverse of an ele-
ment. However, addition of two elements is a two-step process and re-
quires a decision before the final step may be completed. As before,
a decision imbedded in an operation makes it more complex and slow.
For this reason, the diminished radix complement system is much less
popular than the radix complement system. The latter will be considered
further. ‘ »

Let C; stand for the radix complement system, where m is
the number of digits, and r is the radix. An element of the system
will be represented by an m-dimensional vector (d dm_z, ‘ees dl, do)

m-1

or simply as a string of digits dp 195 9---d;dy, where each digit

di is one of the numbers 0, 1, 2, ..., r-1. As such, these elements
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m-1 -
z dirl.
i=0

This is how they will be treated for addition,'subtraction, and

may be taken to be unsigned integers, with value given by

multiplication; their appearance for division and to someone using the
system will be somewhat different. Addition on this system is defined

as unsigned radix addition, modulo ™, That is, if A and B are
' m-1 i m-1 i

% a.r and I b.r re-
i=o * i=0 *

spectively, their sum A + B is that element of C; having unsigned

two elements of C; with unsigned values

m-1 .
value z (ai + bi)r1 mod ™. This is the usual radix r integer
i=0 ’

addition.with the result truncated to the least significant m digits.
Indeed, in computers, only the right-most m digits of the sum may
be formed. An importan; point in this system is that there is no dis-
tinguighed digital position, that is no "sign" digit for any number;
all digital positions are treated the same during gddition. Further-
more, no allowénce need be made for the addition of oppositely signed
arguments, because thére are no signs.

The element with all zero digits is an additive identity, and

will be represented in C; using the symbol 0. For each element A

m-1 .
of this system, with unsigned value Z airl, there corresponds an
A i=0 . o m-1 ;:
additive inverse, namely that element with unsigned value 1 - X a;r.
i=0

This is the radix complement of the element A, and is the 'negative"

of A. To avoid having a separate operation of subtraction, we take
the difference A e B to be the element A e B, where B is the

radix complement of B. The utility of this system depends on it being .
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faster and easier td use. B than to have a separate subtraction operation.
The formation of the radix complement is relatively easy. It

is found by cémplementiﬂé eacﬁ digit di. of an element to r-1 and add-

ing 1 modulo ™ to the result; each di is replaced by the digit r-l-di

and 1 is added into the do digital position, with carry propagation

permitted and any carry beyond the m least significant digits ignored.

To see that this process yields the radix complement, let A be an

m-1 .
element of C; with unsigned value z airl and observe that
i=0
m-1 m-1 ‘ i m-1 i n m-1 i
Z (r-1-a. )r +1= 2 (x-1)r + Za,r =1 - I a;r.
=0 i=0 i=0 1 i=0

In the case of radix 2, as used in most computers, this is simple; each
digit is 0 .or 1, and the complement is found by changing all zeros
to ones and all ones to zeros, adding 1 to the least significant digital
position. The carry propagation necessary in the formation of the radix
complement does not usually slow arithmetic operations, because it nor-
mally occurs concurrently with the carry propagation in an addition.

If the addition of 1 into the least significant digital position is not
performed during complementation, the result is called the diminished

radix complement.

Multiplication for the radix complement system is defined to be

an integer multiplication, modulo . Thus, for A and B in C;,

m-1 m-1 R
with unsigned values z alr and z b.rl, their product A * B
i=0 i=0

is that element having unsigned value ( z a;r ) ( Z b, ;T ) mod r™.
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Again, the usual mulfiélication take§ pléce by means of repeated addi-
tion and shifting of operands, after wnich the result is truncated to
the m least significant digits. As with addition, it would be possi-
ble to form only the m right-most digits of the product, although this
is not generally done on computers.- The identity for multiplication
is the element 00 ... 01, and will be denoted in c; by 1.

A couple of examples may now help clarify things.

Example 2.1

The elements of Cg and Cg are shown with their corresponding
unsigned integer values. Note that the unsigned value of an element is

just its value as an integer expressed in radix r.

2 Unsigned ' 3 Unsigned

C3 Value C, Value
000 1] 00 0
001 1 0l 1
010 2 02 2
011 3 10 3
100 4 ‘11 4
101 5 12 5
110 6 20 6
i 7 21 7

22 8

Examgle 2.2
The following table gives two elements from each of the systéms

CZ, CIO, and Cis along with their respective complements.

4 4
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) : ) Its Diminished ,
The System The Element Radix Complement Its Radix Complement

ci 0110 - 1001 +1 = . 1010
c? '
4 1101 0010 +1 = 0011
ci" 2117 7882 +1 = 7883

10 :

c, - 9926 0073 +1 = 0074
16

cy 02FC* FDO3 +1 = FDO4
16 " -

Cy D130 2ECF + 1 = 2EDO

Isomorphism to Zrm

The system described here is Zrm, the integexrs modulo rm,
where numbers are expressed in radix r. To show this, it will help
to formally define the unsigned value map from C; to the integers Z.
Definition 2.3

Let n be the unsigned value map, n:C; + Z, defined by

m~1 .
_ i . x ) -
n(A) = ifoair for each element A in Cm’ where A 2 13p-2°*+21%"

Let nﬁC; -+ Zrm be defined by n*(A) = n(A) + ™z for each A in C;.

These maps are well-defined. Note that n* is the composition of n
with the natural map from Z to Zrm. n is monic (one-to-one) because

integer representations in a fixed positive radix r are unique. n*
m-1 i m-1 N

is also monic; if n*(A) = n*(B), then . I a;r and Z bir
i=0 i=0

differ

*The digits in the hexadecimal (radix 16) number system are
o, 1, 2, 3, 4, 5, 6, 7, 8, 9, A, B, C, D, E, F.
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by Some multiple of rm,b and this can only happen if a, = bi for
each i=0,1, ..., m-1. .

Furthermore,'a counting érgument wiil show that n* must be
epic (onto)}. _

Threé elementary theorems of algebra will be used. The nota-
tion used is as followé. bTo say that (X,@) is a (semi) group means
that X is a (semi) group under operation €. If (X,@,#) is a ring,
then X is a ring, with @ - the group operation on X and # the semi-
gfoup operation which distributes over .@.

Theorem A.1

Suppose X is a set and (Y,*) is a semi-group. If n:X-> Y
is both monic and epic, and if an operétion * is defiﬁed on X by
a*h = n"l(n(aJ * n(b)) for all a and b in X, then (X,*) is

a semi-group and n isan isomorphism of X to Y.

Theorem A.2

Suppose X 1is a set and (Y,+) is a group. If n:X->Y is
both monic and epic, and if an operation @ is defined on X by
a+b=n"l(n(a) +n(b)) forall a and b in X, then (X,0) is

a group and n is a group isomorphism of X to Y.

These two combine to give the third theorem.
Theorem A.3

Suppose: X is a set and (Y,+,*) is a ring. If n:X~+> Y is
a group isomorphism of (X,®) to (Y,+) as in Theorem A.2, and a
semi-group isomorphism of (X,*) to (Y,-) as in Theorem A.l, then

{X,®,*) is a ring isomorphic to (Y,+,*) by n.
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Consider now the set C;, the modular ring of integers Zrm,
and the map n*:C; > Zrm. It has been noted that n*b-is both monic
and epic. The operations of addition and multiplication on C; were
defined with A @ B = n (n(A) + n(B) mod ¥™ and A * B =
n"l(n(a) +n(B) mod ™), so that A @ B = n*"l(n*(A) + n*(B)) and
A*B=nl(n¥() + n*(B)) for all A and B in C. Theorems A.1,
A.2, and A.3 may thus be-applied to give
Theorem 2.4

C; is isomorphic to Zrm as a ring. The map n* is the

isomorphism.

For radix 2, the 2's complement number system, we have

Corollary 2.5

2 ~ -
Cm s sz as rings.

The Signed Value Map

The radix complement number system was not developed so that
computer integer arithmetic would be modular. The modular system was
used because it allowed the fastest and most efficient arithmetic logic
circuitry. The purpose of the computer integer system is to simulate,
at least in part, the integer arithmetic system; the modular system, in
its unsigned value form, does this rather poorly. Every non-zero
clement appears, under the map n, as a positive integer, so a number
and its additive inverse both appear as positive integers, usually of
different magnitudes. In the integers, a non-zero number and its addi-
tive inverse have the same-magnitude and opposite signs. Thus, a signed

value map is needed, with the property that for most elements of C;, a
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number and its negative are assigned integer values of the same mégni-
tude andvoppos:.i.te ksigns',‘ An observatioﬁ about the unsigned values
will indicate how this may be accomplished.
Lemma 2.6

., Let A be an element of C;’ with additive inverse A, and »
let h =—;£ . If n(A) <h, then n(A)}>h. If n(A) = h, then n(A) = h,
and in this case A = A.

Proof: These follow from the definition of the additive in-

verse, because n yields non-negative values, and. n(A) = ™ - n(A).

If n(aA) = n(;\—), the one-to-one property of n says that A = A.

Lemma 2.6 indicates that the non-zero elements of C; may be
separated into two sets. The elements with unsigned values greater
than —;—nl are all additive inverses of the others, so this set with
large unsigned valués will be given negative signed values. Elements
with unsigned value less than %m will be positive, and take their

unsigned value for their signed value. Each element A with unsigned

m
value greater than -—-;— will take -n(A) as its signed walue It will

be shown that for each element A in C:l, the signed values of A
and A defined in this way have the same magnitude and opposite signs.
The foregoing is not valid for an element of C; with unsigned
value -—gln- . Can>such an element exist? The answer depends on the
radix r. If r is odd, then ™ is odd, and —lzﬂ is not an integer
value; there can be no element having unsigned value —;‘E . If r is
even (the case for all major computers now in use), then " is even,

and there is exactly one element of C; with this unsigned value. To
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determine whether it should have positive or negative signed value, con-
sider the radix r Trepresentation of 'fhis element: (%,’ 0, ..., b).
Note that -12—‘ is an integer because r is even. All other elements

m
with leading digit Z have unsigned values greater than < and nega-

2 2
tive signed values. It is prudent then to give this element the signed
m : .
value - %-, recognizing that it is its own additive inverse, and

there will be no element having the complementary positive signed value.
It is now possible to formally define the signed value map.
Definition 2.7

The signed value map ¢:C; + Z is given by

rm
n(a) if nea) < 5,

sea) = n
n(a) - = if n(A) 25—,

for each element A in C;.

Note that n(A) - ‘rm = -n(A). The next theorem shows that ¢(A) and
¢(A) have the same ma;gnitude and opposite signs.
Theorem 2.8

Let A be an element of C; and let A be its radix comple-
ment. If n(A) # —=, then 6(A) = ~6(A). If n(A) = -g—m then
$(A) = ¢(A).

Proof: Using the definition of ¢,

' m
n(A) if n(A) < %,

$(A) = -
n@® - if 2@ 2.
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. m m
From previous remarks, n(A) < ;‘ means n(A) > ; > -and n(A) Z.‘%“

means n(A) 5_—§ﬂ .  Since n(A) = r™ - p(A), the equétion may be writ-

ten
) m
-n(A) if n(A) 25—,
$(R) = : n
o oaa) if a5 5

Comparing this with Definition 2.7 yields the conclusion.

The terms '"positive' and 'megative' will be applied to elements
of C; according to their signed values. It should, however, be care-
fully noted that C; is not divided into positive and negative classes
as is the system of integers. The radix complement system is modular
and cannot have a positive class. This implies that there is no order
relation on C;‘ as there is on Z. Elements of C; may, nevertheless,
be ranked (not ordered) by their signed integer values as "less than,"
"'"greater than,' and so forth. This will be indicated using the FORTRAN
relational operator symbols .GT., .GE., .EQ., .LE., .LT., and .NE.,
which correspond to the integer relations >,2, =,<, <, and # , re-
spectively. It will also be useful to speak of the '"absolute value'
of elements of C;. This will be taken to mean the absolute value of
the signed value given by the map ¢.

Example 2.9
Consider the systems C§ and C; of Example 2.1, and their

signed values.



16

5 signed ) 3 . signed
CS‘ value . C2 value
v 11 4
011 3 10 3
010 2 02 2
o001 1 01 1
000 o0 00 0
111 -1 22 -1
110 -2 21 -2
101 -3 ‘ 20 -3
100 -4 : 12 -4

The radix complemént system for an odd radix r will have
as many positive as negative elements, taking zero as neither positive
nor negative. The number of non-zero elements, o 1, 1is even be-
cause r is odd. The signed value map will give exactly half of these
positive values and the rest negative values. An arithmetic system
having the same numbers of positive and negative elements will be
called balanced. For radix r even, the radix complement system is
not balanced; it has an odd number of non- zero elements. This system.
would be balanced, except for the one element which is its own addi-
tive inverse. Because that element was taken to have'negative signed
value, there is one more negative element than positive elements.
Example 2.8 illustrates both the unbalanced and balanced radix comple-
ment systems. The diminished radix complement system is balanced for ’ ’ i
even radix r, and unbalanced for odd radix. Thé sign and‘magnitude
system is balanced for any radix.

It is often important to test the sign of a number without

considering its magnitude. As usual, this test should be as simple as
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possible. In the case of an even radix r, the definition of the
signed value map ¢ ensures that any element having a digit %— or
larger as its most significant digit will be negative. Thus, the value
of a single digit may be used to evaluate the sign of an element. A

system having this property is said to permit a single digit sign test.

If the radix is odd, the element (E%L, cees E%l.)!%l. is positive, but

the element (E%l, cees E%l, E%l is negative. This follows because
’“El(r-l)ri s and m'z‘:l(r-l) i, @y P
stz T T 2 n 2T ) T

which may be establishéd using induction on m. Thus, the radix com-

plement system for odd radix does not permit a single digit sign test.

The diminished radix complement system has the same property; it permits

a single digit sign test only for even radices. Since the sign and magni-

tude system has a distinguished sign 'digit,'" it will always permit this test.
The radix complement system cammot be balanced and permit ‘a single

digit sign test, simultaneously. Of these two, the sign test is far more

significént concerning the logic circuit complexity of a computer, suggesting

that even radix systems would be more popular. Indeed, the most significant

radices are all even, but this is not the reason; even radices are used be-

cause binary (on-off) logic circuitry is the simplest available. The

sign test in a radix 2 system is particularly simple; the most signifi-

cant digit is either 0 or 1, with 0 indicating positive and 1 in-

dicating negative. If the radix is a power of 2, such as radix 8 or

radix 16, the sign test may be equally simple. In such a system, the

digits are usually coded as binary numbers, and the sign test is per-



18
formed as in radix 2 by inspecting the most significant bit (blnary
d1g1t) of the most 51gn1f1cant dlglt.
Using the single digit sign test in the.even radix case, it

is possible to give a simpler expression for the signed value function:

ii air1 if a1 < %u
o(A) =
- m-1 1 m N
ifoalr - if a1 > 2

where A = (a _1° e az, al) and xr 1is even. With a binary system,

this becomes

P(A) = -a, 2 + i a.2

The elements having largest positive and negative magnitudes
will be used quite often. For this reason, they will be denoted by
P; and N;, respectively. If the radix is unimportant, or understood
from context, these will be simplified to Pm and Nm. The definition

of positive and negative for this modular system implies that Pm & 1 = Nm.

For even radix,

. m
Pm (12”--1, -1, ..., r-1) with ¢(Pm) = ——- 1,

and

m
Nm = (5,0, ..., 0) with  ¢(Nm) = - —— .




For odd radix,

Pm = (——

For radix 2,

and Nm = (1, 6,

these become

cees 0)

19

SL.Eh with
and
r;l , r;l) with
Pm= (0, 1, ...,

with ¢(Nm) = -2

1)

m-1

m
o(Pmy = 255,
; _ -1
oom =51
with ¢(Pm) = 2™

It is important to note that the set of signed values pro-

duced by ¢ is equivalent, modulo rm, to the set of unsigned values

produced by n. For each element A in C:I, ¢(A) = n(A) mod ™.

This is clear from Definition 2.7. Let S; = {¢(A): A is an element of C;}
be the set of signed values. Because S:l <z, -thé usual integer opera-
tions +, -, and « apply to elements of S;, although they are not in

general closed on the set. The arithmetic operations modulo P may be

defined as follows.

Definition 2.10

Define operations

Let A and B be elements of S;.
by’
. |
Ae B=A+B+ ir,
AeB=A-B+ jr®,
‘and
A*B=A-«B+ k™,
where integers i, j, and k are chosen so that

$(Nm) < A ® B < ¢(Pm),
$(Nm) < Ae B < ¢(Pm),

and

¢(Nm) < A * B < ¢(Pm),

e,

respectively.

-1,
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The set’ S;, together'wifh‘the‘bperatibns, @, @, and *, are one repre-
senta;ion of Zrm, so for these operations, S;EE Zrm. Because
Zrmg C:‘, it follows that S;E Cmr. This givés the next theorem.
Theorem 2.11

Let S; be the set of signed integer values of elements of
C;, and let @ and * be the modular operations on S; given in
Definition 2.10. Then the ring (S;, @, *) is isomorphic to the

ring (C;, ®, *), and the signed value map ¢ is the isomorphism.

Elements of C; are usually seen as signed integers, particularly by
users of a high-level programming language. The isomorphism means
that it will not generally be necessary to distinguish between an
element of C; and the corresponding elemeht of S;; an expression
over C; may be considered an expression over S;. If such distinction
is needed, the map ¢ may be used.

There are thus two sets of operations defined for elements of
S;: the usual integer operations +, -, and °, and the corresponding
modular operation e, o, and *. The integer operations will not be

closed on S;. An expression over S; ‘may involve operations from

either set, but for simplicity, not from both sets.

Overflow

The map ¢:Cr + Z. is one-to-one, but not a ring morphism for
m g P

the integer dperations; it will fail in many cases to preserve integer
addition or multiplication. There are, however, many instances in
which ¢ appears to act like one. In particular, if A and B  are

elements of .Ck and ¢(Nm) < ¢(A) + ¢(B) < ¢(Pm), then
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$(A @ B) = ¢(A) + ¢(B). Similarly, if ¢(Nm) < &(A) - 6(B < ¢(Pm),
then ¢éA*B) = ¢(A) - $(B). These both.follow because ¢ ‘is one-to-one.
At such times, C;, through its signed values, exactly simulates the
usual signed integer system. . This is of such importance to the normal
user of the computer integer system that those situations where ¢ fails
as a morphism are identified by a special term overflow.
Definition 2.12 »

Let A and B be elements of C;, and let @c stand for any
one of the operations @, ©, or * on C;, with @, the corresponding
operation +, -, or * on Z. If $(A®sB) # ¢(A) @y ¢(B), then the

operation A@g B is said to overflow.

Theorem 2.11

The operation A@.,B on C; overflows if and only if the cor-
responding operation ¢(A) @z ¢(B) on Z gives a value greater than
¢(Pm). or less than ¢(Nm).

Proof:. This follows from the remarks above, because ¢ is monic.

If ¢(A)e, ¢(B) > ¢(Pm), it is called positive overflow; the other

case is called negative overflow.

