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A MULTIPLE DISCRIMINANT ANALYSIS 

OF TECHNICAL INDICATORS 

ON THE NYSE

The random w a lk  h y p o t h e s i s  s t a t e s  t h a t  no s t a t i s t i c a l l y  

s i g n i f i c a n t  c o r r e l a t i o n  e x i s t s  be tw een  p a s t  p u b l i c  i n f o r m a t i o n  and  f u t u r e  

p r i c e  c h a n g e s .  The e f f i c i e n t  m a rk e t  th e o r y  s t a t e s  t h a t  p a s t  p u b l i c  

i n f o r m a t i o n  ca n n o t  b e  used  to  o b t a i n  e x t r a o r d i a r y  r e t u r n s  on a c o n s i s t e n t  

b a s i s .  T h i s  d i s s e r t a t i o n  em ploys M u l t i p l e  D i s c r i m i n a n t  A n a l y s i s  (MDA) 

to  s tu d y  t h e  r e l a t i o n s h i p  be tw e en  t e c h n i c a l  i n d i c a t o r s  and  f u t u r e  m ark e t  

movements on th e  NYSE. Thy n u l l  h y p o t h e s i s  i s  t h a t  no s t a t i s t i c a l l y  

s i g n i f i c a n t  r e l a t i o n s h i p  e x i s t s  b e tw e en  f u t u r e  m ark e t  a c t i o n s  and p a s t  

t e c h n i c a l  i n d i c a t o r s .  I f  t h e  model shows s t a t i s t i c a l l y  s i g n i f i c a n t  

dependence  su ch  t h a t  th e  n u l l  h y p o t h e s i s  i s  r e j e c t e d ,  th e n  t h e  p r e d i c t i v e  

power o f  MDA i s  exam ined i n  an a t t e m p t  t o  u se  t h e  d e p en d en ce  t o  f o r m u la t e  

p r o f i t a b l e  t r a d i n g  m o d e ls .

The d a ta  em ployed i n c l u d e  d a i l y  t e c h n i c a l  i n d i c a t o r s  from 1962 

th ro u g h  1973 as  d e r i v e d  from  NYSE t r a n s a c t i o n s .  The t e c h n i c a l  i n d i c a t o r s  

i n c l u d e  vo lum e; th e  p r o p o r t i o n  o f  s t o c k s  a d v a n c in g ,  d e c l i n i n g ,  and 

r e m a in in g  unchanged ; o d d - l o t  p u r c h a s e  s a l e s ,  and s h o r t - s a l e s ;  new h ig h s  

and low s;  a v e ra g e  volum e; money f lo w ;  and t h e  a d v a n c e / d e d i n e  l i n e .  The 

d a t a  a r e  a d j u s t e d  f o r  grow th i n  t h e  NYSE o v e r  t im e .  The i n d i c a t o r s  

l i s t e d  above  a r e  t h e  i n p u t  d a t a  f o r  t h e  MDA m odel.  S p e c i f i c a l l y ,  two 

s e t s  o f  d a t a  a r e  employed to  t e s t  t h e  n u l l  h y p o t h e s e s ,  a  " R e g u la r"  

v a r i a b l e  s e t  c o n s i s t i n g  o f  t h e  t e c h n i c a l  i n d i c a t o r s  o u t l i n e d  ab o v e ,  and



a " P e r c e n ta g e "  v a r i a b l e  s e t  c o n s i s t i n g  o f  p e r c e n ta g e  changes  o f  th e  

t e c h n i c a l  i n d i c a t o r s .

The th e o r y  o f  MDA i s  exam ined e x t e n s i v e l y .  The t o p i c s  d e s c r i b e d  

and l a t e r  em ployed  i n  t h i s  s tu d y  i n c l u d e  s t a t i s t i c a l  t e s t s  o f  s i g n i f i c a n c e ,  

a s su m p t io n s  o f  th e  m odel, c l a s s i f i c a t i o n  p r o c e d u r e s ,  s t e p w i s e  a n a l y s i s ,  

b i a s ,  r e l a t i v e  im p o r ta n c e  o f  i n d i v i d u a l  v a r i a b l e s ,  and e f f e c t s  o f  

m u l t i c o l l i n e a r i t y .

The a p p l i c a t i o n  o f  MDA t o  t e c h n i c a l  i n d i c a t o r s  i n v o l v e s  exam in ing  

th e  e q u a l i t y  o f  t h e  v a r i a n c e - c o v a r i a n c e  m a t r i c e s  by Box’s t e s t .  I f  t h e  

m a t r i c e s  a r e  s i g n i f i c a n t l y  d i f f e r e n t ,  th e n  a n o n - l i n e a r  d i s c r i m i n a n t  fu n c ­

t i o n  i s  a p p l i c a b l e .  I n  a d d i t i o n ,  a c o m p le te  s t e p w is e  p r o c e d u r e  i s  t h e o r e t i ­

c a l l y  s u p e r i o r  t o  a  fo rw ard  o r  backw ard  s t e p w is e  t e c h n i q u e .  O th e r  im p o r ta n t  

c o n s i d e r a t i o n s  i n c l u d e  t e s t i n g  t h e  d i s c r e t e n e s s  o f  t h e  c r i t e r i o n  v a r i a b l e  

and c o r r e c t l y  a d j u s t i n g  f o r  t h e  e f f e c t s  o f  b i a s .  The MULDIS com puter 

p rogram  d e v e lo p e d  a t  th e  U n i v e r s i t y  o f  W isc o n s in  i s  u se d  t o  im plem ent th e  

MDA t e c h n i q u e .

I n i t i a l l y ,  th e  d a ta  a r e  s e g r e g a t e d  a c c o r d in g  t o  b u l l -  and  b e a r - m a r k e t  

p e r i o d s .  The r e s u l t s  show t h a t  a s t a t i s t i c a l  and  c l a s s i f i c a t o r y  dependence  

does e x i s t  b e tw e en  p a s t  t e c h n i c a l  i n d i c a t o r s  and  f u t u r e  m ark e t  movements 

f o r  t h e  o r i g i n a l  sa m p le .  A ls o ,  t h e  t e s t  f o r  d i s p e r s i o n  e q u a l i t y  shows 

t h a t  a q u a d r a t i c  MDA f u n c t i o n  i s  a p p r o p r i a t e .  However, when se c o n d a ry  

sam ples  a r e  c l a s s i f i e d  t h e  d i s c r i m i n a n t  f u n c t i o n  i s  found  t o  b e  non-  

s t a t i o n a r y  o v e r  t im e .  To examine th e  n o n - s t a t i o n a r i t y  c o n d i t i o n  th e  

L achenbruch  h o ld o u t  method i s  em ployed; th e  d a ta  a r e  found  t o  b e  s t a t i o n a r y  

f o r  o n e - y e a r  p e r i o d s .  The o n e -y e a r  d a ta  sa m p le s  show s t a t i s t i c a l  and 

c l a s s i f i c a t o r y  dependence  f o r  b o t h  t h e  o r i g i n a l  and  s e c o n d a ry  s a m p le s .



The d i s c r e t e n e s s  o f  t h e  p r i c e  r e l a t i v e s  i s  exam ined  by  com paring  

c l a s s i f i c a t i o n  r e s u l t s  from  MDA t o  t h e  r e s u l t s  from a  m u l t i p l e  r e g r e s s i o n  

m odel. The MDA m odel i s  s u p e r i o r .  F i n a l l y ,  v a r i o u s  t r a d i n g  r u l e s  a r e  

d e v e lo p e d  and t e s t e d  on t h e  y e a r l y  s a m p le s .  The t r a d i n g  r u l e s  p r o v id e  

e x t r a o r d i n a r y  r e t u r n s  b e f o r e  com m issions b u t  i n f e r i o r  r e t u r n s  a f t e r  

com m iss ions .



D e d ic a te d  t o ;

Wendy, 

my p a r e n t s ,

. and my s p e c i a l  f r i e n d s .
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A MULTIPLE DISCRIMINANT ANALYSIS OF 

TECHNICAL INDICATORS ON THE NYSE

CHAPTER I  

INTRODUCTION

The u se  o f  t e c h n i c a l  i n d i c a t o r s  to  f o r e c a s t  m arke t  movements i s  

a  c o n t r o v e r s i a l  t o p i c  i n  t h e  academ ic  and in v e s tm e n t  c o m m u n it ie s .  Most 

a c a d e m ic ia n s  a rg u e  t h a t  p r i c e  movements form a  random w a lk  a n d / o r  

e f f i c i e n t  m ark e t  w i t h  r e s p e c t  t o  t e c h n i c a l  i n f o r m a t i o n ,  w h i l e  p r a c t i ­

t i o n e r s  c la im  t h a t  p r o p e r  u s e  o f  t e c h n i c a l  i n d i c a t o r s  r e s u l t s  i n  t h e  

r e c o g n i t i o n  o f  p r i c e  p a t t e r n s  t h a t  e n a b le  s u p e r i o r  r e t u r n s  t o  b e  a c h ie v e d  

r e l a t i v e  t o  a  buy and  h o ld  c r i t e r i o n .  P r e v io u s  s t u d i e s  o f  t e c h n i c a l  

i n d i c a t o r s  h av e  c o n c e n t r a t e d  on s t a t i s t i c a l  d ependence  t e s t s  and  u n i ­

v a r i a t e  a n a l y s i s ,  w h i l e  a lm o s t  c o m p le te ly  i g n o r i n g  t r a d i n g  m odels  and  

m u l t i v a r i a t e  a n a l y s e s .  T h is  s tu d y  c o r r e c t s  t h e s e  and  o t h e r  d e f i c i e n c i e s  

o f  p a s t  r e s e a r c h  by i n v e s t i g a t i n g  t h e  r e l a t i o n s h i p  b e tw e en  d a i l y  t e c h n i c a l  

i n d i c a t o r s  and f u t u r e  m ark e t  movements i n  t h e  c o n t e x t  o f  a m u l t i v a r i a t e -  

t r a d i n g  m odel.

P r e v io u s  R esea rch  

A cadem ic ians  u s e  econom ic  th e o r y  to  a rg u e  t h a t  s u p p ly  and  demand 

f o r c e s  s h o u ld  b e  i n  e q u i l i b r i u m .  lA/hen an exogenous e v e n t  c r e a t e s  a 

d i s e q u i l i b r i u m ,  t h e  m ark e t  t h e n  a d j u s t s  r a p i d l y  to  r e s t o r e  an e q u i l i b r i u m

1
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p o s i t i o n .  B e c a u se  o f  t h e  speed  o f  a d ju s tm e n t  o f  t h e  m ark e t  m echanism, 

l i t t l e  o r  no  o p p o r t u n i t y  e x i s t s  f o r  i n v e s t o r s  t o  p r o f i t  from d i s e q u i l i b ­

r ium  s i t u a t i o n s ,  even  i f  th ey  a r e  r e c o g n i z e d .  In  c o n t r a s t ,  p r a c t i t i o n e r s  

a rg u e  t h a t  s u p p ly  and demand c o n s i d e r a t i o n s ,  v i a  t e c h n i c a l  i n d i c a t o r s ,  

p r e s e n t  i n f o r m a t i o n  c o n c e rn in g  i n v e s t o r s '  p s y c h o l o g i c a l  moods, and can  

b e  em ployed  t o  p r e d i c t  s h o r t - t e r m  t r e n d s .

The a c ad em ic  p o s i t i o n  fo l lo w s  from  r e s e a r c h  c la im in g  t h a t  p r i c e s  

f o l l o w  a  random  w a lk  a n d /o r  e f f i c i e n t  m ark e t  m ode l .^  T h is  model h a s  b e e n  

v i g o r o u s l y  exam ined  f o r  t h e  "narrow "  v iew , i . e . ,  p a s t  p r i c e  i n f o r m a t i o n  

o n l y ,  b u t  o n ly  r e c e n t l y  s u b s t a n t i a l  i n t e r e s t  h a s  a r i s e n  c o n c e rn in g  t h e  

" b ro a d "  v ie w ,  i . e .  , t h e  u se  o f  a l l  p a s t  p u b l i c  i n f o r m a t i o n .  In  f a c t ,  

s t u d i e s  o f  t h e  " b ro a d "  view have  m ain ly  c o n c e n t r a t e d  on fu n d am en ta l  

i n f o r m a t i o n  s u c h  as  d iv id e n d s ,  e a r n in g s  and s t o c k  s p l i t s .  The l i m i t e d  

number o f  " b ro a d "  v iew  s t u d i e s  t h a t  have  d e a l t  w i t h  t e c h n i c a l  i n d i c a t o r s  

h a v e  m a in ly  b e e n  co n cern ed  w i t h  s t a t i s t i c a l  d ep e n d en c e  and i n v e s t i g a t i o n s  

o f  s t a t i s t i c a l  dependence ;  m o reo v e r ,  as  m e n t io n e d  a b o v e ,  t h e s e  s t u d i e s  

a r e  u n i v a r i a t e  i n  n a t u r e .

The t e c h n i c a l  s t u d i e s  t o  d a t e  c o n c e r n in g  vo lum e, o d d - l o t  d a t a ,  

and  t h e  num ber o f  a d v a n c e s /d e c l in e s /u n c h a n g e d  s h a r e s  g e n e r a l l y  show t h a t  

some s t a t i s t i c a l l y  s i g n i f i c a n t  dependence  e x i s t s  b e tw e en  t h e  i n d i v i d u a l  

t e c h n i c a l  i n d i c a t o r s  and p r i c e  movem ents. T h e i l  and  L e e n d e rs  [A] and 

Fama [A 1965a] i n v e s t i g a t e d  a d v a n c e /d e c l in e /u n c h a n g e d  d a t a  on t h e  

Amsterdam and  New York S tock  E xchanges ,  r e s p e c t i v e l y ,  and found some

Sim ply  s t a t e d ,  a "random  w alk"  o c c u r s  when f u t u r e  p r i c e  c h a n g es  
a r e  i n d e p e n d e n t  from p a s t  i n f o r m a t io n ;  an " e f f i c i e n t  m arke t"  i s  when 
e x t r a o r d i n a r y  p r o f i t s  canno t  c o n s i s t e n t l y  b e  o b t a i n e d  from p a s t  p u b l i c  
i n f o r m a t i o n  a f t e r  a l l  b u s in e s s  c o s t s  a r e  c o n s i d e r e d .
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d ep en d en ce .  S i m i l a r l y ,  Wu [A 1 9 7 2 ] ,  Kewley and S te v e n s o n  [A 1969] and 

K le in  [A] found some r e l a t i o n s h i p s  betw een o d d - l o t  d a t a  and p r i c e  c h a n g es ,  

w h i l e  Crouch [A 1970a and A 1970b] and Ying [A 1966] s u p p o r t e d  t h e  

r e l a t i o n s h i p  o f  volume to  p r i c e s .  For t h e  m ost p a r t ,  b r o a d  v iew  t e s t s  o f  

m ark e t  e f f i c i e n c y ,  w h e th e r  b a s e d  on fundam en ta l  o r  t e c h n i c a l  d a t a ,  have  

ig n o r e d  th e  t r a d i n g  model a p p ro a c h .

Emery [A] p r o v id e d  t h e  o n ly  a t t e m p t  t o  a n a ly z e  s h o r t - t e r m  

t e c h n i c a l  i n d i c a t o r s  i n  a  m u l t i v a r i a t e  c o n t e x t .  Emery em ployed a f a c t o r  

a n a l y s i s / r e g r e s s i o n  model t o  f o r e c a s t  f u tu r e  p r i c e  c h a n g es  and t o  make 

in v e s tm e n t  d e c i s i o n s ,  d e t e r m i n in g  t h a t  th e  r e t u r n s  a f t e r  com m issions a r e  

i n f e r i o r  to  a  buy and h o l d  p o l i c y .

U n f o r tu n a t e l y ,  E m e ry 's  m ethodology was weak i n  s e v e r a l  a r e a s ,  

i n v i t i n g  c r i t i c i s m s  t h a t  c a s t  do u b t  on t h e  v a l i d i t y  o f  t h e  a p p ro a c h  and 

h e n c e  on th e  r e s u l t s .  F u r th e r m o r e ,  E m ery 's  d a t a  b a s e  c o n ta i n e d  a su b ­

s t a n t i a l  number o f  m a jo r  e r r o r s .  E v a lu a t io n  o f  E m e ry 's  w ork  i s  d ev e lo p ed  

i n  C h a p te r  I I .

P u rp o s e  and  M ethodology o f  t h e  S tudy  

The f o r e g o in g  comments s u g g e s t s  t h a t  a  d i s a g r e e m e n t  e x i s t s  

b e tw een  a c a d e m ic ia n s  and p r a c t i t i o n e r s  c o n c e r n in g  t h e  a b i l i t y  o f  t e c h n i c a l  

i n d i c a t o r s  t o  f o r e c a s t  m ark e t  movements. T h is  s tu d y  a t t e m p t s  t o  d e te rm in e  

t h e  r e l a t i o n s h i p ,  i f  a n y ,  b e tw e e n  t h e s e  i n d i c a t o r s  and  f u t u r e  m arke t  

movements. To a c h ie v e  t h i s  g o a l ,  t h e  t e c h n i c a l  d a t a  a r e  exam ined  by 

v a r i o u s  s t a t i s t i c a l  t e s t s  and  t r a d i n g  m o d e ls .  The s t a t i s t i c a l  t o o l  

employed i s  m u l t i p l e  d i s c r i m i n a n t  a n a l y s i s .  S in c e  d i s c r i m i n a n t  a n a l y s i s  

i s  m u l t i v a r i a t e  i n  n a t u r e ,  i t  s h o u ld  p r o v id e  s u p e r i o r  r e s u l t s  to  p r e v io u s  

s t u d i e s  t h a t  have  b een  m o s t ly  u n i v a r i a t e  i n  n a t u r e .
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M u l t i p l e  D is c r im in a n t  A n a ly s i s  (MDA) i s  a s t a t i s t i c a l  t e c h n i q u e  

t h a t  m axim izes  t h e  s e p a r a t i o n  be tw een  two ( o r  more) a  p r i o r i  g r o u p s .  T h is  

s e p a r a t i o n  i s  a c co m p lish e d  by m ax im iz ing  th e  r a t i o  o f  t h e  be tw een  g roup  

v a r i a t i o n  to  t h e  w i t h i n  group v a r i a t i o n .  The r e s u l t i n g  p a r a m e te r s  o f  t h e  

d i s c r i m i n a n t  e q u a t i o n  r e f l e c t  t h i s  m ax im iz in g  p r o c e d u r e ,  p r o v i d i n g  t h e  

b e s t  s t a t i s t i c a l  s e p a r a t i o n  o f  t h e  g ro u p s  as  w e l l  as t h e  o p t im a l  c l a s s i f i ­

c a t i o n  o f  o b s e r v a t i o n s  i n t o  t h e i r  r e s p e c t i v e  g r o u p s .

MDA h a s  been  employed by s e v e r a l  a u t h o r s  t o  i n v e s t i g a t e  f i n a n c i a l

v a r i a b l e s ,  w i t h  A ltm a n 's  a r t i c l e s  [B 1968 and B 1973] b e in g  t h e  m ost

w id e ly  known e x a m p les .  The p r e s e n t  p a p e r  i s  t h e  i n i t i a l  a p p l i c a t i o n  o f

MDA t o  t e c h n i c a l  d a t a .  F u r th e r m o r e ,  t h e  m ethodology i n  t h i s  s t u d y  h a s

s e v e r a l  u n iq u e  a s p e c t s .  S p e c i f i c a l l y ,  i t  exam ines  t h e  e q u a l i t y  o f  t h e

v a r i a n c e - c o v a r i a n c e  m a t r ix ,  c l a s s i f i e s  t h e  o b s e r v a t i o n s  by a  n o n - l i n e a r

p r o c e s s  i f  t h e  fo re g o in g  m a t r i c e s  a r e  u n e q u a l ,  and p r o v id e s  a  c o m p le te

s t e p w is e  o p t i o n .  These p r o c e d u r e s  h e l p  t o  a l l e v i a t e  b o t h  a c ad e m ic  and

p r a c t i t i o n e r  c r i t i c i s m s ;  academic, c r i t i c i s m s  a r e  met by i n v e s t i g a t i o n s

o f  t h e  u n d e r l y i n g  a s su m p tio n s  o f  t h e  m o d e l ,  and p r a c t i t i o n e r  c r i t i c i s m s

a r e  met by p r o v id i n g  a  more r e a l i s t i c  model o f  t h e  e n v iro n m e n t ,  n a m e ly ,

a  m u l t i v a r i a t e  n o n - l i n e a r  model c a p a b le  o f  i n v e s t i g a t i n g  e x tre m e  p r i c e  

2m ovem ents.

The t e c h n i c a l  d a ta  employed i n  t h i s  s tu d y  a r e  volum e; p r o p o r t i o n s  

o f  s t o c k s  a d v a n c i n g /d e c l in i n g /u n c h a n g e d ;  o d d - l o t  p u r c h a s e s ,  s a l e s ,  and  

s h o r t - s a l e s ;  th e  number o f  new h ig h s  and new lows ; and s e v e r a l  o t h e r  

v a r i a b l e s  n o r m a l ly  used  by p r a c t i t i o n e r s ,  su c h  a s  money f lo w .  The d a t a

2
Extrem e p r i c e  movements a r e  d e f i n e d  a s  t h e  h i g h e s t  and  lo w e s t  

p r i c e  r e l a t i v e s  f o r  a g iven  p e r i o d  o f  a n a l y s i s .  A cco rd in g  t o  t e c h n i c i a n s ,  
t h e s e  e x tre m e  p r i c e  r e l a t i v e s  a r e  more l i k e l y  t o  b e  a s s o c i a t e d  w i t h  un­
u s u a l  movements i n  t e c h n i c a l  i n d i c a t o r s  th a n  a r e  " a v e ra g e "  p r i c e  r e l a t i v e s .
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a r e  a n a ly z e d  i n  a  tw o-g roup  c o n te x t  on a  d a i l y  b a s i s ,  w i t h  t h e  i n i t i a l  

p h a s e  o f  t h e  i n v e s t i g a t i o n  c o n c e n t r a t i n g  on b u l l  and  b e a r  m a r k e ts ;  a 

s eco n d  p h a s e  o f  t h e  a n a l y s i s  employs y e a r l y  c l u s t e r i n g s  o f  t h e  d a i l y  d a t a .

The two g ro u p s  c o n s i s t  o f  t h e  5 0 - b e s t  and  5 0 - w o r s t  p r i c e  r e l a t i v e  

o b s e r v a t i o n s  from  t h e  t im e  p e r i o d  i n  q u e s t i o n .  Each d a t a  s e t  i s  a n a ly z e d  

i n  t h e  f o l l o w i n g  m anner;

1) The s t a t i s t i c a l  r e l a t i o n s h i p  b e tw e en  t e c h n i c a l  i n d i c a t o r s

and f u t u r e  m arket movements i s  i n v e s t i g a t e d

2) The a b i l i t y  o f  t h e  model to  p r e d i c t  ( c l a s s i f y )  f u t u r e  m arke t

movements b a s e d  on p a s t  t e c h n i c a l  i n f o r m a t i o n  i s  exam ined

3) The a b i l i t y  o f  t h e  model t o  c l a s s i f y  s u c c e s s f u l l y  o b s e r v a t i o n s  

from  s e c o n d a ry  sam p les  i s  t e s t e d

4 )  I f  c l a s s i f i c a t i o n  dependence  i s  e v i d e n t ,  th e n  a  t r a d i n g  r u l e  

b a s e d  on a red u c e d  s p a c e  MDA f o r m u l a t i o n  i s  em ployed t o  

d e te r m in e  i f  t h e  model o b t a i n s  above  a v e ra g e  r e t u r n s  b e f o r e  

com m iss ions

5) I f  (4) i s  t r u e ,  th e n  t h e  same t r a d i n g  r u l e  i s  exam ined  f o r

above  a v e ra g e  r e t u r n s  a f t e r  c om m iss ions

O r g a n iz a t io n  o f  t h e  S tudy

C h a p te r  I I  b r i e f l y  e x p l a i n s  t h e  v a r i o u s  a s p e c t s  o f  t h e  random 

w a lk  and  e f f i c i e n t  m arke t m odels a s  w e l l  a s  r e v i e w in g  t h e  l i t e r a t u r e  

i n v o l v i n g  t e c h n i c a l  i n d i c a t o r s .  C h a p te r  I I I  p r e s e n t s  an i n t e g r a t e d  

re v ie w  o f  t h e  t h e o r y  o f  m u l t i p l e  d i s c r i m i n a n t  a n a l y s i s .  C h a p te r  IV 

d i s c u s s e s  t h e  m ethodology o f  t h e  c u r r e n t  i n v e s t i g a t i o n .  C h a p te r  V 

a n a ly z e s  t h e  r e s u l t s  c o n c e r n in g  t h e  r e l a t i o n s h i p  o f  t e c h n i c a l  i n d i c a t o r s  

t o  f u t u r e  m a rk e t  movements. C h a p te r  VI p r e s e n t s  a  s h o r t  summary o f  t h e
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m ethodo logy  and r e s u l t s ,  g iv e s  t h e  c o n c lu s i o n s  b a s e d  on  t h e  r e s u l t s ,  

and  p r o v id e s  i m p l i c a t i o n s  and s u g g e s t i o n s  f o r  f u t u r e  r e s e a r c h  e f f o r t s .



CHAPTER II

THE EFFICIENT MARKET HYPOTHESIS AND 

TECHNICAL INDICATOR STUDIES

I n t r o d u c t i o n

T h is  c h a p t e r  b r i e f l y  re v ie w s  t h e  Random Walk and E f f i c i e n t  M arke t 

H y p o th e se s  and  th e n  e v a l u a t e s  t h e  m ethodo logy  and r e s u l t s  o f  v a r i o u s  

s t u d i e s  d e a l i n g  w i t h  t e c h n i c a l  i n d i c a t o r s . An i n - d e p t h  t h e o r e t i c a l  

a p p ro a c h  t o  t h e  random w a l k / e f f i c i e n t  m a r k e t  t h e o r i e s  i s  p r o v id e d  by 

Fama [A 1 9 7 0 ] ,  w h i l e  F i e l i t z  [A 1974] p r o v i d e d  an e x t e n s i v e  r e v ie w  o f  

t h e  l i t e r a t u r e  o f  t h e  e f f i c i e n t  m ark e t  h y p o t h e s i s .  P in c h e s  [A] sum m arized  

th e  l i t e r a t u r e  i n v o l v i n g  t e c h n i c a l  a n a l y s i s .

The Random Walk and E f f i c i e n t  
M arke t T h e o r ie s

The random w a lk  h y p o t h e s i s  i n d i c a t e s  t h a t  no s t a t i s t i c a l  

dependence  e x i s t s  be tw een  p a s t  i n f o r m a t i o n  and  f u t u r e  p r i c e  c h a n g e s ,  w h i l e  

th e  e f f i c i e n t  m ark e t  th e o r y  sa y s  t h a t  t r a d i n g  m odels  c a n n o t  p r o v id e  e x t r a ­

o r d i n a r y  p r o f i t s  on a  c o n s i s t e n t  b a s i s .  ( E x t r a o r d i n a r y  p r o f i t s  o c c u r  

when a  t r a d i n g  model o u tp e r fo rm s  a  buy and  h o l d  s t r a t e g y . )

T r a d i t i o n a l l y ,  t h e  above h y p o th e s e s  a r e  d i v id e d  i n t o  t h r e e  a r e a s  

o f  i n v e s t i g a t i o n ,  namely t h e  n a r ro w ,  b r o a d ,  and m o n o p o l i s t i c  i n f o r m a t i o n  

form s o f  t h e  two t h e o r i e s .  The n a r r o w - f o rm  t e s t s  exam ine t h e  r e l a t i o n ­

s h i p  b e tw e en  p a s t  p r i c e  i n f o r m a t i o n  and  f u t u r e  p r i c e  c h a n g es ;  t h e  b r o a d -  

form  t e s t s  d e te r m in e  th e  r e l a t i o n s h i p  b e tw e e n  a l l  p a s t  i n f o r m a t i o n  and

7
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f u t u r e  p r i c e  c h a n g e s ;  w h i l e  t h e  m o n o p o l i s t i c  i n f o r m a t io n  t e s t s  i n v e s t i g a t e  

t h e  p o s s i b i l i t y  t h a t  c e r t a i n  g roups  p o s s e s s  i n f o r m a t io n  o r  s p e c i a l  

a b i l i t i e s  t h a t  w i l l  p r o v id e  e x t r a o r d i n a r y  r e t u r n s  on a  c o n s i s t e n t  b a s i s .

Narrow v iew

I n i t i a l  i n v e s t i g a t i o n s  o f  t h e  random w a lk  h y p o t h e s i s  employed 

s e r i a l  c o r r e l a t i o n  ( s e e  K e n d a l l  [A ], Cowles [A ], Moore [A] and Fama 

[A 1 9 6 5 a ] ) ,  r u n s  t e s t s  (A lex a n d e r  [A 1 9 6 1 ] ,  Moore [A ], and  Fama [A 1 9 6 5 a ] ) ,  

and s p e c t r a l  a n a l y s i s  (G range r  and M o rg e n s te m  [A 1963] and  G o d frey ,  

G ra n g e r ,  and  M o rg e n s te m  [A ]) .  T hese  and o t h e r  i n v e s t i g a t i o n s  ( c l u s t e r ­

i n g ,  M arkov ian )  r e v e a l e d  some m inor s t a t i s t i c a l  d e p e n d e n c e ,  i n d i c a t i n g  

t h a t  a  s t r i c t  m a t h e m a t i c i c a l  i n t e r p r e t a t i o n  o f  t h e  random w a lk  h y p o t h e s i s  

i s  n o t  v a l i d .  However, t h e  u n c o v e re d  d e p e n d e n c ie s  a r e  a t  b e s t  w eak .

C r i t i c i s m s  o f  t h e  above s t u d i e s  i n c l u d e d  t h e  l i n e a r  n a t u r e  o f  t h e  

t e s t s  and  t h e  i n v e s t i g a t i o n  o f  d ependence  th ro u g h o u t  t h e  d a t a  w h i l e  

i g n o r i n g  s u b s e t s  o f  t h e  d a t a  w here  d e pendence  i s  more l i k e l y  t o  o c c u r .  

A le x a n d e r  [A 1961 and A 1964] d i r e c t e d  h i m s e l f  t o  s u c h  c r i t i c i s m s  by 

d e v e lo p in g  a  t r a d i n g  model i n v o l v i n g  f i l t e r  r u l e s  f o r  a  m a rk e t  i n d e x ,  w h i l e  

Fama and  Blume [A] a p p l i e d  t h e  f i l t e r  a p p ro a c h  t o  i n d i v i d u a l  s t o c k  p r i c e  

r e l a t i v e s .  Levy [A 1967a and A 1967b] and J e n s e n  and B e n n in g to n  [A] 

i n v e s t i g a t e d  t h e  r e l a t i v e  s t r e n g t h  c o n c e p t  and Levy [A 1971] a l s o  examined 

t h e  p r o f i t a b i l i t y  o f  c h a r t  p a t t e r n s .  I n  g e n e r a l ,  t h e  s t u d i e s  showed t h a t  

p r o f i t s  w e re  r e a l i z e d  b e f o r e  c o m m iss io n s ,  b u t  n o t  a f t e r  c o m m iss ions ;  i . e . ,  

t h e  e f f i c i e n t  m a rk e ts  h y p o t h e s i s  h o l d s .

Broad v iew

The b r o a d - f o rm  t e s t s  i n v e s t i g a t e d  t h e  s t a t i s t i c a l  and  economic 

r e l a t i o n s h i p  b e tw e en  many ty p e s  o f  p a s t  i n f o r m a t io n  and  f u t u r e  p r i c e
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c h a n g e s .  The m ethodology  employed by Fama, F i s h e r ,  J e n s e n ,  and R o l l  [A] 

h a s  dom ina ted  th e  l i t e r a t u r e  i n  t h i s  a r e a .  FFJR u sed  r e g r e s s i o n  a n a l y s i s  

to  remove t h e  e f f e c t s  o f  m arket m ovem ents, e n a b l i n g  them  t o  c o n c e n t r a t e  

on t h e  r e s i d u a l  e f f e c t s  o f  s t o c k  s p l i t s .  A s i m i l a r  m ethodology  i s  

employed by M i l l a r  and  F i e l i t z  [A] to  exam ine  s t o c k  s p l i t s .  B a l l  and  Brown 

[A] t o  i n v e s t i g a t e  e a r n i n g s ,  and P e t t i t  [A] t o  d e te rm in e  t h e  e f f e c t s  o f  

d iv id e n d s  on p e r f o r m a n c e .  These s t u d i e s  c o n c lu d e d  t h a t  a r e l a t i o n s h i p  

does  e x i s t  b e tw een  s p l i t ,  d iv id e n d ,  e t c .  i n f o r m a t io n  and  cum m ula t ive  

p r i c e  c h a n g es .  How ever, most o f  t h e  p r i c e  i n c r e a s e  o c c u r s  b e f o r e  t h e  

in f o r m a t io n  i s  a v a i l a b l e  to  t h e  p u b l i c ;  a l s o ,  once  t h e  i n f o r m a t i o n  i s  

g e n e r a l l y  known, p r i c e s  a d j u s t  e x t r e m e ly  r a p i d l y  t o  new i n f o r m a t i o n .

Two o t h e r  m a jo r  a r e a s  o f  i n v e s t i g a t i o n  examine q u a r t e r l y  e a r n i n g s  

r e p o r t s  and t h e  new i s s u e  m a rk e t .  J o n e s  and L i t z e n b e r g e r  [A ] ,  L a t a n e ,  

T u t t l e  and Jo n e s  [A ], L a ta n e ,  J o y ,  and  J o n e s  [A ], and L a t a n e ,  J o n e s ,  and 

R ieke  [A ], c la im e d  t h a t  i n f o r m a t io n  r e g a r d i n g  q u a r t e r l y  e a r n i n g s  can  l e a d  

to  abnorm al r e t u r n s .  S i m i l a r l y ,  R e i l l y  and  H a t f i e l d  [A ], and R e i l l y  [A], 

among o t h e r s ,  i n d i c a t e d  t h a t  t h e  p r i c e  p e r fo rm a n c e  o f  a  s t o c k  a f t e r  p u b l i c  

l i s t i n g  was su c h  t h a t  e x t r a o r d i n a r y  r e t u r n s  t o  t h e  i n v e s t o r  c o u ld  b e  

a c h ie v e d .  However, f u r t h e r  i n v e s t i g a n t i o n  o f  b o th  t o p i c s  i s  n e c e s s a r y  

t o  s u b s t a n t i a t e  t h e  v a l i d i t y  o f  th e  m ethodo logy  and r e s u l t s ,  and  t o  show 

t h a t  t h e  e x t r a o r d i n a r y  r e t u r n s  a r e  c o n s i s t e n t  o v e r  t im e .

M o n o p o l i s t i c  I n f o r m a t io n

C e r t a i n  g ro u p s  may p o s s e s s  m o n o p o l i s t i c  i n f o r m a t io n  t h a t  can  b e  

tu r n e d  i n t o  e x t r a o r d i n a r y  p r o f i t s .  I n v e s t i g a t i o n s  o f  t h e  e x i s t e n c e  o f  

such  g roups  have  in c l u d e d  f i n a n c i a l  s e r v i c e s ,  m utua l  f u n d s ,  and i n s i d e r s .  

D ie fe n b a c h  [A] showed t h a t  m arke t  p o s i t i o n s  e s t a b l i s h e d  on t h e  recommenda­

t i o n s  o f  f i n a n c i a l  s e r v i c e s  do n o t  o u tp e r f o r m  t h e  m a rk e t .  S i m i l a r l y ,
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F r i e n d  and V ic k e r s  [A ], Sharpe  [A ], and J e n s e n  [A] showed t h a t  t h e  

r i s k - r e t u m  p e r fo rm a n c e s  o f  m u tu a l  funds  a r e  i n f e r i o r  t o  t h e  r i s h - r e t u m  

c h a r a c t e r i s t i c s  o f  t h e  m a rk e t .  On t h e  o t h e r  h a n d ,  Wu [A 1963 and  A 1 9 6 5 ] ,  

R ogoff  [A ], N e i d e r h o f f e r  and O sborne  [A ], and L o r i e  and N e i d e r h o f f e r  [A] 

r e p o r t e d  t h a t  some " i n s i d e r s "  p o s s e s s  s u f f i c i e n t  m o n o p o l i s t i c  i n f o r m a t i o n  

to  o b t a i n  e x t r a o r d i n a r y  r e t u r n s  on a c o n s i s t e n t  b a s i s .  However, s i n c e  

t h e  i n f o r m a t i o n  a s s o c i a t e d  w i t h  t h e  " i n s i d e r s "  i s  n o t  a v a i l a b l e  t o  t h e  

g e n e r a l  i n v e s t i n g  p u b l i c ,  t h e  e f f i c i e n t  m a rk e ts  model seems t o  h o l d  f o r  

t h e  m a j o r i t y  o f  i n v e s t o r s .

T e c h n ic a l  I n d i c a t o r  S t u d ie s

The p r e v i o u s  s e c t i o n s  sum m arize t h e  Random Walk and  E f f i c i e n t  

M arke t  T h e o r i e s .  The r e m a in in g  p a r t s  o f  t h i s  c h a p t e r  i n v e s t i g a t e  t h e  

m eth o d o lo g y  and r e s u l t s  i n v o lv i n g  t e c h n i c a l  i n d i c a t o r s .  The s t u d i e s  

d i s c u s s e d  h e r e  p r o v id e  v a l u a b l e  i n f o r m a t i o n  c o n c e r n in g  t h e  r e l a t i o n s h i p  

b e tw e e n  t e c h n i c a l  i n d i c a t o r s  and s t o c k  p r i c e  c h a n g e s .  M oreove r ,  t h e y  

s e r v e  a s  a  f o c a l  p o i n t  f o r  i s o l a t i n g  p ro b le m s  i n  m ethodology  and  gaps i n  

t h e  l i t e r a t u r e .

A l o g i c a l  d i v i s i o n  o f  i n v e s t i g a t i o n s  i n v o l v i n g  t e c h n i c a l  m ark e t  

i n d i c a t o r s  i s  t o  d i s t i n g u i s h  be tw een  t h e  u n i v a r i a t e  and  m u l t i v a r i a t e  

a p p r o a c h e s .  U n i v a r i a t e  s t u d i e s  h av e  c o n s id e r e d  v o lu m e , o d d - l o t  s t a t i s t i c s ,  

and  a d v a n c e /d e c l in e /u n c h a n g e d  d a t a .  P e rh a p s  t h e  m a jo r  c r i t i c i s m  o f  t h e s e  

s t u d i e s  i s  t h e  u n i v a r i a t e  m ethodology  em ployed ; i . e . ,  s i n c e  t h e  s t o c k  

m a rk e t  i s  o b v io u s ly  m u l t i v a r i a t e  i n  n a t u r e  and s i n c e  t e c h n i c i a n s  g e n e r a l l y  

employ a  w id e  v a r i e t y  o f  t e c h n i c a l  i n d i c a t o r s  i n  t h e i r  w o rk ,  a  u n i v a r i a t e  

a p p ro a c h  i s  a  somewhat s i m p l i s t i c  v iew  o f  t h e  p ro b le m  a t  h a n d .
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T here  a r e  o n ly  two m u l t i v a r i a t e  s t u d i e s  i n v o l v i n g  t e c h n i c a l  

i n d i c a t o r s .  Gup [A] p r e s e n t e d  a  v e ry  l i m i t e d  i n v e s t i g a t i o n  o f  t h r e e  

m o n th ly  t e c h n i c a l  i n d i c a t o r s ,  w i t h  low v a l u e s .  Emery [A] p r o v id e d  a  

more s o p h i s t i c a t e d  r e g r e s s i o n / f a c t o r  a n a l y s i s  a p p ro a c h  t o  exam ine t h e  

e f f e c t s  o f  t e n  w id e ly  u se d  t e c h n i c a l  i n d i c a t o r s .  H ow ever, m a jo r  c r i t i ­

c ism s  o f  E m ery 's  work c a s t  s e r i o u s  do u b t  on t h e  r e l i a b i l i t y  o f  h i s  r e s u l t s .  

T hese  c r i t i c i s m s  a r e  f u l l y  d i s c u s s e d  l a t e r  i n  t h i s  c h a p t e r .

U n i v a r i a t e  S tu d ie s

Volume

G ranger  and M o rg e n s te m  [A 1963] and G o d f re y ,  G ra n g e r  and 

M o rg e n s te m  [A] u se d  t h e  c o h e re n c e  d iag ram  from  s p e c t r a l  a n a l y s i s  t o  

exam ine  t h e  r e l a t i o n s h i p  b e tw e e n  p r i c e  and volume f o r  w e e k ly ,  d a i l y ,  and 

t r a n s a c t i o n  d a t a .  G e n e r a l ly ,  t h e y  c o n c lu d e d  t h a t  l i t t l e  o r  no  r e l a t i o n ­

s h i p  e x i s t s  be tw een  t h e  p r i c e  and  volume s e r i e s .  H ow ever, i n  a  l a t e r  

s t u d y  G ran g e r  and M o rg e n s te m  [A 1 9 7 0 ,  Ch. 8] s u g g e s t e d  t h a t  an u n la g g e d  

r e l a t i o n s h i p  e x i s t s  b e tw e en  t h e  d a i l y  volume and t h e  e x t e n t  o f  t h e  p r i c e  

change  ( a s  opposed  t o  d i r e c t i o n )  a s  m easu red  by t h e  s q u a r e  o f  t h e  d a i l y  

p r i c e  change  o r  t h e  h ig h  minus low p r i c e  d i f f e r e n c e .

Crough [A 1970b] p r o v id e d  an e m p i r i c a l  e x a m in a t io n  o f  t h e  c o r ­

r e l a t i o n  be tw een  t h e  a b s o l u t e  p r i c e  change and volum e and  c o n c lu d e d  t h a t  

a  p r ic e -v o lu m e  r e l a t i o n s h i p  e x i s t s .  He [A 1970a]  a l s o  c o n d u c te d  a 

n o n - l i n e a r  t e s t  o f  t h e  p r i c e - v o lu m e  r e l a t i o n s h i p  by a n a l y z i n g  t h e  l a g g e d  

e f f e c t  o f  abnorm al volume on p r i c e  c h a n g e s .  W hile  a  s t a t i s t i c a l l y  s i g ­

n i f i c a n t  r e l a t i o n s h i p  a p p e a r e d  t o  e x i s t  b e tw een  ab n o rm a l  volume and p r i c e  

c h a n g e s ,  no p a t t e m s  i n  te rm s  o f  t h e  l e n g t h  o f  t h e  l a g  o r  t h e  d i r e c t i o n  

o f  t h e  r e l a t i o n s h i p  d e v e lo p e d .  M oreover ,  t h e  d e p e n d e n c ie s  seem t o  b e  

t o o  s m a l l  t o  d ev e lo p  a  p r o f i t a b l e  t r a d i n g  m odel.
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Y in g  [A 1966] a n a ly z e d  p r ic e -v o lu m e  r e l a t i o n s h i p s  f o r  t h e  d a i l y  

S ta n d a r d  and  P o o r ' s  In d e x  f o r  s i x  y e a r s ,  and d e te r m in e d  t h a t  a  c o i n c i d e n t  

p r i c e  ch an g e /v o lu m e  r e l a t i o n s h i p  does in d e e d  e x i s t .  P r o c e e d i n g  t o  

exam ine t h e  l a g  s t r u c t u r e  o f  t h e  d a t a ,  t h e  a u t h o r  d i s c o v e r e d  a  s i g n i f i c a n t  

o n e -d a y  l a g  r e l a t i o n s h i p  b e tw e en  volume and p r i c e  c h a n g e ;  h e  a l s o  found  

a  l a g  b e tw e e n  c e r t a i n  volume c h a r a c t e r i s t i c s  and  t h e  r e s u l t a n t  f o u r - d a y  

c u m m u la t iv e  p r i c e  change .

F i n a l l y ,  Osborne [A] showed t h a t  c e r t a i n  r e l a t i o n s h i p s  e x i s t  

b e tw e e n  volume and p r i c e  m ovem ents. S p e c i f i c a l l y ,  O sbo rne  showed t h a t  

" i m p o r t a n t  upward p r i c e  moves end  on l a r g e  vo lum e" and  t h a t  t h e  volume 

se q u e n c e  l e a d s  t h e  p r i c e  s e q u e n c e .

The number o f  i n v e s t i g a t i o n s  o f  t h e  p r i c e - v o l u m e  r e l a t i o n s h i p  

i s  l i m i t e d  and t h e  c o n c lu s i o n s  a r e  c o n t r a d i c t o r y .  C rouch  [A 1970b] 

a rg u e d  f o r  a  c o i n c i d e n t  r e l a t i o n s h i p ,  w h i l e  G ra n g e r  an d  M o rg e n s te m  

[A 1963] and  G o d fre y ,  G range r  and  M o rg e n s te m  [A] d i s p u t e d  t h e  r e l a t i o n ­

s h i p .  The l a g g e d  e f f e c t  o f  volume on p r i c e s  was s u p p o r t e d  by t h e  s e r i a l  

c o r r e l a t i o n  s t u d i e s  o f  Crouch [A 1 9 7 0 a ] ,  Y ing  [A 1 9 6 6 ] ,  and O sborne  [A ], 

and  t o  a  l e s s e r  e x t e n t  by  G ra n g e r  and M o rg e n s te m  [A 1 9 7 0 ] .  None o f  

t h e s e  s t u d i e s  a t t e m p te d  to  d e v e lo p  a  t r a d i n g  m odel t o  d e te r m in e  w h e th e r  

o r  n o t  t h e  s t a t i s t i c a l  dependence  can b e  u se d  p r o f i t a b l y ,  b e f o r e  o r  a f t e r  

co m m iss io n s .

O d d - lo t  d a t a

The " O d d - lo t  Theory" a t t e m p t s  t o  d e s c r i b e  t h e  r e l a t i o n s h i p  

b e tw e en  t h e  s m a l l  i n v e s t o r  and t h e  m a rk e t .  Kewley an d  S te v e n s o n  [A 1967] 

p r e s e n t e d  one  o f  t h e  e a r l y  s t u d i e s  o f  o d d - l o t t e r s  by e x a m in in g  a b s o l u t e  

v a l u e s  ( o f  t e n  day moving a v e r a g e s  ) o f  t h e  " B a la n c e  R a t io "  ( o d d - l o t
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s a l e s / o d d  l o t - p u r c h a s e s )  i n  r e l a t i o n  to  p r i c e  c h a n g e s .  They found t h a t  

l i t t l e  o r  no c o r r e l a t i o n  e x i s t e d  be tw een  t h e  b a l a n c e  r a t i o  and m arke t  

p r i c e s .  F u r th e rm o re ,  a fo u r -w e e k  moving a v e ra g e  o r  a  change i n  t h e  

B a la n c e  R a t io  from l e s s  th a n  one t o  g r e a t e r  th a n  o n e ,  o r  v i c e - v e r s a ,  

does  n o t  c o n ta i n  any p r e d i c t i v e  i n f o r m a t i o n .

Drew [A] c r i t i c i z e d  t h e  Kewley and S te v e n s o n  r e s u l t s  f o r  t h e i r  

f a i l u r e  t o  u se  r e l a t i v e  p e r c e n ta g e  changes  i n  t h e  b a l a n c e  r a t i o .  Con­

s i d e r i n g  D rew 's  c r i t i c i s m s ,  Kewley and S te v e n s o n  [A 1969] re -e x a m in e d  

t h e i r  d a t a  by em ploy ing  r e l a t i v e  changes i n  a  f o u r -w e e k  moving a v e ra g e  

o f  t h e  B a la n c e  R a t io .  The r e s u l t s  showed t h a t  a c t i n g  on buy s i g n a l s  

p r o v i d e s  p e rfo rm a n c e  r e s u l t e d  s u b s t a n t i a l l y  above  t h e  m ark e t  b e f o r e  com­

m i s s i o n s  f o r  s u b s e q u e n t  p e r i o d s  o f  4 ,  1 2 ,  and  26 w e e k s ;  how ever ,  a c t i n g  

on s e l l  s i g n a l s  p ro d u c e s  r e t u r n s  w hich  a r e  i n f e r i o r  t o  t h e  r e t u r n  from  

t h e  m a rk e t .

K le in  [A] exam ined  o d d - l o t  a c t i v i t y  f o r  t h e  20 m ost a c t i v e  NYSE 

s t o c k s .  U sing  m onth ly  d a t a ,  K le in  d e te r m in e d  t h a t  t h e  p u r c h a s e s  o f  

o d d - l o t t e r s  a r e  p r o f i t a b l e  b u t  t h a t  s a l e s  a r e  t r a n s a c t e d  a t  t h e  wrong 

t im e .

Wu [A 1972] em ployed r e g r e s s i o n  a n a l y s i s  t o  d e te r m in e  t h a t  (a )  

a  s i g n i f i c a n t  r e l a t i o n s h i p  b e tw e en  n e t  w eek ly  o d d - l o t  p u r c h a s e s  and  p r i c e  

c h a n g e s  e x i s t s ,  a s  w e l l  a s  be tw een  changes  i n  o d d - l o t  s h o r t  s a l e s  and  

p r i c e  c h a n g e s ;  a n d ,  (b )  n e t  o d d - l o t  p u r c h a s e s  a r e  r e l a t e d  t o  m arke t 

t u r n i n g  p o i n t s .

None o f  t h e  above s t u d i e s  exam ines t h e  v a l u a t i o n  o r  p r e d i c t i v e  

e f f e c t  o f  o d d - lo t  d a t a  on p r i c e s  f o r  d a i l y  d a t a .  However, Kewley and 

S te v e n s o n  [A 1 9 6 9 ] ,  K le in  [A ], and Wu [A 1972] a l l  r e p o r t e d  t h a t  w eek ly  

an d  m on th ly  o d d - l o t  i n f o r m a t io n  can p r o v id e  s u p e r i o r  p u r c h a s in g  d e c i s i o n s
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( b e f o r e  co m m iss io n s ) .  S in c e  a l l  o f  t h e  above s t u d i e s  exam ined  lo n g  

b u l l - m a r k e t  p e r i o d s ,  one may h y p o th e s i z e  t h a t  o d d - l o t  s a l e s  d a t a  c o u ld  

p r o v id e  s u p e r i o r  i n f o r m a t io n  i n  b e a r  m a r k e ts ,  b u t  t h i s  i n t e r p r e t a t i o n  

h a s  n o t  b e e n  s u b s t a n t i a t e d .

A d v a n c e s /d e c l in e s /u n c h a n g e d  d a ta

The i n f o r m a t io n  th e o r y  app ro ach  u sed  by T h e i l  and l e e n d e r s  [A] 

and Fama [A 1965b] to  a n a ly z e  a d v a n c e s /d e c l in e s /u n c h a n g e d  d a t a  on t h e  

Amsterdam and New York S to c k  E x changes ,  r e s p e c t i v e l y ,  l e d  t o  s i m i l a r  

a n a l y s i s  o f  t h e  London Exchange by Dryden [A 1 9 6 8 ] ,  and  t h e  NYSE and ASE 

by  P h i l l i p p a t o s  and N aw rocki [A 1973a and A 1973b]. Tlie i n f o r m a t io n  

t h e o r y  t e c h n iq u e  employs e q u a t i o n  I I - l  t o  d e te rm in e  t h e  b e s t  e s t i m a t e  

a t  t im e  t  o f  th e  A/D/U p r o p o r t i o n s :

I I - l  P i t  = a  q i , t - l  +  (1 -  a) q i

w here  q̂  ̂ i s  t h e  lo n g  ru n  mean o f  p r o p o r t i o n  i .

The f r a c t i o n  ' a '  i s  chosen  t o  m in im ize  th e  i n f o r m a t i o n  in a c c u r a c y ;  ' a ’

a l s o  i n d i c a t e s  th e  d e g re e  o f  dependence  be tw een  day t  and  day t - 1 ,  so

t h a t  t h e  h i g h e r  t h e  v a lu e  o f  ' a ’ t h e  g r e a t e r  t h e  d e p e n d e n c e .

T h i e l  and L e e n d ers  d e te rm in e d  t h a t  a  = .4 7  f o r  t h e  Amsterdam 

E xchange , Fama o b ta in e d  a  = .3  f o r  t h e  NYSE ( d a t a  from  t h e  1 9 5 0 ' s ) ,  

Dryden h a d  a  = .5 8  f o r  t h e  London Exchange, P h i l l i p p a t o s  and  Nawrocki 

o b t a i n e d  a  = .42  f o r  t h e  NYSE ( d a t a  from 1 9 6 0 ' s )  and a  = .5 5  f o r  t h e  ASE. 

O b v io u s ly ,  t h e  d a y - to - d a y  dependence  was n o n - t r i v a l .  F u r th e r m o r e ,  each  

s tu d y  a l s o  d e te rm in e d  t h a t  a  one-day  l a g  p e r i o d  was o p t im a l  t o  m in im ize  

t h e  i n f o r m a t i o n  i n a c c u r a c y .

The e x i s t e n c e  o f  a  o n e -d ay  l a g  i n  t h e  A/D/U d a t a  s u g g e s t e d  t h a t  

a  t r a d i n g  model s h o u ld  b e  i n v e s t i g a t e d .  F u r th e r m o r e ,  t h e  t r a d i n g  model
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c o u ld  b e  im proved  by c o n s i d e r i n g  th e  m u l t i v a r i a t e  n a t u r e  o f  A/D/U d a t a  

i n s t e a d  o f  e a c h  v a r i a b l e  s e p a r a t e l y  a s  t h e  above s t u d i e s  h av e  done . 

U n f o r t u n a t e l y ,  no one a t t e m p te d  to  d e v i s e  su c h  a  m o d e l .^

Zakon and P en n y p a c k e r  [A] a n a ly z e d  t h e  a d v a n c e / d e c l i n e  l i n e  by  

em p loy ing  c o r r e l a t i o n  and r e g r e s s i o n  a n a l y s i s .  T h e i r  r e s u l t s  showed t h a t  

t h e  A/D l i n e  i s  a  c o i n c i d e n t  i n d i c a t o r  o f  p r i c e  m ovem ents. However, no  

s t r o n g  l e a d i n g  r e l a t i o n s h i p s  a p p e a r  t o  e x i s t .  The g e n e r a l i t y  o f  t h e s e  

c o n c lu s i o n s  i s  s e v e r e l y  l i m i t e d  by t h e  r e s t r i c t i v e  a s su m p t io n  o f  l i n e a r i t y  

im posed by t h e  a u t h o r s ;  t h u s ,  o t h e r  n o n - l i n e a r  r e l a t i o n s h i p s  may e x i s t .

C o n c lu s io n s  f o r  u n i v a r i a t e  t e c h n i c a l  s t u d i e s

Each o f  t h e  t h r e e  s e t s  o f  d a t a  exam ined  above  p r o v id e s  e v id e n c e  

c o n c e r n in g  t h e  s t a t i s t i c a l  dependence  i n  t e c h n i c a l  and  p r i c e - s e r i e s  d a t a .  

The r e l a t i o n s h i p  be tw een  volume and p r i c e  i s  t h e  w e a k e s t ;  h o w ev er ,  s u f f i ­

c i e n t  e v id e n c e  s t i l l  e x i s t s  t o  show t h a t  t h e  s t a t i s t i c a l  a s p e c t s  o f  t h e  

random w a lk  h y p o t h e s i s  a r e  i n v a l i d  f o r  p r i c e - v o lu m e  d a t a .  E v id e n c e  from  

o d d - l o t  and  A/D/U d a t a  a l s o  s u p p o r t s  t h e  c a s e  o f  dependence  b e tw een  

t e c h n i c a l  and  p r i c e  d a t a .  T h e re  a r e  two main d raw backs  o f  t h e  u n i v a r i a t e .  

In  g e n e r a l  t h e y ,  one ,  f a i l  t o  d e v e lo p  t r a d i n g  m odels  t o  t e s t  t h e  r e a l  

w o r ld  v a l i d i t y  o f  t h e i r  s t a t i s t i c a l  d e p e n d e n c ie s ,  and  tw o , i g n o r e  t h e  

m u l t i v a r i a t e  a s p e c t s  o f  t h e  v a r i a b l e s .

Dryden [A 1968 and A 1969] a t t e m p te d  t o  c o n s i d e r  t h e s e  i n t e r ­
r e l a t i o n s h i p s  by means o f  a Markov p r o c e s s  w i t h  t r a n s i t i o n  m a t r i c e s .  He 
c o n c lu d e d  t h a t  t h e  p r o b a b i l i t y  o f  a s h a r e  b e i n g  i n  t h e  same s t a t e  tom or­
row as i t  i s  to d a y  i s  h i g h ,  i . e . ,  t h e  d i a g o n a l  e le m e n ts  i n  t h e  t r a n s i t i o n  
m a t r ix  a r e  l a r g e .  F u r th e r m o r e ,  t h e  r e s u l t s  f o r  s u b g ro u p s  showed o n ly  
m o d era te  i n s t a b i l i t y .  How ever, F i e l i t z  [A 1971] showed t h a t  dependence  
on t h e  NYSE, a s  m easu red  by a Markov p r o c e s s ,  i s  much w e a k e r  t h a n  on t h e  
London m a rk e t .  F u r th e r m o r e ,  t h e  d a t a  from t h e  NYSE form ed n o n s t a t i o n a r y  
t r a n s i t i o n  m a t r i c e s .  F i n a l l y ,  F i e l i t z  and B h argava  [A] showed t h a t  t h e  
a g g r e g a te  f o r m u la t io n  employed by Dryden was n o t  a p p r o p r i a t e  s i n c e  t h e  
Markov p r o c e s s  f o r  e a ch  s e c u r i t y  i s  n o t  l i k e l y  t o  b e  hom ogeneous.
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M u l t i v a r i a t e  S tu d ie s

Gup: r e g r e s s i o n  a n a l y s i s

Gup [A] employed m u l t i p l e  r e g r e s s i o n  a n a l y s i s  t o  i n v e s t i g a t e

t h e  e f f e c t  o f  m onth ly  s h o r t  i n t e r e s t ,  m u tu a l  fund  c a s h  r a t i o s ,  and t h e

o d d - l o t  b a l a n c e  r a t i o  on p r i c e s .  A f t e r  exam in ing  t h e  c o i n c i d e n t  r e l a t i o n -

2
s h i p  b e tw e e n  t h e s e  v a r i a b l e s  and p r i c e  c h a n g e s .  Gup o b t a i n e d  an R o f  . 3 0 .

R e g r e s s i n g  t h e  in d e p e n d e n t  v a r i a b l e s  a g a i n s t  t h e  n e x t  p e r i o d ' s  p r i c e
2

c h an g es  r e s u l t e d  in  an R o f  .1 3 .

A lth o u g h  th e  dep en d en ce  i n  Gup’s a r t i c l e  was s t a t i s t i c a l l y  s i g ­

n i f i c a n t ,  i t  h a s  l i t t l e  o r  no  p r a c t i c a l  im p o r ta n c e .  A l s o ,  t h e  l i m i t e d  

number o f  v a r i a b l e s ,  and h e n c e  i n f o r m a t i o n ,  r e d u c e d  t h e  b e n e f i t  o f  th e  

m u l t i v a r i a t e  a p p ro a c h .  F u r th e r m o r e ,  t h e  u s e  o f  m o n th ly  d a t a  r e d u c e d  t h e  

p o s s i b i l i t y  t h a t  a  s i g n i f i c a n t  r e l a t i o n s h i p  e x i s t s  b e tw e e n  t h e  in d e p e n d e n t  

and  d e p e n d e n t  v a r i a b l e s ,  s i n c e  dynamic econom ic e v e n t s  c o u ld  e a s i l y  

overw helm  th e  m on th ly  p r o f i t  p o t e n t i a l  f o r  t h e  t h r e e  v a r i a b l e s  em ployed . 

F i n a l l y ,  n o n - s t a t i o n a r i t y  was i g n o re d  a s  w e l l  as  t h e  p o s s i b i l i t y  t h a t  

d e p e n d en c e  e x i s t s  f o r  s u b s e t s  o f  t h e  d a t a  b a s e  i n s t e a d  o f  t h ro u g h o u t  t h e  

d a t a .

Emery: f a c t o r  a n a l y s i s / r e g r e s s i o n  m ethodology

Emery [A] p r o v id e d  t h e  o n ly  i n - d e p t h  m u l t i v a r i a t e  a n a l y s i s  o f  

t e c h n i c a l  i n d i c a t o r s  t h a t  a p p e a r s  i n  t h e  l i t e r a t u r e .  The a u t h o r  a t t e m p te d  

t o  exam ine  w h e th e r  (a )  t h e  i n f o r m a t io n  s e t  o f  t e c h n i c a l  i n d i c a t o r s  con­

t a i n s  a d e q u a te  i n f o r m a t i o n  t o  f o r e c a s t  p r i c e s ,  and  (b )  w h e th e r  f o r e c a s t s  

o b t a i n e d  by  a  f a c t o r  a n a l y s i s / r e g r e s s i o n  m ethodology  p r o v id e d  s u p e r i o r  

t r a d i n g  r e s u l t s  when com pared to  buy and h o l d  r e t u r n s .
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To o b t a i n  th e  i n p u t s  f o r  t h e  r e g r e s s i o n  m o d e l ,  b o t h  p r i n c i p a l  

com ponents  ( o r th o g o n a l )  and c l u s t e r  a n a l y s i s  ( n o n - o r th o g o n a l )  t e c h n iq u e s  

w ere a p p l i e d  to  d a t a  f o r  a  s e t  o f  t e c h n i c a l  i n d i c a t o r s .  The c l u s t e r  

a n a l y s i s  r e s u l t s  p r o v id e d  t h r e e  o b l iq u e  c l u s t e r s  to  e x p l a i n  98 p e r c e n t  

o f  th e  v a r i a b i l i t y  in  th e  o a i l y  t e c h n i c a l  i n d i c a t o r  d a t a  s e t .  The o u tp u t  

from th e  t h r e e  c l u s t e r s  a n d ,  a l t e r n a t i v e l y ,  from th e  f i r s t  t h r e e  p r i n c i p a l  

com ponen ts ,  became th e  i n p u t  d a t a  f o r  th e  l i n e a r  r e g r e s s i o n  m odel.

The f o r e c a s t s  r e s u l t i n g  from  th e  r e g r e s s i o n  m odel w ere r o b u s t  

i n  te rm s  o f  th e  f o r e c a s t  l a g  (one day  i s  o p t i m a l ) , t h e  number o f  t r a d i n g  

days employed i n  t h e  o r i g i n a l  d a t a  s e t ,  and th e  l e n g t h  o f  t h e  i n f o r m a t io n  

d ecay  p e r i o d .  The r e s u l t s  o f  t h e  t r a d i n g  r u l e ,  on an  a f t e r  comm ission 

b a s i s ,  showed t h a t  th e  r u l e  d i d  n o t  p r o v id e  s i g n i f i c a n t l y  g r e a t e r  r e t u r n s  

than  th e  buy and h o ld  c r i t e r i o n . ^

C r i t i c i s m s  o f  Emery’ s  m ethodo logy  and d a ta

E m ery 's  a r t i c l e  c o n ta i n e d  two m ajo r  a r e a s  o f  c r i t i c i s m ;  nam ely , 

t h e  m ethodo logy  em ployed , and t h e  d a t a  b a s e .  C r i t i c i s m s  o f  Emery’ s 

m ethodo logy  can  be  b ro k e n  down i n t o  s e v e r a l  a r e a s .  F i r s t ,  Emery employed 

t h e  r e s t r i c t i v e  a s su m p t io n  t h a t  t h e  d a t a  o n ly  form s a l i n e a r  r e l a t i o n s h i p  

w i t h  p r i c e s .  Second, Emery u t i l i z e d  t h e  e n t i r e  sam ple  o f  t e c h n i c a l  d a t a  

i n  h i s  f a c t o r  a n a l y s i s / r e g r e s s i o n  m odel ,  i g n o r i n g  th e  p o s s i b i l i t y  t h a t  a 

more r e s t r i c t i v e  s e t  o f  t r a d i n g  d ays  may p r o v id e  more im p o r ta n t  in fo rm a ^  

t i o n  th a n  a l l  days t a k e n  t o g e t h e r .  T h i r d ,  Emery f a i l e d  to  c o n s id e r  

c e r t a i n  v a r i a b l e s  n o rm a l ly  u se d  by t e c h n i c i a n s .  F o u r th ,  b o t h  th e  f a c t o r

^The a u th o r  im p l ie d  t h a t  a one -day  l a g  u s in g  p r i n c i p a l  com ponents  
p r o v id e s  s u p e r i o r  r e t u r n s  to  t h e  c l u s t e r  a n a l y s i s  p r o c e d u r e .  However, 
t h e  a u t h o r  f a i l e d  to  p r e s e n t  t h e  r e t u r n s  f o r  t h e  p r i n c i p a l  components 
t e c h n iq u e c
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and r e g r e s s i o n  m ethods employed a b e s t - f i t  a p p ro a c h  f o r  th e  d a t a  in  

q u e s t i o n ;  t h e  b e s t - f i t  a p p ro a c h  b i a s e s  t h e  c o n c lu s io n s  when th e  d a t a  a r e  

sam ple  s e n s i t i v e  o r  a r e  n o n - s t a t i o n a r y  o v e r  t im e .  F i f t h ,  H a n s t ia n  [B] 

and G la s s  and T a y lo r  [B] p o i n t e d  o u t  t h a t  th e  c h o ic e  o f  th e  f a c t o r  

a n a l y t i c  p r o c e d u r e  employed can have  s u b s t a n t i a l  e f f e c t s  on t h e  computa­

t i o n s  o f  t h e  f a c t o r  l o a d i n g s ,  w h ich  c o u ld  cau se  some c o n c e rn  f o r  th e  

r e l i a b i l i t y  o f  th e  p ro c e d u re  em ployed by Emery. F i n a l l y ,  th e  f a c t o r  

a n a l y s i s / r e g r e s s i o n  a p p ro a c h  assumed t h a t  t h e  d a ta  came from  one u n d e r ­

l y i n g  p o p u l a t i o n .  I f  t h e  d a t a  p o s s e s s  c h a r a c t e r i s t i c s  o f  two o r  more 

p o p u l a t i o n s ,  th e n  th e  f a c t o r  a n a l y s i s / r e g r e s s i o n  m ethodo logy  p r o v id e s  

b i a s e d  r e s u l t s . ^

The o t h e r  m ajo r  c r i t i c i s m  o f  Emery’ s s tu d y  r e l a t e d  t o  th e  number 

and m a g n i tu d e  o f  th e  e r r o r s  i n  t h e  d a t a  b a s e .  S p e c i f i c a l l y ,  a v e r i f i ­

c a t i o n  o f  t h e  d a t a  u n co v e red  t h e  e r r o r s  o u t l i n e d  i n  T ab le  I I —1. M ajor 

e r r o r s  w ere a r b i t r a r i l y  d e f i n e d  a s  e r r o r s  o f  10 p e r c e n t  o r  more from th e  

t r u e  o b s e r v a t i o n s ,  w i t h  e r r o r s  o f  l e s s  th a n  10 p e r c e n t  b e in g  c o n s id e r e d  

a s  m inor i n  n a t u r e .  The d a t a  w ere  d i v id e d  i n t o  n e a r l y  e q u a l  s e t s ,  

showing how th e  e r r o r s  a p p e a r  th ro u g h o u t  t h e  d a t a  a s  w e l l  a s  i n  t h e i r  

sum m ation . In  a d d i t i o n  to  t h e  e r r o r s  l i s t e d  i n  T a b le  I I - l ,  d a t a  f o r  

f i v e  days  a r e  c o m p le te ly  m i s s i n g ,  o r  a r e  d u p l i c a t e s ,  i n  E m e ry 's  d a t a  s e t .

The e x t e n t  and a b s o l u t e  s i z e  o f  t h e  e r r o r s  p o se s  g r a v e  d o u b ts  

c o n c e r n in g  Emery’ s c o n c l u s i o n s .  The e r r o r s  i n  th e  d e p e n d e n t  v a r i a b l e ,  

t h e  p r i c e  in d e x ,  a r e  e s p e c i a l l y  d i s t u r b i n g .

^ J o re s k o g  [B] and Rasch [B] p o in te d  o u t  t h e  n e c e s s i t y  f o r  one 
u n d e r l y i n g  p o p u l a t i o n  f o r  f a c t o r  a n a l y s i s ,  lihen more t h a n  one p o p u l a t i o n  
e x i s t s ,  J o re s k o g  s u g g e s te d  t h a t  e a c h  p o p u l a t i o n  s h o u ld  be exam ined  by 
o b t a i n i n g  s e p a r a t e  f a c t o r  s o l u t i o n s  f o r  each  g ro u p .  F u r th e r m o r e ,  Rasch [B] 
showed t h a t  th e  s t a b i l i t y  o f  th e  f a c t o r  l o a d in g s  u n d e r  c h a n g e s  i n  th e  
u n d e r l y i n g  p o p u l a t i o n  i s  in  q u e s t i o n .
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ERRORS IN EMERY DATA BASE‘S
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P r i c e  Index O ther V a r i a b l e s

Major M inor Major M inor

S e t  A 3 2 49 40

Se t  B 19 4 101 82

S e t  C 33 7 111 92

S e t  D 31 6 35 63

TOTALS 86 19 296 277

^ O r ig i n a l d a t a o b ta in e d from John Emery, E r r o r s d e t e c t e d  by
c r o s s c h e c k in g  d a t a  s o u r c e s ,  as  e x p la i n e d  i n  t e x t .
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C o n c lu s io n s

U n i v a r i a t e  s t u d i e s  i g n o re d  th e  m u l t i v a r i a t e  n a t u r e  of th e  m a r k e t .  

F u r th e r m o r e ,  c o n c e n t r a t i o n  o f  th e  s t a t i s t i c a l  dependence  be tw een  t e c h n i c a l  

i n d i c a t o r s  and p r i c e s ,  to  t h e  e x c lu s i o n  o f  ex am in in g  t r a d i n g  m o d e ls ,  

r e s u l t e d  i n  an  im p o r ta n t  o m is s io n  i n  th e  l i t e r a t u r e .

A l th o u g h  E m ery 's  m ethodo logy  and r e s u l t s  a r e  i n t e r e s t i n g ,  some o f  

t h e  a s s u m p t io n s  of th e  model and th e  e r r o r s  in  t h e  d a t a  a r e  c a u se  f o r  

c o n c e rn  f o r  h i s  r e s u l t s  and c o n c lu s i o n s .  A more a p p r o p r i a t e  m u l t i v a r i a t e  

p r o c e d u r e  and c l e a n e r  d a t a  a r e  needed  to  i n v e s t i g a t e  th e  r e l a t i o n s h i p  

be tw een  t e c h n i c a l  i n d i c a t o r s  and p r i c e - i n d e x  c h a n g e s .



CHAPTER I I I  

THEORY OF MULTIPLE DISCRIMINANT ANALYSIS

The s t a t i s t i c a l  t e c h n iq u e  used  i n  t h i s  s tu d y  i s  M u l t i p l e

D i s c r i m i n a n t  A n a l y s i s  (MDA). T h is  c h a p t e r  d e s c r i b e s  th e  t h e o r e t i c a l  

a s p e c t s  o f  MDA. The t o p i c s  d i s c u s s e d  i n c l u d e ;  s t a t i s t i c a l  t e s t s  o f

s i g n i f i c a n c e ,  a s s u m p t io n s  o f  t h e  m odel,  c l a s s i f i c a t i o n  p r o c e d u r e s ,  s t e p ­

w is e  a n a l y s i s ,  b i a s ,  r e l a t i v e  im p o r ta n c e  o f  i n d i v i d u a l  v a r i a b l e s ,  and 

e f f e c t s  o f  m u l t i c o l l i n e a l i t y .

MDA was i n t r o d u c e d  by F i s h e r  [B 1936] i n  h i s  famous s tu d y  on I r i s  

p l a n t s .  A l th o u g h  t h e r e  was some t h e o r e t i c a l  i n t e r e s t  i n  t h e  t e c h n i q u e ,  

e s p e c i a l l y  i n  te rm s  o f  t h e  D c o n c e p t  ( i . e .  t h e  s q u a re d  d i s t a n c e  b e tw e en  

th e  g r o u p s ) , p r a c t i c a l  a p p l i c a t i o n s  o f  MDA w ere  g e n e r a l l y  i g n o re d  u n t i l  

t h e  196 0 ' s .  S in c e  t h e n ,  MDA h a s  become p o p u l a r  i n  t h e  a r e a s  o f  p s y c h o lo g y ,  

m a r k e t in g ,  and  f i n a n c e .

G e n e ra l  T h e o r e t i c a l  A s p e c ts  o f  MDA 

D i s c r i m i n a n t  a n a l y s i s  m axim izes t h e  r a t i o  o f  be tw een  group v a r i a ­

t i o n  t o  w i t h i n  g roup  v a r i a t i o n .  F o r  a  tw o -g ro u p ,  r e d u c e d - s p a c e  l i n e a r  

d i s c r i m i n a n t  a n a l y s i s , ^  th e  be tw een  g roup v a r i a t i o n  can b e  e x p r e s s e d  a s :  

I I I - l  (Z l  -  Z^)2

w here  Zg r e p r e s e n t s  t h e  mean o f  t h e  g*"  ̂ g ro u p .

T h is  i n i t i a l  d i s c u s s i o n  employs t h e  te rm  " re d u c e d  s p a c e , "  w h ic h  
i s  t h e  d i s c r i m i n a n t  p ro c e d u re  n o rm a l ly  found i n  t h e  l i t e r a t u r e .  R educed-  
s p a c e  r e f e r s  t o  t h e  mapping from p d im e n s io n s  ( v a r i a b l e s )  t o  r  d im e n s io n s  
(G -  1 g r o u p s ) .  The r e d u c e d - s p a c e  d i s t i n c t i o n  i s  n e c e s s a r y  due to  t h e  
c o n c e p t  o f  " t e s t - s p a c e "  as  d e s c r ib e d  l a t e r  i n  t h i s  c h a p t e r .

21
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S i m i l a r l y ,  t h e  w i t h i n  g roup  v a r i a t i o n  i s  g iv e n  by:

—  2 ^2    2
I I I - 2  Z -  Zi) + Z (Zgn -  Zg)

n = l  n = l

w h ere  and Ng a r e  t h e  number o f  o b s e r v a t i o n s  i n  g ro u p s  1 and 2 , 

r e s p e c t i v e l y .

The b a s i c  d i s c r i m i n a n t  a n a l y s i s  s t a t e m e n t  i s  g iv e n  b y :

I I I - 3  „  „ (^1 -  ^2)^
" ■ “ 1 — ^ ------------- n

1 -  V
g = l  n = l

To o b t a i n  t h e  Z v a lu e s  and means o f  e a ch  g r o u p ,  p in d e p e n d e n t  

v a r i a b l e s  X^, Xg, • . . X^ a r e  em ployed. Upon o b t a i n i n g  X^^ and Xg^, t h e  

means f o r  v a r i a b l e  i  o f  g roups  1 and 2 ,  r e s p e c t i v e l y ,  t h e  d i s t a n c e  be tw een  

t h e  two g ro u p s  f o r  v a r i a b l e  i  i s  d e te rm in e d  by :

I I I - 4  d i = -  Xgj_ i  = 1 ,  2 ,  . . .  p.

U sin g  t h e  c o n c e p t  o f  m a x im iz in g  t h e  d i s t a n c e  b e tw een  g roups  r e l a t i v e  t o

t h e  v a r i a t i o n  w i t h i n  g r o u p s ,  t h e  l i n e a r  f u n c t i o n  t h a t  d i s c r i m i n a t e s  b e s t

2
b e tw e en  g ro u p s  i s  g iv e n  b y :

I I I - 5  Z = k^d^ + kgdg + . . . + kpdp.

When t h e  Xj^  ̂ v a lu e s  a r e  s u b s t i t u t e d  f o r  t h e  d^ v a l u e s ,  t h i s  f u n c t i o n  can  

b e  u s e d  t o  c l a s s i f y  t h e  o b s e r v a t i o n s .

2
T here  a r e  v a r i o u s  m ethods o f  c a l c u l a t i n g  th e  c o e f f i c i e n t s ,  

d e p e n d in g  on t h e  m a t r i c e s  em ployed . The r e s u l t s  d i f f e r  o n ly  by a  con­
s t a n t  t e r m ,  w hich  g u a r a n t e e s  t h e  p r o p o r t i o n a l  c h a r a c t e r  o f  t h e  c o e f f i ­
c i e n t s .  E i s e n b e i s  and Avery [B, p .  4 -9 ]  d i s c u s s  t h e s e  v a r i o u s  m ethods 
a t  some l e n g t h .  For v a r i o u s  a p p ro a c h e s  to  th e  d e r i v a t i o n  o f  t h e  d i s ­
c r i m i n a n t  model f o r  G g r o u p s ,  s e e  Cooley and Lohnes [B 1962 , Ch. 6] 
and  [B 1 971 , Ch. 9 ] ,  Sm ith  [C 1 9 6 5 ] ,  and Anderson [B 1 9 5 1 ] .
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D i s c r i m i n a n t  a n a l y s i s ,  a s  a m u l t i v a r i a t e  t e c h n i q u e ,  c o n s id e r s  

t h e  i n t e r r e l a t i o n s h i p s  o f  t h e  v a r i a b l e s ,  as  w e l l  a s  t h e i r  i n d i v i d u a l  

d i s c r i m i n a t o r y  pow er .  T hus, a  v a r i a b l e  may n o t  d i s c r i m i n a t e  on a u n i ­

v a r i a t e  b a s i s ,  b u t  may c o n t r i b u t e  added d i s c r i m i n a t o r y  power when
3

c o r r e l a t e d  w i t h  a  v a r i a b l e  t h a t  does d i s c r i m i n a t e .  T h is  s im u l ta n e o u s  

i n v e s t i g a t i o n  o f  g roup d i f f e r e n c e s  s e t s  m u l t i v a r i a t e  m ethods a p a r t  from  

u n i v a r i a t e  m e th o d s .

R e d u c e d -sp a c e  o p e r a t i o n s

One b e n e f i t  w id e ly  p r o c la im e d  f o r  t h e  tw o-g roup  l i n e a r  d i s c r i m i ­

n a n t  model i s  t h a t  i t  can r e d u c e  th e  a n a l y s i s  from  th e  p - v a r i a b l e  s p a c e  

( t e s t  s p a c e )  t o  one v a r i a b l e  s p a c e  ( re d u c e d  s p a c e ) .  T h is  d im e n s io n  

r e d u c t i o n  t r a n s f o r m s  th e  m u l t i v a r i a t e  p ro b le m  i n t o  a  u n i v a r i a t e  one  by 

em ploy ing  t h e  d i s c r i m i n a n t  f u n c t i o n :

I I I - 6  Z = k-X , + k_X_ + . . . +  k  X .1 1  2 2 P P

C l a s s i f i c a t i o n  o f  t h e  o b s e r v a t i o n s  i n t o  g ro u p s  i s  t h e n  a c c o m p lis h e d  by 

com paring  t h e  Z - v a lu e s  w i t h  an a p p r o p r i a t e  c u t o f f  p o i n t .  L i n e a r  r e d u c e d -  

s p a c e  and t e s t - s p a c e  d i s c r i m i n a n t  o p e r a t i o n s  g iv e  e q u i v a l e n t  r e s u l t s ,  when 

t h e  group d i s p e r s i o n  m a t r i c e s  a r e  e q u a l ,  s i n c e  t h e  l i n e a r  t r a n s f o r m a t i o n  

p r e s e r v e s  r e l a t i v e  d i s t a n c e s  and p o s i t i o n s  as  w e l l  a s  t h e  o v e r a l l  v a r i a n c e  

s t r u c t u r e .  The r e d u c e d - s p a c e  model i s  o f t e n  found  i n  t h e  l i t e r a t u r e ,  

p r o b a b ly  b e c a u s e  o f  i t s  s i m p l i c i t y  and th e  e a s e  i n  i n t e r p r e t i n g  t h e  

r e s u l t s .  However, l i n e a r  r e d u c e d - s p a c e  o p e r a t i o n s  a r e  o p t im a l  o n ly  when

3See C ooley and Lohnes [B 1965, p .  121] f o r  a b r i e f  b u t  c o n v in c in g  
exam ple. A ls o ,  s e e  Altman [C 1968, p .  594] f o r  an exam ple o f  how i n t e r ­
c o r r e l a t i o n s  can a f f e c t  a c t u a l  d a t a .  T h is  t o p i c  i s  r e l a t e d  to  th e  m u l t i ­
c o l l i n e a l i t y  q u e s t i o n ,  w h ich  i s  d i s c u s s e d  i n  some d e t a i l  l a t e r  i n  t h i s  
c h a p te r .
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t h e  v a r i a n c e - c o v a r i a n c e  m a t r i c e s  a r e  e q u a l  and when th e  d a t a  come from 

a m u l t i v a r i a t e  no rm a l  d i s t r i b u t i o n .  D i s c u s s io n  o f  v i o l a t i o n s  o f  t h e s e  

a s su m p t io n s  w i l l  b e  d e a l t  w i t h  a t  l e n g t h  l a t e r  i n  t h i s  c h a p t e r .

The G -g ro u p ,  l i n e a r ,  r e d u c e d - s p a c e  o p e r a t i o n  p r o v id e s  a d v a n ta g e s  

s i m i l a r  t o  t h e  tw o-g roup  a n a l y s i s .  S p e c i f i c a l l y ,  a l i n e a r  t r a n s f o r m a t i o n  

from p d im e n s io n s  ( v a r i a b l e s )  t o  r  d im e n s io n s  (G-1 g ro u p s)  e x i s t s .  As 

w i t h  t h e  tw o-g roup  c a s e ,  t h e  v a r i a n c e  s t r u c t u r e s ,  d i s t a n c e s ,  and  r e l a t i v e  

p o s i t i o n s  among o b s e r v a t i o n s  and g ro u p s  a r e  p r e s e r v e d  by t h e  r e d u c e d -  

s p a c e  t r a n s f o r m a t i o n  when t h e  v a r i a n c e - c o v a r i a n c e  m a t r i c e s  a r e  e q u a l .

Thus, when th e  d i s p e r s i o n  m a t r i c e s  a r e  e q u a l  one may u se  t h e  r e d u c e d - s p a c e  

means and d i s p e r s i o n s  to  h e lp  e x p l a i n  group o v e r l a p s .  M oreove r ,  t h e  

number o f  d im e n s io n s  may b e  re d u c e d  be lo w  r  i f  some o f  t h e  d i s c r i m i n a n t  

f u n c t i o n s  p r o v id e  i n s i g n i f i c a n t  i n f o r m a t i o n .  E i s e n b e i s  and Avery [B, 

p .  9 -1 1 ,  5 7 ,  6 3 -6 7 ]  p ro v id e  f u r t h e r  d i s c u s s i o n  c o n c e rn in g  t h e  G-group c a s e .

Samples v e r s u s  t h e  p o p u l a t i o n

The above d i s c u s s i o n  s p e c i f i e s  t h e  d i s c r i m i n a n t  f u n c t i o n  f o r  th e  

e n t i r e  p o p u l a t i o n ,  a s  a c o n se q u e n c e ,  t h e  c o e f f i c i e n t s  a r e  t h e  p o p u l a t i o n

p a r a m e t e r s .  S in c e  most s t u d i e s  employ sam ple  d a t a ,  t h e  p o p u l a t i o n  p a r a ­

m e te r s  m ust b e  e s t i m a t e d .  U s ing  th e  t e s t - s p a c e  i n f o r m a t io n  an e q u i v a l e n t  

e x p r e s s io n  f o r  sam ple  d a ta  f o r  t h e  tw o-g roup  l i n e a r  c a s e  i s  g iv e n  b y :^

4p o r  t h e  l i n e a r ,  G-group c a s e  t h e  r e l e v a n t  e x p r e s s i o n  i s :
max (Q/W)

w here  Q and W a r e  m a t r i c e s  and an e le m en t  o f  Q i s :

(Q)ij . E Ng (Xgi - icp (Xgj - Xj)

Ng i s  t h e  number o f  o b s e r v a t i o n s  i n  group g = 1 ,  . . . G, 
i , j  = 1 , 2 ,  . . . p v a r i a b l e s  
and an e le m e n t  o f  W i s :

“ s i n -  V  » g j n - ^ g 3>-
For e a s e  o f  e x p o s i t i o n  th e  r e m a in d e r  o f  t h e  d i s c u s s i o n  i n  t h i s  c h a p t e r
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NiN, . .

I I I - 7  Max. H =   K dd K
Ni+Nz

K'SwK

w h e re  K, K ' , d ,  d ’ , and a r e  m a t r i c e s ,  

a n d  d = (X^ -  X2 )

K i s  t h e  c o e f f i c i e n t  m a t r i x

i s  th e  p o o le d  w i t h i n - g r o u p s  d i s p e n s i o n  m a t r i x ,  w i t h  an 

e le m en t  o f  b e in g

L h
w i t h  Ng b e in g  th e  number o f  o b s e r v a t i o n s  i n  g roup g ,  

and  i , j  = 1 ,  2 ,  . . . p v a r i a b l e s .

I f  one  had a c c e s s  t o  t h e  p o p u l a t i o n s ,  th e n  d e t e r m i n in g  w h e th e r  

o r  n o t  t h e  d e r i v e d  f u n c t i o n  c o u ld  a c t u a l l y  d i s c r i m i n a t e  b e tw e e n  t h e s e  

p o p u l a t i o n s  would be a  s im p le  m a t t e r .  However, in  m ost s t u d i e s  t h e  

p o p u l a t i o n s  a r e  o n ly  sam pled , and t h e r e f o r  v a r i o u s  b i a s e s  a r e  e n c o u n te re d .  

A c c o r d in g ly ,  an e s t i m a t i o n  i s  r e q u i r e d  as  t o  w h e th e r  t h e  a p p a r e n t  d i f ­

f e r e n c e  b e tw e e n  th e  p o p u l a t i o n s  ( fo u n d  by th e  d e r iv e d  f u n c t i o n )  a r i s e s  

m e re ly  by  c h a n ce .

2
The D s t a t i s t i c

S e v e r a l  s t a t i s t i c s  may b e  u se d  to  t e s t  t h e  n u l l  h y p o t h e s i s  o f  no

s i g n i f i c a n t  s t a t i s t i c a l  d i f f e r e n c e  b e tw e en  th e  means o f  two ( o r  more)

2
g ro u p s .  Of t h e s e ,  t h e  D v a lu e  i s  i n t u i t i v e l y  a p p e a l i n g ,  s i n c e  i t  d e a l s  

w i t h  t h e  e s t i m a t e d  d i s t a n c e  be tw een  p o p u l a t i o n s .  A d d i t i o n a l l y ,  t h i s  

m easu re  o f  d i s t a n c e  can be u sed  t o  form  s e v e r a l  d i f f e r e n t  t e s t s  o f

assum es two g ro u p s .  However, t h e  s t a t e m e n t s  made h e r e  can  b e  g e n e r a l i z e d  
t o  t h e  G -g roup  c a se .
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s i g n i f i c a n c e  and  t o  d e v e lo p  c o n f id e n c e  l i m i t s .  When t h e  v a r i a b l e s  a r e  

in d e p e n d e n t  can b e  m e a su re d  by :

T)
— \  2

I I I - 8  -  '  " '  ' '  "  '

When t h e  v a r i a b l e s  a r e  d e p e n d e n t  Rao [B 1 9 4 8 a ,  p .  6 3 - 6 4 ]  p r e s e n t s  t h e

2
f o l l o w i n g  s t a t e m e n t  o f  D :

2 ^ ^  i - i — — — —
I I I - 9  D = Z Z Wp (X^i -  X i2 )  ( X j i  -  X jg)

i = l  j = l

«Vio-ro TJ ig  t h e  m a t r i x  r e c i p r o c a l  o f  W^j; i ,  j  = 1 ,  2 ,  . .  . p

Wg

t j  = « i l t  -  -  ^ j l )  +  ^ , < \ 2 t  -  >^i2> « 3 2 t  -  Xj
t = l __________________________________ t —1_____________________________ __

(N^ + Ng -  2)

An a l t e r n a t i v e  f o r m u l a t i o n  f o r  t h e  d e p e n d e n t  c a s e ,  c a n  b e  found  i n  Hodges 

[B, p .  2 2 ] :

I I I - l l  D = 1 Z Z R. . /  X, . -  X-,. \ / X t  -  X„ ,

P

and
Nl

w .. = Z
t = l

2 )

| r 1 i = l  j = l
i j   " 2 i  ] f " I j  ^21

/  \  - jO2

w h e re  R^ ĵ i s  t h e  c o r r e l a t i o n  b e tw e e n  v a r i a b l e s  i  and  j  .

The above e x p r e s s i o n s  f o r  a r e  c o n s i s t e n t  p o i n t  e s t i m a t e s  o f  t h e  p o p u -  

2
l a t i o n  q u a n t i t y  A .

A n o th e r  s t a t i s t i c  t h a t  i s  f r e q u e n t l y  em p loyed  t o  t e s t  t h e  n u l l

h y p o t h e s i s  o f  no  s i g n i f i c a n t  d i f f e r e n c e  b e tw e e n  t h e  m eans o f  t w o - ( o r  m ore)

2 2 g ro u p s  i s  H o t e l l i n g ' s  T . N o te  t h a t  f o r  t h e  tw o -g ro u p  c a s e ,  t h e  D and

2 5T s t a t i s t i c s  a r e  e q u i v a l e n t .

5 2
2  See Hodges [B, Ch. 3 ,  4] f o r  a good d i s c u s s i o n  o f  b o t h  t h e  D and

T s t a t i s t i c s ,  and  f o r  a  l i m i t e d  d i s c u s s i o n  o f  t h e  optim um  p r o p e r t i e s  o f  
" r . I n  a d d i t i o n ,  P o r e b s k i  [B] h as  an e x c e l l e n t  m a t h e m a t i c a l  summary o f  
t h e  v a r i o u s  s t a t i s t i c s  t h a t  can be  u sed  t o  t e s t  t h e  n u l l  h y p o t h e s i s  o f  no 
s i g n i f i c a n t  d i f f e r e n c e  b e tw e e n  group mean v e c t o r s .  T h e s e  i n c l u d e  W 
( w i t h i n  th e  g roup  sum o f  s q u a r e s ) ,  R^, D^, T ^ , W i l k ’s  A, H s u 's  V, Tq ,
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T e s t s  o f  s i g n i f i c a n c e  
2

The D v a l u e  can b e  u s e d  t o  form an F - s t a t i s t i c  t o  t e s t  t h e  

s i g n i f i c a n c e  o f  t h e  d i f f e r e n c e  b e tw een  t h e  group mean v e c t o r s :

I I I - 1 2  F = + Ng -  p -  1 N1 N2

p N]̂  + N2  (N^ + N2  -  2)

w here  F h a s  p and + N2  -  p -  1 d e g re e s  o f  f re e d o m .

I f  t h e  F v a lu e  i s  s i g n i f i c a n t  a t  some a l e v e l  o f  s i g n i f i c a n c e  ( i . e .  

F - c a l c u l a t e d  g r e a t e r  th a n  F - t a b l e ,  a )  th e n  t h e  n u l l  h y p o t h e s i s  o f  no

s i g n i f i c a n t  d i f f e r e n c e  b e tw e en  t h e  p o p u l a t i o n  means i s  r e j e c t e d .

A s t a t i s t i c a l l y  s i g n i f i c a n t  F - v a lu e  does  n o t  n e c e s s a r i l y  mean

t h a t  t h e  f u n c t i o n  h a s  p r a c t i c a l  s i g n i f i c a n c e .  T h is  i n t e r p r e t a t i o n  

f o l l o w s  b e c a u s e  a  l a r g e  sa m p le  s i z e  w i l l  v i r t u a l l y  i n s u r e  a  s i g n i f i c a n t

F - v a l u e ,  even  though  an e x t e n s i v e  amount o f  o v e r l a p  b e tw e en  t h e  p o p u la ­

t i o n  may b e  p r e s e n t .  The p ro b le m  o f  s t a t i s t i c a l  v e r s u s  p r a c t i c a l  s i g n i f i ­

ca n ce  i n  MDA can b e  r e s o l v e d  by c l a s s i f y i n g  t h e  o r i g i n a l  o b s e r v a t i o n s  and 

th e n  t e s t i n g  t h e  p r o p o r t i o n  o f  c o r r e c t  c l a s s i f i c a t i o n s  a g a i n s t  t h e  p r o ­

p o r t i o n  e x p e c t e d  by  ch an ce  a l o n e .  In  a d d i t i o n ,  t h e  e f f e c t s  o f  b i a s  ( t o  

b e  d i s c u s s e d  i n  more d e t a i l  l a t e r  i n  t h i s  c h a p t e r )  can  b e  i n v e s t i g a t e d  

by  c l a s s i f y i n g  a  new d a t a  s e t .  The p r o p o r t i o n  c o r r e c t l y  c l a s s i f i e d  f o r  

t h i s  s e c o n d a r y  sam p le  i s  t e s t e d  f o r  s i g n i f i c a n c e  i n  t h e  same m anner as  

t h e  o r i g i n a l  c l a s s i f i c a t i o n  r e s u l t s  a r e  t e s t e d . ^

and 4». The l a s t  f o u r  s t a t i s t i c s  can b e  u se d  f o r  t h r e e  o r  more g ro u p s ,  
w i t h  T and M i l k ' s  A b e i n g  t h e  m ost p o p u l a r .  P o r e b s k i  c o n c lu d e d  t h a t  
each  s t a t i s t i c  i s  a s s o c i a t e d  w i t h  a  d i s c r i m i n a n t  f u n c t i o n  i n v o l v i n g  a 
d i f f e r e n t  c o n s t a n t .  T h e r e f o r e ,  t h e s e  c o n s t a n t s  a c c o u n t  e n t i r e l y  f o r  th e  
d i f f e r e n c e s  b e tw e en  t h e  s t a t i s t i c s .

^ I f  a  s e c o n d a r y  sam ple  i s  n o t  a v a i l a b l e ,  t h e n  t h e r e  a r e  s e v e r a l  
ways t o  t e s t  t h e  o r i g i n a l  sam ple  f o r  s i g n i f i c a n c e ;  s e e  F r a n k ,  M assey , and 
M o r r i s io n  [B] and  L a c h en b ru c h  [B 1 9 6 7 ] .  However, t h e i r  v a l i d a t i o n  p r o ­
c e d u re s  may remove o n ly  p a r t  o f  t h e  t o t a l  b i a s  t h a t  i s  i n h e r e n t  i n  t h e  
o r i g i n a l  s a m p le ,  a s  d i s c u s s e d  i n  more d e t a i l  l a t e r  i n  t h i s  c h a p t e r .
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T e s t  s p a c e  p r o c e d u r e

The r e d u c e d - s p a c e  fo rm a t  employed i n  t h e  l i t e r a t u r e  and  d i s c u s s e d

above h a s  c e r t a i n  s h o r t c o m in g s .  The b a s i s  o f  t h e s e  s h o r tc o m in g s  i s  t h e

w id e s p re a d  a s su m p t io n  t h a t  t h e  r e d u c e d - s p a c e  f o r m u l a t i o n  i s  e q u i v a l e n t

t o  t h e  t e s t - s p a c e  o r  o r i g i n a l - s p a c e  p r o c e d u r e .  T h is  a s su m p t io n  i s  n o t

c o r r e c t  and c o u ld  c a u s e  p o t e n t i a l  p roblem s i n  t h e  d i s c r i m i n a n t - a n a l y s i s

p r o c e s s .  S p e c i f i c a l l y ,  v a r i o u s  t e s t s  o f  s i g n i f i c a n c e  s h o u ld  b e  p e rfo rm e d

i n  t e s t - s p a c e .  T hese  i n c l u d e  t e s t s  f o r  t h e  s i g n i f i c a n c e  o f  t h e  d i s c r i m i -
2

n a n t  f u n c t i o n  mean d i f f e r e n c e s  (which i s  r e l a t e d  t o  D ) ,  t e s t s  f o r  m u l t i ­

v a r i a t e  n o r m a l i t y ,  and t e s t s  f o r  th e  e q u a l i t y  o f  t h e  v a r i a n c e - c o v a r i a n c e  

m a t r i c e s .  U n f o r t u n a t e l y ,  l i t t l e  r e s e a r c h  h a s  b e e n  c o m p le te d  t o  i n d i c a t e  

t h e  e f f e c t s  o f  u s in g  r e d u c e d - s p a c e  i n s t e a d  o f  t e s t - s p a c e  d a t a  t o  p e r fo rm  

th e  t e s t s  o f  s i g n i f i c a n c e  c i t e d  above . A ls o ,  t h e  b i a s  c r e a t e d  on t h e  

c l a s s i f i c a t i o n  r e s u l t s  c o u ld  b e  s u b s t a n t i a l  i f  t h e s e  t e s t s  o f  s i g n i f i c a n c e  

a r e  ig n o r e d .  T h us ,  i n d i s c r i m i n a t e l y  em p lo y in g  r e d u c e d - s p a c e  p r o c e d u r e s  

may b i a s  t h e  t e s t s  o f  s i g n i f i c a n c e  a n d /o r  t h e  c l a s s i f i c a t i o n  r e s u l t s .

The d i s c u s s i o n  i n  t h i s  p a p e r  assum es t h e  u s e  o f  t e s t - s p a c e  u n l e s s  

s t a t e d  o t h e r w i s e .

R e g r e s s io n  a n a l y s i s

As i n t r o d u c e d  by F i s h e r  [B 1 9 3 6 ] ,  tw o -g ro u p  l i n e a r  MDA i s  e s s e n ­

t i a l l y  e q u i v a l e n t  t o  p o i n t - b i s e r i a l  r e g r e s s i o n  a n a l y s i s ,  i . e .  t h e  

d e p e n d en t  v a r i a b l e  i s  g iv e n  v a lu e s  o f  0 o r  1 i n  o r d e r  t o  d e s i g n a t e  

group mem bership o f  t h e  o b s e r v a t i o n s .  Thus, f o r  t h e  tw o -g ro u p  l i n e a r  

c a s e ,  t h e  r e s u l t s  from  a  p o i n t - b i s e r i a l  r e g r e s s i o n  a p p ro a c h  d i f f e r  from  a 

m u l t i p l e  d i s c r i m i n a n t  f u n c t i o n  o n ly  by a  c o n s t a n t .
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The r e l a t i o n s h i p  b e tw een  tw o-g roup  l i n e a r  MDA and t h e  l i n e a r  

r e g r e s s i o n  m odel (MRA) i s  o f t e n  m i s t a t e d  i n  t h e  l i t e r a t u r e .  I n  p a r t i c u l a r ,  

r e s u l t s  from  MDA do n o t  g iv e  g r o u p in g  r e s u l t s  e q u i v a l e n t  to  th o s e  from  a 

m u l t i p l e - r e g r e s s i o n  m o d e l .^  A ls o ,  theo rem s t h a t  a r e  v a l i d  f o r  r e g r e s s i o n  

a n a l y s i s  a r e  n o t  n e c e s s a r i l y  a p p l i c a b l e  f o r  t h e  d i s c r i m i n a n t  m odel ( e . g . ,  

t h e  c o e f f i c i e n t s  i n  MDA do n o t  p o s s e s s  t h e  same p r o p e r t i e s  a s  t h e i r  

c o u n t e r p a r t s  i n  r e g r e s s i o n ) .