Computer Integer Arithmetic

Most binary computers use 2's complement arithmetic. The sys-

2
using 2's complement arithmetic and having m bits per woxrd functions

tem Ci is isomorphic to Z,m. Does this mean that a binary computer

as an arithmetic system isomorphic to sz? The answer is no, but can

be taken for yes under one very simple constraint.
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Thé.reason for the "no'" answer can be illustrated usiﬂg the
IBM System/360 integer arithmetic sysfem. IBM/360 binary addition is
modular; the problem arises with multiplication. In the integers,
the product of the two numbers having at most m digits each will have
at most 2m digits, and this upper bound on the number of digits can
be attained. For example, in radix 10, the product of 9999 and 9999
is 99899001, an eight-digit result produced by multiplying two four—digit.
numbers. Binary integer multiplication on the IBM/360 actually works
this way; multiplication of two m bit 2's complement numbers produce
a 2m bit 2's complement result. (The number of digits m for the
IBM/360 may be either 16 or 32.) This is not the muitiplication opera-
tion defined for the Ci system.

However, this view is looking too closely into the machine, and
not into how the machine's arithmetic is used. For higher-level,
user-oriented computer languages, such as FORTRAN, the machine's inte-
ger arithmetic results are truncated to the lowest order m bits before
being used in subsequent operations. Thus, the integer arithmetic
system used in these higher-level languages is indeed the radix comple-
mént system Ci. This is the restriction under which there is an arith-
metic system isomorphic to sz.

This completes the definition of the radix complement system
with the operations additiqn, subtraction, and multiplication. The
fourth elementary arithmetic operation, division, will be considered

next.



CHAPTER 3
DIVISION

TheAdivision operation, defined on the ring of integers, 2Z,
is a distinct third»operation, only partly related to addition and
multiplication. In a field, division is taken to be the "inverse" of
multiplication in exactly the same sense as subtraction is the "inverse'
of addition. However, except in trivial instances, multiplicative in-
verses do not exist in Z, so it does not have this inherent division
operation. - Lacking such a constraint, it is possible to define a num-
ber of different operations that present some characteristics of field
‘division. One of the most basic of these is the standard "long division"
of elementary arithmetic, modified to permit signed operands. This
operation approximates division in the field of rational numbers by
producing the integer part of the field quotient. A very important
advantage is associated with this division; the algorithm used to per-
form it is easily implemented using the ring operation addition and
is esscentially the same as the algorithm used for floating point division.

For that rcason, it will be the division operation defined on C;.

Division in Z
The development begins with the ring of integers. Part of it

will be done using rational numbers, and confusion over division sym-

23
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bols could result. To avoid this, the symbol < .or the horizontal
fraction bar - will indicate the. rational quotient, or the rationél
number determined by the ratio of two integers. The slash mark /
"will be used for division on the integers.

Definition 3.1

For integexrs a and b, with. b # 0, the primary quotient

a/b is ‘'given by

|
a/b = and

{E?J if a and b have the same sign

lal] . .
- if a and b have different signs.
[“"J , £

The gfeatest integer function [x] for a rational number x>0 is
defined to be the greatest integer less than or equal to x. The
primary quotient may be considered in tﬁe following way: express the
rational number %— in signed radix r digital form, and truncate
the fractional part. Alternately, if %- is expressed in mixed num-
ber form, where the fraction has magnitude less than one, the primary
quotient represents the integer part.

The néxt theorem is basic for much that follows. It characterizes
this quotient.
Theorem 3.2 (thg primary division theorem)

Let a and b be integeré, and qQ be their primary quotient.
Then there exists an integer r, with |r] <‘]b[ and r either zero
or having the same sign as a,; such that a = q'b + r.

Proof: q = 0 if and only if . |a| < [b|. Thus, if q =0,

take T =a. If q # 0, then q-b will have the same.sign as a, but
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with Ja| - |b] < |a-b| < |a]. In this case, take r = a - q-b.

The integer T is called the primary remainder, and is related to the

fractional part when %- is expressed in mixed number form as q + %w
It will frequently be necessary to test the sign of a number,
and for this it will help to have a special "sign' function. Define

s: Z + {;i, 0, 1} by

s(a) =

Extending s to the radix complement system is done using the signed
value map; s(A) = s(¢(A)) for each element A in C;.

The utility of the primar? division algorithm in studying division
arises because the representation it provides is unique.
Theorem 3.3 v

Let a and b be integers, with primary quotient q = a/b
and remainder r. If ¢ and d ‘are integers such that a = c-d + d
with. |d] < |b| and either d = 0 or s(d) = s(a), then c =gq and
d=r.

bProof: The primary division algorithm gives a = q'b + r, where

lrl < lb| and either r =0 or s(r) =s(a). Thus, q'b+r =c'b + d,

which may be writtenas (q - ¢)-b=d -r. If a =0, then clearly

1]

q=r=c=d=0. Ifeither d=0 or r =0, then |d - r| < |b],

‘0 since the left side of the equation. is divisible by b.

so d=r

- This means that q.= c. If neither d nor r is zero, then s(d) = s(r),
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so once again |d ~ r| < |b|, implying that d =r and q = c.

Primafy division resembles Euclideaﬁ division on Z. The
integers are a Euclidean domain, and have a division defined as
follows: if a and b are integers, b # 0, then there exist
integers q and r, with 0 <r < ]b], such that a = q*b + r. The
difference between this and primary division is that the Euclidean re-
mainder is non-negative, while the other remainder takes the sign of
the dividend. If the‘primary remainder is non-negative, the two
quotients are the same; if it is negative, they differ by one.

Theorem 3.4

Let g and r be the primary quotient and remaindgr for in-

fegeré a and b, and let qe and r® be the Euclidean quotient

and remainder. Then

a) if r >0, then q = qe e

,and r=1,

n
Ke)

+

[

b) if r <0 and b >0, then q
and r =1¢ - b,

and

n

c) if r <0 and b <0, then q=¢q° -1
and r = r® + b. '

Proof: a) This is clear from the definitions of the two algorithms.
b) With r < 0, the primary division form a = q'b + r
is not quite correct for Euclidean division. However, if b > 0, then
0<r+b<|b]. Thus a = (qQ-1)b+ (r+b) is the Euclidean form,
with q® = q -1 and r® =1 + b.

¢) This is similar to b), except 0 < r - b < |b|. Then

the Euclidean form is a = (q + 1):b + (r - b), so g8 =q+1 and r® =1 - b.
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Division in'C;

'Division'in the radix comélement system will be_defined to be
the restriction of the primary division for Z to the set S; of
_signed integer representatives of C;.
Definition 3.5

Let ¢: C; > Z ‘Be the signed value map of Chapter 2, and let

S; = ¢(C:P. Note that S; CZ. 1If A and B are elements of C; such
that the pfimary quotient ¢(A)/$(B) dis in S;, then the radix comple-

ment quotient A/B is given by

A/ = o710 ar/0(8)) .

With this definition, the map ¢ is not only an isomorpﬁism from
(C;, o, *) to (S;, 9, *), buF a morphism fyr division as well, with
¢(A/B) = ¢(A)/H(B).  E1ements of ,C;, are élmos; alway; used in their
signed value form, and thé quotient in C;"is the quotient of signed
values. Because of this, the same symbol is used for division in C;
as for the primary quotient in Z. If distincfion between the two opera-
tions is required, the type of operand will determine the system in
question. For this to be effective, the following conventions will bé
used; elements of C; or S; will be represented‘by capital letters,
and integers by lower case letters. Elements expressed aé ¢(X) repre-
sent integers, of course, and because this notation will become cumber-
some at times, the underline symbol X may be used for  ¢(X).

The definition suggests that there may be elements A and B

T

in Cm for which A/B is not defined. This is indeed the case, but

there is only one exception other than the usual festriction to B # 0.
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To see tha‘t, this is true, suppose A and. B. are slements of C;, with
B # 0. Then [¢0(A)/d(B)] < |¢(A)], with equality only if |B] = 1.

This means

-le | < emr/em < o],
and, in particular,
-leim | < $A)/6(B) < |o(m)].

Since -|¢(Nm)| = ¢p(Nm), this may be written

@ d(Nm) < ¢(A)/$(B) < |o(Nm)].

IA

!}

If CnrlA is ‘balanced, [¢(Nm)| [6(Pm)| = ¢(Pm), and (1) becomes

¢(Nm) < $(A)/$(B) < ¢(Pm).

The set S is defined as S} = {x € Z: ¢(Nm) < x < ¢(Pm)}, so the
inequality implies that ¢(A)/¢(B) is in S;. Thus, A/B is defined
for 211 A and B, with B # 0, in a balanced system.

1£ C; is not balanced, then [¢@m)| = ¢(Pm) + 1, so (1)
becomes ’

¢(Nm) < $(A)/$(B) < ¢(Pm) + 1.

If ¢(A)/d(B) < $(Pm), then A/B is defined as shown above, but if
$(A)/$(B) = ¢(Pm) + 1, then. A/B is not defined. This can only hap-
pen with A = Nm and B = -1. ‘Therefore, A/B is defined for all A
and B, B # 0, except when A =Nm and B = -1. This completes the
proof of ‘ | '
Theorem 3.6

If ] is balanced (radix r odd), then A/B is defined for

all A and B in c;, with B # 0.
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If C; is not balanced (radix r ~even), -then A/Bb is .de-
fined for all A and B in C, with B # 0, except when A = Nm

and B = -1.

In the 2's compiement arithmetic on the IBM/360, an attempt to
divide -2147483648 (¢(N§2) = 251 = _2147483648) by -1 produces a
"divide exception;" the result would be 2147483648, a positive number

1

too large to be a signed value (¢(P§2) = 23 - 1 = 2147483647) for

any element of Ciz. With the operations of addition, subtraction,
and multiplication, this could not happen, because the result modulo Z32
would be produced; division is not a modular operation. The division
algorithm finds the quotient by‘a process. of repeated subtraction, and
essentially keeps count of the number of subtractions performed; the
count becomes the quotient. When the number of subtractions, taken with
the correct algebraic sign, no longer represents a signed value for any
element in ng, the division algorithm fails.

This criterion for division algorithm failure is needed because
the IBM/360 actually uses a 64 bit divisor. It is quite easy to have
a quotient that cannot be expressed in 32 bits. In a higher-level pro-
gramming language like FORTRAN, the 32-bit dividend argument (an ele~
ment of ng) is converted to a 64-bit dividend having the same signed
value. Thus, only one exceptional case occurs for a non-zero divisor
in C§2.

IBM/360 FORTRAN also allows the use of 16-bit integers, so that
arithmetic may be performed in Cf6. In this system, the only division

exceptions recognized are attempts to divide by zero. Here, NiG/(—l)'
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The reason thatthisoccuis is that division on the IBM/360 cannot be
performed with 16-bit operands; the dividend -must have 64-bits and the
divisor 32. To perform division in Cié, the arguments a¥e fir;t
converted to 64 and 32-bit 2's complement numbers'having the same signed

values, respectively. The 32-bit'reéu1t is truncated to the 16 least

significant bits, reducing it modulo le. ..Since '¢(Ni6) = -215, divid-
ing this number by -1 yields 215 as the signed value of an element
in ng. This number reduced modulo 216 gives -215 as its signed

< 2 . .
value in Cig> making the quotient N§6'

P - . x
The Division Theorem and Uniqueness in Cm

The development of the primary division theorem and uniqueness
theorem for Z will not carry over to C;. The division theorem will
be the same for those cases where the C; quotient is defined, but
uniqueness is generally not obtained.
Theorem 3.7 (the division theorem in C:b
Let A and B be elements of C;, and let Q = A/B be their
quotient. Then there exists an element R in C;, with |R| < |B]
and R either zero or having the same sign as A, such that A = Q*B e R.
Proof: Note that ¢(Q)¢tB) = ¢(Q*B), so there is no overflow
in this multiplication. The proof then,follows'e;gétlfvassfor'the in~ .

tegers. R is called the remainder.

The form A = Q*B @ R will not be unique, but if Q = A/B,
then the remainder R  will be unique.
Theorem 3.8

Let A, B, C and Q be elements of c;, such that Q = A/B and
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A=Q*B®C. If R is the remainder from: A/B, then C = R.
Proof: The division theorem in C; gives A = Q*B ® R.

Thus Q*B®C = Q*B®R and C = R.

Distinct values of Q may satisfy A = Q*B ® R with given A,
Band R in C;. Indeed, for fixed A and B, solutions having dis-

tinct values of Q and distinct values of R exist. This may be seen

in the following example from the Ci system.
Example 3.9
The elements in the C2 system are -8, ~7, ... , =1, 0, 1, ... , 7.

4
Let A =7 and B = 4. The division theorem for A/B gives Q=1

and R = 3, with 7 = 1*4 & 3. However, it is also true that 7 = 5*4 & 3
and 7 = (-7)*4 & 3. For the integers, 7 = 1*4 + 3 is the unique
representation in this form, but in C2, there is no unique representa-
tion.

If A=7 and B=5 in Ci, then Q=1 and R = 2, with

7 = 1*5 ® 2. However, 7 = 4*5@® 3 also. Thus A.= Q*B ®R and
A=C*B ®D, while Q#C and R # D. Note that D = 3 satisfies
the conditions for a remainder term, with the signs of 3 and 7 the

same and |3] < |s}.

The failure to exhibit uniqueness comes from the modular struc-
ture of C;. Its explanation requires some elementary number theory.

It is well-known that for a p-modular system, a linear con-
gruence xu = v mod p may have zero, one or multiple solutions for x.
1f g = (u,p) is the greatest common divisor of u and p, and ‘glv,

then there are g distinct solutions to the congruence. If gfv,
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there are no solutions. It is also true that when glp, there are
exactly p/g elements in the p-modu;lér system which are divisible by g.

Consider now elements A and B of C:;. Let Q = A/B and
R be the remainder, ‘so A =Q*B @R, Suppose X and Y are elements
of C:\ such.that A = X*B e Y. Then (Q e X)*B =Y e R. In the inte-
gers this becomeé (Q-X)B=Y - R mod ™. Let g = (B,rm). For each
Y such that g|(Y - R), there are exactly g distinct values of X
such that A = X*B e Y. If gT(Y - R), then there is no X such that
A = X*B @ Y. Note that the value of Y - R varies over al;l. of C;‘:
as Y varies over C;. Since there are exactly rm/ g elements of C
~ which are divisible by this g, there are rm/g distinct values of Y
for which gl(Y - R). This means there are g° (rm/g) = pairs X, Y
such that A = X*B @ Y. This proves the following theorem.
Theorem 3.10
’ Let A and B be elements of C;. Then there are exactly

S pairs X, Y of elements from C; such that A = X*B e Y.

The lack of the uniqueness property in C; will not be:a handi-
cap. Expressions over C; may be translated to S;, and the modular
operations to integer operations using Definition 2.10. The uniqueness
property in Z will establish results for C:n’

As with multiplication, the division operation on a computer
usually gives results which are not strictly in the C: system. The
computer produces both quotient and remainder when A/B is performed.
Closure occurs in higher-level programming languages because only the

quotient is kept. The remainder is then accessible by calculation.
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The four basic arithmetic opefaiions_qn the radix complement
system are now defined. Addition, complementation (subfraction), and
. multiplication are modular ring operations and are well understood.

Division is not modular and requires further consideration.



CHAPTER 4

A STUDY OF DIVISION ON C;

Division on the radix complement system is a distinct third
operation. It is not reversible by multiplication, as in a field.

In general, (A*B)/B #A and (A/B)*B # A. This operation will be
considered from three viewpoints.

First, division is preserved by the signed value map
¢:C; + Z, which is an isomorphism from (C;, ®, *} to (S;, e, *),
with S; C Z. Going the other way, the natural ring homomorphism
E: Z » Zm may be composed with an isomorphism between Zrm and C;
to give a ring homomorphism Y: Z -+ C;. Will this map also preserve
division? The answer is no, and in fact, there is no extension of Z
for which a rihg homomorphism to C; will presexrve division. It is,
however, possible to define a new division on Z, which will be preserved
by ¢.

The second viewpoint is a comparison to a division operation'
defined on Zrm. This operation may be defined using the linear con-
gruence ‘éx = A mod ™. When the congruence has a unique solution,
this solution is taken as the quotient ™A divided by B." Since
C; eszrm, how does this division relate to division on C;? The re-

lation is not close; modular division is not zlways defined, and even

34
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‘when ‘it is, the correspondiﬁg C;- quoiient must be exact (remainder
zero) before the two. quotients agree. Furthermore, modular division
may be '"un-done" by multiplication, but this is poséible for C;
division only if exact. Reciprocals exist for some elements of Zm,
while only trivial reciprocals are non-zero in C;.

An evaluation of claséical group axioms, applied to the operation
of division on C;, constitutes the third approach. For this, the
system (C;,/) will be studied. It is not a group, or even a semi-

group; most of the group axioms fail for d%vision on C;.

Comparison to Division in 2Z

An overview of the entire setting may help. There is the un-
signed valge map n: C; -+ Z, which is oqe-to-one, with its associated
map n*: C; + Zm, a ring isomorphism. The signed value map
¢: C; + Z is also one-to-one, and a ring isomorphism to its image
S; when operagions ® and * are defined modulo r" on S;. There
is also the natural ring homomorphism &: Z - Zrm. These are shown in

the diagram below.




38

From the definitiqn of n*;.both £ o h =n* and £ o ¢ = n*. The homo-
morphisﬁ £ is the modulo rﬁ transformation, so n. and ¢ are
equivaleﬁt maps, modulo .

The map n* .is a ring isomofphism; sé'fﬁe composition
Y= w1t é is a ring homomorphism. This means

Y(a + b) = ¥(a) e Y(b) and P(ab) = P(a) * y(b)
for all integers a and b; the homomorphism preserves both addition
(and subtraction) and multiplication. However, ¢ does not preserve
division, and is thus not a morphism for division. .This is seen in
the following example.
Example 4.1

Let Nm and Pm be the maximal negative and positive ele-
ments of C;,' respectively, and assume |Nm| > 2. Let a and b be
integers, with a =Pm + 1 and b = 2. Pm represents its own signed
value. Then 0 < a/b <Pm, so VY /b) >0. But PY(@) = Nm and
Wb) =2, so Ya) / Yb) <0, and Y(a) / Y(b) # Y@ / b). This
shows ¥ 1is not a morphism for division.

wQuld it then be possible to imbed Z in another system T
with a morphism from T to C; prese;ving all operations? This
is not possible, because any extension of Z which preserved division
and the ring operations would carry with it the same counter-examples
used in Example 4.1. This is formalized in the next theorem and corollary.
Theorem 4.2

Suppose T 1is a system with maps UW: Z+ T and T: T + C;
satisfying these three properties:

1) u is an imbedding of Z into T that preserves division,
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2) T 4is a morphism from T to : C;';1 that preserves division,

and
3)_ Tou= Y.

Then ¢ is a morphism for division.
Note: Hypothesis 3) says that the results of operations in Z should
be the same when viewed in C;, regardless of whether they come directly

from Z or indirectly through T. The following diagrams the relations

between Z, T, and C;.

H

Proof of theorem: Let a and b be elements of Z, b # 0.
It must be shown that w(a) / ¥(b) = P(a / b). Now n(a) and wu(b)
are in T, so u(a)/u(b) = u(a / b) by hypothesis 1). By hypothesis 2),
T(u(a) / u(d)) = tu(a)) / t(u®)). But <t(u(a)) = y(a) and similarly
for b by hypothesis 3), and T(u(a) / u(d)) = t(u(a / b)) = Y(a / b),

so ¥(a) / ¥(b) = ¥(a / b).