One p r im a ry  a s su m p t io n  f o r  t h e  u s u a l  r e g r e s s i o n  model i s  t h a t  t h e  

d e p e n d e n t  v a r i a b l e ,  Y, i s  n o rm a l ly  d i s t r i b u t e d .  For p o i n t - b i s e r i a l  

r e g r e s s i o n  and  MDA, Y i s  e q u a l  to  0 o r  1 and c o n s e q u e n t ly  i s  n o t  n o r m a l ly  

d i s t r i b u t e d .  C o n se q u e n tly  when o b s e r v a t i o n s  a r e  drawn from  one  c o n t in u o u s  

p o p u l a t i o n  t h e n  MRA s h o u ld  b e  em ployed , w h i l e  o b s e r v a t i o n s  from  two ( o r  

more) d i f f e r e n t  and d i s c r e t e  p o p u l a t i o n s  r e q u i r e  t h e  MDA t e c h n i q u e .

L u b in  [B, p .  91] r e p o r t e d  t h a t  MRA i s  a p p r o p r i a t e  when b o t h  t h e  

in d e p e n d e n t  and  d e p e n d en t  v a r i a b l e s  a r e  q u a n t i t a t i v e ,  w h i l e  MDA r e q u i r e s  

q u a n t i t a t i v e  in d e p e n d e n t  v a r i a b l e s  b u t  a  q u a l i t a t i v e  d e p e n d en t  v a r i a b l e .

A more d e s c r i p t i v e  co m p ar iso n  i s  made by Altman [B, p .  4] who p o i n t e d  o u t  

t h a t  ' r e g r e s s i o n  a n a l y s i s  can b e  u se d  t o  a s s i g n  s p e c i f i c  p e r s o n s  w i t h i n  

a  group t o  c e r t a i n  t a s k s ' , b u t  t h a t  one s h o u ld  f i r s t  u s e  MDA t o  a s s i g n  

p e o p le  to  t h e  s p e c i f i c  g roups  i n  q u e s t i o n .

F i n a l l y ,  t h e  d i s t i n c t i o n  b e tw e en  MRA and MDA can b e  s h a rp e n e d  i f  

i t  i s  r e a l i z e d  t h a t ,  " r e g r e s s i o n  a n a l y s i s  a t t e m p t s  to  e s t i m a t e  t h e  c o e f ­

f i c i e n t s  w h ic h  b e s t  d e s c r i b e  t h e  i n t e r r e l a t i o n s h i p s  among v a r i a b l e s  f o r

G roup ing  r e s u l t s  a r e  e q u i v a l e n t  when t h e  p o i n t - b i s e r i a l  d e s i g n a ­
t i o n  o f  t h e  d e p e n d e n t  v a r i a b l e  i s  u sed  i n  t h e  r e g r e s s i o n  p r o c e d u r e .  But 
when t h e  d e p e n d e n t  v a r i a b l e  i s  t r e a t e d  a s  a c o n t in u o u s  v a r i a b l e  i n  th e  
r e g r e s s i o n  p r o c e d u r e ,  t h e  r e s u l t s  may d i f f e r  from th o s e  o f  MDA.
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a l l  members o f  t h e  p o p u l a t i o n ,  ( w h i le )  d i s c r i m i n a n t  a n a l y s i s  a t t e m p t s  t o  

e s t i m a t e  c o e f f i c i e n t s  w h ich  b e s t  c l a s s i f y  o b s e r v a t i o n s  i n t o  on e  o f  th e  

a p r i o r i  u n d e r ly in g  p o p u l a t i o n s  o r  g r o u p in g s .  " (Altman [B, p .  4 - 5 ] ) .

MRA and MDA h a v e  d i f f e r e n t  p u r p o s e s  a n d ,  c o n s e q u e n t ly ,  t h e  t e c h n i ­

que u se d  s h o u ld  b e  ch o sen  to  im plem ent t h e  i n t e n t  o f  t h e  s t u d y .

A ssum ptions o f  t h e  L i n e a r  
D i s c r im in a n t  Model

L ik e  o t h e r  s t a t i s t i c a l  m o d e ls ,  MDA i s  b a s e d  on s e v e r a l  a s s u m p t io n s .  

Such a s su m p t io n s  a r e  e i t h e r  d e f i n i t i o n a l  i n  c h a r a c t e r ,  i . e . ,  t h e y  d e s c r i b e  

t h e  m odel;  o r  t h e y  a r e  t h e o r e t i c a l  a s s u m p t io n s  t o  p e r m i t  t r a c t i b l e  p r o b ­

a b i l i t y  d i s t r i b u t i o n s  t o  b e  s u b s t i t u t e d  f o r  more g e n e r a l  f u n c t i o n s .

Two d e f i n i t i o n a l  a s su m p t io n s

As l i s t e d  by  E i s e n b e i s  and Avery [B, p .  1 ] ,  t h e  two d e f i n i t i o n a l  

a s su m p t io n s  o f  MDA a r e  t h a t  " (1 )  t h e  g roups  b e in g  i n v e s t i g a t e d  a r e  d i s c r e t e  

and i d e n t i f i a b l e ,  (2) e a c h  o b s e r v a t i o n  i n  e a ch  group can b e  d e s c r i b e d  by 

a  s e t  o f  m easu rem en ts  on c h a r a c t e r i s t i c s  o r  v a r i a b l e s .  . . "

The f i r s t  d e f i n i t i o n a l  a s su m p t io n  i n d i c a t e s  t h a t  g ro u p s  n e e d  t o  

b e  i d e n t i f i a b l e ,  s u c h  t h a t  each  o b s e r v a t i o n  can b e  a s s i g n e d  t o  a  group 

i n  a  l o g i c a l  and  non-random  f a s h i o n .  E i s e n b e i s  and Avery [B, p .  36] 

d i s a p p r o v e  o f  n o n - d i s c r e t e  g ro u p in g s  ( c r i t e r i o n  v a r i a b l e s ) .  However, 

t h e  i m p l i c i t  a s su m p t io n  f o r  th e  model i s  t h a t  t h e  c r i t e r i o n  v a r i a b l e  i s  

r o b u s t  f o r  n o n - d i s c r e t e  g r o u p in g s .  R e i n h a r t  and L a ta n e  [C] p r e s e n t e d  a

^A n o th e r  d e s c r i p t i o n  o f  t h i s  r e l a t i o n s h i p  i n d i c a t e s  t h a t  MDA 
m axim izes t h e  d i f f e r e n c e  betw een m eans, w h i l e  MRA m axim izes  t h e  m u l t i p l e  
c o r r e l a t i o n  c o e f f i c i e n t  be tw een  t h e  in d e p e n d e n t  and d e p e n d e n t  v a r i a b l e s .  
See G a r r e t t  [B].
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9
m ethod f o r  com paring  t h e  c l a s s i f i c a t i o n  a b i l i t y  o f  MRA t o  t h a t  o f  MDA. 

S u p e r i o r i t y  o f  t h e  r e g r e s s i o n  model would i n d i c a t e  t h a t  d i s c r i m i n a n t  

a n a l y s i s  i s  i n a p p r o p r i a t e .  However, i f  MDA g i v e s  s u p e r i o r  r e s u l t s  t h e n  

t h i s  a p p ro a c h  s u g g e s t s  t h a t  t h e  d i s c r i m i n a n t  m odel i s  r o b u s t  f o r  n o n ­

d i s c r e t e  d a t a .

The se c o n d  d i f i n i t i o n a l  a s u sm p t io n  i m p l i e s  t h e  n e e d  f o r  a  s e t  o f  

m ea su rem e n ts  t o  d e s c r i b e  e a ch  o b s e r v a t i o n .  T h u s ,  a  d i r e c t  r e l a t i o n s h i p  

b e tw e e n  t h e  s e t  o f  m easurem ents  ( in d e p e n d e n t  v a r i a b l e s )  and  t h e  o b s e r v a ­

t i o n  ( c r i t e r i o n  v a r i a b l e s )  i s  h y p o t h e s i z e d ;  i f  no  r e l a t i o n s h i p  e i . i s t s ,  

t h e n  t h i s  a s su m p t io n  i s  v i o l a t e d  ( i . e . ,  t h e  m ea su rem e n ts  do n o t  d e s c r i b e  

t h e  o b s e r v a t i o n ) . The c o n seq u e n c e  o f  u s in g  n o n - r e l a t e d  v a r i a b l e s  i s  

t h a t  t h e  d i s c r i m i n a t o r y  a b i l i t y  o f  t h e  f u n c t i o n  i s  im p a i r e d .

A n o th e r  v i o l a t i o n  o f  t h e  se co n d  a s s u m p t io n  o c c u r s  i f  i n a c c u r a t e  

o r  m i s s i n g  m easurem ents  f o r  some o f  t h e  in d e p e n d e n t  v a r i a b l e s  a r e  p r e s e n t .

An a n a lo g o u s  s i t u a t i o n  i n  r e g r e s s i o n  a n a l y s i s  r e s u l t s  i n  b i a s e d  and 

i n c o n s i s t e n t  e s t i m a t e s .  (See J o h n s to n  [B, p .  2 8 1 - 2 9 1 ] ) .  A s i m i l a r  con­

se q u e n c e  w ou ld  b e  e x p e c te d  f o r  t h e  d i s c r i m i n a n t  m odel .

A ssum ption  o f  a m u l t i v a r i a t e  
n o rm a l  d i s t r i b u t i o n

A t h i r d  a ssu m p t io n  f o r  MDA i s  t h a t  t h e  in d e p e n d e n t  v a r i a b l e s  form 

a  m u l t i v a r i a t e  no rm al  d i s t r i b u t i o n . ^ ^  T hus , e a c h  in d e p e n d e n t  v a r i a b l e

As d i s c u s s e d  e a r l i e r ,  MRA i s  n o t  r e a l l y  i n t e n d e d  t o  c l a s s i f y  
o b s e r v a t i o n s  and t h e r e f o r e  s u c h  a  co m p ar iso n  i s  b i a s e d  i n  f a v o r  o f  t h e  
MDA m o d e l .  However, su c h  a  c o m p a r iso n  does g iv e  an  i n d i c a t i o n  o f  w h e th e r  
o r  n o t  t h e  o b s e r v a t i o n s  come from  one u n d e r l y i n g  p o p u l a t i o n  w i t h  a  con­
t i n u o u s  d e p e n d e n t  v a r i a b l e  (MRA) o r  s e v e r a l  p o p u l a t i o n s  w i t h  d i s c r e t e  
g r o u p in g s  (MDA).

^ ^ R e c a l l  t h a t  t h e  d e p e n d e n t  v a r i a b l e  i s  n o r m a l ly  d i s t r i b u t e d  i n  
t h e  r e g r e s s i o n  m odel,  b u t  i s  f i x e d  f o r  d i s c r i m i n a n t  a n a l y s i s .  F u r t h e r ­
m ore ,  f o r  r e g r e s s i o n  a n a l y s i s  t h e  d i s t r i b u t i o n  o f  t h e  i n d e p e n d e n t  v a r i a ­
b l e s  i s  i r r e l e v a n t ,  b u t  f o r  MDA a  m u l t i v a r i a t e  n o rm a l  d i s t r i b u t i o n  i s  
n e e d e d .  F i s h e r  (B 1938, p .  3 7 7 ] .
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i s  assumed t o  b e  n o rm a l ly  d i s t r i b u t e d .  , ^  w e l l  a s  e a ch  m a r g i n a l  

d i s t r i b u t i o n  o f  t h e s e  v a r i a b l e s . B e c a u s e  o f  t h e  c o m p le x i ty  o f  t h e  

m u l t i v a r i a t e  n o rm a l  d i s t r i b u t i o n ,  i t  i s  d i f f i c u l t  t o  t e s t  w h e th e r  a 

sam ple  ( o r  p o p u l a t i o n )  a c t u a l l y  conform s t o  t h i s  d i s t r i b u t i o n .  I n d e e d ,  

t h e  c o s t s  o f  s u c h  e f f o r t s  n o r m a l ly  w i l l  o u tw e ig h  t h e  b e n e f i t s ,  s i n c e  

G i l b e r t  [B] showed f o r  a  tw o-g roup  l i n e a r  r u l e  t h a t  v i o l a t i o n s  o f  t h e  

a s su m p t io n  o f  m u l t i v a r i a t e  n o r m a l i t y  seem t c  b e  q u i t e  r o b u s t  f o r  c l a s s i f i ­

c a t i o n  r e s u l t s .  A lth o u g h  i n d i v i d u a l  t e s t s  c o u ld  b e  p e r fo rm e d  on t h e  

n o r m a l i t y  o f  t h e  i n d i v i d u a l  v a r i a b l e s ,  and p e rh a p s  even  on t h e  b i v a r i a t e  

d i s t r i b u t i o n s  ( a s  a  p a r t i a l  t e s t  o f  t h e  a s s u m p t io n ) ,  once  a g a i n  t h e  c o s t  

w ould  seem t o  o u tw e ig h  th e  b e n e f i t s .  The main c o n seq u e n c e  o f  n o n -  

m u l t i v a r i a t e  n o rm a l  d a t a  i n  MDA seems t o  b e  i t s  i n f l u e n c e  on c e r t a i n  t e s t s  

o f  s i g n i f i c a n c e .  F o r  exam p le ,  I t o  [B] found  t h a t  t e s t s  f o r  t h e  q u a l i t y  

o f  t h e  v a r i a n c e - c o v a r i a n c e  m a t r i c e s  ( d i s c u s s e d  be low ) a r e  h i g h l y  s e n s i t i v e  

t o  n o n - m u l t i v a r i a t e  no rm al  d a t a ;  s p e c i f i c a l l y ,  i f  n o n - m u l t i v a r i a t e  no rm a l  

d a t a  a r e  p r e s e n t  t h e  n u l l  h y p o t h e s i s  o f  no d i f f e r e n c e  b e tw e e n  t h e  d i s ­

p e r s i o n  m a t r i c e s  w i l l  b e  r e j e c t e d  when i n  r e a l i t y  t h e r e  i s  no s i g n i f i c a n t  

d i f f e r e n c e .

E i s e n b e i s  and  Avery [B, p .  37] showed t h a t  i f  Z i s  n o r m a l ly  d i s ­

t r i b u t e d  ( t h e  Z v a l u e s  s h o u ld  fo rm  a  n o rm a l  d i s t r i b u t i o n  i n  e a c h  g r o u p ) , 

t h e n  c l a s s i f i c a t i o n  can b e  p e r fo rm e d  i n  l i n e a r  r e d u c e d  s p a c e  ( p ro v id e d  

t h e  v a r i a n c e - c o v a r i a n c e  m a t r i c e s  a r e  e q u a l ,  a s  w i l l  b e  d i s c u s s e d  s h o r t l y ) .  

Numerous t e s t s  f o r  t h e  n o r m a l i t y  o f  Z a r e  a v a i l a b l e ;  h o w e v e r ,  t h e  

n e c e s s i t y  o f  u t i l i z i n g  such  p r o c e d u r e s  i n  p r a c t i c e  i s  q u e s t i o n a b l e  on a t

l l g e e  Mood and Q r a y b i l l  [B, p .  2 0 7 - 2 0 9 ] ,  e s p e c i a l l y  d e f i n i t i o n  
9 .5  and th e o re m  9 . 7 .  Many a u th o r s  h av e  assumed t h a t  o n ly  t h e  Z - v a lu e s  
n e e d  t o  b e  n o r m a l ly  d i s t r i b u t e d .  T h is  t o p i c  i s  d i s c u s s e d  i n  t h i s  s e c t i o n .
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l e a s t  two c o u n t s .  F i r s t ,  t h e  g e n e r a l i z e d  C e n t r a l  L im i t  Theorem (S e e  

Cramer [B]) s u g g e s t s  t h a t  a s  t h e  num ber o f  in d e p e n d e n t  random v a r i a b l e s  

w i t h  f i n i t e  v a r i a n c e s  i n c r e a s e s  (u n d e r  t h e  g e n e r a l i z e d  C e n t r a l  L im i t  

Theorem t h e  v a r i a b l e s  do n o t  have  t o  i d e n t i c a l l y  d i s t r i b u t e d ) ,  t h e  Z 

s c o r e s  w i l l  a p p ro a c h  a  norm al d i s t r i b u t i o n .  Second, a l a r g e  sa m p le  

s i z e  w i l l  o f t e n  c a u se  t h e  r e j e c t i o n  o f  t h e  n u l l  h y p o t h e s i s  o f  no  s i g n i f i ­

c a n t  d i f f e r e n c e  b e tw e en  th e  no rm a l d i s t r i b u t i o n s  and t h e  sa m p le  i n  q u e s ­

t i o n  when t h e  t r u e  d i f f e r e n c e  b e tw e en  t h e  d i s t r i b u t i o n s  i s  so  s m a l l  t h a t  

t h e  e f f e c t s  o f  c l a s s i f i c a t i o n  r e s u l t s  a r e  n e g l i g i b l e .  T hus ,  t h e  u s e f u l ­

n e s s  o f  a p p ly i n g  fo rm a l  t e s t s  t o  an i n v e s t i g a t i o n  o f  t h e  n o r m a l i t y  o f

Z seems l i m i t e d ,  and  t h e  a s su m p t io n  i s  made i n  t h i s  s tu d y  t h a t  c l a s s i f i -

12c a t i o n  r e s u l t s  a r e  r o b u s t  i n  r e g a r d  t o  d e p a r t u r e s  from n o r m a l i t y .

E q u a l  d i s p e r s i o n  m a t r i c e s

A f o u r t h  a s su m p t io n  i n v o lv e d  i n  MDA c o n c e rn s  th e  e q u a l i t y  o f  t h e

d i s p e r s i o n  m a t r i c e s .  The most commonly u se d  t e s t  t o  exam ine  t h e  e q u a l i t y

13o f  t h e  v a r i a n c e - c o v a r i a n c e  m a t r i c e s  i s  an F - t e s t ,  due t o  Box [ B ] .

(See E i s e n b e i s  and Avery [B, p .  2 9 ] ) .  R e j e c t i o n  o f  t h e  n u l l  h y p o t h e s i s  o f

12 C oncern  a b o u t  v i o l a t i o n s  o f  t h e  n o r m a l i t y  a s su m p t io n  i s  a l s o  
r e d u c e d  when one r e a l i z e s  t h e  a c t u a l  t e s t  u sed  f o r  t h e  s i g n i f i c a n c e  o f  
c o r r e c t  p r o p o r t i o n s  assumes a  n o n - p a r a m e t r i c ,  b u t  sym m etr ic  d i s t r i b u t i o n  
(L ub in  [B, p .  1 0 2 ] ) .  A lso ,  t h e  d i s t r i b u t i o n  o f  th e  p r o p o r t i o n s  o f  
s e c o n d a ry  sam p les  a r e  in d e p e n d e n t  o f  t h e  d i s t r i b u t i o n  from  t h e  o r i g i n a l  
sam p le .

l ^ S e v e r a l  o t h e r  t e s t s  t o  exam ine  d i s p e r s i o n  e q u a l i t y  a p p e a r e d  p r i o r  
t o  B o x 's  a r t i c l e .  P l a k e t  [B] g iv e s  an e x a c t  t e s t  f o r  d i s p e r s i o n  m a t r i c e s  
u s in g  W i l k ' s  A s t a t i s t i c ;  how ever ,  s i n c e  A can on ly  b e  a p p r o x im a te ly  t a b u ­
l a t e d ,  t h e  r e s u l t a n t  t e s t  i s  n o t  o p t i m a l .  (A lso  s e e  Rao [B 1 9 4 8 a ,  p .  67- 
71] f o r  an exam ple  o f  u s in g  A t o  t e s t  d i s p e r s i o n  m a t r i c e s . )  W ilk s  [B] 
d e v e lo p e d  an e x a c t  t e s t  f o r  k = 2 ,3  (k=number o f  v a r i a b l e s )  u s i n g  t h e  
In c o m p le te  B e ta  F u n c t io n  to  f i t  t h e  p r o b a b i l i t y  i n t e r v a l .  F o r  k^3  W ilks  
d e v e lo p e d  a s t a t i s t i c  t h a t  i s  a p p ro x im a te ly  d i s t r i b u t e d  a s  x • (See  
Bock [B, p .  8 2 3 -825 ]  f o r  an a p p l i c a t i o n  o f  th e  t e s t  f o r  d i s p e r s i o n  
e q u a l i t y ) .  F i n a l l y ,  Box [B] d e v e lo p e d  x^ and F - t e s t s , d e t e r m i n in g  t h a t  
t h e  F - t e s t  p e r fo rm e d  b e t t e r  th a n  t h e  x^ t e s t .
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e q u a l i t y  i m p l i e s  t h a t  t h e  l i n e a r  d i s c r i m i n a n t  f u n c t i o n  i s  no l o n g e r  

a p p l i c a b l e .

Sm ith  [B ] ,  Lub in  [B ] ,  A nderson  [B 1 9 5 8 ] ,  M assey [B] a l l  d i s c u s s e d  

t h e  n o n - l i n e a r  d i s c r i m i n a n t  f u c t i o n ;  how ever ,  i t  was n o t  u n t i l  E i s e n b e i s  

and  Avery [B] p rom oted  t h e  c o n c e p t  and programmed t h e  m odel t h a t  t h e  

t e c h n i q u e  became a v a i l a b l e  f o r  p r a c t i c a l  a p p l i c a t i o n .  O th e r  th a n  t h e  

e x am p les  g iv e n  by E i s e n b e i s  and A v ery , no  n o n - l i n e a r  s t u d i e s  have  a p p e a re d  

i n  t h e  l i t e r a t u r e ;  i n  f a c t ,  m ost a u th o r s  do n o t  even t e s t  f o r  t h e  e q u a l i t y  

o f  v a r i a n c e s ,  much l e s s  f o r  t h e  e q u a l i t y  o f  t h e  d i s p e r s i o n  m a t r i c e s ,  £ r  

u s e  n o n - l i n e a r  c l a s s i f i c a t i o n  p r o c e d u r e s .

The t e s t  f o r  e q u a l i t y  o f  t h e  v a r i a n c e - c o v a r i a n c e  m a t r i c e s  r e q u i r e s  

a ssu m in g  a  m u l t i v a r i a t e  n o rm a l  d i s t r i b u t i o n  and i s  q u i t e  s e n s i t i v e  t o  

n o n - n o r m a l i t y .  ( I t o  [ B ] ) .  F u r t h e r ,  a  l a r g e  sam p le  s i z e  a l s o  seems t o  

c a u s e  u n w a r ra n te d  r e j e c t i o n  o f  t h e  h y p o t h e s i s ,  a s  s e e n  by exam ples  from  

E i s e n b e i s  and Avery [B, p .  53 , 5 6 ] .  F i n a l l y ,  r e s u l t s  f rom  t h e  d a t a  u s e d  

i n  t h i s  s tu d y  i n d i c a t e  t h a t  t h e  num ber o f  v a r i a b l e s  u s e d  i n f l u e n c e s  t h e  

t e s t  o f  s i g n i f i c a n c e  f o r  d i s p e r s i o n  m a t r i c e s .

U nequal d i s p e r s i o n s  may b i a s  t h e  t e s t  o f  s i g n i f i c a n c e  f o r  mean 

v e c t o r s  i n  t h e  l i n e a r  m odel.  F o r  two g r o u p s ,  t h e  b i a s  u s u a l l y  r e s u l t s  

i n  a c c e p t i n g  t h e  n u l l  h y p o t h e s i s  o f  no s i g n i f i c a n t  d i f f e r e n c e  be tw een  

g roup  means more o f t e n  th a n  w ould  b e  e x p e c te d  i f  t h e  t h e o r e t i c a l l y  c o r ­

r e c t  t e s t  o f  s i g n i f i c a n c e  i s  em ployed . (See H ollow ay and  Dunn [B, p .  136] 

and E i s e n b e i s  and Avery [B, p .  8 ,  3 7 ] . )  The t h e o r e t i c a l l y  c o r r e c t  t e s t  

f o r  ex a m in in g  t h e  s i g n i f i c a n c e  o f  mean v e c t o r s  when t h e r e  a r e  u n e q u a l  

d i s p e r s i o n  m a t r i c e s  i s  an F - t e s t  w i t h  (p ,  N -p -1 )  d e g r e e s  o f  freedom  

(w here  N i s  t h e  number o f  o b s e r v a t i o n s  i n  each  group  and  p i s  t h e  number 

o f  v a r i a b l e s ) .  The t e s t  i f  p r e s e n t e d  by E i s e n b e i s  an d  Avery [B, p .  2 5 -27 ]



35
2

and c o n s i s t s  o f  u s in g  H o t e l l i n g ' s  T v a lu e  to  g e n e r a t e  t h e  needed

F - s t a t i s t i c .  The t e s t  f o r  e x a m in in g  t h e  s t a t i s t i c a l  d i f f e r e n c e  be tw een  

mean v e c t o r s  when th e  d i s p e r s i o n  m a t r i c e s  a r e  e q u a l  i s  g iv e n  by 

e q u a t i o n  I I I - 1 2 .  The e x t e n t  o f  t h e  b i a s  c a u se d  by u s i n g  e q u a t i o n  I I I - 1 2  

when t h e  d i s p e r s i o n  m a t r i c e s  a r e  u n e q u a l  h as  b e e n  d e te r m in e d  by Holloway 

and Dunn [B ];  t h e y  showed t h a t  t h e  b i a s  u s u a l l y  i n v o l v e s  a c c e p t i n g  th e  

n u l l  h y p o t h e s i s  more f r e q u e n t l y  t h a n  i s  n e c e s s a r y  and  c o n s e q u e n t ly  

r e s e a r c h e r s  o f t e n  d i s r e g a r d  t h e  e f f e c t  o f  t h e  b i a s .

C l a s s i f i c a t i o n  may a l s o  b e  a f f e c t e d  by d i f f e r e n c e s  i n  t h e  d i s p e r ­

s io n  m a t r i c e s .  I f  t h e  d i s p e r s i o n  m a t r i c e s  a r e  n o t  e q u a l ,  a  q u a d r a t i c  

d i s c r i m i n a n t  f u n c t i o n  i s  t h e o r e t i c a l l y  s u p e r i o r  to  a  l i n e a r  r u l e  and w i l l  

g iv e  im proved  c l a s s i f i c a t i o n  r e s u l t s  (b o th  i n  te rm s  o f  t h e  p r o p o r t i o n  o f  

o b s e r v a t i o n s  c o r r e c t l y  c l a s s i f i e d ,  and th e  a c c u ra c y  o f  c o r r e c t  group 

c l a s s i f i c a t i o n ) .  C o n d i t io n s  u n d e r  w hich  im proved  c l a s s i f i c a t i o n  r e s u l t s  

o c c u r  f o r  t h e  q u a d r a t i c  r u l e  v e r s u s  t h e  l i n e a r  r u l e  h a v e  n o t  b e e n  i n v e s t i ­

g a t e d ,  b u t  m ost l i k e l y  h in g e  on t r u e  d i f f e r e n c e s  i n  t h e  d i s p e r s i o n  m a t r i c e s  

( r a t h e r  th a n  s t a t i s t i c a l  d i f f e r e n c e s  c r e a t e d  by sam p le  s i z e  a n d /o r  n o n -  

m u l t i v a r i a t e  norm al d a t a ) ,  t h e  e x t e n t  o f  group o v e r l a p ,  and  t h e  number o f  

g ro u p s .

S in c e  l i n e a r  d i s c r i m i n a n t  a n a l y s i s  i s  i n a p p r o p r i a t e  when t h e r e  

a r e  u n e q u a l  d i s p e r s i o n s ,  t h e  l i n e a r  r e d u c e d - s p a c e  Z - f u n c t i o n  i s  b i a s e d .

The q u e s t i o n  o f  th e  a p p l i c a b i l i t y  o f  a  q u a d r a t i c  r e d u c e d - s p a c e  o p e r a t i o n  

i s  th e n  r a i s e d .  L i t t l e  i s  known a b o u t  th e  G -g ro u p ,  n o n - l i n e a r  r e d u c e d -  

s p a c e  o p e r a t i o n s . F o r  t h e  tw o -g ro u p  c a s e ,  t h e  n o n - l i n e a r  r e d u c e d - s p a c e

^ ^ E is e n b e i s  and Avery [B] t r e a t e d  t h e  n o n - l i n e a r  d i s c r i m i n a n t  
p ro c e d u re  m a in ly  as a t e s t - s p a c e  te c h n iq u e  w here  b o t h  t e s t s  o f  s i g n i f i c a n c e  
and c l a s s i f i c a t i o n  r u l e s  r e l y  on t h e  t e s t - s p a c e  f o r m u l a t i o n .
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o p e r a t i o n  does  c o n s i d e r  u n e q u a l  d i s p e r s i o n s ;  h o w e v e r ,  e v e n  i n  t h i s  

s p e c i a l  c a s e  t h e  v a r i a n c e  p r o p e r t i e s  o f  t h e  q u a d r a t i c  Z - s c o r e s  h a v e  n o t  

b e e n  c o m p le te ly  e x p l o r e d .  D e s p i t e  t h i s  l a c k  o f  i n f o r a m t i o n ,  E i s e n b e i s  

and  Avery [B, p .  5 7 -6 2 ]  c l a i m  t h a t  q u a d r a t i c  r e d u c e d - s p a c e  p r o c e d u r e s  a r e  

p r e f e r a b l e  t o  t h e  l i n e a r  r e d u c e d - s p a c e  m ethod when t h e  d i s p e r s i o n  m a t r i c e s  

a r e  u n e q u a l .

C l a s s i f i c a t i o n  and P r e d i c t i o n  

S in c e  a  l a r g e  sam p le  s i z e  w i l l  v i r t u a l l y  i n s u r e  t h e  s t a t i s t i c a l  

s i g n i f i c a n c e  o f  t h e  d i s c r i m i n a n t  f u n c t i o n ,  t h e  p r a c t i c i a l  s i g n i f i c a n c e  

o f  t h i s  same f u n c t i o n  n e e d s  t o  b e  exam ined . To a c c o m p l i s h  t h i s ,  t h e  

o b s e r v a t i o n s  a r e  c l a s s i f i e d  i n t o  t h e i r  r e s p e c t i v e  g r o u p s ,  so  t h a t  t h e  

a b s o l u t e  number a n d / o r  t h e  p e r c e n ta g e  o f  c o r r e c t  c l a s s i f i c a t i o n s  and  t h e  

e x t e n t  o f  g roup  o v e r l a p  may b e  exam ined . The h y p o t h e t i c a l  exam ple  i n  

T a b le  I I I - l  shows how t h e s e  r e s u l t s  can  b e  su m m arized  i n  a  c l a s s i f i c a t i o n  

m a t r i x ;  t h e  h i g h l i g h t e d  d i a g o n a l  r e p r e s e n t s  t h o s e  o b s e r v a t i o n s  w h ic h  a r e  

c o r r e c t l y  c l a s s i f i e d .

TABLE I I I - l :  HYPOTHETICAL CLASSIFICATION MATRIX

P r e d i c t e d  G roups

___________________ Group A____________ Group B___________T o t a l
A c tu a l  Group A 2 T     5 30
Groups Group B  2 ' — -—— 2 F ________________30

T o t a l  27 33 60

F or  t h e  two o r  G -group c a s e ,  i f  t h e  d i s p e r s i o n s  a r e  p r o p o r t i o n a l  
t h e n  t h e  q u a d r a t i c  t e s t -  and r e d u c e d - s p a c e  o p e r a t i o n s  w i l l  g iv e  e q u i v a l e n t
c l a s s i f i c a t i o n  r e s u l t s  g iv e n  th e  s t a n d a r d  l i n e a r  t r a n s f o r m a t i o n  ( t h e
l i n e a r  t r a n s f o r m a t i o n  i s  t h e  r e d u c t i o n  from  t h e  o r i g i n a l  p d im e n s io n s  t o
r  d im e n s io n s ,  w here  p i s  t h e  number o f  v a r i a b l e s  and  r = G - l  w i t h  G b e i n g
t h e  number o f  g r o u p s ) .  E i s e n b e i s  and  A v e iy  [B, p .  5 7 ,  6 1 -6 3 ]  g i v e  more 
i n s i g h t  t o  t h e  two g roup  c a s e .
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C l a s s i f i c a t i o n  p r o c e d u r e s

C l a s s i f i c a t i o n  i n  t e s t - s p a c e  i s  u s u a l l y  p e r fo rm e d  by u s in g  

l i k e l i h o o d  r a t i o s .  F o r  a tw o-g roup  c l a s s i f i c a t i o n  r u l e ,  one  may d e s i g n a t e  

f-j^(x) and f^Cx) a s  b e in g  l i k e l i h o o d  f u n c t i o n s  f o r  g roups  1 and  2 ,  r e s p e c ­

t i v e l y ;  t h e  a s s u m p t io n  i s  made t h a t  f i ( x )  and  f 2 (x) p o s s e s s  c h a r a c t e r i s t i c s  

i d e n t i f i a b l e  w i t h  a  s p e c i f i c  t y p e  o f  known d e n s i t y  f u n c t i o n .  T h u s ,  f o r  

t h e  l i k e l i h o o d  f u n c t i o n s  f^Cx) and f^ C x ) ,  an o b s e r v a t i o n  i s  a s s i g n e d  t o  

g roup 1 i f :

I I I - 1 3  fl (X) > TTo
fg (x) ■̂ i

w h e re  iTg i s  t h e  ^  p r i o r i  p r o b a b i l i t y  t h a t  an  o b s e r v a t i o n  comes 

from  g roup  g. O th e rw is e  t h e  o b s e r v a t i o n  i s  a s s i g n e d  t o  g roup  2 .^ ^  

S in c e  m ost s a m p le s  a r e  to o  s m a l l  t o  o b t a i n  a d e q u a te  e s t i m a t e s  o f  

t h e  l i k e l i h o o d  f u n c t i o n ,  f ( x ) ,  i t  i s  c u s to m a ry  t o  p r o v id e  a  t h e o r e t i c a l  

d i s t r i b u t i o n  f o r  t h e  f u n c t i o n .  I f  one  assum es t h a t  t h e  two p o p u l a t i o n s  

a r e  m u l t i v a r i a t e  n o rm a l  and t h a t  th e y  h a v e  e q u a l  d i s p e r s i o n  m a t r i c e s ,  t h e n  

one can s u b s t i t u t e  t h e  d e n s i t y  f u n c t i o n s  and i n t o

e q a t i o n  I I I - 1 3 ,  t a k e  t h e  n a t u r a l  l o g s  o f  b o t h  s i d e s ,  and  r e a r r a n g e  te rm s  

t o  o b t a i n  t h e  f o l l o w i n g  l i n e a r  c l a s s i f i c a t i o n  r u l e  when t h e  p o p u l a t i o n  

p a r a m e t e r s  a r e  u se d  ( s e e  E i s e n b e i s  and Avery [B, p .  1 2 - 1 6 ] ) ^ ^ :

T h is  c l a s s i f i c a t i o n  scheme i s  g e n e r a l  and  th u s  i s  a p p l i c a b l e  t o  
l i n e a r  o r  q u a d r a t i c ,  t e s t  o r  r e d u c e d ,  s p a c e .  T h is  (and  s u b s e q u e n t )  
c l a s s i f i c a t i o n  f u n c t i o n s  can b e  amended t o  i n c l u d e  c o s t s  o f  m i s c l a s s i f i -  
c a t i o n .

^ ^ T h is  r u l e  g iv e s  e q u i v a l e n t  r e s u l t s  to  t h e  l i n e a r  r e d u c e d - s p a c e  
c u t - o f f  p r o c e d u r e  when t h e  p r o p e r  c o n d i t i o n s  h o l d ,  i . e .  when t h e  g roups  
a r e  c h a r a c t e r i z e d  by m u l t i v a r i a t e  n o rm a l  d i s t r i b u t i o n s  w i t h  e q u a l  d i s ­
p e r s i o n  m a t r i c e s .
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A ssign  t o  p o p u l a t i o n  1 I f :

I I I - 1 4  X’ e -  h i v i  +  .1 I n  P

w here  8 = -  P g ) '

When t h e  p o p u l a t i o n  p a r a m e te r s  a r e  unknown, t h e  sa m p le  e s t i m a t e s  a r e  

s u b s t i t u t e d  f o r  t h e  p o p u l a t i o n  v a lu e s  h2> and  Z. T hus ,  t h e  l i n e a r  

c l a s s i f i c a t i o n  r u l e  f o r  t h e  sam ple  I s :

A ss ig n  to  p o p u l a t i o n  1 i f :

I I I - 15 X’ Bq -  h Ü i  -  %2)'Bo -  P
+  N2 -  2

w here  Bq = W -  X2 )

X^, X2  a r e  t h e  sam ple  means 

and w h e re  W i s  t h e  p o o le d  w i t h i n  group d i s p e r s i o n .

F o r  l i n e a r  r e d u c e d - s p a c e ,  c l a s s i f i c a t i o n  i n t o  g roups  c a n  a l s o  b e  

a c c o m p lish e d  by u t i l i z i n g  e q u a t i o n  I I I - 6  and  c o m p ar in g  th e  Z - v a lu e  f o r  t h e  

o b s e r v a t i o n  I n  q u e s t i o n  w i t h  an a p p r o p r i a t e  c u t o f f  v a l u e .  W elsh  [B] 

showed t h a t  t h i s  p r o c e d u r e  p r o v id e s  o p t im a l  c l a s s i f i c a t i o n  r e s u l t s  when 

t h e  p a r a m e te r s  a r e  t h e  t r u e  p a r a m e te r s  o f  t h e  p o p u l a t i o n ,  t h e  d i s t r i ­

b u t i o n s  a r e  m u l t i v a r i a t e  n o r m a l ,  and th e  d i s p e r s i o n  m a t r i c e s  a r e  e q u a l .  

The s a m p l in g  b i a s  t h a t  o c c u r s  f o r  t h e  o r i g i n a l  s a m p le .  I . e .  when t h e

sam ple  p a r a m e te r s  d i f f e r  f rom  t h e  p o p u l a t i o n  p a r a m e t e r s ,  can  b e  d e te rm in e d

18by th e  L achenb ruch  h o l d o u t  m ethod; t h e  t o t a l  b i a s  can  b e  d e te r m in e d  by 

c l a s s i f y i n g  a  s e c o n d a ry  sa m p le .  I f  t h e  c o n c e rn  i s  o n ly  w i t h  t h e  sam ple  

a t  h a n d ,  th e n  c o n s i d e r a t i o n  o f  b i a s  i s  I r r e l e v a n t ,  s i n c e  t h e  same sam p le  

t h a t  formed t h e  e q u a t i o n  I s  c l a s s i f i e d .  (See t h e  s e c t i o n  on ' B i a s '  f o r  

a  c o m p le te  d i s c u s s i o n  o f  t h e s e  t o p i c s ) .

^®The L ach en b ru ch  h o l d o u t  method I s  d i s c u s s e d  l a t e r  i n  t h i s  c h a p t e r .



39

As was p r e v i o u s l y  d i s c u s s e d ,  th e  c l a s s i f i c a t i o n  r e s u l t s  from  MDA a r e  

r o b u s t  t o  n o n - m u l t i v a r i a t e  norm al d a t a .  H ow ever, u n e q u a l  d i s p e r s i o n  

m a t r i c e s  may c r e a t e  a  s u b s t a n t i a l  b i a s  on t h e  c l a s s i f i c a t i o n  r e s u l t s  i f  

l i n e a r  f o r m u l a t i o n s  a r e  employed. To e l i m i n a t e  t h i s  b i a s  t h e  q u a d r a t i c  

c l a s s i f i c a t i o n  p r o c e d u r e  s h o u ld  b e  u se d  when t h e  d i s p e r s i o n  m a t r i c e s  a r e  

s u b s t a n t i a l l y  d i f f e r e n t .

The tw o-g roup  q u a d ra d ic  c l a s s i f i c a t i o n  r u l e  i s  o b t a i n e d  by  s u b ­

s t i t u t i n g  t h e  m u l t i v a r i a t e  norm al d e n s i t y  f u n c t i o n s  ( y ^ j ^ i )  and  

N2  (V2>^2^» w ^ th  ^ ^2» i n t o  e q u a t i o n  I I I - 1 3 ,  t a k i n g  t h e  n a t u r a l  l o g s

o f  b o t h  s i d e s ,  and r e a r r a n g i n g  t e r m s .  (See  E i s e n b e i s  and Avery [B,

19
p .  1 6 ] . )  The r e s u l t i n g  q u a d r a t i c  r u l e  becom es:

A s s ig n  t o  p o p u l a t i o n  1 i f :

I I I - 1 6

- y2'̂ 2” )̂X + y '̂ni'^yi - yg l2"̂ P2 <
I n  | % 2  . -  2 I n  p .

When t h e  p o p u l a t i o n  p a ra m e te r s  a r e  e s t i m a t e d  f rom  sam ple d a t a ,  t h e  sam p le  

d i s p e r s i o n s  S^ and $ 2  a r e  t h e  b e s t  e s t i m a t e s  o f  and ^2 » and and  X2  

a r e  t h e  b e s t  e s t i m a t e s  o f  y^ and y2 « (The a p p r o p r i a t e  s u b s t i t u t i o n  f o r  

s am p le  d a t a  i s  s t r a i g h t  f o r w a r d ) . The q u a d r a t i c  r e d u c e d - s p a c e  p r o c e d u r e  

p a r a l l e l s  t h e  l i n e a r  m ethod; how ever, a s  m e n t io n e d  e a r l i e r  l e s s  i s  known 

a b o u t  t h e  t h e o r e t i c a l  a p p l i c a b i l i t y  o f  t h e  p r o c e d u r e .  S u b se q u e n t  d i s ­

c u s s i o n  w i l l  e l a b o r a t e  on th e  q u a d r a t i c  r e d u c e d - s p a c e  m ethod.

19 T h e re  a r e  t h r e e  p o s s i b l e  c l a s s i f i c a t i o n  r u l e s  f o r  G g r o u p s .
T hese  r u l e s  u se  1) C h i - s q u a re  s c o r e s ,  2) p r o b a b i l i t i e s  o f  g roup member­
s h i p ,  and  3) p - s p a c e  l i n e a r  d i s c r i m i n a n t  f u n c t i o n s .  F o r  deve lopm en t o f  
t h e s e  r u l e s  s e e  E i s e n b e i s  and Avery [B, p .  1 7 - 2 0 ] .  For a  v e r b a l  e x p la n a ­
t i o n  and  an a p p l i c a t i o n  s e e  Smith [C 1 9 6 5 ] .
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L i n e a r  v e r s u s  q u a d r a t i c  
c l a s s i f i c a t i o n  r e s u l t s

Use o f  th e  q u a d r a t i c  r u l e  i n  p l a c e  o f  th e  l i n e a r  r u l e  depends  on

th e  e q u a l i t y  o f  t h e  group d i s p e r s i o n  m a t r i c e s .  E i s e n b e i s  and  Avery [B,

p .  37 -52]  p ro v id e d  t h e  o n ly  exam ples  o f  l i n e a r  v s .  q u a d r a t i c  r e s u l t s  t h a t

a p p e a r  i n  th e  l i t e r a t u r e .  S p e c i f i c a l l y ,  E i s e n b e i s  and  Avery [B, p .  38]

c o n te n d e d  t h a t ;

F o r  g iv e n  d i f f e r e n c e s  be tw een  group v a r i a b l e  m eans ,  t h e  
p r e d i c t i v e  power o f  t h e  l i n e a r  r u l e s  r e l a t i v e  t o  q u a d r a t i c  
r u l e s  d e c r e a s e s  a s  t h e  d i f f e r e n c e  b e tw een  t h e  g roup  d i s p e r ­
s i o n s  i n c r e a s e s .  The r e a s o n  f o r  t h i s  i s  t h a t  t h e  f o r m a t io n  
o f  t h e  l i n e a r  r u l e s  r e q u i r e s  t h a t  t h e  group d i s p e r s i o n  m a t r i c e s  
b e  p o o le d  t o  e s t i m a t e  t h e  " h y p o th e s iz e d  common" w i t h i n - g r o u p s  
d i s p e r s i o n  m a t r i x .  The e f f e c t  i s  t o  b i a s  t h e  c l a s s i f i c a t i o n  
r e s u l t s  away from  t h e  group w i th  t h e  s m a l l e r  d i s p e r s i o n  
m a t r i x .  . .

O th e r  f a c t o r s  t h a t  may have  a  s u b s t a n t i a l  i n f l u e n c e  on th e  

r e l a t i v e  power o f  l i n e a r  v e r s u s  q u a d r a t i c  r u l e s  a r e  t h e  e x t e n t  o f  g roup 

mean s e p a r a t i o n  a n d / o r  t h e  e x t e n t  o f  group o v e r l a p ,  t h e  number o f  g ro u p s  

u s e d ,  and  t h e  e x t e n t  o f  t r u e  d i f f e r e n c e s  i n  t h e  d i s p e r s i o n  m a t r i c e s  

( r a t h e r  t h a n  m easu red  d i f f e r e n c e s  from  Box’s  t e s t  o f  e q u a l i t y ,  w h ich  i s  

s e n s i t i v e  to  n o n - m u l t i v a r i a t e  norm al d a t a  and t o  sam p le  s i z e ,  a s  d i s c u s s e d  

e a r l i e r ) .

A p r i o r i  p r o b a b i l i t i e s

The a  p r i o r i  p r o b a b i l i t i e s  m en t io n e d  above i n  c o n n e c t io n  w i t h  

e q u a t i o n s  I IX -1 3  th ro u g h  I I I - 1 6  r e f e r  t o  t h e  p r o b a b i l i t i e s  t h a t  g iv en  

o b s e r v a t i o n s  b e lo n g  t o  t h e  p o p u l a t i o n  i n  q u e s t i o n .  E m p i r i c a l  s t u d i e s  

o f t e n  u s e  e q u a l  a  p r i o r i  p r o b a b i l i t i e s ,  w h ich  can b i a s  t h e  r e s u l t s  i f  

t h e  t r u e  p r o b a b i l i t i e s  i n  t h e  u n d e r ly in g  p o p u l a t i o n  a r e  n o t  e q u a l .

A n o th e r  commonly em ployed method i s  to  u s e  t h e  p r o b a b i l i t i e s  found i n  

t h e  sam p le  b e in g  i n v e s t i g a t e d .  This  c r e a t e s  a  b i a s  i f  t h e  p r o b a b i l i t i e s
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o f  t h e  p o p u l a t i o n  o r  s e c o n d a r y  s a m p le s  d i f f e r  from  t h e  p r o b a b i l i t i e s  o f  

t h e  o r i g i n a l  s a m p le .  H ow ever, i f  t h e  r e l a t i v e  p r o b a b i l i t i e s  f o r  t h e  popu ­

l a t i o n s  a r e  unknown, t h e  b e s t  m ethod t o  o b t a i n  t h e  ^  p r i o r i  p r o b a b i l i t i e s  

i s  from  t h e  s a m p le .  One m ust t h e n  a s su m e ,  o f  c o u r s e ,  t h a t  t h e  sam p le  

c o n s t i t u t e s  a  r e p r e s e n t a t i v e  s e l e c t i o n  f rom  t h e  p o p u l a t i o n s  i n  q u e s t i o n .

E i s e n b e i s  and  A very [B, p .  5 2 -5 3 ]  c o n te n d e d  t h a t  i n c o r r e c t  

a  p r i o r i  p r o b a b i l i t i e s  c a n  h av e  s i g n i f i c a n t  e f f e c t s  on t h e  c l a s s i f i c a t i o n  

r e s u l t s  o f  s e c o n d a r y  s a m p le s .  T h is  r e s u l t  o c c u r s  b e c a u s e  t h e  a  p r i o r i  

p r o b a b i l i t i e s  a f f e c t  t h e  c o n s t a n t s  i n  t h e  c l a s s i f i c a t i o n  e q u a t i o n s ,  w h ich  

i n  t u r n  a f f e c t  t h e  c u t o f f  v a l u e s .

T e s t i n g  t h e  c l a s s i f i c a t i o n  m a t r i x  
f o r  s i g n i f i c a n c e

The u s u a l  t e s t  o f  s i g n i f i c a n c e  f o r  t h e  p r o p o r t i o n  o f  c o r r e c t

c l a s s i f i c a t i o n s  i s  a  t - t e s t :

H I - U  K  -  -5

w h e re  - = t h e  p r o p o r t i o n  c o r r e c t

N *= sa m p le  s i z e

and  .5  i s  t h e  p r o p o r t i o n  o f  c o r r e c t  

o b s e r v a t i o n s  e x p e c t e d  by  c h a n c e .

The t - t e s t  i s  a p p r o p r i a t e  when t h e  b i n o m i a l  d i s t r i b u t i o n  c r e a t e d  by  t h e  

c l a s s i f i c a t o r y  p r o c e d u r e  i s  s y m m e tr ic .  T h i s  o c c u r s  when N i s  l a r g e .

(See  L ub in  [B, p .  1 0 2 ] ) .  O th e r  t e s t s  o f  s i g n i f i c a n c e  i n c l u d e  a  C h i-  

s q u a r e d  t e s t  ( P r e s s  [B, p .  3 8 2 ])  a n d  a  b i n o m i a l  t e s t  (L u b in  [B, p .  1 0 1 ] ) .

As w i l l  b e  d i s c u s s e d  i n  more d e t a i l  s h o r t l y ,  i f  t h e  o r i g i n a l  

sa m p le  i s  u s e d  t o  t e s t  t h e  s i g n i f i c a n c e  o f  t h e  p r o p o r t i o n s ,  t h e n  t h e  t e s t  

r e s u l t s  a r e  b i a s e d  and  w i l l  r e j e c t  t h e  n u l l  h y p o t h e s i s  o f  no  s i g n i f i c a n t
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d i f f e r e n c e  i n  c l a s s i f i c a t i o n  r e s u l t s  more o f t e n  th a n  w a r r a n t e d  by t h e  

d a t a .  T h e r e f o r e ,  t h e  t - t e s t  s h o u ld  a l s o  b e  p e r fo rm e d  on a  s e c o n d a ry  

s a m p le ,  w i t h  any c o n c lu s i o n s  c o n c e r n in g  t h e  p r e d i c t i v e  a b i l i t y  d ep e n d in g  

on t h e  r e s u l t s  o f  t h i s  l a t t e r  sam p le  r a t h e r  t h a n  on t h e s e  from  t h e  o r i g i n a l  

sa m p le .  I f  a  s e c o n d a r y  sam ple  i s  u n a v a i l a b l e  t h e n  p a r t  o f  t h e  sam ple  

b i a s  can  b e  d e te r m in e d  by  u s in g  t h e  m ethods d i s c u s s e d  by L achenb ruch  [B 

1967] o r  F r a n k ,  M assey , and  M o rr iso n  [B ].

S te p w is e  P r o c e d u r e s  

I n  t h e  p a s t  s e v e r a l  y e a r s  an i n c r e a s e  i n  th e  u s e  o f  s t e p w i s e  

o p t i o n s  f o r  b o t h  r e g r e s s i o n  and d i s c r i m i n a n t  a n a l y s i s  h a s  o c c u r r e d .

Exam ples o f  t h e  s t e p w i s e  p r o c e d u r e  f o r  MDA can  b e  found  i n  Altman 

[C 1 9 6 8 ] ,  E d m is te r  [C ] ,  S im kow itz  and  Monroe [C ] ,  Van M a tre  [C ] ,  and 

Wood [C ] .  W ith  p r o p e r  u se  and f o r e s i g h t ,  t h e  s t e p w i s e  o p t i o n  can  p r o v id e  

b e n e f i t s  t o  t h e  u s e r .  Im p ro p e r  u s e  can  r e d u c e  t h e  d i s c r i m i n a t o r y  power 

o f  t h e  f u n c t i o n  and i n t r o d u c e  a  s i g n i f i c a n t  s e a r c h  b i a s .

B e n e f i t s  o f  a  s t e p w i s e  p r o c e d u r e

D epending  on th e  r e s e a r c h  d e s ig n  and  p u r p o s e  o f  t h e  p r o j e c t ,  t h e  

i n v e s t i g a t o r  may w is h  t o  l i m i t  t h e  num ber o f  v a r i a b l e s  t h a t  w i l l  a p p e a r  

i n  t h e  f i n a l  f u n c t i o n .  The s t e p w i s e  o p t i o n  i s  a p p e a l i n g  f o r  s e v e r a l  

r e a s o n s .  F i r s t ,  co m p u te r  r o u t i n e s  f o r  i n v e r t i n g  m a t r i c e s  become i n c r e a s ­

i n g l y  i n e f f i c i e n t  a s  t h e  s i z e  o f  t h e  m a t r i x  i n c r e a s e s .  (MDA r e q u i r e s  

m a t r ix  i n v e r s i o n s ) .  T hus ,  t h e  s t e p w i s e  p r o c e d u r e  can  a i d  i n  r e d u c t i o n  

o f  t h e  s i z e  o f  t h e  m a t r i x  and t h e r e f o r e  h e l p  t o  r e d u c e  com pute r  t im e .  

Second , v a r i a b l e s  t h a t  add  an i n s i g n i f i c a n t  amount o f  i n f o r m a t i o n  t o  t h e  

f u n c t i o n  can b e  e l i m i n a t e d .  I n  f a c t  Rao [B 1966] shows t h a t  a d d in g  

i n s i g n i f i c a n t  v a r i a b l e s  can  a c t u a l l y  r e d u c e  t h e  d i s c r i m i n a t o r y  power o f
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20t h e  f u n c t i o n  be low  a g iv e n  l e v e l  o f  s t a t i s t i c a l  s i g n i f i c a n c e .  F i n a l l y ,  

s t e p w i s e  a n a l y s i s  s i m p l i f i e s  t h e  f u n c t i o n .

S e v e r a l  m ethods h a v e  been  s u g g e s t e d  i n  t h e  l i t e r a t u r e  f o r  e l i m i ­

n a t i n g  u n n e c e s s a r y  v a r i a b l e s  from  a  f u n c t i o n .  W einer  an d  Dunn [B] compare 

f o u r  s u c h  m eth o d s :  a )  t - t e s t  o f  i n d i v i d u a l  v a r i a b l e  m eans , b )  com paring

s t a n d a r d i z e d  c o e f f i c i e n t s ,  c) s t e p w i s e  s e l e c t i o n ,  and d) random  s e l e c t i o n .  

They f i n d  t h e  s t e p w is e  p r o c e d u r e  t o  b e  t h e  b e s t .

T h re e  m ethods a r e  u sed  t o  im p lem en t  t h e  s t e p w i s e  c o n c e p t :  t h e

fo rw a rd  s t e p w i s e ,  t h e  backw ard  s t e p w i s e ,  and  t h e  c o m p le te  s t e p w i s e  p r o -  

21c e d u r e s .  Of t h e s e ,  t h e  fo rw a rd  s t e p w i s e  i s  dom inan t  i n  t h e  F in a n c e

l i t e r a t u r e ,  s i n c e  t h e  BMD07M com pu te r  p a c k a g e  h a s  b e e n  u s e d  by  m ost 

22r e s e a r c h e r s .  The fo rw a rd  and c o m p le te  s t e p w i s e  p r o c e d u r e s  add  one  o r  

q v a r i a b l e s  a t  a  t im e  t o  t h e  e x i s t i n g  s e t  o f  p v a r i a b l e s ,  w h i l e  t h e  

backw ard  p r o c e d u r e  rem oves one  o r  q v a r i a b l e s  a t  a  t im e  from  t h e  f u n c t i o n .  

The fo rw a rd  s t e p w is e  m ethod s e l e c t s  t h e  v a r i a b l e s  t h a t  m axim ize  t h e  

F - r a t i o  f o r  p +  q v a r i a b l e s .  T h is  o p t im a l  s e t  o f  p +  q v a r i a b l e s  becomes 

t h e  b a s i c  s e t  t h a t  may b e  e n l a r g e d  by  a d d in g  a n o th e r  s e t  o f  v a r i a b l e s ,  

v i a  t h e  s t e p w i s e  c r i t e r i a  o f  m ax im iz in g  t h e  F - r a t i o .  The p r o c e d u r e  i s  

t e r m i n a t e d  when t h e  a d d i t i o n  o f  new v a r i a b l e s  does  n o t  s a t i s f y  t h e

^^The p rob lem  o f  m u l t i c o l l i n e a r i t y  a l s o  i s  o f  c o n c e r n .  The e x i s ­
t e n c e  o f  m u l t i c o l l i n e a r i t y  c r e a t e s  i n s t a b i l i t y  f o r  t h e  ( r e l a t i v e )  p a r a ­
m e te r s  o f  t h e  f u n c t i o n .  To t h e  e x t e n t  t h a t  v a r i a b l e s  do n o t  p r o v id e  
a d d i t i o n a l  i n f o r m a t io n  f o r  t h e  a n a l y s i s ,  t h e s e  v a r i a b l e s  can  b e  e l i m i n a t e d  
by a  s t e p w i s e  p r o c e d u r e  and m u l t i c o l l i n e a r i t y  r e d u c e d ,  m aking  t h e  p a r a ­
m e te r s  more s t a b l e .  F o r  f u r t h e r  d i s c u s s i o n  on t h e  a d v a n ta g e s  and  d i s ­
a d v a n ta g e s  o f  m u l t i c o l l i n e a r i t y  s e e  a  l a t e r  s e c t i o n  o f  t h i s  c h a p t e r .

^ ^ A l l  t h e  s t e p w is e  p r o c e d u r e s  u s e d  i n  MDA a r e  b a s e d  on  a  l i n e a r  
d i s c r i m i n a n t  f u n c t i o n ;  q u a d r a t i c  s t e p w i s e  p r o c e d u r e s  h a v e  n o t  y e t  been  
d e v e lo p e d .

p p
The BMD07M p rog ram  a c t u a l l y  u s e s  a  c o m b in a t io n  o f  t h e  fo rw ard  

and backw ard  p r o c e d u r e s .
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a p p r o p r i a t e  s i g n i f i c a n c e  t e s t .  The backw ard  s t e p w i s e  method i s  s i m i l a r  

t o  t h e  f o rw a rd  p r o c e d u r e  e x c e p t  t h a t  i t  rem oves v a r i a b l e s  from t h e  

f u n c t i o n  i n s t e a d  o f  a d d in g  them . The c o m p le te  s t e p w i s e  method s e l e c t s  

t h e  v a r i a b l e  c o m b in a t io n  from  t h e  t o t a l  v a r i a b l e  s e t  t h a t  m axim izes t h e  

F - r a t i o .  U n l ik e  t h e  fo rw ard  o r  backw ard  p r o c e d u r e s  t h e  com ple te  s t e p ­

w i s e  v a r i a b l e  s e t  f o r  p + q v a r i a b l e s  does n o t  n e c e s s a r i l y  c o n t a i n  t h e  

same v a r i a b l e s  a s  found i n  t h e  s e t  o f  p v a r i a b l e s .  R a t h e r ,  t h e  c o m p le te  

s t e p w is e  m ethod c h o o ses  t h o s e  p +  q v a r i a b l e s  t h a t  m axim ize  t h e  F - r a t i o ,  

w i t h o u t  c o n s t r a i n t s  a s  to  w h ich  v a r i a b l e s  m ust b e  i n c l u d e d  o r  e x c lu d e d .  

Thus, t h e  c o m p le te  s t e p w is e  m ethod p r o v id e s  o p t im a l  r e s u l t s  f o r  any  g iv e n

s e t  o f  p +  q v a r i a b l e s .  To o b t a i n  t h e  F - r a t i o ,  w h ich  show t h e  b e s t

2
c o m b in a t io n  o f  v a r i a b l e s  f o r  a  g iv e n  v a r i a b l e  s e t  s i z e ,  t h e  D s t a t i s t i c  

t o  m easu re  t h e  d i s t a n c e  be tw een  t h e  mean v e c t o r s  o f  p and  p +  q v a r i a b l e s  

i s  em ployed . (See Rao [B 1 9 4 8 a ,  p .  64] f o r  t h e  F - t e s t  b a s e d  on t h e  

s t a t i s t i c ;  e q u a t i o n  I I I - 1 2  i n d i c a t e s  t h e  F - t e s t  f o r  t h e  e n t i r e  v a r i a b l e  

s e t .  )

To a n a ly z e  t h e  e f f e c t  o f  t h e  added  o r  d e l e t e d  v a r i a b l e  on t h e  

f u n c t i o n ,  com paring  t h e  r e s u l t a n t  F - v a lu e s  b e tw e e n  p and  p +  q v a r i a b l e s  

i s  i n a p p r o p r i a t e ,  s i n c e  t h e  d e g re e s  o f  f reedom  a r e  d i f f e r e n t  i n  each  

i n s t a n c e .  I f  com parison  i s  d e s i r e d ,  t h e  p e r c e n t a g e  s i g n i f i c a n c e  l e v e l s  

s h o u ld  b e  u s e d .  Such a  p r o c e d u r e  e l i m i n a t e s  t h e  p ro b le m  o f  d e g re e s  o f  

f reedom  and  a l lo w s  a s  many i n s i g n i f i c a n t  v a r i a b l e s  a s  p o s s i b l e  t o  b e  

e l i m i n a t e d ,  u n t i l  some p r e d e t e r m in e d  s i g n i f i c a n c e  l e v e l  i s  r e a c h e d .

B ia s

The p r a c t i c a l  s i g n i f i c a n c e ,  a s  w e l l  a s  s t a t i s t i c a l  s i g n i f i c a n c e ,  

o f  MDA a s  a  p r e d i c t i o n  t e c h n iq u e  i s  a f f e c t e d  by  t h e  c r e a t i o n  o f  a 'B e s t  

F i t '  b i a s .  S p e c i f i c a l l y ,  sam ple  d a t a  a re  em ployed  t o  d e te r m in e  t h e
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p a ra m e te r s  o f  th e  f u n c t i o n  w hich  o f t e n  r e s u l t s  i n  p a r a m e te r s  t h a t  a r e  

sam ple  s e n s i t i v e .  A second  ty p e  o f  b i a s ,  s e a r c h  b i a s ,  o c c u r s  when a 

s t e p w is e  p r o c e d u r e  s e l e c t s  th e  " b e s t "  s e t  o f  v a r i a b l e s  t o  g e n e r a t e  t h e  

p a r a m e te r s  o f  t h e  f u n c t i o n .

The recommended p ro c e d u re  to  a c c o u n t  f o r  t h e  e f f e c t  o f  t h e s e  

b i a s e s  i s  t o  c l a s s i f y  a s e co n d a ry  (new) sam p le  from  a n o th e r  t im e  p e r i o d ;  

t h e  e x t e n t  o f  t h e  t o t a l  b i a s  w i l l  th e n  b e  r e v e a l e d .  O th e r  p r o c e d u r e s  

c u r r e n t l y  i n  u se  t o  e s t i m a t e  b i a s  may a c t u a l l y  u n d e r - e s t i m a t e  t h e  e x t e n t  

o f  th e  t o t a l  b i a s .  Such p r o c e d u re s  i n c l u d e  t h e  s p l i t  sam ple  and  s i m u l a t e d  

sam ple  a p p ro a c h e s  o f  F ra n k ,  M assey, and M o rr i s o n  [B] and t h e  h o l d o u t  

method o f  L a c h en b ru c h  [B 19 6 7 ] .  Even t h e  s e c o n d a ry  sam ple  a p p ro a c h  w i l l  

u n d e r e s t im a t e  t h e  t o t a l  b i a s  i f  t h e  new sam p le  i s  t a k e n  from t h e  same 

t im e  p e r i o d  and t h e  d i s c r i m i n a n t  f u n c t i o n  i s  n o t  s t a b l e  o v e r  t im e .

Sam pling  b i a s

C l a s s i f i c a t i o n  o f  th e  o b s e r v a t i o n s  em ployed  t o  g e n e r a t e  t h e  d i s ­

c r i m in a n t  f u n c t i o n  w i l l  m in im ize  t h e  m i s c l a s s i f i c a t i o n  r a t e  f o r  t h e  

sam ple  i n  q u e s t i o n  b u t  n o t  n e c e s s a r i l y  f o r  t h e  p o p u l a t i o n .  R e c e n t ly  

L achenbruch  [B 1967] d e v e lo p e d  a  method t o  a d j u s t  t h e  m i s c l a s s i f i c a t i o n  

r a t e  from t h e  o r i g i n a l  sam ple i n  MDA f o r  sam p le  s e n s i t i v i t y .  The 

L achenb ruch  h o l d o u t  m ethod e l i m i n a t e s  one o b s e r v a t i o n  a t  a  t im e  from  t h e  

o r i g i n a l  sa m p le ;  t h e  p a ra m e te r s  o f  t h e  f u n c t i o n  a r e  d e te rm in e d  from  t h e  

re m a in in g  o b s e r v a t i o n s  and th e  h o l d o u t  v a lu e  i s  t h e n  c l a s s i f i e d .  T h is  

p r o c e d u r e  i s  r e p e a t e d  i n  t u r n  f o r  each  o b s e r v a t i o n .  The m i s c l a s s i f i c a t i o n  

r a t e  f o r  t h e  h o l d o u t  sam ple can  th e n  b e  u se d  a s  t h e  a d j u s t e d  m i s c l a s s i f i ­

c a t i o n  r a t e  f o r  t h e  p o p u l a t i o n .  A lthough  s e a r c h  b i a s  p l u s  any b i a s  

r e l a t e d  to  n o n s t a t i o n a r i t y  o v e r  t im e  a r e  n o t  c o n s id e r e d  by t h e  L ach en b ru ch  

m ethod, t h i s  t e c h n i q u e  i s  p r e f e r r e d  t o  t h e  s p l i t  sam p le  and s i m u l a t e d
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sam p le  a p p ro a c h e s  f o r  d e te r m in in g  t h e  e f f e c t s  o f  sam p le  b i a s .  T h is  

p r e f e r e n c e  r e s u l t s  from  t h e  s e q u e n t i a l  rem ova l  o f  one  o b s e r v a t i o n  a t  a  

t im e  by t h e  L achenb ruch  m ethod , w h ich  c r e a t e s  c o n s i d e r a b l y  l e s s  sam p le  

s e n s i t i v i t y  e f f e c t s  th a n  t h e  o t h e r  m ethods when t h e  d i s c r i m i n a n t  f u n c t i o n  

p a r a m e t e r s  a r e  b e in g  e s t i m a t e d .

S e a rc h  b i a s

A p r o c e d u r e  e x i s t s  f o r  l i m i t i n g  t h e  a d v e r s e  e f f e c t  o f  s e a r c h  b i a s  

on t h e  c l a s s i f i c a t i o n  r e s u l t s  from  u t i l i z i n g  t h e  s t e p w i s e  m ethod . S p e c i f ­

i c a l l y ,  a  s i g n i f i c a n c e  l e v e l  f o r  v a r i a b l e  s e l e c t i o n  i s  c h o sen  s u c h  t h a t  

t h e  m i s c l a s s i f i c a t i o n  e f f e c t  due t o  t h e  s e a r c h  b i a s  i s  m in im iz e d .  T h i s  

method d i f f e r s  from  t h e  u s u a l  m ethod w h e re  a  5 p e r c e n t  o r  10 p e r c e n t  

s i g n i f i c a n c e  l e v e l  i s  em ployed t o  d e te r m in e  w h e th e r  o r  n o t  a d d i t i o n a l  

v a r i a b l e s  s h o u ld  b e  added  t o  t h e  f u n c t i o n  b a s e d  on t h e  c o n c e p t  t h a t  a  

s t a t i s t i c a l  d i f f e r e n c e  be tw e en  p and  p +  1 v a r i a b l e s  m ust e x i s t  a t  a 

5 p e r c e n t  o r  10 p e r c e n t  l e v e l  o f  s i g n i f i c a n c e  t o  i n d i c a t e  a  s i g n i f i c a n t  

g a in  i n  i n f o r m a t i o n  as  p o r t r a y e d  by  t h e  d i s c r i m i n a n t  f u n c t i o n .  However, 

t h i s  a p p ro a c h  i s  i n a d e q u a t e ,  f o r  two r e a s o n s .  F i r s t ,  a  c o m b in a t io n  o f  

s e v e r a l  v a r i a b l e s  may add a  s i g n i f i c a n t  amount o f  i n f o r m a t i o n ,  e v e n  

th o u g h  i n d i v i d u a l  v a r i a b l e s  f a i l  t h e  s i g n i f i c a n c e  t e s t .  S econd , t h e  

u s e  o f  a  5 p e r c e n t  o r  10 p e r c e n t  s i g n i f i c a n c e  l e v e l  i n  t h e  s t a t i s t i c a l  

e s t i m a t i o n  o f  t h e  d i s c r i m i n a n t  f u n c t i o n  i s  i n a p p r o p r i a t e  when c l a s s i f i ­

c a t i o n  r e s u l t s  have  p r i o r i t y  o v e r  t h e  s t a t i s t i c a l  d i f f e r e n c e  b e tw e e n  

group m eans.

The p r o c e d u r e  recommended above e l i m i n a t e s  t h e  f i r s t  p ro b le m  i n  

t h a t  t h e  m eaning  o f  t h e  F - s t a t i s t i c  i s  r e d e f i n e d  i n  o r d e r  t o  exam ine  

t h e  d e c r e a s e  i n  d i s c r i m i n a t o r y  power from  t h e  t o t a l  v a r i a b l e  s e t ,  n o t  

j u s t  o n e  v a r i a b l e .  T h is  new d e f i n i t i o n  a l lo w s  t h e  r e s e a r c h e r  t o  m ea su re
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t h e  d i f f e r e n c e  b e tw e en  t h e  c h o se n  s e t  o f  v a r i a b l e s  and  t h e  t o t a l  s e t ;  i f  

a s i g n i f i c a n t  s t a t i s t i c a l  d i f f e r e n c e  e x i s t s  b e tw een  t h e  two s e t s  o f  

v a r i a b l e s  t h e n  a d d i t i o n a l  v a r i a b l e s  n e e d  t o  b e  added  t o  t h e  s t e p w i s e  s e t .

The s e c o n d  p ro b le m  r e l a t e s  t o  t h e  s e n s i t i v i t y  o f  t h e  c l a s s i f i c a t i o n  

r e s u l t s  a s  t h e  s i g n i f i c a n c e  l e v e l  c h a n g e s .  W hile  no  s i m u l a t i o n  s t u d i e s  

h av e  b e e n  p u b l i s h e d  r e g a r d i n g  t h e  e f f e c t  o f  v a r i a b l e  e l i m i n a t i o n  on  

c l a s s i f i c a t i o n  r e s u l t s , E i s e n b e i s  and  Avery [B, p .  77] s u g g e s t  t h a t  a 

99 p e r c e n t  s i g n i f i c a n c e  l e v e l  b e  u s e d  i n  o r d e r  t o  r e d u c e  t h e  am ount o f  

i n f o r m a t i o n  t h a t  i s  l o s t  from  t h e  s t e p w i s e  p r o c e s s .  R e s u l t s  o b t a i n e d  

i n  t h i s  s t u d y  show t h a t  t h e  99 p e r c e n t  r u l e  i s  s u p e r i o r  t o  t h e  u s e  o f  a  

s m a l l e r  s i g n i f i c a n c e  l e v e l .

The R e l a t i v e  I m p o r ta n c e  o f  t h e  
I n d e p e n d e n t  V a r i a b l e s

Few t h e o r e t i c a l  s t u d i e s  on MDA have  d i s c u s s e d  m ethods  f o r  

d e te r m in in g  t h e  r e l a t i v e  im p o r ta n c e  o f  t h e  in d e p e n d e n t  v a r i a b l e s ,  s i n c e  

t h e  main p u r p o s e  o f  MDA i s  t o  d i s c r i m i n a t e  b e tw e en  g r o u p s .  F u r th e r m o r e ,  

t h e  s t a t i s t i c a l  t e c h n iq u e  m ost a p p r o p r i a t e  f o r  d e t e r m i n in g  t h e  im p o r ta n c e  

o f  t h e  in d e p e n d e n t  v a r i a b l e s  i s  m u l t i p l e  r e g r e s s i o n  a n a l y s i s .

Two p ro b le m s  r e l a t e  t o  i n t e r p r e t i n g  t h e  r e l a t i v e  i m p o r ta n c e  o f

th e  MDA v a r i a b l e s .  F i r s t ,  t h e  c o e f f i c i e n t s  i n  t h e  e s t i m a t e d  d i s c r i m i n a n t

f u n c t i o n  a r e  n o t  d i r e c t l y  c o m p a rab le  when t h e  v a r i a b l e s  a r e  m e a su re d  i n

23d i f f e r e n t  u n i t  s i z e s .  A ls o ,  b e c a u s e  o n ly  t h e  r a t i o s  o f  t h e  d i s c r i m i n a n t  

f u n c t i o n  c o e f f i c i e n t s  a r e  u n iq u e ,  no u n i v e r s a l l y  a c c e p t a b l e  m ethod  e x i s t s  

f o r  e v a l u a t i n g  a  v a r i a b l e ' s  c o n t r i b u t i o n  t o  a  p a r t i c u l a r  f u n c t i o n  o r  i t s

^^A s i m i l a r  s i t u a t i o n  o c c u r s  f o r  m u l t i p l e  r e g r e s s i o n  a n a l y s i s .  For  
MBA " b e t a "  ( a d j u s t e d )  c o e f f i c i e n t s  a r e  o b t a i n e d  by a d j u s t i n g  t h e  o r i g i n a l  
e q u a t i o n :  Y/Oy = a/Oy +  b^ ( a ^ / a y )  (Xj^/o^^) + b 2  ( 0 2 / o y )  (X2 / 0 2 ) .  However,
f o r  MRA t h e  d e p e n d e n t  v a r i a b l e  Y does  n o t  e x i s t  i n  t h e  same fo rm  a s  i n  
MRA, th u s  Oy can n o t  b e  u se d  t o  o b t a i n  t h e  r e l a t i v e  c o n t r i b u t i o n  o f  t h e  
v a r i a b l e s .
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r e l a t i v e  c o n t r i b u t i o n  v i s - a - v i s  t h e  o t h e r  v a r i a b l e s .  S e c o r  i, t h e  

p a r a m e t e r s  and  r e l a t i v e  r a n k i n g s  o f  t h e s e  p a r a m e te r s  a r e  u n s t a b l e  when 

s u b s t a n t i a l  m u l t i c o l l i n e a r i t y  e x i s t s .  B ecause  o f  t h e s e  p ro b le m s ,  no  

t h e o r e t i c a l l y  c o r r e c t  method i s  a v a i l a b l e  f o r  d e te r m i n in g  e i t h e r  t h e  

r e l a t i v e  r a n k i n g  o r  t h e  p e r c e n t a g e  c o n t r i b u t i o n  o f  t h e  in d e p e n d e n t  v a r i ­

a b l e s  t o  th e  l i n e a r  d i s c r i m i n a n t  f u n c t i o n .  A d d i t i o n a l l y ,  Massey [B, 

p .  2 9 -3 6 ]  r e p o r t s  t h a t  n o n - l i n e a r  c o e f f i c e n t s  a r e  d i f f i c u l t ,  i f  n o t  

i m p o s s i b l e ,  t o  i n t e r p r e t .

When a u th o r s  do a t t e m p t  t o  c o n s id e r  t h e  im p o r ta n c e  o f  t h e  i n d e ­

p e n d e n t  v a r i a b l e s ,  one  o f  two t e c h n i q u e s  i s  u s u a l l y  em ployed . One method 

i s  t o  s c a l e  t h e  c o e f f i c i e n t s  by  m u l t i p l y i n g  each  c o e f f i c i e n t  by i t s  own 

s t a n d a r d  d e v i a t i o n .  T h is  g iv e s  t h e  p e r c e n ta g e  c o n t r i b u t i o n  o f  e a ch  

v a r i a b l e .  A l though  w id e ly  em p loyed , t h i s  t e c h n i q u e  i s  h i g h l y  s e n s i t i v e  

t o  sam p le  d i f f e r e n c e s  and t o  m u l t i c o l l i n e a r i t y . ^ ^  M o reo v e r ,  t h i s  method 

t e n d s  t o  f a v o r  a  v a r i a b l e  f o r  p o s s e s s i n g  a  h i ^  s t a n d a r d  d e v i a t i o n .

The se c o n d  t e c h n i q u e  u s e d  i s  t o  r a n k  t h e  v a r i a b l e s  a c c o r d in g  t o  

t h e i r  o r d e r  o f  i n c l u s i o n  ( o r  e x c l u s i o n )  from  t h e  s t e p w i s e  f u n c t i o n .  S in c e  

v a r i a b l e  i n c l u s i o n  i s  b a s e d  on t h e  h i g h e s t  F - r a t i o ,  t h e  o r d e r  o f  i n c l u s i o n  

i n d i c a t e s  w h ich  v a r i a b l e  w i l l  c o n t r i b u t e  t h e  g r e a t e s t  amount o f  a d d i t i o n a l  

i n f o r m a t i o n  i n  d i s c r i m i n a t i n g  among t h e  g ro u p s .  In  a d d i t i o n ,  i f  t h e  

s t e p w i s e  a n a l y s i s  i s  u se d  t o  remove i n s i g n i f i c a n t  v a r i a b l e s  from  t h e  

f u n c t i o n ,  t h e  r a n k in g  and r e l a t i v e  p e r c e n ta g e  c o n t r i b u t i o n s  o f  t h e  i n c lu d e d  

v a r i a b l e s  s h o u ld  b e  more s t a b l e ,  f o r  two m a jo r  r e a s o n s .  F i r s t ,  t h e  e f f e c t  

o f  s a m p l in g  b i a s  and s e a r c h  b i a s  on r a n k in g  and p a r a m e t e r  i n s t a b i l i t y  

s h o u ld  b e  re d u c e d  when i n s i g n i f i c a n t  v a r i a b l e s  a r e  rem oved. Second, t h e

^^High m u l t i c o l l i n e a r i t y  h a s  s i g n i f i c a n t  e f f e c t s  on t h e  s t a b i l i t y  
o f  i n d i v i d u a l  c o e f f i c i e n t s .
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rem oval o f  r i u l t i c o l l l n e a r  v a r i a b l e s  s h o u ld  s u b s t a n t i a l l y  r e d u c e  i n d i v i d u a l

p a ra m e te r  i n s t a b i l i t y ,  a s  h a s  o f t e n  b e e n  d e m o n s t r a te d  i n  r e g r e s s i o n  s t u d i e s .

U n f o r t u n a t e l y ,  t h e  s t a b i l i t y  o f  t h e  d i s c r i m i n a n t  p a r a m e t e r s ,  e v e n  a f t e r

i n s i g n i f i c a n t  v a r i a b l e s  a r e  removed v i a  t h e  s t e p w i s e  m eth o d ,  o f t e n  l e a v e s

25much t o  b e  d e s i r e d .  T h u s ,  t h e  p rob lem s i n v o lv e d  i n  d e t e r m i n in g  t h e  

r e l a t i v e  im p o r ta n c e  o f  t h e  v a r i a b l e s  i n  d i s c r i m i n a n t  a n a l y s i s  r e m a in .

M u l t i c o l l i n e a r i t y  

I n t e r p r e t a t i o n  o f  t h e  e f f e c t s  o f  m u l t i c o l l i n e a r i t y  on  MDA depend 

i n  l a r g e  p a r t  on t h e  u s e  i n te n d e d  f o r  t h e  a n a l y s i s T h e  t h e o r e t i c a l  

deve lopm en t o f  MDA h a s  e v o lv e d  a ro u n d  a  d e s i r e  t o  d e v e lo p  m ethods to  

c o r r e c t l y  c l a s s i f y  o b s e r v a t i o n s .  I n  t h i s  c a s e  a  c e r t a i n  amount o f  m u l t i ­

c o l l i n e a r i t y  may a i d  t h i s  p r o c e s s  by i n c r e a s i n g  t h e  a b i l i t y  o f  t h e  f u n c t i o n  

t o  p r e d i c t  g roup  m em bersh ip .  An exam ple  s h o u ld  h e l p  c l a r i f y  s u c h  a  s i t u a ­

t i o n ;  s u p p o s e  t h a t  a  s o c i o l o g i s t  w is h e s  t o  c l a s s i f y  i n d i v i d u a l s  a s  e i t h e r

27J a p a n e s e  o r  " w h i te  A m e ric an ."  V a r i a b l e s  m e a s u r in g  h e i g h t  and  s k i n  c o l o r  

a r e  u se d  t o  c l a s s i f y  a  sa m p le .  S e p a r a t e l y , e a c h  v a r i a b l e  may c o r r e c t l y  

c l a s s i f y  ( s a y )  75 p e r c e n t  o f  t h e  s a m p le .  Combined, t h e  d i s c r i m i n a n t  

f u n c t i o n  may c l a s s i f y  95 p e r c e n t  o f  t h e  o b s e r v a t i o n s  c o r r e c t l y .  T h is  

i n c r e a s e  i n  d i s c r i m i n a t o r y  power o c c u r s  b e c a u s e  o f  t h e  c o l l i n e a r i t y  o f  

t h e  in d e p e n d e n t  v a r i a b l e s ,  e . g .  o n ly  some J a p a n e s e  a r e  b o t h  t a l l  and

A lth o u g h  i n d i v i d u a l  p a r a m e te r  v a l u e s  may s t i l l  b e  u n s t a b l e ,  th e  
c l a s s i f i c a t i o n  r e s u l t s  from  t h e  d i s c r i m i n a n t  f u n c t i o n  c o u ld  b e  s t a b l e ,  
e s p e c i a l l y  i f  r e l a t i v e l y  few o b s e r v a t i o n s  a r e  n e a r  t h e  d i s c r i m i n a n t  b o r d e r .  
F u r th e r m o r e ,  t h e  r e m a in in g  p a ra m e te r  i n s t a b i l i t y  r e s u l t s  from  t h e  r e s i d u a l  
sam ple  and s e a r c h  b i a s  e f f e c t s .

F a r r a r  and  G lu b e r  [B] d i s c u s s  m u l t i c o l l i n e a r i t y  i n  r e l a t i o n  t o  
r e g r e s s i o n  a n a l y s i s .  They rev iew  th e  h i s t o r i c a l  a p p ro a c h e s  t o  t h e  p r o ­
b lem  and t h e  p r e s e n t  p r o c e d u r e s  to  d e t e c t  t h e  e v i d e n c e ,  s e v e r i t y ,  and 
l o c a t i o n  o f  any m u l t i c o l l i n e a r i t y .

^^Assuming t h a t  s k i n  c o l o r  can b e  q u a n t i f i e d .



50

have a l i g h t  s k in  t o n e .  T hus , i t  i s  e v id e n t  t h a t  m u l t i c o l l i n e a r i t y  can 

be  b e n e f i c i a l  i n  MDA.

W hile  m ost r e s e a r c h e r s  a r e  i n t e r e s t e d  i n  t h e  c l a s s i f i c a t o r y  

a b i l i t y  o f  t h e  d i s c r i m i n a n t  f u n c t i o n ,  th e y  may a l s o  b e  i n t e r e s t e d  i n  th e  

r e l a t i v e  im p o r ta n c e  o f  t h e  v a r i a b l e s .  M u l t i c o l l i n e a r i t y  among t h e  e x p la n ­

a to r y  v a r i a b l e s  c r e a t e s  u n s t a b l e  i n d i v i d u a l  p a r a m e te r s  and t h u s  r e d u c e s  

th e  p o s s i b i l i t y  o f  a d e q u a t e ly  d e s c r i b i n g  t h e  c o n t r i b u t i o n  o f  i n d i v i d u a l  

v a r i a b l e s  to  t h e  d i s c r i m i n a t o r y  a b i l i t y  o f  t h e  f u n c t i o n .  (As p r e v i o u s l y  

n o t e d ,  t h i s  c o n t r i b u t i o n  can  n o t  b e  a d e q u a te ly  e x p la i n e d  w i t h  c e r t a i n t y  

anyway). S in c e  m u l t i c o l l i n e a r i t y  may a i d  d i s c r i m i n a t i o n ,  b u t  c r e a t e s

i n s t a b i l i t y  f o r  r a n k in g  t h e  v a r i a b l e s ,  a  c o n f l i c t  d e v e lo p s  when b o t h  a r e

28a t t e m p t e d  a t  t h e  same t im e .

A lthough  m u l t i c o l l i n e a r i t y  i s  o f t e n  t h o u g h t  o f  a s  ' e x i s t i n g  o r  

n o t  e x i s t i n g ' ,  t h e r e  a r e ,  i n  r e a l i t y ,  d e g re e s  o f  i n t e r d e p e n d e n c e .  At one 

e x trem e  co m p le te  in d e p e n d e n c e  e x i s t s  and  t h e  d i s c r i m i n a t o r y  pow er o f  t h e  

f u n c t i o n  depends on t h e  sum o f  t h e  d i s c r i m i n a t i n g  a b i l i t y  o f  t h e  i n d i v i d u a l  

v a r i a b l e s ;  c o n s e q u e n t ly ,  t h e  p ro b le m  o f  i n s t a b i l i t y  o f  t h e  c o e f f i c i e n t s  i s  

r e d u c e d .  At th e  o t h e r  e x t r e m e ,  c o m p le te  dependence  i s  p r e s e n t  ( a t  l e a s t  

be tw een  two v a r i a b l e s  o r  f o r  some l i n e a r  c o m b in a t io n  o f  t h e  v a r i a b l e s ) .

In  t h i s  c a s e ,  a  s i n g u l a r  m a t r i x  i s  p r e s e n t  w h ich  can  n o t  b e  i n v e r t e d ,  and 

th e  c o e f f i c i e n t s  o f  t h e  d i s c r i m i n a n t  f u n c t i o n  c a n n o t  b e  d e te r m in e d .  T h is  

s i t u a t i o n  n e c e s s i t a t e s  t h e  rem oval o f  t h e  o f f e n d i n g  v a r i a b l e s  t o  p e rm i t  

th e  c o m p u ta t io n s .

^®For r e g r e s s i o n  a n a l y s i s ,  m u l t i c o l l i n e a r i t y  does  n o t  a f f e c t  t h e  
e s t i m a t e d  ÿ v a l u e s ,  b u t  o f t e n  s e r i o u s l y  a f f e c t s  t h e  s t a b i l i t y  o f  t h e  p a r a ­
m e te r s  o f  t h e  in d e p e n d e n t  v a r i a b l e s .  F u r th e rm o re ,  t h e  s t a n d a r d  e r r o r  o f  
th e  e s t i m a t e  and th e  p r e d i c t a b i l i t y  o f  new o b s e r v a t i o n s  may n o t  b e  
a f f e c t e d .  See N e te r  and Wasserman [B, p . 341] and S p u r r  and  B o n in i  [B,
p .  6 1 0 -6 1 2 ] .
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The s i t u a t i o n  o f  n e a r  p e r f e c t  m u l t i c o l l i n e a r i t y  i s  more

t ro u b le s o m e .  A d e c i s i o n  must b e  made t o  d e te r m in e  when t h e  i n t e r d e ­

p e n d e n ce  i s  'h a r m f u l '  t o  t h e  m odel. D e te r m in a t io n  o f  t h e  'h a r m f u l n e s s '  

o f  m u l t i c o l l i n e a r i t y ,  o f  c o u r s e ,  once a g a in  i n v o lv e s  c o n s i d e r a t i o n  o f

t h e  p u rp o s e  o r  i n t e n t  o f  t h e  model d e v e lo p m en t .

B ecause  o f  t h e  a p p a r e n t  s i m i l a r i t y  o f  MDA t o  MRA, many a u t h o r s  

h a v e  assum ed t h a t  any m u l t i c o l l i n e a r i t y  i n  MDA i s  i n h e r e n t l y  b a d .  However, 

i f  t h e  i n t e n t  o f  t h e  a n a l y s i s  i s  t o  p r o v id e  c l a s s i f i c a t i o n  r e s u l t s ,  

m u l t i c o l l i n e a r i t y  may b e  h e l p f u l .  I d e a l l y ,  one  s h o u ld  d e te r m in e  i f  a  

h i g h l y  c o l l i n e a r  v a r i a b l e  i s  a i d i n g  t h e  d i s c r i m i n a t o r y  a b i l i t y  o f  t h e

f u n c t i o n  o r  i f  i t  i s  o n ly  m e a s u r in g  ' t h e  same t h i n g '  a s  a n o t h e r  v a r i a b l e .
2

I n  t h e  l a t t e r  c a s e  t h e  i n c r e a s e  i n  i n f o r m a t i o n  ( o r  D ) o b t a i n e d  by  a d d in g

2
t h i s  v a r i a b l e  t o  t h e  f u n c t i o n  w i l l  b e  s m a l l ;  i n  t h e  fo rm e r  c a s e  D s h o u ld

i n c r e a s e  s i g n i f i c a n t l y .

Cochran [B] s t u d i e d  t h e  p e r fo rm a n c e  o f  MDA u n d e r  c o n d i t o n s  o f

in d e p e n d e n c e  and i n t e r d e p e n d e n c e .  A lthough  t h e  r e s u l t s  a r e  n o t  e x h a u s t i v e ,

th e y  do p r o v id e  some s u p p o r t  f o r  t h e  u se  o f  c o r r e l a t e d  v a r i a b l e s  i n  MDA.

2
I n  p a r t i c u l a r ,  C ochran  [B, p .  1 8 5 -8 6 ]  com pares D v a l u e s  o f  c o r r e l a t e d

v a r i a b l e s  t o  t h o s e  o f  in d e p e n d e n t  ones and c o n c lu d e s  t h a t :

2
1. The D v a l u e s  may b e  l a r g e r  when t h e  c o r r e l a t i o n s  b e tw e e n  v a r i a b l e s  

a r e  h ig h  and p o s i t i v e  ( i f  th e y  m easu re  d i f f e r e n t  t h i n g s )

2 . A v a r i a t e  o r  set. o f  v a r i â t e s  w h ich  h a s  n e g a t i v e  c o r r e l a t i o n s  w i t h  m ost
2

o f  t h e  o t h e r  v a r i â t e s  w i l l  p ro b a b ly  have  a  l a r g e r  D v a l u e  ( a l t h o u g h  

n e g a t i v e  c o r r e l a t i o n s  a r e  u n l i k e l y  i n  p r a c t i c e )

3. F o r  a  c o v a r i a t e  w i t h  no d i s c r i m i n a t i n g  a b i l i t y ,  any  c o r r e l a t i o n  i s  

h e l p f u l ,  a l t h o u g h  s m a l l  c o r r e l a t i o n s  do n o t  h e lp  much.
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The p r e c e e d i n g ,  i n c l u d i n g  C o c h r a n 's  [B] s t u d y ,  i n d i c a t e s  t h a t  

c o l l i n e a r i t y  w i l l  a i d  c l a s s i f i c a t i o n  r e s u l t s  f o r  t h e  o r i g i n a l  sam ple  when 

th e  a d d i t i o n  o f  c o l l i n e a r  v a r i a b l e s  adds i n f o r m a t i o n .  The e f f e c t  on th e  

c l a s s i f i c a t i o n  r e s u l t s  o f  s e c o n d a ry  sa m p le s  i s  l e s s  s t r a i g h t f o r w a r d .  I f  

we c o n t i n u e  t o  assum e t h a t  t h e  a d d i t i o n a l  c o l l i n e a r  v a r i a b l e s  p r o v id e  

i n c r e a s e d  i n f o r m a t i o n  (and  i f  t h e  s e c o n d a ry  sam p le  i s  n o t  sam ple  s e n s i t i v e  

o r  u n s t a b l e  o v e r  t im e )  t h e n  t h i s  new i n f o r m a t i o n  o b v i o u s l y  w i l l  a i d  t h e  

c l a s s i f i c a t i o n  o f  s e c o n d a ry  s a m p le s .  When t h e  a s s u m p t io n  o f  l i t t l e  o r  no 

sam ple  s e n s i t i v i t y  a n d / o r  u n s t a b l e n e s s  o v e r  t im e  i s  r e l a x e d  t h e n ,  o f  

c o u r s e ,  t h e  c l a s s i f i c a t i o n  r e s u l t s  from  a  d i s c r i m i n a n t  f u n c t i o n  u s in g  

r e l a t i v e l y  s t a b l e  sa m p le s  s h o u ld  o u tp e r f o r m  t h e  r e s u l t s  from  u n s t a b l e  

s a m p le s .  B ut t h i s  c o m p a r iso n  i s  i n v a l i d  f o r  t h e  p u r p o s e  a t  h a n d .  What 

i s  n e e d e d  i s  a  c o m p a r iso n  o f  c l a s s i f i c a t i o n  r e s u l t s  f ro m  t h e  s e c o n d a ry  

sam p le  when t h e  c o l l i n e a r  v a r i a b l e s  a r e  i n c l u d e d  v e r s u s  t h e  s i t u a t i o n  

when su c h  v a r i a b l e s  a r e  e x c lu d e d .  G e n e r a l l y ,  i n c l u s i o n  o f  c o l l i n e a r  

v a r i a b l e s  w i l l  p r o v id e  s u p e r i o r  c l a s s i f i c a t i o n  r e s u l t s ,  s i n c e  a d d i t i o n a l  

r e l e v a n t  i n f o r m a t i o n  i s  a v a i a b l e .  Of c o u r s e ,  t h e  g r e a t e r  t h e  sam p le  

s e n s i t i v i t y  o r  i n s t a b i l i t y  o v e r  t im e  t h e n  t h e  l a r g e r  t h e  b i a s  b e tw e en  

t h e  o r i g i n a l  and  s e c o n d a ry  s a n p l e s .

A l th o u g h  t h e  i n c l u s i o n  o f  m o d era te  t o  h i g h l y  c o l l i n e a r  v a r i a b l e s  

may i n c r e a s e  t h e  c l a s s i f i c a t o r y  a b i l i t y  o f  t h e  d i s c r i m i n a n t  f u n c t i o n ,  

t h i s  c o l l i n e a r i t y  c o n f l i c t s  w i th  t h e  g o a l  o f  p r o v i d i n g  r e l a t i v e l y  s t a b l e  

i n d i v i d u a l  p a r a m e t e r s .  U n f o r t u n a t e l y ,  r e s e a r c h  c o n c e r n in g  t h e  e f f e c t s  o f  

c o l l i n e a r i t y  on t h e  MDA te c h n iq u e  i s  n o t  d e f i n i t i v e .  H ence , no  a c c e p t a b l e  

m ethod t o  t r e a t  a l l  c a s e s  o f  c o l l i n e a r i t y  i n  MDA e x i s t s .  E s s e n t i a l l y ,  

t h e  r e s e a r c h e r  em p lo y in g  MDA i s  f a c e d  w i t h  a  c h o ic e  o f  e l i m i n a t i n g  as
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much o f  t h e  c o l l i n e a r i t y  a s  p o s s i b l e  t o  p r o v id e  s t a b i l i t y  o f  t h e  

p a r a m e t e r s ,  v e r s u s  a l l o w i n g  c e r t a i n  c o l l i n e a r  v a r i a b l e s  t o  rem a in  i n  t h e  

f u n c t i o n  t o  a i d  t h e  c l a s s i f i c a t i o n  r e s u l t s .

The a p p r o p r i a t e  p r o c e d u r e  seems t o  b e  a  com prom ise . The f i r s t  

s t e p  i s  e l i m i n a t i n g  i n s i g n i f i c a n t  v a r i a b l e s ,  w h ich  a r e  o f t e n  h i g h l y  

c o l l i n e a r  w i t h  o t h e r  v a r i a b l e s .  The se c o n d  s t e p  i s  e l i m i n a t i n g  v a r i a b l e s  

t h a t  p o s s e s s  v e r y  h i g h  c o r r e l a t i o n s ,  say  above .9 5 .  Such a  p r o c e d u r e  w i l l  

e l i m i n a t e  t h e  c o l l i n e a r i t y  t h a t  i s  m ost d e s t r u c t i v e  t o  t h e  s t a b i l i t y  o f  

t h e  p a r a m e t e r s ,  w h i l e  c a u s in g  t h e  l e a s t  damage t o  t h e  c l a s s i f i c a t o r y  

a b i l i t y  o f  t h e  f u n c t i o n .

Summary o f  MDA A p p l i c a t i o n  
P rob lem s

To sum m arize  t h e  MDA t e c h n i q u e ,  a  l i s t  o f  u n i v e r s a l  c r i t i c i s m s  

and a  l i s t  o f  f r e q u e n t  m i s a p p l i c a t i o n s  o f  MDA a r e  p r e s e n t e d .  I n  t h i s  way 

t h e  t h e o r e t i c a l  a s p e c t s  o f  MDA can b e  sum m arized  i n  a  p r a c t i c a l  f o rm a t .  

M oreover, c a r e  i s  t a k e n  i n  t h i s  p a p e r  t o  i n s u r e  t h a t  t h e  o m is s io n s  and 

m i s a p p l i c a t i o n s  o u t l i n e d  be low  a r e  a v o id e d .  A l i s t  o f  t h e  a u t h o r s  who 

i n c o r r e c t l y  a p p l i e d  t h e  MDA te c h n i q u e  f o l lo w s  e a c h  i t e m .

C r i t i c i s m s  a n d / o r  om m issions t h a t  a r e  u n i v e r s a l  t o  F in a n c e  S t u d ie s  

em ploy ing  MDA a r e  1) t h e  t e s t  f o r  t h e  e q u a l i t y  o f  t h e  v a r i a n c e - c o v a r i a n c e  

m a t r ix  i s  n o t  p e r f o r m e d ;  2) n o n - l i n e a r  c l a s s i f i c a t i o n  (when a p p r o p r i a t e )  

i s  n o t  u t i l i z e d ;  3) r e d u c e d - s p a c e  o p e r a t i o n s  may b e  i n c o r r e c t l y  s u b s t i t u t e d  

f o r  a  t e s t - s p a c e  p r o c e d u r e  when t h e  v a r i a n c e - c o v a r i a n c e  m a t r i c e s  a r e  

u n e q u a l ;  and  4) t h e  co m p le te  s t e p w is e  o p t i o n  i s  i g n o r e d  i n  f a v o r  o f  t h e  

fo rw ard  s t e p w i s e  p r o c e d u r e .