Thus, any such extension of Z would lead to a contradiction, because

Y does not preserve division.

Corollary 4.3

There is no extension T of the integers such that a ring

homomorphism-from T to C; will preserve division.
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By defining a new division operation for Z, it is possible

to force ¥ to preserve division. The fact that: Y o ¢ is the
identity map on C; will be used.
Definition 4.4

Let a -and b be integers such that ¥(a) / Y(b) is de-

fined in C;. Then a Q, b = ¢(¥(a) / ¥()).

This division operation is closely related to the original division of

Z. It is the old operation with the operands reduced modulo ™ to

values in S;. This new division is preserved by Y.
Theorem 4.5
1 Y(a 4# b) = ¥(a) / ¥(b).

Proof: This is clear, because Yo ¢ is the identity on C;-

Comparison to .Modular Division

The divisions in Z and C;‘ afe nqt inverse operations for
multiplication. This is seen frém'the forms A = QB+ R and
A = Q*B ® R in which the quotient Q = A/B appears. Because of the
remainder R, it is not in general possible to "un-do" a division by
multiplying by the denominator; there are numbers. A and ‘B such
that (A/B)B # A. In Z you have also the property for any integers A
and B, with B # 0, that (A-B)/B = A, while in C; this will not
be generally true, because in C; the product is modular. In CZ’
let A=5 and B = 3. Then 5/3 =1, while (5/3)*3 =3, so
(A/B)*B # A. Also, 5*3 = -1, so (5*3)/3 =0 and (A*B)/B # A.

The fact that C; and Zrm are isomorphic as rings brings up

- s - r ss o s
the question of how division in Cm relates to modular "division" in
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;rm. Recall that a linear congruence BX = Amod p has a unique solu-
tion for X if and only if . -B 'and p are relatively prime. This
" unique value 'is taken to represent A/B in Zrm. To avoid confusing
the two division operations, the symbol % will be used to indicate
the modular quotient.

The first significant difference between the divisions is that,
when defined, modular division is the opposite of multiplication. If
division by B is defined, then A % B satisfies B(A % B) = A mod p
because that is how the operation was defined. It is also true that
(AB) % B = A, because the number (AB) % B is the solution of the
congruence B-X = A°*B mod p. Neither of these are true in C; unless
the division is exact and there is no overflow.

Supposing both quotients are defined, when do they agree and
disagree? The C; division A/B is defined for all pairs of numbers
A and B with B # 0, while the modular division A % B of Zrm
is defined only for those pairs where (B,rm) =1. If A/B is exact,
if the remainder R = 0, then B-(A/B) = B*(A/B) = A, so B-(A/B)= A mod r".
If (B,rmj = 1 as well, then A/B = A % B. On the other hand, if the divi-
sion A/B 1is not exact, if R # 0, then B-(A/B) = B*(A/B) # A, and
A/B does not satisfy the congruence B-X = A mod . Thus, A/B # A% B
for those cases where A % B 1is defined. This proves the following.
Theorem 4.6 _

" A/B =A% Bmod r" if and only if (B,r™) =1 and A/B has

remainder R = 0.
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Another aspect of this difference is the lack of correspondence
between the reciprocal (1/A or 1 % A) of ‘a number A and its multi-
plicative inverse. In Zrm, the congruence AX = 1 mod ™ has a
solution if and only if A and ™ are relatively prime; the solution
is unique, and is the reciprocal 1 % A. By its definitjon, 1 % A is
the inversé of A. This will not be the case in C;. Because of the
isqmoréﬂism n*: C; > Zrm, the element A in C; will have multiplicative
inverse B if and only if n*(A) in Zrm has the inverse n*(B).

_However, if [A] >1 and B is the inverse of A, then 1/A =0 and
|B] > 1. Thus, for C;, in only the trivial case of +1 or -1 will
the reciprocal and multiplicative inverse of an element be the same.

This situation is observed in the 2's complement system C;
used on computers. Each odd number A has a multiplicative inverse,
because A and 2" are relatively prime. An even number B has no
inverse because (B,Zm) # 1, meaning BX = 1 mod 2™ has no solution.
The inverse of an odd number A is also odd, but if |A| > 1, then
1/A = 0; zero is not the multiplicative inverse for any element of Ci.
On the IBM/370, in Ciz, the inverse of 3 'is -1431655765, because

3 * (-1431655765) = 1, while the reciprocal 1/3 = 0.

The System (C;, /)

Consider the system consisting of the numbers C;

together
with one operation, division. It will be seen, and not surprisingly,
that most of the classical algebraic axioms are not true for this
system. The first to investigate is closure. Division was defined on

C; only for those pairs (A,B) where the integer result A/B represented
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an element of 'C;. This_excluded division by zéro, and, in an un-
balanced system, the pair (Nm,-1). An attempt to reduce the system
so division is defined for all pairs will not succeed. This would re-
quire that the element zero not be included, but zero is the result of
any division where the denominator has larger magnitude than the numera-
tor. Thus, the system is nof close& for divisién.

To avoid this '"closure'" problem, it is possible to extend
~the definition of division. For those pairs (A,B) in C; for which
A/B is not defined, let the quotient Q = A with remainder R = 0.

For convenience, the symbol A/B will be used for this quotient also.
This gives closure under division, and is not without precedent; IBM/370
FORTRAN language, using ng, operates this way. When a '"divide ex-
céption' occurs and the computer recognizes a failure of its division
algorithm, FORTRAN prints an error message and continues program execu-
tion. The unchanged dividend becomes the quotient with a remainder of
zero. (The term ''closure' is not quite valid here, because most FORTRAN
systems will only allow this extension to be invoked a limited number
of times.) In principle, this division could be used in most high-level
programming languges; in practice, it is not.

The properties of associativity and commutativity do not generally
hold for division operations. That is tfue here. Associativity is seen
to fail when (4/3)/2 = 0 and 4/(3/2) '= 4. Commitativity fails with
3/4 =0 and 4/3 = 1.

Under the extended definition of division, there are two right
identities for the system, the numbers 1 and 0. This is because

X/1 =X and X/0 =X for any X in C:. Zero is a right identity
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only under the extended definition. There is, however, no left identity;
for an element . X with sufficiently large magnitude, and any other ele-
ment ‘A in C;, the number A/X has smaller magnitude than X, so that
A/X # X. Both left and right inverses exist for all elements X of
C; except X =.0’ which has no right inverse. In fact, if X # 0,
then X 1is its own inverse, since X/X = 1. A =1 is the left inverse
of X =0, becauseb 1/0 = 1 under the extended definition. But
0/A = 0 for each element A in C;, so zerq has no right inverse.
Neither the left inverse nor right inverse is unique, in general. Be-
cause any element except zero is its own inverse, repeated division
associated to the left yields zero, as (X/X)/X =0 if X # 1. The
multiple quotient (... ((A/B)/C) ... /D)/E will be zero if |A] is
less than the magnitude of any other argument. Associating to the
right gives X/(X/X) = X and X/(X/(X/X)) =1 for any X in C;;
a multiple quotient X/(X/( ... (X/X) ... )) will be X or 1 de-
pending on the number of arguments.

Division on C; is distinct from addition and multiplication.
It is not modular, and does not derive from primary division on the
integers by means of a modular homomorphism. The next step in the
study of division will consider its interaction with the other operations.

First, however, the comparison relations on C; will be investigated.



CHAPTER 5
THE COMPARISON RELATIONS

.The ability to compare any two numbers, and to determine
which, if either, isvlarger, is a vitally important characteristic of
the integers. Occurring because the ring of integérs is ordered, it
is one of many significant properties deriving from the order on Z.
The radix complement system, simulating a subsét'of the integers,
would be of much less value if it did not reflect, at least in part,
this order. Unfortunately, the modular nature of C; precludes it
having an order, so most order-related properties cannot hold. The
comparability of numbers can, nevertheless, be retained.

The concept of an ordered ring generalizes that of an ordered
field and is expressed in the following definitionms.

Definition R:.1

Let R be a ring. A non-empty subset P of R is called a
positive class if it satisfies each of the following:

i} P is closed under addition in R,

ii) P 1is closed under multiplication in R, and

iii) each element X in R satisfies exactly one of the

relations Xe P, - X =0, or X# P U {0}.

43
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Definition R.2

A Ting R is said to be ordered if it contains a positiﬁe
class. P. An element A of R which is in P is célled positive,
aﬁd’this situation is denoted by the symbol A > 0 (or O < A).
If an element A is either positive or zero, the symbol A > 0 (or
0 <A) is.used. For elements A and B of "R, if A-BgP then
A is greater than B (B is less ‘than A) and this is written as
A>B (B<A). If A-B may also be zero, the symbol A >B (B < A)

is used.

Definition R.2 establishes the means for comparing integers.

The characteristics of the positive class expressed in Definition R.1
then lead to the other order-related properties of Z, including the

algebraic techniques needed to manipulate and solve equatiohs of in-

equality.

The radix complement system C; has both positive and nega-
tive integers among its signed value representatives. It is not, however,
an ordered rihg; it cannot. satisfy Definition R.1 and has no positive
class.A This is because C; is modular. Of the two elements 1 and
-1, exactly one must be positive, the other non-positive. Since each
of these elements additively generates the entire ring C;, and a
positive class is closed under addition, both of them would be positive,
a contradiction.

The term “positive" might cause confusion. The radix comple-
ment system, in its usual signed value form, contains a subset of

positive" elements. This name, however, is applied only to distinguish
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those elements of - C;. which represent nuﬁbers from the positive
class of Z. It does not imply the existence of a positive class .in
C;. This usage is qﬁite ﬁandy and will not be discarded. -

C; does‘not have a positive class, so Definition R.2 cannot be
applied to p;ovide relations for comparing elements. These relations can
be derived indirectly by restricting the integer order relations
<<, > and > to S;, the set of signed integer values for C;. Pro-
duced in this way, they do not come from an order on C;, and are thus
not proper order relations.. To emphasize this fact, they will be
called comparison relaiions, or c-relations.

Definition 5.1

Let A and B be elements of C;. The relation A .LT. B is
true (.LE., .GE., .GT.) if and only if the relation ¢(A) < ¢(B) is
true (<, >, >, correspondingly); where ¢ is the signed value map
from C; to Z. The relations .LT., .LE., .GE., and .GT. are

called the comparison relations (c-relations) on C;. The relations

.EQ. and .NE. are defined as the relations .= and # on C;,

respectively.

The last two relations, although not c-relations, are included

for consistenty, because the entire group of six (.LT., .LE., .EQ., .GE.,

.GT., and .NE.) often appear in high level programming languages as

relational operators. Other symbols may be used for them in various
languageg. The relation X .LE. Y is true if either X .LT. Y or

X. EQ. Y is true. Similarly, X .GE. Y if either X .GT. Y or

X .EQ. Y. These follow from Definition 5.1 and the order properties
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on z. Note also that X .LT. Y if and only if Y .GT. X. and
X .LE. Y if and only if Y .GE. X.

None of these relations provides an order for the ring C;.
However, two of them do form topological orderings on the set C;.
Topological orderings deal with elements of a system as abstract
"points," ignofing any algebraic structure of the system. They are
relations concerned with "maximal" and "minimal' elements of subsets
within the system. The three to be considered are the partial order,
the total (linear) order, and the '"well-oxrdering."

A partial order Q- on a set T is a relation on T. having
the properties of‘reflexivity (xQx for each x in T), anti-sym-
metry (xQy and yQx imply x =y for x and 'y in T), and
transitivity (xQy and yQz imply xQz for x, yand z in T).
If Q is a partial order on T, and has the property that either
xQy or yQx for each x and y in T, then Q is a total (inean

order. The set T is well-ordered by Q if Q is a total order, and

T has the property that each non-empty subset U of T has a "first
point" under the order Q; by "first point" is meant a point x in

U such that xQy for each y in U.

Theorem 5.2

1) L.LE. is a partial order on C;.
2) L.LE. is a total ordexr on C;.

3) C; is well-ordered by .LE. .
Proofs: 1) If A is in C; then ¢(A) < ¢(A), so A .LE. A

and .LE. is reflexive. For ‘A and B in C;, if A .LE. B and
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B .LE.‘A; then ¢(A) < ¢(B) and ¢(B):5_¢CA), so ¢(A) = ¢(B). - Since
¢ is one:to-one, this impiies A = B, and so .LE. is anti-symmetric.
With A, Band C in CT, if A .LE. B and . B .LE. C, then - $(A) < $(B)
and $(B) < ¢(C). But then ¢(A) < ¢(C), so A .LE. C, and " .LE. is
transitive.
2) Part i) ghows .LE. 1is a partial order. If A and B

are elements.of C;, then either’ ¢(A) < ¢(B) or ¢(B) < ¢(A) must
hold. Because ¢ is one-to-one this means either A .LT. B or

B .LT. A. Therefore, .LE. 1is a total order.

3) This follows because C; is finite and has a total order.

Corollary 5.3
1) .GE. is a partial order on C;.
2) .GE. is a total order on C;.
3) C; is well-ordered by .GE. .

The relations .LT. and .GT. have the transitive property, but

fail to exhibit reflexivity or anti-symmetry.

Computer Evaluation of C-Relations

It is important to be able to evaluate the comparison relations
using the radix complement system and its operations. Definition R.2
specified the order relations oﬂ Z by saying x >y if and only if
X - ¥y > 0. Since the sign of an element in C; may be tested, this
suggests using subtraction to establish the c-relations. This will
not always work,'unless certain other constraints are met. Before

investigating those conditions, some further information concerning
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the homomdriahism P Z > ’C;, the signed value map b: C; + Z, ‘and
the c-relations may. prove useful. In what follows, no distinction will
be made between elements of C:l and- their corresponding integer signed
values, unless clarity demands. ‘ Use of an integer order relation im-
plies its arguments should be taken as signed integer values.‘
Lemma 5.4

A If x is an integer such that Nm < x < Pm, then ¢(¥(x)) v= X.

Proof: This should be clear from the definitions of ¢ and .

Lemma 5.5
If x and y are integers such that Nm < x <y < Pm, then
Y(x) .LT. ¥(y). The same is true if < is replaced by any other order

relation on Z, and .LT. by the corresponding c-relation on C;.

Proof: By contradiction. Suppose PY(x) .GE. P(y). Then, by
definition of ..GE., ¢(P(x) > ¢(¥(¥)). Since N 2x<P, and
Nm <y=< Pm, the preceeding lemma gives x >y, a contradiction. The

proof for the other relation-comparison relation pairs is similar.

Corollary 5.6

Let x be an integer. If 0 < x < Pm then ¥(x) .GT. 0, and
if Nm < x < 0 then ¥P(x) .LT. 0. (And similarly for the other rela-
tion-comparison relation pairs.)

Proof: Note that ¢ is a homomorphism, so Y(0) = O.

Lemma 5.7

1) If x 1is an integer wifh Pm < x < Pm - Nm, then ¢(x) .LT. O.
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2) ’I.i:‘ x is an integer with Nm - Pm < x < Nm, then (x) .GT. 0.
Proofs: - 1) 'This is clear because C; is a modular system
isomorphic to Zrm, ‘and Nm in some sense '"follows" Pm, as Pm €B 1 = Nm.
. Thus, Y(Pm + 1) = Nm, $(Pm + 2) = Nm & 1, , Y(Pm - Nm) .= -1,
2) The argument here is similar, except Pm "preceeds" Nm, as

Nm e 1 = Pm. Hence, . y(Nm - 1) = Pm, Y(Nm - 2) = Pm el1, ..., P(Nm - Pm) = 1.

The Subtraction Test

To see how important this is to computer users, we examine the
subtraction test. Subtraction alone will not always correctly ’deter-—
mine the c-relations between two elements of C!rn. If X eY over-
flows, it will have the opposite sign from that required for a valid
comparison of X and Y. Iq Ci, the subtraction gives (-7) o 6 = 3,
indicating -7 .GT. 3, which is falsp.

Theorem 5.8 ‘

Let X and Y be elements of C;. If X eY does not over-
flow, then X .GT. Y if and only if (X e Y) .GT. 0. (The same is
true if .GI. is replaced by .GE. .)

Proof: If X .GT. Y, then X >Y and 0 < X - Y. Since
X © Y does not overflow, X -Y < Pm,l so 0 <X -Y < Pm, and by
Lemma 5.6, Y(X - ¥) .GT. 0. Since Y(X - YY) = X o Y, this gives
(X eY) .GT. O.

If (X e Y) .GT. 6, then ¢(X e Y) > 0. Since X oY does
not overflow, ¢(X e Y¥Y) =X ~-Y, so X -Y>0 and X > Y. Thus

X .GT. Y.

A similar proof holds for the .GE. . c-relation.
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Theorem 5.9

Let- X and Y be elements of- C;. If X é Y overflows, then
X .GT.-Y if and only if (X e Y) .LT. 0. ‘

Proof: 1If X .GT. Y, then 0 < X - Y. Then, since Xeo Y
overflows, Pm < X - Y < Pm - Nm, Lemma 5.7 now shows that (X - Y) .LT. O,
and this gives (X'e Y) .LT. O. o

If (Xe Y),.LT.‘b, then ¢(X e Y) < 0. The overflow condition
and bounds on subtraction imply Nm - Pm < X - Y <Nm or Pm< X -Y < Pm - Nm.
If Nm - Pm < X - Y < Nm, then Lemma 5.7 gives (X e Y) .GT. 0, a contra-
diction. Thus, Pm < X - Y <Pm - Nm, so 0 <X~ Y; Therefore, X > Y

and X .GT. Y.

It is not necessary to extend Theorem 5.9 to the .GE. c-relation.
If X e Y overflows, then X .NE. Y.

This last theorem épecifies'exactly when the subtraction test
fails. It fails when the subtraction overflows. Thus, to have a better
idea of when the test succeeds, it will be useful to characterize over-
flow for subtraction.

Theorem 5.10
‘Suppose X and Y are elements of C;, such that X .GT. Y.
Then X e Y does not overflow if any of the following occur:

1) X and Y have the same sign,

2) Y .GE. (X e Pm), or

3) Y .LT. (X Pm) and (X e Pm) .GE. X.

The subtraction X .Y will overflow if

4) Y .LT. (Xe PM) and (X e Pm) .LT. X.
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Conditions 1), 2) and 3) are not mutually exclusive. The first is a
partial combination of the other two; It is included because of the
simple relation between X and Y. Conditions 2), 3) and 4) are
both exhaustive and mutually disjoinf.
The next two lemmas will be useful in the proof of Theorem 5.10.
Leﬁma 5.11
Suppose X and Y are elements of C;, with Y .GT. 0. Then
V(X e Y) .LT. X if and only if Nm < X - Y < Pm.
Proof: Suppose (X e Y) .LT. X. If X - Y < Nm, then
Nm - Pm < X - Y < Nm. Lemma 5.7 then implies y(X - Y) .GT. 0, so
(X e Y) .GT. 0. 1t also follows that X < Nm + Y, and, because
Nm + Y < 1 for either a balanced or unbalanced system, that X < 0
and X .LE. 0. The transitive property of .LT. then implies
X .LT. (X e Y). This contradiction means Nm < X - Y. Since Y > 0,
it follows that X - Y < X, so X - Y < Pm, and therefore, Nm < X - Y <
Now suppose Nm < X - Y < Pm. As before, X - Y <X, so
Nm < X - Y <X <Pm. Lemma 5.5 then implies (X ~ Y) .LT. X, so

(X e Y) .LT. X.