54

I n  a d d i t i o n  t o  t h e  above t h e o r e t i c a l  o m is s io n s ,  s e v e r a l

m i s a p p l i c a t i o n s  o f  MDA t o  p r a c t i c a l  s i t u a t i o n s  may b e  c i t e d .  T h e se  a r e

l i s t e d  be low ;

1. s e c o n d a ry  s a m p le s  a r e  n o t  t e s t e d  t o  e l i m i n a t e  t h e  ’b e s t  f i t '  b i a s  

a n d / o r  t h e  s p l i t - s a m p l e  a p p ro a c h  t o  d e t e c t  su c h  a  b i a s  i s  i n c o r r e c t l y  

a p p l i e d .  A ltm an [C 1 9 6 8 ] ,  Van M a tre  [C ] ,  Wood [ C ] , E d m is t e r  [C ] ,  

S te v e n s  [C]

2. A verages  i n s t e a d  o f  a c t u a l  d a t a  a r e  em ployed  i n  t h e  a n a l y s i s .  Altman 

[C 1 9 7 3 ] ,  S te v e n s  [C]

3. Changing p a r a m e t e r s  o v e r  t im e  a r e  i g n o r e d ,  o r  a  n o n - c o n s t a n t  t im e  

p e r i o d  i s  em ployed . Altman [C 1968 and  C 1 9 7 3 ] ,  Van M atre  [C ] ,  

Sim kow itz  and Monroe [C ] ,  E d m is t e r  [ C ] , S te v e n s  [C]

4. E qual a p r i o r i  p r o b a b i l i t i e s  a r e  em ployed  when th e y  a r e  i n a p p r o p r i a t e .  

T h is  p r o c e d u r e  d e c r e a s e s  t h e  p o s s i b i l i t y  o f  a  Type I  e r r o r ,  b u t  

s u b s t a n t i a l l y  i n c r e a s e s  t h e  Type I I  e r r o r .  Altman [C 1968 and  C 1 9 7 3 ] ,  

S im kow itz  and  Monroe [C]

5 .  An i n c o r r e c t  p r o c e d u r e  i s  u se d  t o  s e l e c t  t h e  v a r i a b l e s  u s e d  i n  t h e  

f u n c t i o n  o r  t h e  s t e p w is e  method i s  i n c o r r e c t l y  i n t e r p r e t e d  t o  o b t a i n  

t h e  b e s t  c o m b in a t io n  o f  v a r i a b l e s  f o r  c l a s s i f i c a t i o n  p u r p o s e s .

Altman [C 1 9 6 8 ] ,  Van M atre  [ C ] , Wood [C ] ,  S im kow itz  and M onroe, [C ] ,  

P in c h e s  and Mingo [C]

6. An i n a p p r o p r i a t e  a p p ro a c h  t o  t h e  m u l t i c o l l i n e a r i t y  p ro b le m  i s  u se d .  

P in c h e s  and  Mingo [C ] ,  E d m is te r  [C ] ,  S te v e n s  [C]



CHAPTER IV 

RESEARCH METHODOLOGY AND DATA

T h is  s tu d y  I n v e s t i g a t e s  th e  a b i l i t y  o f  s u p p ly  and demand f a c t o r s ,  

a s  m easu red  by v a r i o u s  d a i l y  t e c h n i c a l  i n d i c a t o r s , to  p r e d i c t  t h e  d i r e c ­

t i o n  o f  t h e  S ta n d a r d  and  P o o r ’ s 500 I n d e x .  I n  t h i s  c h a p t e r  a d e s c r i p t i o n  

o f  t h e  v a r i a b l e s ,  d a t a ,  m e th odo logy , s t a t i s t i c a l  m odel,  com pu te r  p ro g ram , 

and t r a d i n g  r u l e s  employed i n  t h e  r e s e a r c h  a r e  g iv e n .

V a r ia b l e s

A b a s i c  t e n e t  o f  econom ics c o n c e rn s  t h e  r e l a t i o n s h i p  o f  s u p p ly  

and demand t o  p r i c e s .  Most a u t h o r i t i e s  a g r e e  t h a t  su p p ly  and  demand 

f o r c e s  can b e  r e a d i l y  used  t o  e x p l a i n  p a s t  movements o f  t h e  s t o c k  m a rk e t .  

However, u s in g  p a s t  su p p ly  and demand i n f o r m a t i o n  t o  p r e d i c t  f u t u r e  p r i c e s  

i s  an  e n t i r e l y  d i f f e r e n t  p rob lem .

One means o f  m ea su r in g  su p p ly  and demand i s  t o  i n v e s t i g a t e  t h e  

i n f o r m a t io n  p r o v id e d  by " t e c h n i c a l ” v a r i a b l e s  su c h  as  vo lum e, num ber o f  

s t o c k s  a d v a n c i n g / d e c l i n i n g ,  odd l o t  d a t a ,  new h i ^ s  and lo w s ,  e t c .  The 

s p e c i f i c  v a r i a b l e s  u sed  i n  t h e  a n a l y s i s  a r e  l i s t e d  and  d e s c r i b e d  b e lo w .  

B r i e f  e x p l a n a t i o n s  r e g a r d in g  c e r t a i n  v a r i a b l e s  fo l lo w  t h e  l i s t i n g .

Two s e t s  o f  t e c h n i c a l  v a r i a b l e s  a r e  em ployed i n  t h e  a n a l y s i s ,  

a c t u a l  v a l u e s  o f  th e  s u p p ly  and demand r e l a t i o n s h i p s ,  and p e r c e n ta g e  

change v a l u e s  o f  t h e s e  r e l a t i o n s h i p s .  S in c e  t h e  two s e t s  o f  v a r i a b l e s  

m easure  s i m i l a r  c h a r a c t e r i s t i c s  i n  t h e  u n d e r l y i n g  m arket mechanism,

55
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com bin ing  a l l  t h e  v a r i a b l e s  i n t o  one s e t  i s  i n a p p r o p r i a t e .  A c c o r d in g ly ,  

t h e s e  two g ro u p s  a r e  a n a ly z e d  s e p a r a t e l y .  H e n c e f o r t h ,  t h e  a c t u a l  v a l u e  

v a r i a b l e s  w i l l  b e  d e s i g n a t e d  a s  t h e  " R e g u la r "  s e t ,  w h i l e  t h e  p e r c e n t a g e  

change  v a lu e s  w i l l  b e  t h e  " P e r c e n ta g e "  v a r i a b l e s .

R e g u la r  v a r i a b l e s :

(1 )  VOL = d a i l y  volume on t h e  NYSE/number o f  s h a r e s  o u t s t a n d i n g  on NYSE

(2) ADV = t h e  p r o p o r t i o n  o f  t h e  t o t a l  num ber o f  t r a d e d  s t o c k s  t h a t

a d v a n ce d

(3) DEC = t h e  p r o p o r t i o n  o f  s t o c k s  t h a t  d e c l i n e d

(4) UNCH = t h e  p r o p o r t i o n  o f  s to c k s  t h a t  r e m a in e d  t h e  same

(5) ODD? = o d d - l o t  purchases/N Y SE volume f o r  t h e  day

(6) ODDS = o d d - l o t  sa les /N Y SE  volume f o r  t h e  day

(7) ODSS = o d d - l o t  s h o r t  sa les/N Y SE volume f o r  t h e  day

(8) HIGH = number o f  new h ig h s /n u m b e r  o f  i s s u e s  on  NYSE

(9) LOWS = number o f  new low s/num ber  o f  i s s u e s  on NYSE

(10) AVOL = volume NYSE/5 day moving t o t a l  o f  NYSE volume

(11) MMON = money f lo w ,  o r  VOL ( t im e s )  t h e  p r i c e  change  i n  t h e  S t a n d a r d

and P o o r ’ s  500

(12) AVDC = num ber o f  s t o c k s  a d v a n c in g /n u m b e r  o f  s t o c k s  d e c l i n i n g

(13) SLPU = o d d - l o t  s a l e s / o d d - l o t  p u r c h a s e s  

P e r c e n ta g e  v a r i a b l e s :

The p e r c e n ta g e  v a r i a b l e s  c o n s i s t  o f  t h e  p e r c e n t a g e  changes  f o r  v a r i a b l e s

(1) t o  ( 7 ) ;  f o r  exam p le :

VOLj -  VOLj_i
(14) %VOL = ----------   w here  j  r e f e r s  t o  t h e  t im e  p e r i o d .

j - 1
Thus, v a r i a b l e s  (15) t o  (20) a r e  %ADV, %DEC, %UNCH, %ODDS, and  %ODSS.

I n  a d d i t i o n ,  f o r  c o m p le te n e s s ,  v a r i a b l e s  (10) t o  (13 )  a r e  r e p e a t e d  i n  

t h e  s e t  o f  p e r c e n ta g e  v a r i a b l e s .
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E x p l a n a t io n  o f  t h e  V a r i a b l e s

V a r i a b l e s  (1) t o  (9 )  a r e  s t a n d a r d i z e d  t o  remove t h e  e f f e c t s  o f  

an  e x p a n d in g  m ark e t  o v e r  t im e .  W ithou t  t h i s  a d j u s t m e n t ,  t h e  d a t a  a r e

n o t  co m p arab le  from  one t im e  p e r i o d  to  t h e  n e x t .  The f i r s t  n i n e  v a r i a b l e s  

a r e  commonly a s s o c i a t e d  w i t h  t e c h n i c a l  a n a l y s i s .  V a r io u s  a r t i c l e s  have  

d i s c u s s e d  th e  r e l a t i o n s h i p  o f  t h e s e  v a r i a b l e s  t o  p r i c e  m ovem ents. In  

p a r t i c u l a r ,  O sborne  [A ], Y ing  [A 1 9 6 6 ] ,  and Crouch [A 1970a and  A 1970b] 

g iv e  am ple e v id e n c e  t h a t  a  r e l a t i o n s h i p  b e tw e en  volum e and p r i c e  changes 

e x i s t s . ^  S p e c i f i c a l l y ,  O sborne  c la im s  t h a t  t h e  volum e se q u e n c e  l e a d s  

t h e  p r i c e  s e q u e n c e ,  and b o t h  Y ing  and Crouch show t h a t  abnorm al volume 

can  b e  r e l a t e d  t o  p r i c e  c h a n g e s .

S uppo rt  f o r  t h e  u s e  o f  a d v a n c e / d e c l in e / n o - c h a n g e  d a t a  i s  p r e s e n t e d  

by  O sborne  [A], Krow [A ], T h i e l  and L e e n d ers  [A ], Zakon and P e n n y p a c k e r  

[A ], Dryden [A 1968 and A 1 9 6 9 ] ,  Harlow [A], and P h i l i p p a t o s  and  Naw rocki 

[A 1973a and A 1 9 7 3 b ] .  Fama [A 1965b] r e p o r t s  t h a t  l i t t l e  o r  no  d ependence  

e x i s t s  be tw een  p r i c e s  a n d  a d v a n c e / d e c l in e  d a t a .

Odf l o t  s t a t i s t i c s  p r o v id e  i n f o r m a t io n  c o n c e r n in g  s m a l l  i n v e s t o r s '

i n t e n t i o n s .  Krow [A], Kewley and S te v en so n  [A 1 9 6 7 ] ,  and S te v e n so n

[A 1973] g e n e r a l l y  c r i t i c i z e  t h e  a b i l i t y  o f  o d d - l o t  d a t a  to  p r o v id e  any

m e a n in g fu l  i n f o r m a t i o n  i n  r e g a r d  to  p r i c e  f o r e c a s t s ,  w h i l e  Lam bert [A]

and  Wu [A 1972 and  A 1973] c la im  such  d a t a  p r o v id e s  s u b s t a n t i a l  in fo rm a ­

t i o n  t o  t h e  i n v e s t o r .

F i n a l l y ,  w h i l e  t h e  a u th o r  i s  n o t  aw are  o f  s t u d i e s  o f  t h e  r e l a t i o n ­

s h ip  o f  new h ig h s  and new lows to  th e  p r i c e  s e r i e s ,  ( e x c e p t  f o r  t h e i r  

i n c l u s i o n  i n  E m ery 's  [A] m u l t i v a r i a t e  a n a l y s i s ) ,  t h e s e  s t a t i s t i c s  a re

Hagin [A] c la im s  a  much s m a l le r  r e l a t i o n s h i p  t h a n  do t h e  o t h e r  
a u t h o r s ,  w h i l e  G o d f re y ,  G ra n g e r ,  and M o rg e n s te m  [A] and G ran g e r  and 
M o rg e n s te m  [A 1970 , c h .  8] e s s e n t i a l l y  c o n te n d  t h a t  r e l a t i o n s h i p  i s  
p r e s e n t .
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i n c l u d e d  h e r e  b e c a u s e  t e c h n i c i a n s  o f t e n  i n c l u d e  new h ig h s  and new lows

i n  t h e i r  d e c i s i o n  m odels .

V a r i a b l e s  (10) t o  (13) ( i . e . ,  AVOL, MMON, AVDC, and  SLPU) a r e

in c l u d e d  i n  t h e  model b e c a u s e  t h e y  a r e  w id e ly  employed by t e c h n i c i a n s .

A v e r s i o n  o f  AVOL can be found  i n  t h e  S ib b e t-H ad ad y  P u b l i c a t i o n s  [A] and

The F i n a n c i a l  Weekly [A]. The money f low  v a r i a b l e ,  MMON, i s  fo u n d  i n

F i n a n c i a l  Weekly and C h a r t c r a f t  [A ], w h i l e  a  s i m i l a r  v a r i a b l e  c a n  b e

found i n  S ib b e t-H a d a d y  P u b l i c a t i o n s  and The M a n s f ie ld  T rend  o f  S p e c u l a t i v e

A c t i v i t y  [A]. AVDC can b e  found  i n  The F i n a n c i a l  Weekly (a s  a moving 

2
a v e r a g e ) .  F i n a l l y ,  SLPU i s  d e s c r i b e d  i n  t h e  ISL D a i ly  S to c k  P r i c e  In d ex  

[A ], Long Term T e c h n ic a l  T rends  ( p u b l i s h e d  by S tone  and Mead) [A ], and 

The F i n a n c i a l  Weekly [A ].

E x c luded  V a r i a b l e s

S in c e  t h e  a d v a n c e / d e c l in e / n o - c h a n g e  v a r i a b l e s  a r e  m ea su red  i n  

p r o p o r t i o n s ,  any one  o f  t h e s e  v a r i a b l e s  i s  a  l i n e a r  c o m b in a t io n  o f  t h e  

o t h e r  tw o. T h e o r e t i c a l l y ,  a  m a t r i x  c o n t a i n i n g  a l l  t h r e e  v a r i a b l e s  can 

n o t  be  i n v e r t e d ,  s i n c e  i t  i s  s i n g u l a r .  I n  a d d i t i o n ,  c o r r e l a t i o n  a n a l y s i s  

o f  t h e  sam ple  d a t a  shows t h a t  t h e  s im p le  c o r r e l a t i o n  c o e f f i c i e n t  be tw een  

th e  ad v an ce  and  d e c l i n e  p r o p o r t i o n s  u s u a l l y  ex ceed s  .9 9 .  T h u s ,  s i n c e  t h e s e  

two v a r i a b l e s  p r o v id e  a lm o s t  i d e n t i c a l  i n f o r m a t io n  to  t h e  u s e r ,  o n ly  t h e  

ADV o r  t h e  DEC v a r i a b l e  i s  i n c l u d e d  i n  t h e  model f o r  any g iv e n  d a t a  s e t .

ADV i s  u se d  d u r in g  b u l l - m a r k e t  p e r i o d s  and DEC i s  employed f o r  b e a r - m a r k e t s  

p e r i o d s .

2
A lth o u g h  some may a rg u e  t h a t  ADV p r o v id e s  t h e  same i n f o r m a t i o n  

a s  does  AVDC, on an e m p i r i c a l  b a s i s  t h e  i n c l u s i o n  o f  b o t h  v a r i a b l e s :  1)
i n c r e a s e s  t h e  F v a lu e  o f  th e  f u n c t i o n  such  t h a t  th e  d i f f e r e n c e  be tw een  
group means i n  i n c r e a s e d ,  and 2) b o t h  v a r i a b l e s  a p p e a r  e a r l y  i n  t h e  com­
p l e t e  s t e p w is e  p r o c e d u r e ,  show ing  t h a t  th e y  p r o v id e  i n f o r m a t i o n  w h ich  a i d s  
i n  d i s c r i m i n a t i o n  and c l a s s i f i c a t i o n .
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F o r  t h e  p e r c e n ta g e  s e t  o f  v a r i a b l e s ,  no  i n d i c a t o r s  c o r r e s p o n d  

t o  t h e  HIGH and  LOWS t h a t  a p p e a r  i n  th e  r e g u l a r  s e t .  They do n o t  so  

c o r r e s p o n d  b e c a u s e  many t im e s  each  o f  t h e s e  v a r i a b l e s  i s  e i t h e r  c l o s e  t o ,  

o r  e q u a l  t o ,  z e r o .  Low v a lu e s  f o r  t h e s e  i n d i c a t o r s  c r e a t e  e x t r e m e ly  

l a r g e  p e r c e n t a g e  changes  g iv e n  s m a l l  i n c r e a s e s  i n  t h e  v a r i a b l e  i t s e l f  

( p e r c e n ta g e  c h a n g es  a p p ro a c h  i n f i n i t y  when e i t h e r  o f  t h e  v a r i a b l e s  

i n c r e a s e  from  a  v a lu e  a p p ro a c h in g  z e r o ) .  Such l a r g e  v a lu e s  a r e  c o u n te r ­

p r o d u c t i v e  t o  t h e  p u rp o se  o f  t h e  s t u d y ,  s i n c e  a c c u r a t e  c l a s s i f i c a t i o n  on 

new d a t a  a r e  ham pered  by t h e  e r r a t i c  c o n t r i b u t i o n  o f  t h e s e  v a r i a b l e s  t o  

t h e  o v e r a l l  d i s c r i m i n a t o r y  a b i l i t y  o f  t h e  f u n c t i o n .

V a r i a b l e s  (1) to  ( 9 ) ,  t h e i r  p e r c e n t a g e  e q u i v a l e n t s ,  and  v a r i a b l e s

(10) t o  (13) p r o v id e  a good r e p r e s e n t a t i o n  o f  p o s s i b l e  v a r i a b l e s  t h a t  a 

t e c h n i c i a n  m ig h t  employ i n  a n a l y s i s  o f  m ark e t  t r e n d s .  However, s e v e r a l  

o t h e r  p o s s i b l e  v a r i a b l e s  a p p e a r  r e g u l a r l y  i n  p u b l i s h e d  t e c h n i c a l  s e r v i c e s  

and n e w s l e t t e r s .  T hree  o f  th e  most common v a r i a b l e s  n o t  i n c l u d e d  h e r e  

a r e :

MONY = VOL ( t im e s )  S ta n d a rd  and P o o r ’ s P r i c e  In d e x

% MONY = p e r c e n ta g e  change i n  MONY

SSSL = o d d - l o t  s h o r t - s a l e s / o d d - l o t  s a l e s .

C a su a l  i n s p e c t i o n  s u g g e s t s  t h a t  MONY i s  v e ry  s i m i l a r  t o  MMON. However, 

MONY u s e s  t h e  S ta n d a r d  and P o o r ' s  P r i c e  I n d e x ,  w h i l e  MMON em ploys t h e  

change i n  t h i s  in d e x .  T h e r e f o r e ,  t h e  two v a r i a b l e s  m easu re  d i f f e r e n t  

t h i n g s ,  a s  e v id e n c e d  by t h e i r  low c o r r e l a t i o n s  o f  .3  t o  .4  o v e r  t h e  

d i f f e r e n t  t im e  p e r i o d s  u se d  i n  t h i s  s t u d y .  S in c e  MONY i s  a  c o m b in a t io n  

o f  VOL and t h e  S ta n d a r d  and P o o r ' s  I n d e x ,  and  s i n c e  t h e  l e v e l  o f  th e  

p r i c e  i n d e x  w i l l  n o t  change d r a s t i c a l l y  from  day t o  d a y ,  MONY and VOL 

m easu re  t h e  same i n f o r m a t io n .  T h is  i n t e r p r e t a t i o n  i s  s u p p o r t e d  by h ig h
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c o r r e l a t i o n s  g r e a t e r  th a n  .975  be tw een  t h e s e  v a r i a b l e s  f o r  d i f f e r e n t  

t im e  p e r i o d s .  C o n s e q u e n t ly ,  MONY i s  n o t  used  i n  th e  a n a l y s i s .

S i m i l a r l y ,  %MONY and %VOL m easure  t h e  same i n f o r m a t i o n .  The 

c o r r e l a t i o n s  be tw een  th e s e  v a r i a b l e s  o v e r  t h e  d i f f e r e n t  t im e  p e r i o d s  

s t u d i e d  h e r e  a r e  m o s t ly  g r e a t e r  t h a n  . 9 9 ,  w i th  a  few e x c e p t i o n s  where 

t h e  c o r r e l a t i o n  i s  g r e a t e r  t h a n  .9 7 .  Thus, %MONY i s  a l s o  n o t  u t i l i z e d .

F i n a l l y ,  SSSL can b e  compared w i t h  ODSS. S in c e  SSSL = o d d - l o t  

s h o r t - s a l e s / o d d - l o t  s a l e s ,  and ODSS = o d d - l o t  s h o r t - s a le s /N Y S E  volume 

f o r  th e  d a y ,  t h e  n u m e ra to r s  a r e  e q u i v a l e n t .  The c r i t i c a l  com par ison  th e n  

l i e s  i n  t h e  d e n o m in a to r .  L o g i c a l l y ,  o d d - l o t  s a l e s  would  b e  e x p e c te d  to  be 

h i g h l y  c o r r e l a t e d  w i th  th e  NYSE volum e. In  f a c t ,  t h e  c o r r e l a t i o n  c o e f ­

f i c i e n t  i s  g r e a t e r  th a n  . 9 .  T h is  c o r r e l a t i o n ,  i n  t u r n ,  c r e a t e s  a  c o r ­

r e l a t i o n  c o e f f i c i e n t  g r e a t e r  th a n  .98  f o r  ODSS and SSSL. T hus ,  t h e  

v a r i a b l e  SSSL i s  n o t  i n c lu d e d  i n  th e  a n a l y s i s .

F o r  each  o f  th e  t h r e e  v a r i a b l e s  d i s c u s s e d  a b o v e ,  a  se co n d

( e m p i r i c a l )  r e a s o n  to  e l i m i n a t e  them from th e  a n a l y s i s  i s  t h a t  each  

v a r i a b l e  ( i f  th e y  a r e  in c lu d e d  i n  th e  t o t a l  s e t )  e n t e r s  t h e  d i s c r i m i n a n t  

f u n c t i o n  n e a r  th e  end o f  t h e  s t e p w is e  s e q u e n c e ,  i n d i c a t i n g  t h a t  l i t t l e  

o r  no i n f o r m a t io n  i s  added by t h e i r  p r e s e n c e .

D a ta

The d a ta  employed t o  g e n e r a t e  th e  v a r i a b l e s  d i s c u s s e d  i n  t h e  l a s t  

s e c t i o n  a r e  o b t a in e d  from t h e  ISL D a i ly  S tock  P r i c e  I n d e x  [A] and from

John Emery, The U n i v e r s i t y  o f  A r iz o n a .  D a i ly  o b s e r v a t i o n s  on volume

(NYSE), num ber o f  s to c k s  a d v a n c in g ,  d e c l i n i n g ,  and r e m a in in g  unchanged; 

o d d - l o t  p u r c h a s e s ,  s a l e s ,  and s h o r t - s a l e s ;  th e  number o f  new h ig h s  and 

new low s;  and th e  S ta n d a rd  and P o o r ' s  500 s t o c k - p r i c e  i n d e x  a r e  o b t a in e d  

from  J a n u a r y  1961 to  O c to b e r  1965 , and from A p r i l  1972 t o  March 1974,
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from th e  ISL I n d e x . Emery p r o v id e d  d a ta  on t h e s e  v a r i a b l e s  from O c to b e r  

1965 to  March 1972. The a c t u a l  v a r i a b l e s  u se d  i n  t h e  a n a l y s i s  a r e  

o b t a in e d  by t a k i n g  th e  raw d a t a  and making th e  t r a n s f o r m a t i o n  i n d i c a t e d
3

above ( i . e .  VOL = volume on NYSE/number o f  s h a r e s  o u t s t a n d i n g ) .

The H y p o th e s is

The b a s i c  n u l l  h y p o th e s i s  o f  t h i s  s tu d y  i s  s im p ly  s t a t e d :  P a s t

t e c h n i c a l  d a t a  c a n n o t  be  u sed  to  p r e d i c t  f u t u r e  m a rk e t  a c t i o n s .  The b a s i c  

h y p o t h e s i s  i s  r e s t a t e d  i n  t h e  f o l lo w in g  w ays:  F i r s t ,  t h e  s t a t i s t i c a l

a s p e c t  o f  t h e  d i s c r i m i n a n t  f u n c t i o n  i s  t e s t e d  f o r  t h e  n u l l  h y p o t h e s i s  i s :  

No s t a t i s t i c a l l y  s i g n i f i c a n t  d i f f e r e n c e s  i n  fu tu re ,  m ark e t  a c t i o n s  a r e  

e x p la i n e d  on t h e  b a s i s  o f  t e c h n i c a l  i n d i c a t o r s .  S eco n d , i f  t h e  model 

shows s t a t i s t i c a l l y  s i g n i f i c a n t  d e p e n d en c e ,  t h e n  t h e  p r e d i c t i v e  power o f  

t h e  d i s c r i m i n a n t  f u n c t i o n  i s  examined and a t t e m p t s  a r e  th e n  made t o  u s e  

t h i s  dep en d en ce  to  f o rm u la te  a  t r a d i n g  m odel.

A s t a t i s t i c a l  t e s t  o f  t h e  r e l a t i o n s h i p  b e tw e e n  t e c h n i c a l  d a t a  and 

f u t u r e  m a rk e t  movements i s  a c c o m p lish e d  by a n a l y z i n g  t h e  s t a t i s t i c a l  

d i f f e r e n c e  b e tw e e n  t h e  group m eans, com puted v i a  a  d i s c r i m i n a n t  f u n c t i o n ,  

o f  p r e d i c t e d  'u p  d a y s '  v e r s u s  p r e d i c t e d  'down d a y s ’ .^  T h is  t e s t  i n v o lv e s  

o b t a i n i n g  and  c h e c k in g  th e  s t a t i s t i c a l  s i g n i f i c a n c e  o f  an F - v a lu e  b a s e d  

on th e  mean d i f f e r e n c e  be tw een  th e  o v e r a l l  g roup  m eans . A s i g n i f i c a n t  

F - v a lu e  i m p l i e s  t h a t  t h e  t e c h n i c a l  v a r i a b l e s  a r e  u s e f u l  i n  s e g r e g a t i n g

O
The d a t a  a r e  checked  e x t e n s i v e l y  f o r  e r r o r s  and c o r r e c t e d  when 

su c h  e r r o r s  a r e  d e t e c t e d .  C ro ssch e c k  r e f e r e n c e s  i n c l u d e  ISL d a t a .  S ta n d a r d  
and P o o r ' s  S t a t i s t i c s  [A], and B a r r o n 's  [A].

^To compute t h e  d e s i r e d  d i s c r i m i n a n t  f u n c t i o n s  th e  t e c h n i c a l  d a t a  
a r e  la g g e d  on e  p e r i o d ;  t h u s ,  th e  d i s c r i m i n a n t  f u n c t i o n  r e l a t e s  t h e  t e c h n i ­
c a l  d a t a  i n  p e r i o d  t  t o  t h e  p r i c e  in d e x  i n  p e r i o d  t  +  1 . T h is  o n e - p e r io d  
l a g  i s  m a i n t a i n e d  i n  a l l  s u b s e q u e n t  a n a l y s i s .
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s u b s e q u e n t  movements o f  t h e  m a r k e t ,  t o  show t h a t  d ependence  d o e s  e x i s t  

i n  t h e  d a t a  ( i . e . ,  p a s t  t e c h n i c a l  d a t a  a r e  r e l a t e d  t o  f u t u r e  p r i c e  

c h a n g e s ) .

The s t a t i s t i c a l  a n a l y s i s  i s  e x te n d e d  by c l a s s i f y i n g  t h e  o b s e r v a ­

t i o n s  i n t o  g ro u p s .  S in c e  t h e  t e s t i n g  o f  group-m ean d i f f e r e n c e s  can 

show a  s t a t i s t i c a l  s i g n i f i c a n c e  b e c a u s e  o f  a  l a r g e  sam p le  s i z e  when no 

p r a c t i c a l  s i g n i f i c a n c e  e x i s t s ,  c l a s s i f i c a t i o n  o f  t h e  d a t a  i n t o  p r e d i c t e d  

g ro u p s  i s  a  f u r t h e r  t e s t  o f  d e p e n d e n c e .  As d i s c u s s e d  i n  C h a p te r  I I I ,  t h e  

t - t e s t  i s  u t i l i z e d  to  d e te r m in e  w h e th e r  group d e s i g n a t i o n  c a n  b e  p r e d i c t e d  

on a  b e t t e r  th a n  chance  b a s i s .

The c l a s s i f i c a t i o n  a n a l y s i s  i s  e x te n d e d  by t e s t i n g  d a t a  from 

a n o t h e r  t im e  p e r i o d  i n  o r d e r  to  d e te rm in e  w h e th e r  o r  n o t  t h e  f u n c t i o n  i s  

s t a t i o n a r y  o v e r  t im e .  ( N o n s t a t i o n a r i t y  can  b e  a m a jo r  p r o b le m  s i n c e  t h e  

p a r a m e t e r s  in  th e  d i s c r i m i n a n t  f u n c t i o n  may change o v e r  t im e  a n d / o r  t h e  

v a r i a b l e s  i n  th e  f u n c t i o n  may c h a n g e ) .  I f  t h e  f u n c t i o n  i s  s t a t i o n a r y ,  

t h e n  a  t r a d i n g  model can be  d e v e lo p e d .  The t r a d i n g  model em ployes  th e  

d i s c r i m i n a n t  f u n c t i o n  and  d a t a  from  f u t u r e  t im e  p e r i o d s  t o  p r e d i c t  buy 

and  s e l l  d a y s .  I f  t r a d i n g  d e c i s i o n s  made on th e  b a s i s  o f  t h e  b u y - s e l l  

p r e d i c t i o n s  o f  t h e  model a r e  p r o f i t a b l e  b e f o r e  com m isions ,  t h e n  p r o f i t ­

a b i l i t y  o f  t h e  model on an a f t e r - c o m m is s i o n  b a s i s  i s  i n v e s t i g a t e d .  I f  

t h e  m odel i s  p r o f i t a b l e  on a c o n s i s t e n t  b a s i s  a f t e r  com m iss ion  c h a r g e s ,  

t h e n  t h e  m ark e t  may b e  c l a s s i f i e d  a s  i n e f f i c i e n t  w i t h  r e g a r d  t o  t e c h n i c a l  

d a t a .

M u l t i v a r i a t e  ap p ro ach

The m u l t i v a r i a t e  model o u t l i n e d  above i s  an o b v io u s  e x t e n s i o n  o f  

p r e v i o u s  u n i v a r i a t e  p r o c e d u r e s .  T h e o r e t i c a l l y ,  a  c o m b in a t io n  o f  t e c h n i c a l
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v a r i a b l e s  s h o u ld  im prove t h e  a b i l i t y  o f  t h e  f u n c t i o n  t o  d i s c r i m i n a t e  

b e tw e en  t h e  up-down p r i c e  change g roups  s i n c e  more i n f o r m a t io n  w i l l  b e  

p r o v id e d  c o n c e r n in g  th e  s t a t e  o f  t h e  m a rk e t .  I n  a d d i t i o n ,  t h e  i n t e r a c t i o n  

e f f e c t  b e tw e e n  v a r i a b l e s  can h e lp  im prove t h e  c l a s s i f i c a t i o n  a b i l i t y  o f  

t h e  m odel .

I n  a p p ly i n g  a m u l t i v a r i a t e  m odel,  a c o m p le te  s t e p w is e  p r o c e d u r e  

i s  u se d  t o  r e d u c e  t h e  s i z e  o f  th e  v a r i a b l e  s e t  and  t o  e l i m i n a t e  i n s i g n i f i ­

c a n t  v a r i a b l e s . ^  The co m p le te  s t e p w is e  m ethod i s  s u p e r i o r  to  a  f o rw a rd  

o r  backw ard  p r o c e d u r e  s i n c e  t h e  fo rm er  m ethod d e te r m in e s  t h e  b e s t  

v a r i a b l e  s e t  ( h i g h e s t  F - r a t i o )  a t  each  l e v e l  by m ax im iz ing  t h e  d i f f e r e n c e  

b e tw e en  t h e  means t o  t h e  w i t h i n  group v a r i a n c e .

The s e l e c t i o n  o f  t h e  c u t o f f  p o i n t  f o r  t h e  number o f  v a r i a b l e s  t o  

b e  i n c l u d e d  i n  t h e  s t e p w is e  f u n c t i o n  fo l lo w s  t h e  s u g g e s t i o n  o f  E i s e n b e i s  

and  Avery [B, p .  7 7 ] ,  who r e p o r t  t h a t  a  v a r i a b l e  s u b s e t  p o s s e s s i n g  a 

99 p e r c e n t  s i g n i f i c a n c e  l e v e l  when compared t o  t h e  e n t i r e  v a r i a b l e  s e t  i s  

t h e  a p p r o p r i a t e  s i z e  f o r  t h e  d i s c r i m i n a n t  f u n c t i o n .  T hus, t h e  c o m p le te  

s t e p w is e  s e t  u t i l i z e d  c o n ta i n s  a b o u t  99 p e r c e n t  o f  t h e  i n f o r m a t io n  o f  

t h e  e n t i r e  s e t .  Such a  h ig h  s i g n i f i c a n c e  l e v e l  i s  employed t o  m in im iz e  

t h e  l o s s  o f  i n f o r m a t io n  a n d ,  c o n s e q u e n t ly ,  t o  k eep  t h e  m i s c l a s s i f i c a t i o n  

r a t e  a s  low  a s  p o s s i b l e .

The a s s u m p t io n s  f o r  MDA

The two d e f i n i t i o n a l  a s su m p t io n s  f o r  MDA, a s  o u t l i n e d  i n  

C h a p te r  I I I ,  a r e :

The i n c l u s i o n  o f  i n s i g n i f i c a n t  v a r i a b l e s  can re d u c e  t h e  s t a t i s ­
t i c a l  s i g n i f i c a n c e  be tw een  group means b e c a u s e  o f  a r e d u c t i o n  i n  t h e  
d e g r e e s  o f  f reed o m , r e s u l t i n g  from th e  p r e s e n c e  o f  t h e  v a r i a b l e s .
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(1) t h e  g ro u p s  b e in g  I n v e s t i g a t e d  a r e  d i s c r e t e  and  i d e n t i f i a b l e ;

(2 )  e a c h  o b s e r v a t io n  i n  e a c h  group  can b e  d e s c r i b e d  by a  s e t  o f  m ea su re ­

m en ts  on m c h a r a c t e r i s t i c s  o r  v a r i a b l e s .

I n  a d d i t i o n ,  t h e  l i n e a r  s t a t i s t i c a l  model i s  b a s e d  on t h e  f o l l o w i n g  

t h e o r e t i c a l  a s s u m p t io n s :

(3 )  t h e  d a t a  o f  each  group form  a  m u l t i v a r i a t e  n o rm a l  d i s t r i b u t i o n ;

(4 )  t h e  d i s p e r s i o n  m a t r i c e s  a r e  e q u a l .

The f i r s t  a s s u m p t io n ,  t h a t  g roups  a r e  d i s c r e t e  and  i d e n t i f i a b l e ,  

n e e d s  t o  b e  exam ined , s i n c e  t h e  p r i c e  r e l a t i v e  v a r i a b l e  ( t h e  d i s c r i m i n a t o r y  

c r i t e r i o n  v a r i a b l e )  i s  e s s e n t i a l l y  c o n t i n u o u s .  A l th o u g h  E i s e n b e i s  and 

A very [B, p .  36] a r e  c r i t i c a l  o f  t h e  u se  o f  n o n - d i s c r e t e  g r o u p s ,  t h e y  

p r o v i d e  l i t t l e  e v id e n c e  f o r  t h e  c o m p le te  a v o id a n c e  o f  s u c h  s t u d i e s  ( s e e

C h a p te r  I I I ) .  T hus , t h e  d a t a  n e e d s  t o  b e  a n a ly z e d  t o  d e te r m in e  i f  t h e

MDA m ethodo logy  i s  a p p r o p r i a t e .

An i n i t i a l  s t a t i s t i c a l  t e s t  t h a t  i n v e s t i g a t e s  t h e  a p p l i c a b i l i t y  

o f  MDA i s  to  exam ine  t h e  d i f f e r e n c e  be tw een  group means f o r  s t a t i s t i c a l  

s i g n i f i c a n c e .  I f  t h e  means a r e  s i g n i f i c a n t l y  d i f f e r e n t ,  t h e n  one  can  

h y p o t h e s i z e  t h a t  t h e  d a t a  a r e  from  two s e p a r a t e  p o p u l a t i o n s .  In  such  

a  c a s e  MDA i s  a p p r o p r i a t e .  However, t h i s  s im p le  t e s t  i s  a f f e c t e d  by 

sa m p le  s i z e ;  t h u s ,  o n e  n e e d s  t o  compare c l a s s i f i c a t i o n  r e s u l t s .

As p r e v i o u s l y  d i s c u s s e d ,  R e in h a r t  and L a ta n e  [C] i n t r o d u c e  a 

m ethod f o r  e v a l u a t i n g  th e  a p p l i c a b i l i t y  o f  MDA by e m p lo y in g  a m u l t i - g r o u p  

a n a l y s i s  t o  compare t h e  c l a s s i f i c a t i o n  r e s u l t s  o f  MDA and MRA. The 

t e c h n i q u e  p r e s e n t i n g  s u p e r i o r  c l a s s i f i c a t i o n  r e s u l t s  i s  d e s i g n a t e d  t h e  

a p p r o p r i a t e  m ethod o f  a n a l y s i s .  I f  MRA i s  c h o s e n ,  t h e n  t h e  d a t a  a r e  

assum ed t o  b e  c o n t i n u o u s ,  w h i l e  i f  MDA i s  s u p e r i o r ,  one  can  a r g u e  t h a t  

t h e  d i s c r i m i n a n t  model i s  r o b u s t  i n  te rm s o f  n o n - d i s c r e t e  g r o u p in g s .
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In  t h i s  s t u d y ,  th e  R e in h a r t  and L a tan e  method i s  a p p l i e d  t o  t h r e e - g r o u p  

schem es d e f i n e d  on th e  b a s i s  o f  l a r g e ,  s m a l l ,  and m id d le  groups o f  p r i c e  

r e l a t i v e s  f j r  g iv e n  t im e p e r i o d s .  The p e r c e n ta g e s  o f  m i s c l a s s i f i c a t i o n  

f o r  t h e s e  g roups  f o r  MDA v e r s u s  MRA a r e  th e n  com pared . The s u p e r i o r  

t e c h n i q u e  w i l l  have  th e  s m a l l e s t  c l a s s i f i c a t i o n  e r r o r .

The seco n d  a ssu m p t io n  f o r  MDA l i s t e d  above i n d i c a t e s  t h a t  a  s e t  

o f  m easu rem en ts  i s  n e e d ed  to  d e s c r i b e  each  o b s e r v a t i o n .  Two s e t s  o f  

m easu rem en ts  ( v a r i a b l e s )  a r e  s u g g e s t e d  to  e x p l a i n  t h e  b e h a v io r  o f  t h e  

p r i c e  r e l a t i v e s ,  and t h e s e  v a r i a b l e s  a r e  d i s c u s s e d  e a r l i e r  i n  t h i s  

c h a p t e r .  The e m p i r i c a l  e v id e n c e  r e g a r d in g  t h e s e  v a r i a b l e s  w i l l  b e  

i n v e s t i g a t e d  i n  t h e  n e x t  c h a p t e r .

The t h i r d  a s su m p t io n  f o r  MDA i s  t h a t  t h e  d a t a  a r e  m u l t i v a r i a t e  

n o rm a l  i n  a l l  g ro u p s .  C h a p te r  I I I  d i s c u s s e s  t h e  p ro b le m  o f  t e s t i n g  f o r  

a  m u l t i v a r i a t e  norm al d i s t r i b u t i o n  and c o n c lu d e s  t h a t  an i n v e s t i g a t i o n  

o f  m u l t i v a r i a t e  n o r m a l i t y  i s  e x t r e m e ly  d i f f i c u l t .  However, G i l b e r t  [B] 

h a s  shown t h a t  n o n - m u l t i v a r i a t e  no rm al d a t a  do n o t  s e r i o u s l y  a f f e c t  

c l a s s i f i c a t i o n  r e s u l t s  f o r  t h e  tw o-group  l i n e a r  c a s e .  T hus , t h e  assum p­

t i o n  i s  made h e r e  t h a t  t h e  r e s u l t s  a re  r o b u s t  t o  any d e v i a t i o n s  from  

m u l t i v a r i a t e  n o r m a l i t y  t h a t  may e x i s t .

The f i n a l  a s s u m p t io n ,  t h a t  o f  e q u a l  v a r i a n c e - c o v a r i a n c e  m a t r i c e s ,  

a p p l i e s  to  t h e  l i n e a r  d i s c r i m i n a n t  f u n c t i o n .  I f  t h e  m a t r i c e s  a r e  s i g ­

n i f i c a n t l y  d i f f e r e n t ,  th e n  th e  n o n - l i n e a r  d i s c r i m i n a n t  f u n c t i o n  s h o u ld  b e  

em ployed . The t e s t  to  exam ine th e  e q u a l i t y  o f  t h e  v a r i a n c e - c o v a r i a n c e  

m a t r i c e s  i s  due to  Box [B]. C h a p te r  I I I  d i s c u s s e s  some p o s s i b l e  s h o r t ­

comings i n  th e  Box m ethod. However, no i n v e s t i g a t i o n s  o f  t h e s e  p ro b le m s  

hav e  a p p e a re d  t o  d a te  i n  th e  l i t e r a t u r e .  A c c o r d in g ly ,  p r o j e c t i n g  th e  

t r u e  e f f e c t s  o f  th e  s i t u a t i o n  d i s c u s s e d  i n  C h a p te r  : I I I  on th e  s e l e c t i o n
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o f  a  l i n e a r  v e r s u s  a  n o n - l i n e a r  f u n c t i o n  i s  d i f f i c u l t .  In  t h e  a b s e n s e  

o f  c o n t r a r y  i n f o r m a t i o n ,  t h e  Box t e s t  f o r  t h e  e q u a l i t y  o f  v a r i a n c e -  

c o v a r ia n c e  m a t r i c e s  w i l l  b e  u s e d ;  i f  t h e  n u l l  h y p o t h e s i s  o f  e q u a l  

v a r i a n c e - c o v a r i a n c e  m a t r i c e s  i s  r e j e c t e d ,  t h e n  t h e  n o n - l i n e a r  f u n c t i o n  

w i l l  b e  u t i l i z e d .

Computer program

The com pute r  p rogram  u t i l i z e d  t o  a n a ly z e  t h e  t e c h n i c a l  d a t a  i s  

th e  MULDIS p ro g ra m , d e v e lo p e d  a t  The U n i v e r s i t y  o f  W isc o n s in  and  t h e  

F e d e r a l  D e p o s i t  I n s u r a n c e  C o r p o r a t io n  by E i s e n b e i s  and  Avery [ B ] . MULDIS 

i s  u n iq u e  i n  s e v e r a l  ways (a s  compared t o  d i s c r i m i n a n t  a n a l y s i s  p rogram s 

i n  th e  BIOMED and SPSS p a c k a g e s ) .  The p rog ram  c o n t a i n s  a  t e s t  f o r  t h e  

e q u a l i t y  o f  t h e  v a r i a n c e - c o v a r i a n c e  m a t r i c e s ,  a n o n - l i n e a r  c l a s s i f i c a t i o n  

p r o c e d u r e ,  c o m p le te  and backw ard  s t e p w is e  o p t i o n s  (a s  w e l l  a s  t h e  u s u a l  

fo rw ard  p r o c e d u r e ) ,  t e s t - s p a c e  as w e l l  as  r e d u c e d - s p a c e  o p e r a t i o n s ,  

v a r i o u s  s i g n i f i c a n c e  t e s t s ,  a  L achenbruch  h o l d o u t  o p t i o n ,  s e l e c t i o n  o f  

' a  p r i o r i * p r o b a b i l i t i e s ,  and s e v e r a l  o t h e r  o p t i o n s .  MULDIS i s  c u r r e n t l y  

t h e  m ost c o m p le te  and  s o p h i s t i c a t e d  d i s c r i m i n a n t  p a c k ag e  a v a i l a b l e .

E m p i r i c a l  T e s ts

P r e v io u s  s e c t i o n s  have  s u g g e s t e d  t h a t  a  m u l t i v a r i a t e  d i s c r i m i n a n t  

model w ould p r o v id e  a d d i t i o n a l  i n s i g h t s  t o  t h e  random w a l k / e f f i c i e n t  

m arke t h y p o t h e s i s .  I n v e s t i g a t i o n s  o f  t h e  e x p la n a to r y  and  t h e  p r e d i c t i v e  

power o f  su c h  a  m odel must c o n s id e r  p o t e n t i a l  changes i n  t h e  c h a r a c t e r  

o f  t h e  d a t a .  One c o n v e n ie n t  s t a r t i n g  p o i n t  f o r  t h e  a n a l y s i s  b u i l d s  on 

th e  a s su m p t io n  t h a t  b u l l  m a rk e ts  r e f l e c t  a t t i t u d e s  w h ich  a r e  f u n d a m e n ta l ly  

d i f f e r e n t  from p r e v a i l i n g  s e n t i m e n t s  i n  b e a r  m arke t  p e r i o d s .  T hus ,  t h e  

t e c h n i c a l  i n d i c a t o r s  and p r i c e  r e l a t i v e s  u se d  i n  t h i s  s tu d y  a r e  a n a ly z e d
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i n i t i a l l y  i n  te rm s  o f  b u l l  and b e a r  m a r k e t s .  F o r  e a c h  b u l l - b e a r  m ark e t  

p e r i o d  s t u d i e d ,  t h e  p r i c e  r e l a t i v e s  a r e  ra n k e d  from  h i g h e s t  t o  l o w e s t .

The to p  50 p r i c e s  r e l a t i v e s  a r e  d e s i g n a t e d  as  t h e  "UP" g ro u p  an d  t h e  

b o t to m  50 a s  t h e  "DOWN" g ro u p .  The r e m a in in g  o b s e r v a t i o n s  a r e  c o n s id e r e d  

i n s i g n i f i c a n t ,  s i n c e  t h e i r  p r i c e  r e l a t i v e s  a r e  n e a r  1 . 0 .  The o b j e c t i v e  

i s  t o  i d e n t i f y  t h e  b e s t  and w o r s t  p r i c e  r e l a t i v e ,  s i n c e  t h e s e  a r e  t h e  

m ost i m p o r t a n t  movements o f  e a c h  p e r i o d .

The c o m p le te  s t e p w is e  d i s c r i m i n a n t  p r o c e d u r e  i s  a p p l i e d  t o  t h e  

"UP", "DOWN" g roups  i n  an a t t e m p t  t o  e x p la i n  and  f o r e c a s t  m a rk e t  movements 

b a s e d  on t e c h n i c a l  i n d i c a t o r s .  The s t e p w is e  p r o c e d u r e  g i v e s  t h e  b e s t  

c o m b in a t io n  o f  t e c h n i c a l  v a r i a b l e s  i n  term s o f  t h e i r  r e l a t i o n s h i p  t o  

t h e  f u t u r e  d i r e c t i o n  o f  t h e  m a r k e t .  S t a t i s t i c a l  d e p e n d en c e  i n  t h e  d a t a  

i s  exam ined  by  t e s t i n g  t h e  d i f f e r e n c e  be tw een  group m eans .  T h is  p r o c e d u r e  

i s  c o m p le te d  f o r  b o th  s e t s  o f  v a r i a b l e s  and f o r  e a c h  b u l l  and b e a r  m ark e t  

p e r i o d .  T a b le  IV -1  i n d i c a t e s  t h e  t im e  p e r i o d s  c o r r e s p o n d in g  t o  e a c h  b u l l  

and  b e a r  m a rk e t  s t u d i e d ,  and t h e  r e l a t e d  p r i c e  movement o f  t h e  S ta n d a r d  

and  P o o r ' s  I n d e x .

I f  s t a t i s t i c a l  d ep en d en ce  i s  found i n  t h e  d a t a  ( i . e .  a  s i g n i f i c a n t  

d i f f e r e n c e  b e tw e e n  group means e x i s t s ) ,  th e n  t h e  n e x t  s t e p  i s  t o  d e te r m in e  

t h e  c l a s s i f i c a t i o n  r e s u l t s  f o r  t h e  b e s t  and w o r s t  p r i c e  r e l a t i v e s  o f  t h e  

same p e r i o d .  I f  t h e  c l a s s i f i c a t i o n  r e s u l t s  a r e  s t a t i s t i c a l l y  s i g n i f i c a n t  

th e n  two t y p e s  o f  s e c o n d a ry  t e s t s  can b e  a t t e m p t e d .  One t e s t  i s  t o  

c l a s s i f y  t h e  b e s t  and  w o r s t  p r i c e  r e l a t i v e s  f o r  t h e  n e x t  b u l l  and  b e a r  

m ark e t  p e r i o d s .  The o t h e r  t e s t ,  w h ic h  i s  somewhat l e s s  m e a n in g f u l ,  i s  t o  

c l a s s i f y  t h e  e n t i r e  d a t a  s e t  from  t h e  same t im e  p e r i o d  t o  show w h e th e r  

o r  n o t  t h e  e q u a t i o n  p o s s e s s e s  d i s c r i m i n a t o r y  a b i l i t y  f o r  t h e  e n t i r e  d a t a  

s e t  o r  o n ly  f o r  t h e  l a r g e s t  and s m a l l e s t  p r i c e  r e l a t i v e s .
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TABLE IV-1

DATES AND INDEX VALUES FOR 
BULL AND BEAR MARKETS

M arket D a te s  S&P I n d e x

B u l l J a n 1961/D ec 1961 5 7 .5 7  - 72.64

B ear Dec 1 9 6 1 /June  1962 72.64  - 5 2 .3 2

B u l l June 1962/Feb 1966 5 2 .32  - 9 4 .0 6

B ear Feb 1966 /O ct 1966 9 4 .0 6  - 73 .20

B u l l Oct 1966/Nov 1968 7 3 .20  - 108 .37

B ear Mar 1968/May 1970 1 0 8 .3 7  - 69 .29

B u l l Ju n e  1 9 7 0 /Ja n 1973 6 9 .29  - 120 .24
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S in c e  t h e  t im e  I n t e r v a l s  u se d  t o  d e s c r i b e  t h e  v a r i o u s  b u l l  and  

b e a r  m ark e t  p e r i o d s  ( s e e  T a b le  IV -1) g e n e r a l l y  c o v e r  many m on ths ,  t h e  

r e l a t i o n s h i p s  among t h e  v a r i a b l e s  a r e  l i k e l y  t o  b e  n o n - s t a t i o n a r y  o v e r  

t im e .  Thus, a t t e m p t s  a r e  made t o  d e te r m in e  t h e  o p t im a l  t im e  p e r i o d  o f  

a n a l y s i s ,  i . e . ,  t h e  l e n g t h  o f  t h e  t im e  p e r i o d  s u c h  t h a t  t h e  r e l a t i o n s h i p  

among th e  v a r i a b l e s  r e m a in s  s t a t i o n a r y ,  i f  i n d e e d  any su c h  p e r i o d  e x i s t s .  