Lemma 5712
If X and Y are elements of C;, with Y .GT. 0 and
X .LE. (X'® Y), then X - Y < Nm.
‘ Proof: This is essentialiy the contrapositive of one part of
Lemma 5.11. X .LE. (X e Y) implies that Nm < X - Y < Pm is not
true. As in Lemma 5.11, X - Y < Pm, so it must be true that

X - Y < Nm.~
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Proof: of Theorem 5.10:

1) 1In this case, either 0 .LT. Y .LT. X .LE. Pm or
‘Nm .LE. Y .LT. X .LT. O. Thus, either 0 <Y < X < Pm or
~Nm <Y < X <0. The range restrictions in both cases guarantee .
Nm < X -~ Y < Pm, for either a b'élanced oi- i;trtbahl.anc':ed system, so there
is no overflow in X e Y. The conditionbl X .GT. Y is not needed here.

2) If X and 'Y have thé same sig'n,' case 1) provides the
conclusion. Suppose X and Y do not have the same sign. Then,
since X > Y, it must be true that X >0 and Y <0. Thus X -Y >0,
and Nm < X - Y. Now, with X .GT. Y and Y .GE. (X e Pm), it follows
that X .G’I;. (X e Pm) or (X e Pm) .LT. X. Because Pm .GT. O,
Lemma 5.11 gives Nm < X -~ Pm < Pm. This means X e Pm does not
overflow, so ¢(X o Pm) = X - Pm. Then Y > ¢(X e Pm), so Y > X -~ Pm
and X - Y < Pm. Therefore, Nm < X -Y <Pm, and X e Y does not
overflow.

3} As in part 2), it is only necessary to consider when X
and Y have opposité signs, with Nm < X ~ Y. For the other bound
on X - Y, the hypofhesis gives X .LE. (X e Pm), so applying Lemma 5.12
yields. X - Pm < Nm. Since Nm <Y, this becomes X - Pm <Y, and
X~-Y<Pm. Thus Nm <X - Y <Pm. so XeY does not overflow.

4) Here, Y < ¢(X e Pm).- As in: part 2),7(X e Pm) .LT. X im- .

plies that ¢(X e Pm) = X - Pm, so Y < X - Pm. Thus, Pm < X - Y and

X e Y overflows. The overflow is positive because X .GT. Y. :

Part 4) of Theorem 5.10 shows that precisely when

Y .LT. (X e Pm) and (X e Pm) .LT. X, the subtraction test will
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yield (X e Y) .LT. 0 when Y .LT. X. This is exactly the opposite
of what one would hope to have; the subtraction test fails to pro-
vide the proper c-relation. The condition under which this will occur
may be loosely stated as being'when X and Y are ''too far apart"
‘in the "positive'" direction.

The significance of the failure of subtraction to correctly
determine the comparison relations lies in the fact that in some
major computer languages and on some computers, particularly the smaller
mini- and micro-computers, users frequently rely on subtraction to pro-
vide these comparisons. In the larger computers, where the complexity
of arithmetic logic circuitry is less a.factor, there is often a
single machine instruction which will make valid algebraic comparisons
between any two elements of C;. This comparison may actually use a
subtraction process, but extra logic circuitry is provided to com-
" pensate when overflow occurs.

As an example, consider the IBM/360 and 370 computers. On these
machines, single instruction comparisons are available to provide
the correct c-relations between any two elements in ng or 616' The
FORTRAN IV language on these machines makes use of this compare instruction
in the "logical IF" statement to permit testing the c-relations. The
"relational operators“v .GT., .GE., .EQ., .LE., .LT. and .NE. provide
‘valid comparisons between any two 2's complement numbers. FORTRAN
also permits comparisons to be attempted indirectly using the less
reliable "arithmetic IF" statement. This statement does not actually
test the c-relations. Instead, it tests a number, perhaps the result

of evaluating an arithmetic expression, to see if it is negative, zero
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or positive; A test of c-relations is implemented by performing a
subtraction and testing the result. As shown in Theorem 5.10, this
procedure using the arithmetic IF can fail to provide the correct
c-relation. The logical IF will never fail. This situation may
be seen in the two programs below, with the output from their exe-
cutions.

Example 5.13

:This program uses the logical IF statement.

10 C EXAMPLE USING LOGICAL <IF¢
2 C
30 IA = 1500000000
40 IB = -1500000000
50 IF (IA .GT. IB) GO TO 10
1] WRITE(L.100) IB.IA
70 100 FORMAT(//////1%X-T12+¢ IS GREATER THAN #, I12)
an STOP
90 10 URITE(L-100) IA.IB
1aa STOP
110 END
END OF DATA
RUN
1500000000 IS GREATER THAN -1500000000
EDIT
Example 5.14

This program attempts to compare the same two numbers using the

arithmetic IF statement.

i
i
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M C EXAMPLE USING ARITHMETIC *IF*
C !

20 ,
E IA = 1500000000
4o IB = -1500000000
50 IF(IA - IB) 10.20.30
B0 10 WRITE (b-100) IB.IA
73 100 FORMAT(//////1%-I12:* IS GREATER THAN #. I12)
a STOP
90 20- URITE(L~101) IA.IB
100 - 101 FORMAT(1X-I12.¢ EQUALS #.I13)
110 STOP
20 30 WRITE(L~100) IA-IB
130 STOP
40 END
END OF DATA ‘ .
RUN
-1500000000 IS GREATER THAN 1500000000
'EDIT

Many FORTRAN IV programmers.use thé arithmetic‘IF for comparisons,

even when the logical IF is available. Older versions of FORTRAN or

versions for smaller computers may not offer the logical IF statement.

In such languages, no single statement can perform valid comparisons

facturers have never claimed that comparison by subtraction with the

arithmetic IF gave valid results with radix complement numbers. Some

for all pairs of radix complement numbers. To be fair, computer manu- . 1
. . X I
early versions of FORTRAN would not even permit such usage; the arith- !

. i

metic IF could not be applied to elements of C;, but only to float-

ing point numbers.
The situation with mini- and micro-computers is different.

These small machines have rather severe restrictions on the complexity

of their arithmetic circuitry. As a result, they are not usually able &

to implement the valid single operation "compare" of larger machines.

Many of these do, nevertheless, have a ''compare" operation; it con-

A A i L s s
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sists of pe:forming a4 subtraction of the two arguments (radix comple-
ment  integers) and settihg a collection of indicators or *"'flags'" ac-
cording to the résult. The flags set usually include "'result positive,"
"result negative," "result zero," and "overflow.' The latter is

very important because it indicates if the subtraction comparison is

in the failure situation.

Avoiding Subtraction Error

The subtraction error in radix complement comparisons is
fairly subtle. It can only occur when numbers of opposite sign are
compared, and not .always then. There are several ways it can be over-
come. .

The simplest approach is probably to avoid it. If the numbers
to be compared all have the same sign, the subtraction test will not
fail. Similarly, if magnitudes of the numbers are restricted so‘that
subtraction overflow cannot happen, then this test will suffice.‘ If
the C; system has a great many elements, restriction may not prove a

hardship. In ng on the IBM/370, integer values run from -2147483648

(-2°7 = N2,) through 2147483647 (23! - 1 = p2)). If the numbers
to be compared always lie between -1073741824 (-2°U) and 1073741823
(Z30 ~ 1), then subtraction will not overflow and may be used for

comparisons. However, for Cié on the IBM 1130, a valid comparison
would require restriction to numbers in the range from -16384 (-214)
to 16383 (2'% - 1). This is a severe limitation.

Magnitude and sign restrictions may be feasible in particular

situations, ‘but unacceptable in more generalized cases, such as in
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high-level programming languages. To have coﬁparison by subtraction
valid for arbitrary pairs in. C;, it must be done in two steps. One
possibility is to first check signs of the values being comparéd. The
second step is then subtractibn, but need be performed only if the
signs checked were the same. The subtraction will yield a valid com-
parison. Alternatively, the éubtraction'cquld be done fifst, followed
by a check for overflow. The presence of oferflow demands reversal
of the c-relation indicated by the subtraction; .LT. (.LE.) for
".GT. (.GE.) or vice-versa. The choice between these schemes is
hardware dependent, and rests on the relative.ease of comparing signs
or checking for overflow.

Another ﬁay to avoid the subtraction error is to imbed the C;
system in the Ci system for the comparison subtraction, where k > m.
This is a relatively simple procedure if the logic circuitry is so de-
signed; k - m extra digits are added as the most significant digits
to each number being compared. The new digits added to a positive
number are all zero, and all r-1 for a negative number. The signed
integer value is thus unchanged for an element imbedded in this fashion.
Furthermore, subtraction in C; of two elemen;s from C; will not
overflow; elements from C; may be validly compared by subtraction in
C-
k = 2m. This technique»coulg be used for built-in comparison operations;

Computers allowing double precision integer arithmetic may take

one extra digit (k = m+l) 'is sufficient.
" In what follows,.thé'coﬁpafiﬁon relations will be assumed as
part of C;; how they are determined will not matter. Because the

c-relations do not arise from an order, many properties of the order
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relations on Z will not hold for ,C;. The algebra of inequalities
in Z- is, however, quite uSéful, and it would be interesting to see

how much of it, if any, can be carried over to é;



CHAPTER 6
FINEQUALITI.ES WITH C-RELATIONS

The algebra of inequalities provided by the order relations
on Z allows the manipulation and sblution of equations of inequality.
Included are such theorems as these. (In Theorems I.1, I.2, and 1.3,
X, Y and é represent integers from 2Z.)
Theorem I.1

If x<y, them x +a<y+ a.

Theorem I.2
If x<y, and a > 0, then a*x < a-y.

If x<y, and a <0, then asx > a-y.

Theorem 1.3
If x<y, and a > 0, then x/a < y/a.
If x<y, and a <0, then x/a > y/a.

The division is the primary quotient in 2.

The first two of these will only partly carry over to C:;,' and
that with some difficulty. The problem, illustrated by Theorem 5.9, arises
when overflow occurs. Theorem 1.3 has an unusual form (with <) because
the division is the primary quotient, rather than the rational quotient.
Overflow does not occur in division, and this theorem carries over,

59
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mutatis mutandis to C;. Inequalities using the c~-relations will be
called c-inequalities,

The Modulo Reduction Factor

Since overflow will play an important role with c-inequalities,

! further consideration of it may prove helpful.

Lemma 6.1

Let X and Y be elements of C;, and let @c be any of the
arithmetic operations in C;, with @z the - corresponding operation in

the integers. Then ¢(X @c Y) = ¢(X) @z¢(Y) + krm, for some integer k.

This just expresses the modular nature of arithmetic in C;, as in
Definition 2.10. Again, the distinction between X and ¢(X) 1is often
ignored; the equation in Lemma.6.1 then appears as ¢(X @c Y) = X @z Y + kr".
The infeger k provides information éoncefﬁingboyerflow, and will be called

the modulo reduction factor (m.r.f.).

Lemma 6.2

1) There is overflow if and only if k # O.
2) There is positive overflow if and only if k < 0.

3) There is negative overflow if and only if k > O.
Proof: 1) If there is overflow, then ¢(X @c Y) # X @z Y,
so it must be true that kr™ #0. Thus k # 0. If k # 0, then

(X @c Y) £X @z Y, and there is overflow.

2) If there is positive overflow, then X @z Y > Pm, and
-{X @z Y) < -Pm. Since Nm < ¢(X @C Y) < Pm, it follows that

Xe,Y+k™ <Pm. Then kr" <Pm- (X@ Y) <0, so k<O.
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On the other hand, if k < 0, the bounds on ¢(X @c Y) force
X e, Y > Pm, and there is-vpositi‘ve overflow.

3)° The proof here is similar to that in 2).

For the operation of addi.tion, it is iJossible to give values
for the»modtlxlo reduction factor k.
Lemma 6.3
Let X and 'Y be elements of C:l. Then X @Y gives positive

overflow if and only if (b(x‘@ Y) X+Y-2" (k = -1), and negative

overflow if and only if ¢(X DY) = X + Y + r (k = 1).

bProof: Because Nm < X < Pm and Nm <Y < Pm, we have that
2*Nm < X + Y < 2*Pm. Since Pm - Nm + 1 = r™, this implies that
-i‘m <X+Y< rm. This in turn, with the bounds on ¢(X & Y), forces

|k| < 1. Application of the previous Lemma 6.2 completes the proof.

The modulo reduction factor with multiplication depends more on
the operands, and may have large value. It is closely related to the
digits truncated (or not formed) when the C; product is produced. To
see this, a more general definition of the modulo reduction factor will
be introduced. Mappings used are those of Chapter 2: the signed
value map ¢: C;; + Z, the unsigned value map n: C:l -+ Z, and the
natural homomorphism : Z -+ C;.

Definition 6.4
Let a be an integer, so that ¥P(a) is in C;. Then

$(P(a)) = a + krm, and k is the modulo reduction factor.

The definition of the modulo reduction factor in Lemma 6.1 is
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a special case of this. If A ’and B are elements of C;, then
$(A) - ‘and ¢(B) are iﬁtégers. Let @c and‘ @z be corresponding
operations in C; and Z, respectively. Taking "a = ¢(A) @z $(B)
giQesv Y(a) = A e. B, because P o ¢ is the identity map. The ex-
pression for k then becomes ¢(A @C B) = ¢(A) @z ¢(B) + krm, as in
Lemma 6.1.

Many computers, including the IBM/360 and 370, form a douﬁle
precision result for integer multiplication. With operands in C;,
the product is produced in C;m; truncatiﬁg the m most significant
digits of the extended result. gives the product in C;. The digits
truncated, taken as an element of C;, will ‘help provide the modulo
reduction factor for the multiplication. Signed and unsigned values
from both C; and Cgm will be needed. . These will be provided by
¢ and n, each applied to both systems.

Let A be .an element of C;m, with digital form

2om-1%2m-2 © " * am+1ama'm—,1 S RN

The digits a,1%me2 ¢+ ¢ - 318, are the m most significant
digits. They can be taken as an element of C;; this element will be
represented by Au' The digits .1 - - - 33 also represent an
element 'Al in C;. If A is the machine product of two elements
from C;,<then Au is the part truncated to give the radix complement
result Al.
Lemma 6.5

Suppose A is an element of C;m, with most and least signifi-

cant parts Au and ‘A1 as described. Then ¢(A1) = ¢(A) + krm,
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wheré
( A ) if 9(A)) >0 and ¢(A) >0,
A e i ”_?b(i'\li"s-.of and $(A) <0,
k =< A S : :
1 @y -1 if9@Aa) <0 and 6(A) 20, or
’ -nA) - 1+ if $(A;) <0 and ¢(A) < O.
L u . 1 :

Proof: Y(¢$(A)) ='A:l so kK 1is the modulo reduction factor
of Definition 6.4, with ¢(A}) = ¢(A) + kr™. From Definition 2.7,

(X)) = n(X) if ¢(X) > 0, and ¢(X) = n(X) - "

if ¢(X) < 0. This
may be applied to the equation for k in four cases.
Case 1. Suppose ¢(A1) = n(Al) and ¢(A) = n(A). Then
n(Al) = n(A) + krm, so kr® = -n(A) + n(A.l). Since n(A) =11(.1\u)r“.1 + T](Al),

this gives ke = -n(Au)rm, so k= -n(Au).

Case 2. q,(Al) = n(Al) énd ¢(A) = n(A) - rzm. Here,
k™ = -Tl(Au)I‘m . 1,Zm, so k = _n(Au) + 0,

Case 3. ¢(A)) = n(A)) - T and ¢(A) = n(A). Then
k" = -n(Au)rm -2 and k = -T](Au) - 1.

2m

" n(A) - . Then

Case 4. $CA) = n(A) - T

and 6

k = -n(Au) -1+ rm.

Lemma 6.5 gives the value of k in terms of the unsigned
value n(Au). Ordinaril)f, the‘unsigned value is not accessible in a
high-level programming language. Thus, it may be better to express k
using the signed value ¢(Au). The next theorem does this.
Theorem 6.6

Let A, Au and A, be given as in Lemma 6.5. Then -

1
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(A ) = ¢(A) + kr", where k. is the modulo reduction factor.

if Au and A ‘ have the same sign, or Au is zero, then,:‘
“0(A) T if ¢(A1) >0, or
“(A) -1 if ¢(A)) <oO.
If Au anci A have opposite signs, then
m .
-¢(Au) +s(Au) r if d)(Al) >0, or
m .
-¢(Au) -1+ S(Au) T if (Al) < 0.

‘Proof: The sign function s: C:; -+ {1, 0, -1}. The expressions
for k' are obtained from Lemma 6.5 by substituting ¢(Au) or
¢(Au) + " for n(Au), depending on whether’ Au is non-negative or

negative, respectively.

The form of this theorem makes the next corollary obvious. In
an unbalanced radix complement system, the most significant digit de-
termines the sign of a number. This means the signs of A and Au
will be the same.

Corollary 6.7
Let C; be unbalanced (r even), and let A, Au and A, be

1

given as before. Then the modulo reduction factor k is given by
-6(A) if ¢(Ay) 20, or
—¢(Au) -1 if ¢(A1) < 0.

Most significant radices in use are even, and the modulo reduction factor
is closely related to the digits truncated when a double precision re-

sult is reduced to C;. The situation is more complicated for odd
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- radix. Both parts of Theorem 6.6 must be used. This is illustrated in

the following example.

Example 6.8

Consider the four digit 3's complement system, Ci. It is
balanced, and elements appear as four digit numbers in base 3. Let

A = 1000. Then A = 10 in cg. Since ¢(1000) = 27 and ¢(10) = 3,

the numbers A and Au have the same sign., If A = 1120, then

Au = 11 in Cg. Now, however, ¢(1120j = -39 and ¢(11) = 4, so A
and Au have opposite signs. Note that Pi = 1111 and Ni = 1112

while Pg»= 11 and Ng = 12.

Applying Theorem 6.6 to obtain the modulo reduction factoxr for

a product X*Y of elements from C; requires that A = P{dp(X)*¢(Y)},

T

where Y: Z Com

. Then A is the double precision machine product of

X and 'Y.

C-Inequalities with Addition and Multiplication

The next lemma provides some insight into a relationship between
positive and negative overflow. Because C; is a ring, it is true
that (X @ Y) & (-Y) = X. The lemma indicates how overflow comes into
play in the intermediate results as (X ® Y) ® (-Y) is calculated.
Lemma 6.9

Let X and Y be elements of C;, such that Y # -Y.

does not overflow,
JIf XeY has positive overflow, then
has negative overflow,
: does not overflow,

(xXeY) & (-Y) has negative overfiow,
has positive overflow.
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Proof: If X &Y does not overflow, then bqb(x DY) = X'+ Y.
The restriction on' Y implies ¢(-Y) = -Y. Thus there is an integer

k, with [k| < 1, such that
XOY) @ (-] = d(X®Y) + ¢(-Y) + kr® =X + Y - Y + kr™ = X + kr".

Since ¢[(X @ Y) @& (~-Y)] = ¢(X) = X, this means fhat k =0, so
(X ®Y) &(-Y) does not overflow.

Supposel X® Y has positive overflow. Then
G(X®Y) = X+Y - " As befoie, there is some integer k, with

x| <1, such that
X=¢[X@®Y) B (-Y)I = X+Y -2 =Y + ke = X - £ + kr™.

This means k = 1, so (X ® Y) ® (-Y) has negative overflow. The

case where X ® Y has negative overflow is similar.

The next theorem establishes a basic property for c-inequalities
involving addition. .
Theorem 6.10
Let X, Y and A be elements of C;.
1) 1If neither X ® A nor Y & A overflow, or both do, then
X .LT. Y if and only if (X @& A) .LT. (Y ® A).
2) If exactly one of X® A or Y ®A overflows, then
X .LT. Y if and only if (X ® A) .GT. (Y & A}.
Proof: We begin with two observations. First, X .LT. Y means
that X < Y. Second, to have positive overflow from a sum'requires
both summands to be positive, while negative overflow re'quires' both

to be negative.
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Proof of 1): Suppose that X .LT. Y. Then X <Y and
X +A<Y+ A. If neither X ® A nor. Y ® A overflow, then
Nm < X+A<Y+A<Pm, and Lemma 5.5 gives (X ® A) .LT. (Y & A).
If both X®A and Y ®& A overflow, then they must both have positive
overflow or both have negative overflow. This is seen by the remark
above; if X @ A has positive (negative) overflow, then A must be
positive (negative), implying that Y ® A must also have positive
(negative) overflow. Suppose they both have positive overflow.
Then ¢(X®A) = X+ A -1 and ¢(YDA) =Y + A - r". However,
X+A-2"<Y+A- rm, so (X ® A) .LT. (Y ® A). The argument for
negative overflow is similar.

Conversely, suppose (X @ A) .LT. (Y ®-A), so ¢(X ® A) < ¢(Y ® A.)
If neither X ®A nor Y ®A ovérflow,'this implies X + A <Y + A,
Thus X <Y and X .LT. Y. ‘On the other hand, if both X ® A and

X+A-1" and

Y & A have ;;ositive overflo-w, then ¢(X @ A)
(Y BRA) =Y + A -~ ™. This again gives X <Y, so X .LT. Y. As
before, the argument with negative overflow is similar.

Before béginning the proof of the second statement in the theorem,
another fact should be noted. If B, C and D are elements of C;,
with B .LT. C, such that exactly one of B®D and C ® D overflow,
then either C ® D has positive overflow, or B ® D has negative over-
floﬁ. This is easily seen, because B .LT. C implies that B + D < C + D;
to have exactly one term overflow, either C + D > Pm or B + D < Nm.

Proof of 2): Suppose X .LT. Y. As noted above, if only one of
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X®A and Y ® A overflow, then either ‘X ® A has negative overflow,

or Y @ A has positive overflow. Suppose X ® A has negative overflow.

This means ¢(X @A) = X + A + . Since Y ® A does not overflow, we

have ¢(Y QA)"=Y + A. Tt must be shown that X + A + © > Y + A.

With X <Y, bounds on X and Y give Y ~ X <Pm -~ Nm < . Thus,

X + s Y, and so X + A + > Y + A, Therefore, (X ® A) .GT. (Y ® A).
Suppose, instead, that Y @ A has positive overflow. Then

G(XPA) =X+A and P(Y®A) =Y + A - ", so it is necessary to

‘prove X + A>Y + A - ™. The argument above established that

Y -X<o Thus,.X>Y-rm, so X+A>Y+A-rm, and again
(X ®A) .GT. (Y ® A).

For the converge in 2), assume (X & A) .GT. (Y ® A). We will
then suppose that X .GE. Y and attempt to produce a contradiction.
If X .EQ. Y, then (X & A) .EQ. (Y ® A), which clearly cannot be true.
Thus, X .GT. Y, which is equivalent to Y .LT. X. Applying the first
half of the proof for part 2) to this gives (Y ®A) .GT. (X & A).
This is equivalent to (X @& A) .LT. (Y @ A), and also clearly false.
Therefore, it must be true that X .LT. Y.

This concludes the proof of Theorem.6.10.

The preceding theorem chafacterizes 'vthe“p.resérvétion of the
c-relation .LT. wunder addition. Sil.nil'azv- stafeme'nts may be made for
the other c-relations .' The question should now be raised as towhether
a similar result will hold for the operation of multiplication. Un-~

fortunately, if overflow is present, no such simple statement may be

"made. Without overflow, the situation is like that in the integers Z.
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Theorem 6.11 ‘
Let X, Y and A be elements of Cr. If neither' X*A nor
Y*A overflow, then the folléwing are true:
1) If A .GT. 0 then X .LT. Y if and only if (X*A) .LT. (Y*A),
2) If A .LT. 0 them X .LT. Y if and only if (X*A) .GT. (Y*A).
Proof: These both follow directly from the condition that there
be no overflow. Because of this ¢(X*A) = X*A and ¢(Y*A) = Y-A,
so the c-relation .LT. is equivalent to the relation < in the

integers.

With overflow in X*A or Y*A, or both, there is no simple
solution. Success was achieved for addition because the amount of
overflow was strictly limited; the modulo reduction factor had magni-
tude less than two. The m.r.f. in X*A or Y*A 1is not so restricted.
It depends on both the signs and magnitudes of the operands. An example
will illustrate this.

Example 6.12

Consider the 2's complement system with four digits (bits). 1In
signed integer form, Ci = {-8, -7, -6, ... , -1, 0,1, 2, ... , 6, 7}.
The modulo reduction factor k is determined from ¢(X*Y) = X-Y + krm, where
Y] C; + Z is the signed value map. In this system, it is true that
3 .LT. 7, and the c-relation between 3*A and 7*A is shown in the fol-

lowing table for various values of A.
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-c-relation of

‘modulo reduction factors

A 3*A 7*A 3*A and 7*A of 3*A of 7*A
1 3 .LT. 0 0
3 -7 5 .LT. -1 -1
4 -4 -4 .EQ. -1 -2
5 -1 3 .LT. -1 -2
6 2 -6 .GT. -1 -3
7 1 .GT. -1 -3

Depending on the magnitude of A,

ble between 3*A and 7*A.

PO T . : .
Division on Cm is not a modular operation, and does not pro-
duce ovexrflow.

balanced system, it is the same as the primary quotient in Z.

Theorem 6.13

Let X, Y and A be elements of C;, such that both X/A and
Y/A are defined, with A .GT. O.

and the latter c~inequality cannot be more strict.

Proof:

of C; and its signed value ¢(B). If X and Y have opposite
signs, then X/A and Y/A have opposite signs, unless one or both of
them are zero.

respective numerators, so (X/A) .LE. (Y/A). If either of X or Y

Since

C-Inequalities with Division

are zero, take them as having opposite signs.

A .GT. 0, any c-relation is possi-

Except for the undefined quotient Nm/(-1)

If X .LT. Y then (X/A)

Again, no distinction will be made between an element B

A .GT. 0, the quotients have the same sign as their

Consider the situation when X and Y have the same sign, letting.

R1 and Rz be the rémainders from X/A and Y/A, respectively. From

Chapter 3, X/A- satisfies the integer equation X = ¢(X/A)°*A + R
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Similarly, Y = ¢(Y/A)*A + Rz. Since X <Y, it follows that

G(X/A) =A + R, < ¢(Y/A)-A‘+ R, so

1) [(X/A) - ¢(Y/A)IA < R, - Ry
Suppose (Y/A) .LT. (X/A). Then ¢(Y/A) < ¢(X/A), and ¢(X/A) - ¢(Y/A) > O.
Because these inequalities involve integers, this implies
$(X/A) - ¢(Y/A) > 1, and with 1) above gives

2) 0<A< R2 - Rl‘

Since X and Y have the same sign, the remainders R, and R,
have the same sign also. The division theorem in C; also shows
[R;] < [a] and [R,| < |A], so it must be true that IR, - R/| < A.
This contradicts inequalitxJZJ, implying that . (Y/A) .LT. (X/A) is
false. Hence, (X/A) .LE. (Y/A). '

To see that this c-inequality cannot be more strict, consider
the following example. Let A be any element of C;, such that
1 .LT. A .LT. Pm. Then take X = A and Y=A®1, so X .LT. Y.

The choice of A insures no overflow occurs in deriving Y. The

quotients are (X/A) =1 and (Y/A) = 1, so that (X/A) .EQ. (Y/A).

Theorem 6.14

Let X, Y and A be elements of C;, such that both quotients
X/A and Y/A are defined, with A .LT. 0. If X .LT. Y then
(X/A) .GE. (Y/A), and this second c~-inequality cannot be made more
strict. ’

Proof: This follows in essentially the same way as Theorem 6.13.
The counterexample will have Nm .LT. A .LT..—l; with X=Ae 1 and

Y = A, to give X/A .EQ. Y/A .EQ. 1.
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In these basic results; the c-inequalities exactly simulate the

integer inequalities when overflow is abseht,. The occurence of
overflow causes difficulty. There are many directions which could now
be persued with c-inequalities; but will not. Instead, attention will

PR . T - . N - -
be returned to division in Cm’ and its interaction with other radix

complement operations in more complicated expressions.



CHAPTER 7
A "RATIONAL' ALGEBRA FOR C;

The division operation in the radix complement system is dis-
tinct from both of the ring operations addition and multiplication.
In particular, it is not the "inverse" of multiplication. Any study
of C;, then, should investigate interactions between division and the
other two operations. This will be done in two parts. The first con-

siders only division and multiplication.

Division and Multiplication

In a field, division and multiplication are closely related.
bivision is the "“inverse" of multiplication in the sense that it is
‘multiplication by the multiplicative inverse; $-= x-y'l. Division
in C; does not have this property; it is a distinct third operation
on thg ring. Nevertheless, there is some relationship between multi-
plication and division in C;. Certain properties of field operations
are approximated by radix complement operations.

x*a

Consider the field properties 1) gw a = X, 2) ST x

and 3) =y if and only if Xx = a-y, where a # 0 in each case.

[ L]
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None of these hold in C:. Studying_;ﬁgm:;n: C; may: yield insight
into the relationship betweén division and mulﬁipiicatiqn. To simplify
notation involving the remainder in division, the function rem will
be used; rem(A/B) gives the remainder from the quotient A/B, for
A and B in either C; or Z. It is defined when its argument is
a defined quotient. The expression rem(A/B) = A e (A/B)*B gives
its value for C;. That is,if A = Q*B ® R ‘and A/B = Q, then
Tem(A/B) = R.
Theorem 7.1

Let X and A be elements of C;, such that X/A is defined.
Then (X/A)*A = X if and only if rem(X/A) = 0.

Proof: The division theorem of Chapter 3 gives X = (X/A)*A ® rem(X/A).

The result here follows directly. WNote that (X/A)*A does not overflow.

Theorem 7.2

Let. X and A be. elements of C;. Then (X*A)/A = X if and
only if X*A does not overflow. . - . ‘ ‘

Proof: If X*A does not overflow, then X*A = X*A. Elements
of C; and their éigned values are not distinguished. Since (X*A)/A =X
in z, it follows that (X*A)/A =X in Cl.

Suppose (X*A)/A ; X. The note in the proof above implies that

[(X*A)/AT*A does not overflow. Thus. X*A does not overflow.
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These theorems may be used directly to prove the following.
Theorem 7.3 ‘

Let X, Y.and A be elements of C;, such that X/A is defined.
1) If zrem(X/A) = 0, then X/A =Y implies X = A*Y,

2) If there is no overflow in A*Y, then X = A*Y implies X/A = Y.

Corollary 7.4
Let X, Y and A be elements of C;, such that X/A . is defined
and exact (rem(X/A)=0) and Y*A does not overflow. Then X/A =Y

‘if and only if X = A*Y.

The restriction to an exact quotient is quite severe. It is
needed because information is lost when the division remainder is dis-
carded. This loss is essentially from the low order significant digits.
Overflow represénts a loss of information in‘the high order digits.
Overflow loss is generally associated with large magnitude arguments,
while remainder loss occurs with all magnitudes.

A result of some utility is included here.

Theorem 7.5

Let X and A be elements of C;, such that X/A is defined
and A .GT. O. ‘Then X e (X/A)*A = X mod A.

Proof: X e (X/A)}*A = rem(X/A). This is how X mod A is often

defined.

Theorem 7.5 also holds for primary division in the integers.
Another property of fields (actually of integral domains) must

be restricted in CQ. The radix complement system is-a ring, but not
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an inteégral domain; divisors of zero do exist (262144 * 16384 = 0 in Cizj.
This means. the cancellation law of multiplication'will not generally hold,
so .A*x = A*Y does not always imply X = Y. For example, in Ci,
2
32’
while 262144 # 0. 1t can be shown that the cancellation property does

4*3=4*7,but 34£7;in C 262144 * 16384 = 0 * 16384,
hold if there is no overflow.
Theorem 7.6

Let X, Y and A be elements of C;, and suppose neither A*X
nor A*Y overflow. If A*X = A*Y, then X = Y.

Proof: ﬁecause there is no ovefflow, ¢(A*X) = A*X and
¢(X*Y) = A*Y. Since ¢ is one~to-one, A*X = A*Y, so X =Y in both

: r
Z and Cm'

The Algebra of Fractions

Division in C; approximates the rational field division.

For integers x and Yy, the primary quotient x/y and the rational
quotient '5- differ by less than one. The primary quotient has the
smaller magnitude because it represents the integer part of the rational
quotient. From its definition, division in C; will have the same
property. .

This suggests another way of investigating the C; operations:
evaluate the basic rules of rational arithmetic in C;, particularly
those involving division. Quantizing the approximation leads to a
non-standard form for expressing rational numbers.

In the work to follow, elements of the integer system 2Z will

be represented using lower case letters,” and:elements of ‘C; using
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upper case letférs. An_exception to this will occur when no distinctién
is made between an eiemént A in Ci and its signed integer value
¢(A); in this case, A may be either an element of C; or the signed
intégef valué, depending on context. The function s: Z - {1, o, -1}
is the sign function. It is applied t&.thé signe& values for elements
of C;. o : ‘ . -

Before considering rules of algebra, a fool of considerable
utility will be derived. It is a method of reducing integer equations
into the quotient-remainder form a = q*b + r of Chapter 3, where
q = a/b and r is the remainder from the division.
Theorem 7.7 (the reduction theorem)

Let a, b, cand d be integers, such that a = cb + d and
a/b is defined. Then there exist unique integers £ and r such

that a = (c + f)b + r, where ¢ + £ = a/b, r has the same sign as a,

and |r| < |b|. The value of f is given by
d/b if s(d) = s(a) or a=0 or rem(d/b) = O,
f = d/b -1 if s(d) # s(2) and s(a) = s(b), or

d/b + 1 if s(d) # s(a) and s(a) # s(b),

where s 1is the sign function. The value of r is given by r = d - fb.
Proof: 1If the equation a = cb + d can be put into the form

a=(c+ £f)b+r, with s(r) = s(a) and |r| < |b|], then Theorem 3.3

gives the uniqueness of r and that ¢ + £ = a/b. Since a/b is

unique, f is unique. It must be shown that the transformation can

be made.

If either a =0 or d = 0, then the result is trivially
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true. Suppose a £ 0 .and d ;é 0. Then the primary division algorithm
_showsfﬁat. v v
d = (d/b)b + T,

where r' = rem(d/b), s(xr') = s(d), and |r'| < |b]. This means that

a=cb+d=cb+ (d/b)b + ', or

(1) a = (c +d/b)b + r'.

If s(d) = s(a), thén s(r') = s(a), and the proof is complete with
f=4d/b and r = r'. The same is true if r' = 0.

If » #0 and s(d) # s(a), then s(r') # s(a), so equation (1)
above is not qu:{te in the form of the primary division theorem. That
form may be achieved by adding *b to remainder r', with corresponding
adjustment tf’ the other terms. If s(a) = s(b), then s(b) # s(xr').
This means s(r' +b) = s(a) and |r' + b] < |b|. Thus, taking
f=d/b-1 and r=1r' +b completes the proof. If,on the other
hand, s(a) # s(b), a similar argument will show £ =d/b + 1 and
r = r' - b produce the desired conclusion. The desired value for r
is achieved by expanding the right side of a = (c + £)b + r to
get a =cb + (fb + r). Because a = cb + d, it follows that
r = d - fb. This proof also shows that the value of r may be given
by A

rem(d/b) if s(d) = s(a) or a=0 or rem(d/b) = 0,
r = rem(d/b) + b if s(d) # s(a) and s(a) = s(b), . or
rem(d/b) - b if s(d) # s(a) and s(a) # s(b).
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Theorem 7.8

Under the hypotheses of the preceding theorem, if there exist
elements’ A and B in C;, such that a2 = ¢(A) and b = ¢(B),
and the quotient A/B -is defined, then c¢ + f = ¢(A/B) and there is
an element R in C; with r = ¢tR).

Proof: The proof of the previous theorem will not carry over
to C; because the form A = Q*B ® R in C; does not provide a umnique

value for Q. However, in the integers we have
A =cB + d.
Reduction in Z now provides

A

(c + £)B + 1,

A/B, s(r) = s(A) and. |[r| < |B]. It was noted before

wheré c + f
that ¢(A/B) = A/B, so c + £ = $(A/B). The bound on the magnitude

of r shows there is an element R in C; such that r = ¢(R).

Theorem 7.8 giveé a reduction theorem in C; paraileling
Theoiem 7.7 in the integers} “For it to wbrk; particularly to pro-~
" vide the uniqueness of f, the intermediate stages must be performed
in 2. This will prove useful in many proofs to follow.
The definition and theorems bélow, taken from the algebra of
the rational numbers, will serve as the basis for studying the inter-
action of divisiﬁn with multiplication and addition. It is assumed

that the denominators are not zero.
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1. A=%  if and on1y if AD - BC - (Definition)
158 %=:—A=-(:%),‘= S
IvV. %-= %%y C f Q (Fundamental Principle of Fractions)
AT ey
vI. %*%=AD;DBC
vir, A.C_AC
virr. 5§+ £-42
1. £-% if and only if AD = BC

The definition of equality between rational numbers (I. above)
is fundamental to the rational number system, so it might be good to
see how closely this property carries over to C;. Substantial modi-
fication can be expected; the loss of the remainders from the A/B and
C/D suggest this, even before considering overflow in A*D and B*C.
Theorem 7.9 .
Let A, B, C and D be elements of C;, such that both the T

quotients A/B and C/D are defined. Let R, and R2 be the re-

spective remainders, and suppose that none of the products

A*D, B*C, R,*D or RZ*B overflow. Then

1

A*D = B*C if and only if A/B = C/D and RpDi= R,*B.
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ﬂe_foré proving this théorem, it may help to have a lemma concern-
ing the 'r.ational numbers. This will also provide further insight Jinto.
the nature of the primary division operation. .
Lemma 7.10 ‘ ‘
Let a2 and b be integers, with b # 0, and let r be the

remainder from a/b. Then % = (a/b) + -E

Proof: Note that a/b is an integer, and by the primary division
theorem a = (a/b)b + r. This is an integer equation, but taken as
an equation in the rationals, both sides may be divided by b to give
a_ I
5= (a/b) + 5
The form. -(a/b) + % is just the "mixed" form of the rational number
%, and the primary quotient of two integers is, as noted before, the
integer part of that rational quotient. With this in mind, it follows

that for integers a, b, candd (b #0 and d #0), we have == 5

if and only if a/b = ¢/d and _;;1_ = ZZ , -where r and T are

1 2
the remainders from a/b and c/d, respectively.  Furthermore, %l:fag
if and only if rld = rzb, so that
[¢)) 2 =% if and only if a/b = ¢/d and rd = T,b.