I n v e s t i g a t i o n  o f  t h e  s t a t i o n a r i t y  o f  t h e  d i s c r i m i n a n t  f u n c t i o n  i s  accom­

p l i s h e d  by  com paring  t h e  c l a s s i f i c a t i o n  r e s u l t s  o v e r  v a r i o u s  t im e  p e r i o d s .  

I f  t h e  d i s c r i m i n a n t  f u n c t i o n  i s  u se d  t o  c l a s s i f y  d a t a  from  a  new d a t a  

s e t ,  and i f  t h e  d a t a  h a v e  a  m i s c l a s s i f i c a t i o n  r a t e  t h a t  i s  n o t  s i g n i f i ­

c a n t l y  d i f f e r e n t  from  t h e  o r i g i n a l  d a t a ,  t h e n  one  may c o n c lu d e  t h a t  t h e  

d i s c r i m i n a n t  f u n c t i o n  h a s  a  s t a t i o n a r y  t im e  p e r i o d .  M oreover ,  f o r  mean­

i n g f u l  s t a t i o n a r i t y  t o  e x i s t ,  t h e  t im e  p e r i o d  o v e r  w h ic h  t h e  f u n c t i o n  i s  

s t a t i o n a r y  s h o u ld  b e  c o n s i s t e n t  f o r  a l l  d a t a  p e r i o d s  u n d e r  r e v ie w .

Com parison o f  t h e  c l a s s i f i c a t i o n  r a t e s  o f  t h e  o r i g i n a l  and  t h e  

f u t u r e  t im e  p e r i o d s  i s  c o m p l ic a te d  by th e  downward b i a s  c r e a t e d  by  t h e  

MDA p r o c e d u r e  f o r  t h e  m i s c l a s s i f i c a t i o n  r a t e  o f  t h e  o r i g i n a l  d a t a  s e t .

T h is  ’' b e s t  f i t  b i a s "  can  be  e l i m i n a t e d  by e m p lo y in g  t h e  L a c h en b ru c h  h o l d ­

o u t  p r o c e d u r e ,  w h ich  removes t h e  o b s e r v a t i o n  b e i n g  c l a s s i f i e d  from  t h e  

m a t r ix  t h a t  d e te r m in e s  t h e  p a ra m e te r s  o f  t h e  f u n c t i o n .  W ith  t h e  " b e s t -  

f i t  b i a s "  e l i m i n a t e d ,  t h e  m i s c l a s s i f i c a t i o n  r a t e s  may b e  com pared on  a  

c o n s i s t e n t  b a s i s .

F o r  p u r p o s e s  o f  i l l u s t r a t i o n  t h e  a n a l y s i s  above shows t h a t  t h e  

d i s c r i m i n a n t  f u n c t i o n  i s  s t a t i o n a r y  f o r  a  p e r i o d  o f  one  y e a r .  The d a t a  

u n d e r  r e v ie w  a r e  t h e n  a n a ly z e d  by t h e  same t e s t  p r o c e d u r e s  t h a t  a r e  

a p p l i e d  t o  t h e  b u l l / b e a r  m arke t t im e p e r i o d s .  More s p e c i f i c a l l y ,  

s t a t i s t i c a l  s i g n i f i c a n c e  be tw een  group means i s  a n a ly z e d ,  c l a s s i f i c a t i o n
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r e s u l t s  f o r  t h e  o r i g i n a l  d a t a  a r e  i n v e s t i g a t e d ,  and  t h e  a b i l i t y  o f  t h e  

d i s c r i m i n a n t  f u n c t i o n  t o  c l a s s i f y  t h e  n e x t  y e a r ' s  d a t a  i s  d e te rm in e d .

I f  t h e  r e s u l t s  o f  t h i s  a n a l y s i s  a r e  p o s i t i v e ,  th e n  one may a t t e m p t  to  

d e v e lo p  a  t r a d i n g  model t o  e x p l o i t  any d e p e n d e n c ie s  i n  t h e  d a t a .

The above p r o g r e s s i o n  o f  e v e n t s  l e a d i n g  t o  t h e  deve lopm en t o f  

t r a d i n g  r u l e s  makes two v e ry  c r i t i c a l  a s s u m p t io n s .  One, i t  assum es t h a t  

e q u a l i t y  o f  t h e  v a r i a n c e - c o v a r i a n c e  m a t r i c e s  h a s  b e e n  t e s t e d  a n d ,  i f  t h e  

m a t r i c e s  a r e  u n e q u a l ,  a  n o n - l i n e a r  d i s c r i m i n a n t  f u n c t i o n  h a s  b e e n  employed 

i n  t h e  above i n v e s t i g a t i o n s .  IVo, t h e  g roups  a r e  assum ed t o  b e  d i s c r e t e .

As p r e v i o u s l y  d i s c u s s e d ,  E i s e n b e i s  and Avery b e l i e v e s  t h a t  an  e s s e n t i a l l y  

c o n t i n o u s  v a r i a b l e ,  su c h  a s  p r i c e  r e l a t i v e s ,  s h o u ld  n o t  b e  u se d  to  

d e s i g n a t e  g ro u p s .  However, MDA may b e  r o b u s t  f o r  n o n - d i s c r e t e  d a t a .  To 

t e s t  t h e  a p p l i c a b i l i t y  o f  MDA one can compare t h e  MDA r e s u l t s  to  th o s e  o f  

MRA. I f  t h e  fo rm e r  i s  s u p e r i o r ,  t h e n  MDA i s  r o b u s t ;  i f  t h e  l a t t e r ,  t h e n  

MRA a r e  made on t h e  b a s i s  o f  t h r e e - g r o u p  c l a s s i f i c a t i o n  r e s u l t s  ( f o l lo w ­

i n g  t h e  method o f  R e i n h a r t  and L a ta n e  [C ] ) ,  w i t h  t h e  m ethod  p r e s e n t i n g  

t h e  s m a l l e s t  m i s c l a s s i f i c a t i o n  r a t e  b e in g  ch o sen  a s  t h e  s u p e r i o r  t e c h n i q u e .

The T r a d in g  Rule

Assuming t h a t  some form  o f  t h e  MDA model can  s u c c e s s f u l l y  c l a s s i f y  

o b s e r v a t i o n s  from  f u t u r e  t im e  p e r i o d s ,  t r a d i n g  r u l e s  a r e  d e v e lo p e d  t o  

d e te r m in e  i f  t h e  d i s c o v e r e d  d e p e n d e n c ie s  can b e  p u t  t o  p r o f i t a b l e  u s e .

A s u c c e s s f u l  MDA model ( i n  te rm s  o f  c l a s s i f i c a t i o n  r e s u l t s )  c o u ld  p o s s i b l y  

b e  u n s u c c e s s f u l  a s  a  t r a d i n g  m odel.  T h is  s i t u a t i o n  w ould  o c c u r  i f  t h e r e  

i s  a  p re d o m in a n t  'w h ip sa w ' e f f e c t , ^  i f  o b s e r v a t i o n s  from  t h e  m idd le

A 'w h ip s a w ' e f f e c t  o c c u r s  when t h e  t e c h n i c a l  d a t a  i n d i c a t e  t h e  
m a rk e t  s h o u ld  b e  h e a d in g  i n  one  d i r e c t i o n  w hen, i n  a c t u a l i t y ,  i t  c o n s i s ­
t e n t l y  goes i n  t h e  o p p o s i t e  d i r e c t i o n .



71

g roup  showed f a l s e  buy and s e l l  s i g n a l s , a n d / o r  i f  any d e p e n d e n c ie s  i n  

t h e  d a t a  a s  s i g n a l e d  by t h e  MDA model a r e  i n s u f f i c i e n t  t o  overcom e 

com m iss ions  c h a r g e s .^

To e s t a b l i s h  a t r a d i n g  r u l e  b a s e d  on th e  MDA o u t p u t ,  u s e  o f  t h e
Q

r e d u c e d - s p a c e  e q u a t i o n  i n  p l a c e  o f  t h e  t e s t - s p a c e  f o r m u la t io n  i s  n e c e s ­

s a r y ,  f o r  s e v e r a l  r e a s o n s :

1 . F o r m u la t in g  a  t r a d i n g  r u l e  b a s e d  on C h i - s q u a r e  ( o r  s i m i l a r )  t e s t -  

s p a c e  d a t a  i s  d i f f i c u l t .

2 . The C h i - s q u a r e  (and he n c e  th e  p e r c e n t a g e  s i g n i f i c a n c e  v a lu e s  f o r  t h e  

p r o b a b i l i t y  o f  group m em bership) a r e  b a s e d  on a  N -d im e n s io n a l  model 

t h a t  d e te r m in e s  t h e  r e l a t i v e  d i s t a n c e  from  t h e  group c e n t r o i d  f o r  

e a c h  o b s e r v a t i o n ;  such  a  model c a u s e s  p ro b lem s when an o b s e r v a t i o n  

i s  u n im p o r ta n t  i n  te rm s o f  i t s  f u t u r e  p r i c e  r e l a t i v e  b u t  h a s  an 

u n u s u a l  v a lu e  f o r  one o f  t h e  v a r i a b l e s .  Such an o c c u ra n c e  c a u s e s  a
9

l a r g e  C h i - s q u a r e  v a l u e , ,  and t h u s ,  one  v a r i a b l e  c o u ld  t r i g g e r  a  

b u y / s e l l  t r a n s a c t i o n  when n o t  w a r r a n t e d .

3. A p r a c t i c a l  a s p e c t  o f  u s in g  a r e d u c e d - s p a c e  f o r m u la t io n  i n s t e a d  o f  a 

t e s t - s p a c e  r u l e  m ust a l s o  b e  c o n s i d e r e d ;  t h e  r e d u c e d - s p a c e  Z - v a lu e  

may b e  r e a d i l y  c a l c u l a t e d  w h i l e  t e s t - s p a c e  i n f o r m a t io n  w ould  n o r m a l ly  

r e q u i r e  a n o t h e r  com puter  run  f o r  e a c h  d a y ' s  d a t a .

^A p l a u s i b l e  e s t i m a t e  o f  com m ission  c o s t s  would  b e  a  1 p e r c e n t  
c h a rg e  on b o t h  a  buy and a  s e l l  o r d e r .

® If a p p r o p r i a t e ,  t h e  q u a d r a t i c  r e d u c e d - s p a c e  e q u a t i o n  may b e  
em ployed .

^One o f  t h e  main p rob lem s i s  t h a t  t h e  t e s t - s p a c e  f o r m u la t io n  i s  
u n w e ig h te d ,  a l l o w in g  one v a r i a b l e  (w hich  may b e  r e l a t i v e l y  i n s i g n i f i c a n t )  
t o  d o m in a te  t h e  C h i - s q u a re  v a l u e .  A n o th e r  p ro b lem  i s  t h a t  an o b s e r v a t i o n  
l y i n g  o u t s i d e  t h e  norm al c l u s t e r i n g  c o m p o s i t io n  o f  b o t h  g roups  w i l l  
r e c e i v e  e x t r e m e ly  h ig h  C h i - s q u a r e  v a l u e s  f o r  each  group a n d ,  c o n s e q u e n t ly ,  
a  99 p e r c e n t  p r o b a b i l i t y  o f  b e lo n g i n g  t o  t h e  n e a r e s t  g ro u p .
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The Z s c o r e s  o b t a i n e d  f rom  t h e  tw o-g roup  d i s c r i m i n a n t  model a r e  

a n a ly z e d  t o  d e te rm in e  a  s u i t a b l e  f i l t e r  r u l e .  A f t e r  o b t a i n i n g  t h e  

v a r i a n c e  o f  t h e  Z 's  f o r  e a c h  g r o u p ,  one o b t a i n s  an a c c e p t a b l e  p e r c e n t a g e  

c u t o f f  f o r  t h e  Z d i s t r i b u t i o n s  s u c h  t h a t  t h e r e  i s  a s  l i t t l e  o v e r l a p  a s  

p o s s i b l e  f o r  t h e  t a i l s  o f  t h e  d i s t r i b u t i o n s .  F i g u r e  IV -1  r e p r e s e n t s  a 

d ia g ra m  o f  t h e  p o t e n t i a l  s i t u a t i o n .

2 .

F i g u r e  IV-1

The Z^-and  Z2 - v a l u e s  i n d i c a t e  t h e  c u t o f f  v a l u e s ,  w i t h  t h e  s h a d e d  p o r t i o n s  

sh ow ing  t h e  f i l t e r  v a lu e s  t h a t  w ou ld  i n i t i a t e  a  t r a d e . A p p l y i n g  t h e  

f u n c t i o n  and  a p p r o p r i a t e  Z - v a lu e s  t o  s u b s e q u e n t  d a t a  i n d i c a t e s  w h e th e r  

t h e  t r a d i n g  model i s  p r o f i t a b l e .

The above p r o c e d u r e  s u g g e s t s  s e v e r a l  p o s s i b l e  f i l t e r  r u l e s .  One 

p o s s i b i l i t y  i s  to  t e s t  t h e  m ethod f o r  t h e  o n e -d a y ,  no  com m iss ion  s i t u a t i o n .  

Such a  r u l e  would  b e  a p p r o p r i a t e  f o r  a n a ly z in g  t h e  a b i l i t y  o f  f l o o r  

t r a d e r s  t o  p r o f i t  from  t h e  t r a d i n g  m odel.  A s e c o n d  s i t u a t i o n  i s  d e v e lo p e d  

i n  teirms o f  t h e  f o l l o w i n g  r u l e .  Buy on an ’UP' s i g n a l  ( i n d i c a t e d  by  an 

a p p r o p r i a t e  Z -v a lu e )  and h o ld  t h e  i n v e s tm e n t  u n t i l  a  'DOWN' s i g n a l  i s  

g i v e n ,  a t  w h ich  t im e  s e l l  and  go s h o r t .  S e p a r a t e  l o n g  and  s h o r t  l o s s  

s h o u ld  b e  m a in ta in e d  t o  i n d i c a t e  w h e th e r  t h e  r u l e  i s  s u p e r i o r  i n  o n e  o r

l^ T h e  d i s t r i b u t i o n s  w ou ld  have  e q u a l  s t a n d a r d  d e v i a t i o n s  i f  t h e  
l i n e a r  d i s c r i m i n a n t  f u n c t i o n  i s  u se d  and e q u a l  s t a n d a r d  d e v i a t i o n s  f o r  
a  n o n - l i n e a r  f o r m u la t io n .
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b o t h  o f  t h e s e  c a t e g o r i e s . The p r e c e e d i n g  r u l e  w ou ld  b e  p r o f i t a b l e

( a t  l e a s t  b e f o r e  com m iss ions)  i f  t h e r e  a r e  few 'w h ip - s a w '  e v e n t s ,  i f

t h e  model i s  a b l e  to  p r e d i c t  f u t u r e  l a r g e  m a rk e t  m oves, a n d / o r  i f  t r e n d s

12i n  t h e  m ark e t  a r e  i d e n t i f i e d  by t h e  buy and  s e l l  s i g n a l s .  To concen ­

t r a t e  on l o n g e r  te rm  t r e n d s  and t o  e l i m i n a t e  some o f  t h e  'w h ip - s a w '  

e f f e c t s  a  t h i r d ,  and s t r i c t e r  t r a d i n g  m odel r e q u i r i n g  two v e r i f i c a t i o n s  

o f  t h e  m ark e t  movement i s  u t i l i z e d .  H e re ,  a  buy t r a n s a c t i o n  i s  i n i t i a t e d  

a f t e r  two c o n s e c u t iv e ^ ^  'UP' s i g n a l s  a r e  g i v e n ,  and  t h e  i n v e s tm e n t  i s  

t e r m in a t e d  (a n d  a s h o r t  p o s i t i o n  t a k e n )  when two c o n s e c u t iv e  s e l l  s i g n a l s  

a r e  p ro d u c e d .

I f  t h e  above r u l e s  a r e  p r o f i t a b l e  b e f o r e  co m m iss io n s ,  t h e n  t h e  

a f t e r  com m iss ion  r e s u l t s  s h o u ld  b e  exam ined  f o r  p r o f i t a b i l i t y  and  con­

s i s t e n c y  t o  d e te r m i n e  i f  t h e  m ark e t  i s  e f f i c i e n t .

The n e x t  c h a p t e r  p r e s e n t s  t h e  r e s u l t s  o f  t h e  i n v e s t i g a t i o n  o u t ­

l i n e d  a b o v e .  A summary o f  t h e  s e q u e n c e  o f  t h e  p r o c e d u r e  f o l l o w s :

A) B u l l - B e a r  M arke t A n a ly s i s  :

1 . s t a t i s t i c a l  s i g n i f i c a n c e  t e s t s  f o r  g roup  mean d i f f e r e n c e s ;

2 . c l a s s i f i c a t i o n  r e s u l t s ,  o r i g i n a l  d a t a ;

3. c l a s s i f i c a t i o n  r e s u l t s ,  s u b s e q u e n t  m a rk e t  p e r i o d s ;

L o g i c a l l y ,  a  t r a d i n g  r u l e  d e v e lo p e d  i n  a  b u l l - m a r k e t  s i t u a t i o n  
s h o u ld  p r o v id e  s u p e r i o r  buy s i g n a l s  ( a t  l e a s t  i n  a  c o n t i n u i n g  b u l l  m a r k e t ) ;  
t h e  a b i l i t y  o f  t h e  r u l e  t o  p r o v id e  a c c u r a t e  s e l l  s i g n a l s  i s  more d o u b t f u l .

^ ^ Z - v a lu e s  f a l l i n g  b e tw een  t h e  e x t r e m e s  a r e  n e u t r a l .  N o te  t h a t  
t r e n d s  i n  t h e  d a t a  t h a t  a r e  i n d i c a t e d  by t h e  model a r e  n o t  p o i n t e d  o u t  
i n  t h e  c l a s s i f i c a t i o n  p r o c e s s .  T h us ,  i n v e s t i g a t i n g  t h e  p o s s i b i l i t y  t h a t  
t h e  MDA model i s  a b l e  to  p o i n t  o u t  p s y c h o l o g i c a l  t r e n d s  (moods) i s  one  
more r e a s o n  t o  s tu d y  t h e  t r a d i n g  model a s  w e l l  a s  t h e  c l a s s i f i c a t i o n  
r e s u l t s .

^ % e r e  c o n s e c u t iv e  means two s i g n a l s  o f  one  ty p e  o c c u r i n g  w i t h o u t  
an i n t e r v e n i n g  o p p o s i t e  s i g n a l .  A 'n o  t r a n s a c t i o n '  s i g n a l  (a  Z -v a lu e  
b e tw e en  t h e  b u y  and s e l l  Z - v a lu e s )  may o c c u r  b e tw e en  two buy o r  s e l l  
i n d i c a t o r s .
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B) E x a m in a t io n  o f  s t a t i o n a r i t y  o f  d a t a

C) S t a t i o n a r y  t im e  p e r i o d  m ark e t  a n a l y s i s :

1 .  S t a t i s t i c a l  s i g n i f i c a n c e  t e s t s  f o r  group mean d i f f e r e n c e s ;

2 . c l a s s i f i c a t i o n  r e s u l t s ,  o r i g i n a l  d a t a ;

3. c l a s s i f i c a t i o n  r e s u l t s ,  s u b s e q u e n t  p e r i o d s ;

D) E x a m in a t io n  o f  t h e  d i s c r e t e n e s s  o f  t h e  p r i c e  r e l a t i v e s

E) D evelopm ent o f  T ra d in g  R ules

1 . B e fo re  and  a f t e r  com m issions t e s t s

2 .  E x p e r im e n ta t i o n  w i t h  v a r i o u s  c u t o f f  Z - v a lu e s



CHAPTER V

EMPIRICAL RESULTS

The p r e v i o u s  f i v e  c h a p t e r s  fo rm  t h e  t h e o r e t i c a l  f o u n d a t io n  f o r  

t h e  u t i l i z a t i o n  o f  a  m u l t i p l e - d i s c r i m i n a n t  a n a l y s i s  a p p ro a c h  t o  i n v e s t i ­

g a t e  e m p i r i c a l l y  t e c h n i c a l  i n d i c a t o r s .  C h a p te r  I I  p r e s e n t s  a  r e v ie w  o f  

e f f i c i e n t  m a rk e t  t h e o r y  and p r e v i o u s  i n v e s t i g a t i o n s  o f  t e c h n i c a l  i n d i c a ­

t o r s ;  C h a p te r  I I I  d e t a i l s  t h e  m u l t i p l e  d i s c r i m i n a n t  a n a l y s i s  m odel;  and 

C h a p te r  IV d e s c r i b e s  t h e  m ethodology  o f  t h e  p r e s e n t  s t u d y .  I n  t h i s  

c h a p t e r  t h e  m u l t i p l e - d i s c r i m i n a n t  a n a l y s i s  model i s  a p p l i e d  t o  v a r i o u s  

d a t a  s e t s  o f  d a i l y  t e c h n i c a l  i n d i c a t o r s ,  and  t h e  r e s u l t s  a r e  d e s c r i b e d  

and  a n a ly z e d .

B u l l -  and  B e a r -M a rk e t  R e s u l t s  

E m ploy ing  t h e  t e c h n i c a l  v a r i a b l e s  d i s c u s s e d  i n  C h a p te r  IV , t h e  

m u l t i v a r i a t e - d i s c r i m i n a n t  m odel ,  and  t h e  5 0 - b e s t  and  5 0 - w o r s t  d a i l y  p r i c e  

r e l a t i v e s  f o r  e a c h  b u l l -  and  b e a r - m a r k e t  p e r i o d  ( t h e  t im e  p e r i o d  o f  e a c h  

m ark e t  i s  i d e n t i f i e d  i n  T a b le  I V - 1 ) , t h e  two g roup  s t a t i s t i c a l  and  

c l a s s i f i c a t i o n  d i s c r i m i n a n t  a n a l y s i s  r e s u l t s  a r e  o b t a i n e d  f o r  e a c h  m ark e t  

p e r i o d .  To d e te r m in e  w h e th e r  o r  n o t  a  s t a t i s t i c a l  d i f f e r e n c e  e x i s t s  

be tw e en  t h e  50—b e s t  an d  5 0 -w o rs t  d a i l y  p r i c e  r e l a t i v e s  f o r  e a c h  p e r i o d ,  

t h e  g roup  means a r e  com pared. A s t a t i s t i c a l l y  s i g n i f i c a n t  d i f f e r e n c e  

b e tw een  g roup  means i n d i c a t e s  t h a t  t h e  c h a r a c t e r i s t i c s  o f  t h e  t e c h n i c a l
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v a r i a b le s  s u b s e q u e n t  to  'U P ' days a r e  s i g n i f i c a n t l y  d i f f e r e n t  from  th e  

v a r i a b l e  c h a r a c t e r i s t i c s  r e l a t e d  to  s u b s e q u e n t  'DOWN' days

O r ig in a l  D ata

T a b le  V-1 p r e s e n t s  th e  s i g n i f i c a n c e  l e v e l s  f o r  th e  s t a t i s t i c a l  

d i f f e r e n c e s  b e tw een  g roup  means f o r  b o th  t h e  R e g u la r  and P e r c e n ta g e  v a r i ­

a b le  s e t s  f o r  e a c h  m ark e t p e r io d .  The t a b l e  a l s o  shows th e  s i g n i f i c a n c e  

l e v e l s  b e f o r e  and  a f t e r  th e  co m p le te  s te p w is e  p r o c e d u r e .  The r e s u l t s

show t h a t  th e  s i g n i f i c a n c e  l e v e l  i s  s u b s t a n t i a l l y  re d u c e d  by  u s in g  th e

2
co m p le te  s te p w is e  s e t  i n  p la c e  o f  th e  f u l l  s e t .  The t a b l e  a l s o  shows 

t h a t  a l l  v a r i a b l e  s e t s  e x c e p t one a r e  s t a t i s t i c a l l y  s i g n i f i c a n t  a t  t h e  

5 p e rc e n t  l e v e l  a f t e r  t h e  co m p le te  s te p w is e  p ro c e d u re  i s  em ployed . M ore­

o v e r ,  even when th e  f u l l  s e t  o f  v a r i a b l e s  i s  em ployed , o n ly  one o f  t h e  

R e g u la r  s e t s  i s  n o t  s i g n i f i c a n t  a t  th e  5 p e r c e n t  l e v e l .  F i n a l l y ,  th e  

R e g u la r  s e t  o f  v a r i a b l e s  h as  a  s m a l le r  s i g n i f i c a n c e  l e v e l  th a n  th e  

P e rc e n ta g e  s e t  f o r  m ost a l l  th e  c a s e s  exam in ed .

S in c e  th e  sam p le  s i z e  a f f e c t s  t h e  s i g n i f i c a n c e  r e s u l t s  ( l a r g e r  

sam ple  s i z e s  may p r o v id e  s t a t i s t i c a l l y  s i g n i f i c a n t  d i f f e r e n c e s  b e tw een  

g ro u p s  when no  r e a l  d i f f e r e n c e  e x i s t s ) , t h e  p r a c t i c a l  s i g n i f i c a n c e  o f  t h e  

d i s c r im in a n t  f u n c t io n  i s  d e te rm in e d  by  c l a s s i f y i n g  th e  d a ta  i n t o  g ro u p s .

1R e c a l l  t h a t  th e  t e c h n i c a l  d a ta  a r e  la g g e d  one d a y . T hus, t h e  
t e c h n i c a l  d a t a  a t  tim e  t  a r e  r e l a t e d  to  t h e  p r i c e  in d e x  a t  t  + 1 .

2
R e c a l l  t h a t  th e  c r i t e r i o n  to  d e te rm in e  th e  optim um  num ber o f  

v a r i a b l e s  f o r  a c o m p le te  s te p w is e  a n a ly s i s  i s  to  d e te rm in e  when th e  
d e c re a s e  in  d i s c r im in a t in g  pow er from  th e  t o t a l  v a r i a b l e  s e t  i s  s t i l l  
s i g n i f i c a n t  a t  th e  99 p e rc e n t  l e v e l .  T h is  c r i t e r i o n  e l im in a te s  i n s i g ­
n i f i c a n t  v a r i a b l e s  and  h as  m inor e f f e c t s  on t h e  c l a s s i f i c a t i o n  r e s u l t s .  
The r e d u c t io n  i n  t h e  s ig n i f i c a n c e  l e v e l s  d e p ic t e d  i n  T ab le  V-1 shows t h e  
d u a l e f f e c t  o f  e l im in a t in g  i n s i g n i f i c a n t  v a r i a b l e s ,  v i a  th e  c o n ç le te  
s te p w is e  te c h n iq u e ,  and in c r e a s in g  th e  d e g re e s  o f  freedom .



TABLE V-1

STATISTICAL SIGNIFICANCE LEVELS FOR THE 
DIFFERENCES BETWEEN GROUP MEANS FOR 

BULL AND BEAR MARKET PERIODS

M arket
P e r io d

V a r ia b le
S e t

F u l l  S e t C om plete S te p w is e  S e t
S ig n i f i c a n c e  

L e v e l P e r c e n ta g e
Numb e r  

V a r ia b le s
S i g n i f i c a n c e  

L e v e l P e r c e n ta g e

1961 R e g u la r 3 .5 2 6 .1 2 8
B u ll P e rc e n ta g e 6 .8 4 7 1 .0 3 7

1962 R e g u la r 2 .8 5 8 .3 3 3
B ear P e r c e n ta g e 9 .3 3 7 2 .6 1 0

1962-66 R e g u la r 1 2 .3 9 6 . 665
B u ll P e r c e n ta g e 1 4 .8 0 5 .7 0 5

1966 R e g u la r .0439 8 .00282
B ear P e r c e n ta g e .3 7 0 7 .02 7 6

1966-68 R e g u la r .182 9 .0 3 3 5
B u l l P e r c e n ta g e 4 0 .6 0 5 5 .0 7 3

1968 -70 R e g u la r .0122 8 .000745
B ear P e r c e n ta g e .00427 7 .000226

1970 -73 R e g u la r .000136 8 .00000350
B u ll P e r c e n ta g e .0 9 0 1 6 1 .1 5 5

«sj
•v j
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T a b le s  V-2 and  V -3  p r e s e n t  th e  b e s t  and  w o r s t  c l a s s i f i c a t i o n  r e s u l t s  

among a l l  t h e  m ark e t p e r io d s  f o r  t h e  R e g u la r  and  P e rc e n ta g e  v a r i a b l e  

s e t s .  B oth  l i n e a r  and q u a d r a t i c  r e s u l t s  a r e  p r e s e n te d  f o r  c o m p a ra tiv e  

p u r p o s e s .  A ls o , th e  r e s u l t s  o f  B ox ’s t e x t  o f  v a r i a n c e - c o v a r ia n c e  m a tr ix  

e q u a l i t y  a r e  g iv e n .

F o r  th e  R e g u la r  v a r i a b l e  s e t  t h e  b e s t  c l a s s i f i c a t i o n  r e s u l t s  f o r  

t h e  1966 b e a r  m a rk e t o c c u r s  w i th  t h e  q u a d r a t i c  r u l e ,  w h ich  m i s c l a s s i f i e s  

16 p e r c e n t  o f  t h e  o b s e r v a t io n s  v e r s u s  27 p e r c e n t  f o r  t h e  l i n e a r  r u l e .

F o r th e  p e r c e n ta g e  v a r i a b l e  s e t  t h e  q u a d r a t i c  r u l e  a l s o  p r o v id e s  t h e  b e s t  

r e s u l t s  by m i s c l a s s i f y i n g  20 p e r c e n t  o f  th e  p r i c e  r e l a t i v e s  v e r s u s  29 

p e r c e n t  f o r  t h e  l i n e a r  r u l e .  The w o r s t  c l a s s i f i c a t i o n  r e s u l t s  f o r  th e  

R e g u la r  v a r i a b l e  s e t  o c c u r  in  th e  1962 -66  b u l l  m ark e t p e r io d ,  w here  th e  

q u a d r a t i c  r u l e  m i s c l a s s i f i e s  29 p e r c e n t  and th e  l i n e a r  r u l e  35 p e r c e n t .  

The w o rs t  c l a s s i f i c a t i o n  r e s u l t s  f o r  th e  p e r c e n ta g e  v a r i a b l e s  s e t  o c c u rs  

i n  th e  1962 b e a r  m a rk e t w h ere  t h e  q u a d r a t i c  r u l e  m i s c l a s s i f i e s  29 p e r c e n t  

o f  th e  o b s e r v a t io n s  v e r s u s  33 p e r c e n t  f o r  th e  l i n e a r  r u l e .  The s u p e r i ­

o r i t y  o f  th e  q u a d r a t i c  m ethod o v e r  th e  l i n e a r  r u l e  i s  c o n firm e d  i n  e a ch  

c a s e  by  th e  Box t e s t  r e s u l t s  t h a t  show th e  v a r i a n c e - c o v a r ia n c e  m a t r ic e s  

a r e  n o t  e q u a l .

T a b le  V-4 p r e s e n t s  th e  c o m p le te  r e s u l t s  o f  t h e  m i s c l a s s i f i c a t i o n  

r a t e s  and  d i s p e r s io n  t e s t s  f o r  th e  l i n e a r  and  q u a d r a t i c  sch em es, f o r  e a c h  

tim e  p e r i o d ,  f o r  th e  two v a r i a b l e  s e t s ,  and  f o r  th e  f u l l  and c o m p le te  

s te p w is e  v a r i a b l e  s e t s .  T ab le  V -4 , w i th  T a b le  V-2 and V -3 , show t h a t ,  

i n  g e n e r a l ,  t h e  q u a d r a t i c  r u l e  i s  p r e f e r a b l e  t o  th e  l i n e a r  f u n c t io n ,  

s in c e  t h e  d i s p e r s io n  t e s t  i s  s i g n i f i c a n t  a t  t h e  5 p e r c e n t  l e v e l  f o r  a l l



TABLE V-2

BEST CLASSIFICATION RESULTS FOR FULL VARIABLE SET: 
REGULAR AND PERCENTAGE VARIABLES 

BULL AND BEAR MARKETS

Regular Set For 1966 Bear Market
Quadratic Predicted Groupings Linear Predicted Groupings

Up Down Total Up Down Total
Actual
Groupings

up 36 14 50 
down 2 48 50

up 35 15 
down 12 38

50
50

Total 38 62 100 Total 47 53 100
16 percent misclassified 27 percent misclassified
F-test of Dispersion matrix equality rejected at the 0.0 percent level.

Percentage Set For 1966 Bear Market
Quadratic Predicted Groupings Linear Predicted Groupings

Up Down Total Up Down Total
Actual
Groupings

up 35 15 50 
down 5 45 50

up 32 18 
down . 11 39

50
50

Total 40 60 100 Total 43 57 100
20 percent misclassified 29 percent misclassified
F-test of Dispersion matrix equality rejected at the 0.0 percent level.
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TABLE V-3

WORST CLASSIFICATION RESULTS FOR FULL VARIABLE SET: 
REGULAR AND PERCENTAGE VARIABLES 

BULL AND BEAH MARKETS

Regular Set For 1962-66 Bull Market
Quadratic Predicted Groupings Linear Predicted Groupings

Up Down Total Up Down Total
Actual
Groupings

up 44 6 50 
down 23 27 50

up 31 19 
down 16 34

50
50

Total 67 33 100 Total 47 53 100
29 percent misclassified 35 percent misclassified
F-test of Dispersion matrix equality rejected at the 0.0 percent level.

Percentage Set For 1962 Bear Market
Quadratic Predicted Groupings Linear Predicted Groupings

Up Down Total Up Down Total
Actual
Groupings

up 28 22 50 
down 7 43 50

up 36 14 
down 19 31

50
50

Total 35 65 100 Total 55 45 100
29 percent misclassified 33 percent misclassified
F-test of Dispersion matrix equality rejected at the 0.0 percent level.

00o



TABLE V-4

MISCLASSIFICATION RATES AND DISPERSION TEST RESULTS 
FOR BULL AND BEAR MARKETS: 50 BEST, 50 WORST

ORIGINAL OBSERVATIONS

M arket
P e r io d

V ariab le
S e t

FULL SET COMPLETE STEPWISE SET
Q u a d ra tic  
M lsc la s s . 

Rate P e rcen tag e

L in e a r  
M ls c la s s . 

R ate P e i"  u tag e

D isp e rs io n
T est

S ig n if ic a n c e  L evel

Q u a d ra tic  
M lsc la s s . 

R a te  P ercen tag e

L in e a r  
M ls c la s s . 

Rate P e rcen tag e

D isp e rs io n
T est

S ig n if ic a n c e  L evel

1961 R egular 18 29 12 .00 30 33 62.10
B u ll P ercen tag e 22 31 2 .49 26 31 1 .08

1962 R egular 23 30 0 .0 32 34 0 .0
Bear P e rcen tag e 29 33 0 .0 36 30 0 .0

1962-66 R egu la r 29 35 0 .0 31 34 . 209E-10
B u ll P ercen tag e 27 30 0 .0 49* 30 0 .0

1966 R egular 16 27 0 .0 21 21 2 .6 3
Bear P e rcen tag e 20 29 0 .0 23 30 .00000187

1966-68 R egular 23 25 0 .0 22 26 .0000528
B u ll P e rcen tag e 28 35 0 .0 33 36 .230

1968-70 R egular 22 25 .000794 21 27 4 .68
Bear P e rcen tag e 13 26 .000727 24 24 .0155

1970-73 R egular 22 27 0 .0 25 24 .219E-10
B ull P ercen tag e 30 27 0 .0 43* 32 0 .0

N ote: a i l  u n s ta r r e d  (*) l a l s c la a s l f l c a t l o n  x a te a  a re  s t a t i s t i c a l l y  s i g n i f i c a n t  a t  th e  .0 0 5  l e v e l .
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b u t  one c a s e ,  and s in c e  th e  m i s c l a s s i f i c a t i o n  r a t e s  f o r  t h e  q u a d r a t i c  

r u l e  a r e  s m a l l e r  th a n  th o s e  p ro v id e d  by th e  l i n e a r  r u l e . ^  The r e s u l t s  

o f  T a b le  V-4 a l s o  show t h a t  th e  R e g u la r  v a r i a b l e  s e t s  a r e  c o n s i s t e n t l y  

s u p e r i o r  t o  t h e  P e rc e n ta g e  s e t s .

A d d i t io n a l  a n a ly s i s  o f  T a b le  V-4 p r o v id e s  f u r t h e r  i n t e r e s t i n g  

i n s i g h t s .  F o r ex am p le , c o m p a riso n s  o f  th e  l i n e a r  m i s c l a s s i f i c a t i o n  r a t e s  

b e f o r e  and  a f t e r  t h e  co m p le te  s te p w is e  p ro c e d u re  show t h a t  i n  some c a s e s  

an  i n c r e a s e  i n  th e  m i s c l a s s i f i c a t i o n  r a t e s  e x i s t s  f o r  t h e  s te p w is e  p r o ­

c e d u re ,  w h i le  i n  o t h e r  c a s e s  a  d e c r e a s e  i s  found  i n  t h e  r a t e  o f  m is c la s ­

s i f i c a t i o n .  The c a s e s  h a v in g  a  d e c r e a s e  in  th e  m i s c l a s s i f i c a t i o n  r a t e  

from  th e  f u l l  t o  t h e  s te p w is e  v a r i a b l e  s e t s  a r e  p ro b a b ly  a t t r i b u t a b l e  t o  

th e  e l i m i n a t i o n  o f  i n s i g n i f i c a n t  v a r i a b l e  s e t s  from  th e  f u n c t io n .  I n  th e  

f u l l  v a r i a b l e  s e t  su c h  i n s i g n i f i c a n t  v a r i a b l e s  may a c t u a l l y  re d u c e  th e  

am ount o f  u s e a b le  in f o r m a t io n  in  th e  d a t a ,  a l lo w in g  th e  e l i m i n a t i o n  o f  

su c h  v a r i a b l e s  i n  th e  s te p w is e  p r o c e s s  to  p ro v id e  s u p e r i o r  c l a s s i f i c a t i o n  

r e s u l t s .

On th e  o th e r  h a n d . T a b le  V-4 shows t h a t  t h e r e  a r e  s e v e r a l  s i t u a ­

t i o n s  w h ere  th e  l i n e a r  m i s c l a s s i f i c a t i o n  r a t e  o f  th e  f u l l  v a r i a b l e  s e t  i s  

l e s s  th a n  th e  r a t e  o f  th e  s te p w is e  v a r i a b l e  s e t .  T hese  c a s e s  s u g g e s t  

t h a t  a  l o s s  o f  in fo rm a t io n  h a s  o c c u r r e d  when th e  v a r i a b l e  s e t  i s  r e d u c e d .^

% o te  t h a t  th e  d i s p e r s i o n - t e s t  s i g n i f i c a n c e  l e v e l  r i s e s  from  th e  
f u l l  s e t  to  th e  c o m p le te  s te p w is e  s e t ,  i n d i c a t i n g  t h a t  t h e  t e s t  i s  
s e n s i t i v e  to  th e  num ber o f  v a r i a b l e s .

^ In  o n ly  one c a se  f o r  t h e  f u l l  v a r i a b l e  s e t s  i s  t h e  l i n e a r  c a s e  
s u p e r i o r .

^ R e c a l l  t h a t  th e  s e l e c t i o n  o f  th e  v a r i a b l e  s e t  ig n o r e s  t h e  e f f e c t s  
on th e  m i s c l a s s i f i c a t i o n  r a t e  and  c o n c e n t r a te s  on th e  F - v a lu e .  The 
F -v a lu e  m e a su res  th e  r a t i o  o f  th e  b e tw een  group v a r i a t i o n  to  t h e  w i t h in  
group v a r i a t i o n .  C e r ta in  ty p e s  o f  d a ta  m en tio n e d  below  may re d u c e  th e  
F -v a lu e  o n ly  s l i g h t l y ,  b u t g r e a t l y  a f f e c t  c l a s s i f i c a t i o n .  M oreo v er, th e
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Two p o s s i b l e  e x p la n a t io n s  may a c c o u n t  f o r  t h i s  l o s s  i n  in f o r m a t io n .

F i r s t  m u l t i c o l l i n e a r i t y  t h a t  a id e d  d i s c r i m i n a t i o n  i n  t h e  f u l l  s e t  i s  

red u ced  o r  e l im in a te d  when a  v a r i a b l e  i s  dropped from th e  f u n c t i o n .

S e c o n d , th e  l i n e a r  f o r m u la t io n  does n o t  n e c e s s a r i l y  m in im iz e  t h e  l i n e a r  

m i s c l a s s i f i c a t i o n  r a t e  when th e  q u a d r a t i c  fo rm u la t io n  i s  a p p r o p r i a t e .  In  

t h i s  c a s e ,  th e  l i n e a r  r e s u l t s  i n  a  c o m p le te  s te p w is e  p r o c e d u re  a r e  b i a s e d  

upw ard from  th e  t r u e  minimum m i s c l a s s i f i c a t i o n  r a t e . ^

A n o th e r i n t e r e s t i n g  i n s i g h t  i s  a v a i l a b l e  i n  T a b le  V -4 . C om pari­

s o n s  o f  t h e  q u a d r a t ic  r e s u l t s  b e f o r e  an d  a f t e r  th e  c o m p le te  s te p w is e  

p r o c e s s  r e v e a l  s e v e r a l  c a s e s  o f  m o d e ra te  t o  s u b s t a n t i a l  i n c r e a s e s  i n  t h e  

m i s c l a s s i f i c a t i o n  r a t e .  H ow ever, th e  i n c r e a s e s  i n  t h e  m i s c l a s s i f i c a t i o n  

r a t e s  f o r  th e  q u a d r a t i c  r u l e s  a f t e r  th e  s te p w is e  p r o c e s s  a r e  n o t  to o  s u r ­

p r i s i n g  in  t h a t  th e  s te p w is e  p r o c e d u re  i s  l i n e a r  i n  n a t u r e .  In  o t h e r  

w o rd s , t h e  s te p w is e  p r o c e s s  m ax im izes a  l i n e a r  F - r a t i o  i n s t e a d  o f  a 

q u a d r a t i c  r a t i o ,  w h ich  may i n c r e a s e  t h e  q u a d r a t i c  m i s c l a s s i f i c a t i o n  r a t e . ^  

I n  a d d i t i o n ,  th e  u s e  o f  th e  l i n e a r  F - r a t i o  com bined w i th  t h e  99 p e r c e n t  

s i g n i f i c a n c e  l e v e l  u se d  to  c h o se  th e  v a r i a b l e  s e t  and  t h e  n u n b e r  o f  

v a r i a b l e s  i n  th e  s e t  may h a v e  u n d e s i r a b le  e f f e c t s  on  t h e  q u a d r a t i c

F - v a lu e s  a r e  n o t  c o m p arab le  from  one s e t  s i z e  to  a n o th e r ,  s i n c e  th e  
d e g re e s  o f  freedom  c h a n g e . T h e r e f o r e ,  t h e  p e rc e n ta g e  s i g n i f i c a n c e  l e v e l s  
s h o u ld  b e  com pared . H ow ever, t h e  s i g n i f i c a n c e  l e v e l s  a r e  n o t  s t r i c t l y  
c o m p a rab le  when th e  d i f f e r e n c e s  a r e  r e l a t i v e l y  s m a l l , s i n c e  ro u n d in g  
e r r o r s  and  changes i n  d e g re e s  o f  fre e d o m  a ls o  c o n t r i b u t e  to  t h e  change  
i n  s i g n i f i c a n c e  v a lu e s .  The e f f e c t s  on c l a s s i f i c a t i o n  o f  c h a n g e s  i n  
d e g re e s  o f  freedom  and  s i g n i f i c a n c e  l e v e l s  i s  unknown.

^The c o n d i t io n s  when t h i s  b i a s  co u ld  be  s i g n i f i c a n t  a r e  unknown,

^ U n fo r tu n a te ly ,  n o n - l i n e a r  F - t e s t s  and n o n - l i n e a r  s te p w is e  
o p t io n s  a r e  n o t  a v a i l a b l e .
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m i s c l a s s i f i c a t i o n  r a t e .  F i n a l l y ,  th e  l i n e a r  s te p w is e  p ro c e d u re  may

a c t u a l l y  re d u c e  m u l t i c o l l i n e a r i t y  t h a t  i s  b e n e f i c i a l  t o  q u a d r a t i c  c l a s s i ­

f i c a t i o n .

T h u s, s e v e r a l  r e a s o n s  may e x p la in  why t h e  l i n e a r  s te p w is e  p r o ­

c e d u re  t h e o r e t i c a l l y  may c r e a t e  i n f e r i o r  c l a s s i f i c a t i o n  r e s u l t s  when th e  

f i n a l  s e t  o f  v a r i a b l e s  s e l e c t e d  by th e  l i n e a r  s te p w is e  p r o c e d u re  i s  a p p l i e d
9

to  a  q u a d r a t i c  c l a s s i f i c a t i o n  r u l e .  H ow ever, T a b le  V-4 show s t h a t  i n  

m ost c a s e s ,  even  a f t e r  t h e  s te p w is e  p r o c e d u r e ,  t h e  q u a d r a t ic  c l a s s i f i c a ­

t i o n s  a r e  s t i l l  s u p e r i o r  t o  th e  l i n e a r  r e s u l t s .  M oreover, o n ly  a  few  

s i t u a t i o n s  e x i s t  w h e re in  t h e  q u a d r a t i c  m i s c l a s s i f i c a t i o n s  a r e  s u b s t a n t i a l l y  

i n c r e a s e d  a f t e r  th e  s te p w is e  p ro c e d u r e .

In  summ ary. T a b le  V-4 shows t h a t  t h e  q u a d r a t i c  f u n c t i o n  c o n s i s ­

t e n t l y  o u tp e rfo rm s  th e  l i n e a r  fo rm u la t io n  b o th  b e f o r e  and a f t e r  t h e  

c o m p le te  s te p w is e  m eth o d . l a  a d d i t i o n ,  t h e  c o m p le te  s te p w is e  m ethod i s  

t h e o r e t e i c a l l y  j u s t i f i a b l e  i f  one w ish e s  t o  r e d u c e  th e  v a r i a b l e  s i z e  o f  

th e  f u n c t io n .  E m p i r i c a l ly ,  ::he l i n e a r  s te p w is e  p ro c e d u re  h a s  l i t t l e  

e f f e c t  on th e  l i n e a r  m i s c l a s s i f i c a t i o n  r a t e .  The l i n e a r  s te p w is e  e f f e c t  

on t h e  q u a d r a t i c  r a t e  i s  m o d e ra te ly  g r e a t e r  th a n  on th e  l i n e a r  r a t e  b u t  

th e  q u a d r a t i c  p ro c e d u re  s t i l l  i s  g e n e r a l ly  s u p e r i o r  to  th e  l i n e a r  

t e c h n iq u e .

Q
In  t h i s  c a s e ,  t h e  99 p e r c e n t  s i g n i f i c a n c e  l e v e l  i s  d e te rm in e d  

by com paring  th e  l i n e a r  F - r a t i o s  o f  th e  f u l l  v a r i a b l e  s e t  w i th  e a ch  
s u b s e q u e n t  s m a l le r  v a r i a b l e  s e t  in  th e  c o m p le te  s te p w is e  p r o c e s s .  T hus, 
th e  s i z e  o f  th e  'o p t i m a l '  v a r i a b l e  s e t ,  a s  w e l l  a s  t h e  v a r i a b l e s  s e l e c t e d ,  
a r e  in f lu e n c e d  by th e  l i n e a r  F - v a lu e s .