Proof of Theorem 7.9: From the no-overflow conditions,
A*D = B*C is equivalent to A*D = B+C. This in turn is equivalent to
%, which by (1) above, is the same as ‘A/B = C/D and R1D = RZB'
Again, by the no-overflow conditions, and because  ¢(A/B) = A/B ' and

®|>

¢(C/D) = ¢/D, this last is equivalent to A/B = C/D and RI*D = RZ*B.
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The ‘chain of equivalences gives

‘A*D = B*C if and only if A/B = C/D and 'Rl*D = RZ*B.
The overflbw conditions required in Theorem 7.9 seem fairly severe.
They can be weakenedjconsiderably if the‘theorem is not stated as
an equivalence. . v
Theorem 7.11 )
Let ’A, B, C and D be elements of C;, such that both A/B
and C/D are defined. Let . R1 and Rz be the respective remainders.
1) If the modulo reduction factors of A*D and B*C are the
same, then A*D = B*C implies A/B = C/D and Rl*D = RZ*B.

2) A/B.= C/D and RI*D = Rz*B imply  A*D = B*C.

Proof: 1) Let k1 and k2 be the modulo reduction factors
for A*D and B*C, respectively, so that A*D = A*D + klrm and

B*C = BeC + kyr. Then A*D = B*C implies that A+D + k;T" = BeC + k,x".

By ‘hypothesis, k., = kz, so A°D = B*C. From the proof of Theorem 7.9,

1
this implies that A/B = C/D and R;D = R,B. Because of the ring

homomorphism into C;, this will make RI*D = RZ*B, so A/B =C/D

and R *D = R,*B.
1
Then A*D = (A/B)*B*D @ R,*D and B*C = (C/D)*B*D & R,*B.

2) The division theorem in C; giVes  A= (A/B)*B®R, and
C= (C/D)*D ® Rz.
Because A/B = C/D, it is true that (A/B)*B*D = (C/D)*B*D. The hypothesis

provides R, *D = R,*B, SO A*D = B*C.

1

The need in part 1) of Theorem 7.11, to have both modulo reduc-
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fion factors the same is shown in.this éxémple.
Example 7.12
i Consider the four bit 2's complement system, ci'#'{-s, -7, ee. 5, 6, 7).
‘Let A=5, B=4, C=1 and D=14. Then A/B =1 with remainder

Rl = 1, and C/D = 0 with remainder R, = 1. Note that A*D =5 * 4 = 4,

with modulo reduction factor k; = -1, and B*C = 4 * 1 =4, with k, = 0.
The remainders give Rl*ﬁ =1*4-= RZ*B. Thus A*D = B*C and
R;*D = R,*B, while A/B # C/D. Note that k, # k,.

. Most users assume the radix complement system is (or at least
simulates) a subset of the integers, and that C; X C; simulates a
subset of Z x Z. It might then be possible for C; x C; to model
a subset of the rational numbers. The work above does not any the
possibility, when overflow is absent. Theorem 7.9 also suggests that
a subset of C; b C; x C; might be used for the same purpose. One
component of the ordered triple corresponding to %— would represent
the integer part A/B, another component the remainder, and the third,
the denominator B. All three would be needed to test equality of
triples, aé indicated in Theorem 7.9. Such a set of ordered triples

would simulate the rationals in mixed form. This will be considered

shortly.
A_-A_ _cA L LA
II. T8 (- & = (_ )
. AL LA AL A -
I -3 = -(5p = —

These properties translate almost directly into the radix com-

plement system, providing the divisions are defined. Differences arise
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when C; is unbalanced,; because then Nm = oNm.

Theorem 7.13

Let A and B be elements of C;, such that A/B is defined.
1) If c; is balanced, or if c; is unbalanced and
A # Nm, then
A/B = eA/eB = eo(eA/B) = o(A/oB) and

‘e(A/B) = o(eA/eB) = eA/B = A/eB.

2) If C; is unbalanced, A = Nm, and B'# Nm, then

A/B = e(eA/eB) eA/B = e(A/eB), and

e(A/B) = eA/eB = e(eA/B) = A/eB.

3) 1If C; is unbalanced and A = B = Nm, then
A/B = eA/éB = oA/B = A/eB, and
e(A/B) = e(eA/eB) = o(eA/B) = e(A/eB).

To avoid ambiguity, the unary minus sign e is taken to have
higher precedence than any other arithmetic operator; it will be ap-

plied before any other operator. This reduces the number of parentheses

required in an expression.
Proof: 1) If the system is unbalanced and B = Nm, then all 5
the quotients are zero, yielding both sets of equalities. If the

system is balanced, or if it is unbalanced and B # Nm, then both

$(eA) = -A - and ¢(eB) = -B.' Since ©A/B # Nm and A/eB # Nm, it
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follows that = ¢[e{eA/B)] = -¢(eA/B) and ¢[e(A/6B)] = -dp(A/eB).
Consider the four intéger quotien;s A/B, -A/-B, -(-A/B) and -(A/-B).
To see that these are equal note that the primary quotient x/y
takes as magnitu&e the integer part of +§% . This means all four
quotients have the same magnitude. If the magnitude of x/y is not
zero, its sign is taken to be the algebraic sign of the rational
number ; Thus A/B = -A/-B = -(-A/B) = -(A/-B)} in Z, and
A/B = eA/eB = eo(eA/B) = e(A/eB)} in C;. The other set of equalities
is derived by negating each term.

25 In an unbalanced system, with A = Nm, we have A = eA.
Thus eA/eﬁ = A/eB and eA/B = A/B. Since B # -1 .(else A/B is
not defined), the sign and magnitude argument of part.l) applies to
give A/B = o(®A/eB) = oA/B = e(A/eB). Negating each term again pro-
vides the second set of equalities.

3) If A =B =Nm in an unbalanced system, then both A = eA
and B = eB. This means A/B = eA/eB = eA/B = A/eB, where each quotient

is equal to one. The second set of equalities is obtained as before.

AC

A—__
Iv. B = BC », C#0

This property is known as the Fundamental Principle of Fractions
for a field. It is only approximately true in the radix complement
system if there is no overflow; in this case, the two expressions will
differ by no more than one. Overflow changes this considerably.

The difference between A/B and (A*C)/(B*C) may be‘charac—
terized in more than one way. It may be taken as an element of C;,

given by subtracting the expressions, or it may be given by subtracting
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the signed values of ﬁhe expressions as $(A/B) - ${(A*C)/(B*C)}. The
value.in C; is,équifalent.modulo ™ to the integer value, so this »
latter will be developed first.
Theorem 7.14 A

‘Let’ A, B and C be elemeﬁt; of C;, such that both A/B and
(A*C)/(B*C) are defined. Let kl and k2 be the modulo reduction
factors for A*C and B*C, respectively, and let R be the remainder
from (A*C)/(B*C). To simplify notation, let d be the integer

d= (R * kzi“‘zp{(A*cj /(8+*C)} - k;¥™)/C. Then
$(A/B) = ¢{(A*C)/(B*C)} + £,

where

s(A), . or A =0, or rem(d/B) =0

d/B if s(d)

£f=< d/B ~1 if s(d) # s(A) and s(A) = s(B), or

#
d/B + 1 if -s(d) # s(A) and  s(A) # s(B).

Proof: Let Q = (A*C)/(B*C). Then the primary division theorem
implies
$(A*C) = Q°¢(B*C) + R.

Introducing the modulo reduction factors k1 and k2 gives
A<C + kjr" = Q(B-C + k,T™) + R,
which simplifies to |
A-.C = Q*BeC + (R + k,¥'Q - k;T™).
Since this is an equation in the ihtegers, and two of the terms are

evenly divisible by C, the third term must also be divisible by C.
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Thus
A=QB+ (R+ kzer - klrm)/C.
Note that the‘righ;-hand tefﬁ is the integer d wused in the state-
ment of the theorem. The reduction theorem 7.7 now implies there is
an integer f, given by the expression above, such that (Q + £f) = A/B.
This is the same as ‘
$(A/B) = ¢{(A*C)/(B*C)} + f,

and the proof is complete.

The next lemma is for the special case when there is no overflow.
Lemma 7.15
Let x, y and ¢ be integers. If |[x{ < [yc|, then [x/c| < |y[.
Proof: Note the hypothesis implies ¢ # 0 and y # 0. From
the primary division theorem, x = (x/c)c + r, where s(r) = s(x)
and |r| < |e|. If |x]| < |yc|, then
[(x/e)e + ¢| < |yel.
Consider this integer inequality as a rational inequality. Dividing
both sides by |c| ‘gives
e%) [x/e) + Zf < [yl
If r = 0, the conclusion |[x/c| < |y| follows immediately from (1).
It also fo}lows'if x/c = 0, becauéé }'# C.';Suppose neither x/c
nor r are zérﬁ. Since Cx.‘andyvr' haﬁe.théﬂsamé sign,. x/c and %
“also ﬂéﬁé like signs. Thus . ‘
[x/e] < |x/e) + Z,

and combining this with (1) gives |x/c| < |y].




Corollary 7.16
‘Under theé hypotheses of Theorem 7.14, if neithexr A*C ﬁor

B*C overflow,. so that k1 = k2 = 0, then

$(A/B) = d{(A*C)/(B*C)} + £,

where
0 if s(R/C) = s(A), or A=0, or R/C =0,
£f=< 1 if s(R/C) # s(A) and s(A) = s(B), or
-1 if s(R/C) # s(A) and s(A) # s(B).

Proof: Since k; =k, = 0, Theorem 7.14 applies with d = R/C.
Because R is the remainder from (A*C)/(B*C), we have [R| < |¢(B*C)]|.
The no-overflow condition means $(B*C) = B+C, so |R| < |BeC|. By
Lemma 7.15, this implies |R/C| < |B|, which gives d/B = (R/C)/B = 0
and rem(d/B) = R/C. Using this in Theorem 7.14 yields the desired

form for f£.

It might be noted that Corollary 7.16 also applies to the in-
tegers; integer products never overflow.
Corollary 7.17

Under the hypotheses of Theorem 7.14, and with the integer f
given there,

(A/B) o {(A*C)/(B*C)} = Y(£).

Proof: ¢ dis the ring homomorphism from Z to C; with

Y o ¢ the identity map.
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A C_A+C
V. FYETT3

A . C _AD+ BC
VI. §-+ 5= ~B®p—

These are the addition rules for fractions, and it will be
seen that they are also approximately true in C; wﬁen overflow is
absent.

Theorem 7.18

Let A, B and C be elements of C;, such that A/B, C/B and

(A ® C)/B are defined. Let R1 and Rz be the remainders from

A/B and C/B, respecﬁively, and let k be the modulo reduction factor

+ R, + krm, then

2

for A®C. If d-= R1

¢{(A ® C)/B} = ¢(A/B) + ¢(C/B) + £,

where

d/B if s(d)
f=< d4d/B -~ 1 if s(d) # s(A®C) and s(A ®C) = s(B), or

d/B + 1 if s(d) # s(A®C) and s(A ®C) # s(B).
Proof: The primary division theorem allows us to write
A = ¢(A/B)B + R; and C = $(C/B)B + R,. The definition of ¢ yields
S(ABC) = A+ C + k™.
Substituting,
$(A @ C). = ¢(A/B)B + R, + $(C/B)B + R, + ki,
which simplifies to

O(A ®C) = {0(A/B) + $(C/B)IB + (R, + R, + k.

s(A ®C) or A®C=20 or - rem(d/B) = O,
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The right-hand term is d, and ¢(A ® C)/B = ¢{(A ® C)/B}, so

Theorem 7.7 provides the conclusion.

Corollary 7.19

If no overflow occurs in A ® C and the hypotheses of Theorem 7.18

are satisfied, then
¢{(A ® C)/B} = ¢$(A/B) + $(C/B) + £,

where £ takes on one of the values +1, 0 or -1.
Proof: This comes from Theorem 7.18, with the modulo reduction
factor k=0, and d = R; + R,. Note that [d/B| < 1. If d/B #0,

then the magnitude restrictions on R

1 2
This means s(A) = s(C), so that s(d) =_s(R1.+ Rz) = s(A ®C). The

“and R imply s(Rl) = s(Rz) £ 0.
contrapositive of this argument is that s(d) # s(A ® C) implies
d/B = 0. Hence, the values of f given by the expression in Theorem 7.18

must be +1, 0 or -1.

Corollary 7.19 shows again that, in the absence of overflow, field
properties may hold approximately in the radix complement system.

Corollary 7.20
(A®C)/B = (A/B) & (C/B) @ Y(£)

Theorem 7.18 may be proved in a completely different way. ' The
argument does not reqhire Theorem 7.7, but is algebraic and rather
tedious, involving the signs and relative magnitudes of various quantities.
Theorem 7.21

Let A, B, C and D be elements of C;, such that
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A/B, C/D, and [(A*D) @ (B*C)1/(B*D) ~are defined. Let k, be the
ﬁodulo reduction factor for the expression (A*D) @& (B*C), and k2

be the m.r.f. for B*C. If R and R, are the remainders for

1 2
A/B and C/D, respectively, then

"¢{[(A*D) ® (B*C)1/(B*D)} = ¢(A/B) + ¢(C/D) + £,

where
d/9(B*D) if s[(A*D) ® (B*C)] = s(d) or (A*D) & (B*C) =0
or rem(d/¢(B*D)) = O,
£=4< d/6(B*D) - 1 if s[(A*D) @ (B*C)] # s(d) and s[(A*D) ® (B*C)] = s(B*D);

d/¢(B*D) + 1 if s[(A*D) & (B*C)] # s(d) and s[(A*D) ® (B*C)] # s(B*D),

with d = RD + RjB + {k; - k,[6(A/B) + $(c/D) ™.

2
Proof: This will follow the pattern of Theorem 7.18. For sim-

plicity, let q, = $¢(A/B) and a, = $(C/D). The primary division theorem

gives A = qlB + Rl and C = qu + RZ' With

$L(A*D) ® (B*C)]= A*D + B+C + k7",

substitution gives

o[(a*D) ® (B*C)1 = (q;B + RyID + (q,D + R,)B + A
Simplifying this,
9L(A*D) @ (B*C)T = (q; + q)B+D + (R;D + R,B + k;x™).
Since ¢(B*D) = B*D + kzrm, we have BeD = ¢{B*D) - kzrm, so
OL(A*D) ® (B*C)1 = (q; + q,) [$(B*D) - kzrm] + (RD + RB + klrm).

Another simplification gives

9C(A*D) ® (B*C)T = (q; + q,)"#(B*D) + [R;D + R,B + k" - ky(q; + a,) "1
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The right-most term is the integer d -above. Taking note of the

definitions of 9 and Ay Theorem 7.7 dgain completes the proof.

Corolliary 7.22

If there is no overflow in Theoxrem 7.21, then
${[(A*D) ® (B*C)1/(B*D)} = G(A/B) + 6(C/D) + £,

where f takes a value +1, 0 or -1.

Proof: ' The condition of '"no overflow'" may be interpreted two
ways. It may mean the modulo reduction factors kl and k2 in
Theorem 7.21 are both zero, or thatnone of the radix éomplement opera-
tions in the equation overflow. The first case is more general. If
none of the operations overflow, then k1 = k2 = 0; the converse does
not hold. The weaker interpretation will be taken.

Assume k, = k, = 0. Then ${(A*D) ® (B*C)} = A*D + B-C and
¢(B*D) = B*D. Theorem 7.21 gives d = RlD'+ RZB' Note that
[(Ry*D + R,B)/(B*D)| < 1, because [R;| < [B] ‘and |[R,| < |D].

Suppose (R1°D + RZ'B)/(B-D) # 0. Since R1 and Rz are re-
mainders, s(Rl) = s(A) and s(RZJ = s(C). This means s(Rl-D) = s(A*D)
and s(Rz-B) = s{C*B), so s(A*D) = s(B*C). Thus
s(d) = s(Ry*D + R,*B) = s(A*D + B+C) = s{(A*D) @ (B*C)}. The contra-
positive of this says that s(d) # s{(A*D) ® (B*C)} implies d/¢(B*D) = O.
Therefore, considering the bounds for d/¢(B*D), the value of f will

be +1, 0 or -1, given by the expression in Theorem 7.21. i

Corollasz 7.23
{L(A*D) & (B*C)1/(B*D)} e [(A/B) & (C/D)I= y(£).
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In the no-overflbw case, Y(H = +1,'0 bfh-l. ‘Moreover,‘this

value does not. involve pverfidw'in the subtraction.

S
-
wi>
*
o0

T
gz

AThis property, and property VIII, will not translate to the
radix complement system with the facility of those already considered.
Even in the_no-overflow case, the values of the expressions (A/B)*(C/D)
and (A*C)/(B*D) may differ by quite significant amounts. For example,
(1/2)*(Pm/1) = 0 while (1*Pm)/(2*1) = Pm/2. On the IBM/370,

Pﬁ = sz = 2147483647, and these two expressions become
(1/2)*(2147483647/1) = 0 and (1*2147483647)/(2*1) = 1073741823.

“The problem occurs because division remainder is lost. When two quo-
tients are multiplied, this loss, in effect, is multiplied also. In
previous theorems, the loss was additive. Overflow, ds usual, further
complicates. the pictufe.” ‘

Theorem 7.24

Let A, B, C and D be elements of C;, such that A/B, C/D
and (A*C)/(B*D) are defined. Let k1 and k2 be the modulo reduc-
tion factors for A*C and B*D, respectiyely, and R1 and R2 be
-the remainders from A/B and C/D, respectively. Define the integer
d by

d = $(A/B)B-R, + ¢(C/D)D*R, + R "R, + klrm - k,$(A/BY$(C/D)r™.

1
Then ¢L(A*C)/(B*D)1 = ¢(A/B)$(C/D) + £,
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. where

' d/¢fB*D) ) if 's(d) = s(A*C), or A*C =0, or rem(d/¢(B*D)) = O,

h
1]

d/$(B*D) - 1 if s(d) # s(A*C), and s(A*C) = s(B*D), or
d/¢(B*D) + 1 if s(d) # s(A*C), and s(A*C) # s(B*C).
Proof: This will follow the established pattern. We have

A

¢(A/B)B + R) and C = ¢(C/D)D + R,. Furthermore, $(A*C) = A<C + klrm

1
and ¢(B*D) = BeD + kzrm, the latter giving BeD = ¢(B*D) - kzrm. Elemen-

tary algebraic manipulatioﬁ then yields
$(A*C) = [$(A/B)B + R I[$(C/DID + R, + k,*™,

[6(A/B)$(C/D)IB*D + [$(A/B)B*R, + $(C/D)D*R; + RyR, + klrm],

$(A*C)

$(A*C) = [$(A/B)O(C/D)ILH(B*D) - k,x"1 + [$(A/B)B+R, + $(C/DID-R; + R;R, + k"],

and
$(A*C) = [H(A/B)S(C/D) I6(B*D) + d,

where d is the given integer expression. Theorem 7.7 provides the

conclusion.

The form of the 'pseudo-remainder d is somewhat more cumber-
some than before, particularly that part involving the modulo reduction
factors. It can be simplified by noting that ¢(A/B)B = A - R1 and
¢$(C/D)D

d

C - Rz. Substituting these gives

A‘Rz + C'R1 - R1R2 + k

;T = K0(A/BYS(C/D)T

Corollary 7.25

If neither A*C nor B*D overflow in Theorem 7.24, then

$L(A*C)/(B*D)] = ¢(A/B)$(C/D) + £,
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where
(A*R, + C*R; - R R,)/(B*D) if s(d) = s(A*C), or A*C =0
or rem(d/(B*D)) = 0,
£ =4 (A*R, + C*R; - RyR,))/(B*D) - 1 if s(d) # s(A*C) and

s(A*C) = s(B*D), or

(A'R2 + C'R1 - RIRZJ/(B'D) +1 if s(d)_# s(A*C) and
: s(A*C) # s(B*D).

This expression for f shows how the loss of remainders is multiplied.
Even in the no-overflow case, the value of f may be large.

To investigate a maximum value fﬁr £ in Corollary 7.25, comsi-
der the original form of the ''pseudo-remainder' d in Theorem 7.24,
d = $(A/B)B-R, + $(C/D)D*R_+ R*Ry. (k, = k, = 0 in the no-overflow
case.) The rational number

a O(A/B)R,  4(C/DIR, R “R,
&) Bep ° i) * B * 7BD

is, in magnitude, an upper bound for the magnitude of the integer d/(B+D);

B—_‘% and d/(B-D) differ by less than one. Thus, the maximum value
of Egﬁ- will give the maximum for d/(B+D) and, in turn, the maximum
for £.

If E%B' is to be maximal, then all three terms on the right of
equation (1) must have the same sign. For simplicity, consider only
the case where A, B, C and D are positive, so each term in (1)
will be>non-negative. The remainders R1 and R2 will then both be
non-negative, and the terms in (1) will be maximal when the remainders
have their greatest valués. This will haPpeﬁ'when 'Rl =B -1 and

} R2'= D - 1. Substituting these values in;o'éxpression (i) and simpli-
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fying gives

@ gH=¢ama-h reema-p+a-ha-p.

Since all the terms are non-negative, equation (2) shows that

(3) o5 < 6(A/B) + $(C/D) + 1.

Rewriting (2) another way gives

1

pos = WA/B) + o(c/D) + 131 - D - H + CAE o L @M L,

Again, the terms are non-negative, so omitting two of them gives a lower

bound,

@ 5552 BA/B) + ¢(e/D) + 130 - DA - D.

Equality may occur in (4) when B = D = 1, because then d = 0. Com-
bining inequalities (3) and (4) shows

d

{6(A/B) + #(C/D) + 13(1L - P - §) < 555 < S(A/B) + $(C/D) + 1.

The following result ha§ been established.
. Theorem 7.26

' Let A, B, C and D be non-negative elements of C; satisfying
the hypotheses of Corollary 7.25. Then the value of f given there
is strictly bounded above by ¢(A/B) + ¢(C/D) + 1. The maximal
value of £, achieved when R1 and Rz are maximal, is bounded below
by

{6(a7B) + o(c/D) + 1}(1 - D - P.
Note that the maximal value of £ in Corollary 7.25 will ap-

proach ¢(A/B) + ¢(C/D) + 1 when B and D are large. At the same
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time, both A/B and C/D will be small for large values of B and D.

Corollary 7.27
Let A, B, C and D be elements of C; satisfying the hypotheses

of Theorem 7.24. Then

(A*C)/(B*D) = (A/B)*(C/D) & ¥(f),

where f is the integer expression given in the theorem.

A:C_AD
VIII. T D" BC

For this property, the standard technique will not be used. It
would lead to a very difficult derivation, with the resulting formula-
tion so involved as to impede evaluation.

Let d be the integer such that
(1) ¢(A/B) = ¢[(A*D)/(B*C) 1*4(C/D) + d.

When A/B, C/D and (A/B)/(C/D) are defined, none of C, D or C/D
may be zero. This means D/C will be defined, and Theorem 7.24 says
that
oL(A*D)/ (B*C) ] = $(A/B) *¢(D/C) + g,
where g is the integer expression given in the theorem. Substituting

this into equation (1) gives

$(A/B) = $(A/B)-$(D/C)-$(C/D) + g=$(C/D) + 4.

if |c| # [pl, or
Since ¢(D/C)¢(C/D) = .
v ’ if |c| = |},

it follows that
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g+¢(C/D) + d if |c} # In|,
$(A/B) = _
g*d(c/D) + d + ¢(asB) if |c| = |p].

Solving this for d yields
$(A/B) - g-¢(c/D)  if |c| # o],

-gro(c/m) if [c| = |p].
Note that |C]| > |p|, because otherwise, C/D = 0. With this expression
for d, Theorem 7.7 is applied to equation (1), proving
Theorem 7.28
Let A, B, C and D be elemenfs of C:l, such that A/B, C/D
and (A/B)/(C/D) are defined. Let g be the integer expression defined

in Theorem 7.24 such that ¢[(A*D)/(B*C)1 = ¢(A/B)$(D/C) + g. Then

$L(A/BY/(C/D)] = SL(A*D)/(B*€)] + £,

where
a/¢(c/p) °  if s(d) = s(A/B), or A/B =10
or rem(d/¢$(C/D)) = O,
f = a/¢(c/D) - 1 if s(d) # s(A/B) and s(A/B) = s(C/D), or
da/¢(C/D) + 1 if s(d) # s(A/B) and s(A/B) # s(C/D),
with

¢(A/B) - ge¢(c/D) - if |c| # ||,

-g=4(C/D) if |c} = in].
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The expression for d invo}ves the integer expression g
quite directly, and indicates that the values of f and g  should
be 1inkéd'rather closely. . In the case where ICI = |D|, it follows
that £ = -g +'t, where t may be -1, 0, or +1. If lcl # IDI,
a bit more work is involved, but Corollaries 7.19 and 7.20 of Theorem
7.18 may be used to show- f.=‘¢(A/B)/¢(C/D)‘- g + t, where 't may again
be +1, d or -1. Maximal values of g occur when ¢(A/B) .and ¢(C/D)
both have large magnitude and the same signs. In this situation,
$(A/B)/$(C/D) will have relatively small magnitude, indicating f
may attain magnitudes approximately equal to those attained by g.

When_ovérflow does not occur in either A*D or B*C, the statement
of Theorem 7.28 will suffice, except that the integer expression g .
must be from Corollary 7.25 (or Theorem 7.24 with all modulo reduction
factors zero).
Corollary 7.29

Let A, B, C and D be elements of C; satisfying the hypotheses

of Theorem 7.28. Then
(A/B)/(C/D) = (A*D)/(B*C) & Y(£),

where f is the integer expression given in that theorem.

The properties shown here all involve division and a second
radix complement operation. If the second operation is addition or
subtraction, and if overflow does not occur, then the radix complement
property resembles the corresponding field property, except for a small
additive constant. If overflow occurs, or if the second operation is

multiplication or division, the radix complement and field properties
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differ greatly.

It is important to note that some results in this-éhapter are
true in the system of integers. When there is no overflow, the four
arithmetic operations in C; are equivalent to the corresponding
operations in Z. Each corollary for the no-overflow case applies
directly to the integers. This will be exploited to develop a system
for mixed form rational numbers. Another application will be seen
first, however.

The radix complement system is often used to simulate ‘the in-
tegers without regar& to the modular nature of C;. Overflow is con-

sidered to be error. The next chapter will quantize this "error."

i
i
;
i
j
;




CHAPTER 8

ERROR IN c; CALCULATIONS

When the radix complement system is used in place of the in-
tegers, overflow often is considered an error by users. If an ex-
pression over C; involves only the operations of addition, subtrac-
tion, and multiplication, any such error can be evaluated using the
modulo reduction factors in Definition 2.10. The error will be some
multiéle of r™. The situation is more complicated if division is in-
volved.

The problem may be stated in the féllowing way. Suppose Ec
is an arithmetic expression over C;, involving operations of addition,
subtraction, multiplication and/or division. The expression E, will

be called the corresponding integer expression to Ec if it is obtained

in this way; egch element of C; appearipg in. EC is replaced by its
signed ﬁalue, and each opefation 8, o, *_qrv/'_is replaced by. the cor-
responding integer operation +, -, * or ). .If!ﬁo distiﬁctioﬁ is ‘made
_between an element A of C; and its signed value ¢(A), the first part
of this correspondence does nothing. .
Definition 8.1

Let X be the result of evaluating E, in C;, and let x be the

value of ,Ez. ﬁhe error in Ec is given by the integer x - ¢(X).

"101
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As an example, consider the exprgssién A'® B in C;. Its
corresponding integer expression is ¢(A) + ¢(B). The error in
A ®B is then given by ¢(A) + ¢(B) ~ ¢(A & B). Lemmas 6.1, 6.2 and
6.3 show ¢(A ® B) = $(A) + ¢(B) + krm, where k takes a value
+1, 0 or -1, so the error is -krm. When A & B ﬁas positive overflow,
k = -1 and the error is rm; negative overflow gives an error of -,

The next theorems describe the error when two expressions, each
with error, are combined using one of the ring operations ®, e or *.
In each case, El and E2 are expressions over C; having errors e
and €,s respectively. Fl and Fz are the corresponding integer ex-
pressions. Note that e, = F1 - ¢(El) and e, = F2 - ¢(E2), and no
distinction is made between an expression and its value.
Theorem 8.2 »

‘The error in El ® Ez is e, *te,- krm, wheré k 1is the
modulo reduction factor for E1 2] Ez.

Proof: From Definition 8.1, the errof in E1 < Ez is given by

Fl + F2 - ¢(E1 E] EZ). Previous work has shown
_ m
$(E; ®E,) = (E)) + ¢(E)) + kr,
where k is the modulo reduction factor for El -] Ez' Combining
these and using the definitions of e and e, gives the error in

E & E2 as e, + e, - kr.

1 1 2

Theorem 8.3
The error in E1 -] E2 is e, - e, - krm, where k is the modulo
reduction factor for El [} Ez.

Proof: This is essentially the same as in Theorem 8.2.
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Theorem 8.4

- * ’ -
The error in El E2 is ele + e

the modulo. reduction factor for El*EZ'

Proof: The error is F *F, - ¢(E;*E,). Then

Fl - e,e

1%2 © krm, where k is

2

F -Fz - ¢(E1*E

2 FiF, - {8(E))"¢(E)} + k'

2)

_ ' m
= Fle - (Fl - el)(F2 - ez) ~ kr

L
ele + ezFl - e, - kr.

Chapter 7 shows the modulo reduc;ion factor in radix compiement
addition (or subtraction) is +1, 0 or -1. fhe error in a sum or dif-
ference of elements of C; is then +rm, 0 or -r™. On the IBM 1130
in Cl,, this error is +32768, 0 or -32768, while in C2, on the
IBM/370, it is +4294967296, 0 or -4294967296. In these cases, any
error introduced by addition or subtraction has twice the magnitude of
the largest number in the system. Error in the arguments may increase
this.

Multiplication of two radix complement numbers may give extremely
large error. The greatest overflow (and largest error) for multiplica-

tion occurs with Nm*Nm. On the IBM/370, N2, = -2147483648 (-2°Y) and

32
N;z* N§z = 0, with modulo reduction factor k = -1073741824 (-230). The
error in N2,*N3, is thus 4,611,686,018,427,387,904 (2°%). This is
about 5 x 10%8; the largest element of .ng is approximately sz 10°.
The error in an expression E will be some multiple of ™ when

the operations in E are all additions, subtractions and multiplications.

To see this, note that the error in a single element of C; (an expression
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with no operations) is zero. The error in E is obtained by repeated
application of the theorems above, and will therefore be composed
of sums, differences and products of multiples of .

Division will not cause overflow error; it does mot overflow.
However, it may modify and propagate error from its operands. Note that
error in this context refers to differences between integer arithmetic
and radix complement arithmetic, and not to differences with arithmetic
in the rational numbers. The quotient 5/9 = 0 -and has no error, be-
cause it is the same in C; and Z. Comparison_to the rational quotient
’-%— would have little meaning; rationaIIAEViﬁidh is not comparable to
integer or radix complement division.

Before stating the theorem for division, the following lemma may
help. It represents a generalization of many results from Chapter 7.
Lemma 8.5

Let x,y,a and b be integers such that ;/y and (x + a)/(y + b)
are defined. If r = rem{(x + a)/(y + B)} and d = {[(x + a)/(y +b)Jb + T -'a},

then x/y = (x + a)/(y + a) + £, where

d/y if s(d) = s(x) or x=0 or rem(d/y) = 0,
£f = cdly - 1 if s(d) # s(x) and s(x) = s(y), or

d/y + 1 if s(d) # s(x) and s(x) # s(¥).

Proof: < Let q = (x + a)/(y + b). The primary division theorem
gives x +a =q*(y +b) + r, where r = rem{(x + a)/(y + b)}. Then
X =q*y + (q°b + r - 2a). With d = q*b + r - a, the reduction theorem

provides the conclusion.
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Theorem 8.6
Let the expressions and errors be as given for Theorems 8.2, 8.3
and 8.4 and assume E:.l/E2 and l’<‘1/F2 are defined. If r = rem(El/Ez)

and d =71 + e ~vez'¢(E1/Ez), then the error in EllEz is given by

d/F2 if s(d) = s(Fl) or F, = 0 or ?em(d/Fz) =0,

d/F, -1  if s(d) #s(F) and s(F)) = s(F)), or
d/F2 + 1 if s(d) # s(Fl) and s(Fl) # s(FZ).
Proof: The error is F1/F2 - ¢(E1/E2). This becomes

F1/F2 - ¢(E1)/¢(Ez) anq F1/F2 - (Fl- el)/(F2 - ez). Taking x = Fl’

y = Fz, a = -e; ‘and b = -e, in Lemma 8.5 will complete the proof.

The table below summarizes the results. No distinction is made

here between X and ¢(X), or Y and ¢(Y).

Value in C; "Correct'" Value in 2Z Exrroxr
X X + a a
Y ) Y+b b
X®Y $(XDPY) +a+b - k™ a+b- ke
(k =1, o, “1)
XeY $(XeY) +a-b - k™ a-b -k
(k -1, 0, -1)
X*Y G(X*Y) + Xb + Ya - ab - kr™ Xa+Yb-ab-kr"
(k an integer)
X/Y (X/Y) + £ £

(f given in Theorem 8.6)

These rules suggest an inductive process for determining the error
in any finite expression over C;. However, the conditions governing the

choice of the value for k (or f) are sufficiently complicated to
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make this impractical in general. Specific expressions may be evaluated
for error on a case by case basis. '

» foe next application will draw heavily on results in Chapter 7.
to produce a representation in Z x Z x Z of the rational numbers in

mixed form.




CHAPTER 9
AN ALGEBRA FOR MIXED FORM RATIONALS

The rational numbers are usually defined as a set of ordered
pairs of integers. In '"“mixed form,' a rational number (a,b) or
% is expressed as q + %-, where q = a/b 1is an integer, and B

is a rational fraction having magnitude less than one and sign the same

as

o

. This suggests representing the rational numbers, in mixed form,
as a subset of the set of ordered triples of integers, Z x Z x Z. Such
a representation for %- will require that one component be the integer
part a/b, one the remainder rem(a/b), and one the denominator b.

Many results from Chapter 7 will.be used in developing this sys-~
tem of ordered triples. Because all arithmetic will be performed in the
integers, the no-overflow condition will hold throughout. The theory in

Chapter 7 for the no-overflow case applies directly to the integers.

The Ordered Triples

The following defines a map from a set of ordered pairs of in-
tegers (rational numbers) to the set of ordered triples of integers.
Definition 9.1

Let div*: z x {Z - 0} + 2> be defined for (a,b) in
Z x {2 - 0} by div*(a,b) = (q,r,b), where q = a/b and r = rem(a/b}.
(rem is the remAinder map defined in Chapter 7.)

107 :

T _ rem(é/b)
s e
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The map is well-defined, because the quotient q and the

remainder r associated with the primary quotient a/b are unique.

It is also one-to-one. This is seen‘by noting that if

* *
div (a',b') = div (a,b) (q,r,b), then b = b'. The primary division

algorithm shows that a = gb + r, so a = a', and therefore, (a',b') = (a,b);_
It must be carefully noted here that the = symbol used with the pairs
and triples represents thé uSual equivalence relation on sets of ordered
tuples; two ordered n-tuples are equal if and only if their correspond-
ing components are equal. This is not»the same as the equivalence
relation on Z x {Z - 0}, denoted by =Q’ which produces the system of
rational numbers.

The ‘entire set of ordered triples of integers 23 will not be
of interest, because many triples cannot be derived from an ordered pair
using Definition 9.1. 1In particular, the primary quotient requires

" that the remainder T have the same sign as qb + r, and that

|r} < |b}. Thus, attention will be restricted to those triples which
lie in the range of div*.
Definition 9.2

* *
Let- D = div (Z x {Z - 0}).

D* is the set of ordered triples which will make up the mixed form
rational system. Before proceding, it might be helpful to formally
characterize those triples in D*.
Theorem 9.3

‘Let q, b and r be integers. Then (q,r,b) € D* if and only

if s(r) =s(gb + r) and |r| < |b|, where s is the sign function
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defined préviously.
%*
_ Proof: This follows directly from the definitions of div
and the primary quotient. Uniqueness of the form qb + r is used

for the sufficiency.

%*
A Rational System for D

From Definition 9.2 and earlier remarks, the map div* is one-
to-one onto the set of triples D* in Z.. Thus, this map may be used
to create an algebraic structure in D* which is a copy of the struc-
ture in Z x {Z - 0} called the rational number system. Tﬁe defini-
tions required in D* are an equivalence relation, an addition, and
a multiplication. The next three definitions'form the backbone of the
usual rational number system. '

Definition Q.1
Let (a,b) and (c,d) be elements of Z x {Z - 0}. Then

(a,b) =Q {c,d) if and only if ad = bc.

Definition Q.2
Let (a,b), (c,d) and (x,y) be elements of Z x {Z - 0}. Then

(a,b) + (c,d) =Q (x,y) if and only if (X,y) =Q (ad + be,bd).

Definition Q.3
Let (a,b), (c,d) and (x,y) be elements of Z x {Z - 0}. Then

(aib) * (e, d) =q (*:¥) if and only if (x,y) =q (ac:bd).

* C%
The map  div = is used to duplicate these definitions in D .