^The r e l a t i v e  e f f e c t  o f  th e  l i n e a r  s te p w is e  te c h n iq u e  on t h e  
q u a d r a t i c  r e s u l t s  can b e  n o te d  by r e f l e c t i n g  t h a t  o n ly  one v a r i a b l e  s e t  
and  m ark e t p e r io d  g iv e s  s u p e r i o r  l i n e a r  r e s u l t s  b e f o r e  t h e  s te p w is e  p r o ­
c e s s ,  w h i le  t h r e e  a r e  s u p e r i o r  a f t e r w a r d s .
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C l a s s i f y in g  o th e r  o b s e r v a t io n s

S in c e  T ab le  V-4 show s t h a t  th e  5 0 - b e s t  and  5 0 -w o rs t  o b s e r v a t io n s  

from  th e  b u l l  and b e a r  m a rk e ts  can  b e  s u c c e s s f u l l y  c l a s s i f i e d  by  th e  

MDA m odel ( a s  com pared t o  a  chance  m o d e l) , i t  a p p e a rs  t h a t  c l a s s i f i c a t i o n  

d e p e n d e n c ie s  do e x i s t .  H ow ever, th e s e  r e s u l t s  p r o v id e  l i t t l e  in fo r m a t io n  

c o n c e rn in g  th e  o v e r a l l  p r e d i c t i v e  a b i l i t y  o f  th e  MDA m o d e l . T a b l e  V-5 

and V-6 p r e s e n t  th e  c l a s s i f i c a t i o n  r e s u l t s  f o r  th e  e n t i r e  d a t a  s e t  ( i . e .  

a l l  S ta n d a rd  and  P o o r 's  In d e x  v a lu e s ,  n o t  j u s t  t h e  b e s t  and  w o r s t )  f o r  

e a ch  m ark e t p e r io d  b a s e d  on d i s c r im in a n t  f u n c t io n  r u l e s  fo rm ed  from  th e  

5 0 - b e s t /5 0 - w o r s t  o b s e r v a t io n s .  T a b le  V-5 show s t h a t  q u a d r a t i c  m is c la s ­

s i f i c a t i o n  r a t e s  ra n g e  from  26 p e r c e n t  f o r  th e  1966 B ea r m a rk e t R e g u la r  

s e t  to  50 p e r c e n t  f o r  t h e  1962-66 B u ll  m a rk e t R e g u la r  s e t ,  w i th  e ig h t  o f  

th e  f o u r te e n  m i s c l a s s i f i c a t i o n  r a t e s  s t a t i s t i c a l l y  s i g n i f i c a n t  a t  th e  

.0 0 0 5  l e v e l .  S i m i l a r ly ,  T ab le  V-6 shows q u a d r a t i c  m i s c l a s s i f i c a t i o n  r a t e s  

o f  28 p e r c e n t  f o r  th e  1966 B ear m a rk e t P e r c e n ta g e  s e t  t o  57 p e r c e n t  f o r  

th e  1962-66  B u ll  m ark e t R e g u la r  s e t ,  w i th  s i x  o f  t h e  f o u r te e n  r a t e s  

s t a t i s t i c a l l y  s i g n i f i c a n t  a t  th e  .0 0 0 5  l e v e l . T h e  s h o r t e r - t i m e  p e r io d s

l^ R e c a l l  t h a t  t h e r e  i s  a  b i a s  when t h e  o r i g i n a l  o b s e r v a t io n s  a r e  
c l a s s i f i e d ,  th u s  new d a ta  m ust b e  em ployed  to  t e s t  th e  p r e d i c t i v e  a b i l i t y  
o f  t h e  f u n c t io n .

^ ^ S e v e ra l  c a s e s  e x i s t  in  T a b le s  V-5 and V-6 w here  t h e  l i n e a r  
m i s c l a s s i f i c a t i o n  r e s u l t s  a r e  s u p e r i o r  to  th e  q u a d r a t i c  r e s u l t s .  These 
s i t u a t i o n s  a r i s e  f o r  t h e  lo n g e r  m ark e t p e r i o d s .  T h is  e f f e c t  can  b e  
e x p la in e d  by com paring  th e  sam ple em ployed t o  g e n e ra te  th e  p a ra m e te rs  
o f  t h e  d i s c r im in a n t  f u n c t io n ,  w i th  th e  sam p le  w h ich  i s  s u b s e q u e n t ly  
c l a s s i f i e d .  The o r i g i n a l  sam ple i s  o b ta in e d  from  th e  5 0 - b e s t  5 0 -w o rs t 
o b s e r v a t io n s  o f  th e  p e r io d  i n  q u e s t io n .  When th e  t o t a l  sam p le  i s  
c l a s s i f i e d ,  th e  s i z e  o f  th e  r e s i d u a l  (m id d le )  g roup  b e tw e en  t h e  5 0 -b e s t  
5 0 -w o rs t  o b s e rv a t io n s  i s  e x tre m e ly  im p o r ta n t .  S in c e  th e  r e s i d u a l  group 
o f t e n  p o s s e s s e s  d i f f e r e n t  c h a r a c t e r i s t i c s  th a n  th e  o r i g i n a l  sa m p le , 
o b s e r v a t io n s  from  t h i s  g roup  a r e  m ore l i k e l y  to  b e  m i s c l a s s i f i e d .  The 
q u a d r a t i c  f u n c t io n  i s  m ore s e n s i t i v e  to  d i f f e r e n c e s  b e tw e en  t h e  two 
g ro u p s  s in c e  th e  q u a d r a t i c  p ro c e d u re  em ployes th e  i n d iv i d u a l  d i s p e r s io n  
m a t r ic e s  in  g e n e r a t in g  th e  f u n c t io n ,  w h i le  th e  l i n e a r  p ro c e d u re  u s e s  th e



TABLE V-5

MISCLASSIFICATION RATES FOR ALL OBSERVATIONS FOR 
BULL AND BEAR MARKETS : LINEAR AND QUADRATIC

FUNCTIONS, FULL VARIABLE SET
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M arket P e r io d
V a r ia b le

S e t

M i s c l a s s i f i c a t i o n  R a te s  
P e rc e n ta g e

L in e a r
A ll

O bserv

Q u a d ra tic
A ll

O bserv

1961 B u l l R e g u la r 40** 36*
P e r c e n ta g e 44 45

1962 B e a r R e g u la r 38** 32*
P e rc e n ta g e 39** 29*

1962 -66  B u l l R e g u la r 54 50
P e rc e n ta g e 46 41*

1966 B ea r R e g u la r 37** 26*
P e r c e n ta g e 32* 28*

1966-58  B u l l R e g u la r 44 47
P e rc e n ta g e 42** 48

1968-70  B e a r R e g u la r 40* 41*
P e r c e n ta g e 39* 37*

1970-73  B u l l R e g u la r 39* 49
P e rc e n ta g e 39* 43**

* S t a t i s t i c a l l y  s i g n i f i c a n t  a t  th e  .0005  l e v e l ,
** S t a t i s t i c a l l y  s i g n i f i c a n t  a t  th e  .005 l e v e l .
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TABLE V-6

CLASSIFICATION RESULTS OF ALL OBSERVATIONS FOR 
BULL AND BEAR MARKETS: LINEAR AND QUADRATIC

FUNCTIONS, COMPLETE STEPWISE SET

M arket P e r io d
V a r ia b le

S e t

M i s c l a s s i f i c a t i o n  R a te  
P e r c e n ta g e

L in e a r Q u a d ra tic

1961 B u l l R e g u la r 42 40**
P e r c e n ta g e 44 44

1962 B ea r R e g u la r 44 36*
P e r c e n ta g e 36* 32*

1962-66  B u l l R e g u la r 54 57
P e r c e n ta g e 46 38*

1966 B ea r R e g u la r 33* 31*
P e r c e n ta g e 33* 28*

1966-68  B u l l R e g u la r 43** 45
P e r c e n ta g e 42** 48

1968-70  B e a r R e g u la r 42** 42**
P e r c e n ta g e 38* 38*

1970-73  B u l l R e g u la r 39* 47
P e r c e n ta g e 43** 52

* S t a t i s t i c a l l y  s i g n i f i c a n t  a t  t h e  .0005  l e v e l .
** S t a t i s t i c a l l y  s i g n i f i c a n t  a t  th e  .0 0 5  l e v e l .
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p o s s e s  r e s p e c t i b l e  q u a d r a t i c  r a t e s  f o r  th e  F u l l  v a r i a b l e  s e t s  (26 p e r c e n t  

f o r  t h e  1966 B ea r m ark e t R e g u la r  s e t  t o  36 p e r c e n t  f o r  t h e  1961 B u l l  

m ark e t R e g u la r  v a r i a b l e  s e t )  w h i le  th e  m i s c l a s s i f i c a t i o n  r a t e s  becom e 

l a r g e  f o r  t h e  lo n g e r  p e r io d s  (41 p e r c e n t  f o r  t h e  196 8 -7 0  B e a r m ark e t 

R e g u la r  v a r i a b l e  s e t  to  50 p e r c e n t  f o r  th e  1 9 6 2 -66  B e a r m ark e t R e g u la r  

s e t ) .  The d e t e r i o r a t i o n  i n  r e s u l t s  f o r  lo n g e r  p e r io d s  may b e  a  f u n c t io n  

o f  t h e  n o n - s t a t i o n a r i t y  i n  th e  d i s c r im in a n t  e q u a t io n ,  b i a s  i n  r e g a r d  t o  

a  g r e a t e r  num ber o f  o b s e r v a t io n s  i n  th e  m id d le  g roup  a s  t h e  tim e  p e r io d  

i n c r e a s e s ,  o r  b o th .  T hese e f f e c t s  w i l l  b e  i n v e s t i g a t e d  s h o r t l y .

T a b le  V-7 shows th e  r e s u l t s  o f  c l a s s i f y i n g  t h e  5 0 - b e s t  and  

5 0 -w o rs t  o b s e r v a t io n s  o f  f u tu r e  m ark e t p e r i o d s ,  b a s e d  on  c l a s s i f i c a t i o n  

r u l e s  from  p r e v io u s  m ark e t p e r i o d s .  Only t h r e e  o f  t h e  tw e n ty - tw o  m is ­

c l a s s i f i c a t i o n  r a t e s  a r e  s t a t i s t i c a l l y  s i g n i f i c a n t  a t  t h e  .0 1  l e v e l .

T hus, T a b le  V-7 shows t h a t  th e  c l a s s i f i c a t i o n  r e s u l t s  a r e  p o o r ,  i n d i c a t ­

in g  c o n s id e r a b l e  n o n - s t a t i o n a r i t y  i n  th e  d a ta  o v e r  t im e .  The R e g u la r  

v a r i a b l e  s e t  i s  g e n e r a l l y  a b le  to  l i m i t  th e  m i s c l a s s i f i c a t i o n  r a t e  to  

a p p ro x im a te ly  40 p e r c e n t  when th e  f i r s t  t h r e e  m a rk e t p e r i o d  d i s c r im in a n t  

f u n c t io n s  a r e  n e e d e d  to  f o r e c a s t  th e  n e x t  p e r i o d 's  b e s t - w o r s t  o b s e r v a t io n s .  

H ow ever, t h e  o t h e r  r e s u l t s  a r e  i n f e r i o r  a n d /o r  i n c o n s i s t e n t .  T hus, 

a p p a r e n t ly  t h e  d a ta  a r e  s u b je c t  to  n o n - s t a t i o n a r i t y  b e tw e e n  d i f f e r e n t  

B u l l -B e a r  m a rk e t p e r i o d s ,  and o v e r  lo n g  p e r io d s  o f  t im e . How ever, su c h  

n o n - s t a t i o n a r i t y  e x h ib i t e d  o v e r  lo n g e r  p e r io d s  i s  n o t  u n r e a s o n a b le .  The 

n e x t  s e c t i o n  f u r t h e r  i n v e s t i g a t e s  th e  n o n - s t a t i o n a r i t y  c o n d i t io n .

p o o le d  m a t i r x .  T h e r e f o r e ,  th e  v e ry  c h a r a c t e r i s t i c s  t h a t  p r o v id e  t h e  
s u p e r i o r i t y  o f  th e  q u a d r a t i c  f u n c t io n  a l s o  w i l l  l i k e l y  re d u c e  th e  
e f f e c t i v e n e s s  o f  t h a t  r u l e  f o r  new d a ta  from  a  d i f f e r e n t  p o p u la t io n .  
T h is  s i t u a t i o n  o c c u rs  when a  v a r i a b l e  h a s  a  h ig h  v a r i a b i l i t y  i n  one 
g roup  and a  low  v a r i a b i l i t y  in  th e  o t h e r  g ro u p . C l a s s i f i c a t i o n  o f  new 
o b s e r v a t io n s  t h a t  l i e  be tw een  th e  two g ro u p s a r e  b i a s e d  to w ard  t h e  h ig h  
v a r i a b i l i t y  group b e c a u s e  o f  t h e  C h i- s q u a re  r u l e  f o r  g roup  m em bersh ip .
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TABLE V-7

CLASSIFICATION RESULTS FOR SUBSEQUENT BULL AND BEAR 
MARKET PERIODS BASED ON PREVIOUS MARKET PERIODS; 
BEST AND WORST OBSERVATIONS, QUADRATIC FUNCTION, 

COMPLETE STEPWISE SETS

O r ig in a l  D a ta  
M arke t P e r io d

V a r ia b le
S e t

C l a s s i f i e d
P e r io d

M i s c l a s s i f i c a t i o n  
R a te  P e r c e n ta g e

1961 B u l l R e g u la r 1962 B ear 44
1 9 6 2 -6 6  B u ll 51

P e rc e n ta g e 1962 B ear 49
1 9 6 2 -6 6  B u l l 46

1962 R e g u la r 196 2 -6 6  B u l l 41
1966 B ear 41

P e rc e n ta g e 1962-66  B u ll 36*
1966 B ea r 41

1962-66  B u l l R e g u la r 1966 B ea r 40
1 9 6 6 -68  B u ll 47

P e rc e n ta g e 1966 B ea r 52
1 9 6 6 -6 8  B u ll 48

1966 R e g u la r 1 9 6 6 -6 8  B u l l 55
1968 -70  B ear 43

P e rc e n ta g e 1 9 6 6 -6 8  B u ll 37*
1968 -70  B ear 42

1 9 6 6 -68  B u l l R e g u la r 1 9 6 8 -7 0  B ear 50
1 9 7 0 -7 3  B u ll 48

P e r c e n ta g e 1968 -70  B ear 41
1 9 7 0 -7 3  B u ll 38

1 96 8 -7 0  B ea r R e g u la r 1 9 7 0 -7 3  B u ll 50
P e rc e n ta g e 1 9 7 0 -7 3  B u ll 29*

* S t a t i s t i c a l l y  s i g n i f i c a n t  a t  th e  .0 1  l e v e l .
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S t a t i o n a r i t y  T e s ts  

C o m p a ra tiv e  c l a s s i f i c a t i o n  r e s u l t s  f o r  B u l l  and  B ea r m a rk e ts  

show t h a t  th e  MDA m odel i s  in a d e q u a te  a s  a  p r e d i c t i v e  d e v is e  f o r  p r i c e  

r e l a t i v e s  o v e r  d i f f e r e n t  k in d s  o f  m ark e t p e r i o d s .  In  a d d i t i o n ,  ev en  

be tw een  l ik e - m a r k e t  p e r io d s  th e  p r e d i c t i v e  r e s u l t s  a r e  p o o r ,  i n d i c a t i n g  

th e  d a ta  a r e  n o n s ta t io n a r y  f o r  th e  lo n g - p e r io d  c o m p a r iso n s . To i n v e s t i ­

g a te  t h e  p o s s i b i l i t y  t h a t  t h e  d i s c r im in a n t  f u n c t io n s  may b e  s t a t i o n a r y  

o v e r  s h o r t e r  t im e  p e r i o d s ,  co m p ariso n s  o f  t h e  m i s c l a s s i f i c a t i o n  r a t e s  may 

b e  made f o r  s e v e r a l  l e n g th s  o f  tim e  to  d e te rm in e  i f  a  s t a t i o n a r y  le n g th  

o f  tim e  i s  to  b e  found  w h e re in  th e  m i s c l a s s i f i c a t i o n  r a t e s  com pare 

f a v o r a b ly  w i th  t h e  o r i g i n a l  r a t e s .  F o r  su c h  c o m p ariso n s  to  b e  u s e f u l ,  

th e  m i s c l a s s i f i c a t i o n  r a t e s  f o r  th e  o r i g i n a l  d a ta  n e e d s  t o  b e  a d ju s te d  

to  e l im in a te  t h e  'b e s t  f i t '  b i a s  i n h e r e n t  i n  MDA. To a c c o m p lish  t h i s  

a d ju s tm e n t  th e  L ach en b ru ch  h o ld o u t  m ethod i s  em ployed . The L ach en b ru ch  

h o ld o u t  m ethod e l i m i n a te s  one o b s e r v a t io n  a t  a  t im e , o b ta in s  th e  p a r a ­

m e te rs  o f  t h e  d i s c r im in a n t  f u n c t io n  from  t h e  re m a in in g  o b s e r v a t io n s ,  and 

th e n  c l a s s i f i e s  th e  h o ld o u t  o b s e r v a t io n .  T h is  se q u en c e  i s  r e p e a te d  f o r

a l l  t h e  o b s e r v a t io n s ,  w h ich  e l im in a te s  t h e  ' b e s t - f i t '  b i a s .

12 13The 5 0 - b e s t  and  5 0 -w o rst o b s e r v a t io n s  o v e r  a  o n e -y e a r  p e r io d

a r e  u se d  t o  o b t a i n  t h e  p a ra m e te rs  o f  t h e  d i s c r im in a n t  f u n c t io n ,  and

s u b s e q u e n t d a ta  a r e  c l a s s i f i e d  a c c o rd in g  t o  th e s e  p a ra m e te r s .

12 The 5 0 -5 0  g ro u p in g  fo llo w s  th e  c o n c e p t  t h a t  t h e  m ost im p o r ta n t  
o b s e r v a t io n s  f o r  p r e d i c t i o n  p u rp o se s  a r e  th o s e  w i th  l a r g e  p r i c e  c h a n g e s , 
w h i le  s m a l l  p r i c e  changes a re  r e l a t i v e l y  u n im p o r ta n t  to  th e  t r a d e r .

^ ^ D a ta  f o r  one  y e a r  i s  a  com prom ise b e tw een  to o  l i t t l e  d a t a ,  w hich  
w ould  make an a d e q u a te  fu n c t io n  d i f f i c u l t  t o  fo rm , and to o  much d a t a ,  
w hich  w ould  c a u s e  p rob lem s o f  c h a n g in g  c o n d i t io n s  o v e r  t im e .

th r e e - g r o u p  s t a t i o n a r y  a n a ly s i s  o f  5 0 -1 5 0 -5 0  o b s e r v a t io n s  a l s o  
i s  i n v e s t i g a t e d  t o  d e te rm in e  i f  th e  e n t i r e  d a ta  s e t  i s  s t a t i o n a r y .  The 
r e s u l t s  i n d i c a t e  t h a t  th e  d a ta  a r e  s t a t i o n a r y ;  how ev er, th e  L ach en b ru ch
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T a b le  V-8 p r e s e n t s  th e  tw o-g roup  m i s c l a s s i f i c a t i o n  r a t e s  f o r  t h e  o r i g i n a l  

s a m p le , th e  L ach en b ru ch  h o ld o u t ,  and th e  s u b se q u e n t b e s t - w o r s t  s a n p le s  

s i x  and tw e lv e  m onths i n to  th e  f u t u r e . T h e s e  r e s u l t s  show t h a t  th e  

d a ta  a r e  s t a t i o n a r y  f o r  a  p e r io d  o f  one y e a r ,  s in c e  t h e  i n c r e a s e s  i n  

m i s c l a s s i f i c a t i o n  r a t e s  from  th e  L achenb ruch  h o ld o u t  m ethod  on th e  

o r i g i n a l  d a ta  com pared to  th e  f u tu r e  12-m onth p r e d i c t e d  r e s u l t s  a r e  

n e g l i g i b l e . The 12-m onth s t a t i o n a r i t y  p e r io d  i s  lo n g  e n o u ^  to  v e r i f y  

a d e q u a te ly  th e  r e s u l t s ,  renew ing  hope t h a t  th e  d i s c r im in a n t  m odel may 

b e  u sed  to  s u c c e s s f u l l y  c l a s s s i f y  f u tu r e  d a ta  and p e rh a p s  to  d e v e lo p  a 

p r o f i t a b l e  t r a d i n g  m o d e l s t a t i o n a r i t y  o f  l e s s  th a n  s i x  m onths c a u se s  

d i f f i c u l t y  i n  s u b s t a n t i a t i n g  th e  v a l i d i t y  o f  th e  c l a s s i f i c a t i o n  r e s u l t s ,  

b e c a u s e  o f  an in a d e q u a te  num ber o f  o b s e r v a t io n s .

E x a m in a tio n  o f  One Y ea r D ata  Sam ples 

G iven  th e  above r e s u l t s  c o n c e rn in g  th e  s t a t i o n a r i t y  o f  t h e  tw o- 

g ro u p , b e s t - w o r s t  d a ta  f o r  a  p e r io d  o f  one y e a r ,  an  o b v io u s  e x te n t io n  o f

h o ld o u t  and se c o n d a ry  sam ple  m i s c l a s s i f i c a t i o n  r a t e s  a r e  a p p ro x im a te ly  
40 p e r c e n t ,  w h ich  i s  no b e t t e r  th a n  a  random c l a s s i f i c a t i o n  schem e. T h is  
o c c u rs  b e c a u s e  o f  an  e x te n s iv e  o v e r la p  betw een  th e  m id d le  g roup  and th e  
a d ja c e n t  l a r g e  and s m a ll  p r i c e  r e l a t i v e  g ro u p s . A lth o u g h  t h e  o v e r la p  i s  
a  l o g i c a l  co n seq u e n c e  o f  th e  ty p e  o f  d a ta  em p loyed , i t  i s  n o t  a  c r i t i c a l  
p ro b le m , s i n c e  i n  t h e  a n a ly s i s  p u rsu e d  i n  th e  r e s t  o f  t h e  s tu d y  o n ly  th e  
tw o -ex trem e  g ro u p s  a r e  u sed  to  d e te rm in e  th e  p r e d i c t i o n  e q u a t io n s .

l^ T h e  o b s e r v a t io n s  f o r  th e  tw o -g ro u p , s i x  and tw e lv e  m onth a n a ly s e s  
a r e  p u t  in  t h e  same r e l a t i v e  p r o p o r t io n s .  T hus, t h e  5 0 - b e s t  5 0 ^ w o rst 
o b s e r v a t io n s  a r e  c l a s s i f i e d  f o r  th e  tw e lv e  month s a m p le , w h i le  th e  s i x  
month sam p le  u s e s  t h e  2 5 - b e s t  and 2 5 -w o rs t o b s e r v a t io n s .

l^ T h e  l a r g e  i n c r e a s e  i n  m i s c l a s s i f i c a t i o n  r e s u l t s  f o r  t h e  1972 
r e g u l a r  v a r i a b l e  s e t  i s  due to  th e  c h an g in g  m ark e t c o n d i t i o n s  from  1972 
to  1973.

l^ T h e  c h a r a c t e r i s t i c s  o f  th e  d a ta  seem to  change s lo w ly  enough 
t h a t  th e  m i s c l a s s i f i c a t i o n  r a t e  i s  s te a d y  up t o  one y e a r  i n  t h e  f u t u r e .  
T hus, th e  o n e -y e a r  p e r io d  c o u ld  b e  more im p o r ta n t  th a n  t h e  'p s y c h o lo g i c a l '  
d e s ig n a t io n s  o f  b u l l  and b e a r  m a rk e ts ,  w hich a r e  found  t o  g e n e ra te  
in a d e q u a te  p r e d i c t i o n  f u n c t io n s .
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TABLE V-8

STATIONARITY RESULTS FOR THE TWO 
GROUP DISCRIMINANT FUNCTION

Y ear P e r io d

M i s c l a s s i f i c a t i o n  R e s u l ts  P e rc e n ta g e
O r ig in a l

D ata
L ach en b ru ck

H o ldou t
N ex t 6 
M onths

N ext 12 
M onths

1967 R e g u la r 28 33 34 37
P e rc e n ta g e 26 32 34 32

1969 R e g u la r 18 28 30 30
P e rc e n ta g e 19 27 26 25

1971 R e g u la r 30 36 34 35
P e rc e n ta g e 27 33 34 34

1972 R e g u la r 19 31 50*** 48***
P e r c e n ta g e 31 44** 36* 40*

N o te ; A l l  u n s t a r r e d  (* ) m i s c l a s s i f i c a t i o n  r a t e s  a r e  s t a t i s t i c a l l y  
s i g n i f i c a n t  a t  th e  .0 0 5  l e v e l .

* Statistically significant at the .05 level.
** Statistically significant at the .10 level.

*** Not statistically significant at the .10 level.
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th e  m odel i s  t o  a n a ly z e  t h e  o r i g i n a l  b u l l - b e a r  m ark e t p e r i o d  o b s e r v a t io n s  

and s u b s e q u e n t  se co n d a ry  sam p les  a f t e r  th ey  a r e  re g ro u p e d  t o  a  y e a r ly  

b a s i s .  T a b le  V-9 p r e s e n t s  th e  s ig n i f i c a n c e  l e v e l  f o r  t h e  d i f f e r e n c e  

b e tw een  g roup  m eans, th e  d i s p e r s io n  t e s t  s i g n i f i c a n c e  l e v e l ,  t h e  l i n e a r  

and q u a d r a t i c  m i s c l a s s i f i c a t i o n  r a t e s  f o r  th e  p r e v io u s  y e a r ' s  d a ta ,  and  

th y  m i s c l a s s i f i c a t i o n  r a t e  f o r  th e  su b se q u e n t y e a r 's  d a t a  b a s e d  on  th e  

i n i t i a l  y e a r ' s  d i s c r im in a n t  f u n c t io n .  T h is  in f o r m a t io n  i s  p r e s e n te d  f o r  

f a i r l y  r e c e n t  t im e  p e r i o d s ,  and f o r  th e  R e g u la r  and  P e r c e n ta g e  v a r i a b l e  

s e t s .  The r e s u l t s  show t h a t  b o th  s t a t i s t i c a l  and c l a s s i f i c a t o r y  a b i l i t y  

i s  p r e s e n t  f o r  t h e  o r i g i n a l  sa m p le . In  a d d i t i o n .  T a b le  V-9 shows t h a t  a  

q u a d r a t i c  f o rm u la t io n  i s  g e n e r a l l y  s u p e r io r  to  a l i n e a r  f o r m u la t io n ,  and  

t h a t  m i s c l a s s i f i c a t i o n  r a t e s  f o r  t h e  s u b se q u e n t b e s t - w o r s t  d a ta  a r e  

g e n e r a l l y  i n  th e  ra n g e  o f  25 p e r c e n t  to  40 p e r c e n t ,  w i th  a l l  m i s c l a s s i f i ­

c a t i o n  r a t e s  s t a t i s t i c a l l y  s i g n i f i c a n t  a t  t h e  .0 5  l e v e l .  A d d i t io n a l ly ,  

P e r c e n t a g e - v a r i a b le  s e t  r e s u l t s  a r e  com parab le  t o  t h e  R e g u la r  v a r i a b l e  

s e t  r e s u l t s  f o r  th e  i n i t i a l  d a ta  y e a r ,  and t h e  P e r c e n ta g e  s e t  i s  s u p e r i o r  

when th e  s u b s e q u e n t  y e a r ly  d a ta  a r e  c l a s s i f i e d .

S in ce  th e  m i s c l a s s i f i c a t i o n  r a t e s  on th e  f u t u r e  d a ta  a r e  s u p e r i o r  

to  th o s e  a v a i l a b l e  from chance p r e d i c t i o n ,  t h i s  f i n d i n g  s u g g e s ts  t h a t  

t r a d i n g  r u l e s  m ight be  d e v ise d  t h a t  c a p i t a l i z e  on t h e  c l a s s i f i c a t i o n  

d ep en d e n c ie s .  However, b e f o r e  such  r u le s  a re  d ev e lo p ed ,  one f i n a l  u nder­

l y i n g  assum ption  o f  th e  m u l t i p l e  d i s c r im in a n t  model must b e  i n v e s t i g a t e d .

E xam in ing  th e  D is c r e te n e s s  o f  th e  
P r i c e  R e la t iv e s

S in c e  th e  c r i t e r i o n  v a r i a b l e  i s  assum ed t o  b e  d i s c r e t e  f o r  MDA, 

i n v e s t i g a t i o n  i s  r e q u i r e d  o f  t h e  a p p r o p r ia te n e s s  o f  s u c h  a  m odel when th e  

v a r i a b l e  d e te rm in in g  th e  g ro u p in g  i s  s e m i-c o n t in u o u s .  One m ethod o f t e n



TABLE V-9

SIGNIFICANCE LEVELS AND MISCLASSIFICATION 
RATES FOR SELECTED YEARLY DATA

Year
Variable
Set

Mean 
Significance 

Level Percentage
Dispersion 
Significance 

Level Percentage

Misclassification Rate 
Percentage

Original 
Sample 

Quad Linear
Next 12 Month 
50 Best-50 Worst 
Observations

1967 Regular .032 0.0 19 28 37**
Percentage 2.19 .14 E-08 24 26 32*

1968 Regular .37 .82 B-05 25 26 32*
Percentage .23 .22 E-05 25 21 31*

1969 Regular .0049 .00011 18 18 30*
Percentage .0031 .00013 19 19 25*

1970 Regular .0065 0.0 28 25 40***
Percentage .012 0.0 27 24 38***

1971 Regular 2,91 0.0 25 30 35**
Percentage 1.45 0.0 36 27 34**

1972 Regular .016 .000016 16 19 48
Percentage .79 0.0 24 31 40***

Note; All original sample misclassification rates are statistically significant at the .0005 level.
VO

* S t a t i s t i c a l l y  s ig n i f ic a n t  a t  th e  .0005 le v e l .
** S t a t i s t i c a l l y  s ig n i f ic a n t  a t  th e  .005 le v e l .

*** S t a t i s t i c a l l y  s ig n i f ic a n t  a t  th e  .05  le v e l .
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u sed  to  s u p p o r t  a  d i s c r e t e  m odel i s  t o  i n v e s t i g a t e  t h e  s t a t i s t i c a l  

s i g n i f i c a n c e  o f  th e  group mean d i f f e r e n c e s .  I f  t h e  r e s u l t s  i n d i c a t e  t h a t  

s i g n i f i c a n t  d i f f e r e n c e s  e x i s t  b e tw een  group m eans, t h e  MDA a p p ro a c h  i s  

deemed a p p l i c a b l e .  T ab le  V-9 shows t h a t  th e  s i g n i f i c a n c e  l e v e l s  s u p p o r t  

th e  tw o -g ro u p  d i s c r e t e  model u s e d  h e r e .

A s e c o n d  and more c o m p le te  m ethod o f  a n a ly z in g  w h e th e r  o r  n o t  

p r i c e  r e l a t i v e s  form  a  d i s c r e t e  o r  c o n tin u o u s  v a r i a b l e  i s  t o  com pare t h e  

m u l t ip l e  d i s c r im in a n t  r e s u l t s  a g a in s t  th o s e  from  a  m u l t i p l e  r e g r e s s i o n  

m odel. T h is  p ro c e d u re  i s  o u t l i n e d  i n  C h a p te rs  I I I  and  IV and  i s  due to  

R e in h a r t  and  L a ta n e ' [c]. To i n v e s t i g a t e  th e  d i s c r e t e  v e r s u s  c o n tin u o u s  

n a tu r e  o f  t h e  p r i c e  r e l a t i v e s  a l l  o f  th e  d a ta  m ust b e  em ployed . S in c e  

th e  above i n v e s t i g a t i o n s  o f  th e  t e c h n i c a l  d a ta  h a v e  d e a l t  w i th  h ig h  and 

low p r i c e  r e l a t i v e s ,  a  n a t u r a l  e x te n s io n  t h a t  p e rm i ts  t h e  a n a ly s i s  o f  

a l l  th e  d a t a  to  d e te rm in e  i t s  d i s c r e t e n e s s  i s  t o  em ploy h ig h ,  medium, and 

s m a ll  g roup  s e g r e g a t i o n s ,  i . e .  a  t h r e e  group a n a l y s i s .

The m i s c l a s s i f i c a t i o n  r e s u l t s  f o r  th e  th r e e -g ro u p  l i n e a r  and

q u a d r a t i c  d i s c r im in a n t  m odel and  th e  c o m p a ra tiv e  th r e e - g r o u p  r e g r e s s i o n

m odel a r e  p r e s e n te d  in  T ab le  V -10 . T h is  t a b l e  shows th e  s u p e r i o r i t y  i n

te rm s  o f  c l a s s i f i c a t i o n  ( a l th o u g h  som etim es s m a l l)  o f  th e  d i s c r im in a n t

model. S p e c i f i c a l l y ,  th e  MDA m i s c l a s s i f i c a t i o n  r e s u l t s  a r e  s t a t i s t i c a l l y

s i g n i f i c a n t  a t  a  s m a l le r  s i g n i f i c a n c e  l e v e l  f o r  f o u r  o f  t h e  n in e  c a s e s

p r e s e n te d .  The s t a t i s t i c a l  s i g n i f i c a n c e  l e v e l  i s  e q u iv a l e n t  f o r  MDA and

MRA f o r  t h e  re m a in in g  c a s e s ,  a l th o u g h  th e  n u m e r ic a l  m i s c l a s s i f i c a t i o n

r a t e  i s  s m a l l e r  f o r  MDA f o r  a l l  b u t  one c a s e .  Any h e s i t a n c y  t o  l a b e l

MDA a s  t h e  s u p e r i o r  method f o r  th e  d a ta  s tu d i e d  h e r e  c an  b e  r e s o lv e d  by

a n a ly z in g  two o th e r  i n d i c a t o r s ,  a s  p r e s e n te d  i n  T a b le  V -1 1 , nam ely  th e  

2
R v a lu e s  f o r  th e  r e g r e s s io n  r e s u l t s ,  and th e  i n a b i l i t y  o f  MRA to



TABLE V-10

DISCRIMINANT AND REGRESSION CLASSIFICATION RESULTS 
FOR THREE GROUP YEARLY DATA

Y ear
V a r ia b le

S e t

MDA 
Q u a d r a t ic  
M is c la s s .  

R a te  P e r c e n ta g e

MDA 
L in e a r  

M is c la s s .  
R a te  P e r c e n ta g e

MRA 
L in e a r  

M is c la s s .  
R a te  P e r c e n ta g e

1967 R e g u la r 28*

1968 R e g u la r 35*

1969 R e g u la r 32*

1969 P e r c e n ta g e 37*

1970 R e g u la r 40**

1971 R e g u la r 37*

1972 R e g u la r 41**

1972 P e r c e n ta g e 41**

1973 R e g u la r 33*

36*

42***

35*

39*

35*

39*

40**

41**

37*

34*

43

40**

39*

40**

40**

41**

40**

39*

* Statistically significant at the .0005 level.
** Statistically significant at the .005 level.
*** Statistically significant at the .01 level. VOo\



TABLE V-11

VALUES AND ERROR TERMS FOR 
YEARLY REGRESSION RESULTS

Y ear
V a r ia b le

S e t R^ V alue

Number o f  
P o s i t i v e  E r r o r  

Terms f o r  H ig h e s t  
50 P r i c e  R e l a t i v e s

Number o f  
N e g a tiv e  E r r o r  

Terms f o r  Low est 
50 P r i c e  R e l a t i v e s

1967 R e g u la r .2 0 47 50

1968 R e g u la r .1 3 49 49

1969 R e g u la r .19 50 50

1969 P e r c e n ta g e .15 49 50

1970 R e g u la r .2 0 48 50

1971 R e g u la r .1 0 50 50

1972 R e g u la r .1 3 50 50

1972 P e rc e n ta g e .1 1 50 50

1973 R e g u la r .14 50 50



98

s u c c e s s f u l l y  c l a s s i f y  th e  o b s e r v a t io n s  i n  t h e  h i g h -  and lo w - p r ic e  r e l a t i v e

2
g ro u p s . The low  R v a lu e s  show t h a t  th e  r e g r e s s i o n  m odel e x p la in s  o n ly  

a  s m a ll  f r a c t i o n  o f  th e  t o t a l  v a r i a t i o n  o f  t h e  p r i c e  r e l a t i v e s .  The 

seco n d  i n d i c a t i o n  t h a t  th e  MRA m odel i s  i n a p p r o p r i a t e  i s  th e  c o n s i s t e n t l y  

p o s i t i v e  e r r o r  te rm s  f o r  th e  l a r g e  p r i c e  r e l a t i v e  group and  th e  n e g a t iv e  

e r r o r  te rm s  f o r  th e  s m a ll  p r i c e  r e l a t i v e  g ro u p , a s  shown i n  T a b le  V -11 . 

T h is  p ro b lem  i s  a  n a t u r a l  co n seq u en ce  o f  t h e  r e g r e s s i o n  m odel when i t  

i s  a p p l i e d  t o  d a ta  t h a t  a c tu a l l y  form  s e v e r a l  g ro u p s . MRA g e n e r a te s  a 

f u n c t io n  b a s e d  on th e  a ssu m p tio n  t h a t  t h e  o b s e r v a t io n s  a l l  form  one  popu­

l a t i o n .  T h is  o b s c u re s  im p o r ta n t  in f o r m a t io n  t h a t  i s  in c lu d e d  i n  t h e  h ig h  

and low  p r i c e  r e l a t i v e s ,  and v i o l a t e s  a  b a s i c  a s su m p tio n  o f  t h e  r e g r e s s io n  

m odel. R e g re s s io n  a n a ly s i s  r e q u i r e s  t h e  a s su m p tio n  t h a t  t h e  e x p e c te d  

v a lu e  f o r  th e  e r r o r  te rm s  i s  z e ro  and  t h a t  t h e s e  e r r o r  te rm s a r e  random ly  

d i s t r i b u t e d  a b o u t th e  r e g r e s s io n  l i n e  f o r  e a c h  v a lu e .  The p a t t e r n  o f  

e r r o r  te rm s  shown i n  T ab le  V-11 f o r  t h e  r e g r e s s i o n  m odel shows t h a t  t h i s  

a s su m p tio n  i s  n o t  m et.

T ra d in g  R u les

The p r e c e d in g  a n a ly s i s  h a s  d e te rm in e d  t h a t  a  d i s c r im in a n t  m odel 

can  s u c c e s s f u l l y  c l a s s i f y  f u tu r e  d a ta  and t h a t  a  d i s c r e t e  tw o -g ro u p  m odel 

i s  t h e  a p p r o p r i a t e  t o o l  to  b e  u sed  i n  su c h  an  i n v e s t i g a t i o n .  The o b v io u s  

e x te n t io n  o f  t h i s  r e s e a r c h  i s  to  d e v e lo p  a  t r a d i n g  m odel t h a t  d e te rm in e s  

i f  one can  u t i l i z e  t h e  d e p e n d e n c ie s  i n  th y  d a ta  t o  o b t a in  t r a d i n g  p r o f i t s  

g r e a t e r  th a n  th o s e  a v a i l a b l e  from  a  b u y -a n d -h o ld  s t r a t e g y .

As o u t l i n e d  i n  C h a p te r  IV , t h e  r e d u c e d - s p a c e  f u n c t io n  i s  em ployed 

i n  o r d e r  t o  d e v e lo p  f i l t e r  t r a d in g  r u l e s  w i th  o p e r a t i o n a l  buy and s e l l  

s i g n a l s .  D a ta  f o r  e a c h  y e a r  from  1967 t o  1 9 7 3 , c o n s i s t i n g  o f  d a i l y  p r i c e
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v a lu e s  and  R e g u la r  and P e rc e n ta g e  v a r i a b l e  t e c h n i c a l  d a t a  la g g e d  one day 

to  th e  p r i c e  r e l a t i v e  v a lu e s ,  a r e  used  to  g e n e ra te  t h e  p a ra m e te r s  o f  a 

d i s c r im in a n t  f u n c t io n  f o r  e a ch  y e a r .  O b s e rv a t io n s  f o r  t h e  s u b s e q u e n t 

y e a r  a r e  th e n  em ployed s e q u e n t i a l l y  to  exam ine t h e  p r o f i t a b i l i t y  o f  th e  

r u l e .  When t e c h n i c a l  d a ta  f o r  each  day a r e  s u b s t i t u t e d  i n t o  t h e  r e d u c e d -  

s p a c e  f u n c t io n  g iv e n  i n  e q u a t io n  V -1, a Z -v a lu e  i s  com puted  a s ;

V - 1  Z =  k ^ x ^  +  k2X 2 +  . . . +  k ^ x ^

Group m em bership i s  d e te rm in e d  by  com paring  th e  com puted  Z -v a lu e  to  a 

s p e c i f i e d  c u to f f  Z -v a lu e .  The c u to f f  v a lu e s  depend on  th e  s e p a r a t i o n  o f  

g roup  m eans and th e  s i z e  o f  t h e  v a r ia n c e  o f  each  g ro u p . S p e c i f i c a l l y ,  

c u to f f  Z -v a lu e s  a r e  d e v e lo p e d  f o r  th e  'U P ' and 'DOWN' g ro u p s  i n  o r d e r  to  

re d u c e  b o th  o v e r la p  and f r e q u e n t  whipsaw  e f f e c t s .  To e l i m i n a t e  m ost o f  

th e  g roup  o v e r l a p ,  Z -v a lu e s  c o r r e s p o n d in g  to  t h e  2 5 th  an d  7 5 th  p e rc e n ­

t i l e s  o f  th e  tw o -g ro u p  Z v a lu e s  a r e  a r b i t r a r i l y  c h o s e n  a  p r i o r i  as th e  

c u to f f  v a lu e s .  E x -p o s t  e x a m in a tio n  o f  th e  d i s t r i b u t i o n  o f  t h e  Z- ,/a lu e s  

f o r  th e  o r i g i n a l  d a ta  c o n f irm s  th e  h y p o th e s i s  t h a t  m ost g ro u p  o v e r la p  i s  

e l im in a te d  by  th e  s e l e c t i o n  o f  th e s e  c u to f f  v a lu e s .

T h ree  t r a d i n g  r u l e s  a r e  d e v e lo p e d . R u le  1 i n i t i a t e s  a  buy s ig n a l  

when a  Z -v a lu e  f a l l s  i n  th e  to p  25 p e r c e n t  o f  a l l  Z o b s e r v a t io n s  and  a  

s h o r t  s e l l i n g  s i g n a l  i s  i n i t i a t e d  when th e  Z -v a lu e  f a l l s  i n  t h e  b o tto m  

25 p e r c e n t  o f  th e  d i s t r i b u t i o n .  Under R u le  1 , t h e  t r a d e  i s  te r m in a te d  

when an o p p o s i t e  s i g n a l  i s  g e n e ra te d  o r  when a  'n o  t r a d e '  Z -v a lu e  i s  

o b ta in e d .  T h is  r u l e  w i l l  m ost l i k e l y  g e n e r a te  an  e x t e n s i v e  num ber o f  

t r a d e s  and  t h e r e f o r e  i s  assum ed to  b e  a p p r o p r i a t e  o n ly  f o r  f l o o r  t r a d e r s  

who a r e  exem pt from  co m m iss io n s .
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R ule  2 g e n e r a te s  buy and  s h o r t - s a l e  s i g n a l s  i n  th e  same m anner 

a s  R u le  1 . H ow ever, to  p e r p e tu a te  th e  t r a d e ,  t h e  t r a n s a c t i o n  i s  k e p t  

a c t i v e  u n t i l  an o p p o s i t e  s ig n a l  i s  g e n e r a te d .  T h e r e f o r e ,  t h i s  r u l e  w i l l  

b e n e f i t  from  t r e n d s  i n  th e  d a ta  a s  w e l l  a s  from  t h e  e x tre m e  Z -v a lu e s  

w hich a t te m p t  t o  p r e d i c t  th e  l a r g e  p r i c e  c h a n g e s . I f  t h e  d a i ly  t e c h n i c a l  

d a ta  can  h e lp  d i s c e r n  s h o r t - t e r m  t r e n d s ,  th e n  t h i s  in f o r m a t io n ,  com bined 

w i th  th e  p o s s i b i l i t y  o f  p r e d i c t i n g  l a r g e  p r i c e  c h a n g e s , may e n a b le  an 

i n v e s t o r  to  o u tp e r fo rm  a buy and h o ld  s t r a t e g y .  P o s s ib l e  r e a l  w o rld  

s i t u a t i o n s  t h a t  l i m i t  t h e  p r o f i t a b i l i t y  o f  th y  m odel a r e  'w h ip sa w ' e f f e c t s ,  

n o n - s t a t i o n a r i t y  i n  t h e  d a ta  (ev en  i f  l i m i t e d ) ,  o b s e r v a t io n s  from  t h e  

m id d le  g roup  t h a t  g e n e ra te  f a l s e  buy and s e l l  s i g n a l s ,  and  com m ission 

c h a r g e s .

R u le  3 i s  m ore r e s t r i c t i v e  th a n  R u le  2 ,  and  a t te m p ts  t o  re d u c e  

p o s s ib l e  w hipsaw  e f f e c t s ,  and th u s  le n g th e n  t r e n d s .  I f  th e  num ber o f  

t r a d e s  i s  r e d u c e d  th e n  th e  t o t a l  com m ission  c h a rg e  w i l l  a l s o  d e c l in e .

The r e d u c t io n  i n  t h e  w hipsaw  e f f e c t  i s  a t te m p te d  by r e q u i r i n g  a  v e r i f i ­

c a t i o n  o f  th e  buy and  s h o r t - s a l e  s i g n a l s .  S p e c i f i c a l l y ,  a  p u rc h a s e  i s  

made when two buy s i g n a l s  a r e  g e n e ra te d  w i th o u t  an  i n te r v e n in g  s h o r t -  

s a l e  s i g n a l .  L ik e w ise  th e  buy t r a n s a c t i o n  i s  t e r m in a te d  o n ly  when t h e r e  

a r e  two s a l e  i n d i c a t o r s  w i th o u t  an i n t e r v e n i n g  buy  s i g n a l .  A c o rre s p o n d ­

in g  r u l e  a p p l i e d  f o r  s h o r t  s a l e s .

T a b le s  V-12 th ro u g h  V-15 p r e s e n t  th e  r e s u l t s  o f  t h e s e  t r a d i n g
1  Q

r u l e s  b e f o r e  and  a f t e r  co m m issio n s. Any t r e n d s  o f  a t  l e a s t  one w eek 

w hich  o c c u r  a t  t h e  en d  o f  th e  y e a r  a r e  t e r m in a te d  ( w i th  a  com m ission

1 O
C om m issions a r e  c a lc u la t e d  by t a k in g  1 p e r c e n t  o f  th e  v a lu e  o f  

th e  m ark e t in d e x  f o r  b o th  buy and s e l l  t r a n s a c t i o n s .
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c h a rg e )  a t  th e  end o f  t h a t  p e r io d  i n  o r d e r  t o  a v o id  o v e r la p p in g  p e r io d s  

and to  p ro v id e  v a l i d  co m p ariso n s  b e tw een  p e r io d s .

T ab le  V-12 p r e s e n t s  th e  r e s u l t s  o f  t h e  25 p e r c e n t  c u to f f  v a lu e ,  

b e fo r e  co m m iss io n s , f o r  th e  R e g u la r  and P e rc e n ta g e  v a r i a b l e  s e t s  from  

1969 to  1973. C le a r ly ,  a l l  t h r e e  r u le s  p r o v id e  s u p e r io r  r e s u l t s  when 

com pared to  th e  buy and h o ld  s t r a t e g y .  M o reo v e r, t h e  r u le s  a r e  p r o f i t a b l e  

in  e i t h e r  a  b u l l  or^ b e a r  m a rk e t. The P e rc e n ta g e  v a r i a b l e  s e t s  o f t e n  

o u tp e rfo rm  th e  R e g u la r  s e t s .

A s tu d y  o f  th e  s p e c i f i c  r u l e s  shows t h a t  R u le  1 (assum ed to  b e  

a p p l i c a b l e  to  f l o o r  t r a d e r s  o n ly ,  b e c a u s e  o f  t h e  s u b s t a n t i a l  num ber o f  

t r a d e s )  i s  e x tre m e ly  p r o f i t a b l e .  The p r o f i t a b i l i t y  o f  R ule 1 d e m o n s tra te s  

th e  a b i l i t y  o f  t h e  d i s c r im in a n t  m odel to  tu r n  t h e  c l a s s i f i c a t o r y  d epen ­

d e n c ie s  i n to  a  t r a d i n g  model t h a t  p ro v id e s  s u p e r i o r  p r o f i t s .  L ik e w ise ,

R ule 2 i s  p r o f i t a b l e  b o th  on an  a g g re g a te  b a s i s  and f o r  in d iv id u a l

19p e r io d s  and p r o v id e s  r e t u r n s  s i m i l a r  to  R u le  1 . The i n d iv id u a l  buy 

and s e l l  s i g n a l s  f o r  b o th  R u le s  1 and 2 p r o v id e  f l u c t u a t i n g  r e t u r n s ,  

b a s e d  on th e  ty p e  o f  m a rk e t. B u l l  m a rk e ts  (when t h e  b u y -a n d -h o ld  r e t u r n  

r i s e s )  a r e  c o n s i s t e n t l y  a s s o c i a t e d  w i th  v e ry  p r o f i t a b l e  buy s i g n a l s ,  

w hich  o u tp e r fo rm  th e  s e l l - s h o r t  s i g n a l s . P e r io d s  when th e  s h o r t - s a l e  

i n d i c a t o r s  a r e  s u p e r i o r  a r e  r e l a t e d  t o  b e a r  m a rk e ts .  R ule 3 , w h ich  i s  

more r e s t r i c t i v e  i n  te rm s o f  i n i t i a t i n g  t r a d e s ,  i s  c o n s i s t e n t ly  p r o f i t a b l e  

b u t h a s  i n f e r i o r  r e t u r n s  when com pared to  R u le s  1 and  2 . T hus, p r o f i t a b l e  

in te r m e d ia te  f l u c t u a t i o n s  a r e  i d e n t i f i e d  by R u le  2 b u t  ig n o re d  by R u le  3 .

S in c e  th e  b e f o r e  com m ission  r e t u r n s  f o r  R u le  2 a r e  s i m i l a r  t o  
th e  r e t u r n s  o f  R u le  1 t h e  r e s u l t s  te n d  to  s u p p o r t  t h e  o r i g i n a l  a s su m p tio n  
t h a t  o b s e r v a t io n s  f a l l i n g  in  th e  m id d le  c a n c e l  each  o th e r  a n d  th u s  a r e  
u n im p o r ta n t i n  th e  f i n a l  a n a l y s i s .



table v-12
T8ADDIG RULE RESULTS BEFORE COMMISSIONS 

FOR A 25-PERCENT CUTOFF Z VALUE

Time P e r io d  
O r ig in a l  Sample 

Secondary 
Sample

O r ig in a l
D ata
Type

M arket
V a ria b le

S e t

Buy & 
Hold 

R eturn

R ule 1 Rule 2 Rule 3
T o ta l

R eturn Buy
S e l l

S h o rt
T o ta l

R e turn Buy
S e l l

S h o rt
T o ta l

R eturn Buy
S e l l

S h o rt

1967/68 B u ll R egu la r 7 .75 23.77 1 5 .18 8 .59 9 .9 5 8 .85 1 .1 0 8.06 8 .28 -  .22

1967/68 B u ll P e rcen tag e 7.75 20 .17 10 .55 9 .62 20 .69 15.03 5 .6 6 14.10 11.11 2 .99

1968/69 Bear R egular -1 1 .8 7 21 .43 8 .1 1 13 .32 21 .59 4 .85 16 .73 10.73 -  .56 11.29

1968/69 B ear P e rc e n ta g e -1 1 .8 7 32.14 10 .93 21 .21 30 .26 8 .76 21 .50 10 .86 .3 2 10.54

1969/70 B ear R egular -  .85 39.82 25 .23 14 .59 34.55 16.94 17 .61 . 23 .45 11 .46 11.99

1969/70 B ear P e rc e n ta g e -  .85 57.31 30 .93 26 .38 60 .77 29 .96 30.81 48.75 24 .60 24.15

1970/71 B u ll R egular 10.94 18 .95 7 .56 11 .39 1 7 .50 14.15 3 .35 13.16 11.45 1 .7 1

1970/71 B u ll P e rcen tag e 10.94 31.87 24 .83 7.04 27 .98 19 .46 8 .52 7.22 8 .14 -  .92

1971/72 B u ll R egu la r 14 .77 21 .95 9 .8 6 12.09 14.64 13.41 1 .2 3 -  .6 5 6 .33 -  6 .98

1971/72 B u ll P e rc e n ta g e 14 .77 18.04 11 .07 6 .97 22 .69 1 8 .66 4 .0 3 .0 8 7 .23 -  7 .15

1972/73 B u ll R egular -1 1 .5 5 5 .69 -  5 .4 3 1 1 .1 2 4 .4 7 -  8 .54 13 .01 -  5 .5 8 -1 3 .9 4 8 .36

1972/73 B u ll P e rc e n ta g e -1 1 .5 5 34 .57 1 1 .0 8 23 .49 34 .53 6 .49 26.04 2 .2 5 -  9 .93 12 .18

TOT.iS R egu la r 9 .19 131.61 60 .51 71 .10 102 .70 49 .67 53 .03 49.17 23.02 26.15

P e rcen tag e 9 .19 194.10 99.39 94 .71 196.92 98.36 98 .56 83.26 41 .47 41 .79

ON3
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T a b le  V -13 p r e s e n t s  th e  a f te r - c o m m is s io n  r e s u l t s  f o r  R u le s  2 and  

3 f o r  2 5 - p e r c e n t  c u t o f f  Z -v a lu e s .  (R u le  1 i s  c o n s id e r e d  a p p l i c a b l e  o n ly  

t o  f l o o r  t r a d e r s ,  and  th u s  a f te r - c o m m is s io n  r e t u r n s  a r e  n o t  co m p u ted ).

The e f f e c t s  o f  com m issions a r e  d r a m a tic .  T o ta l  r e t u r n s  f o r  R u le s  2 and  

3 a r e  c o n s i s t e n t l y  n e g a t i v e ,  d e s p i t e  t h e  ty p e  o f  m a rk e t. The l o s s e s  f o r  

th e  buy s i g n a l s  a r e  l e s s  th a n  th o s e  f o r  t h e  s e l l  s i g n a l s  d u r in g  b u l l  

m a rk e ts  (an d  v i c e  v e r s a  f o r  b e a r  m a r k e ts ) ,  b u t  t h e s e  b u y - a n d - s e l l  s i g n a l s  

a l s o  a r e  c o n s i s t e n t l y  n e g a t i v e .  N o ta b ly ,  a f t e r  com m issions th e  l o s s e s  

from  R u le  3 a r e  l e s s  th a n  th o s e  from  R u le  2 ;  t h i s  o b s e r v a t io n  p r o v id e s  

a  m easu re  o f  t h e  im p a c t o f  com m issions r e s u l t i n g  from  w hipsaw  e f f e c t s .  

S i m i l a r ly ,  th e  R e g u la r  v a r i a b l e  d a ta  s e t s  a r e  s u p e r i o r  to  th e  P e r c e n ta g e  

v a r i a b l e  d a ta  s e t s  a f t e r  com m issions ( t h e  r e v e r s e  i s  t r u e  b e f o r e  commis­

s i o n s ) .  T h is  f in d in g  i n d i c a t e s  t h a t  t h e  P e r c e n ta g e  v a r i a b l e  s e t  i s  

b e t t e r  a b le  to  d i s c e r n  s h o r t - t e r m  v a r i a b i l i t i e s  i n  i n v e s t o r  a t t i t u d e s  

( i . e .  i t  i s  m ore 's e n s i t i v e *  to  change i n  t h e  m a rk e t)  b u t  t h a t  t h i s  

s e n s i t i v i t y  i n c r e a s e s  th e  num ber o f  t r a d e s  and  h e n c e  co m m issio n s. T h u s, 

t h e  m odel ca n  i n d i c a t e  p r o f i t a b l e  s i t u a t i o n s  b e f o r e  co m m isiso n s , b u t  t h e  

com m issions m ore th a n  cornsume th e  e x t r a o r d i n a r y  p r o f i t s  a c h ie v e d .

The r e s u l t s  o f  T ab le  V-13 s u g g e s t  t h a t  a  more r e s t r i c t i v e  f i l t e r  

w i l l  p ro d u c e  l e s s  t r a d e s ,  w h ich  may i n  t u r n  r e s u l t  i n  p r o f i t a b l e  r e t u r n s  

a f t e r  c o m m iss io n s . I n  an a tte m p t  t o  r e d u c e  e x c e s s iv e  t r a d e s ,  a  1 0 - p e r ­

c e n t  c u t o f f  v a lu e  i s  a r b i t r a r i l y  s e l e c t e d  t o  r e p l a c e  t h e  2 5 - p e r c e n t  v a lu e .  

A lso , s i n c e  t h e  R e g u la r  v a r i a b l e  s e t  g e n e r a l l y  o u tp e r fo rm s  th e  P e r c e n ta g e  

v a r i a b l e  s e t  a f t e r  com m issions in  T a b le  V -13 , t h e  R e g u la r  v a r i a b l e  s e t  i s  

u se d  to  t e s t  th e  a p p l i c a b i l i t y  o f  t h e  1 0 - p e r c e n t  c u to f f  v a lu e .

T a b le  V-14 show s t h a t  th e  r e t u r n s  b e f o r e  com m issions a r e  s t i l l  

s u p e r i o r  t o  a  b u y -a n d -h o ld  s t r a t e g y ,  b u t ,  a s  e x p e c te d ,  a r e  i n f e r i o r  t o



TABLE V-13

TRADING RULE RESULTS AFTER COMMISSIONS 
FOR A 25-PERCENT CUTOFF Z VALUE

Time P e r io d  
O r ig in a l  Sample 

Secondary 
Sample

Type
M arket

V a ria b le
S e t

Buy & 
Hold 

R eturn

R ule 2 R ule 3
T o ta l

Return Buy
S e l l

S h o rt
T o ta l

Return Buy
S e l l

S h o rt

1967/68 B u ll R egu la r 7.75 -2 9 .8 4 -1 0 .1 9 -1 9 .6 5 -  5 .2 5 .6 3 -  5 .8 8

1967/68 B u ll P e rcen tag e 7.75 -3 8 .3 3 -1 4 .6 3 -2 3 .7 0 -  3 .94 1 .0 1 -  4 .9 5

1968/69 Bear R egu la r -1 1 .8 7 -2 9 .0 2 -2 0 .4 9 -  8 .5 3 -  8 .45 -1 0 .1 8 1 .7 3

1968/69 Bear P e rcen tag e -1 1 .8 7 -6 1 .3 2 -3 6 .2 0 -2 5 .1 2 -3 4 .5 6 -2 1 .4 9 -1 3 .0 7

1969/70 B ear R egular -  .85 -  8 .77 -  4 .89 , -  3 .88 7.07 3.16 3.91

1969/70 Bear P e rcen tag e -  .85 -3 5 .4 9 -1 8 .4 7 -1 7 .0 2 19 .32 9 .64 9 .6 8

1970/71 B u ll R egular 10.94 -5 8 .1 6 -2 2 .8 0 -3 5 .3 6 -1 6 .0 7 -  4 .2 1 -1 1 .8 6

1970/71 B u ll P e rcen tag e 10 .94 -4 9 .8 8 -1 9 .6 5 -3 0 .2 3 — 6.04 .51 -  6 .55

1971/72 B u ll R egu la r 14 .77 -7 2 .5 0 -3 0 .1 7 -4 2 .3 3 -4 1 .7 7 -1 3 .1 3 -2 8 .6 4

1971/72 B u ll P e rcen tag e 14 .77 -9 7 .3 4 -4 0 .3 8 -5 6 .9 6 -5 2 .2 7 -1 9 .0 1 -3 3 .2 6

1972/73 B u ll R egu la r -1 1 .5 5 -4 9 .7 8 -3 6 .7 7 -1 3 .0 1 -1 8 .4 1 -2 0 .2 1 1 .8 0

1972/73 B u ll P e rc e n ta g e -1 1 .5 5 -8 8 .7 2 -5 5 .4 1 -3 3 .3 1 -4 6 .9 4 -3 3 .4 5 -1 3 .4 9

TOTALS R egu la r 9 .19 -2 4 8 .0 7 -1 2 5 .3 1 -1 2 2 .7 6 -8 2 .8 8 -4 3 .9 4 -3 8 .9 4

P e rcen tag e 0 .19 -3 7 1 .0 8 -1 8 4 .7 4 -1 8 6 .3 4 -1 2 4 .4 3 -6 2 .7 9 -6 1 .6 4

O



lABLE V-IA

TKASIKG KULE RESULTS BEFORE COWaSSIONS 
FOR A 10-PERCENT CUTOFF Z VALUE 

REGULAR SET

Time P e rio d  
O r ig in a l  Sample 

Secondary 
Sample

M arket
P e rio d

Buy 4 
Hold 

R eturn

F.ule 1 R ule 2 R ule 3
T o ta l

R eturn Buy
S e l l

S h o rt
T o ta l

R e turn Buy
S e l l

S h o rt
T o ta l

R e turn Buy
S e l l

S h o rt

1967/68 B u ll 7 .75 10 .98 7 .40 3 .58 9 .5 4 10 .05 -  .51 3.24 8 .1 0 — 4 .8 6

1968/69 B ear -1 1 .8 7 25.81 6 .97 18.84 25 .35 6 .51 1 8 .84 12.77 .42 12.35

1969/70 B ear -  .85 20 .38 17 .58 2 .8 0 4 .7 8 5 .62 — .84 3 .88 3.14 .74

1970/71 B u ll 1 0 .9A -  0 .2 8 -  0 ,3 8 .1 0 -  2 .42 2 .3 9 -  4 .81 .1 9 2 .27 -  2 .08

1971/72 B u ll 14 .77 .8 7 1 .26 -  .39 -  5 .99 .77 -  6 .76 3.32 6.55 -  3 .23

1972/73 B u ll -1 1 .5 5 4 .91 .02 4 .89 6.22 -  7 .67 13 .89 4.62 -8 .6 3 13 .25

TOTAL 9 ,19 62.67 32 .85 29 .82 37 .48 17 .67 19.81 28.02 11 .85 16 .17
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t h e  r e t u r n s  g e n e r a t e d  from t h e  2 5 - p e r c e n t  c u t o f f .  T a b le  V-15 shows t h a t  

a f t e r  com m iss ions  t h e  1 0 - p e r c e n t  c u t o f f  r u l e  s t i l l  does n o t  p r o v id e  

p r o f i t a b l e  r e t u r n s ,  n o r  does i t  o u tp e r f o rm  a  buy and h o l d  s t r a t e g y .

When t h e  1 0 - p e r c e n t  c u t o f f  r e s u l t s  a r e  com pared t o  t h e  2 5 - p e r c e n t  c u t o f f  

r e t u r n s ,  t h e  1 0 - p e r c e n t  c u t o f f  r e t u r n s  a r e  s u p e r i o r  on an o v e r a l l  b a s i s  

( i . e .  t h e  t o t a l  amount o f  l o s s e s  i s  r e d u c e d ) .  However, s i n c e  t h e  o v e r a l l  

r e t u r n s  a r e  n e g a t i v e ,  t h e  c o n c lu s io n  t h a t  t h e  model c a n n o t  c o n s i s t e n t l y  

p ro d u ce  e x t r a o r d i n a r y  p r o f i t s  a f t e r  com m iss ions  f o l l o w s ,  i . e . ,  t h e  m ark e t  

i s  e f f i c i e n t  on an  a f t e r - c o m m is s io n  b a s i s .



TABLE V-15

TRADING RULE RESULTS AFTER COMMISSIONS 
FOR A 10-PERCENT CUTOFF Z VALUE 

REGULAR SET

Time P e r io d  
O r i g i n a l  Sample 

S econda ry  
Sample

M arket
P e r io d

Buy & 
Hold 

R e tu rn

R u le  2 R u le  3
T o t a l

R e tu rn Buy
S e l l

S h o r t
T o t a l

R e tu rn Buy
S e l l

S h o r t

19 6 7 /6 8 B u l l 7 .7 5 -  9 .3 6 .5 6 -  9 .9 2 -  8 .1 3 2 .3 5 - 1 0 .4 8

1968/69 B ear - 1 1 .8 7 - 2 9 .6 6 - 2 0 .1 4 -  9 .5 2 - 1 1 .5 4 - 1 0 .8 2 -  .72

1 969 /70 B ear -  .8 5 -  4 .9 4 .7 1 -  5 .6 5 -  .9 4 -  .2 0 -  .74

1 9 7 0 /7 1 B u l l 1 0 .9 4 - 1 7 .9 2 -  5 .3 8 - 1 2 .5 4 -  3 .8 3 .2 3 -  4 .0 6

1971 /72 B u l l 1 4 .7 7 - 1 9 .1 9 -  5 .7 6 - 1 3 . 4 3 -  1 .2 3 4 .2 1 -  5 .4 4

19 7 2 /7 3 B u l l - 1 1 .5 5 - 1 1 .5 8 - 1 6 .7 8 5 .2 0 -  8 .1 8 - 1 4 .9 4 6 .7 6

TOTAL 9 .1 9 - 9 2 .6 5 - 4 6 .7 9 - 4 5 .8 6 - 3 3 .8 5 - 1 9 .1 7 - 1 4 .6 8

o
'- a



CHAPTER VI 

SUMMARY AND CONCLUSIONS 

Summary

T h is  s tu d y  exam ines  t h e  a b i l i t y  o f  t e c h n i c a l  i n d i c a t o r s  to  

p r e d i c t  t h e  f u t u r e  movement o f  t h e  s t o c k  m a r k e t .  S in c e  p r a c t i t i o n e r s  

c o n s i s t e n t l y  employ t e c h n i c a l  i n d i c a t o r s  i n  an  a t t e m p t  t o  f o r e c a s t  t h e  

m a r k e t ,  w h i l e  a c a d e m ic ia n s  i n s i s t  t h a t  t h e  m ark e t  i s  e f f i c i e n t  w i th  

r e g a r d  t o  t h e  a b i l i t y  o f  t e c h n i c a l  d a t a  t o  p r o v id e  a b n o rm a l  p r o f i t s ,  

t h e  r e s u l t s  o f  t h i s  s tu d y  a r e  m e a n in g f u l  t o  b o t h .

C h a p te r  I I  r e v i e w s  t h e  random  w a lk  and e f f i c i e n t - m a r k e t  m odels 

f o r  d e s c r i b i n g  s t o c k - p r i c e  m ovem ents. V a r io u s  s u b g ro u p s  o f  t h e s e  

m odels  a r e  d e f i n e d  d e p e n d in g  on t h e  t y p e  o f  i n f o r m a t i o n  u t i l i z e d .  

S p e c i f i c a l l y ,  t h e  n a r ro w  v ie w  c o n s i d e r s  p a s t  p r i c e  movem ents o n l y ,  t h e  

b ro a d  v ie w  c o n s i d e r s  a l l  p a s t  i n f o r m a t i o n ,  and t h e  m o n o p o l i s t i c -  

i n f o r m a t i o n  v ie w  c o n s i d e r s  w h e th e r  o r  n o t  c e r t a i n  p r o f e s s i o n a l  g roups  

can  o b t a i n  e x t r a o r d i n a r y  p r o f i t s .

The n a r ro w  v ie w  o f  t h e  random -w a lk  h y p o t h e s i s  i s  o f t e n  examined

by v a r i o u s  s t a t i s t i c a l  m e th o d s ,  i n c l u d i n g  em ploy ing  s e r i a l  c o r r e l a t i o n ,

ru n s  t e s t s ,  and s p e c t r a l  a n a l y t i c  t e c h n i q u e s .  T hese  l i n e a r  m ethods

show t h a t  p r i c e s  do n o t  f o l l o w  a  s t r i c t  m a th e m a t ic a l  random  w a lk .  In

a d d i t i o n ,  o t h e r  s t a t i s t i c a l  and  p r o b a b i l i s t i c  t e s t s  e x a m in in g  r e v e r s a l s

and c o n t i n u a t i o n s ,  non-hom ogeneous d i s p e r s i o n s ,  and c l u s t e r i n g  o f  s t o c k

p r i c e s  show t h e  e x i s t e n c e  o f  c e r t a i n  s h o r t - t e r m  i r r e g u l a r i t i e s  and
108



109
l o n g - t e r m  t r e n d s .  M o reo v e r ,  v a r i o u s  t e s t s  o f  t e c h n i c a l  t r a d i n g  m odels 

c o n c e r n in g  o n ly  p r i c e s  show d e f i n i t e  d e pendence  i n  s t o c k  m a r k e t  d a t a .  

However, a f t e r  new s a m p le s ,  com m iss ion  c h a r g e s ,  and r i s k  d i f f e r e n c e s  a r e  

c o n s i d e r e d ,  e x t r a o r d i n a r y  p r o f i t s  a r e  n o t  a v a i l a b l e  on  a  c o n s i s t e n t  

b a s i s  from  u s in g  t h e s e  t e c h n i q u e s ,  i . e . ,  t h e  e f f i c i e n t  m a r k e ts  h y p o t h e s i s  

h o l d s  i n  r e g a r d s  t o  p a s t  p r i c e  d a t a .

E x a m in a t io n  o f  t h e  b r o a d  v ie w  o f  t h e  random  w a lk  h y p o t h e s i s  

n e c e s s i t a t e s  t h e  a n a l y s i s  o f  p r i c e  movements i n  c o n j u n c t i o n  w i t h  a l l  

o t h e r  p a ? t  i n f o r m a t i o n .  V a r io u s  s t a t i s t i c a l  e v a l u a t i o n s  h a v e  b e e n  made 

em ploy ing  s u c h  t e c h n i q u e s  a s  r e g r e s s i o n  a n a l y s i s ,  f a c t o r  and  c l u s t e r  

a n a l y s i s ,  d i s c r i m i n a n t  a n a l y s i s ,  i n f o r m a t io n  t h e o r y ,  and  n o n - p a r a m e t r i c  

r a n k - s o r t  t e c h n i q u e s ,  among o t h e r s .  The r e s u l t s  show t h a t  d e f i n i t e  

d e p e n d en c e  d o e s  e x i s t  b e tw e en  p a s t  i n f o r m a t io n  and f u t u r e  p r i c e s .  

A d d i t i o n a l l y ,  t h e  r e s u l t s  a c h ie v e d  from  t h e  few t r a d i n g  r u l e s  t e s t e d  

show t h a t  a  m a th e m a t ic a l  random w a lk  model i s  n o t  v a l i d .  However, t h e  

m a rk e t  i s  s t i l l  e f f i c i e n t  a f t e r  com m iss ions  and c o n s i s t e n c y  o f  r e s u l t s  

o v e r  t im e  a r e  c o n s i d e r e d ,  i . e . ,  t r a d i n g  schemes d e v e lo p e d  from  a d -h o c  

d e c i s i o n  r u l e s ,  o r  t h e  few  t r a d i n g  m odels  t h a t  h a v e  e v o lv e d  from  

s t a t i s t i c a l  d e p e n d e n c ie s  a r e  n o t  a b l e  t o  g e n e r a t e  a b n o rm a l  p r o f i t s .

A b r i e f  l o o k  a t  t h e  m o n o p o l i s t i c  i n f o r m a t i o n  v i e w p o in t  i n d i c a t e s  

a  l i m i t e d  number o f  g ro u p s  (nam ely  t h a t  i n s i d e r s  and  s p e c i a l i s t s )  do 

h a v e  s u f f i c i e n t  i n f o r m a t i o n  t o  o b t a i n  e x t r a o r d i n a r y  p r o f i t s .  However, 

t h e  p r o f e s s i o n a l  a n a l y s t s  and m u tu a l  fu n d s  do n o t  seem t o  p o s s e s s  

m o n o p o l i s t i c  i n f o r m a t i o n  o r  s u p e r i o r  f o r e c a s t i n g  a b i l i t y .

Many o f  t h e s e  s t u d i e s  t h a t  employ t e c h n i c a l  v a r i a b l e s  co n ­

c e n t r a t e  m a in ly  on t h e  s t a t i s t i c a l  a s p e c t s  o f  t h e  d a t a ,  e . g . ,  F am a 's  

[A 1965b] and T h e i l  and L e e n d e rs*  [A] s t u d i e s  on t h e  i n t e r t e m p o r a l



1 1 0

d e p en d en ce  o f  t h e  number o f  s t o c k s  a d v a n c i n g / d e c l i n i n g / r e m a i n i n g  

unchanged . O f t e n ,  su c h  s t u d i e s  g e n e r a l l y  do n o t  a t t e m p t  t o  c o n v e r t  

any  u n c o v e re d  s t a t i s t i c a l  d e p e n d e n c ie s  i n t o  t r a d i n g  m o d e l s .  M o reo v e r ,  

many o f  t h e  s t a t i s t i c a l ,  t e c h n i c a l - v a r i a b l e  o r i e n t e d  e f f o r t s  o f t e n  

i n v e s t i g a t e  o n ly  one  t e c h n i c a l  v a r i a b l e  a t  a  t i m e ,  o r  a t  m ost a  few 

r e l a t e d  t e c h n i c a l  v a r i a b l e s .  But t h e  m u l t i v a r i a t e  a s p e c t  o f  t h e  

m ark e t  s y s te m  d i c t a t e s  a  m u l t i v a r i a t e  a n a l y s i s .

The o n ly  e x t e n s i v e  m u l t i v a r i a t e  s tu d y  t o  d a t e  i s  by Emery [A ] . 

Emery d e te r m in e d  t h a t  a  f a c t o r  a n a l y s i s / r e g r e s s i o n  m odel o f  t e c h n i c a l  

i n d i c a t o r s  c a n  n o t  b e  u t i l i z e d  t o  o b t a i n  e x t r a o r d i n a r y  p r o f i t s .

However, two m a jo r  c r i t i c i s m s  a r e  d i r e c t e d  a t  E m e ry 's  m odel and  r e s u l t s .  

F i r s t ,  t h e  f a c t o r  a n a l y s i s / r e g r e s s i o n  a p p ro a c h  r e q u i r e s  a ssu m in g  t h e  

d a t a  come from  o n e  u n d e r l y i n g  p o p u l a t i o n  i n s t e a d  o f  two o r  m ore  p o p u la ­

t i o n s .  Second , E m e ry 's  d a t a  has  e x t e n s i v e  e r r o r s .  The n o n - l i n e a r  MDA 

model u se d  h e r e  c o n s i d e r s  t h e  m u l t i - g r o u p  a s p e c t s  o f  t h e  d a t a  and  i s  

more s u c c e s s f u l  i n  e x p l a i n i n g  t h e  r e l a t i o n s h i p  b e tw e en  t e c h n i c a l  

i n d i c a t o r s  and  t h e  p r i c e  m echanism .

The D i s c r i m i n a n t  Model and M ethodology

To i n v e s t i g a t e  t h e  r e l a t i o n s h i p  be tw een  t e c h n i c a l  i n d i c a t o r s  

and t h e  m a rk e t  p r i c e  m echanism  d a i l y  d a t a  a r e  exam ined  by  means o f  

a  tw o-g roup  d i s c r i m i n a n t  m o d e l .  The g ro u p s  a r e  d e s i g n a t e d  by  i s o l a t i n g  

f o r  g iv e n  t im e  p e r i o d s  t h e  5 0 - b e s t  and 5 0 -w o rs t  p r i c e  r e l a t i v e s  f o r  

t h e  p e r i o d .  From t h e s e  d a t a ,  and v a r i o u s  t e c h n i c a l  m a r k e t  i n d i c a t o r s ,  

t h e  d i s c r i m i n a n t  f u n c t i o n  i s  d e r i v e d .  G iven  t h e  a b o v e ,  t h e  s t r i c t  

random w a lk  m odel i s  exam ined  by  a n  F - t e s t  o f  t h e  d i f f e r e n c e  b e tw een  

t h e  g roup  m eans ,  and by  a  d e t e r m i n a t i o n  o f  t h e  a b i l i t y  o f  t h e  f u n c t i o n
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t o  c l a s s i f y  sam ples  from  o r i g i n a l  and s e co n d a ry  d a t a .  I n  a d d i t i o n ,  

a  m odel t h a t  i s  s u c c e s s f u l l y  a b l e  t o  c l a s s i f y  new d a t a  i s  examined 

f u r t h e r  by d e v e lo p in g  and e v a l u a t i n g  t r a d i n g  r u l e s  t h a t  i n v e s t i g a t e  

t h e  p r o f i t  p o t e n t i a l  b e f o r e  and  a f t e r  com m issions f o r  t e c h n i c a l  d a t a  

i n  a  m u l t i v a r i a t e  c o n t e x t .

To p e rfo rm  t h e  above  a n a l y s e s  two s e t s  o f  v a r i a b l e s  a r e  

u t i l i z e d ,  nam ely a  ’R e g u l a r '  v a r i a b l e  s e t  t h a t  i n c l u d e s  t h e  a b s o l u t e  

v a l u e s  o f  v a r i o u s  t e c h n i c a l  i n d i c a t o r s ,  and a  ’P e r c e n t a g e ’ v a r i a b l e  

s e t  t h a t  exam ines t h e  p e r c e n ta g e  c h an g es  f o r  t h e  v a r i a b l e s  i n c lu d e d  

i n  t h e  ’R e g u l a r ’ s e t .  A l s o ,  a t t e n t i o n  i s  g iv e n  t o  t h e  n o n - l i n e a r  

d i s c r i m i n a n t  t e s t s  and c l a s s i f i c a t i o n  p r o c e d u r e s ,  c o m p le te  s t e p w is e  

m ethods  v e r s u s  t h e  u s u a l  fo rw a rd  s t e p w is e  p r o c e s s ,  t e s t - s p a c e  v e r s u s  

r e d u c e d - s p a c e  p r o c e d u r e s ,  and t h e  a s su m p t io n  o f  d i s c r e t e  g r o u p in g s .

R e s u l t s

The i n i t i a l  a n a l y s i s  c o n s i d e r s  b u l l -  and b e a r - m a r k e t  s e g r e g a ­

t i o n s  o f  t h e  d a t a  i n  an  a t t e m p t  t o  i n v e s t i g a t e  t h e  r e l a t i o n s h i p  be tw een  

i n v e s t o r  a t t i t u d e s  i n  t h e  o r i g i n a l  and  a d j a c e n t  m a rk e t  p e r i o d s .  When 

t h e  d i s c r i m i n a n t  f u n c t i o n  i s  a p p l i e d  t o  t h e  o r i g i n a l  d a t a ,  a  s t a t i s t i ­

c a l l y  s i g n i f i c a n t  d i f f e r e n c e  i s  found  be tw een  g roup  m eans;  m o re o v e r ,  

t h e  f u n c t i o n  i s  a b l e  t o  c l a s s i f y  s u c c e s s f u l l y  t h e  o r i g i n a l  s a m p le .  The 

r e l a t i v e l y  low m i s c l a s s i f i c a t i o n  r a t e s  f o r  t h e  o r i g i n a l  sam ple  show 

t h a t  a  d e f i n i t e  r e l a t i o n s h i p  b e tw e e n  d a i l y  t e c h n i c a l  i n d i c a t o r s  and 

s u b s e q u e n t  h ig h  and low p r i c e  r e l a t i v e s  e x i s t s .

However, when t h e  d i s c r i m i n a n t  f u n c t i o n  f o r  each  b u l l  and b e a r  

m a rk e t  p e r i o d  i s  a p p l i e d  t o  two t y p e s  o f  s e c o n d a r y - d a t a  o b s e r v a t i o n s ,  

t h e  r e l a t i o n s h i p  be tw een  t h e  t e c h n i c a l  i n d i c a t o r s  and p r i c e  r e l a t i v e s
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no l o n g e r  e x i s t s .  The e x p l a n a t i o n  f o r  t h e s e  r e s u l t s  i s  two f o l d ,  s i n c e  

two d i f f e r e n t  t y p e s  o f  s e c o n d a r y - d a t a  sam p le  o b s e r v a t i o n s  a r e  c l a s s i ­

f i e d .  The f i r s t  ty p e  o f  sam ple  i n c l u d e s  a l l  t h e  p r i c e  r e l a t i v e s  i n  

t h e  p e r i o d ,  w h i l e  t h e  second sam p le  i n c l u d e s  t h e  b e s t  and w o rs t  

o b s e r v a t i o n s  from  t h e  s u b s e q u e n t  m ark e t  p e r i o d s .  T h us ,  p o o r  c l a s s i f i c a ­

t i o n  o c c u r s  i n  t h e  f i r s t  sam ple  b e c a u s e  o f  t h e  i n a b i l i t y  o f  t h e  model 

t o  d i s c r i m i n a t e  b e tw een  o b s e r v a t i o n s  from  t h e  m id d le  g roup  (which 

n o r m a l ly  p o s s e s s  d i f f e r e n t  c h a r a c t e r i s t i c s  t h a n  t h e  o b s e r v a t i o n s  from  

t h e  o r i g i n a l  sa m p le )  and t h e  e x tre m e  g r o u p s .  A d d i t i o n a l l y ,  t h e  p r i c e  

r e l a t i v e s  f rom  t h e  m id d le  g roup  c l u s t e r  n e a r  1 . 0 ,  t o  make t h e  g roup 

s e l e c t i o n  a lm o s t  a r b i t r a r y .  F o r  t h e  second  s a m p le ,  t h e  poor  c l a s s i f i c a ­

t i o n s  a r e  d u e  t o  n o n s t a t i o n a r i t y  i n  t h e  d a t a .  T h u s ,  t h e  c h a r a c t e r i s t i c s  

o f  t h e  t e c h n i c a l  i n d i c a t o r s  b e tw een  m a rk e t  p e r i o d s  change  t o  su c h  an  

e x t e n t  t h a t  a  m u l t i v a r i a t e  d i s c r i m i n a n t  m odel c a n n o t  a d e q u a te ly  employ 

t h e  b e s t - w o r s t  o b s e r v a t i o n s  i n  t h e  o r i g i n a l  m a rk e t  p e r i o d  t o  c l a s s i f y  

s u c c e s s f u l l y  o b s e r v a t i o n s  i n  s u b s e q u e n t  m a rk e t  p e r i o d s .

S in c e  t h e  p o o r  c l a s s i f i c a t i o n  r e s u l t s  a r e  a t  l e a s t  p a r t l y  

due  t o  t h e  i n s t a b i l i t y  o f  t h e  d i s c r i m i n a n t  f u n c t i o n  o v e r  d i f f e r e n t  

m a rk e t  p e r i o d s ,  one. m ust d e te r m in e  i f  t h e  d a t a  a r e  s t a b l e  o v e r  s h o r t e r  

p e r i o d s ,  and  i f  so  t h e  l e n g t h  o f  t h a t  s t a b i l i t y .  U sing  one  y e a r ' s  

w o r th  o f  d a t a  t o  form  an i n i t i a l  d i s c r i m i n a n t  f u n c t i o n ,  t h e  b e s t  and 

w o r s t  o b s e r v a t i o n s  f o r  t h e  s u b s e q u e n t  6 and 12 month p e r i o d s  a r e  

c l a s s i f i e d .  T h i s  p r o c e s s  i s  r e p e a t e d  s e q u e n t i a l l y  from  1967 t o  1972 

w i t h  an  i n i t i a l  d i s c r i m i n a n t  f u n c t i o n  e s t i m a t e d  f o r  d a t a  f o r  one y e a r  

to  p r e d i c t  b e s t  and  w o rs t  g roup  m em bership f o r  d a t a  o v e r  s u c c e e d in g  6 

and 12 m onth  p e r i o d s .  The r e s u l t s  show t h a t  l i t t l e  d i f f e r e n c e  e x i s t s
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be tw e en  t h e  L a c h en b ru c h  h o l d o u t  c l a s s i f i c a t i o n  r e s u l t s  f o r  t h e  i n i t i a l  

o b s e r v a t i o n s  and t h e  c l a s s i f i c a t i o n  r e s u l t s  f o r  t h e  s u b s e q u e n t  12 month 

b e s t  and  w o r s t  d a t a ,  i . e . ,  t h e  r e l a t i o n s h i p  b e tw e en  t e c h n i c a l  i n d i c a ­

t o r s  and  f u t u r e  m a rk e t  movements a p p e a r s  t o  b e  s t a b l e  f o r  p e r i o d s  up 

t o  on e  y e a r .

The d i s c r i m i n a n t  m odel i s  r ee x a m in e d  by  em ploy ing  s e c o n d a ry  

sa m p le s  o f  one  y e a r ' s  d u r a t i o n ,  w h e re  t h e  s e c o n d a r y  sam p les  i n c l u d e  

t h e  b e s t  and  w o r s t  p r i c e  r e l a t i v e s  from  t h e  c l a s s i f i c a t i o n  r e s u l t s  f o r  

t h e  s e c o n d a r y  sam ples  o f  t h e  y e a r l y  d a t a  a r e  s u p e r i o r  t o  a  random s e l e c ­

t i o n  m o d e l ,  show ing t h a t  n o n s t a t i o n a r i t y  o f  t h e  d a t a  i s  a  m a jo r  f a c t o r  

i n  t h e  d i s a p p o i n t i n g  r e s u l t s  f o r  t h e  b u l l - b e a r  m a r k e t - t y p e  d a t a .  T hus ,  

a  r e l a t i o n s h i p  b e tw e en  t e c h n i c a l  i n d i c a t o r s  and  s u b s e q u e n t  m a rk e t  

a c t i o n  d o e s  a p p e a r  t o  e x i s t ,  an d  t h e  p a r a m e t e r s  o f  t h i s  r e l a t i o n s h i p  

a r e  s t a b l e  f o r  p e r i o d s  up t o  o n e  y e a r .

The u l t i m a t e  t e s t  o f  t h e  m odel i s  t o  exam ine  i t s  a b i l i t y  t o  

g e n e r a t e  p r o f i t s  t h a t  a r e  s u p e r i o r  t o  m a r k e t  buy and h o ld  r e t u r n s .

A l l  o f  t h e  t r a d i n g  r u l e s  em ployed i n  t h i s  s tu d y  p r o v id e  r e t u r n s  t h a t  

a r e  v a s t l y  s u p e r i o r  t o  t h e  buy  and  h o l d  p r o f i t s  b e f o r e  co m m iss io n s .

However, t h e  m o d e l ' s  r e t u r n s  a r e  I n f e r i o r  a f t e r  c o m m iss io n s .  T h is  i s  

t r u e  f o r  a l l  t h r e e  t r a d i n g  r u l e s ,  f o r  b o t h  v a r i a b l e  s e t s ,  and f o r  b o th  

a  25— and  1 0 - p e r c e n t  c u t o f f  Z - v a lu e .  More s p e c i f i c a l l y ,  R ule  2 ,  w here  o n ly  

one  c o n f i r m a t i o n  i s  n e e d e d ,  g e n e r a t e s  t h e  b e s t  r e s u l t s  b e f o r e  com m iss ions  

f o r  n o n - f l o o r  t r a d e r s  a n d ,  i n  f a c t ,  p r o v i d e s  r e t u r n s  c o m p a ra b le  to  

R u le  1 (w h ich  i s  o n ly  f e a s i b l e  f o r  t h e  f l o o r  t r a d e r ) .  The P e r c e n t a g e -  

v a r i a b l e  s e t s  g e n e r a t e  h i g h e r  r e t u r n s  t h a n  t h e  R e g u la r  s e t s  b e f o r e  

c o m m is s io n s ,  b u t  p r o v id e  lo w e r  r e t u r n s  a f t e r  c o m m iss io n s .  T h u s ,  s i g ­

n a l s  g i v e n  by t h e  P e r c e n t a g e - v a r i a b l e  s e t s  a r e  more s e n s i t i v e  t o  m inor
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changes  i n  t h e  m a r k e t ,  b u t  t h e  e x t r a  p r o f i t s  do n o t  c o m p en sa te  f o r  t h e  

a d d i t i o n a l  c o m m iss io n s  c r e a t e d  from  a  g r e a t e r  number o f  t r a d e s .  F i n a l l y ,  

t h e  s u b s t i t u t i o n  o f  a  10 p e r c e n t  c u t o f f  Z - v a lu e  f o r  t h e  25 p e r c e n t  l e v e l  

d o e s  a c h i e v e  i t s  p u r p o s e  o f  r e d u c i n g  t h e  num ber o f  t r a d e s  and  t h e  amount 

o f  com m iss ion  b a s i s .

The t r a d i n g  r u l e  r e s u l t s  b e f o r e  co m m iss io n s  show t h e  r u l e  i s  

s u p e r i o r  t o  t h e  buy  and  h o ld  c r i t e r i o n  b o t h  i n  an  a b s o l u t e  p r o f i t  

s e n s e  and i n  i t s  c o n s i s t e n c y .  A s t r i c t  m a th e m a t ic a l  random w a lk  m odel 

t h e n  i s  i n v a l i d .  However, t h e  i n a b i l i t y  o f  t h e  m odel t o  p ro d u c e  con ­

s i s t e n t l y  p o s i t i v e  r e t u r n s  a f t e r  c om m iss ions  s u b s t a n t i a t e s  t h e  

e f f i c i e n t  m a r k e t  m o d e l .

T h i s  s t u d y  c a s t s  s e r i o u s  d o u b t s  a s  t o  t h e  u t i l i t y  o f  t e c h n i c a l  

i n d i c a t o r s  a s  a  means o f  g e n e r a t i n g  s u p e r i o r  p r o f i t s  a f t e r  c o m m iss io n s .  

T h is  c o n c l u s i o n  i s  s t r e n g t h e n e d  by t h e  r e s e a r c h  d e s ig n e d  u se d  h e r e .  I t  

o f f e r s  s e v e r a l  a d v a n ta g e s  o v e r  p r e v io u s  e f f o r t s  i n  t h i s  a r e a .  F i r s t ,  

t h e  d i s c r i m i n a n t  m odel c o n s i d e r s  l a r g e  m a r k e t  movements i n s t e a d  o f  t h e  

e n t i r e  s e t  o f  p r i c e  c h a n c e s  o f  s p e c i f i c  s e c u r i t i e s  and t h u s  i s  b e t t e r  

a b l e  t o  c o n s i d e r  t h e  m a jo r  e f f e c t s  o f  t e c h n i c a l  i n d i c a t o r s  on t h e  

m a r k e t .  S e c o n d ,  t h e  m odel i s  m u l t i v a r i a t e  i n  n a t u r e ,  co n fo rm in g  t o  

t h e  r e a l  w o r ld  i n t e r r e l a t i o n s h i p s  o f  t h e  m a r k e t .  And t h i r d ,  t h e  d i s ­

c r i m i n a n t  p r o c e d u r e  u t i l i z e d  h e r e  exam ines  b o t h  t h e  l i n e a r  and  n o n ­

l i n e a r  a s p e c t s  o f  t h e  d a t a .

The s u c c e s s  o f  t h e  MDA m odel f o r  c l a s s i f i c a t i o n  p u r p o s e s  and 

f o r  o b t a i n i n g  e x t r a o r d i n a r y  p r o f i t s  b e f o r e  c o m m iss io n s ,  shows t h a t  

f l o o r  t r a d e r s  may p r o f i t  from  t h e  i n f o r m a t i o n  p ro v id e d  by t e c h n i c a l  

i n d i c a t o r s  i n  c o m b in a t io n  w i t h  a  d i s c r i m i n a n t  m o d e l .  A l s o ,  t h e  i n f o r ­

m a t io n  p r o v id e d  by t h e  m odel may b e  u s e f u l  a s  a  t im in g  d e v ic e  i n  o r d e r
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t o  d e t e r m i n e  when t o  buy  o r  s e l l ,  o n c e  t h e  b a s i c  b u y / s e l l  d e c i s i o n  h a s  

b e e n  made. Thus, on a v e r a g e ,  p r o f i t s  may b e  i n c r e a s e d  ( o r  l o s s e s  

r e d u c e d )  by u s in g  t h e  m odel i n  c o n ju n c t io n  w i t h  m ore  f u n d a m e n ta l  t y p e  

a n a l y s e s ,  how ever ,  t h e  r e s u l t s  show t h a t  t e c h n i c a l  i n d i c a t o r s  i n  and 

o f  th e m s e lv e s  do n o t  p r o v i d e  s u f f i c i e n t  i n f o r m a t i o n  t o  ' b e a t  t h e  m a r k e t ' .

F u t u r e  R e se a rc h

One p o s s i b l e  e x t e n s i o n  o f  t h e  r e s e a r c h  p r e s e n t e d  i n  t h i s  p a p e r  

i s  t o  d e v e lo p  a  d i s c r i m i n a n t  m odel  f o r  i n d i v i d u a l  s e c u r i t i e s .  Such an  

i n v e s t i g a t i o n  would d e t e r m i n e  w h e th e r  a  m odel b a s e d  on t e c h n i c a l  d a t a  

o f  i n d i v i d u a l  s e c u r i t i e s  c o u ld  o u tp e r f o rm  t h e  m a r k e t  ( a f t e r  a d j u s t i n g  

f o r  r i s k ) .  C e r t a i n  c h a r a c t e r i s t i c s  o f  i n d i v i d u a l  s t o c k s  may p r o v id e  

i n f o r m a t i o n  t h a t  t h e  m a rk e t  a s  a  w ho le  o b s c u r e s .  I n  a d d i t i o n ,  u s e  o f  

i n d i v i d u a l  t e c h n i c a l  d a t a  may p o s s i b l y  d e t e r m i n e  s u p e r i o r  p e r f o r m e r s  on 

a  r e l a t i v e  b a s i s .  M o re o v e r ,  a d d i t i o n a l  i n f o r m a t i o n  c o n c e r n in g  t h e  

t im in g  o f  b u y / s e l l  o r d e r s  (e v e n  i f  a  t r a d i n g  m odel i s  u n p r o f i t a b l e  a f t e r  

c o m m iss io n s)  may b e  u n c o v e re d  by  exam in ing  an  i n d i v i d u a l  s e c u r i t y  m o d e l .

However, i n v e s t i g a t i n g  s u c h  a  m odel i s  b e s e t  w i t h  s e v e r e  p r o b ­

lem s i n  d e v e lo p in g  a  r e s e a r c h  m eth o d o lo g y .  Many o f  t h e  v a r i a b l e s  

employed i n  t h e  p r e s e n t  s t u d y  c o u ld  n o t  b e  u sed  when i n d i v i d u a l  s e c u r i ­

t i e s  a r e  i n v e s t i g a t e d ,  e . g . ,  t h e  number o f  s e c u r i t i e s  a d v a n c in g ,  

d e c l i n i n g ,  and r e m a in in g  u n c h a n g e d .  A d d i t i o n a l l y ,  b o t h  c r o s s - s e c t i o n a l  

and l o n g i t u d i n a l  s t u d i e s  w ould  p r e s e n t  s e r i o u s  d i f f i c u l t i e s  f o r  o b t a i n ­

in g  r e a s o n a b l y  c o n s i s t e n t  v a l u e s  f o r  t h e  v a r i a b l e s ;  i . e . ,  t h e  v a r i a b i l i t y  

o f  t h e  d a t a  c o u ld  b e  so  l a r g e  t h a t  t h e  p a r a m e t e r s  w ould  be  h ig h ly  

u n s t a b l e  o v e r  t im e  a n d /o r  o v e r  v a r i o u s  s e c u r i t i e s .
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E x te n d in g  t h e  c o n c e p t s  p r e s e n t e d  i n  t h i s  p a p e r  i s  a n o th e r  a r e a  

f o r  r e s e a r c h .  However, t h e  r e s u l t s  p r e s e n t e d  h e r e  show t h a t  im prove­

m en ts  i n  t h e  m odel by  i n c l u d i n g  o t h e r  v a r i a b l e s ,  u s i n g  o t h e r  c u t o f f  

v a l u e s ,  and d e v e lo p i n g  a l t e r n a t i v e  t r a d i n g  r u l e s  would have  l i t t l e  

c h a n ce  o f  s u c c e s s .  S p e c i f i c a l l y ,  t h e  r e s u l t s  f rom  t h e  m odel a r e  

r e l a t i v e l y  i n s e n s i t i v e  t o  t h e  f u l l  v e r s u s  c o m p le te  s t e p w is e  v a r i a b l e  

s e t  f o r m u l a t i o n s ,  t h e  R e g u la r  v e r s u s  P e r c e n t a g e  s e t s ,  c h a n g es  i n  t h e  

c u t o f f  v a l u e ,  and t h e  v a r i o u s  t r a d i n g  r u l e s .  M o re o v e r ,  t h e  r e s u l t s  

o b t a in e d  i n  t h i s  p a p e r ,  p l u s  t h o s e  p r e s e n t e d  by  Emery, show t h a t  

a p p ly in g  o t h e r  s t a n d a r d  s t a t i s t i c a l  t e c h n i q u e s  t o  t h e  same d a t a  would 

b e  u s e l e s s .  However, one  m a jo r  a r e a  o f  im provem ent may l i e  w i t h  t h e  

dev e lo p m en t o f  a  f u l l y  dynamic m o d e l ,  i . e . ,  a  m odel t h a t  c o n t i n u a l l y  

u p d a te s  i t s  p a r a m e t e r s  a s  new i n f o r m a t i o n  i s  p r o v i d e d .  T hus ,  t h e  

o n e -y e a r  u p d a te  r u l e  employed h e r e  may b e  i n e f f i c i e n t .

I m p l i c a t i o n s  f o r  t h e  S t a t i s t i c a l  
Theory o f  D i s c r i m i n a n t  A n a ly s i s

T h i s  p a p e r  h a s  i n d i c a t e d  s e v e r a l  a r e a s  w h ere  more r e s e a r c h  i n t o  

t h e  s t a t i s t i c a l  a s p e c t s  o f  MDA i s  n e e d e d .  F i r s t ,  s i m u l a t i o n  s t u d i e s  

em ploy ing  t h e  n o n - l i n e a r  d i s c r i m i n a n t  f u n c t i o n  a r e  n e c e s s a r y  t o  d e t e r ­

m ine  t h e  m a g n i tu d e  o f  t h e  b i a s  in v o lv e d  i n  u s i n g  t h e  l i n e a r  f u n c t i o n  

when t h e  v a r i a n c e - c o v a r i a n c e  m a t r i c e s  a r e  u n e q u a l .  S econd , t h e  u s e  o f  

t h e  c o m p le te  s t e p w i s e  f u n c t i o n  a s  compared t o  t h e  fo rw a rd  s t e p w is e  

p r o c e d u r e  s h o u ld  b e  a n a ly z e d ,  e s p e c i a l l y  i n  t e r m s  o f  t h e  e f f e c t s  on t h e  

c l a s s i f i c a t i o n  r e s u l t s .  T h i r d ,  t h e  t e s t - s p a c e  v e r s u s  r e d u c e d - s p a c e  

r e s u l t s  s h o u ld  b e  compared f o r  v a r i o u s  o p t i o n s  o f  t h e  m o d e l ,  e . g . ,  

t h e  q u a d r a t i c  v e r s u s  l i n e a r  f o r m u l a t i o n s  o f  t h e  m o d e l .  F o u r t h ,  s e n s i ­

t i v i t y  o f  t h e  p a r a m e t e r s  t o  s e c o n d a ry  sa m p le s  n e e d s  i n v e s t i g a t i o n  f o r
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v a r i o u s  c i r c u m s t a n c e s  o f  t h e  m o d e l .  And f i n a l l y ,  t h e  e f f e c t  o f  v a r i o u s  

d e g r e e s  o f  m u l t i c o l l i n e a l i t y  on t h e  r e s u l t s  need  t o  b e  d e t e r m i n e d .
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