* .
Because div is one-to-one and onto, they are well defined.
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Definition 9.4
Let (q,r,b) and (q',r',b') be elements of D*, and let
(a,b) and (a',b') be the elements of Z x {Z - 0} for which
diﬁ*(a,b) = (q,r,b) and div*(a',b') = (q',r',b'). Then define

(q,r,b) =p (q',r',b') if and only if (a,b),=Q (a',b'}. -

Note that the symbol =D is used for this relation on D*; the nature

of. div* makes =p an equivalence relation on D*.
Definition 9.5

Let (q,r,b) and (q',r',b') be elements of D*, with (a,b)
and (a',b'} the pre-images of (q,r,b) and (q',r',b'), respectively.
Then .

" (a,7,b) + (q',7',b') = div [(a,b) + (a',b")1.

The one-to-one nature of div* ensures that this sum is well-
defined. To shoﬁ this, suppose that (q,r,b) =p (x,¥,2) and
(@',r',b') = (x',y',2'). Let (c,d) and (c',d") be the correspond-
ing pairs for (x,y,z) and (x',y',z'). Then (a,b) =Q (c,d) and
(a',b*) =Q (c',d'), so that

(a,b) + (a',b") =q (cd) + (c',d").
Thus div'[(a,b) + (a',b")] = div'I(c,d + (c',d"],
and (a,r,b) + (q',7',b") = (x,y,2) + (x',y',2").
Definition 9.6 ‘
Let {(q,r,b) and (q',r',b') be elements of D*, with (a,b)

and (a',b') as before. Define (q,r,b)-(q',r',b') = div*t(a,b)-(a',b')].
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The proof that this product is well-defined follows. in the
same wayvés that for the sum.v

These definitionsvmay now be characterized in terms of the
elements of D*, so it will not be necessary to use Z x {z - 0} and
div"  in working with D*. This is dohe as follows. '
Theorem 9.7 -

‘Let (q,;,b) and (q',r,b') be elements of D*. Then

(q,T,b) =D (q',r',b'} if and only if q = q' and (z,b) =Q (r',b').
Proof: Suppose that (q,r,b) =p (q',r',b'). Then there are
pairs (a,b) and (a',b') such that div*(a,b) = (q,r,b),

Q ¢

*
div (a',b') = (q',r',b'), and (a,b) =
that ab' = a'b. From the definition of div*,

a',b'). This last fact implies
a=gb+rT and a' = q'b* + r,

‘so .~ 'ab" = gbb' + rb* and a'b = q'b'b + r'b.

Since ab' = a'b, it follows that

(1) ab' = gbb' + rb' = q'bb' + r'b.

The primary quotient ensures that |r| < |b], and |[r'| < [b'[, so

&3] ' [tb*| < |bb'| and |z'b| < [bb'].

Now, if either r or r' is zero, equation (1) above shows that
the integer ab' is divisible by bb'. The magnitude restrictions on
rb' and r'b ‘then imply that both r and r' must be zero. This
means . that (r,b)'=Q (r',b'). It also means gbb' = q'bb', which im-
plies q = q', completing this part of the proof for the case when =

or r' is zero.
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Suppoée ﬁeither r nor x'.is zero. The magniiude restrictions
in (2) still apply. In addition, neither a nor a' can be zero, and
the primary quqtient asserts that s(r) = s(a) and s(r') = s(a'),
whére s is the sign function. Thus, s(rb') = s(ab') and s(r'b) = s(a'b).
Because ab' = a'b, it follows that s(xb') = s(r'b) = s(ab'). Under

these conditions, it must be true that equations
ab' = gbb' + rb! and ab' = q'bb' + r'b

both represent the quotient (ab')/(bb'). The uniqueness property
(Theorem 3.3) then says that q = q' and 7rb' = r'b. This latter pro-
vides (r;b) =Q (r',b'), so this part of the proof is complete.
Now, suppose q = q' and (r,b) =Q (r',b') for elements
(q,r,b) and (q',r',b') of D*. As before, tﬁéré are pairs (a,b)
and (a',b') such that a=qgb +r and a' =q'b' + r'. This means
ab' = gbb' + rb' and a'b = q'bb' + r'b. Since q = q' gives
gbb' = q'bb', and (x,b) =Q (r',b') gives rb' = r'b, it follows that
ab' = a'b; Thus, (a,b) =Q (a',b'), which implies (q,r,b) =p (q',r',b")

and completes the proof of Theorem 9.7.

This theorem provides the first clear indication that the system D*
is the rational number system in mixed form.

Characterization of addition and multiplication is done in two
steps. First, the resulting triple is expressed using components of
ordered pairs; the ordered pairs correspond under div* to the ordered
triple arguments of the sum or product. The results of Chapter 7 are

then used to remove the ordered pairs from the picture.
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Lemma 9.8
Let tq,r,b) and (q';r',b') be elements of b*, with cor-
responding pairs (a,b) and (a',b'), respectively; Theﬁ

(q,r,b) + (q',r',b') = (x,y,z), where

(ab' + a'h)/(bb"),

X
y = ab' + a'b - xbb', and
z = bb'.
Proof: This follows from the definition of div*. The sum
‘gives
(a,r,b) + (q',r',b") = div' [(a,b) + (a',b")].
Since - (a,b) + (a',b') = (ab' + a'b,bb'), application of. div* to this

pair yields the conclusion.

Theorem 9.9

Let (q,r,b) and (q',r',b') be elements of D*. Then

(q,r,b} + (q',x',b') = (x,y,2),

where x=q+q' + £,
y = rb' + r'b - fbb’, and
z = bb',

with £ the integer function defined in.Corollary 7.22. (Corollary 7.22
is the no-overflow version of Theorem 7.21.)

Proof: Lemma 9.8 gives x = (ab' + a'b)/(bb'). Corollary 7.22
shows that (ab' + a'b)/(bb') = (a/b) + (a'/b') + f, where f is the
integer function defined in that corollary. Since q .= a/b- and

q' =-a'/b!, it follbws.thaﬁ x=q + q' + £f. The expression for f
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in Theorem 7.21 contains references to a and a'. These may be
eliminated using a = gb + T and at = q'b' + r'.
Expanding y = ab' + a'b - xbb' using the expressioﬁ for x,
with a=qb +r and a' =q'b' + r', gives
y = (@b + r)b* + (q'b' + r')b - (q.+ q' +f)bb"'.

Simplifying this shows y = rb' + r'b - fbb'.

The expression for =z comes directly from Lemma 9.8. -

As noted in Chapter 7, the function £ may take any of the values
+1, 0 or -1.
Lemma 9.16

Let (q,r,b) and (q',r"',b') be elements of _D*, with cor-

responding pairs (a,b) and (a',b'), respectively. Then,

(q,r,b)+(q',r',b") = (x,¥,2),

where x = (aa')/(bb"),
y = aa' - xbb', and
z = bb'.

Proof: This follows again from the definition of div*, the

definition of the sum of triples, and the fact that (a,b)+(a',b') = (aa',bb’).

Theorem 9.11

Let (q,r,b) and (q',r',b') be elements of D*. Then

(@,r,b)*(a’,T",b") = (X,y,2),

where x = qq' + f,
y = gqbr" + q'b'r + rr' - fbb', and
z = bb', '
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with f the integer function defined in Corollary 7.25.. (Corollary 7.25
is the no-overflow version of Theorem 7.24.) ' .

Proof: The lemma shows x = (aa')/(bb'), and Corollary 7.25
gives ‘(aa!)/Cbbf) = (a/b)+(a'/b" + £, where f 1is the integer function
defined in the corollary. Because q = a/b and q' = a'/b', it fol-
lows that x = qq' + f. The expression for y is derived as in
Theorem 9.9, and that for 2z from Lemma 9.10. References to a and

a' in f may be eliminated using a = gb + r and a' = q'b' + r'.

~The Mixed Form Rationals
div* is a bimorphism fbr both addition and multiplication.
This follows from the definitions of the ?elation =p and operations
+ and + in D.

Theorem 9.12

3

: *
The set of triples D < Z is isomorphic to the set of rational

. .
numbers Q as a field. div is the isomorphism.

The following examples demonstrate some basic properties of
the field D*.
Example 9.13
The zero and unity elements are preserved by the isomorphism
div*. Since the rational number O is represented by (0,b), with
b # 0, the zero in D" is represented by (0,0,b), for b # 0. Any
triple equivalent to this under =p also represents 0: The number
1 is expressed as (a,a) in Q, if a # 0. This means (1,0,a),
with a # 0, is the unit element in D*; Its negative -1 is given by

(-1,0,a).
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Example 9.14
The additive inverse of an arbitrary element (q,r,b) of -
D* may be found using div*. If (a,b) is the ordered pair cor-
responding to (q,r,b), then (-a,b) corresponds to its negative.

Thus -(q,r,b) =p. (-4,-T,b).

Example 9.15
The multiplicative inverse of (q,r,b) has a more complicated
%
expression. If div (a,b) = (q,r,b), with a # 0, then

* -
div'(b,2) =, (a,7,b)"'. This means

(@,7,) 7" =) (b/(ab+r), rem{b/(ab+r)}.ab+r),
where rTem 1is the remainder map. This may be simplified by using
three cases.
1¢ lq| > 1, or if |q] =1 and r # 0, then |a| > [b].
Since a = gb + r, this means b/(gqb+r) = 0 and rem{b/(gb+r)}=b.
if Jal =1 and r =0, then a/b = b/a, so b/(qb+r) = q and
rem{b/(gb+x)} = 0. Third, if q.= 0, then gb + Tt = r, so

b/(gb+r) = b/r and rem{b/(qb+r)} 0. Summarizing these,

(0,b,qb+r) if |q| >1, or |q =1 and r # 0,

(q,r,b)'1 = (q,0,9b+r) if |q] =1 and r=0, or

" (b/r,Tem(b/T),r) if q = O.

o

Extension to Cm

* i
The construction of D uses theory developed for the radix .

complement system and its division operation. The radix complement
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system was not, howevér, difectly involved; D*' was‘based»on z,
not C;. furthermore, an attempt to duplicate this for a.system of
radix complement triples fails. ‘

The failure happens because C; is modular. It appears when
overflow occurs; in the absence of overflow, triples from C; behave
exactly like triples from Z. Zero divisors exist in C;, so the
addition and multiplication operations provided by Theorems 9.9 and 9.11
are not always closed. In C§2 on the IBM/370, the sum of (0,1,262144)
and (0,1,16384) 1is not defined. 'In Theorem 9.9, division by
262144 * 16384 bmust be defined, but 262144 * 16384 = 0. For the
same reason, the product of (0,1,262144) and (0,1,16384) given by
Theorem 9.11 is undefined.

A more subtle failure in the equivalence relation of Theorem 9.7
is illustrated in the following example.

Example 9.17 ‘

Consider C: = {-32, -31, ..., 30, 31}. 1In this system, addi-
tion and multiplication are performed modulo 64. Take triples
x = (1,3,7), y = (1,6,14) and z = (1,1,13) in Cg X Cg x Cé, and let
=c be a ;elation defined as in Theorem 9.7. This means
(Q,R,B) =, (Q',R',B') if and only if Q = Q' and R*B' = R'*B,
where overflow may occur because Cé is modular.

Now x =c Y because 3*14 = -22 = 7*6 (mod 64). Since
6*13 = 14 = 1*14, it also follows that vy =c z.. However, 3*13 = -25 # 7*%1,
s0 X #C z. Transitivity.fails for =c because x =Y and y =c 2

with x #C z. Therefore, =c is not an equivalence relation on Cg.
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It may be interesting to note that each triple used in
Example 9.17 is derived from an element of Cz x {C: - 0} using a

. * .
map equivalent to. div . The pairs and corresponding triples are

(10,7) -+ (1,3,7),
(20,14) -+ (1,6,14) and

(14,13) - (1,1,13).

These examples indicate that a system of triples based on the
radix compleﬁent system will have to differ substqntially from the
D* system of integer triples. Meaningful definitions may not be possi-
ble in the case of overflow. Examination of this situation could never-
theless prove valuable. A system of ordered triples from the radix
complement system which simulates the rational numbers might offer
advantages over the usual computer floating point arithmetic. This

extension will not, however, be pursued here.



CHAPTER 10
SUMMARY AND CONCLUSIONS

The radix complement system used for integer arithmetic on most
modern computers is described in any text dealing with computer archi-
tecture or computer arithmetic. However,‘these descriptions are usually
limited to an explanation of how the arithmetic is performed, and a hint
that the computer arithmetic, within constraints, appears similar to
arithmetic in 'the ring of integers. Computer multiplication and division
are generally described in terms of the corresponding integer operations.
The modular structure of the radix complement system is mentioned by
Rao [13] and Tremblay [15]; Rao sketches a proof. Because of the grow-
ing importance. of computer integer systems, a deeper study of them was
undertaken as the subject of this dissertation.

Believed by many users to represent integers (from the mathe-
matical system of integers), computer integers are, in fact, a modular
system isomorphic to the ring of integers modulo k for some k. The
value of k depends both on the radix (base) and on the number of
digits with which elements are represented. Most common radices are
small powers of 2 (2, 8 or 16). The number of digits used may depend
on both the computer word sizé, and the programming (multiple précision).
If numbers are represented using m digits in radix r, the radix

119
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complement system is equivalent to the intggers modulo .

Aithbugh it is a modular system; the primary use of the radix
complement system is to simulate operations from the mathematical ring
of integers. Because of this, the class representatives used in the
modular system are not the usual non-negative values, but include a
range of positive and negative numbers (about the same number of each)
which straddles zero. If a condition called "overflow" does not occur,
arithmetic in this system exactly simulates that of the ring of integers.
With overflow, the simulation breaks down becéuse the modular structure
comes into play; high-order integer digits must be truncated to give
modular closure. Most users consider obtaining a sum of positive
squares which is negative to be an error; it is nothing more than the
proper operation of an integer modular system.

Division in the radix complement system, introduced in Chapter 3,
duplicates the standard '"long division" of fhe intégers for a restricted
set of arguments. This long division closely resembles Euclidean
division in the ring of integers. Computer division is defined using
integer division with the signed integer representatives of the modular
classes from the radix complement system. The primary division theorem
for the ring of integers, an important tool for later use, provides a
unique form for the quotient and remainder in division. While the
division theorem carries over to the radix complement system, the
uniqueness property fails there because that system is modular.

Computer integer division is not a modular operation. This is
shown in Chapter 4 ﬁhere computer division is studied in greater depth.

The modular homomorphism from the ring of integers onto the radix comple-
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ment system.is not a morphism_for'division, and, significantly, cannot
be extended to become such. A comparison of computer division and
modular division is also made. The radix complement system is modular,
so non-trivial multiplicative inverses exist; 3*(-1431655765) = 1 on the
IBM 370 FORTRAN. The modular quotient, defined using these inverses, is
generally distinct from the computer quotient. Finally, the elements
of the radix complement system, together with the division opération,
are considered as-an algebraic system; few of the classical algebraic
axioms are satisfied, but new insight into this division is gained.

An order relation on the ring of integers is a ;ery useful
feature. Two integers may be compared, and the smaller or larger
identified. The usual algebra of inequalities applies, so that equations
of inequality may be solved. The radix complement system, however, is
modular and cannot have an order. It is not even possible to compare
elements using subtraction, because overflow wili invalidate the
conclusion. This last fact is known by computer manufacturers, but not
by most current users. The possibility of extending some form of
""quasi-order" to the radix complement system is discussed in Chapter 5.

Restricting the integer order relations to the signed values of
the modular classes. provides a useful ''quasi-order" for the radix
complement system. This quasi-order gives the comparison relations of
Chapter 5. These c-relations can compare computer integers, but do not
permit the usual algebra of inequalities. The comparison of elements
can be implemented either by a special comparison oﬁerator, or by
subtraction with a logical correction for overflow. '

Chaptér 6 extends this work to provide a limited algeﬁra of
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inequalities. When overflow is absent, this system of ''quasi-
inequalities" (c-inequaiities) exhibits the same propérties as do.
inequalities in the ring of integers. With overflow, the results are
considerably differeni. If the amount of overflow is minimal, as with
addition or subtraction, then manipulation of these c-inequalities is
possible, althopgh complicated. if overflow is more than minimal, as
may occur in multiplication, little can be done. Division does not
involve overflow, so for this operation, c-inequalities mimic integer
inequalities. Because of the importance of overflow, it is quantized by
means of the modulo reduction factor. Significant in its own right,
this factor is an important.component in much of the work of succeeding
chapters, and permits us to derive several new theorems related to the
actual behavior of computer integer arithmetic.

The focus returns in Chapter 7 to computer integer division.
Division is considered in relation to the ring operations addition,
subtraction and multipliéation. In either the radix complement system
or the ring of integers, division is a distinct operation. It is not
related to multiplication in the way that division in a field is related
to field multiplication. The law of cancellation for products holds if
overflow does not occur. Other field-related rules involving multipli-
cation and division fail unless the division is exact. One use of
computer division is to test for divisibility; the denominator (exactly)
divides the numerator if and only if the compﬁter remainder is zero.

A significant step is made in Chapter 7 by considering, in the
radix complement system,vrules of fractions for a field. This study

uses the primary division theorem of Chapter 3 to evaluate computer
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integer3division in the presence of other radix complement dpérationé.

If overflow does not occur dur1ng evaluatlon of express1ons, a rule of
fract;ons fbr field may be true fbr parts of the computer 1nteger system.
However, that field property may also fa11 badly. This last is the case
when overflow occurs during evaluation. of particular note, this failure
is quantized in both the overflow and non-overflow cases. The quanti-
zation for overflow strongly involves the modulo reduction factor of
Chapter 6. ‘

The occurrance of overflow is usually considered an error by
computer users. This '"error," a natural characteristic of the modular
system, is considered in Chapter 8. Overflow in one of the operations
addition, subtraction or multiplication produces error that is a
multiple of the modular base of the system. If division is involved,
further error is not iutroduced; but any error present may be modified
and passed on. Techniques developed in Chapter 7 for dealing with
division in rélation tb the other operations allow a quantization of this
error propagation. This type of error is truly catastrophic. The
magnitudes involved are often greater than the largest values which may
be iepresented in the system.

The modified rules of '""fractions,'" developed in Chapter 7 for
the radix complement. system, are used in Chapter 9 to devise a non-
standard representation for the rational number field in a mixed number
(integer plus fractioﬁ) form. The fraction part is given by a pair of
integers, so the rational number is represented by an ordereéd tripie of
integers. The rules for arithmetic in this field are derived. If the

ordered triple is taken from-the radix complement system, a computér
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representation of rational ’m‘xmbers is possible.

Aithough our problem was restricted to computer integer systems,
a system for simulating rational arithmefic,' based on ordered triples of
computer integers, could be useful: It would resemble the triple system
based on the integers, but allowance would have to be made for overflow;
the very real prdblein of zero divisors and zero denominatoz;s in. fractions
would have to be solved. As a rational-like system, its range of values
would be approximately the same as the range of signed values available
in the computer integer system. :This would be considerably less than the
dynamic range in a floating point system. However, the distribution of
values would be much morée uniform than in. either t1_1e floating point
system or a rational system based on ordered pairs of computer integers.
The arithmetic for such'a system of triples would be complicated.

This is a question for the future. It is not one of the
problems examined by this dissertation and will not be persued here.
It is :hoped that the results and techniques presented here will prove

useful in the consideration of other computer arithmetic systems.
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